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ABSTRACT. The goal of these lecture notes is to survey progress on the global
Langlands reciprocity conjecture for GL, over number fields from the last
decade and a half. We highlight results and conjectures on Shimura varieties
and more general locally symmetric spaces, with a view towards the Calegari—
Geraghty method to prove modularity lifting theorems beyond the classical
setting of Taylor—Wiles.
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1. Introduction

The Langlands reciprocity conjecture for GL,, predicts a precise correspondence
between automorphic representations of GL,, and n-dimensional ¢-adic Galois rep-
resentations over each global field. Over global function fields, this is a celebrated
theorem by L. Lafforgue. While the conjecture is still open over number fields,
Shimura varieties have been at the center of our approach to the problem ever
since Eichler, Shimura, Deligne, Thara, and Langlands analyzed the special case of
modular curves. This led to the birth of the Langlands—Kottwitz—Rapoport (LKR)
method, consisting of a web of conjectures concerning the geometry of Shimura
varieties and the endoscopic classification of automorphic representations, to study
the f-adic cohomology of Shimura varieties. The LKR method almost reached the
current form at the conjectural level in the 1990s, though there still remains much
to be investigated.

In the early 2010s, new perspectives on Shimura varieties and their cohomology
emerged in connection with Langlands reciprocity conjecture. Calegari-Geraghty
proposed that many new cases of modularity would be accessible if we better under-
stood the torsion cohomology of locally symmetric spaces, of which (the underlying
manifolds of) Shimura varieties are examples; in particular if we had “torsion” Ga-
lois representations attached to the torsion cohomology classes. The existence of
such Galois representations appeared to be a mere dream apart from some computa-
tional evidence in low rank, but Scholze’s revolutionary use of perfectoid Shimura
varieties realized the torsion Galois representations. These developments stimu-
lated further progress on the cohomology of Shimura varieties and locally sym-
metric spaces with torsion coefficients, as well as the modularity lifting theorems
themselves, with a view towards implementing the Calegari—-Geraghty method in
some key cases, for example for elliptic curves over CM fields or for abelian surfaces
over totally real fields.

Our goal in this survey is to give a gentle introduction to the aforementioned
conjectures and results with an emphasis on the role of Shimura varieties. In §[2.1we
review the Langlands reciprocity conjecture for GL,, with both characteristic 0 and
torsion coefficients. The rest of § [2| is devoted to one direction of the conjecture,
from the automorphic side to the Galois side. After a brief review of the LKR
method and its consequence on the so-called conjugate self-dual case (§ , we
proceed to the perfectoid geometry of Shimura varieties and its application to the
construction of torsion Galois representations (§ .

In § [3| we give a brief introduction to the Calegari—Geraghty method for prov-
ing modularity lifting theorems in the setting of the Betti cohomology of locally
symmetric spaces for GL,, over a general number field F'. This is a generalization of
the famous Taylor-Wiles method. Firstly, in § [3.1} we discuss the prerequisites to
the Calegari—-Geraghty method - what we need to understand about torsion in the
cohomology of these locally symmetric spaces in order to implement the method.
We state several conjectures and discuss the state-of-the-art results towards them.
Secondly, in §[3:2] we aim to give the reader a flavour of the method by contrasting
it with the original Taylor—Wiles method. We sketch both methods in special cases
in order to highlight the role of the various conjectures on locally symmetric spaces.

In § [ we revisit Shimura varieties and the emerging web of conjectures con-
cerning their cohomology with torsion coefficients. In §[£.1} we discuss the geometry
of the Hodge—Tate period morphism, which has been instrumental in computing
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a suitably generic part of the cohomology of these Shimura varieties and which is
likely to play a fundamental role in obtaining a full understanding. In § we
discuss several different approaches towards computing the generic part of the co-
homology of Shimura varieties PEL type A and point towards generalizations. In
§[4-3] we come back full circle and discuss applications of these results to modularity
via the boundary of the Borel-Serre compactification of these Shimura varieties.

Finally, we confess that we have barely touched on exciting new directions in
the Langlands program such as the derived and categorical aspects as well as further
new geometry over local nonarchimedean fields. The reader is urged to refer to [56],
[49], and [53] in these proceedings to learn about them.

1.1. Notation and conventions. Given a mathematical object V" over a ring
R (or Spec R) such as a module or a scheme, let Vg denote the base change of V
along a ring homomorphism R — R’.

When £ is a field, let k denote its separable closure. For a finite extension k’/k
write Resy, /i, for the functor carrying algebraic groups over &’ to those over k. When
K'/k is a Galois extension, write I'y//;, for the Galois group, and set I'y, := L'z If
k is a global field, Ay will mean the ring of adeles. Given S a finite set of places of
k, denote by A7 the ring of adeles away from S (with the S-components removed
from Aj). When S is the set of infinite places of k, we also write A®. If k is a
global field and v is a place of k, write Wy, for the local Weil group over k,. Upon
choosing a k-algebra embedding 4, : k = k,, we have induced embeddings of Wy,
and I'y, into I'y. The conjugacy class of each induced embedding is independent
of the choice of i,,. As this is harmless for representation-theoretic considerations,
we will usually keep the choice of 4, implicit. If v a finite place, let Frob,, denote a
geometric Frobenius element at v in Wy, or I'y, (or in 'y, via 4,).

Let G be a connected reductive group over a global field F. We fix a quasi-
split inner form G* of G over F together with an inner twist G ~ G*F and a
pinning for G* defined over F. Accordingly, as in [89] §1.2], we fix the dual group
G = G* with an L-action as well as a T’ p-equivariant bijection between the dual
root datum of G and the root datum of G. This determines the L-group G x Wg
as in loc. cit., which is useful in the study of endoscopy, but when considering
{-adic Galois representations valued in the L-group, we take the more convenient
definition “G := G x Gal(F'/F) for a finite Galois extension F’ of F over which
G becomes split; this makes sense as the L-action factors through Gal(F’/F). We
will be only brief about C-groups, but the C-group of G can be formed using the
Galois group for the same F/ over F. (It turns out that the choice of F’ does not
matter for our purpose.) The pinning for G* determines a hyperspecial subgroup
K} C G*(F,) at every finite place v where G* is unramified (e.g., see [142, §4.1]).
Thereby, via the inner twist, a hyperspecial subgroup K, C G(F,) is determined
at every v where G is unramified.

When p is a finite dimensional representation of a group, write p® for its
semisimplification. If p is a continuous representation, so is p%.

By convention, the algebraic groups Spy, and GSp,, are defined over Z by the
symplectic form on Z9 x Z9 given by ((a;), (b;)) = >7_ (aibgti — agtib;).

Write C,, for the completion of @p, and Oc, for the ring of integers in C,,.
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2. Construction of Galois representations with torsion coefficients

2.1. Conjecture and Main Theorems. We recall Buzzard—Gee’s formula-
tion of the global Langlands correspondence for reductive groups in the automorphic-
to-Galois direction. Then we specialize to the case of general linear groups to state
the main theorem of this section, with both characteristic zero and torsion coef-
ficients. Throughout this section, let G be a connected reductive group over a
number field F'. We adopt the convention of § for the pinning and L-group *G
of G. In particular, “G is the semi-direct product of the dual group G and a finite
Galois group over F'.

2.1.1. On L-normalization vs C-normalization. Buzzard—-Gee [24] introduce
the notion of L-algebraicity, resp. C-algebraicity, for automorphic representations m
of G(Ap), according as the infinitesimal characters of the archimedean components
of m are integral, resp. integral after shifting by the half sum of positive roots of G.
(These conditions will be made explicit for G = GL,, below.)

They go on to formulate precise conjectures on the corresponding Galois rep-
resentations, building upon Clozel’s work [40]. In the C-algebraic case, the Galois
representations are valued in the so-called C-group G of G, which can be thought
of either as the L-group of a natural G,,-extension of G [24, §5.3], or as a certain
semi-direct product of XG with G,,, cf. [145] §1.1].

In this article, we are mainly interested in automorphic representations con-
tributing to the cohomology of locally symmetric spaces, which are always C-
algebraic [24] §7.2] (but not necessarily L-algebraic). Hence the associated Galois
representations are to be valued in “G(Q,); compare the conjectures in § 3.2 and
§ 5.3 of [24]. As such, Conjecture below should be stated with “G in place
of “G in general. However we made the deliberate choice to use “G everywhere
in favor of simplicity, as this is harmless for G = GL,,, our main case of interest.
In fact, “G is isomorphic to the direct product of “G and G,, for GL,, and many
other reductive groups (for instance if p,q lifts to a cocharacter of G; see [145], §1.1,
Example 2 (3)]). For such groups, we can project from G to “G and forget about
the G,,-factor in G (since the Galois representation into G,,(Q,) should be given
by the f-adic cyclotomic character, no information is lost). Thereby “G can be
used as the target group of Galois representations.
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Here is an alternative perspective. Whenever G admits a twisting element
in the sense of [24], §5.2], which is the case for G = GL,, one can always twist
a C-algebraic representation m by a character to make it L-algebraic. Since L-
algebraic automorphic representations are expected to correspond to “G-valued
Galois representations, Conjecture should be fine as written as long as the
twisting element is incorporated into the statement.

2.1.2. The Buzzard—Gee conjecture. Let £ be a prime. Fix a field isomorphism
t: C 5 Qy (disregarding topology). Let S be a finite set of places of F' including all
places above £ or co as well as the places where G is ramified. Write S C S for the
subset of finite places. Let K, C G(F,) be a family of hyperspecial subgroups at
finite places v ¢ S, chosen at almost all places following § Set Foo := F ®qgR.
Let Koo C G(Fs) be a maximal compact subgroup, and K, its neutral component
in the archimedean topology. Set K’/  := K% Ag(R)?, where Ag is the maximal
Q-split subtorus in Resg/gZa-

Define A..(G, F) to be the set of C-algebraic cuspidal automorphic represen-
tation of G(Ap). Write Ayac(G, F) for the subset consisting of 7 € A, (G, F)
that is regular, i.e., m, has regular infinitesimal character at all infinite places v
of F. Define Acon(G, F) to be the set of L2-discrete automorphic representations
7 of G(Ap) which are cohomological, i.e., there exists an irreducible algebraic rep-
resentation £ of (Resp/gG) xq C such that the relative Lie algebra cohomology
H*(Lie G(Fo), K., Too @ £) is non-vanishing in some degree. Write Acono(G, F)
for the subset of cuspidal members in Aqon(G, F). We have the inclusions

(2.1) Acone(G, F) C Arac(G, F) C Aue(G, F).

The second inclusion is strict unless G is a torus. The first inclusion turns out to be
an equality for G = GL,, by [40, §3]; for general G, the equality should follow from
[I14] Thm. 1.8]. A superscript S over each set will mean the subset consisting of
7 such that 7, is unramified for every v ¢ S.

Let k € {Fy, Q,, C} with the discrete topology on F; and the usual topology on
Qy, C. Here is a variant of Acon (G, F) with k-coefficients. Let Kgoo C [],cg0e G(F)
be a sufficiently small open compact subgroup, which is allowed to vary. Take
K = Kgeo X vas K, C G(AY). Consider the locally symmetric space

(2.2) Yi == G(F)\G(Ap)/KK',.

The double coset algebra T := Z[K°\G(A%)/K?], referred to as the (abstract)
Hecke algebra (away from S), acts on the Betti cohomology:

(2.3) T o @ ( ling H'(Y., k)).
i>0 Ksoo

Let HES, (G, F); denote the set of eigencharacters TS — k appearing in 2-3),
which are also known as Hecke eigensystems or Hecke eigencharacters. We often
denote an eigencharacter by its kernel m C T, which is a maximal ideal, under-
standing that the eigencharacter also comes with an embedding T /m < k. For
S C S’ there is a natural inclusion HES | (G, F)x C Hé’f;h(G7 F)j, compatibly with
the obvious map TS — TS.

We can define a more general set HE foh(G, F');. by replacing the coefficient field
k in with local systems arising from irreducible algebraic representations of
Resp/oG (or a suitable integral model thereof, if char(k) > 0) on k-vector spaces.
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When k = C, we have a natural map
(24) Acoh(G (C) - choh( )(IC

The map assigns to each 7 the Hecke eigensystem arising from 7. This map is an
injection for G = GL,, by the strong multlphclty one theorem but not in general.
When k = Fy, it turns out that HES, (G, F)), = HES (G, F)k, namely no new
Hecke eigensystems are obtained from non-constant coefficients. This ultimately
comes from the fact that a continuous representation of an f-adic reductive group
on a finite-dimensional Fy-space is trivial on an open subgroup. (To apply this fact,
note that the places of F' over ¢ are in S and that the limit is taken over open
compact subgroups at such places in )

Define G(*G, F)j to be the set of weak equivalence classes of continuous semisim-
ple representations p : T'r — L'G(k) that are unramified at almost all places of F,
where p; and ps are considered weakly equivalent if the semisimple parts p1 (Frob, )ss
and pa(Frob,)s are G(k)-conjugate at every finite place v £ where both p; and
p2 are unramified. When k = Q,, we introduce the subset Gar (G, F)Q consisting
of p Q(LG,F)Qz such that p|r,, is a de Rham representation at every v|f. (An
L-group valued representation is said to be de Rham if its composition with some,
thus every, faithful representation of G is de Rham in the usual sense.) As in
the automorphic case, if we write G% in place of G, it denotes the subset of (weak
equivalence classes of) p which are unramified outside S.

We are ready to state a coarse form of the Buzzard—Gee conjecture (cf. the
conjectures in [24] §3.2, §5.3], and their refinements [75, §4] in the cohomological
case); this is statement (1) below. An analogous conjecture with Fy-coefficients was
suggested by Ash [8), [7], at least for G = GL,; see statement (2) below. (Recall
from § 2.1.1] that C-groups should be used to state the conjecture in general, but
that we are glossing over this point.)

CONJECTURE 2.1. The following are true.

(1) There exists a map (which depends on the choice of ¢)
GLCG,@E : 'Aas.'c(Gv F) — ggR(LG7 F)@Za ™= ®:)7Tv = P,

such that ¢m, corresponds to (pr,.|ry, )** via the unramified local Lang-
lands correspondence at all v ¢ S.
(2) There exists a map

GLC choh( )7z — gS(LGa F)Fea m— ﬁmv

such that ﬁm is unramified at v ¢ S and such that char(p,, (Frob,)) is
explicitly described in terms of the Hecke eigenvalues at v encoded in m
for every v ¢ S.

If true, part (1) of the conjecture assigns to each m a (weakly) compatible
system of Galois representations as the prime ¢ and the isomorphism ¢ vary in the
following sense: for ¢ : C = Q, and ' : C = Qy/, the conjugacy classes (pr,,|rp )%

and (pr, |y, )* are conjugate via /v~ and moreover defined over Q.

In fact the conjecture by Buzzard-Gee is more precise than part (1) above
in that the Hodge—Tate cocharacter and the image of complex conjugations are
predicted for pr,. On the other hand, it is nontrivial to formulate the correct
local-global compatibility at ramified places in both (1) and (2). Already in (1)
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(the problem is worse in (2)), one reason is that the local L-packets and A-packets
are only conjectural in general; another problem is the so-called CAP (cuspidal but
associated with parabolic subgroups) automorphic representations. However the
situation is somewhat favorable for G = GL,, as we will see below.

The maps GLCG7@£ and GLC, 7, do not uniquely characterize the isomorphism
classes of pr, and p,, even if the isomorphism classes of pr ,|r., are prescribed at
all places v of F. (See [97, [96] for related discussions.) This is why we phrase the
conjecture in terms of weak equivalence classes of Galois representations. Moreover,
the maps GLCG,@[ and GLCGE are not expected to be either injective or surjective.

When the coefficient is Q,, the failure of injectivity is related to the presence of
local packets; the problem with surjectivity amounts to describing the image of
GLCG,@? which should incorporate the phenomenon of global A-packets among
other things.

REMARK 2.2. The preceding discussion suggests that the characteristic 0 ana-
logue of HEZ (G, F)z, should be Afoh,C(G, F) or HES (G, F);, with k € {C,Q,},
which is less general than A2 (G, F). Then it is natural to ask whether A3 (G, F)
admits mod ¢ automorphic analogues, such that the latter accommodates “mod ¢”
of non-regular members of A% (G, F) in particular. In the special case when G is
part of a Shimura datum, a partial answer may be given by the coherent cohomol-
ogy (see the introductory paragraphs in with mod ¢ coefficients. Other than

that, the authors have no idea.

2.1.3. The GL,,-case. Now we specialize to the case of G = GL,,, and give more
precise statements and results. Let k € {F;, Q,, C} as before. In this case, we write
A(n, F), HES . (n, F)g, G(n, F)y for A(GLy,, F), HES , (GLy,, F)g, G(GL,, F)y, and
likewise with more superscripts and subscripts. Each member of G(n, F');, is repre-
sented by an n-dimensional representation I'r — GL, (k), and each weak equiva-
lence is the same as an isomorphism class in the usual sense.

For each 7 € A(n, F) and each embedding 7 : F — C, which determines an
archimedean place v of F' together with F;, — C, the infinitesimal character of
m, may be viewed as a multi-set of n complex numbers by the Harish-Chandra
isomorphism, to be denoted by HC, (7). Then 7 is C-algebraic if and only if
HC.(7) — ”;1 is integral (i.e., a € Z + % for all a € HC, (7)) for every 7.

We start by specifying the normalization of local Langlands in part (1) of
Conjecture Let LL denote the unramified local Langlands correspondence
for GL,, over F, with C-coefficients, with v non-archimedean, carrying Satake pa-
rameters to the eigenvalues of geometric Frobenius elementsﬂ Then our require-
ment on ™ — pr, is that the semisimplification of Flpw’b|WFU is isomorphic to
LL(7, ® |det|=™/2). In this case, the Hodge Tate weights of p,, relative to
7: F < Q, (defined in [108, §2.2.2], for example) should be given by the multi-set
HCL—IT(TF) + anl

Next we make part (2) of Conjecture concrete. At each finite place v of F
not above £, write ¢, for the residue field cardinality at v, and w, for a uniformizer

IThat is, if continuous characters x;,, : Fy' — CX and 0, : W, — CX correspond via
local class field theory (normalized to match uniformizers of F}, with geometric Frobenius elements
of Wg,) for ¢ = 1,...,n, then the unique irreducible unramified subquotient of the normalized
parabolic induction of ® ;xi,» from [[i_; GL1(Fy) to GLnp(Fy) is sent to the n-dimensional

representation ®}_;0; ., of Wg, .
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2 . —x .
/2 ¢ RZ, is viewed as an element of Q, via ¢, or as an

of F,. The square root qll,
element of FZ via the reduction map (since q%/ % is an C-unit). When v ¢ S, define
Ty, to be the double coset operator K, (wgli Ino,i) K, which is independent of
the choice of w, and viewed as an element of T°. There is a “universal” Hecke
polynomial
Hy(a) i= 0" = Toaa™ ™ quToaa™ 2 oo (-1 g2 DT, € T90g} 2l

The Hecke polynomial for each Hecke eigencharacter m € HES, (n, F); at v is
defined by applying it to the coefficients of H,:

H,y (@) /m € (T%/m)(q,/?)[2] C k(ay/?)[e].

When k = T, the condition at each v in Conjecture (2) can now be made
concrete: it is the equality

(2.5) char(p, (Frob,)) = Hy[x] /m.
When k = Q, if m,; denotes the image of m € A%, (n, F) under (2.4)) via ¢ : C ~ Q,

then the equality (2.5) is equivalent to the condition in Conjectu (1) that vm,

corresponds to (pr.|ry, )*. Thus the two parts of Conjecture [2.1] are consistent
through the operation of taking mod ¢ on the Galois side.

In the conjecture for G = GL,,, the representations p,, and p,, are uniquely
characterized by the Brauer—Nesbitt theorem and the Chebotarev density theorem.
The map GLCH)@Z, if exists, must be injective by the strong multiplicity one theorem
for GL,,. The conjectural map GLCn,@[ should also be injective in view of .

For each real place v of F, write ¢, € I'r for a complex conjugation at v (well-
defined up to conjugacy). Every Galois representation p in the image of A3, (n, F)
under GLC, 7, is believed to be odd in the sense that |trp(c,)| € {0, +1} at every
real place v of F. (Some non-regular 7 € A% (n, F') also correspond to odd Galois
representations, e.g., if 7 comes from a holomorphic cuspidal eigenform of weight
1.) Similarly every p in the image under GLCH)E is expected to be odd, i.e.,
[trp(ey)| € {0,£1} at every real v. See below for known results. Our
definition of oddness does not coincide with the one often found in the literature
(e.g., [62] Def. 1.2]) if n > 2; see Remark below for a discussion.

We make further observations on Conjecture 2.1} In this case, the image of
AS (n, F) under GLCn,@/Z is believed to be exactly the irreducible representations

in ng(n, F )@[. (The dictionary in the GL,-case is that cuspidality corresponds to
irreducibility through GLCn,@e.) At least when F is totally real, one could guess
that an irreducible p € G%(n, F )E belongs to the image of GLC,, 7, exactly when p
is odd. This is reasonable for n = 2 as predicted by the Serre modularity conjecture
for Hilbert modular forms. However the situation is unclear for n > 2 as it does
not seem known whether p lifts to some p € gagR(n,F )@E even at the expense of
“raising the level”; this case is not covered by lifting results in the literature such
as [52, Thm. A].

REMARK 2.3. One may partly extend from GL,, to a general G the expectation
that the Galois representations arising from A3 _(n, F') should be odd. We propose

the following notion of oddness for p € QER(LG, F)@z. For each real place v of
F, write Mg, for a fundamental Levi subgroup of G, (which is unique up to
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G(F,)-conjugacy). Then p is said to be odd if p(c,) at every real place v is G(Q,)-
conjugate to a conjugacy class in “Mp (Q,) satisfying Gross’s oddness condition
for Mp, as stated in [62] Def. 1.2] (which applies when the coeflicient field is either
Q, or Fy). If G, contains an elliptic maximal torus then My, = Gp,, so our
oddness coincides with that of [52, Def. 1.2], but not in general, e.g., for GL,
with n > 2. In the latter case, our oddness is equivalent to the condition that
[tr p(c,)| € {0,£1} at real places v. It seems reasonable to guess that whenever
T € Acon,c(G, F) has a local component that is generic (which should be equivalent
to having generic components at almost all places by a version of the Shahidi
conjecture), the corresponding Galois representation should be odd in our sense.
We leave the reader to formulate the analogues for the case of torsion coefficients.

To state results towards the above conjecture, we introduce some terminology.
Let F be a totally real field, or a CM field (a totally imaginary quadratic extension of
a totally real field). Such an F' admits a complex conjugation ¢ that is independent
of how F is embedded into C. Write F'T for the fixed subfield of F' by ¢, and Np JF+
for the norm map (which is the identity map if F is totally real). By definition
7 € Aac(n, F) is said to be essentially conjugate self-dual if Toc ~ 7V ® (xoNp/p+)
for a Hecke character x : (F*)*\AX, — C*. (In fact an additional parity condition
used to be imposed on xy when F = F7T, but the condition was shown to be
superfluous by [107].) Write A, (n, F) for the subset of essentially conjugate self-
dual representations in A, (n, F) for x € {ac,rac}. Let Al(n, F) denote the subset
of conjugate self-dual members, namely 7 such that moc ~ 7V. If F is totally real,
the word “conjugate” is usually omitted everywhere.

Here is the main theorem of this section. (See the end of § resp. § for
known results on local-global compatibility at v € S and other comments.) Part
(1) is due to Harris-Lan-Taylor—Thorne [71]. Shortly thereafter, Scholze [119]
proved both parts by a different method based on perfectoid Shimura varieties and
Hodge-Tate period morphisms. Boxer’s thesis [22] suggests an alternative path for
both parts.

THEOREM 2.4. Let F' be a totally real or CM field, and v as above.

(1) There exists an injection
GLCn,@e : Afac(n’F) — ggR(n7F)@za T = Py
such that vm, corresponds to (/),r7b|1~Fv)SS via the unramified LLC at all

ve¢S.
(2) There ezists a map

GLC, 5, : HEGn(n, F)g, = G(n, F)g,,  m > Py,
such that char(p,, (Frob,)) = Hy(x) /m for every v & S.

From now, restrict I’ to be a totally real or CM field. We follow Scholze’s proof
as it has further applications as presented in § [4 The proof breaks up into two
main parts, carried out in the following order:

(A) Prove Theorem [2.4| (1) for m € Apac(n, F).
(B) Prove Theorem [2.4] (2) and its analogue for mod ¢™-coefficients, m > 1.

Part (A) was completed by a combination of works by Clozel, Kottwitz, et al.,
spanning over nearly two decades, before Theorem was proved in general; see
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§ [2.2.5 for a guide to references. The argument will be reviewed in § 2:2] Expla-
nation of Part (B) will take up § § below. Once this is done, Theorem
(1) in full follows from (2) by realizing 7 in the cohomology and “gluing” Galois
representations modulo powers of £. See the proof of [119] Cor. 5.4.2] for details.

REMARK 2.5. Before we restrict ourselves to the regular or cohomological case
from now on, let us mention several results on Conjecture in the non-regular
case. The basic principle is that we can often prove the conjecture when 7 con-
tributes to the so-called coherent cohomology of Shimura varieties (even if 7 is not
cohomological, i.e., not appearing in the Betti cohomology). When G = GL2 over
@, such 7 come from weight 1 cuspforms. Deligne—Serre [47] proved the conjecture
in this case. For GLy over a totally real field, the problem is about Hilbert cusp-
forms of partial weight 1. Here the result is due to Rogawski—Tunnell, Ohta, and
Jarvis. (See [74] and the references therein.) In semisimple rank greater than 1,
there has been much progress since Taylor’s work [135] on GSp, over Q; see the
last paragraph of § for recent results. All of these results rest on variants and
generalizations of Hasse invariants to be discussed in §

However we stress that Conjecture is still unsettled even when G = GLs over
Q. The remaining 7 (which do not show up in either coherent or Betti cohomology
of modular curves) correspond to Maass cuspforms. Except when 7 arise from Hecke
characters over real quadratic fields via automorphic induction (the conjecture is
reduced to class field theory for such 7), very little is known.

2.2. The conjugate self-dual case. This subsection sketches the proof of
the following special case for essentially conjugate self-dual representations.

THEOREM 2.6. Theorem (1) is true if T € Apac(n, F).

In fact there is a standard argument, cf. the proofs of [11, Thm. 1.1, 1.2] and
[45] Prop. 4.3.1], to reduce the proof of Theorem to the following case, so we
will assume it throughout § 2.2}

e Fisa CM field, and 7 € AL (n, F).

2.2.1. Setup. Before getting to the proof of Theorem [2.6] we explain the basic
strategy to make progress towards constructing the map GLC, ¢, in an idealized
setup, based on the Langlands—Kottwitz—Rapoport method for the cohomology of
Shimura varieties.

Let (G, X) be a Shimura datum [46l §2.1.1]; see § 2.3.1 of Caraiani’s article
in [14] for further explanation. Thus G is a connected reductive group over Q,
and X is a Hermitian symmetric domain with a transitive G(R)-action. From
X we obtain a conjugacy class [ux] of cocharacters G,, ¢ — G¢. Then [ux] is
defined over a number field E := E(G, X) C C called the reflex field. We fix a I'g-
pinning (B, T, {X4}). From the inverse of [ux] we obtain a B-dominant character
—pneX *(T), which is then fixed by the I'g-action. So there exists a representation

r_,:PGp =G xTp — GL(V_,),

characterized uniquely up to isomorphism by the two conditions: r_,|4 is an irre-
ducible representation of highest weight —u, and I'y acts trivially on the highest
weight space.

We have a projective system of canonical models of Shimura varieties Sh =
(Shg), which are quasi-projective smooth varieties over E and labeled by neat
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open compact subgroups K C G(A*). The system Sh is equipped with the “Hecke”
action defined over E by G(A*). Each Shg(C) is a complex manifold, identified
with Yx in by construction (except the technical point that K. may be
replaced with a larger subgroup of G(R) in which K/  has finite index). Each
¢ € Irr((Resp/@G)c) gives rise via ¢ to lisse Qg-sheaf L¢ x over Shyi compatibly
with respect to the transition maps between (Shg). The étale cohomology with
compact support

(2.6) H¢,:=lmH(Shg xpE, Lek), @ € Lxo,
K

is a G(A*) x Gal(E/E)-module, and
[He,c] == Zizo(_l)i[Hgi,c]

is a virtual G(A>) x Gal(E/E)-module (viewed in the Grothendieck group; see [72
pp.23-25]).

2.2.2. The Langlands—Kottwitz—Rapoport (LKR) method. This is a systematic
way to compute [He .| at each rational prime p # ¢. We restrict ourselves to the
case where Shimura varieties have good reduction modulo p; see below for the
case of bad reduction.

Let p be a prime of E above p. Assume that Gg, is an unramified group
and fix a hyperspecial subgroup K, C G(Q,). As (sufficiently small) open compact
subgroups K? C G(A°P) vary, we have a projective system Shp, := @Kp Shx, rr
over F equipped with a G(A°P)-action. By taking the limit in over KP?, we
can define ch K, which is the K-fixed subspace of H, i7c, as well as a virtual

G(A>P) x Gal(E/E)-module [He . k,]. Let p be a prime of E above p. The LKR
method aims to show that the local Galois action at p is unramified and to describe

the virtual G(A°?) x Frobs-module [He k]

via automorphic representations. The method consists of the following steps.

(1) Construct an integral model .7, of Shg, over O ,, which is canonical
in the sense of [83].

(2) Establish a trace formula for the action of G(A%P) x Frob% on [He k]
by studying the structure of points on %%, modulo p.

(3) Stabilize the trace formula.

(4) Compare the outcome with the stabilization of the Arthur-Selberg trace
formula to obtain a representation-theoretic description of [He . k]

Part (1) was done for PEL-type Shimura varieties by Kottwitz [87] and for
abelian-type Shimura varieties by Kisin [83] (p > 2) and Kim—Madapusi Pera [79]
(p = 2). Until recently, the best result on (2) and (3) has been due to Kottwitz
[86), [87] in the case of PEL-type Shimura varieties. This has been used to carry
out (4) in some important special cases, which were enough to prove Theorem [2.6

Now the first two steps are complete more generally for Shimura varieties of
abelian type in [81] following [84]; the key is the proof of a version of the Langlands—
Rapoport (LR) conjecture regarding the structure of points in (2). (The work of
Kottwitz [87], and its recent extension to the case of Hodge type by Lee [98]
bypasses the LR conjecture. However the LR conjecture seems essential to deal
with abelian-type Shimura varieties.) The outcome has been employed to prove
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new cases of Conjecture (2) for the groups GSp,,, and certain quasi-split forms
of GSOg,, over totally real fields. Further applications are being worked out in [80].
2.2.3. Idealized situation. Kottwitz gave a conjectural description of the inter-

section cohomology version of [He ] (thus also [He . k,]) in [86} §10] but it is quite
complicated. To convey the basic principle, we restrict our attention to the 7w°°-
isotypic part of the cohomology, where m € Aqon(G,Q), and make the following
simplifying hypotheses:

(a) G is anisotropic over Q,

(b) = is essentially tempered at every place,

(c) we pretend that endoscopy disappears (e.g., conjugacy classes are stable

conjugacy classes, and L-packets are singletons).

Hypothesis (c) is satisfied if G is an inner form of (restriction of scalars of) GLg but
typically false unless we restrict attention to only a certain subset of . Hypothesis
(a) implies that Shimura varieties and their canonical integral models are proper
over the base, so that there is no need for compactification; thus we freely write H,
instead of H¢ .. The same hypothesis also implies that each H, é,c is a semisimple
G(A>)-module via Matsushima’s formula, since the L2-automorphic spectrum is
semisimple. Hypothesis (b) is supposed to ensure that 7 contributes to cohomology
only in the middle degree, namely H, g where d := dim Sh. Consider the assignment

(2.7) T Rpy, o= Homgue) (7™, HE).

If we had pr, (whose construction is our goal), then our expectation, i.e., the
Kottwitz conjecture, is essentially that

(28) Rmu,b =T—pu©Pr,
up to twists having to do with normalizations. This leads to:

An approach to Conjecture Suppose F' = Q. Given G, ¢ and 7, choose
(possibly several) Shimura data and study the resulting representations R ..
From this, construct p, , and show the desired properties of p ,.

REMARK 2.7. If F # Q in Conjecture 2.1} then the group G over F in the
conjecture will differ from the reductive groups used in Shimura data, because the
latter are always over Q. Often the latter is chosen to be a form of Resp/qG.

Let us illustrate the mechanism for unitary groups in relation to Theorem [2.6
Let F be a CM field. We fix an algebraic closure Q C C. Put F* := F°=! for the
totally real subfield fixed by c. Choose a CM type ®, namely a representative for
the coset space Gal(F/F*)\Homg(F,Q), so that we have the identification

F®oR=]],csC, s®t = (1(s)t).

Consider a unitary group U over F* for the n-dimensional Hermitian space W
over F' (with respect to F/FT) whose signature at each 7 € ® is (a,,b,) with
ar; +b; =n. We identify U x p+ R = U(a,, b, ), where the latter is the real unitary
group for the form

((2i), (wy)) €C" x C" = 307, W5 — iy g 2

Now define G := Resp+ oU. Consider the R-morphism h : Resc/rG,, — Gr =
II,co Ulas,br), which on R-points sends z € C* to the block diagonal matrix
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diag((z/2)1,,,Ip.). Setting X to be the G(R)-conjugacy class of h, we obtain a
Shimura datum (G, X). In this example, we have

G=1[GL.(C),  u(z) = (diag(zI,,,T,,)),
TED
if we take the upper triangular Borel subgroup in the pinning of G. So
(2.9) Voulg = ®rea A (StdY),

where Std" denotes the dual of the standard representation of GL,,. We leave it as
an exercise for the reader to describe the I'g-action on G and compute the reflex
field E. In light of (2.9), an important case is when U has signatures

(Gry,bry) = (1,n —1) for some 70 € @ and (a,,b;) = (0,n) for 7 € D\ {70}

The corresponding Shimura varieties have dimension n. In this case, view F' as
a subfield of Q (thus also C) via 79. Then E = F (unless E = Q and n = 2,
but this case is excluded by (a)). The representation V_,| is Std" on the 7o-
component and trivial on the other components. This extends to a representation
of LGp = G x I'p by making I'r act trivially. So the expected output from the
cohomology of Shimura varieties is that, under hypotheses (a), (b), and (c),

S Acoh(GyQ) = -ACOh(U7 F+) = RTI',/L,L = p‘;\i,b S ng(n,F)

up to twists.

REMARK 2.8. When Theorem [2.6] was proved, it was based on Kottwitz’s result
for PEL-type Shimura data [87] in the case of certain unitary similitude groups.
We have chosen to avoid similitude groups to keep the notation and exposition
simpler. The price to pay is that the Shimura datum above is not of PEL or Hodge
type but only of abelian type. So the recent work [81] is needed to apply the LKR
method; the overall argument mostly stays the same other than that.

Going back to Theorem recall that our main interest lies in II € fl}ac(n, F).
The connection between the two sets Acon (U, FT) and AL . (n, F') is provided by an
automorphic base change due to Clozel and Labesse:

BC: Acoh(Ua F+) — Al}a,iso(n7F)’

Vzhere the target is by definition the set of isobaric sums H;<;II; such tNhat II; €
AL (n;, F) with 3, n; = n. Conversely, they also prove that every II € A}, (n, F)

is the image of some m € Acon(U, F™) under BC, namely IT admits a “descent” 7
(such a 7 is typically far from unique), provided that U is quasi-split at all finite
places. In fact there is a parity obstruction (e.g., see [41] §2]) for finding such a U
with signatures (1,n — 1),(0,n),...,(0,n) at oo if n is even (and [F* : Q] is even
at the same time), leading to complication in § 2.2.4] (b) and (c) below, but let us
ignore it until we revisit the issue.
Thus the construction of pr, for Theorem @ would go as follows:
(n, F) %5 e AU FH) W Y — Ry, € Gar(n, F).

e Tt

(210) e Al

rac

2For instance, see [92] Cor. 5.3, Thm. 5.4] for both base change and descent results, which are
proven under mild technical hypotheses. In practice, one can overcome the hypothesis to obtain
Theorem A general base change and descent result follows from the endoscopic classification
for unitary groups in [L03], [76], but these works are conditional on some papers to be written.
(See the introduction of [76] for details.)
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A key point is to compute the restriction of Ry, to local Galois groups, at the places
v of F' where II is unramified. The unramified components of m can be described
from those of II as this is part of the automorphic base change and descent. From
this information, the LKR method discussed above gets us to understand Ry, at
each v to complete the argument.

2.2.4. Reality. The reader is cautioned that the argument sketched in the pre-
ceding paragraph is not rigorous but idealistic. In fact (a) is somewhat harmless
since it is satisfied if F* # Q; even if F* = Q there is a standard argument [133] to
reduce to the case F* # Q. However we do not know (b) a priori, which amounts
to a generalized Ramanujan conjecture. In other words, (b) cannot be used as an
ingredient. (Rather, it turns out to be a consequence, cf. [30].) More seriously, (c)
cannot be implemented since endoscopy does exhibit itself for unitary groups.

These difficulties can be overcome with more effort, at the expense of modifying
the ideal version . At first, Theorem was proven by [88], 41, [72] under a
technical assumption that II is essentially square-integrable at a finite place. The
assumption is made to avoid endoscopy (i.e., to implement (c)) via the Jacquet—
Langlands transfer to the unit group D* of a division algebra and by using a
unitary group that is a form of D*. When Ngb proved the fundamental lemma
[106] (also thanks to earlier contributions by Cluckers—Loeser, Hales, Waldspurger
and others), it became possible to embrace endoscopy and prove Theorem in
full generality. This is done in [44), 131], [39]. Now we explain more precise ideas
on how to work without hypotheses (a), (b), and (c).

(a) Reducing to the anisotropic case. As mentioned above, the only nontrivial
case is when F'T = Q (so F' is imaginary quadratic over Q); then G = U is a unitary
group of Q-rank one so condition (a) fails.

Suppose that the theorem was proved in all cases for F'T # Q. We want to
construct Ry, € Gar(n, F) starting from 1T € AL _(n, F). The reduction step is
based on the fact that there is a “huge” supply of real quadratic fields F". For
each I, set Fyy := F;f . Then we have a diagram

IIe "Zl%ac(nvF) - 7?7 - RH,L S ng(nvF)

base change J J{Res

Iy € Al.(n, Fy) o B, € Gar(n, Fo),
where the vertical arrows are the Arthur—Clozel base change and the restriction
of Galois representations along Fy/F, respectively. If Ry, exists with the correct
restriction to local Galois groups, then it should make the diagram commutative.
Thus the problem is whether we can construct Ry, from the data of RH,L|I‘F0 for
the (infinite) family of real quadratic fields F,”. This algebraic problem was solved
by Blasius-Ramakrishnan [15] §4.3]; see [133] for a generalization.

The above argument is flexible. For instance, one can analogously reduce to
the case when [F* : Q] is even by making similar quadratic base changes.

(b) Concentration in the middle degree and temperedness. We begin with a
slogan: tempered automorphic representations should contribute to the ¢-adic co-
homology of Shimura varieties only in the middle degree. Although we cannot use
the principle since the relevant case of the Ramanujan conjecture is a priori un-
known, the idea is that an approximation towards Ramanujan can still do the job
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thanks to the Weil conjectures. Moreover the Ramanujan conjecture for relevant
cuspidal automorphic representations can be shown as a by-product.

To be more precise, let II and 7 be as in . We want to show that the
m>°-isotypic part of the cohomology is concentrated in degree d = dim Sh, so that
Ry, in is equal to the alternating sum of the w*°-isotypic part of the coho-
mology over all degrees (up to the sign (—1)?). The alternating sum is amenable
to computation by the fixed-point formula in the context of the LKR method, so
we would then have a grip on the local Galois action of Ry, ,.

As we are in the anisotropic case thanks to (a), mod p Shimura varieties are
proper (and smooth, since the level subgroup K, at p is hyperspecial), so that
the Weil conjectures apply to the Frobenius eigenvalues on the cohomology. In
particular there is no cancellation between different degrees in the alternating sum.
Now the LKR method relates the Froby-eigenvalues in the 7°-isotypic part of
cohomology to the Satake parameters of m at p. Now the Jacquet—Shalika bound
on the Satake parameters of Il show that they are not far from essentially tempered.
On the other hand, the Froby-eigenvalues in degree ¢ # d are “far” from those in
degree d by the Weil conjectures. From this one can conclude that the Frob,-
eigenvalues in the 7*°-isotypic part must appear in degree d, and further that
mp is essentially tempered (a fortiori its Satake parameters are Weil numbers of
appropriate weight).

If we start from I € AL _(n,F) (rather than 7) then we would prove the
Ramanujan conjecture for IT by descending to 7 as in the first arrow of
and run the preceding argument. This can be made to work if n is odd, but
there is a parity obstruction if n is even; see the paragraph above . For
even n (when [F+ : @] is also even), the Ramanujan conjecture for AL, _(n, F) was
completed in [43}, [30] by switching to the signature (2,n — 2),(0,n),...,(0,n) or
(I,mn—1),(1,n—1),(0,n),...,(0,n) at oo to avoid the obstruction and by making a
more elaborate argument.

(¢) Working in the endoscopic setting. This is the most serious problem. A
starting point is the stabilization of the fixed point formula for Sh. This can be
done thanks to the fundamental lemma (which also implies that the Langlands—
Shelstad transfer exists by [141]).

The situation is somewhat favorable when n is odd. Then the construction goes
as in as there is no obstruction for finding U and descending II to 7. In this
case the main problem is to run the trace formula portion of the LKR method to
compute the local Galois action of Ry, = pXW (At primes where 7 is ramified, one
uses a variant method following [72), I31].) This involves the stabilized formula for
Sh, a comparison with the twisted trace formula for GL,,, and the strong multiplicity
one theorem to single out the II-isotypic part in the twisted trace formula.

The case of even n is complicated due to the obstruction mentioned in part
(b). Here switching to a different signature at oo as in the last paragraph of (b) is
not a good idea in view of and (2.9). Instead, we go from II € AL, (n, F) to
an isobaric sum ITH x on GL,1(Ar) by making an auxiliary choice of conjugate
self-dual Hecke character x of GLi(Ap). Then we consider a unitary group U in
n + 1 variables which is quasi-split at all finite places and signature (1,n),(0,n +
1),...,(0,n+1); there is no obstruction since n+ 1 is odd. This unitary group gives
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rise to Shimura varieties as before. Then the recipe (2.10) is modified as
(H

3
~

]

N8y “" r e Awon(U, FT) py, =t Rm,.

One can think of the first arrow as taking advantage of endoscopy. The local
Galois action at p of pY, can be computed using a similar method as for the case
of odd n. However the computation shows that the Galois representation p)
sometimes corresponds to II and sometimes to x; we definitely want the former to
obtain the correct Galois representation Ry,. It turns out that the archimedean
components of IT and y control which case should occur. As long as II satisfies a
mild regularity condition at co, it is shown in [44], [I31] that x can be chosen such
that Ry, corresponds to II rather than y.

In summary, if n is even then we are done as long as II satisfies a mild regu-
larity hypothesis. The remaining case is covered by a congruence argument due to
Chenevier-Harris [39] utilizing the eigenvarieties for definite unitary groups.

2.2.5. Complements and further references. There are several expository arti-
cles on the Langlands—Kottwitz—Rapoport method with different emphases, includ-
ing [16), [42], [102], [61), [146]. In the case of bad reduction (when the level subgroup
is parahoric but not hyperspecial), one can start from the surveys [I11], [65]. See
also [127] for a discussion of the LKR method and a variety of related approaches,
results, and further references.

The proof of Theorem along the lines of [72, I31] is surveyed in [132],
where some aspects of § 2.2.1}-§ are more detailed and more references are
given. The argument to prove Theorem may be partly simplified by using [123]
(which circumvents Mantovan’s formula and the works [44], [131]) or [57] (which
further avoids endoscopy and reduces to the case covered by [41]).

For a stronger version of Theorem including the local-global compatibility
at all finite places, refer to [I0, Thm. 2.1.1] and the references therein due to many.
This theorem is complemented by [136), 134), [33], describing the image of complex
conjugation. In fact [33] proves more generally that the ¢-adic and torsion Galois
representations in Theorem [2.4] are odd in the sense of Remark [2.3]

From Theorem one can deduce many cases of part (1) of Conjecture
for classical groups G over totally real fields F*. The additional work consists
in establishing a Langlands functoriality for the standard embedding of “G into
a general linear group, and showing that the Galois representations in Theorem
satisfy a certain sign condition so as to yield Galois representations valued
in the L-group (or C-group) of G. The sign has been pinned down by [12]. As
for the functoriality, given m € A,.(G, F*) we want to find a (not necessarily
cuspidal) automorphic representations II of GLy(Ap) for a suitable N such that
the map m — II is compatible with the embedding of “G via the unramified local
Langlands at almost all places. Such a map is obtained by [6, 103] in a very
precise form when G is quasi-split, conditionally on some works in preparation.
There is a simpler argument to prove a weaker functoriality that is enough for the
application to Conjecture Either way, the result for G requires II to be regular
and algebraic (up to a character twist) in order to apply Theorem This is the
case if 7 is regular in A..(G, FT), and if 7 satisfies a mild extra regularity in the
even orthogonal case. See [128] for further details regarding this paragraph.

As in [91), 90], the LKR method can be applied to obtain Conjecture (1)
when G is GSp,,, or GSOs,, (general symplectic or special orthogonal group) over
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a totally real field under technical hypotheses. The argument also makes use of the
known case of Conjecture (1) for Spy,, and SOy, in the last paragraph.

2.3. Perfectoid Shimura varieties. As a preparation for Theorem [2.4{ (2),
we need some fundamental results on perfectoid Shimura varieties. We assume
familiarity with basics of adic spaces and perfectoid spaces; see [14), 125] for expo-
sitions and more references therein. From here until the end of § [2] we are in the
setting p = ¢. This makes our notation close to that of [119].

Let X be an adic space and (X;) be a filtered projective system of adic spaces
with qcgs transition maps. We write

(2.11) X ~lim X,
i

to mean that X is equipped with maps f; : X — A; compatible with the system
(A;) such that (i) (f;) induce a homeomorphism [X| ~ lim [X;] and (ii) over an
affinoid cover of X, the map on the level of Huber rings has dense image. (See
[124] Def. 2.4.1] for the precise definition.) In this article will be considered
only when X is perfectoid over a perfectoid field. Then X is unique up to a unique
isomorphism [124] Prop. 2.4.5]. (Given (&;) as above, the limit always exists in the
category of diamonds. The point of the definition is that the diamond is actually
representable by a perfectoid space.) When a group A acts on each of X and the
system (X;), we say that is A-equivariant if (f;) are A-equivariant.

EXAMPLE 2.9. Define R := Z&°(t), the p-adic completion of Z¥°[t], and
R, := Rf[1/p] for r > 1 so that Spa(R,, R}) is a closed unit disc. Let R*
denote the p-adic completion of ligT R} via the “relative Frobenius” transition

maps R,” — R/, given by f(t) — f(t?), and define R similarly with R, in place

of Rf. (The transition maps become relative Frobenius maps modulo p.) Then
Spa (R, R™) is affinoid perfectoid, known as the “perfectoid closed unit disc”, and
+Y o T +
Spa (R, &) ~ JimSpa (R, BY).

Let (G, X) be a Shimura datum of Hodge type. This means that (G, X) embeds
in the Siegel Shimura datum associated with the symplectic similitude group GSpy,
for some g € ZZlE' In this case the Shimura varieties Shi over C for neat open
compact subgroups K C G(A™) are equipped with closed embeddings into Siegel
modular varieties of genus g at suitable levels. (We could work over the reflex
field but it is enough for our purpose to stay over a bigger field like C or C,,.) The
Satake-Baily—Borel (a.k.a. minimal) compactification [9] of Shg is denoted by Shi.
The latter is a projective normal variety over C which is typically singular. Write
Sk, S} for the adic space over C, associated with the base change of Shg, Shy
to C, via a fixed isomorphism C ~ Q, and the embedding Q, < C,. In fact the
canonical model of Shx over the reflex field £ extends uniquely to a model of Shi,
over E, thus S and S} are defined over E as well.

When a hyperspecial subgroup Kz? C Gq, is given (in particular Gg, is an
unramified group), we have a canonical integral model ng kv over O ,, for Sh KOK?
at each prime p of E above p, cf. §2.2.2] (One needs not assume that Gg, is

3In fact [119] uses a variant of Hodge-type Shimura data in the context of connected Shimura
data; see [119] §4.1]. We ignore this point in our exposition.
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unramified for the analogue of Theorem in Remark to hold true.) In
that case, write & K9KP for the p-adic completion of ng Kkr. Let 8pop, denote

o

KOKP
reduction locus; when (G, X) is a Siegel datum, for example, @p—points of S%oper
P

its generic fiber, which is an open subspace of Si. We refer to S as the good

is the locus where the parametrized abelian varieties have good reduction. For an
open compact subgroup K, C Kg, define S}’(pr to be the preimage of 83, in

P
SKpr.

The datum (G, X) determines the so-called Hodge cocharacter y : G,,, — G,
canonical up to G(C)-conjugacy. The cocharacter p gives rise to a parabolic sub-
group

P, .= : lim Ad(p(t ist
i ={g€q lim (u(t)g exists} C G,

well-defined up to conjugacy, and to a flag variety G/P, [36, §2.1]. (The parabolic
subgroup P, is opposite to the parabolic subgroup used to construct the flag variety
that receives the Borel embedding of the complex Shimura variety.) This flag variety
is a priori defined over C, but in fact it has a model over the reflex field of the
Shimura datum. Write # /(g for the adic space over C, associated with this flag
variety. The dependence of % /¢ on p is clear but we omit y from the notation for
simplicity. When (G, X) is a Siegel Shimura datum, .#{g parametrizes maximal
isotropic subspaces of the underlying symplectic space.

THEOREM 2.10. Let (G, X) be a Siegel Shimura datum. Then there exists a
perfectoid space Si., over C, with a G(Qp)-action, as well as a G(A*P)-action on
the projective system {S¥,} as KP varies, such that we have G(Q))-equivariantly

(2.12) Siep ~ @ S}}pr.
KpCG(Qp)
Moreover Sk, is equipped with the Hodge—Tate period morphism
THT - S;(p — y[g
enjoying the following properties.
(1) mur is G(Qp)-equivariant. As K? varies, the morphism is also G(A>P)-
equivariant with respect to the trivial action on Flg.
(2) There exists a finite cover (U;) of Flg by open affinoid subsets such that
V; = ﬂﬁ%\ (U;) are affinoid perfectoid satisfying: (i) each V; is the preimage
of an affinoid subset of Sk, kv for some open compact K, C G(Q,), (i)
a suitable analogue of (2.12)) with V; in place of Si» holds true.
(8) There is an ample line bundle wg, over Flg whose pullback wi;, =

mrwze 18 G(Qp)-equivariantly isomorphic to an automorphic ample line
bundle.

REMARK 2.11. Assume now that (G, X) is a general Shimura datum of Hodge
type. The analogous statements are true except that has to be slightly
modified by introducing certain ad hoc minimal compactifications, which are good
enough for applications. The relation still holds if it is stated for Shimura
varieties without compactification, and it holds for the usual minimal compactifica-
tions if ~ in is weakened to an isomorphism of the associated diamonds. For
more details and references, see the discussion between Theorem 3.1 and Example
3.2 in [29].
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REMARK 2.12. It is fruitful to study mgr with respect to the Newton strati-
fication of % £ to gather further information. Informally speaking, the geometric
fibers of myT are perfectoid Igusa varieties, and are constant over each individual
Newton stratum. This fact is shown and exploited to great effect in [36}, [35]. We
discuss this more in § [.1]

SKETCH OF PROOF. The rest of §[2.3]is devoted to sketching the proof of The-
orem in the Siegel case. So G = GSp,, until the end of § The case of
Hodge type can be deduced from this case with further work; refer to [I19] §4] and
[36] §2]. See [126] for an analogous result in the case of abelian type.

Recall the convention for the groups Sp,, and GSp,, over Z from § Write
Id, for the g x g identity matrix. For r € Z>(, we introduce the three congruence
subgroups of K} := GSpy,(Zy):

I'(p") C T'ip") € To(p"),
given by the conditions that v mod p™ is congruent to the formsﬂ

(Igg Igg), (Igg I:lg>’ (; i), respectively.

Step 0. Hasse invariants. It is helpful to recall some key facts about the Hasse
invariant, denoted by Ha, in the setting of modular forms and modular curves,
following [77), §2.1].

(H1) Hais a Katz modular form of level 1 and weight p—1 over F,,. In particular
it is a section of an ample line bundle.
(H2) Ha lifts to a classical modular form Ha if p > 5. (The lift can be taken to
be the Eisenstein series E,_; of level 1 and weight p —1.) A power of Ha
lifts to a classical modular form for p < 3.
(H3) Ha is invertible on the ordinary locus and zero on the supersingular locus.
(H4) The g-expansion of Ha is 1.
In general, given an abelian scheme f : A — S of dimension g such that p = 0 in
S, consider the line bundle wy /g := A9(7.824,5) over S. Put AP = A X S, Frobg S,
where Frobg : S — S is the absolute Frobenius. Then the Verschiebung morphism
A®) — A induces a map WA/S —F Waw) /g = "J%}sa hence a section Ha(A/S) €

(S, wi’%_l)). The Hasse invariant Ha over YKS K F, is obtained by applying this
construction to the universal abelian scheme; when g = 1, we recover the classical
Hasse invariant above. Property (H3) generalizes to the fact that Ha is invertible
exactly on the ordinary locus. (If g > 1, there are several intermediate strata
between the ordinary and supersingular loci.)

Even though Ha is defined only in characteristic p, it can be used to study the
p-adic formal scheme & KOK? and its adic generic fiber S(I)(g xp- For this, one lifts

Ha to Ha over & KOKP; which is always possible locally on the base. This weaker
version of (H2) is enough to define &xoxr(€) and Skog»(€) for rational numbers

0 < e < 1/2, which are the loci where Ha divides p¢. The locus SKng (€) of S50 xr

should be thought of as the e-neighborhood of the ordinary locus & KOK? (0). Loosely

4The definition of To(p™) in [I19] also requires that dety = 1 mod p™, but we ignore this
point.
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“not too

speaking, the points of SKE K (€) correspond to abelian varieties that are
supersingluar” in the sense quantified by e.

The above construction extends to minimal compactifications. It is classical
that Ha is defined over LS”I’QSK,)’FP if g=1. For g > 2, Ha is extended to yf?gmﬂ
by Hartog’s extension principle (cf. [I19, Lem. 3.2.10]; see Remark 3.2.11 therein
for an analogy between C-analytic and p-adic settings), using the normality of

YI*{S K» F, and the fact that the boundary has codimension g. By means of lifts Ha

locally over &% yp», We can deﬁn
P
* * * *
(‘SKng(e) — GKng over Oc, and SKng (e) = SKng over C,.

The former is an admissible blow-up in Raynaud’s sense, and the latter is an open
immersion. For open compact subgroups K, C Kg, set Sk, kv (€) to be the preimage
of SKng (€) under the projection map Sk, x» — SKng. Define S}}pr (¢) likewise.

Step 1. Anti-canonical tower at To(p™)-level. We want to show that the pro-
jective limit ¥£n K, S}}p v is perfectoid. In light of Example , we would hope

that the transition maps induce relative Frobenius modulo p. While this is overly
optimistic, the situation is better if we restrict ourselves to the anti-canonical tower
over Sk g»(€) as Kj, goes through T'g-level structures. In such a restricted setup,
(anti-)canonical subgroups are available to help us show that the mod p picture of
such a tower is given by relative Frobenius maps.

Let r € Z>; and € € Q with 0 < € < 1/2. Let A be an abelian scheme of
dimension g over a p-adically complete Oc,-algebra R. If A xp R/pR is not too
supersingular in terms of r (measured by the Hasse invariant), then A possesses a
unique flat subgroup scheme C, C A[p"| of order p"? which becomes the kernel of
the r-th power Frobenius on A modulo p'~¢. (See [119, Cor. 3.2.6] for the precise
statement.) Such a C, is called the weak canonical subgroup of level p”. If A
contains (1, i.e., a canonical subgroup of level p, a level p” anti-canonical subgroup
of A is defined to be a totally isotropic subgroup D C A[p"] of order p"9 such that
D[p]|nCy = {0}.

Let Sry(pr)iv(€)anti denote the open subspace of Sry,ryx»(€) on which the
universal subgroup of A[p"] coming from the I'y(p")-level structure is the anti-
canonical subgroup. The following commutative diagram is a key:

Spo(p'r'Jrl)Kp (e)anti L) SKng (p_r_le) (A, Dr+1) S A/DT+1
Sro(pryir (€)anti ——— Skorr (™€) (A, D) = (A, Drya[p"]) /—— A/ Dy,

where the diagram on the right gives the moduli-theoretic description of the maps
in terms of principally polarized abelian varieties, together with anti-canonical sub-
groups in the left column. The two vertical maps are natural projections. The
horizontal maps are isomorphisms as the inverse maps can be given as the quotient
maps by suitable canonical subgroups, cf. [I19] Thm. 3.2.15.(ii)]. The projective
system in the left column as r — oo is the anti-canonical tower.

5Actually they are defined over Z;y ¢ and @f,yc respectively, but we do not keep track of
optimal base rings in these notes.
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The use of anti-canonical subgroups is significant in two ways. First, ¢ does
not shrink as r — oo in the anti-canonical tower. (In a similar construction via
canonical subgroups, € tends to 0.) Second, the right vertical map A/D, 1 — A/D,
is a lift of relative Frobenius. Analogously with Example[2.9] this essentially tells us
that a perfectoid limit Sp,(pec)x» (€)anti of the anti-canonical tower exists, satisfying
SFo(p”)KP (€)anti ~ yinr SFg(p“")KP (G)anti-

The anti-canonical tower extends to the tower of SFO(p’") c» (€)anti Over the com-
pactifications; Hartog’s extension principle is used if g > 2 (cf. [I19, Lem. 3.2.10]).
Essentially the same argument as above shows the existence of a perfectoid limit

Slio(poc)Kp (€)anti ~ @ SFO(pT)Kp (E)anti~
r

Moreover it is affinoid perfectoid. The intuitive reason is that each Slik‘o(p") Kp (€)anti
is isomorphic to Sj, (p~"€), and the latter is affinoid as it is the p~"e-neighborhood
given in terms of a section of an ample line bundle w®?" ®=1 namely a lift of the p’-
th power of Ha, cf. (H1) above. (Such a lift exists globally for > 1 by ampleness
of w.) A precise argument is made from computing the tilts in characteristic p [119]
Cor. 3.2.20].

Step 2. Going up to I'(p™)-level. We have shown that Jm, St (prycr (€)anti 1
perfectoid. Since I'g(p") do not form a neighborhood basis at 1 in G(Q,) but I'(p")
do, we would like to go from the I'g(p®°)-level all the way up to the I'(p°)-level.
This is done in two steps via 'y (p™).

Going from I'y (p*°) to I'(p>) is relatively easy. Since

lik‘(pT)KP (e)anti — SF‘I(pT)Kp (e)anti

are finite étale for all » > 1, one can appeal to almost purity, which means that
an adic space that is finite étale over an affinoid perfectoid space is also affinoid
perfectoid. The hard part is to pass from To(p>) to I';(p>°). Since

SFl (pm)KP (e)anti — SFg(p7‘)KP (E)anti

is finite étale, there is no problem with obtaining a perfectoid limit over the inte-
rior. The main difficulty is how to extend to the boundary since the map between
compactifications is ramified at the boundary. The idea is to tilt the interior to
characteristic p, extend it to an affinoid perfectoid space including the boundary,
and prove that this extension is the correct tilt. The proof involves Hartog’s exten-
sion principle in characteristic 0 and a p-adic version of Riemann’s Hebbarkeitssatz
(“bounded functions have removable singularities”) in characteristic p.
The output is an affinoid perfectoid space

S;((p (E)anti ~ I&H Slt(pr)](p (G)anti-
Step 3. Topological Hodge—Tate morphism. Motivated by the definition of
(2.11]), we define the topological space

Sl =l [Si ol

KpCG(Qp)
which is naturally equipped with a continuous G(Q,)-action. One of our goals
is to upgrade |Sj,| to a perfectoid space. As a preparation and also as a step
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towards the Hodge-Tate period map, cf. Step 5 below, we construct a continuous
G(Qyp)-equivariant map of topological spaces

mur] [ Sko| = [Flal,

described pointwise as follows. Each x € |Sy,| can be represented by a Spa (x, kT)-
point for a complete nonarchimedean extension x O C,, which corresponds to
a principally polarized abelian variety A, over k with a symplectic isomorphism
TpA; ~ Zgg (matching symplectic forms up to scalars). Then z is sent to the
Hodge—Tate filtration

0 — Lie A, (1) = TpA, ®z, Cp = C29 — (Lie AY)Y — 0,

which determines a point of |#{g|. Continuity of |mgr| essentially follows from
the fact that the Hodge—Tate filtration works well in families. In fact, the same
construction defines |myr| on a larger domain than the good reduction locus %,
namely |S},| minus the boundary, the point being that the Hodge—Tate filtration
belongs in characteristic zero.

Step 4. Spreading the perfectoid property. Fix 0 < e < 1/2. Recall from Step 2
that the open subset | Sk (€)anti| Of [Si»| is affinoid perfectoid. In fact

Sko(€) = G(Zyp) - [Skcn(€)anti]

so there is a perfectoid space Sy,(e) whose underlying space is Sk, (€)|. It is
covered by finitely many translates of Sj, (€)anti- (Finiteness comes from continuity
of the G(Z,)-action and the fact that an open subgroup of G(Z,) has finite index.)
Denote by Sk»(€) the open subspace of Sy, (€) away from the boundary.

To promote |S),| to the desired perfectoid space in Theorem it is thus
enough to show that finitely many translates of Sj,(e) under the G(Q,)-action
cover |Sj,|. The starting point is the observation that the ordinary locus Sk»(0)
maps to .#{z(Qp) under |rr|. Now it is important to take e > 0 to work with a
strict neighborhood of the ordinary locus. Then one can show the existence of an
open subset U C % {¢ containing .#{(Q,) such that

|~ (U) C [Skea ()]

On the other hand, G(Q,)U = F{ as this is true for every open subset containing
FLz(Qp); the proof uses an explicit open affinoid covering F{q = U ;. # (g, ; coming
from the Pliicker embedding, indexed by cardinality g subsets J C {1,2,...,2g}.
Since F (g is quasi-compact, a finite subset {g;}ier C G(Q,) can be chosen such
that
Flg = UicrgiU.
The two displayed facts together with the G(Q))-equivariance of |rg7| imply that
|Stn| = Uicrgi|mar| 1 (U). (The boundary is taken care of by a topological argu-
ment.) Hence
|Skr| = Uier9i|Sice (€)|.

Step 5. Finishing the construction of myr. Now that we have a perfectoid space

Skvr, the topological map |ryr| can be upgraded to a map of adic spaces

THT - S}k{p — fﬁg

by largely repeating the same idea for constructing |mgr| and extending the map
to the boundary by a p-adic Hebbarkeitssatz.
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Step 6. Further properties of myr. We briefly comment on verifying properties
(2) and (3) of myr in Theoremm For (2), it turns out that the covering (F{¢. j)
of #{g from Step 4 works. The argument again utilizes the outcome of Step 2 and
the G(Qp)-equivariance of myr. For (3), if Way, C (’);ggc denotes the universal
totally isotropic subspace, then it follows from the construction of wgr that there
is a G(Qp)-equivariant isomorphism of locally free rank g modules

Lie Agvr ~ mir W,

away from the boundary. Property (3) is obtained by taking the dual of the top
exterior power and extending to the boundary. O

2.4. Construction of torsion Galois representations.

THEOREM 2.13. Theorem[2.4] (2) holds true. We also have a suitable analogue
for mod p™ coefficients for m > 1, in terms of Chenevier’s determinants [38].

A more precise statement is as follows. Denote by TgLn the abstract Hecke
algebra for GL,, over F away from S as in § Let K/ C GL,(A%) be an
open compact subgroup as in Then H*(Ygu, k', Z/p™Z) is naturally a
T(S;Ln—module. Write

Ter, (K',m) := image(TZ;, — Endgpmz(H* (Yo, k1, Z/p™Z))).

Then the theorem asserts that there exists an n-dimensional determinant D of I'p
which is unramified away from S and valued in TéLn (K’,m)/J for a nilpotent ideal
J C TéLn (K’,m) of bounded nilpotence exponent, such that the characteristic
polynomial of D at each Frob,, v ¢ S, is given by H,(x)/J. (Throughout this
subsection, we use the representation-theoretic notion of determinants from [38].
See therein for a comparison with similar notions such as pseudocharacters.) A
technical remark is that it is advantageous to deal with Hecke algebras and Hecke
modules mod p™ rather than Hecke eigensystems mod p™.

The existence of such a D subsumes Theorem (2). Indeed, m € HES | (n, Fg,

coh

corresponds to a morphism f : ’]I‘(S}L" (K',1)/J — Fp, so f o D is an n-dimensional
determinant of I'p valued in E; with the correct Frobenius characteristic poly-
nomials away from S. Since a determinant valued in an algebraically closed field
determines a unique isomorphism class of semisimple n-dimensional representations
(and vice versa) by [38, Thm. A], we obtain the desired p,, as in Theorem [2.4] (2).
As done in [IT9] one can keep track of topology to check that D and f o D are
continuous; it follows from this that p,, is a continuous representation.

SKETCH OF PROOF. We concentrate on the case where F' is a CM field and
employ unitary Shimura varieties. If F' is totally real, then the argument below can
be adapted to the setting of Siegel modular varieties for the group G = Resp/gSpa,;
of. [119} §5.1].

Recall that '™ denotes the maximal totally real subfield of F'. Let Us,, denote
the quasi-split unitary group in 2n variables relative to the quadratic extension
F/F*. For G := Resp+ /gUan, there is a standard choice for X to make (G, X)
a Shimura datum. One has the tower of connected Shimura varieties Shyx for G
over Q(fi) indexed by neat open compact subgroups K =[], Kv C G(A™).
(This differs from the convention in the proof part of § where G was GSpy,
and Shy denoted the Siegel modular varieties.) Let S be a finite set of places as
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in §[2.1.2] which in particular contains {p, 0o}, and keep K, hyperspecial at v ¢ S.
Write Z for the ideal sheaf of the boundary of S}}p v, and OT for the +-part of the

structure sheaf of Sj. . Set Z% := I N O* over Sk x,. We still denote by I

the pullback of Z to Sj.,. This sheaf may be thought of as the sheaf of cuspforms.
Define

H'(Shgr, Z/p™Z) =iy H' (Shy, rcr, Z/p"Z), i > 0.
KI’

The tilde indicates that it is the mod p™ version of the completed cohomology.

(0) Overview. The basic strategy is to reduce to the case of § where Ga-
lois representations are already constructed, via p-adic congruences. The proof
progresses by studying various cohomology spaces in order:

H*(Yor, 5 Z/p™Z) % H*(Shye,Z/p™Z) 2 H*(Sky, Tt /p™)

3)

D o,z pmy U

H* (S;(pr, w%;nil(cp ® I)v

where V is an open affinoid perfectoid subspace of Si, (see (3) below), and w, kv
is the automorphic ample line bundle at a finite level K,, C G(Q,) whose pullback
to the infinite level is as in property (3) of Theorem 2.10} The five cohomology
groups are computed on their respective topological spaces (the first two of which
are real; the next three are p-adic). It is important to compute the second and
third groups also in the étale topology to make the transitions (2) and (3).

Step (1) is a reduction of the problem about locally symmetric spaces for GL,,
over F' (which are not Shimura varieties if n > 1) to one about Shimura varieties
associated with G = Resp+gUa2n. The next steps (2)—(4) establish p-adic con-
gruences, namely that the mod p™ (and p-adically completed) cohomology of the
Shimura varieties can be p-adically approximated by classical cuspforms.

In summary, if we keep a careful track of Hecke algebras along the way, then the
above steps reduce the construction of Galois representations (or rather determi-
nants of the Galois group) for H*(YaL, k', Z/p™Z) to that for H° (Sk, kx> w}%;”Kkp ®
T). The latter consists of classical cuspidal automorphic forms on Us, over FT,
so we do have associated Galois representations from the conjugate self-dual case
treated in § This completes the proof. Now we give more details on each step
below.

(1) Borel-Serre compactification. The Borel-Serre compactification Sh%® is a
compact real manifold with corners such that Shx — ShIB<S is a homotopy equiv-
alence. (See [119] §5.2], cf. the original work [17] and a survey [64, §4].) Write
8Sh[B(S for the complement of Shi. There is a long exact sequence

oo — H'(Shg,Z/p™Z) — H'(ShES  Z/p™Z) — H (9 ShES, Z/p"Z) — - - |

where the middle term is identified with H*(Shg,Z/p™Z).

The boundary strata in GSh}?{S are indexed by the conjugacy classes of Q-
rational proper parabolic subgroups of Us,,. From the basic fact that Resp/p+ GLy,
is a Levi subgroup of such a parabolic subgroup, it follows that the “parabolic
induction” (for modules over Hecke algebras, as we are working at fixed levels)
of H*(Yar, kv, Z/p™Z) contributes to H*(dShk>, Z/p™Z). According to the long

exact sequence, such a contribution to each H*(0 Shllg(s,Z/me) is captured by
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H¥(Shg,Z/p™Z) and H: T (Shg,Z/p™Z). So we are essentially reduced to attach-
ing mod p™ Galois representations to H*(Shg,Z/p™Z) and H:(ShK,Z/me)ﬁ
Thanks to Poincaré duality, it is enough to deal with H(Shg,Z/p™Z), or

H!(Shgr,Z/p™7Z)

after taking the limit over K.

(2) A comparison isomorphism. Write j : Shx,kxr < Shi . for the open im-
mersion. The main point of (2) is the following isomorphisms which are equivariant
for the Hecke action away from p, where the tensor products are over Z/p™Z:

A (Shico Z/p"2) @ Oc, [p™ =~ H*(Shicy, #iZ/p"Z) © Oc, /™

= HE(Sien, 5hOT/p™) = H3(Sier, T /0™).
The first isomorphism is formal. The second map is a comparison [117, Thm. 3.13]
for étale cohomology between a proper (not necessarily smooth) scheme over C,, and
its adification with constructible sheaf coefficients. (The theorem for F,-sheaves
therein is easily extended to the case of Z/p™Z-sheaves.) Actually it is only an

almost isomorphism, denoted by the symbol &, but we ignore the technical point
as it does not affect our goal.

(8) Hecke-stable affinoid perfectoid Cech covering. Now it truly matters to pass
to infinite-level at p. We employ the affinoid perfectoid covering (V;) of Sj, from
Theorem to compute HZ (Si»,Z1/p™) as the Cech cohomology of Skp as a
topological space. Here we appeal to cohomological vanishing of affinoid perfectoid
spaces as in [116] Prop. 6.14, 7.13], and also the fact that the boundary of the
perfectoid space Sk, is strongly Zariski closed in each V.

The outcome is that H}, (Sj,,Z7/p™) can be computed by a Cech complex
whose terms consist of

HO(W, T+ [p™),
where V stands for finite intersections made from the covering (V;). Since each
V; is stable under the Hecke correspondences away from S in view of part (1) of
Theorem [2.10f so is V. Thus the Hecke algebra action away from S is encoded by
each HO(V, T /p™).

(4) Fake Hasse invariants. The point of this step is to extend the sections
of Zt/p™ on V to the whole Shimura variety and also lift to characteristic 0, at
the expense of multiplying the coefficient sheaf by a power of an automorphic
line bundle. This is achieved by introducing fake Hasse invariants, mimicking the
classical Hasse invariants. The name “fake” suggests that, unlike the classical Hasse
invariants, they do not arise as sections of vector bundles over typical integral
models of Shimura varieties at finite level.

In the case of modular forms, when a mod p™ modular form is multiplied by
a sufficiently divisible power of the Hasse invariant (or its lift to characteristic 0),
the poles outside the ordinary locus are removed while the g-expansion mod p™ is
unchanged. (This argument appears in the proof of [77, Thm. 4.5.1], for instance.)
Moreover the resulting modular form lifts to characteristic 0 by a cohomological
vanishing theorem for ample line bundles.

6More precisely, we construct a pseudo-determinant valued in the Hecke algebra correspond-
ing to each cohomology group. A priori we get a 2n-dimensional pseudo-determinant as Shy are
associated with Us,. It takes an extra twisting argument to obtain the desired n-dimensional
pseudo-determinant from this. See [119] §5.3], cf. [71}, §7].
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Fake Hasse invariants are designed to play similar roles. They are sections
of wi» pulled back via myT from explicit sections of wgy, via Theorem m (3).
One can choose “exotic” formal integral models of S}, and wg» at finite level
K, C G(Qp) where these sections mod p™ are defined. (See footnote 19 of [119]
p.1030] for “exotic”.) The key properties of fake Hasse invariants are as follows,
cf. (H1)-(H4) in Step 0 of the proof of Theorem besides abundance of fake
Hasse invariants thanks to Theorem [2.10] (2) (i.e., the Hodge-Tate period map is
“affinoid”).

(i) They are sections of ample line bundles.
(ii) Multiplying them commutes with the prime-to-p Hecke action.
(iii) The formal integral model of V at level K, is the invertible locus of a
suitable fake Hasse invariant.

With these inputs, one can descend to finite levels K, at p and mimic the classical
arguments, by multiplying a sufficiently divisible power of fake Hasse invariants, to
extend sections from Vi, to Sk, and lift the sections from mod p™ to character-
istic 0 coefficients, compatibly with the Hecke actions away from p. This completes
Step (4). O

Complements and further references. Regarding §§ we recommend the
survey articles [118], 121], 120, 104, 143] as well as Caraiani’s chapter in [14].

Varma [138] has strengthened Theorem[2.4] (1) by showing the local-global com-
patibility with characteristic 0 coeflicients (up to semisimplification) at all primes
away from ¢, not just at unramified places. See [2, §§3-5] for some local-global
compatibility results at all primes including those above ¢ (the “¢ = p case”, which
is most subtle), where Galois representations are valued in suitable Hecke algebras;
this requires understanding of the torsion setting.

Scholze’s method was adapted by Pilloni-Stroh [110] §3] to prove the analogue
of Theorem [2.4] (1) for automorphic representations contributing to the coherent
cohomology of certain Shimura varieties of Hodge type via analogues of Hasse in-
variants. Since such representations can be non-regular (e.g., the archimedean
components can be non-degenerate limits of discrete series), their theorem applies
to new cases that are not covered by Theorem (1). Getting around perfectoid
Shimura varieties, Boxer and Goldring—Koskivirta [22, [63] (independently of each
other) develop different analogues of Hasse invariants and their applications; see
therein for further references. The results of [110] are also obtained by [63].

3. The Calegari—Geraghty method for Betti cohomology

The goal of this section is to give a rough outline of the Calegari—-Geraghty
method in the Betti setting for the group GL,, and to discuss its prerequisites.
The Calegari—-Geraghty method is a vast extension of the Taylor—Wiles method
for proving modularity lifting, first proposed in [26]. There are two versions of
the Calegari-Geraghty method in the literature, both introduced in [26]: one that
applies to the Betti cohomology of locally symmetric spaces and one that applies
to the coherent cohomology of Shimura varieties. In both cases, it is essential to
apply the Taylor—Wiles patching method to complexes rather than to individual
cohomology groups.

The remarkable feature of the Betti version is that it applies to locally sym-
metric spaces that are not Shimura varieties - this is the case on which we will
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focus. The coherent version applies to coherent cohomology groups of Shimura
varieties, particularly in non-regular weight. This version has been spectacularly
applied in the work of Boxer—Calegari—-Gee—Pilloni to prove the potential modular-
ity of abelian surfaces over totally real fields [20]. Another essential ingredient for
this result comes from higher Hida theory, which was introduced by Pilloni [109]
and is now being further developed by Boxer and Pilloni (see [21] for the modular
curve case of higher Hida theory). There are many beautiful ideas here - see, for
example, [25] for a survey focused on this topic.

3.1. Prerequisites: conjectures on the cohomology of locally sym-
metric spaces. For this section, we let our connected reductive group G be GL,,
and we work over an arbitrary number field F. We let ¢ be a prime and S be a
finite set of places of F' containing all the ramified places and all the places above /¢
and co. For a sufficiently small compact open subgroup K C G(A%) as in §
we have the locally symmetric space

Y = G(F\G(Ap)/KKL,

which is a smooth Riemannian manifold. This locally symmetric space does not
arise from a Shimura variety except in very special cases.

EXAMPLE 3.1.

(1) Let n =2 and F be a totally real field. If F' = Q, the locally symmetric
space Yy arises from a modular curve defined over Q. If [F : Q] > 1,
the locally symmetric space Y is not a Shimura variety itself. However,
it is closely related to one, since it is essentially a torus bundle over a
Hilbert modular variety. Hilbert modular varieties are Shimura varieties
of abelian type.

(2) Let n =2 and F be an imaginary quadratic field. Then G(F) = GL2(C)
and K/ = Us(R) - Rs. The quotient G(F,)/K/_ can be identified with
the 3-dimensional hyperbolic space H®. Therefore, the locally symmetric
space Yk is an arithmetic hyperbolic 3-manifold as it can be obtained from
a disjoint union of finitely many quotients of H? by congruence subgroups
of GLy(Op). In particular, Y does not admit a complex structure. The
manifolds Yy are also called Bianchi manifolds.

(3) More generally, if n > 2 and F is not totally real, or if n > 3 and F
is an arbitrary number field, the locally symmetric spaces Yx cannot be
directly related to Shimura varieties. This follows from a classification of
groups that admit a Shimura datum.

3.1.1. Ezistence of Galois representations. The Calegari—-Geraghty method re-
lies on a deep understanding of the Betti cohomology of the locally symmetric spaces
Yk, including a formulation of the Buzzard—Gee conjecture for torsion classes in
the cohomology. To make this more precise, we introduce certain local systems on
Yk.

We will use the following notation throughout this subsection. Let E/Q, be
a finite extension which will be our field of coefficients, with ring of integers O,
uniformizer w, and residue field k. We always assume that F is large enough, for
example so that it contains the image of every embedding of F' into Q.

We let A be a highest weight vector for Resp/gGLy,. In other words, we take
A€ (Z”)HomQ(F’E) such that A;1 > Ao > -+ > A, ,, for every embedding 7 €
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Homg(F, E). We let 0 denote the irreducible algebraic representation of Resg oG
over Q, of highest weight \. Since E is assumed large enough, we may assume that
oy is defined over E. We let o5 denote a va GL,,(Op,)-stable lattice in oy.

We assume that the compact open subgroup K is of the form [[, K,, where
v runs over finite places of F and K, C GL,(OF,) is a compact open subgroup.
We let K act on o via the projection to Hv\f K, pull back 0% to a K-equivariant
sheaf on G(F)\G(Ar)/K._ and the descend to a local system of O-modules V) on
Y. We denote V5[1/¢] by V.

From now on, we will be interested in understanding the cohomology groups

(3.1) H' (Yi, V»),

which can be equipped with an action of the abstract Hecke algebra T. Perhaps the
most conceptual way of constructing the Hecke action in this setting is by observing
that the pullback of 0§ to G(F)\G(Ar)/K., is actually a G(A3) x Kg-equivariant
sheaf. The shadow of the G(A%)-action on this equivariant sheaf at infinite level
induces an action of the Hecke algebra T? on the finite level complex RI'(Yx, Vy),
viewed as an object in an appropriate derived category. Taking cohomology, one
obtains an action of T on the H’ (Y, V). See [105] §2] for more details.

The cohomology groups in are finitely generated O-modules: this follows
from the existence of the Borel-Serre compactification of Yx, which is a compact
manifold with corners that is homotopy equivalent to Y. However, these cohomol-
ogy groups can and do contain torsion. For example, in the Bianchi case the torsion
is conjectured to grow exponentially with the index of K in GLQ(@F) - see [13] for
more details. In what follows, the case of torsion classes will be the most subtle.
We define

dimm YK
(3.2) TS(K,\) := Im (TS — Endo ( &y Hi(YK,V,\)>>
i=0
and formulate several conjectures about T (K, \) and about the cohomology groups
it acts on.

To make precise statements, we introduce explicit generators for the spherical
Hecke algebra at a place v ¢ S of F. We assume that, for such a place v, we
have K, = GL,(OpF,). We let w, denote a uniformizer of F, and g, denote the
cardinality of the residue field k, := Op,/w,. For each i =1,...,n, we let T, ;
denote the double coset operator in the spherical Hecke algebra of GL,,(F,) given
by

Tyi := GL,(Op,)diag[w,, . .., @y, 1,...1]GL,(OF, ),

where w, occurs ¢ times on the diagonal.

CONJECTURE 3.2. Let m C T¥(K, \) be a maximal ideal; its residue field is a
finite extension k&’ of the residue field k of E. Then there exists a unique continuous,
semi-simple Galois representation

Pm - FF — GLn(k/)

characterized by the fact that, for any finite v ¢ S, pu |1, is unramified and the
characteristic polynomial of py, (Frob,) is equal to the image of the polynomial

X" — Tv’an71 N (_1)iq;£)(i71)/2Tv’an7i N (_1)nqg(nfl)/2Tv,n.

modulo m.
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REMARK 3.3. This is a version of the second part of Conjecture [2.1]in the case
when G = GL,,, formulated for more general coefficients. This can be seen from
the Hochschild—Serre spectral sequence and from the fact that one can trivialize
the local system V) /w by raising the level HU‘ ¢ K. Once again, the normalization
is compatible with the C-algebraic version of the Buzzard—Gee conjecture.

We say that a maximal ideal m C T(K,\) is non-Eisenstein if the Galois
representation py, exists and is absolutely irreducible. (This is a stronger condition
than the notion of non-Eisenstein ideal going back to the work of Mazur [101].
See |28, §3.8] for a discussion of various related notions for n = 2.)

CONJECTURE 3.4. Let m C T®(K, \) be a non-Eisenstein maximal ideal. Then
there exists a unique continuous Galois representation

pum: Dp — GL, (’JI‘S (K, A);)

characterized by the fact that, for any finite place v ¢ S of F, py |r, is unram-
ified and the characteristic polynomial of py,(Frob,) is equal to the image of the
polynomial

X" — Tlenfl N (*]—)iqz(iil)/QTv,anii N (71)nqg(n71)/2Tv,n.
in T9(K, \),,[X].

We now discuss the status of Conjectures and For a general number
field, they are wide open. From now on, we restrict to the case when F is a totally
real or imaginary CM field. In this case, Conjectures [3.2] and are essentially
known and their proof, due to Scholze, has been discussed in §[2.:4] The Galois rep-
resentation py, f-adically interpolates both the Galois representations attached to
torsion classes occurring in H* (Y, Vi )m as well as the characteristic 0 automorphic
Galois representations first constructed in [71].

We emphasise that Conjecture [3:4]is only proved up to a nilpotent ideal. More
precisely, by work of Newton—Thorne [105], there exists a nilpotent ideal J C
T9(K, \),, with J* = 1 such that there exists a Galois representation

pm:Tr — GL, (TS(K, A /J)

with the right characteristic polynomials at places v ¢ S of F. This does not
usually cause trouble for applications to modularity lifting theorems, since the key
point there is to understand the support of a certain patched module inside a Galois
deformation ring. Nilpotent ideals do not affect the support. However, nilpotent
ideals can cause trouble for more subtle questions, such as those concerning the
Bloch-Kato conjecture, as in the appendix to [27]. If the prime ¢ splits completely
in the totally real or imaginary CM field F', then Conjecture [3.4]is known as stated
by the refined construction in [32].

3.1.2. Local-global compatibility. Continue to assume that F' is a totally real or
imaginary CM field and assume further that m C T9 (K, \) is a non-Eisenstein max-
imal ideal. Let R, denote the global deformation ring of pn, which parametrizes
deformations of py, that are unramified outside S°°. The Galois representation py

is itself such a deformation, so by the universal property of R; we obtain a map

(3.3) Ry, — T(K,\)p/J.
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This is an incarnation of the usual map from a Galois deformation ring to a Hecke
ring that shows up in both the classical Taylor-Wiles method and in the extension
due to Calegari—Geraghty. The ultimate goal is to prove that this map is an iso-
morphism, or at least that it is an isomorphism on the underlying reduced rings.
However, in order for the map to have a chance of being an isomorphism, we
first need to refine it by imposing appropriate local conditions at the primes in S.
The next conjecture concerns local-global compatibility for the Galois representa-
tion py, which will help us refine this map by showing that it factors through a
quotient of R with the appropriate local conditions.

Let p be a prime and let v | p be a place of F, possibly contained in S*. If
¢ =p, weset Ay, = (\;)r, where 7 € Homg(F, E) runs over embeddings that induce
the place v. Local-global compatibility can roughly be formulated as the following
question: how does the restriction py|r,, depend on the level K, at which m occurs,
on the Hecke eigenvalues at v, and, if / = p, on \,? E|

For the characteristic 0 automorphic Galois representations constructed in [71],
this can be formulated more precisely by requiring compatibility with a suitable nor-
malization of the classical local Langlands correspondence for GL,,/F,,. In the case
£ # p, this compatibility up to semi-simplification is a theorem of Varma [138]. In
the case £ = p, one needs to first show that the automorphic Galois representations
in question are de Rham at v (or, equivalently, potentially semi-stable at v), then
identify their Hodge—Tate numbers in terms of the sets A,, and finally establish the
compatibility with classical local Langlands. In [I], A’Campo recently proved that
the automorphic Galois representations in question are indeed de Rham at primes
v | £ under certain technical assumptions and identified their Hodge-Tate weights.

The formulation of local-global compatibility for the integral Galois represen-
tations py, is more subtle, particularly when ¢ = p. This is because, outside a
restricted family of cases such as the Fontaine—Laffaille and ordinary ones, it is
not (a priori) clear how to formulate integral p-adic Hodge-theoretic conditions
that should be satisfied by pm|r,, . However, it turns out that we can formulate
the local-global compatibility conjecture at v | £ using the potentially semi-stable
Galois deformation rings constructed by Kisin in [82]. This version of the conjec-
ture first appears in the case n = 2 in [60] and it is particularly well-suited for
applications to modularity lifting theorems.

For simplicity, we restrict to the crystalline case. Let pn , denote the local rep-
resentation pm|r, . We let Rﬁmmw denote its framed unrestricted local deformation

ring. We let jozys()\v) denote its quotient whose characteristic 0 points param-
etrize crystalline lifts of pm, with Hodge-Tate weights equal to {\;n, Arpn_1 +
1,..., 71 +n — 1} at each embedding 7 : F — FE inducing the place v. This
quotient was constructed by Kisin in [82], first after inverting ¢ and then integrally
by taking Zariski closure.

CONJECTURE 3.5. Assume that K, = GL,(Op,), that m C T9(K,)) is a
non-Eisenstein maximal ideal, and that Conjecture holds for m. Consider the

If Fis a totally real field, the description of pm(c) for a choice of complex conjugation
¢ € Gal(F/F) can also be interpreted as a form of local-global compatibility — at the infinite
places.
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composition
(3.4) R3 RS T3 (K, \),,
\ -7
O,crys
Ryt ()

where the first horizontal map is induced by restriction and the second horizontal
map is induced from the existence of the Galois representation py,. This composition
factors through Rlﬁ]nfiy *(A).

REMARK 3.6. We give an equivalent formulation of the local-global compat-
ibility conjecture at a place v | £ when we are in the Fontaine-Laffaille setting.
Concretely, we assume that K, = GL,(OF,) as above, but also that £ is unramified
in F and that the vectors A, are all in the Fontaine—Laffaille range, in other words

0< A< <Ay <l-n—1

for every 7 : I' — E that induces v. Then it is equivalent to conjecture that pm|r;,
is in the image of the Fontaine—Laffaille functor and has Hodge—Tate weights equal
to {ArnsArn—1+1,...,Ar1 +n — 1}, with 7 : F < E running over embeddings
that induce v. One can state a similar explicit local-global compatibility conjecture
in the ordinary case.

REMARK 3.7. It should be possible to formulate a version of Conjecture [3.5 in
the potentially crystalline case. For this, one could replace the algebraic represen-
tation oy with a locally algebraic representation o, := o, ® ox of GL,(OF,).
Here, o, should be taken to be a smooth representation of GL,(OF,) over a
finite-dimensional E’-vector space, which should correspond to an inertial type
7 : Ip, — GL,(E’) under the inertial local Langlands correspondence, for some fi-
nite extension E’/E. For more details, see [31], §§3-4], which describes the inertial
local Langlands correspondence for GL,, in the potentially crystalline case. One can
further generalize to the potentially semi-stable case by handling the monodromy
operator carefully.

To make progress on Conjecture [3.5] we need a new way to access the Galois
representations p,. The reason is that the construction of py,, which is described
in § involves increasing the level Hv‘ + K, as well as losing track of the weight
A by trivializing the local systems V) /@™.

At the moment, all progress on Conjecture has relied crucially on a series
of increasingly more powerful vanishing theorems for the cohomology of unitary
Shimura varieties with integral coefficients [36), 35, [85]. We discuss the general
strategy in detail in § Based on this strategy, one can obtain partial results
towards Conjecture [3.5] in the Fontaine—-Laffaille case, in the formulation of Re-
mark This is done in [2, §4]. One can also obtain partial results in the
ordinary case - see [2] §5].

The recent paper [34] proves Conjecturein the case when F' is an imaginary
CM field under some additional technical assumptions. Below, we give a flavour of
the main assumptions; see Theorem 4.2.15 of loc. cit. for the precise statement.

(1) There is an assumption on the image of the residual representation py,,
which is needed in order to appeal to known vanishing results for the
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cohomology of unitary Shimura varieties with torsion coefficients. With
a better understanding of these cohomology groups of Shimura varieties,
this assumption can be progressively weakened.

(2) There is also an assumption that there are “enough” places above £ in the
totally real subfield F'+ of F'. This is needed in order to play these places
against each other: one focuses on one place o | £ of F* where one wishes
to prove local-global compatibility, using the remaining places v’ | £, ' # ©
as auxiliary ones. At auxiliary places, one employs congruences to vary
the weight. This assumption excludes, for example, the case when F' is
an imaginary quadratic field and the Yx are Bianchi manifolds.

It should be possible to adapt the method of [34] to the potentially semi-stable
case, under similar technical assumptions as described above. This is the subject
of the upcoming PhD thesis of Bence Hevesi.

3.1.3. Vanishing conjectures for locally symmetric spaces. Conjectures[3.4and [3.5]
are natural generalizations of results that hold true in the classical Taylor-Wiles
setting. For example, they hold true in the conjugate self-dual case, when one can
implement the classical Taylor—Wiles method starting from algebraic automorphic
forms on a definite unitary group, as is done for example in [45].

We now discuss a third conjecture, which roughly says that the non-degenerate
part of the cohomology H*(Yk,Fy) is concentrated in a restricted range of de-
grees. This is the most novel prerequisite to the Calegari-Geraghty method and
it illustrates some of the differences between general locally symmetric spaces and
Shimura varieties.

To state the conjecture, we define the following numerical invariants:

1
lo :=1k GL,(F ®g R) —rk K/ and qo := i(dimR Yx — o),

which turn out to be non-negative integers. Concretely, if the number field F' has
rq real places and ro complex places, one can compute that

_ {7"1 (%) + ron — 1 for n even

1 (”T'H) + ron — 1 for n odd.

These invariants were first introduced by Borel-Wallach in [18] for a general con-
nected reductive group G over Q. There, they show up naturally in the computation
of (g, K )-cohomology of tempered representations of G(R).

We consider the range of cohomological degrees [qo, go + 1], which is symmetric
about the middle %dimR Y of the total range of cohomology. The following con-
jecture is formulated in [50] — see the discussion around Conjecture 3.3 in loc. cit.
—and in [26], Conj. B].

CONJECTURE 3.8. Let m C T be a non-Eisenstein maximal ideal in the sup-
port of H*(Yk,F;). Then H* (Y, F¢)m # 0 only if i € [go, g0 + lo]-

This conjecture is motivated by heuristics to do with Langlands reciprocity, since
the invariant [y can be recovered naturally from a computation on the Galois side.
We explain this more in § We also discuss the analogue of Conjecture for
Shimura varieties in §

ExaMPLE 3.9.
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(1) fn =2and F = Q, we have [p = 0 and g9 = 1. There is only one
interesting degree for the Betti cohomology of modular curves, which is
H'. This is the setting in which the Taylor-Wiles method was first im-
plemented. Conjecture [3.8| can be verified by hand in the case of modular
curves. In fact, the maximal ideals m C T? in the support of H(Yx,Fy)
can be shown to satisfy

Pm = X D Xeyelo * Xs

where x : I'g — EX is some continuous mod ¢ character and Xcyclo is the
mod ¢ cyclotomic character.

The Taylor-Wiles method was later generalized to other settings in
which [y = 0. For example, in the conjugate self-dual case, one can arrange
to work with algebraic automorphic forms on a definite unitary group, so
that qo = lo =0.

(2) If n = 2 and F is imaginary quadratic, we have [y = 1 and go = 1. The
interesting degrees of Betti cohomology for Bianchi manifolds are H' and
H?. One can again prove Conjectureby hand in this case. By Poincaré
duality, which applies after localization at a non-Eisenstein ideal m, it is
enough to control H®, which can be computed explicitly.

(3) It should be possible to control another handful of low-dimensional cases
by employing the congruence subgroup property to control H!. If n = 2
and F' is totally real, the locally symmetric spaces are closely related to
Hilbert modular varieties and one should be able to deduce (most of)
Conjecture from [37, Thm. A]. For arbitrary n and an arbitrary num-
ber field F', Conjecture [3.§8] is still open, even in the case when F' is an
imaginary CM field.

One can formulate an analogous conjecture with Q, rather than F, coefficients.
This is a strictly weaker conjecture, but it can be proved for arbitrary n when
F'is a CM or totally real field and this turns out to be extremely important for
applications.

CONJECTURE 3.10. Let m C T° be a non-Eisenstein maximal ideal in the
support of H*(Yx,Z¢). Then H (Y, Qg)m # 0 only if i € [qo, qo + lo]-

To prove Conjecture [3.10] one needs to compute the Betti cohomology groups
H*(Yk,Qy) in terms of automorphic representations of GL,,(Ag). This goes back
to a theorem of Franke [58] that uses harmonic analysis. If m is non-Eisenstein and
such that H*(Yk,Z¢)m[1/€] # 0, then it is the reduction modulo ¢ of a system of
Hecke eigenvalues occurring in a cuspidal automorphic representation of GL,, (AF).
In that case, one can eliminate all the terms in Franke’s computation coming from
proper parabolic subgroups of GL,,/F, and one controls what is left by appealing
to the computation of tempered cohomology in [18]. See [2, Thm. 2.4.10] for the
detailed argument. We emphasise, however, that one needs Conjecture [3.2]in order
to formulate the notion of non-Eisenstein maximal ideal, so one needs to work over
a CM or totally real field to prove Conjecture [3.10

REMARK 3.11. When lj = 0 and m C T® is a maximal ideal in the support
of H*(Yk,Z¢), Conjecture implies that H*(Yk,Z¢)m is concentrated in degree
qo and f-torsion free. This can be shown by playing around with the long exact
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cohomology sequences associated to the short exact sequences of sheaves
0= Z/(" 7 -5 2/t — Fy — 0
on Yx for m € Zx».

REMARK 3.12. All the conjectures discussed in this section can be formulated
for the faithful quotient of T that acts on the cohomology of Yx with compact
support. A useful observation is that, after localizing at a non-Eisenstein maximal
ideal, the natural map from cohomology with compact support to usual cohomology
becomes an isomorphism. This follows from a now standard argument that involves
a detailed study of strata in the boundary of the Borel-Serre compactification of Y .
See [105], §4] for more details. Moreover, one could formulate Conjectureinstead
by asking that H*(Yx,Fy)m is only non-zero in some range of degrees of length .
By the observation just above, Poincaré duality shows that this apparently weaker
conjecture is equivalent to the original one.

3.2. A sketch of the Calegari—Geraghty method. In this subsection, we
briefly sketch the Taylor—Wiles patching method for proving modularity lifting the-
orems and then we discuss its improvement due to Calegari-Geraghty. The goal
is to motivate and illustrate the role of Conjectures and and especially of
Conjecture [3.8] in proving modularity lifting theorems. We suppress many techni-
cal details in our account. For a more thorough expository account of the classical
Taylor-Wiles method, see [59], and for the same on the Calegari-Geraghty en-
hancement of this method, see [137].

3.2.1. The case lp = 0. We let G = GLy/Q, in which case the Yx are (open)
modular curves, considered as Riemann surfaces. We let m C TS be a non-
Eisenstein maximal ideal in the support of H!(Yz,Vy). This cohomology group is
torsion-free, as discussed above, and so py, is (up to a character twist) the reduc-
tion modulo ¢ of the Galois representation associated to some cuspidal eigenform
(of weight determined by ).

In this setting, Conjectures [3:4] [3:5] and [3.8] are known. For simplicity, we
assume that ¢ > 2, that the level Ky is the hyperspecial maximal compact subgroup
GLy(Z,) and that the weight A is trivial. This means that py is the reduction
modulo ¢ of the Galois representation attached to a cuspidal eigenform f of weight
2 and level K (prime to ¢). The lift

pm : Gal(Q/Q) — GL, (']I‘(K, A);) .

can be constructed by interpolating the 2-dimensional ¢-adic Galois representations
attached to all the cuspidal eigenforms of weight 2 and level K and which are
congruent to f modulo m. Local-global compatibility for each of these Galois
representations implies that pm\p@/Z is Barsotti—Tate, which after inverting £ means
crystalline with Hodge—Tate weights equal to {0, 1}.

We let RPEE denote the global deformation ring for p, which parametrizes
deformations that are unramified outside a fixed finite set of primes containing /,
and that are Barsotti-Tate at £. The corresponding local deformation problem
at ¢ turns out to be smooth and this is necessary for the argument we present.
(In practice, we might impose some additional local conditions at ramified primes
other than ¢, but we suppress this in this sketch.) The existence and local-global
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compatibility for the automorphic Galois representation p,, give rise to a diagram
(3.5) RET = T(K, N O H' (Yie,V))m-

To prove a modularity lifting theorem, we wish to show that the cohomology
group H'(Yx, Vy)m has full support over the global deformation ring RE’E. (Since
T(K, ), acts faithfully on H(Yx, Vy)m, this is equivalent to the statement that
the surjective map RET — T(K,\),, induces an isomorphism on the underlying
reduced rings.)

Rather than study the diagram directly, we first put everything in (-
adic families, in order to smooth out the underlying geometry. For this, we wish
to “thicken” the global deformation ring R?E into a ring R, which we will then
prove to be isomorphic to a power series ring Ofz1,...,24]. The dimension of
R, is determined via a Galois cohomology computation that identifies g with the
dimension over F of a certain Selmer group H}: (Tg,ad pm).

In order to thicken the diagram in a controlled fashion, we “patch”
(co)homology groupsﬁ H' (Y, » Vp /€N )y With additional tame level at sets Q
of so-called Taylor—Wiles primes. Patching is a highly non-canonical process that
involves varying the sets @y of Taylor—Wiles primes as N goes to infinity. How-
ever, the cardinality of these sets is a fixed integer r, which can be computed as the
dimension over F of a certain dual Selmer group H, (I'g,ad pm(1)). This fixed
cardinality ensures that the tangent spaces of the deformation rings with additional
tame ramification at the Taylor—Wiles primes stay bounded.

The output of Taylor—Wiles patching is a diagram

(3.6) Sooc = Roo O My
where Soo = OJz1,...,22,] and R is a priori a complete local O-algebra which
only admits a surjection from Ofz1,...,z4]. The module M, is patched from

(co)homology groups of the modular curve with additional tame level. The ring
R, is patched from global deformation rings with additional tame ramification at
Taylor—Wiles primes. The ring S, keeps track of the additional tame ramification
coming from Taylor—Wiles primes.

Because the growth of the (co)homology groups as we add tame level is strictly
controlled, M., will be finite free over S.; it is also finite over R,,. We have a
sequence of (in)equalities

(3.7) 2r+1=dimS, = depthg (M) < depthp (M) < dim R, < g+ 1.

The equality dim So, = depthg (M) follows from the freeness of My, over Su.
The first inequality comes from the fact that the action of S, on M., factors
through R.,. The second inequality comes from the fact that the depth of a finitely
generated module is less than or equal to the dimension of its support.

At this point, Wiles makes use of an Euler characteristic formula in Galois
cohomology that gives 2r — g = lp, which is 0 in this setting. This implies that
all the above inequalities are in fact equalities! In particular, this means that the
given surjection Ofz1,...,24] - Ro is in fact an isomorphism. We now apply
the Auslander—-Buchsbaum formula for the finitely generated module M, over the

8Technically7 patching amounts to taking a projective limit as the level varies. For this reason,
it is better to switch from cohomology to homology at this point.
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regular local ring Roo:
(3.8) depthp_ (Moo) 4 proj. dim.g (M) = dim Roe = g + 1.

Since we have also found that depthp_(Ms) = g + 1, we deduce M is finite free
over R.

To recover the original diagram , we take a tensor product of with
®5..0. We have Ry, ®5,, O = RJ and My ®s,, O is (the O-linear dual of)
HY(Yk,V\)m- This shows that the cohomology group H'(Yx,Vy)m is finite free
over the global deformation ring RPBE and, in particular, has full support.

REMARK 3.13. In the above sketch, we can weaken the assumptions that the
level Ky is hyperspecial and that the weight A is trivial. The right perspective here
is due to Kisin [82] and involves constructing R, as a power series ring over a
product of local (possibly framed) deformation rings. We can then show that M
is maximal Cohen—-Macaulay over R, and thus supported on a union of irreducible
components of Spec R.,. Therefore, the geometry of the local deformation rings
determines the kind of modularity lifting result we can prove. A key problem is how
to extend the known support of M, from one irreducible component to another, e.g.
as in Taylor’s Thara avoidance. See [59] for more details. The same phenomenon
arises in the case when [y > 0 and, in this case, it is even more subtle to move
between different irreducible components.

3.2.2. The case ly > 0. For simplicity and to parallel the case [y = 0 discussed
above, we restrict to G = GLy/F, where F is now an imaginary CM field. For
a neat compact open subgroup K C GL3(A$), the spaces Yx are smooth real
manifolds. We assume that the prime ¢ > 2 is unramified in F', that the level K,
at each v | £ is hyperspecial, and that the weight X is trivial. We let m C T be a
non-Eisenstein maximal ideal in the support of H*(Yg, V).

We assume Conjectures [3.4] and [3:8 As explained above, Conjecture [3.4]
is essentially known by [119], and there are many settings where Conjecture is
known as well in the case at hand, see [34] for the state of the art result. How-
ever, Conjecture is still a significant assumption. The main exception to this
is the case when F is imaginary quadratic, where Conjecture [3.8] is known, but
Conjecture [3.5] is surprisingly subtle and not known even in the case at hand.

We let RPT denote the universal deformation ring of pm with appropriate local
conditions: in particular, we require these deformations to be unramified outside a
fixed finite set of finite primes of F' and Barsotti—Tate at each prime v | £ of F'. As
before, we obtain a diagram

qo+lo
(3.9) RET = T(K, N O @ H' (Yie, Va)m-

i=qo
To prove a modularity lifting theorem in this setting, we want to show that the
direct sum has full support in R?E. It is, of course, enough to establish this for any
individual cohomological degree.

We want to proceed as in the case lp = 0 discussed above. To thicken the
diagram , we again need to consider a patched deformation ring R, with
dim Ro = g+1, where g is the dimension over F of a Selmer group H} (', ad py).
At the same time, the cardinality of the sets of Taylor—Wiles primes must equal r,
the dimension over F of the dual Selmer group H} . (I'p,ad pm(1)). We therefore
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set Soo = O[z1, ..., 22,] once again. However, if we try to implement the classical
Taylor-Wiles method as outlined above, we get stuck at the Euler characteristic
formula:

(3.10) dim S — dim Reo = Iy > 0.

This means that there are not enough Galois representations to fill out the entire
space Spec Ss.. On the other hand, because the cohomology groups of Yy are likely
supported in multiple degrees, if we add tame level at sets of Taylor—Wiles primes
and patch (co)homology groups (in a fixed degree or even taking a direct sum of
cohomological degrees), we will likely not obtain a finite free module My, over Su.
Thus, it seems like there are also not enough automorphic forms to fill out Spec So.
Fortunately, as Calegari and Geraghty have observed, these two problems precisely
cancel each other out, when considered from the right point of view!

The idea is to work with a patched complex C,, instead of a single patched
module M,. The complex C,, is obtained from patching chain complexes that
compute the homology of Yk, , with additional tame level at a cardinality r set
of Taylor—Wiles primes @, and after localizing at a non-Eisenstein maximal ideal
my obtained from m. Because we are working with the homology of the Yk,
as chain complexes, rather than with individual homology groups, we obtain after
patching a complex C, of finite projective S,,-modules. Moreover, Conjecture [3.8
ensures that, up to replacing C, by a quasi-isomorphic complex, we can assume
that it is a complex of finite projective S,.-modules concentrated in a range of
degrees of length ly. The following lemma in commutative algebra is now crucial,
see [26], Lem. 6.2] for its proof.

LEMMA 3.14. Let S be a reqular Noetherian local ring of dimension d. Let C be
a chain compleaﬂ of finite projective S-modules concentrated in the range of degrees
[0,{] for some non-negative integer | < d. Then the dimension of the support of
H*(C) in S satisfies dimg(H.(C)) < d—1. Moreover, if equality holds, then H;(C)
is mon-zero only for i =0,

proj. dim.g(Ho(C)) =1, and depthg(Hy(C)) =d —1.
(In particular, C is a projective resolution of Ho(C) of minimal length.)

In the Calegari-Geraghty extension of the Taylor—Wiles method, we apply this
lemma to S = So and C' = C[qo] (we shift our patched complex gg degrees to
the left in order to get the concentration in the range [0,lg]). We have a diagram

Soo — Roo O 0007
giving us the sequence of inequalities
(3.11) 2r+1—1ly <dimg_(H:(Cx)) <dimg_(H.«(Cx)) < g+ 1.

The Euler characteristic formula (3.10) implies that all the inequalities in (3.11))
are equalities. Lemma implies that the homology of C4, is non-zero only in
degree g and that

depthg (Hg(Cx)) =2r +1—Ilp =g+ 1.

9n [26] Lem. 6.2] the result is stated and proved for a cochain complex.
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At the same time, because the action of S, on Cy, factors through R.,, we have
the (in)equalities

g+1=depthg_(Hy(Cx)) < depthp (Hy(Cx)) < dim Ry = g + 1.

These are all equalities and the Auslander-Buchsbaum formula applied to Hy, (Cs)
viewed as an Ro.-module implies that Hy, (Cw) is free over Ro,. To recover (part of)
the original diagram , we take a tensor product with ®Sm(ﬂ and an O-linear
dual to go from homology to cohomology. We ultimately deduce that H® (Yx, V)m
has full support over RﬁBE, as desired.

4. Shimura varieties, p-adic geometry, and torsion classes

In this section, we discuss the steps that led to an unconditional implemen-
tation of the Calegari-Geraghty method for GL, over CM fields. A key input is
an analogue of the vanishing Conjecture for Shimura varieties. This analogue
predicts that the part of the cohomology of Shimura varieties outside the middle
degree is somewhat degenerate. In § we discuss the geometry of the Hodge—
Tate period morphism, which has allowed us to make significant progress towards
this conjecture, and which is a beautiful and important topic in its own right. In
§ we discuss several different approaches towards the conjecture in the case of
Shimura varieties PEL type A and point towards generalizations. Finally, in §
we briefly describe how to use these results to make progress on the local-global
compatibility Conjecture [3.5 and mention further applications.

4.1. The geometry of the Hodge—Tate period morphism. The goal of
this subsection is to discuss more in depth the geometry of the Hodge—Tate period
morphism that has already played a key role in Section[2.3] We will briefly explain
how this geometry is illuminated by an infinite-level version of Mantovan’s product
formula [100]. This product formula describes Newton strata in Shimura varieties
in terms of local analogues of Shimura varieties, known as Rapoport—Zink spaces
or local Shimura varieties, and objects of a semi-global nature, known as Igusa
varieties. We end by mentioning an even more general version of the product
formula, which allows us to vary the Newton stratum, conjectured by Scholze and
recently established in many cases by Mingjia Zhang in her Bonn PhD thesis [144].

For simplicity, we work with a Shimura datum (G, X) of PEL type. We assume
that p is an unramified prime for this Shimura datum and £ is a rational prime dif-
ferent from p. We fix a sufficiently small compact open subgroup K? C G(AP>°).
Consider the minimally compactified perfectoid Shimura variety Sy, over C, in-
troduced in Theorem [2.10] and the associated Hodge-Tate period morphism

THT S;(p — jfc

For technical reasons, we restrict the source of this morphism from now on to the
good reduction locus S%, C Sj».

10Here7 one could ask what would happen if we took a derived tensor product ®I§M O instead.
This will recover the entire cohomology as an object in a derived category. See the article [56] of
Feng—Harris in these proceedings for more details on derived aspects.
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4.1.1. The Newton stratification. Recall the Kottwitz set B(Gq,) classifying
isocrystals with G, -structure, cf. [112] for example. This set is equipped with
a partial order, known as the Bruhat order. The Hodge cocharacter p defines a
subset B(Gg,,pu ') C B(Gq,) of p~'-admissible elements. The special fiber of the
Shimura variety with hyperspecial level at p admits a Newton stratification

— ——b
(4.1) Shgrr, = |_| Shirg,
beB(Gay i)

into locally closed strata indexed by this subset. This stratification is defined
moduli-theoretically and detects at geometric points the isogeny class of the uni-
versal p-divisible group ¢ = A[p>] with G, -structure living over Shgr K, The
closure relations between strata are determined by the degenerations of isocrystals
with Gg,-structure: for example, the p-ordinary locus is the unique open and dense
stratum and the basic locus is the unique Zariski closed stratum. The Newton strat-
ification can be extended in a natural way to the minimal compactification ﬁ*Kp K,
using the notion of a well-positioned subset of the special fiber, cf. [93].

There is an analogue of the Newton stratification on .# /g that is defined using
purely local ingredients. More precisely, we have a decomposition

(4.2) Flg = L] =z

bEB(Gop )

into locally closed strata, cf. [36l §3]. Morally, the argument is as follows (although
this language did not exist at the time when [36] was written): one first constructs
a map of v-stacks %/ — Bung, where the latter is the v-stack of G-bundles on
the Fargues—Fontaine curve. To construct this map of v-stacks, it is convenient to
notice that one can identify the diamond associated to .#{g with the minuscule
Schubert cell defined by p inside the BJR—Grassmannian for G. Once we have
obtained the map .#{; — Bung, we can use Fargues’s result that the points of
Bung are in bijection with the Kottwitz set B(Gg,), cf. [54] (see also [5] for an
alternative proof that also works in equal characteristic). Moreover, the Newton
decomposition is a stratification, in the sense that, for b € B(GQP,,ufl), we
have a set-theoretic decomposition
Fl, = | | 71,
b'>b

where > denotes the Bruhat order. The latter fact follows from the analogous result
of Viehmann that applies to Bung, see [139, Thm. 1.1].

REMARK 4.1. The closure relations between Newton strata on the special fiber
@;p K, are opposite to the closure relations between Newton strata on Flg. This
is not an inconsistency, because the Hodge-Tate period map respects the Newton
stratification only on points of rank one. The behaviour of mgr on higher rank
points is more subtle and this accounts for the difference in closure relations. See
also [62], Theorem 1.12] for a modern proof that the closure relations on the special
and generic fibres are reversed in the context of the stack of isocrystals with G-
structure B(G) and the stack Bung respectively.

4.1.2. Igusa varieties. For each b € B(Gg,, pu~ 1), we can choose a (completely
slope divisible) p-divisible group with Gg, -structure X, /F,, which is in the isogeny
class determined by b and also compatible with u, and define the corresponding
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Oort central leaf. This is a smooth closed subscheme €*¢ of the Newton stratum

b
Shgrk,, such that the isomorphism class of the universal p-divisible group ¢ with

G, -structure over each geometric point of the leaf is constant and equal to that
of Xb:

5 = {x Eﬁ;”{p | 9 x k(T) ~ X, X K(i‘)}

In general, there can be infinitely many non-empty leaves inside a given Newton
stratum. Over each central leaf, one has the perfect Iqusa variety Ig® /Fp, a pro-finite

cover of €% which parametrizes trivializations of ¢ together with its G, -structure.

Variants of Igusa varieties were introduced in [72] in the special case of Shimura
varieties of Harris—Taylor type. They were defined more generally for Shimura
varieties of PEL type by Mantovan [99] and their /-adic cohomology was computed
in many cases using a counting point formula; see [72], Ch.V] as well as [129), 130}
131]. The overall strategy is a variation of the LKR method (§[2.2.2)). Steps (1)—(4)
of § @ have analogues for Igusa varieties. See [127, §7] for more details and the
generalization to the case of Hodge or abelian type.

In these references, Igusa varieties are defined as pro-finite étale covers of cen-
tral leaves, which trivialize the graded pieces of the slope filtration, which ¢ admits
after restriction to €% . Providing a splitting of the slope filtration amounts to tak-
ing perfection on the level of the Igusa variety, recovering the object Igb introduced
above. From now on, we only consider the perfect Igusa varieties, since they have
a more elegant moduli-theoretic interpretation, but still have the same f¢-adic co-
homology as the original objects.

REMARK 4.2. While the central leaf ¥* depends on the choice of X, in its
isogeny class, one can show that, up to isomorphism, the perfect Igusa variety Igb
only depends on the isogeny class: this follows from the equivalent moduli-theoretic
description in [36] Lem. 4.3.4] (see also [37), Lem. 4.2.2], which keeps track of the
extra structures more carefully). In particular, the pair (G, p) is not intrinsically
attached to the Igusa variety Igb —it can happen that Igusa varieties that are a priori
obtained from different Shimura varieties are isomorphic. See [37, Thm. 4.2.4] for
an example of this phenomenon.

Because Igb /Fp is perfect, the base change Igb <F, Oc, /p admits a canonical

lift to a flat formal scheme over Spf O¢,. We let jgb denote the adic generic fibre
of this lift, which is a perfectoid space over Spa(C,, Oc,). The spaces Ig® and Jg°
both have an action of a locally profinite group G,(Q,), where G}, is an inner form
of a Levi subgroup of G, and they have a Hecke action away from p. The f-adic
cohomology groups of Ig® and J gb are isomorphic, equivariantly for these actions.

4.1.3. Rapoport-Zink spaces. For each b € B(Gg,, "), one can also consider
the associated Rapoport-Zink space, a moduli space of p-divisible groups with Gg,-
structure that is a local analogue of a Shimura variety. Concretely in the PEL case,
one considers a moduli problem of p-divisible groups equipped with G, -structure,
satisfying the Kottwitz determinant condition with respect to u, and with a modulo
p quasi-isogeny to the fixed p-divisible group X;. This moduli problem was shown by
Rapoport-Zink [T13] to be representable by a formal scheme. We let M® denote the
adic generic fibre of this formal scheme, base changed to Spa(C,, Oc,), and let Mb
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denote the corresponding infinite-level Rapoport—Zink spaceEl The latter object
can be shown to be a perfectoid space using the techniques of [124]. By loc. cit.,
the infinite-level Rapoport—Zink space admits a local analogue of the Hodge—Tate
period morphism

oy s Mb = g,
The geometry of myr is intricately tied up with the geometry of its local analogues
7, as we shall now explain.

4.1.4. The product formula. For each b € B(G,u~!), we define a locally closed
subset 8%, of the good reduction locus 8%, by intersecting the pre-image under
the specialization map of the Newton stratum corresponding to b on the special
fiber with the pre-image under myrt of F E%.

THEOREM 4.3. There exists a Cartesian diagram of diamonds over Spd(C,, Oc, )

(4.3) M?, XSpd(Cp,0c,) Jg" —— MY,

T

ob THT a pb
_— .
S2b, T,

Moreover, each vertical map is a pro-étale torsor for the “unipotent group diamond”
Gy of [B5] (identified with Autg(Xy), in the notation of [36l §4]).

Theorem [4.3|is established in [36] §4], although it is not formulated in terms of
diamonds in loc. cit. It has been generalized to Shimura varieties of Hodge type, in
the context of Kisin—Pappas integral models (and under some additional technical
assumption), by Hamacher-Kim [66]. At the time of writing, a general version
of the Mantovan product formula for Shimura varieties of abelian type is not yet
available.

Assume that the Shimura varieties Shi are compact. We have the following
consequence of Theorem for the fibres of myr: let T : Spa(C,CT) — fﬁé be
a geometric point. Then there is an inclusion of jgb into Wﬁ%(fc), which identifies
the target with the canonical compactification of the source, in the sense of [122]
Prop. 18.6].

This computation of the fibres can be extended to minimal and toroidal com-
pactifications of (non-compact) Shimura varieties. For a model of the argument,
see [35, Thm. 1.10], where the computation of the fibres is extended to Shimura
varieties attached to quasi-split unitary groups. In this case, the fibres are obtained
from partial minimal and toroidal compactifications of Igusa varieties. The partial
minimal compactifications of Igusa varieties are affine - this is reflected in the “affi-
noid” nature of myr for the minimal compactification Sj,. This result has been
generalized to Shimura varieties of PEL type AC in the PhD thesis of Mafalda
Santos [115].

EXAMPLE 4.4. We make the geometry of myr explicit in the case of the modular
curve, i.e. for G = GLy/Q. In this case, we identify .# ¢ = P24 and we have the

HAs a consequence of the comparison with moduli spaces of local shtukas in [125], one
obtains a group-theoretic characterisation of Rapoport—Zink spaces as local Shimura varieties
determined by the tuple (G, b, ). We suppress (G, ) from the notation for simplicity.
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decomposition into Newton strata (at least on points of rank one):

S = Sy L S
-]
Pl,ad — Pl,ad(Qp) L Q.

The ordinary locus inside P14 consists of the set of points defined over Qp and the
basic / supersingular locus is its complement €2, the Drinfeld upper half-plane.
The fibres of wyT over the ordinary locus are “perfectoid versions” of Igusa
curves. The infinite-level version of the product formula reduces, in this case,
to the statement that the ordinary locus is parabolically induced from Jgord, as
in [37, §6]. The fibres of mur over the supersingular locus are profinite sets: the
corresponding Igusa varieties can be identified with double cosets D*\D* (As)/K?,
where D/Q is the quaternion algebra ramified precisely at co and p. In some form,
this result goes back to Deuring—Serre; see [73] for this precise formulation. This
description of the supersingular / basic Igusa varieties together with the Mantovan
product formula recover Rapoport—Zink uniformization in this special case.

REMARK 4.5. The Cartesian diagram (4.3]) can be obtained from a Cartesian
diagram of v-stacks

(4.4) Seb, — sz,

| ]

[3g°/Gy) — [#/Gy] —— Bun%

Indeed, pullback of under % — [#/G] produces a cube with all faces Cartesian
diagrams and one of the faces can be identified with ([£.3). In her PhD thesis [144],
Zhang constructs a more general version of , where the element b, and thus
the Newton stratum, is allowed to vary.

More precisely, for Shimura varieties of PEL type AC and when p is a prime of
good reduction, Zhang constructs a v-stack Igsy, living over Bung, called an Igusa
stack. She then establishes a Cartesian diagram of v-stacks

(4.5) 8%, — s Flg

i
Igsoe, —— Bung

which specializes to for fixed b € B(G,p~1). Under some mild technical
assumptions, Zhang also extends to minimal compactifications. That such a
construction should be possible for general Shimura varieties was conjectured by
Scholze.

Morally, one should think of the diagram as taking as an input a moduli
space of global G-iso-shtukas with no legs, and creating legs via Beauville-Laszlo
gluing. This intuition cannot be made precise, of course, since we do not have
a good notion of global shtukas in the number field setting. However, this does
suggest that Igusa varieties and, more generally, Igusa stacks are, in some ways,
just as fundamental as Shimura varieties.
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4.2. Vanishing of the cohomology of Shimura varieties with torsion
coeflicients. The goal of this subsection is to discuss local counterparts to Conjec-
ture[3.8in the special case of Shimura varieties, and to describe the state of the art
for results towards these conjectures. We especially focus on the references [36],[35]
and [85] which concern Shimura varieties of PEL type A and a completely split
prime p. However, we end by mentioning work in progress of Hamann and Lee [68]
that goes significantly beyond this case.

In the case of Shimura varieties, the analogue of Conjecture predicts that
the non-Eisenstein part of the cohomology with F,-coefficients is concentrated in
the middle degree ¢y = d := dim¢ Shg. The initial progress on this conjecture in
the Shimura variety setting had rather strong additional assumptions: for example
one needed ¢ to be an unramified prime for the Shimura datum and K, to be
hyperspecial, as in the work of Dimitrov [48] and Lan—Suh [94}, [95]. The geometry
of the Hodge—Tate period morphism, as described in §[£.1] has been a game-changer
in this area, allowing us to obtain results that are simultaneously more general and
more precise.

Assume that (G, X) is a Shimura datum of PEL type A. Let £ be a prime num-
ber and m C T® be a maximal ideal in the support of H{, (Shg(C),Fe). Scholze’s
argument with fake Hasse invariants explained in § [2.4] also allows us to associate a
global modulo ¢ continuous and semi-simple Galois representation py, to the system
of Hecke eigenvalues determined by m. The non-Eisenstein condition on m makes
sense as a global condition imposed on the Langlands parameter py,. In what fol-
lows, we will choose an auxiliary prime p # ¢ that is unramified for the Shimura
datum and impose local conditions on the Langlands parameter at p.

DEFINITION 4.6. Let k& be a finite field of characteristic ¢.

(1) Let p # £ be a prime, L/Q,, be a finite extension, and p : I'y, — GL,, (k) be
a continuous Galois representation. We say that p is generic if it is unram-
ified and the eigenvalues (with multiplicity) a1,...,ay € kS of p(Froby,)
satisfy a;/a; # |Op/myg| for i # j. For a product p: ', — [[/~, GLy, (k)
of continuous Galois representations, we say that p is generic if each factor
in the product is generic.

(2) Let F be a number field and p : I'r — GL, (k) be a continuous repre-
sentation. We say that a prime p # ¢ is decomposed generic for p if p
splits completely in F' and, for every prime p | p of F, p|r o is generic.
We say that p is decomposed generic if there exists a prime p # ¢ which is
decomposed generic for p. (If one such prime exists, then infinitely many
do, by the Chebotarev density theorem.) These notions also extend to
products p: I'p — [\, GL,, (k) as above.

REMARK 4.7. The condition for a local representation p : 'y, — GL, (k) to
be generic implies that any lift to characteristic 0 of p corresponds under the local
Langlands correspondence to an irreducible and generic principal series representa-
tion of GL,,(L). Such a representation can never arise from a non-split inner form
of GL,,/L via the Jacquet—Langlands correspondence. For this reason, a generic p
cannot be the modulo ¢ reduction of the L-parameter of a smooth representation
of a non-split inner form of GL,, /L.

The genericity condition can also be characterized in terms of the modulo ¢
semi-simple local Langlands correspondence of Vignéras [140]: the condition is
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that p corresponds to an irreducible (and thus generic) modulo ¢ principal series
representation of GL,(L). If this is the case, then the representation of GL, (L)
attached to p by the Emerton—-Helm mod ¢ local Langlands in families [51] is the
same irreducible and generic principal series representation.

REMARK 4.8. The condition for a global Galois representation p : I'p —
GL, (k) to be decomposed generic can be ensured in many cases when p has suf-
ficiently large image, using the Chebotarev density theorem. For example, if F' is
totally real, n = 2, £ > 2 and p is totally odd and has non-solvable image, then it
is decomposed generic, cf. [37, Lem. 7.1.8]. A similar result holds if F' is CM and
Galois over Q, cf. [4, Lem. 2.3].

As mentioned above, the idea is to impose some kind of genericity condition on
a system of Hecke eigenvalues m in order to restrict the range of degrees in which
m can contribute. The expectation is that, under such a condition,

(4.6) H!(Shg (C),Fy)m = 01if i > d and H (Shg(C),Fy)m = 0 if i < d.

If either m is non-Eisenstein or the Shimura varieties under consideration are com-
pact, the above cohomology groups would be concentrated only in the middle de-
gree. This would prove Conjecture [3.8 in many cases for Shimura varieties of PEL
type A. For this purpose, the decomposed generic condition works extremely well,
as exhibited by the following result.

THEOREM 4.9 ( [36], 35, 85, 115]). Let (G,X) be a Shimura datum of PEL
type A. Let m C T be a mazimal ideal in the support of H(*C)(ShK((C),]Fg) with

associated Galois representation py,. Assume that py is decomposed generic. Then
the expectation (4.6)) holds true.

REMARK 4.10. In the case when (G, X) gives rise to a compact Shimura variety
of Harris-Taylor type, Theorem |4.9| was first proved by Boyer [23]. His argument
uses the canonical integral models of these Shimura varieties. In this setting, Boyer
also goes beyond genericity, in the following sense. Given the eigenvalues (with
multiplicity) a1, ..., a, of pm(Froby), with p | p the relevant prime of PH, one can
define a “defect” that measures how far py, is from being generic at p. Concretely,
set dp(m) to be equal to the length of the maximal chain of eigenvalues where the
successive terms have ratio equal to |OF, /mp,|. Boyer shows that the cohomology
groups H(ic)(ShK((C), F¢)m are non-zero at most in the range [d — d,(m), d + 0, (m)].
As noted by both Emerton and Koshikawa, such a result is consistent with Arthur’s
conjectures on the cohomology of Shimura varieties with C-coefficients and points
towards a modulo ¢ analogue of these conjectures.

REMARK 4.11. Let p # £ be a prime that splits completely in F', that is unram-
ified for the Shimura datum (G, X), and such that K, C G(Q,) is the hyperspecial
compact open subgroup. Then the genericity condition can also be formulated
purely locally, using the spherical Hecke algebra at p. This is the approach taken
n [85]. Indeed, the spherical Hecke algebra H, for G(Q,) is a product of spheri-
cal Hecke algebras for general linear groups. For each system of Hecke eigenvalues
m, C H,, the associated local L-parameter is a product of unramified L-parameters

1211 this special case, one does not have to impose the condition that p splits completely in
F, and it suffices to have genericity at one prime p | p.
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valued in general linear groups. The notion of generic as in the first part of Def-
inition makes sense and Koshikawa establishes the inequalities in (4.6)) after
localizing at a maximal ideal m, with generic L-parameter.

For simplicity, let us first discuss the proof of Theorem[4.9]in the case of compact
Shimura varieties. The two main approaches that work in this generality are due
to [36] and [85] and they are, in some sense, complementary. They both rely
on the Hodge—Tate period morphism and on the intuition that the generic part
of the cohomology of a PEL type A Shimura variety at a completely split prime
should come only from the ordinary locus. The geometry of the Hodge—Tate period
morphism is used to control the non-ordinary Newton strata, showing that the
generic part of their cohomology vanishes.

At this point, the approaches diverge. The best way to think about their
difference is in terms of the infinite-level Mantovan product formula, which describes
a given Newton stratum as a (twisted) product of an Igusa variety and a Rapoport—
Zink space. The original approach due to [36] controls the cohomology of Igusa
varieties using global methods, particularly the computation of their cohomology
via the trace formula. The later approach due to [85] controls the cohomology
of Rapoport—Zink spaces via Fargues—Scholze [55] and its comparison with the
classical construction of the local Langlands correspondence for GL,, due to Harris—
Taylor [72].

The original approach starts by analyzing the T®-equivariant diagram

(4.7) Sicr

/ THT

Sxrk, Flg.

The standard comparison theorems between various cohomology theories allow us
to identify H*(Shg (C),F¢)m with H*(Sk,F¢)m. The arrow on the left hand side
of is a K,-torsor, so the Hochschild-Serre spectral sequence allows us to re-
cover H*(Sk,Fy)m from H*(Skr,F¢)m. The idea is now to compute H* (Sk», Fo)m
in two stages: first understand the complex of sheaves (Rmyr«F¢)m on Z¢, then
compute the total cohomology using the Leray—Serre spectral sequence. In the
decomposed generic case, the structure of (Rmpr.F¢)m is particularly simple.

(1) Firstly, (Rmur«Fr)m behaves like a perverse sheaf on .#/{g (up to shift).
This is because mwgr is simultaneously affinoid, as explained in Theo-
rem [2.10| and the subsequent discussion, and partially proper, because the
Shimura varieties were assumed to be compact. In particular, the restric-
tion of (Rmyr«F¢)m to a highest-dimensional stratum in its support is
concentrated in one degree. By the computation of the fibres of 7wy, this
implies that the cohomology groups RI‘(jgb, Zy)m are concentrated in one
degree and torsion-free.

(2) Secondly, whenever the group G4(Q,) acting on Jg” comes from a non-
quasi-split inner form, the localisation RF(ﬁgb, Q¢)m vanishes. Recall from
§ that we have an isomorphism RT'(Jg°, Q¢)m ~ RT(Ig?, Q). The
computation of RT(Ig”, Q)m, at least at the level of the Grothendieck
group, can be done using the trace formula method pioneered in [72]
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Ch.V] and [129], which is particularly well-suited to Shimura varieties of

PEL type A (at least when working with a unitary group defined over a

totally real field F™ # Q).

(3) Finally, the condition that p splits completely in F' guarantees that the

only Newton stratum for which G is quasi-split is the ordinary one.
Therefore, the hypotheses of Theorem [4.9| guarantee that (Rmgr.Fs)m is as simple
as possible - it is supported in one degree on a zero-dimensional stratum! The
degree in which it is concentrated is in fact equal to d. The Leray—Serre spectral
sequence computing H*(Sk»,F¢)m degenerates right away and the resulting coho-
mology is also concentrated in degree d. The same result can then also be deduced
for H*(Sk,F¢)m by analyzing the Hochschild-Serre spectral sequence.

REMARK 4.12. The intuition that (Rmgr«Fs)m behaves like a perverse sheaf
(up to shift) can be made precise if we instead work with the morphism of small
v-stacks

THT/K, * SKpr — fég/ﬁ

One can define an ad hoc perverse t-structure on Flg/K » with respect to its
Newton stratification and show that (Rmur)k,«F¢)mld] is in the heart of this ¢-
structure. The perverse t-structure on F{g /K, is defined by glueing the shifted
standard t-structures (D<7%, DZ~%) on each Newton stratum ﬁ@’;/Kp, with dp
equal to the dimension of the stratum. In fact, this perverse t-structure is pulled
back from a perverse t-structure on Bung under the ¢-cohomologically smooth
morphism Z /¢ /K, — Bung (see [67] for the definition of the ¢-structure on Bung
and [69, Prop. 2.10] for ¢-cohomological smoothness). One then obtains semi-
perversity of (Rmyr k., «F¢)m[d] in one direction from the affineness of Igusa varieties
and Artin vanishing and in the other direction from Verdier duality, which uses
properness of the Shimura varieties. We thank Matteo Tamiozzo for explaining the
details of this argument to us.

We now explain the more recent approach due to [85]. In this case, one first
proves a vanishing result for the generic part of the cohomology of local Shimura
varieties. Let L/Q, be a finite extension. Let (G,b, ) be a local Shimura datum,
with G/L a group of the form [],.; GL,, for some finite index set I. We set
Kp = [l;c; GLyn,(Or) C G(L) and we consider the associated Rapoport—Zink
space Mg, at level K. We consider the spherical Fy-Hecke algebra Hj, acting on
H}(Mk,,Fp) with ¢ # p. To a maximal ideal my C Hy we have an associated
unramified Galois representation pwm, — [[;c; GLn, (F¢). We also let G;, denote the
twisted Levi subgroup of G determined by the element b.

THEOREM 4.13 ([85]). Let my, C Hy be a mazimal ideal with associated Galois
representation py, . Assume that pm, is generic as in Definition [{.0] and that Gy,
is not quasi-split. Then H (Mg, ,F¢)m, =0

The proof of Theorem [{.13]relies on two steps. Firstly, Koshikawa proves that,
if Gy is not quasi-split and if 7 is an irreducible smooth Fy-representation of G(L),
then the semi-simple L-parameter ¢, associated to it by Fargues—Scholze cannot
be generic. This uses the compatibility between the L-parameters constructed
by Fargues—Scholze and the ones constructed via classical Jacquet—Langlands and
local Langlands; this compatibility holds up to semi-simplification in the case of
GL,, by [70]. Secondly, Koshikawa uses the action of the spectral Bernstein center
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to show that, for any irreducible subquotient m of H*(Mp,,F¢)m,, the Fargues—
Scholze parameter satisfies @ = P, -

Let us return to the global perspective of a Shimura variety of PEL type A and
assume that p is an unramified prime for the Shimura datum that splits completely
in the underlying CM field F'. Then the only Newton stratum for which the group
G, is quasi-split is the ordinary one. Assume that m C T is a maximal ideal
in the support of H*(Shg(C),F,) such that p, is decomposed generic. By the
cohomological version of the Mantovan product formula, cf. [85] Thm. 7.1], and
by Theorem the only contribution to H*(Sk»,F¢)m comes from the ordinary
locus. At this point, Theorem follows from the perversity of (RrpT«Fe¢)m[d] (in
the sense used originally in [36], or in the sense of Remark [4.12).

For the non-compact case of Theorem [4.9] the key conceptual difference is that
one must weaken perversity to semi-perversity. For example, if one considers the
restriction of the Hodge—Tate period morphism to the good reduction locus

mar : Sgr — Fla,

it is shown in [35] §4.6] that (Rmr.Fe)m[d] is, in some sense, semi-perverse. This
uses the computation of the fibers of the Hodge—Tate period morphism for a toroidal
compactification of the Shimura variety. Such a result can again be made pre-
cise as in Remark by showing that (RWI‘EIT/KP*IE‘g)m[d] is in PD=° for the
perverse t-structure on F#{g/K b (There is also a dual result, which applies to
(RWI"{T/KP!IF@)m[d] and shows that this is in »D<?. This dual result can be obtained
from the computation of the fibers of the Hodge—Tate period morphism for the
minimal compactification of the Shimura variety. These fibers are related to partial
minimal compactifications of Igusa varieties, which are affine and therefore satisfy
Artin vanishing.)

In the original strategy of [35], once one has semi-perversity, one still needs to
control the boundary of Shimura variety. This is done via an intricate induction
argument; along the way, one constructs Galois representations attached to torsion
classes occurring in the cohomology of Igusa varieties. In the more recent strat-
egy of [85], semi-perversity together with Theorem are essentially all that is
needed. The proof of Theorem in the non-compact case is completed in [115]
by extending semi-perversity to more general PEL cases.

Several different generalizations of Theorem [L.9] are now emerging. Let us
mention the upcoming work of Hamann—Lee [68], who work with a prime that does
not necessarily split completely in F' and who adapt their method to more general
reductive groups under an axiomatic set-up. The key assumption in their axiomatic
set-up is the compatibility between the work of Fargues—Scholze and more classical
approaches to the local Langlands correspondence. This is known, for example,
for GSp, and for odd unitary groups. The key new ingredient in their work is the
theory of geometric Eisenstein series over the Fargues—Fontaine curve developed
in [67] in the case of the Borel subgroup. In the cases considered by Hamann—
Lee, only the so-called unramified elements in B(Ggq,)un C B(Gq,) contribute to
the cohomology of the Shimura variety and, moreover, the contribution of each
b € B(Gq,)un can be controlled with the theory of geometric Eisenstein series.

REMARK 4.14. Recall the Igusa stack 7y : Igsy» — Bung constructed in [144]
and discussed in Remark 5] One advantage of the original approach to Theo-
rem via Igusa varieties is that it describes the sheaves (RTpmiF¢)m on Bung,
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at least under the assumption that p splits completely in F'. These sheaves are ex-
pected to satisfy a form of local-global compatibility for the conjectural equivalence
of categories of Fargues—Scholze. In fact, with the methods introduced in [67], one
can investigate this question in a slightly more general setting, cf. [144] §8.3]. The
cohomology of Igusa varieties is admissible, therefore the sheaves RryT.[F,; are ULA
objects in D(Bung, Fy), cf. [65, Thm. 1.5.1]. Given a semi-simple L-parameter ¢
which satisfies an appropriate genericity condition, one can use the spectral action
of Fargues—Scholze to define the “localisation” (R’lTrHT*F[)¢. Assume the compat-
ibility between Fargues—Scholze and more classical approaches to local Langlands.
The techniques of Hamann and Hamann-Lee (specifically [68, Prop. 4.15]) show
that

(48) (Rﬁ'HT*Fg)qg ~ @ RP(Igb,?g)qg,
bEB(GQp )ur,

where the terms on the RHS of the decomposition are supported on [/Gy] for b €
B(Gq, )un- Furthermore, in the case when the Igusa stack agrees with its minimal
compactification, these terms are all supported in one degree by the perversity
result discussed in Remark .12

4.3. Applications to locally symmetric spaces. In this subsection, we
return to the case when F' is an imaginary CM field and G = GL,,/F. For K C
G(AY) a sufficiently small compact open subgroup, recall that Y is the associated
locally symmetric space. In this subsection, we explain how Theorem can be
used to approach Conjecture [3.5]for the cohomology groups of Y. We then explain
how to implement the Calegari-Geraghty method unconditionally over CM fields.

As we have seen in § G can be realized as a Levi subgroup of a maximal
parabolic subgroup of a quasi-split unitary group G = Usn/FT and Resp+ /Qé
admits a Shimura datum. For a neat compact open subgroup K C é(A%‘L), we
let Shz denote the corresponding Shimura variety for (the restriction of scalars of)
é7 considered in this subsection as a complex manifold. We let ShIB~(S denote its
Borel-Serre compactification, a real manifold with corners, and BSh]I‘Di(S denote the
boundary of the Borel-Serre compactification.

We let S be a finite set of finite places of F that is stable under complex
conjugation. This determines a finite set of finite places S of F'*. We have the
usual abstract Hecke algebra T for G. We consider an analogous Hecke algebra T*
for G (although we only need to take the product of local spherical Hecke algebras
at places in F'* that split in F'). There is an unnormalized Satake transform map
S: TS — TS, see [105, §2] for its definition.

Recall from §[2.4] that the excision sequence for the boundary of the Borel-Serre
compactification induces the T*-equivariant long exact sequence

(4.9) -+ — HY(Shz,Z/t"Z) — H'(Shz, Z/C"Z) —
H'(9ShE, Z/tm7Z) — HIM (Shg, Z/0"Z) — -+ - .
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Assume that a maximal ideal m C TS satisfies an appropriate genericity condition
at an auxiliary prime p # ¢. Theorem applies to the Shimura varieties Shz
and can be used to simplify the long exact sequence after localisation at m.
In degree d = dimc¢ Sh, we obtain the following diagram:

(4.10) H(Sh, Z)z ®z, Qe > H(Shi, Ze)s — HYOShE  Zy)g,

which is used to approach Conjecture Very roughly, the cohomology groups
on the LHS can be described in terms of (essentially) conjugate self-dual, regular
C-algebraic cuspidal automorphic representations of GL,./F with various r < QnEL
Their Galois representations are known to satisfy local-global compatibility up to
Frobenius semi-simplification at all places, including at the places v | £ of F. This
ultimately gives control over the cohomology group on the RHS of .

On the other hand, if m = S*(m), the cohomology groups H*(Yx, Z/{™Z)y for
i =0,...d —1 can be shown to contribute to the cohomology group on the RHS
of (4.10). This is the basic strategy employed in [2] and later refined via P-ordinary
parts in [34]. The strategy requires there to be enough primes of F* dividing ¢: we
fix one such prime @ | £ where we want to prove local-global compatibility, and we
use the primes ¢’ | £ with ¥’ # ¥ to create congruences and shift to cohomological
degree d on the boundary of the Borel-Serre compactification. (This is the reason
why Conjecture seems to be most subtle when F' is an imaginary quadratic field
— there are not enough auxiliary primes!)

REMARK 4.15. There can be genuine torsion classes in the cohomology group
HY0 Sh%S,Z[)ﬁ. The diagram (4.10) implies that these lift to characteristic 0
classes in H?(Shj,Z¢)s ®z, Q¢. By design, the proofs of Conjecture using the
method outlined above go through these torsion classes.

At this point, we have access to Conjectures and at least under some
technical assumptions. In order to implement the Calegari—-Geraghty method un-
conditionally as sketched in §[3:2] we also need to access Conjecture[3.8] This seems
extremely hard in this generality. However, a modification of the Calegari-Geraghty
method due to Khare-Thorne [78] works in certain settings by assuming only Con-
jecture [3.10} This predicts the vanishing of cohomology with Qg-coefficients, a
result that can be proved when F' is a CM field. One of the main challenges in [2]
was to make this insight of Khare-Thorne compatible with other techniques in au-
tomorphy lifting, which rely on reduction modulo ¢. This challenge was resolved by
considering reduction modulo ¢ from a derived perspective, leading to an uncondi-
tional implementation of the Calegari—-Geraghty method in arbitrary dimensions.

We end by briefly mentioning some applications of this circle of ideas: a proof
of the Sato-Tate conjecture for elliptic curves over CM fields, cf. [2], a proof that
all elliptic curves over many imaginary fields are modular, cf. [3} [34], and proofs of
many new cases of the Ramanujan conjecture for GLy over CM fields, cf. |2}, [19].

3More precisely, one considers a variant of G that is a unitary similitude group, giving rise
to Shimura varieties of PEL type A. The difference is only on the level of geometric connected
components.

1411 order to make this work in reality, one needs to introduce a non-trivial local system V5
on Shz, which can eliminate contributions from non-conjugate self-dual automorphic forms by
imposing a central character constraint.
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