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We work over the field of complex numbers C.

G is a reductive group (usually GL, or SO, or Sp,,)
Dominant weights for G are labeled A, i, v, .. ..

V), is irrep of G with highest weight A

Copw = dimc(VA ® V, ® V)€ (space of G-invariants)

Notation



Representations of the classical groups

e The irreps of GL, are indexed by weakly decreasing sequences
A1 > - > Ap. When A\, > 0, these can be constructed using
Young idempotents: V) = e;(C")®. In general, twist these
by powers of the determinant representation.

e The irreps of Sp,,, are the traceless tensors in V): let w be a
symplectic form on C2", the traceless tensors of (C2")®N is
the intersection of the kernels of the contractions

e Ditto for the orthogonal group O,,. The restriction to SO,
remains irreducible unless m is even and A\, > 0 in which case
it is the direct sum of two nonisomorphic irreps that we call
Vy+ and V,-.



Saturation problems

o Gy =dimc(Va® V, ® V)€ (space of G-invariants)
e easy: C,,, > 0 implies that A + p + v is in root lattice
e easy: C,,, > 0 implies that Cyx np,ne > 0 for all N > 0.

e What about the reverse implication? Say that k is a
saturation factor for G if Cyx nynw >0 (N >0, A+ p+v
in root lattice) implies that Cyy kp kv > 0.

Theorem (Knutson—Tao, Derksen—-Weyman, Kapovich—Millson)

If G = GL,,, then k = 1 is a saturation factor.



Other groups

Theorem (Kapovich—Millson)

Let § =" kija; be the highest root of G. Then k = lem(k;)? is a
saturation factor.

Theorem (Belkale-Kumar)

Let G = SOg,41 or G = Sp,,,. Then k = 2 is a saturation factor.

Theorem (S.)

Let G =S02,41 or G =Sp,, or G =S03,. Then k =2 is a
saturation factor.

Actually, in the last two theorems, get something stronger:
Cnx,Nu,Ny > 0 implies Gy 2,2, > 0 without having to assume
that A + p + v is in the root lattice.



Why this problem?

A problem dating back to 19th century mathematics: given
Hermitian n x n matrices A, B, C such that A4+ B+ C =0,
how are the eigenvalues of A, B, C related?

Since the eigenvalues are real numbers, we can write them in
decreasing order: eigenvalues of A are a3 > --- > «p, use 3
and ~ for B and C.

Klyachko studied this problem using geometric invariant
theory and showed that the set of (s, fe,7e) form a rational
polyhedral cone in R3".

In fact, this cone is the closure of the set
{\p,v) € Q3N >0, Cyuanuny > 0}

(G = GL,)



Quivers

Q is a directed graph without directed cycles (vertex set Q,
arrow set @)

For a € Q1, get head ha € @ and tail ta € Qq: ta 2 ha.
Functions d: Qy — N are dimension vectors, call set N

Representation variety: for d € N9, define

Rep(Q7 d) = @ HOm(Cd(ta)’ Cd(ha))

ace@Qr

GLy = H GLy(x)
XERp

SLy = [] SLa
x€EQRQp

Action of GL4 and SL, on Rep(Q, d) via change of basis.



Semi-invariants

e For affine variety X, let C[X] be its coordinate ring.
e Semi-invariants: SI(Q, d) = C[Rep(Q, d)]5%.
e Have grading given by characters o of GLg4:

SI(Q,d) = @9 (Q,d),

Theorem (Derksen—Weyman)
SI(Q, d)nos # 0 implies that SI(Q, d), # 0.



Ingredients of proof for quiver saturation

e Pick o € N9 such that

Y a(x)d(x) = Y a(ta)d(ha).

xEQo ac@y

For V € Rep(Q, ) and W € Rep(Q, d), construct map

dV\\/ﬁ @ Hom(ca(x)7 Cd(x)) N @ Hom(Ca(ta), Cd(ha))
x€Qo 2cQ;
(SOX)XEQO = (‘Pha Va - Wa@ta)ate

and define c)f, = det(d}).

o If we interpret V and W as modules over the path algebra
CQ, then the kernel of d\}, is Homcg(V, W) and the cokernel
is Extgo(V, W).

e The function c¢¥': W > ¢, belongs to SI(Q, d).



Ingredients (continued)

o Derksen-Weyman: the ring SI(Q, d) is linearly spanned by

functions of the form cV.

o Define Ext!(a, d) to be the minimum dimension of
Ext}(V, W) for V € Rep(Q,«) and W € Rep(Q, d). By
construction, there exists V with ¢V # 0 if and only if
Ext!(a, d) = 0.

e Schofield: For fixed d, the conditions on « for Ext!(a,d) =0
are a finite set of inequalities. In particular, Ext!(Na, d) = 0
(N > 0) implies that Ext!(a, d) = 0.



Let Q be the quiver

Cauchy identity

1 1
X1 X3
2

Xl X2
3 3
X1 X3

and d(x!) = i. Given A, i, v (dominant weights for GL,), there is a
weight o such that dim¢ SI(Q, d)noe = Cua,np,ny- Cauchy identity:

C[Hom(V, W)] = Sym(V @ W*) = P Vi @ W5.
A



How to generalize the proof?

To get saturation theorems for other classical groups G, need
to generalize definition of quiver and find analogue of Cauchy
identity when W is a vector space of dimension 2n(+1) with a
nondegenerate form w.

For Cauchy identity, take dim V = n and subvariety
Y., € Hom(V, W) of maps whose image is isotropic. Then

ClY.l =P vaw Wy,
A

where now WY = W, is simple module for O3,4.1) or Spy,
with highest weight A. When G = SQ»,, Y., has two
irreducible components to compensate for the fact that

Wy =2 Wy+ @& W,- as SOy,-representations when A, > 0.



Symmetric quivers

e Symmetric quiver: quiver Q with orientation-reversing
involution 7. For each 7-fixed vertex and arrow, also fix the
data of a sign s(x) € {+,—}.

e d € N is symmetric if fixed by 7. Fix isomorphisms
Jie: €I — (CITOMY* If x = 7(x), then need J] = s(x)Jx.

e Symmetric representation variety: subvariety SRep(Q, d)
of Rep(Q, d) “compatible with the above data”.

e From above, @ero C9™) has a nondegenerate form. Replace
GL, with the subgroup G preserving this form (and grading
by Qo), and replace SL4 by the commutator subgroup SG, of
Gy. Replace SI(@, d) by SSI(Q, d) = SRep(Q, d)3C¢.

Theorem (S.)

SSI(Q, d) is spanned by ¢V and their square roots (when they
exist). In particular, if SSI(Q, d)nos # 0, then SSI(Q, d)2, # 0.



Cauchy identity (again)

Let @ be the symmetric quiver

1 1 1 1
- SR 7(x} o) el 7(x{)

2 32 \ 2
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3 / 3 3
g T (x3)7—>("’"‘”' T 6)

with d(x/) = i and d(u) = 2n(+1) and s(u) = +1 if

G = S0y,(41) or s(u) = —1if G = Spy,. It seems like we want to
study this symmetric quiver, but its coordinate ring contains
Hom(C90) | C4(4)) and we really want the coordinate ring of Y,,
appearing.



Quivers with relations

e The right fix for the previous problem is to only look at the
subvariety of SRep(Q, d) where the compositions

Cd0n) — cdv) — A7) are 0 (this is equivalent to saying
that the image of the first map is isotropic).

e This forces us to work with quivers with relations. New
complication: The global dimension of CQ is 1 (i.e.,
Ext%Q = 0), but the global dimension of CQ// is 2. So we
need analogues of Schofield’s results in this setting.

e Modulo the technicalities, the outline of the proof of
saturation for the orthogonal and symplectic groups is the
same as the outline for the general linear group.



Further directions

e Saturation theorems for exceptional groups. There are
candidates for the varieties Y., when G is of exceptional type.
But it is unclear how to generalize symmetric quivers.

e Saturation theorems for stable Kronecker coefficients.
There is a collection of irreps for the infinite symmetric group
indexed by partitions (of arbitrary size), first studied by
Murnaghan, whose tensor product decompositions generalize
those for the general linear group. There is an analogue of Y,
in this case also, but it is a non-reduced ind-variety supported
on a point. So it is unclear if quiver (or even geometric)
methods are relevant.



