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Abstract

Nonlinear Algebra in Quantum Chemistry

by

Svala Sverrisdóttir

Doctor of Philosophy in Mathematics

University of California, Berkeley

Professor Bernd Sturmfels, Chair

The interplay between mathematics and physics has a long and rich history. Recently,
ideas from algebraic geometry have played an increasingly important role in the study of
physical phenomena, including those arising in particle physics, quantum mechanics, and
cosmology. This exchange has led to major advances in both fields and continues to open
new directions. In this thesis, I establish a novel connection between algebraic geometry and
quantum chemistry. Through methods from nonlinear algebra, with particular emphasis on
combinatorics, and representation theory, I develop geometric formulations of coupled cluster
theory that lead to new structural, enumerative, and computational results.

First, we develop an algebraic-geometric framework for coupled cluster (CC) theory. At the
heart of quantum chemistry is the problem of solving the electronic Schrödinger equation,
which can be formulated as a finite but high-dimensional eigenvalue problem. To study this
problem, we introduce the truncation varieties, a family of projective varieties parameterized
by Laplace polynomials. These generalize the Grassmannian in its Plücker embedding.
We then approximate this eigenvalue problem by a lower-dimensional nonlinear eigenvalue
problem on the truncation varieties. This leads to a hierarchy of polynomial systems of
equations, known as the unlinked coupled cluster equations. We define the coupled cluster
degree, an invariant of the truncation varieties, as the generic number of solutions to these
equations. By relating this degree to the total degree of a graph, we derive an explicit formula
for the CC degree of the Grassmannian of lines. Using toric degenerations we also relate the
CC degree of the Grassmannian with the volume of a polytope. Together with numerical
algebraic methods, this algebraic framework enables us to completely solve main variants of
the CC equations for the molecules LiH and H4.

Next, we develop a second-quantized framework for coupled cluster theory, in which quan-
tum states and observables are expressed in terms of polynomials in operators. To this
end, we introduce the Fermi–Dirac algebra, the Clifford algebra generated by the creation
and annihilation operators acting on the fermionic Fock space F ∼= ∧Rn. We describe a
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Gröbner basis for this algebra and thereby obtain an alternative proof of Wick’s theorem, a
fundamental result in second quantization. We then realize the Hamiltonian as an element
of the Fermi–Dirac algebra. Within this framework, we reformulate the truncation varieties
and the coupled cluster equations in second quantization. By dropping the assumption of
particle conservation, we obtain an extended family of truncation varieties, which includes
many well-known varieties, such as flag varieties and the spinor variety.

Finally, we turn to spin, which is encoded by an SU(2)–action on the quantum states. We
show that the dimension of the SU(2)–invariant subspace of the state space is given by
the Narayana numbers, a refinement of the Catalan numbers. In quantum chemistry, this
subspace is called the spin singlet sector and consists of states with total spin zero. We
identify the spin singlet sector with a commutative ring defined by cubic relations. This
identification, together with the RSK correspondence, yields an explicit bijection between the
basis states of the spin singlet sector and the Dyck paths counted by the Narayana numbers.
Because the Hamiltonian is SU(2)–invariant, we may restrict to the spin singlet sector and
hence to the corresponding spin-adapted truncation varieties. We show that the Veronese
square of the Grassmannian appears as a spin-adapted truncation variety. Compared with
the spin-generalized formulation, the spin-adapted approach yields a substantial reduction in
both dimension and degree, reducing the coupled cluster degree by orders of magnitude. We
present scaling studies showing these asymptotic improvements. We exploit this reduction to
compute the full solution landscapes of spin-adapted CC equations for LiH and water, showing
that spin symmetry makes previously intractable systems accessible to algebraic methods.
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Chapter 1

Introduction

In this thesis, we study problems in quantum chemistry using methods from nonlinear algebra,
with a particular focus on highly structured polynomial equations. The electronic Schrödinger
equation can be formulated as the eigenvalue problem for a matrix known as the Hamiltonian.
The size of this matrix grows exponentially with the number of electrons, rendering direct
approaches infeasible for large systems. Coupled cluster theory addresses this difficulty by
introducing a smaller nonlinear model for the original linear-algebraic formulation. This model
is governed by the coupled cluster equations, a system of polynomial equations. It is this
polynomial nonlinear structure that brings the problem into the realm of nonlinear algebra.

In this introduction we provide background on the fields central to this thesis, namely
those two highlighted in the title: nonlinear algebra and quantum chemistry. Section 1.1
is intended for readers with basic understanding of core mathematical fields, such as linear
algebra, but with limited to no experience in algebraic geometry. Section 1.2, on the other
hand, is aimed at mathematically trained readers with limited exposure to quantum chemistry
beyond a high school level. In Section 1.3 we summarize the organization this thesis and in
Section 1.4 we summarize our main contributions.

1.1 Nonlinear Algebra

Nonlinear algebra is a growing field that extends the ideas of linear algebra to nonlinear models,
bringing together tools from many fields of mathematics. At its core lies algebraic geometry,
with connections to many other areas, including commutative algebra, combinatorics, tensors
and multilinear algebra, representation theory, convex and discrete geometry, and algebraic
topology. As both symbolic and numerical computational methods continue to advance,
computer algebra systems have become increasingly important tools in this area. In my
research I frequently use Macaulay2 [46] for symbolic computations and Julia packages such
as HomotopyContinuation.jl [11] for numerical calculations. Because nonlinear models
arise throughout science and mathematics, nonlinear algebra finds applications in many
fields, including optimization, statistics, particle physics, cosmology, and, as demonstrated in
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this thesis, quantum chemistry. We now provide a brief introduction to this field aimed at
non-experts, focusing on algebraic geometry and the tools used in this thesis. Since nonlinear
algebra covers a much broader range of topics than can be discussed here, we refer the reader
to the book by Sturmfels and Micha lek [72] for a more comprehensive introduction.

We begin our study with a polynomial ring R = C[x] = C[x1, . . . , xk] in k variables over
the complex numbers C. It is important to work over an algebraically closed field for the
results of this section to hold. Here we choose to work over C as it is the algebraic closure of
R. The ring R is generated as a vector space by the monomials xa = xa11 x

a2
2 · · · xakk where

a ∈ Zk
≥0. Each element in R is a polynomial f , uniquely written as a finite linear combination

of these monomials, i.e.

f =
∑

a∈Zk
≥0

cax
a =

∑
a

cax
a1
1 · · · xakk .

A central problem in algebraic geometry is to understand the zero sets of polynomials in R.

Example 1.1.1. Let k = 3. We consider the cubic polynomial

f = det

1 x y
x 1 z
y z 1

 = 2xyz − x2 − y2 − z2 + 1. (1.1)

Its zero set {x : f(x) = 0} is the cubic surface in Figure 1.1, there visualized in R3.

Figure 1.1: Affine Cayley cubic surface with the four singular points marked.

This is the set of all points where the 3×3 matrix in (1.1) has rank at most 2. The surface
has 4 singular points, that is, points on the surface where the Jacobian ∇f also vanishes:

∂f

∂x
= 2yz − 2x = 0,

∂f

∂y
= 2xz − 2y = 0,

∂f

∂z
= 2xy − 2z = 0.
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The singular points are therefore (1, 1, 1), (1,−1,−1), (−1, 1,−1), (−1,−1, 1). This is the
common zero set of the polynomials f and ∇f . They are all real and are depicted in purple
in Figure 1.1. These are exactly the points where the 3× 3 matrix has rank at most 1.

Let f1, . . . , fs ∈ R be a collection of polynomials in k variables x. We define the affine
variety V = V (f1, . . . , fs) to be the common zero set of these polynomials. That is,

V = {a = (a1, . . . , ak) ∈ Ck : f1(a) = f2(a) = · · · = fs(a) = 0} ⊆ Ck. (1.2)

An affine variety is a geometric object in Ck. An example of an affine variety is the Cayley
cubic surface depicted in Figure 1.1; it is the hypersurface V (f) where f is the polynomial
in (1.1). A hypersurface is a variety defined by a single polynomial. A variety V is said to
be irreducible if it cannot be written as the union of two proper subvarieties. This notion
generalizes the concept of irreducibility for polynomials: if f is an irreducible polynomial,
then the hypersurface V (f) is an irreducible variety. On the other hand, if f is reducible,
that is, if f = gh, then the hypersurface V (f) is reducible, since V (gh) = V (g) ∪ V (h).

We now introduce a topology on Ck, called the Zariski topology, which plays a central
role in algebraic geometry. In this topology, the closed sets are precisely the affine varieties
in Ck. For a subset S ⊆ Ck, the Zariski closure of S is then defined as the smallest variety
containing S, and it is denoted by S. Throughout this thesis we simply refer to S as the
closure of S, since the topology is clear from the context.

Remark 1.1.2 (Rational varieties). Some varieties can be defined by the image of a map.
Explicitly, let ψ be a rational map

ψ : Cm 99K Ck, t 7→ (h1(t), . . . , hk(t)), (1.3)

where h1, . . . , hk are rational functions. That is, each hi can be written as hi = fi
gi

with
fi, gi ∈ R polynomials and gi ̸= 0. The map ψ is therefore defined only where all denominators
are nonzero, which is what the dashed arrow is signifying. In particular, ψ is defined on the
Zariski open subset S = Cm \V (g1g2 · · · gk), which is dense in Cm. The image, im(ψ) = ψ(S),
is not necessarily a variety, and hence we take the closure ψ(S). We say that the variety
V = ψ(S) is parameterized by ψ. If the map ψ is injective on the dense subset S, then the
induced map ψ : Cm 99K V admits a rational inverse. In this case ψ is called birational, and
V is said to be birationally equivalent to the affine space Cm. Varieties with this property
are called rational varieties.

Most varieties appearing in this thesis admit an injective polynomial parameterization
and are therefore rational. Since polynomial maps are unbounded, such varieties are not
compact in the Euclidean topology. Varieties of this type are particularly convenient to study,
as they can be viewed as nonlinear deformations of linear space and their geometry can be
described explicitly through these polynomial parameterizations.



CHAPTER 1. INTRODUCTION 4

Example 1.1.3. We now consider three varieties, a rational variety that admits a polynomial
parameterization, a compact rational variety, and a non-rational variety. First we consider
the twisted cubic, which is defined as the image of the polynomial map

C→ C3, t 7→ (t, t2, t3).

Hence it is rational. We can define it implicitly as the zero set of the three 2× 2 minors of
the following 2× 3 matrix [

x y z
1 x y

]
.

Next, we consider the circle, defined by the polynomial x2 + y2 − 1. It is a rational variety;
however, since the circle is compact, it does not admit a polynomial parameterization. It
does admit the following rational parameterization

C 99K C2, t 7→
(

1− t2
1 + t2

,
2t

1 + t2

)
.

Finally, we consider the variety defined by the polynomial y2 − x3 + 3x − 1. This is an
example of an elliptic curve, and it is not rational, and hence does not admit any rational
parameterization. We visualize these three curves in real space in Figure 1.2.

Twisted cubic Circle Elliptic curve

Figure 1.2: Three curves, visualized in R3 and R2.

We now introduce ideals in the polynomial ring R. Ideals are algebraic objects that
capture the relations that define varieties. An ideal I ⊆ R is a subset of R that is closed
under addition and under multiplication by elements of R. That is, if f, g ∈ I, then f + g ∈ I,
and if f ∈ I and h ∈ R, then hf ∈ I. A collection f1, . . . , fs of polynomials in R is said to
generate I if every polynomial in I can be written as a combination of them. That is,

I = { r1f1 + · · ·+ rsfs : r1, . . . , rs ∈ R } ⊆ R.
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We then write I = ⟨f1, . . . , fs⟩. By the Hilbert basis theorem [28, Theorem 1.2], the polynomial
ring R is Noetherian, and therefore every ideal in R is generated by a finite set of polynomials.
Note that generating sets are not unique, many different sets of polynomials can generate I.

An ideal I ⊆ R is called prime if, whenever fg ∈ I, then either f ∈ I or g ∈ I. An ideal
I ⊆ R is called radical if whenever fn ∈ I for some positive integer n, then f ∈ I. We may
define the radical of I, denoted

√
I, as the smallest radical ideal containing I. Explicitly,

√
I = { f ∈ R : fn ∈ I for some n ≥ 1 }.

If I is already radical then I =
√
I. Note that a prime ideal is radical. These classifications play

an important role in the correspondence between varieties and ideals, which we now explain.
We illustrate the relationship between varieties and ideals, and justify our statement that

ideals capture the relations that define varieties. Say a variety V is defined as the zero set of
polynomials f1, . . . , fs. Then every point on V is a zero point of any polynomial in the ideal
I = ⟨f1, . . . , fs⟩. Hence we may write

V = V (f1, . . . , fs) = V (I) = { a ∈ Ck : f(a) = 0 for all f ∈ I }.

We also want to define ideals in terms of varieties. Actually, the set of all polynomials in R
vanishing on variety V = V (f1, . . . , fs) is an ideal. Hence we can define the ideal of V as:

I(V ) = {f ∈ R : f(a) = 0 for all a ∈ V } ⊇ ⟨f1, . . . , fs⟩. (1.4)

The ideal of V is not necessarily equal to the ideal generated by the polynomials defining V ,
that is, the inclusion in (1.4) may be strict. An example illustrating this is V (x2) = {0}, while
I({0}) = ⟨x⟩. Consequently, there is no bijection between ideals and varieties. The precise
relationship between these objects is described by Hilbert’s Nullstellensatz, a foundational
result that connects algebra and geometry through ideals and varieties.

Theorem 1.1.4 (Hilbert’s Nullstellensatz). [72, Theorem 6.5] There is a one-to-one corre-
spondence between varieties and radical ideals. In fact,

I(V (I)) =
√
I.

In particular, irreducible varieties are in one-to-one correspondence with prime ideals.

In this theorem, it is important to work over an algebraically closed field. There is,
however, an analogue of Hilbert’s Nullstellensatz over the real numbers, known as the real
Nullstellensatz. We refer the interested reader to [72, Section 6.3], where the real case is
discussed. In view of Hilbert’s Nullstellensatz, we will switch between varieties V and their
corresponding radical ideals. We now discuss some invariants of varieties and their ideals.
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Algebraic Invariants

Varieties and ideals admit many invariants that help characterize their geometric and algebraic
structure. Two fundamental examples are their dimension and degree. The dimension is
a topological invariant and, in particular, is preserved under birational equivalence. The
degree, on the other hand, depends on the chosen embedding of the variety rather than on
the abstract variety itself. Nevertheless, it behaves well under algebraic deformations: in
particular, the degree is preserved under flat degenerations. At the end of this section we
introduce two important such deformations, namely Gröbner and toric degenerations.

Intuitively, the dimension of a variety measures how many degrees of freedom its points
have. It can be thought of as the number of independent parameters needed to locally describe
its points. For example, a curve has dimension one, a surface has dimension two, and affine
space Ck has dimension k. More formally, the dimension of an affine variety V ⊆ Ck, denoted
dim(V ), is defined as the maximal length d of a chain of distinct irreducible subvarieties

V0 ⊊ V1 ⊊ · · · ⊊ Vd ⊆ V.

For rational varieties, the notion of dimension becomes particularly simple, since they are
birationally equivalent to affine space. If Cm 99K V is a birational parameterization of V ,
then dim(V ) = m. In other words, the dimension equals the number of parameters required
to describe the variety. Using the correspondence between varieties and radical ideals, we can
define the dimension of an ideal I, denoted dim(I), to be the dimension of the variety V (I).
This agrees with the Krull dimension of the quotient ring R/I, see [28, Chapter 8]. Similarly,
the codimension of V ⊆ Ck, denoted codim(V ), is defined as the difference k − dim(V ).

The degree of a variety V generalizes the degree of a polynomial. Intuitively, it measures
how much the variety deviates from being linear. More precisely, it counts how many times
V intersects a linear space of complementary dimension. For a generic choice of such a linear
space, the intersection with V consists of finitely many points, and this number is constant.
We define the degree of V , denoted deg(V ), to be this number. Linear spaces illustrate this:
a linear space intersects another linear space of complementary dimension generically in a
single point (except in the degenerate case when they are parallel). Hence linear spaces have
degree one. The degree of an ideal I is defined as the degree of the variety V (I).

Example 1.1.5. We revisit the Cayley cubic. It is a hypersurface V (2xyz− x2− y2− z2 + 1)
in C3. It has dimension 2 and codimension 1. Since the degree of a variety generalizes the
degree of a polynomial, its degree is 3. We illustrate its intersection with a generic line:

The three intersection points are marked in brown. Note that over the real numbers, as
is illustrated in Figure 1.3, the number of intersection points may drop, even for a generic
line, since some of the intersection points may be non-real. This highlights the importance of
working over an algebraically closed field.

The following version of Bézout’s theorem is a fundamental result describing how the
degree behaves under intersections of varieties.
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Figure 1.3: Cayley cubic intersected with a line.

Theorem 1.1.6 (Bézout’s theorem). [29, Corollary 2.4] Let V and W be varieties in Ck.
Then the degree of their intersection is bounded by the product of their degrees, that is,

deg(V ∩W ) ≤ deg(V ) deg(W ).

This result can be used to obtain an upper bound on the degree of a variety V =
V (f1, . . . , fs) ⊆ Ck. It is known as Bézout’s bound and it is given by

deg(V ) ≤ deg(f1) · · · deg(fs).

Bézout’s bound is the most general upper bound, depending only on the degrees of the defining
polynomials. Since it does not take into account any further structure of the system, it often
significantly overestimates the degree. Sharper bounds can be obtained by incorporating
additional information about the polynomials. A widely used refinement is given by the
mixed volume of their Newton polytopes. We refer to [22, Section 7.4-5] for an introduction
into mixed volumes and how they bound degrees. See also [36] for their use in bounding the
number of solutions to the coupled cluster equations, defined in Sections 1.2 and 2.3.

Projective Space

While affine space provides a convenient and natural setting for describing varieties, intersec-
tion behavior becomes more regular when points at infinity are included. For this reason, we
now introduce projective space. To this end, we define the k–dimensional projective space
over C, denoted Pk, as the set of all lines through the origin in Ck+1. The line in Ck+1 passing
through the origin and a point x = (x0, x1, . . . , xk) is denoted by

[x] = [x0 : x1 : · · · : xk] ∈ Pk.
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Note that x can itself not be the origin. Two points in Ck+1 represent the same line if they
differ only by a nonzero scalar multiple. Explicitly, Pk is the set of equivalence classes [x]
with x ∈ Ck+1 \ {0}, where two vectors x and y are equivalent if x = λy for some λ ∈ C∗.

Let f ∈ C[x0, . . . , xk] be a polynomial in k + 1 variables. We say that f is homogeneous
of degree d if it is a linear combination of degree d monomials. Notice that if x is a zero
of a homogeneous polynomial f , then λx is also a zero of f . Therefore f vanishes on all
representatives of [x] ∈ Pk if it vanishes on some representative. Now let f1, . . . , fs be a
collection of homogeneous polynomials (not necessarily of the same degree). We define the
projective variety V = V (f1, . . . , fs) ⊆ Pk to be their common zero set in Pk:

V = {[a] = [a0 : · · · : ak] ∈ Pk : f1(a) = · · · = fs(a) = 0} ⊆ Pk.

Let I ⊆ C[x0, . . . , xk] be an ideal generated by homogeneous polynomials f1, . . . , fs (again not
necessarily of the same degree). We call I a homogeneous ideal. As in the affine case, we define

V (I) = V (⟨f1, . . . , fs⟩) = V (f1, . . . , fs) ⊆ Pk.

The Nullstellensatz holds in the projective setting as well. Hence, the ideal of a projective
variety V ⊆ Pk, denoted I(V ) ⊆ C[x0, . . . , xk], is a homogeneous radical ideal.

We may projectivize affine varieties, that is, we associate a projective variety V ⊆ Pk to an
affine variety V ⊆ Ck, called its projective closure. This is done via the corresponding ideals,
through a process called homogenization. To this end, we first define the homogenization of a
polynomial. Let f ∈ C[x1, . . . , xk] = R be a polynomial of degree d. The homogenization of
f is the polynomial f ∈ C[x0, x1, . . . , xk] obtained by multiplying each monomial of f by a
suitable power of the homogenizing variable x0 so that every term has total degree d.

Example 1.1.7. We homogenize the cubic polynomial in (1.1) with homogenizing variable
w as f = 2xyz − x2w − y2w − z2w + w3 ∈ C[x, y, z, w].

We may now define the homogenization of the ideal I, denoted I, as the homogeneous
ideal generated by the homogenizations of all polynomials in I. That is

I = ⟨ g : g ∈ I ⟩ ⊆ C[x0, x1, . . . , xk].

The projective closure of V , denoted V is defined as the projective variety of the homogeniza-
tion I(V ). Note that this definition only provides an infinite generating set. Finding a finite
set of defining equations for the projective closure is not a trivial task. Say that the ideal
I(V ) is generated by polynomials f1, . . . , fs ∈ R. Then we may define the ideal of V through
saturation, see Definition 8 in [21, Section 4.4]. We get

I(V ) = I(V ) = ⟨f 1, . . . , f s⟩ : ⟨x0⟩∞.

This is a description of the ideal, but it does not provide us with a finite generating set either.
That can be done through Gröbner bases, defined later; see [72, Proposition 2.18].
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Projectivization preserves most invariants of the affine variety V . In particular,

dim(V ) = dim(V ), deg(V ) = deg(V ).

This motivates the use of projectivization, since the degree is defined in terms of intersections,
and intersections behave more regularly in projective space. For example, every pair of lines
in P2 intersects, whereas parallel lines in C2 do not.

Remark 1.1.8. In the constructions appearing in this thesis, projective varieties typically
arise from polynomial parameterizations in an affine chart of projective space. More precisely,
most varieties considered here are given by polynomial parameterizations of the form

ψ : Cm → Ck+1, t 7→ (1, f1(t), . . . , fk(t)).

Composing this map with the natural embedding of affine space into projective space

Ck+1 ⊋ {x0 = 1} ↪→ Pk, (x0, . . . , xk) 7→ [x0 : · · · : xk],

yields a morphism
Cm → Pk, t 7→ [1 : f1(t) : · · · : fk(t)].

The projective variety associated with this parameterization is defined as the Zariski closure
of its image in Pk. This variety is the projective closure of the affine variety V parameterized
by ψ. Since the first coordinate of ψ is 1, the image of ψ lies in the affine subspace of Ck+1

defined by x0 = 1, which we naturally identify with Ck. Hence we may view V as a variety
in Ck and consider its projective closure in Pk.

It is often convenient to further extend the parameterization to projective space by homog-
enizing the coordinate functions. Explicitly, suppose the polynomials f1, . . . , fk have degrees
d1, . . . , dk, and let d = max{d1, . . . , dk} be the maximal degree. Introducing homogeneous
coordinates [s : t1 : · · · : tm] on Pm, we obtain the map

Pm 99K Pk, [s : t] 7→ [sd : sd−d1f1(t) : · · · : sd−dkfk(t)].

Since these homogeneous coordinates may vanish simultaneously for some points of Pm, the
map is not defined everywhere and is therefore a rational map. The closure of its image is
the projective variety V , so this map also provides a parameterization of V . In this thesis,
we will freely pass between these three equivalent parameterizations, interpreting them as
affine or projective descriptions of the same underlying variety.

A key example of such parameterizations is a birational parameterization of the Grass-
mannian in its Plücker embedding, which will be a central object in this thesis.
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The Grassmannian

We define the Grassmannian Gr(d, n) as the set of d-dimensional linear subspaces of Cn.
Projective space Pn can be viewed as the special case Gr(1, n + 1). Any d-dimensional
subspace of Cn arises as the row space of a full-rank d× n matrix M , and this choice is not
unique. Two such matrices represent the same subspace if and only if they differ by left
multiplication by an element of GL(d). Hence we may identify

Gr(d, n) := Matrank dd,n / ∼,
where M ∼M ′ if and only if M = gM ′ for some g ∈ GL(d).

We now describe an embedding of the Grassmannian into projective space, known as
the Plücker embedding. This embedding realizes the Grassmannian as a projective variety,
allowing it to be studied using the tools of algebraic geometry. Let M be a full-rank d× n
matrix, and consider its d× d minors pI(M), indexed by d-element subsets I ⊆ {1, . . . , n}.
If g ∈ GL(d) and M ′ = gM , then each minor pI(M

′) equals pI(M) times det(g). Hence the
vector of maximal minors changes only by a common scalar factor. Since points in projective
space are defined up to a common scalar multiple, the vectors of maximal minors of M and

M ′ determine the same point in P(n
d)−1. Thus the resulting projective point depends only on

the equivalence class of M . In particular, the maximal minors define a well-defined map

Gr(d, n)→ P(n
d)−1, [M ] 7→ [ pI(M) ]

I∈([n]
d ),

known as the Plücker embedding. Now we may identify the Grassmannian Gr(d, n) with the
image of this map. We can therefore define the Grassmannian Gr(d, n) as the projective
variety parameterized by the (non-injective) rational map

Cd×n 99K P(n
d)−1, M 7→ ψ = all maximal minors of M.

This map is undefined precisely when all maximal minors of M vanish, that is, when M does
not have full rank. This map is not injective, since any two matrices representing the same

subspace map to the same point in P(n
d)−1. The coordinates of the image are denoted by ψI ,

where I ⊆ [n] = {1, . . . , n} with |I| = d, and they are called the Plücker coordinates.

Remark 1.1.9 (A birational parameterization of the Grassmannian). For each element
(subspace) in Gr(d, n) we may choose a representative matrix whose rows span it, of the form

[IdX] =


1 0 · · · 0 x1,d+1 · · · x1,n
0 1 · · · 0 x2,d+1 · · · x2,n
...

...
. . .

...
...

. . .
...

0 0 · · · 1 xd,d+1 · · · xd,n

 ,
where X is a d× (n− d) matrix. The following injective map

Cd×(n−d) → P(n
d)−1, X 7→ ψ = all maximal minors of [IdX], (1.5)
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defines a birational parameterization of Gr(d, n). Hence Gr(d, n) is rational and has dimension

dim(Gr(d, n)) = d(n− d).

Note that the first minor is det(Id) = 1, and hence this map maps the first coordinate p[d] to
1. Such maps are discussed in Remark 1.1.8.

As a variety, the Grassmannian Gr(d, n) is defined as the zero set of polynomials in the
polynomial ring C[ψ] = C[ψI : I ⊆ [n], |I| = d ], whose variables are the Plücker coordinates

on P(n
d)−1. To understand the defining equations of the Grassmannian, we study its ideal

I(Gr(d, n)), which consists of all polynomial relations among maximal minors of matrices.
This ideal is generated by quadratic polynomials called the Plücker relations. They are known
explicitly, in fact the Plücker relations for Gr(d, n) can be obtained in Macaulay2 [46] via
the command Grassmannian(d - 1, n - 1).

Example 1.1.10 (The Grassmannian of lines). We consider the special case d = 2. Then
Gr(2, n) is known as the Grassmannian of lines, since its points correspond to projective lines
in Pn−1. It can be viewed as the next step beyond projective space. The Plücker coordinates
ψij, where i < j, can be arranged as the entries of an n× n skew-symmetric matrix

0 ψ12 ψ13 · · · ψ1n

−ψ12 0 ψ23 · · · ψ2n

−ψ13 −ψ23 0 · · · ψ3n
...

...
...

. . .
...

−ψ1n −ψ2n −ψ3n · · · 0

 .

The Plücker relations of Gr(2, n) are precisely the 4× 4 Pfaffians of this matrix. Explicitly,
they are the following

(
n
4

)
quadratic polynomials

ψiℓψjk − ψikψjℓ + ψijψkℓ, 1 ≤ i < j < k < ℓ ≤ n. (1.6)

See Example 4.9 in [72] and the proof of Theorem 5.8 in [72] for the reasoning.

We conclude our discussion on the Grassmannian with an explicit formula for its degree.
A derivation of this formula can be found in [72, Section 5.3]. The degree of Gr(d, n) equals
the number of standard Young tableaux of rectangular shape d× (n− d). This number is

deg(Gr(d, n)) =
(d(n− d))!∏d

j=1 j(j + 1) · · · (j + n− d− 1)
. (1.7)

In the special case of the Grassmannian of lines, this simplifies to a Catalan number:

deg(Gr(2, n)) =
1

n− 1

(
2n− 4

n− 2

)
= Cn−2.
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Gröbner and Khovanskii bases

Gröbner bases are fundamental tools in the study of algebraic varieties and ideals. Although
they are not a central focus of this thesis, they appear naturally in several constructions and
are therefore worth introducing. We discuss them together with the more recent notion of
Khovanskii bases, see [5, 6, 59], as both play a role in the developments of this work. Ideals
and algebras generally admit many different generating sets, and in fact infinitely many
choices are possible. However, some generating sets are particularly well-behaved and reveal
additional algebraic structure. Gröbner bases provide such distinguished generating sets for
ideals, while Khovanskii bases play an analogous role for algebras.

First we fix an order on the variables of the polynomial ring R = C[x1, . . . , xk] as

x1 > x2 > · · · > xk.

We then define a total order on the monomials in R, called a monomial order. Throughout
this thesis we use the degree reverse lexicographic order. It is defined as follows: for monomials
xa and xb we set xa > xb if |a| > |b|, or if |a| = |b| and the rightmost nonzero entry of a−b
is negative. Intuitively, monomials are first compared by total degree, and among monomials
of the same degree those involving fewer smaller variables (towards the right) are considered
larger. The largest monomial appearing in a polynomial f ∈ R is called the initial monomial
and it is denoted by in(f).

Example 1.1.11. The initial monomials of the Plücker relations for Gr(2, n) with respect to
the degree reverse lexicographic order are underlined in (1.6). Here we assume the following
order on the Plücker coordinates (the variables):

ψ12 < ψ13 < · · · < ψ1n < ψ23 < · · · < ψ2n < · · · < ψn−1,n.

It corresponds to the lexicographic order on the index sets I, i.e. J ≤ I if at the first position
ℓ where iℓ ̸= jℓ we have jℓ < iℓ.

We define the initial ideal of an ideal I ⊆ R as the following ideal generated by initial
monomials, in(I) = ⟨ in(g) : g ∈ I ⟩. Ideals generated by monomials are called monomial
ideals. Such ideals are particularly well-behaved, as they admit rich combinatorial descriptions,
see [73, Part I]. Note that the definition above describes in(I) using an infinite generating
set. However, every ideal I ⊆ R admits a finite subset G ⊆ I which suffices in the definition:

in(I) = ⟨ in(g) : g ∈ G ⟩.

Such a set G is called a Gröbner basis. In particular, G generates the ideal I, that is, I = ⟨G⟩.
Although the initial ideal in(I) is typically much simpler than I, it preserves important
invariants; in particular, I and in(I) have the same dimension and degree. The deformation
of the variety V (I) to the variety V (in(I)) is called a Gröbner degeneration. The power of
Gröbner bases lies in the fact that they make the initial ideal effectively computable, allowing
geometric and algebraic questions about I to be reduced to the combinatorics of monomials.
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Example 1.1.12. The Plücker relations (1.6) for the Grassmannian of lines, Gr(2, n), form a
Gröbner basis with respect to degree reverse lexicographic order. The degree of the squarefree
monomial ideal

in(Gr(2, n)) = ⟨ψiℓψjk : 1 ≤ i < j < k < ℓ ≤ n⟩
equals the number of maximal chains in a corresponding poset. This poset has the Plücker
coordinates ψij as elements, with ψij ≤ ψkℓ whenever i ≤ k and j ≤ ℓ (i.e. ψijψkℓ is not
a generator). This is precisely Young’s lattice P2,n−2, whose maximal chains are counted
by the Catalan number Cn−2. Hence deg(Gr(2, n)) = Cn−2. See [73, Chapter 1] for an
explanation of this correspondence.

We define the standard monomials of I as the monomials not in the initial ideal of I.
That is, those monomials xa where xa /∈ in(I). The following result is fundamental, as it also
establishes Gröbner bases as distinguished generating sets.

Theorem 1.1.13. [72, Theorem 1.17] The standard monomials of I form a vector space
basis for the quotient ring C[x]/I.

Gröbner bases of explicit ideals can be computed using Buchberger’s algorithm, see [21,
Section 2.7]. Variants of this algorithm are implemented in many computer algebra systems,
in particular Macaulay2 [46]. However, computing a Gröbner basis can be computationally
expensive: in the worst case the complexity is doubly exponential in the number of variables.
In practice, it is therefore often necessary to choose monomial orders carefully, and in many
situations the computation of a Gröbner basis becomes infeasible.

We now define Khovanskii bases, which serve as an analogue of Gröbner bases for
subalgebras. To this end, let S be a subalgebra of a polynomial ring C[x1, . . . , xm]. That
is, S is closed under addition and multiplication: if f, g ∈ S, then f + g, fg ∈ S. This
differs from the case of ideals, which are additionally closed under multiplication by arbitrary
elements. We say that polynomials f1, . . . , fs ∈ S generate S if every polynomial g ∈ S can
be expressed as a polynomial in the fi, that is

g =
∑

a∈Zs
≥0

caf
a1
1 · · · fas

s ,

where ca ∈ C. In this case we write S = C[f1, . . . , fs]. As with ideals, we define the initial
algebra of S as the algebra generated by the initial monomials of polynomials in S:

in(S) = C[ in(f) : f ∈ S ].

Now assume G ⊆ S is a finite subset such that

in(S) = C[ in(g) : g ∈ G ].

Such a set G is called a Khovanskii basis of S. In particular, G generates the subalgebra S,
that is S = C[G]. Note that Hilbert’s basis theorem does not hold for subalgebras, so they
need not be finitely generated. Consequently, a finite Khovanskii basis need not exist.
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We now explain how Khovanskii bases appear in the theory of varieties and why they are
extremely useful. First we assume the variety V ⊆ Pk is parameterized by a polynomial map

ψ : Cm → Pk, t 7→ x = [1 : f1(t) : · · · : fk(t)]. (1.8)

as in Remark 1.1.8. We emphasize that the map ψ need not be injective. We now consider
the corresponding map on the polynomial functions on Pm and Pk, given by substituting the
parameterization into the coordinates:

C[x]→ C[s, t], x0 7→ s, xi 7→ s · fi, i = 1, . . . , k. (1.9)

Here we introduce a homogenizing variable s to obtain projective varieties. The homogeneous
ideal I(V ) is the kernel of this map. The image of this map is a subalgebra of C[s, t] generated
by s and the polynomials s·hi. Now assume these generators form a Khovanskii basis of C[s, t]
with respect to a chosen monomial order on C[s, t]. Then consider the following monomial map

C[x]→ C[s, t], x0 7→ s, xi 7→ s · in(hi), i = 1, . . . , k. (1.10)

We call the variety parameterized by this map, i.e. the variety whose ideal is defined by the
kernel of (1.10), a toric degeneration of V and we denote it by TV . Although the variety TV
is typically much simpler than V , it preserves many invariants, such as dimension and degree.
Here it is important that the generators form a Khovanskii basis.

Varieties parameterized by monomial maps, such as TV , are called toric varieties. They
are particularly well-behaved: their defining ideals are prime and generated by binomials.
Moreover, many geometric invariants of toric varieties admit a combinatorial description, see
[97, Chapter 4]. In particular, suppose a toric variety T ⊆ Pk is parameterized by

C[x]→ C[t], xi 7→ tai , i = 0, 1, . . . , k.

Then the dimension of T equals the dimension of the polytope defined as the convex hull
of the exponent vectors. This polytope is denoted PT ⊆ Rm and can be written as PT =
conv(a0, a1, . . . , ak). The degree of T is also determined by PT , it is the normalized volume of
PT . That is, if d = dimT , then deg(T ) = d! Vol(PT ), where Vol(PT ) is the Euclidean volume.

Example 1.1.14 (Veronese variety). A basic example of a toric variety is the quadratic
Veronese embedding of P3. This variety is parameterized by the map

ν2 : P3 → P9, [x0 : x1 : x2 : x3] 7→ [x20 : x0x1 : x0x2 : x0x3 : x21 : x1x2 : x1x3 : x22 : x2x3 : x23].

The associated polytope is the convex hull of the exponent vectors of these monomials, which
is the dilated simplex 2∆3. This polytope naturally lives in R4, but all exponent vectors
satisfy the relation a0 + a1 + a2 + a3 = 2, so it lies in this affine hyperplane, which we may
identify with R3. Under this identification the polytope can be visualized as in Figure 1.4.

In particular, 2∆3 is a 3-dimensional polytope, and hence the Veronese variety has
dimension 3. Moreover, its degree equals the normalized volume of 2∆3. Since the volume
of the standard 3 dimensional simplex ∆3 is 1

3!
, and volume in R3 scales by the cube of the

dilation factor, we obtain the degree deg(ν2(P3)) = 3!Vol(2∆3) = 23 3!Vol(∆3) = 8.
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Figure 1.4: The dilated simplex 2∆3 in R3.

Remark 1.1.15 (Constructing a toric degeneration). Previously we assumed that the
polynomials parameterizing a projective variety V ⊆ Pk already form a Khovanskii basis.
In practice, however, finding such parameterizations is not straightforward, and it may be
necessary to embed V into a different projective space. Suppose that V ⊆ Pk is parameterized
by the polynomial map (1.8). Then the image of the corresponding map on coordinate rings
is the subalgebra C[s, sh1, . . . , shk] ⊆ C[s, t]. Assume that this subalgebra admits a finite
Khovanskii basis G = {s, sg1, . . . , sgr}. The variety V can then be described via the map

C[y]→ C[s, t], y0 7→ s, yi 7→ sgi, i = 1, . . . , r.

This realizes V as a projective variety embedded in Pr, whose ideal is the kernel of this map.
Taking initial monomials with respect to the chosen monomial order yields the corresponding
initial map. Since the coordinates of that map are monomials, the corresponding variety is a
toric variety, and thus this construction produces a toric degeneration of V in Pr.

Algorithms for working with Khovanskii bases have been developed and implemented
in computer algebra systems. In this context, Khovanskii bases are often referred to as
SAGBI bases (Subalgebra Analogs to Gröbner Bases for Ideals). In particular, the algorithm
SagbiGbDetection [7] determines all monomial orders for which a given generating set forms
a Khovanskii basis. It has been implemented in both Macaulay2 and Julia. Methods
for computing Khovanskii bases are also available. For instance, they are implemented in
the Macaulay2 package SubalgebraBases [14].

We conclude this section with an example illustrating a Khovanskii basis for a birational
parameterization of the Grassmannian of lines.
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Example 1.1.16. Consider the Grassmannian of lines, Gr(2, n). The 2× 2 minors in (1.5)
parameterizing the Gr(2, n), form a Khovanskii basis with respect to a monomial order
choosing the diagonal terms as leading terms. This is shown in [73, Section 14.3] and can
be verified using isSAGBI in SubalgebraBases.m2. The corresponding polytope of the toric
degeneration is called the Gel’fand-Tsetlin polytope, denoted GT(2, n). Its dimension is
2(n− 2) and its normalized volume is the Catalan number Cn−2.

1.2 Quantum Chemistry

The material in this section provides a brief introduction to quantum chemistry aimed at
mathematicians. No background in chemistry beyond what is taught in high school is assumed.
This is largely based on Section 4 of [37]. Electronic structure theory is a powerful quantum
mechanical framework for studying the behavior of electrons in molecules and crystalline mate-
rials [50]. At its core are the interactions between particles, in particular the electron–electron
and electron–nucleus interactions, which determine the electronic structure of a system.

Throughout this thesis we consider electronic systems consisting of d electrons occupying
n spin orbitals. A running example is the lithium hydride molecule (LiH), which has d = 4
electrons. Depending on whether a frozen-core approximation is used, the number of spin
orbitals ranges from n = 8 = 2d to n = 12. A central problem in electronic structure theory is
to determine the stable states of this electronic system, and their corresponding energies [50].
This problem is encoded by the electronic Schrödinger equation

H Ψ(x1,x2, . . . ,xd) = EΨ(x1,x2, . . . ,xd). (1.11)

This equation contains two unknowns: the wave function Ψ(x1,x2, . . . ,xd) and the energy E.
The wave function Ψ is a sufficiently differentiable real-valued function. Its arguments are

points xi = (ri, si), where ri = (r
(1)
i , r

(2)
i , r

(3)
i ) ∈ R3 denotes the position of the ith electron

and si encodes its spin, taking values ↑ or ↓. Hence xi ∈ R3×{↑, ↓} = X. The wave function
Ψ describes the quantum state of the electrons in the molecule. Its squared magnitude |Ψ|2
gives the probability density of finding the electrons at the specified positions and spins.
Thus the wave function determines the joint probability distribution of all electrons in the
system. By Pauli’s exclusion principle [82], the wave function must be antisymmetric in its d
arguments, that is exchanging two electrons changes the sign of Ψ. Consequently we may view

Ψ : Xd → R, Ψ ∈ ∧dL2(X) ⊊ L2(Xd).

Here we write ∧dL2(X) for the subspace of skew-symmetric functions in L2(Xd). That is,

∧dL2(X) =
{

Ψ ∈ L2(Xd) : Ψ(xσ(1), . . . ,xσ(d)) = sign(σ)Ψ(x1, . . . ,xd) for all σ ∈ Sd

}
.

The second unknown is the energy E corresponding to Ψ. The lowest energy solution of
(1.11) is called the ground state and it corresponds to the most stable electronic configuration
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of the system. Solutions with higher energy are called excited states. These states can be
observed when energy is supplied to the system, for example through heat, electricity, or light.

Equation (1.11) encodes the eigenvalue problem for the Hamiltonian H . It is a second-
order self-adjoint differential operator describing the behavior of an electronic system with d
interacting electrons in the vicinity of dnuc stationary nuclei. Its formula is

H = − 1

2

d∑
i=1

∆ri −
d∑

i=1

dnuc∑
j=1

Zj

|ri −Rj|
+

d∑
i=1

d∑
j=i+1

1

|ri − rj|
. (1.12)

The symbol ∆ri in the leftmost sum denotes the Laplacian
∑3

j=1(∂/∂r
(j)
i )2. All other

summands in (1.12) act on Ψ by multiplication. They contain constants which we now explain.
The atoms in the system and their nuclei are indexed by j = 1, 2, . . . , dnuc. The constant Zj

is the nuclear charge of the jth atom. This is the atomic number listed in the periodic table,
i.e. Zj is a positive integer. The position of the jth nucleus is the point Rj ∈ R3, which is

also constant. We mostly consider charge-neutral molecules, in which case d =
∑dnuc

j=1 Zj.

Example 1.2.1 (Lithium hydride). This molecule has the formula LiH. It involves dnuc =2
atoms, namely lithium Li and hydrogen H. Their atomic numbers are Z1 = 3 and Z2 = 1,
respectively. Hence the number of electrons is d = Z1 + Z2 = 4.

Li H
R

R1 R2

The two nuclei are fixed at locations R1 and R2, whereas the four electrons have variable
locations r1, r2, r3, r4. The bond distance between the two atoms is R = |R1 −R2|.

Discretization

The electronic Schrödinger equation is posed on the infinite-dimensional space ∧dL2(X)× R.
Consequently, it cannot be solved exactly for realistic electronic systems. To make the problem
computationally tractable, we approximate the state space ∧dL2(X) by a finite-dimensional
vector space. This discretization transforms (1.11) into a finite-dimensional algebraic system
of equations, namely to an eigenvalue equation for a matrix. There are many ways to select
a suitable basis, and hence a discretization of ∧dL2(X). See [63] and [103, Section 2.2] for an
overview. We apply the method called linear combination of atomic orbitals (LCAO). This is
used widely in quantum chemistry. The LCAO method starts with atomic orbitals. They are
real-valued functions χ : R3 → R, defined as the eigenfunctions of the Schrödinger equation
of a single electron moving in the potential of a nucleus. Here the spin is omitted.
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Remark 1.2.2. The hydrogen-like (one-electron) Schrödinger equation can be written as(
−1

2
∆− Z

|r|

)
Ψ(r) = EΨ(r).

The equation has spherical symmetry. We may therefore introduce spherical coordinates
r = (r, θ, ϕ) and separate the wave function as Ψ(r, θ, ϕ) = R(r)Y (θ, ϕ). Substituting this
ansatz into the Schrödinger equation leads to two independent equations.

The angular part satisfies the differential equation

L2Y (θ, ϕ) = ℓ(ℓ+ 1)Y (θ, ϕ),

where L2 is the total angular momentum operator. The solutions of this equation are the
spherical harmonics Y k

ℓ (θ, ϕ), indexed by a nonnegative integer ℓ = 0, 1, 2, . . . and an integer
k = −ℓ, . . . , ℓ, see [51, Section 6.4]. These describe the angular momentum of the electron.

The radial part is an ordinary differential equation depending on ℓ. Physical wave functions
must be square integrable, since the quantity |Ψ(r)|2 represents a probability density and
therefore satisfies

∫
R3 |Ψ(r)|2 dr = 1. Imposing this condition yields a discrete set of solutions

with energies En = − Z2

2n2 , where n = 1, 2, . . . is a positive integer, see [51, Section 6.5].
The atomic orbitals are therefore indexed by three quantum numbers: the principal

quantum number n = 1, 2, . . . , the angular momentum quantum number ℓ = 0, 1, . . . , n− 1,
and the magnetic quantum number k = −ℓ, . . . , ℓ. Atomic orbitals are commonly denoted by
combining the principal quantum number n with a letter indicating the angular momentum
quantum number ℓ (ℓ = 0, 1, 2, . . . corresponds to s, p, d, . . . ). For example, the orbital labeled
2p has n = 2 and ℓ = 1. The magnetic quantum number k determines the orientation of
the orbital, for example when ℓ = 1 then k = −1, 0, 1 corresponds to the p orbitals px, py, pz.
Readers can refer to [51, Chapters 5, 6 and 8] for a comprehensive explanation and motivation.

For our electronic system of interest, we select a basis set
{
χ1, χ2, . . . , χm} of atomic

orbitals. The orbitals used in computations are usually not exact atomic orbitals, but
approximations constructed from functions such as Gaussians. Notably, approximated atomic
orbital basis sets for different atoms are well documented and available through online data
resources such as www.basissetexchange.org. The number m of atomic orbitals is greater
than or equal to the number d of electrons, i.e. d ≤ m. Note that the equality d = m can hold.

Example 1.2.3 (d = m = 4). We revisit the lithium hydride (LiH) molecule. We select
m = 4 atomic orbitals. We choose the three orbitals 1s, 2s, 2pz for lithium and 1s for
hydrogen. A graphical representation of these four atomic orbitals is shown in Figure 1.5.
The pictures are iso-surfaces for χ1, . . . , χ4. An iso-surface has the form {r ∈ R3 : χi(r) = c},
for a constant c that can be positive or negative.

We now need to account for the electronic spin, a crucial degree of freedom in electronic
structure theory that distinguishes physical states. In the non-relativistic Born–Oppenheimer
model considered here [103, Section 2.1.2], spin does not appear explicitly in the electronic

www.basissetexchange.org
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Figure 1.5: Iso-surfaces of four atomic orbitals (Li: 1s, 2s, 2pz; H: 1s) of lithium hydride. The
iso-surfaces correspond to the value ±0.025, with blue for c = +0.025 and red for c = −0.025.

Hamiltonian (1.12). Hence we may introduce a product basis. That is, for each atomic orbital
χi we introduce two spin orbitals [103, Section 2.2.1]:

ϕi,↑(r, s) = χi(r)δs↑, ϕi,↓(r, s) = χi(r)δs↓.

We will also use the shorthand indexing ϕ2i−1 = ϕi,↑ and ϕ2i = ϕi,↓. We therefore have 2m
spin orbitals, and we set n = 2m, the number of spin-orbitals.

The spin orbitals form a basis of an n–dimensional real vector space. This space is called
the one-particle space, and it is denoted by H ∼= Rn. By the definition of the basis vectors
{ϕi} we also write H ∼= Rm ⊗Hspin, where Hspin

∼= R2 is the two-dimensional spin space and
Rm is the space spanned by the spatial orbitals. We discuss the spin degree of freedom in
more detail later in this section. In practice, the atomic spin orbitals are usually not chosen
as a basis for the one-particle space. Instead, we perform a change of basis to {ξ1, . . . , ξn}
using an invertible n× n matrix C. The resulting basis orbitals ξi are called the molecular
spin orbitals, and C is the MO coefficient matrix. It is obtained from Hartree–Fock theory ;
see, for example, [51, Chapter10] or [64, Chapter2.1] for a detailed account. In brief, the
molecular orbitals are the eigenvectors of the Fock operator F , an operator determined by the
electronic system and acting on single orbitals. Here we assume that F is an n× n matrix.

Example 1.2.4 (d = 4,m = 4). For our specific example, lithium hydride, we compute
the MO coefficient matrix C using PyScf [99, 100]. In this example, the Hartree–Fock
computation is carried out at the level of the m = 4 atomic spatial orbitals, and spin is added
only afterward. Thus the change of basis is performed on the 4 spatial orbitals, rather than
directly on the n = 8 spin orbitals. As a result, C is a 4× 4 matrix:

C =


−0.99112752 −0.17382072 −0.20878285 0.08016223
−0.0320641 0.44684406 0.80124872 −0.74021563
0.00710779 0.34924425 −0.61278358 −1.00784027
−0.00676776 0.54437143 −0.13420716 1.23313556

 .
The molecular spatial orbitals obtained from this change of basis are depicted in Figure 1.6.
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Figure 1.6: Iso-surfaces for ±0.04 of four molecular orbitals of lithium hydride.

The n = 8 molecular spin orbitals ξ1, . . . , ξ8 are then constructed from the molecular
spatial orbitals by associating, to each spatial orbital indexed by i, two spin orbitals ξ2i−1

and ξ2i, obtained by multiplying that spatial orbital by δs↑ and δs↓, respectively.
This construction differs from the one above only in the order of the steps: here one first

applies Hartree–Fock to the spatial orbitals and only afterward introduces spin, whereas
above one first forms the spin product basis and then applies Hartree–Fock. Both approaches
are common; the present one is used when one wishes to preserve spin symmetry.

We now construct the d–electron state space, which discretizes ∧dL2(X), by skew sym-
metrization; see [62, Section 2.6.7]. This space is the dth exterior power Hd := ∧dH ∼= ∧dRn.
A basis of Hd is given by the normalized wedge products

ΨJ(x) =
1√
d!

(ξj1 ∧ · · · ∧ ξjd)(x) =
1√
d!

det((ξj(xi)j∈J,i∈[d])).

Here J = {j1 < · · · < jd} ranges over the subsets J ⊆ [n] of size d, and x = (x1, . . . ,xd) ∈ Xd.
Wavefunctions of the form ψ1∧· · ·∧ψd with ψi ∈ H are called Slater determinants in quantum
chemistry. In particular, the basis vectors ΨJ are the Slater determinants obtained from
the orbital basis {ξ1, . . . , ξn}, see [51, Section 1.1]. The d–electron space Hd has dimension(
n
d

)
and it serves as a finite-dimensional approximation to the function space ∧dL2(X) of

d–electron wave functions. Consequently, the electronic Schrödinger equation restricted to
Hd becomes an eigenvalue equation for a symmetric matrix. That is

Hψ = Eψ, ψ ∈ Hd. (1.13)

Here H is the
(
n
d

)
×
(
n
d

)
symmetric matrix representing the Hamiltonian operator H in

the basis {ΨJ} of Hd. Its entries are determined by expanding H ΨJ in this basis. This
formulation of the electronic Schrödinger equation is known as first quantization.

Remark 1.2.5 (Expanding functions in the basis {ΨJ}). We want to represent the Hamilto-
nian operator H on the finite-dimensional subspace Hd ⊂ ∧dL2(X) spanned by the basis
{ΨJ}. To this end we equip L2(X) with the inner product

⟨ϕi, ϕj⟩L2(X) :=

∫
ϕi(x)ϕj(x) dx.
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The atomic orbitals need not be orthonormal with respect to this inner product. By contrast,
the molecular orbitals ξi are chosen to form an orthogonal basis of H with respect to it. This
induces the canonical inner product on the exterior power ∧dL2(X), under which the Slater
determinants {ΨJ} form an orthogonal basis of Hd. The entries of the symmetric

(
n
d

)
×
(
n
d

)
Hamiltonian matrix H are then

HI,J = ⟨ΨI ,H ΨJ⟩∧dL2(X).

Hence H represents the projection of H onto the finite-dimensional subspace span{ΨJ}.

Example 1.2.6 (Lithium hydride). In our running example we consider d = 4 electrons and
n = 2d = 8 spin orbitals. The Hamiltonian matrix H for LiH is therefore a symmetric 70× 70
matrix, since

(
8
4

)
= 70. Using PySCF [99], we evaluate the following one- and two-electron

integrals for all indices p, q, r, s ∈ [8]:

hp,q = −
∫
ξp(x)

∆r

2
+
∑
j

Zj

|r−Rj |

 ξq(x) dx, vp,q,r,s =

∫
ξp(x)ξq(x)ξr(x

′)ξs(x
′)

|r− r′| dx dx′.

(1.14)

These integrals are computed with respect to the molecular orbital basis {ξ1(x), . . . , ξ8(x)}
obtained in Example 1.2.4. Since each molecular orbital depends on a single variable, the
integrals arising in the matrix elements HI,J = ⟨ΦI ,H ΦJ⟩ factorize into combinations of
the one-electron integrals hp,q and the two-electron integrals vp,q,r,s. This yields the following
expression for the Hamiltonian entries:

HI,J =
∑
ρ∈SI
π∈SJ

sgn(ρ) sgn(π)

4∑
ℓ=1

(
hρ(iℓ),π(jℓ)

4∏
ℓ̸=k=1

δρ(ik),π(jk) +

4∑
j>ℓ

vρ(iℓ),π(jℓ),ρ(ij),π(jj)

4∏
ℓ̸=j ̸=k=1

δρ(ik),π(jk)

)
.

From now on, our main objective is to solve the eigenvalue problem for the Hamiltonian
matrix H, that is, to solve (1.13). We interpret this as an eigenvalue problem over an abstract
vector space via the identification Hd

∼= ∧dRn. Using the standard basis {e1, . . . , en} of
Rn, the space ∧dRn has the canonical wedge basis eJ , where J ∈

(
[n]
d

)
. Vectors ψ ∈ ∧dRn

are called quantum states, and their coordinates ψJ in the basis {eJ} are called Plücker
coordinates, referring to the Grassmannian. The wave function Ψ(x) corresponding to the
quantum state ψ ∈ ∧dRn is obtained by taking the linear combination of the basis states
{ΨJ(x)}J with coefficients given by the coordinates of ψ.

Remark 1.2.7 (Complexification). Later, when applying algebraic-geometric methods to this
problem, it becomes necessary to work over an algebraically closed field. In that setting, we
extend the real numbers to their algebraic closure C and consider the state space ∧dCn. This
extension is made for algebraic purposes rather than to study genuinely complex quantum
states, and accordingly we model the Hamiltonian as a complex symmetric matrix. In
particular, we do not impose the Hermitian condition on H, although that would be natural
in a genuinely complex quantum-mechanical setting. The reason is that Hermitianity involves
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complex conjugation and is therefore not an algebraic property. Symmetry, by contrast, is
algebraic and fits naturally into our framework. This is sufficient for our purposes, since we
are ultimately interested in real solutions, while the complex ones arise as part of the algebraic

closure. We will also later extend this construction to projective space, P(Hd) ∼= P(n
d)−1.

Coupled Cluster Theory

Eigenvalue problems are a central theme in mathematics and among the most widely studied
computational problems. While conceptually elementary, they can become infeasible for
large matrices. Since the dimension of the Hamiltonian matrix H grows exponentially with
the system size, efficient and tractable numerical schemes are essential for approximating
the behavior of complex atoms and molecules [64]. One class of widely used high-accuracy
approximation methods is based on coupled cluster (CC) theory [51, Section 13], which forms
a central theme of this thesis. It is considered the gold standard for accurately approximating
ground-state energies of weakly correlated systems near equilibrium. Coupled cluster theory
in first quantization, viewed from the perspective of nonlinear algebra, will be the main focus
of Part I in this thesis. We now give a brief introduction from a more quantum chemical
perspective. A more detailed and algebraic treatment can be found in Chapter 2.

We begin with the reference state e[d] = e1∧· · ·∧ed. This is also known as the Hartree–Fock
state, as it corresponds to the optimal Slater determinant Ψ obtained from Hartree–Fock
theory (see the discussion on molecular orbitals above). The eigenstates of the Hamiltonian
are typically correlated (entangled) and are therefore not Slater determinants (i.e. represented
by rank 1 elements in ∧dRn). To describe such states, we first introduce excitation operators.
For each I ⊆ [d] and B ⊆ [n]\[d] where |I| = |B| we define the excitation operator

χI,B : Hd → Hd, eJ 7→
{
±e(J\I)∪B if I ⊆ J and B ∩ J = ∅
0 otherwise

In particular it maps the reference state e[d] to a signed basis vector e([d]\I)∪B. We call k = |I|
the level of the operator. The basis vector eJ = χI,Be[d] is then also said to have level k. The
cluster operator T is defined as a general linear combination of these excitation operators. It
decomposes as a graded operator

T = T1 + · · ·+ Td, Tk =
∑

|I|=|B|=k

tI,BχI,B, (1.15)

where Tk is a general linear combination of all level-k excitation operators. The coefficients
tI,B are unknowns and are called cluster amplitudes. The corresponding cluster matrix is a
nilpotent

(
n
d

)
×
(
n
d

)
matrix, also denoted T . Indeed T d+1 = 0.

We are able to describe higher-rank (entangled) states by the following ansatz. In coupled
cluster theory one assumes that quantum states can be parameterized as

ψ = exp(T ) e[d]. (1.16)
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The new unknowns are the cluster amplitudes tI,B. Since T d+1 = 0, the exponential exp(T )
is a finite polynomial in T . Substituting the parameterization (1.16) into (1.13) yields

H exp(T )e[d] = E exp(T )e[d], i.e. exp(−T )H exp(T )e[d] = Ee[d]. (1.17)

These are known as the coupled cluster equations. Different approximations are obtained by
truncating T to certain excitation levels. The resulting equations are then projected onto
the subspace spanned by basis vectors of those levels. The most common approximations
are CCS (singles), CCD (doubles), and CCSD (singles and doubles), corresponding to the
truncations T := T1, T := T2, and T := T1 + T2, respectively. In this thesis we study abstract
truncations, that is, we consider arbitrary truncation sets σ ⊆ [d]. In this notation, CCS
corresponds to σ = {1}, CCD corresponds to σ = {2}, and CCSD corresponds to σ = {1, 2}.

More precisely, (1.17) are called the linked coupled cluster equations, and they are the
formulation most commonly used in practice. In this thesis, however, we focus on the
algebraically simpler unlinked coupled cluster equations. We refer to [51, Section 13.2.3] for
the definition of both formulations and a comparison between them. Both formulations are
also introduced in Section 2.3, and in Theorem 2.3.10 we show that they are equivalent in all
cases of chemical interest.

Second Quantization

Mathematically, the formulation above is very neat. However, for large molecules — for
instance with d = 50 electrons in at least n = 100 spin-orbitals — the state space Hd becomes
enormous: it has dimension

(
100
50

)
≈ 1029. In such cases, even writing the Hamiltonian as a

matrix becomes infeasible. A key observation is that the physical electronic Hamiltonian is
highly structured. This motivates the use of second quantization. In this framework, instead of
representing many-electron operators on ∧dH (such as the Hamiltonian) by explicit matrices,
we express them as polynomials in an operator algebra known as the Fermi–Dirac algebra.
We give a brief introduction to this formalism here. Its systematic algebraic development
forms the focus of Part II of this thesis.

To this end, we introduce the fermionic Fock space F as the exterior algebra ∧H ∼= ∧Rn.
In this way, the state space is extended from the dth exterior power Hd

∼= ∧dRn to the full
exterior algebra, which is naturally equipped with the product ∧. On F we then define the
creation and annihilation operators as exterior and interior products:

a†p : F → F , ψ 7→ ep ∧ ψ =
∑
J⊆[n]

ψJep ∧ eJ

ap : F → F , ψ 7→ ep ⌟ ψ =
∑
J⊆[n]

ψJep ⌟ eJ .

The symbol ⌟ denotes the dual operation of the wedge product ∧, called the hook product,
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see [44, Section 3.6] for a definition. Explicitly we have

ep ∧ eI =

{
(−1)heI∪{p} if p /∈ I
0 otherwise,

ep ⌟ eI =

{
(−1)heI\{p} if p ∈ I
0 otherwise.

(1.18)

Here the signs are determined by h = |{i ∈ I : i < p}|. As the name suggests these operators
correspond to creating and annihilating particles at the orbital numbered p, for p = 1, . . . , n.
They fulfill the following anticommutation relations (often denoted CAR, see [32, Section 2])

a†pa
†
q + a†qa

†
p = 0, apaq + aqap = 0, a†paq + aqa

†
p = δp,q.

Hence, the operators encode the skew-symmetry properties of fermionic states.
The Hamiltonian operator H , defined in (1.12), consists of a term acting on a single

electron, called the one-body part, and a term acting on pairs of electrons, called the two-body
part. We can therefore express the electronic Hamiltonian in second-quantized form as the
following sum of a one-body term and a two-body term

H =
n∑

p,q=1

hp,q a
†
paq +

1

2

n∑
p,q,r,s=1

vp,q,r,s a
†
pa

†
rasaq. (1.19)

Here the coefficients hp,q and vp,q,r,s are given by the integrals (1.14). Since the creation
and annihilation operators are endomorphisms of the Fock space F , the second-quantized
Hamiltonian defines an endomorphism of F . Moreover, each monomial in (1.19) contains the
same number of creation and annihilation operators. Therefore the Hamiltonian preserves
particle number and restricts to an endomorphism of Hd. This provides a compact and
equivalent representation of the Hamiltonian matrix H in terms of a symmetric n× n matrix
h and an n×n×n×n tensor v, with symmetry properties which are described in Section 6.2.

Second quantization is particularly well suited for methods such as coupled cluster theory.
In this framework, the excitation operators are monomials in the creation and annihilation
operators, and we may write the cluster operator T as the polynomial

T =
∑

I⊆[d], B⊆[n]\[d]
|I|=|B|>0

tI,B a
†
bk
· · · a†b1ai1 · · · aik .

Furthermore, by working over the full exterior algebra F ∼= ∧Rn, we can extend our study
from systems with a fixed number of electrons (fixed-N) to processes involving ionization
and electron attachment. There we obtain approximation schemes such as Fock space coupled
cluster (FSCC) [30, 58, 65] and equations of motion coupled cluster (EOM-CC) [93].

Spin

In the formulation so far, spin has appeared only implicitly through the definition of spin
orbitals. Physically, spin represents an additional internal degree of freedom of the electron.
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Electrons possess an intrinsic angular momentum called spin [89]. Since electrons are fermions,
the spin quantum number is s = 1

2
, giving rise to two possible spin states, “spin up” (↑)

and “spin down” (↓). Taking spin into account reveals additional symmetries and leads to
important simplifications in the structure of the state space and the resulting equations. We
briefly introduce these ideas here. Their full development, especially from an algebraic point
of view, is the subject of Part III of this thesis.

The intrinsic angular momentum of an electron (i.e. its spin) is described by the action of
the special unitary group SU(2) on the two-dimensional spin space Hspin. To this end, we
introduce the following spin operators

S+ =

[
0 1
0 0

]
, S− =

[
0 0
1 0

]
, Sz =

1

2

[
1 0
0 −1

]
.

The operators S+ and S− are known as the raising and lowering operators [51, Section 2.2.2].
These matrices form a basis of the complex Lie algebra sl2(C), which is the complexification
of the Lie algebra su(2) of SU(2). They define a Lie algebra action of sl2(C) on the spin space
Hspin via left multiplication with respect to the basis e↑ = e1 and e↓ = −e2 of Hspin, see [104,
Section 3.2]. This Lie algebra representation integrates to a representation of SU(2) on Hspin,
and hence induces an action of SU(2) on Hspin. We also introduce the total spin operator

S2 := S2
z + 1

2

(
S+S− + S−S+

)
.

This is the Casimir operator of sl2(C). Hence it acts as a scalar on each irreducible represen-
tation of sl2(C), see for example [43, Chapter 11].

This action on the spin space extends naturally to the one-particle space H ∼= Rm⊗Hspin

and therefore induces an action on the d–electron space Hd
∼= ∧dH. Consequently, Hd is an

SU(2)–representation. We may therefore decompose Hd into isotypic components

Hd
∼=
⊕
s

V ⊕cs
s ,

where Vs denotes the irreducible SU(2)–representation corresponding to total spin s. The
irreducible representations of SU(2) are indexed by half-integers s = 0, 1

2
, 1, 3

2
, . . . , called

the total spin. On the s–isotypic component V ⊕cs
s , the total spin operator S2 acts by

multiplication by s(s + 1). In quantum chemistry these isotypic components are referred
to as the spin singlet, doublet, triplet, quartet, and higher spin sectors, respectively. For
example, the spin triplet sector corresponds to total spin s = 1.

Spin does not appear explicitly in the electronic Hamiltonian (1.12). Consequently, the
Hamiltonian commutes with the spin operators and is therefore spin-symmetric. As a result,
it preserves the isotypic decomposition of Hd. We may therefore restrict our computations to
a fixed spin sector. In practice one usually restricts to the spin singlet sector, that is, the
SU(2)–invariant subspace HSU(2)

d . This is the space of quantum states annihilated by the
total spin operator S2. Such states are said to have total spin zero. This observation leads to
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spin-adapted coupled cluster theory (RCC), in which the coupled cluster equations are solved

within the SU(2)–invariant subspace HSU(2)
d . Such formulations are discussed in Section 9.2.

As in the spin-generalized setting (GCC), the most common truncation schemes are singles
(RCCS), doubles (RCCD), and singles and doubles (RCCSD).

We conclude this section with a table summarizing the coupled cluster approximation
schemes discussed above. It also illustrates the correspondence between the naming conven-
tions used in quantum chemistry and the truncation sets used in this thesis.

Method State Space Dimension Truncation set CC notation

CC /
GCC

{1} CCS

Hd
∼= ∧dRn

(
n

d

)
{2} CCD

{1, 2} CCSD

FSCC /
EOM-CC

{(1, 0), (1, 1)} FSCCS

F ∼= ∧Rn 2n {(2, 1), (2, 2)} FSCCD

{(1, 0), (2, 1), (1, 1), (2, 2)} FSCCSD

{1} RCCS

RCC HSU(2)
d N(m+1, k+1) {2} RCCD

{1, 2} RCCSD

Table 1.1: CC variants, their state spaces, and math/chemistry notation.

We now clarify some of the entries in this table. In the RCC case, the number of electrons
must be even, as will be explained in Section 8.2. We therefore write d = 2k, where k
denotes the number of electron pairs. Similarly, m denotes the number of spatial orbitals, so
n = 2m. The dimension N(m+ 1, d+ 1) of the spin-invariant state space HSU(2)

d is given by
the Narayana number, a fact also established in Section 8.2. We do not list the EOM-CC
variants in detail, as they do not correspond directly to truncation sets, see Theorem 7.2.9.
The FSCC method includes both ionization and electron attachment variants. In the table,
we display only the truncation sets corresponding to ionization; those for electron attachment
are obtained by exchanging the entries in each pair.

1.3 Overview

In Part I, we study the most straightforward formulation of the coupled cluster equations,
known as first quantization. In Chapter 2, we introduce the algebraic structures arising in
this setting. We begin with the exponential map, a polynomial bijection that parametrizes
quantum states. Restricting this map to suitable domains gives rise to a family of projective
varieties, called truncation varieties. These are indexed by subsets σ ⊆ [d], which specify
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the allowed excitation levels. Each truncation variety encodes the feasible quantum states
for a given coupled cluster variant. The most common variants are CCS, CCD, and CCSD,
corresponding to σ = {1}, {2}, {1, 2}. We show that the Grassmannian arises as the CCS
truncation variety. This shows that truncation varieties can be viewed as generalizations of
the Grassmannian. We then formulate the coupled cluster equations as a nonlinear eigenvalue
problem on these varieties. This leads to the coupled cluster degree, defined as the number of
solutions to a generic instance. It serves as a complexity measure for solving the equations.
This chapter is based on [37], joint work with Fabian M. Faulstich and Bernd Sturmfels.

In Chapter 3, we study the CCS truncation variety, which is the Grassmannian in its
Plücker embedding. We show that its CC degree equals the total degree of the graph of a
birational parameterization. For the Grassmannian of lines, we construct both a Gröbner
basis and a Khovanskii basis for this graph. This allows us to derive an explicit formula for
the CC degree, based on the combinatorial properties of squarefree monomial ideals. For the
Grassmannian in general, we express the CC degree in terms of the volume of a polytope.
This chapter is based on the joint paper [8] with Viktoriia Borovik and Bernd Sturmfels.

In Chapter 4, we extend results from Chapter 3, which focuses on the Grassmannian,
to truncation varieties in general. We express the exponential parameterization in terms
of Laplace polynomials, giving a more algebraic description of truncation varieties. We
also introduce an alternative parameterization via Möbius inversion. We then show that
the CC degree of a truncation variety coincides with the total degree of the graph of this
parameterization. This allows us to study the CC degree using Gröbner and Khovanskii bases.

In Chapter 5 we study the numerical aspects of the CC equations. We introduce numerical
methods for solving systems of polynomial equations, namely parameter homotopy and
monodromy. We then describe the procedure for computing all solutions of physical CC
equations. We analyze how the CC degree scales with different truncations and system
sizes, and compare our bounds with exact values as well as previously known bounds. We
then study the molecules lithium hydride (LiH) and H4. For LiH, we solve the CCS and
CCSD equations at a bond distance close to equilibrium (energy-minimizing geometry). The
resulting CC energies approximate not only the ground state but also excited eigenvalues.
By comparing the corresponding eigenvectors, we find that only a subset provides accurate
approximations of the true quantum states. Finally, we examine the dissociation processes of
LiH and H4 in several symmetries. We compute all CCD solutions for varying bond distances
and compare them with the exact dissociation. This chapter is based on the paper [102],
joint work with Fabian M. Faulstich, and on Section 6 of [37].

In Part II we focus on the second quantized formalism, where quantum states and
observables are encoded algebraically by operators. In Chapter 6 we introduce the underlying
algebraic structures. We begin with the Fermi–Dirac algebra, a Clifford algebra generated
by creation and annihilation operators acting on the fermionic Fock space F ∼= ∧Rn. We
construct a Gröbner basis for the Fermi–Dirac algebra and use it to prove Wick’s theorem.
We also show that the Fermi–Dirac algebra is isomorphic to the algebra of endomorphisms
of F . This explains why observables can be expressed in terms of creation and annihilation
operators. Finally, we describe the Hamiltonian as an element of the Fermi–Dirac algebra.
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In particular, we express its one-body component as an additive compound matrix, whose
eigenvectors lie on the Grassmannian. This chapter is based on my solo paper [101].

In Chapter 7 we construct the coupled cluster equations in the second quantized formalism.
Since we work over the full exterior algebra, i.e. the Fock space F ∼= ∧Rn, particle number
conservation need not be imposed. This allows us to incorporate processes such as ionization
and electron attachment. As a consequence, the class of truncation varieties extends to
projective varieties in P2n−1. We relate these truncations to established approximation
schemes in quantum chemistry, including Fock space coupled cluster (FSCC) and equation-
of-motion coupled cluster (EOM-CC). From a geometric perspective, this framework also
reveals familiar varieties such as the flag varieties and spinor varieties. We study these
truncation varieties in detail. We provide birational parameterizations, defining equations,
and dimension formulas. Moreover, we show that for special truncation varieties, including
the flag and spinor varieties, the CC degree coincides with the total degree of the graph of
these parameterizations. This chapter is also based on my solo paper [101].

In Part III we focus on spin, the internal angular momentum of electrons. It is described
by an action of the special unitary group SU(2) on the spin space generated by e↑ and e↓.
In Chapter 8 we study the induced representation of SU(2) on the particle space Hd. To
simplify the analysis, we pass to the Lie algebra sl2(C) via derivation and complexification.
We describe the irreducible decomposition of Hd and show that the dimension of the invariant
subspace HSU(2)

d is given by the Narayana numbers, a refinement of the Catalan numbers. We
then introduce the excitation ring, an Artinian commutative ring defined by cubic relations.
The main result identifies this ring with HSU(2)

d . Through this identification, we obtain a

bijection between the basis elements of HSU(2)
d and Dyck paths counted by the Narayana

numbers via the RSK correspondence. This chapter is based on the paper [87], joint work with
Abigail Price and Ada Stelzer, and on the paper [38], joint work with Fabian M. Faulstich.

In Chapter 9 we study the spin-adaptation of the coupled cluster equations. Since the
Hamiltonian does not act on the spin space, it preserves the sl2(C) decomposition of the

state space Hd. We may therefore restrict to the spin-invariant subspace HSU(2)
d , known in

quantum chemistry as the spin singlet sector. We define the spin-adapted truncation varieties
as the restriction of the truncation varieties to this sector. A key result is that Veronese
squares of Grassmannians arise in this way. In the special case of the quadratic Veronese
variety, we derive an explicit formula for the CC degree, which coincides with its ED degree.
We then formulate the spin-adapted coupled cluster equations and their CC degree. We
compare this degree with its spin-generalized counterpart, revealing a reduction by orders of
magnitude. This reduction enables numerical studies of larger systems. In particular, we
compute the full solution spectrum for the RCCD equations of LiH (using all orbitals) and
water (H2O). This chapter is based on joint work with Fabian M. Faulstich [38].
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1.4 Contributions

In this section, we summarize the main contributions of the thesis; see Table 1.2 for an
overview by chapter. These contributions include structural results on truncation varieties,
such as identifications with classical varieties and descriptions of their parameterizations and
CC degrees. They also include computational advances, such as improved upper bounds on
complexity and complete solutions of previously unsolved CC equations for systems such
as water. These computational advances are made possible by the algebraic framework
developed in the thesis together with numerical algebraic methods.

Among the results summarized in Table 1.2, the principal contributions of the thesis
are the explicit formula for the CC degree of the Grassmannian of lines (Theorem 3.1.2), a
combinatorial description of a basis for the spin-invariant state space via plane partitions
(Corollary 8.5.4), and the computation of the RCCD solution spectrum for H2O (Figure 9.4).

Table 1.2: Main contributions of the thesis by chapter.

Chapter Main result(s) Description

Chapter 2 Theorem 2.2.5 We prove that the CCS truncation variety is the
Grassmannian, thereby showing that the truncation
varieties naturally generalize it.

Theorem 2.3.2 We derive new upper bounds for the CC degree. These
bounds are significantly lower than previously known
bounds and capture the scaling behavior more accurately;
see Examples 5.2.3 and 5.2.2.

Chapter 3 Theorem 3.1.2,
Conjecture 3.4.2

We derive an explicit formula for the CC degree of the
Grassmannian of lines in terms of the Catalan numbers.
Using [39], we also deduce that the CC degree of Gr(d, n)
equals the normalized volume of the CFFLV polytope.

Chapter 4 Theorem 4.3.8 We construct explicit parameterizations of every
truncation variety via graph maps, yielding a simpler
algebraic description.

Corollary 4.3.10 We prove that the CC degree of a truncation variety
coincides with the total degree of the graph of this
parameterization. This gives an algebraic interpretation
of the CC degree, an important measure of complexity.

Chapter 5 Figure 5.8 We compute the full CCSD energy spectrum for LiH
alongside the exact energy spectrum. This provides one
of the first complete solutions of the CC equations for a
molecular system of this size.
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Chapter Main result(s) Description

Chapter 7 Theorem 7.3.3,
Theorem 7.3.7

We show that flag and spinor varieties arise as FSCC
truncation varieties.

Theorem 7.4.1 We classify the truncation varieties whose CC degree
equals the total degree of the graph of their exponential
parameterization.

Chapter 8 Corollary 8.5.4 We give an explicit combinatorial description of the basis
states of the spin-invariant state space via a bijection
with plane partitions.

Chapter 9 Theorem 9.1.4 We prove that the RCCS truncation variety is the
Veronese square of the Grassmannian.

Figure 9.4 We compute the RCCD energy spectrum for H2O. To our
knowledge, this is the largest electronic system for which
a full CC solution spectrum has been computed, enabled
by our algebraic methods together with the reduction in
complexity from spin adaptation; see Figure 9.1.
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Part I

Coupled Cluster Theory



32

Chapter 2

Algebraic Quantum Chemistry

In this chapter we introduce the algebraic objects arising in coupled cluster theory. We define
the truncation varieties, a family of projective varieties indexed by truncations. We show that
the Grassmannian appears as a truncation variety and therefore view the truncation varieties
as generalizations of the Grassmannian. We then define the coupled cluster equations as
truncated eigenvalue equations over the truncation varieties. These give rise to a hierarchy
of approximation schemes for the electronic Schrödinger equation, known as CCS, CCD,
CCSD, and so on. These polynomial systems generically have finitely many solutions, and
we call the generic root count the coupled cluster degree. This degree is an invariant of the
truncation variety and it serves as a complexity measure for fully solving the CC equations. It
is analogous to other complexity measures in nonlinear algebra, such as the ED degree, polar
degree, and ML degree [10, 72]. This chapter is based on the paper Algebraic Varieties in
Quantum Chemistry [37], which is joint work with Fabian M. Faulstich and Bernd Sturmfels.

2.1 Exponential Parametrization

We work in the vector space Hd = ∧dRn. It is a discretized Hilbert space of wave functions,
see Section 1.2 for the construction. Here n denotes the number of spin-orbitals and d
the number of particles in an electronic system. The standard basis vectors of Hd are
eI = ei1 ∧ ei2 ∧ · · · ∧ eid . In this notation, I = (i1 < i2 < . . . < id) ∈

(
[n]
d

)
is a subset of

[n] of cardinality d whose elements are always written in (increasing) order. Here d ≤ n
are positive integers. The reference state is the first basis vector e[d] for [d] = {1, 2, . . . , d}.
Vectors in Hd are called quantum states and they are written uniquely as linear combinations
of the basis vectors:

ψ =
∑

I∈([n]
d )

ψI eI .

Motivated by nonlinear algebra [72, Chapter 5], we call ψI the Plücker coordinates. Sometimes
it is preferable to write the Plücker coordinates as cα,β, where α is a subset of [d] and β is a
subset of [n]\[d] = {d + 1, . . . , n} of the same cardinality |α| = |β|. The cα,β are known as
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configuration interaction coefficients in quantum chemistry. The identification between these
two systems of coordinates on the space of quantum states Hd = ∧dRn is as follows:

cα,β = ψI where I = ([d]\α) ∪ β. (2.1)

We think of the ψI as the d × d minors of a d × n matrix, and we think of the cα,β as the
minors of all sizes in a d× (n− d) matrix. These two sets have the same cardinality(

n

d

)
=

min(d,n−d)∑
k=0

(
d

k

)(
n− d
k

)
.

The title of this section refers to a birational map, defined shortly, between two copies of

R(n
d). It restricts to a polynomial map with polynomial inverse on the affine hyperplane

H′
d = {ψ ∈ Hd : ψ[d] = 1} ≃ R(n

d)−1.

Later on, when we come to algebraic varieties, we shall pass from the vector space Hd to

the projective space P(n
d)−1 = P(Hd). This is the projective closure of the affine space H′

d.

Thus the above coordinates ψI and cα,β also serve as homogeneous coordinates on P(n
d)−1.

See Section 1.1 and [21, Chapter 8] for the basics on projective algebraic geometry with a
view toward computation. In particular, note Remark 1.1.8.

To define the exponential parameterization, we introduce our second vector space Vd.
It is isomorphic to Hd, with coordinates indexed by

(
[n]
d

)
. The elements of Vd are called

cluster amplitudes and we denote them by x = (xI)I∈([n]
d ). The cluster amplitudes x also have

alternate coordinates that are indexed by minors of a d× (n− d)-matrix. As in (2.1), we set

tα,β = xI where I = ([d]\α) ∪ β. (2.2)

The level of a coordinate ψI or xI is defined as the cardinality of I\[d]. Equivalently, the
level of cα,β or tα,β equals |α| = |β|. For example, for d = 3 and n = 6, each of the spaces Hd

and Vd has 20 coordinates: one of level 0, nine of level 1, nine of level 2, and one of level 3:

ψ123 = c∅, ψ124 = c3,4, ψ125 = c3,5, . . . , ψ136 = c2,6, ψ145 = c23,45, . . . , ψ356 = c12,56, ψ456 = c123,456,
x123 = t∅, x124 = t3,4, x125 = t3,5, . . . , x136 = t2,6, x145 = t23,45, . . . , x356 = t12,56, x456 = t123,456.

The term level refers to the excitation level of the electrons in a chemical system.
Our workhorse is the nonlinear coordinate transformation between quantum states and

cluster amplitudes. The basic ingredient is a lower-triangular matrix T (x) of square format(
n
d

)
×
(
n
d

)
, described using excitation operators, see [35, 36]. See also Section 1.2 for a short

introduction. Explicitly, the cluster operator χα,β, for α ⊆ [d], β ⊆ [n]\[d] where |α| = |β|, is
defined as the following endomorphism:

χα,β : Hd → Hd, z 7→ (eα ⌟ z) ∧ eβ.
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The interior product ⌟ is the operator dual to the exterior product, see the explicit definition
in (1.18). Informally, eα ⌟ z removes eα from all terms of z, with certain sign conventions for
compatibility. Its corresponding matrix Xα,β is lower triangular of size

(
n
d

)
×
(
n
d

)
. The cluster

operator is then defined as the following linear combination of the excitation operators

T (x) =
∑

J∈([n]
d ), J ̸=[d]

xJX[d]\J,J\[d]. (2.3)

In conclusion, T (x) is a well-defined lower-triangular matrix of size
(
n
d

)
×
(
n
d

)
that depends

linearly on the cluster amplitudes x. This matrix represents the cluster operator in [35, 36].

Example 2.1.1 (d = 2, n = 5). The lower-triangular 10× 10 matrix defined above equals

T (x) =



0 0 0 0 0 0 0 0 0 0
x13 0 0 0 0 0 0 0 0 0
x14 0 0 0 0 0 0 0 0 0
x15 0 0 0 0 0 0 0 0 0
−x23 0 0 0 0 0 0 0 0 0
−x24 0 0 0 0 0 0 0 0 0
−x25 0 0 0 0 0 0 0 0 0
x34 −x24 x23 0 −x14 x13 0 0 0 0
x35 −x25 0 x23 −x15 0 x13 0 0 0
x45 0 −x25 x24 0 −x15 x14 0 0 0


.

The level zero variable x12 does not appear. Three variables x34, x35, x45 have level two.

The lower-triangular matrix T (x) is nilpotent of order d. This is shown in [36, Section
3.2] and also follows from equation (2.3). Hence, the matrix exponential is the finite sum

exp(T (x)) =
d∑

k=0

1

k!
T (x)k. (2.4)

In particular, the entries of the matrix exp(T (x)) are polynomials in x of degree at most d.

Example 2.1.2 (d = 2, n = 5). The exponential of the matrix in Example 2.1.1 equals

exp(T (x)) =



1 0 0 0 0 0 0 0 0 0
x13 1 0 0 0 0 0 0 0 0
x14 0 1 0 0 0 0 0 0 0
x15 0 0 1 0 0 0 0 0 0
−x23 0 0 0 1 0 0 0 0 0
−x24 0 0 0 0 1 0 0 0 0
−x25 0 0 0 0 0 1 0 0 0

x14x23−x13x24 + x34 −x24 x23 0 −x14 x13 0 1 0 0
x15x23−x13x25 + x35 −x25 0 x23 −x15 0 x13 0 1 0
x15x24−x14x25 + x45 0 −x25 x24 0 −x15 x14 0 0 1


. (2.5)
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The following observation will be important later on: If we set the level two parameters to
zero, i.e. x34 = x35 = x45 = 0, then the first column consists of all 10 maximal minors of[

1 0 x23 x24 x25
0 1 x13 x14 x15

]
=

[
1 0 t1,3 t1,4 t1,5
0 1 t2,3 t2,4 t2,5

]
.

Thus the Grassmannian Gr(2, 5) ⊆ P9 makes an appearance in the first column of exp(T (x)).

Returning to general d and n, the exponential parameterization is the map

Vd → Hd, x 7→ ψ , where ψ = exp(T (x)) e[d]. (2.6)

Here e[d] is the reference state in Hd ≃ R(n
d), i.e. the first standard basis vector. The

transformation (2.6) gives a formula for the quantum states ψ in terms of the cluster
amplitudes x. To be precise, each of the

(
n
d

)
coordinates ψI is a polynomial ψI(x) in the(

n
d

)
unknowns xJ . In the definition (2.6), we had assumed that x[d] = 1 and ψ[d] = 1.

Geometrically, this means that we work in the affine spaces V ′
d and H′

d, both of which are

identified with R(n
d)−1. Later on, we shall extend (2.6) to a birational automorphism of the

projective space P(n
d)−1. The reference coordinates x[d] = t∅,∅ and ψ[d] = c∅,∅ will then serve

as homogenizing variables.
The formula ψ = exp(T (x))e[d] simply says that ψ equals the leftmost column vector of

the matrix exp(T (x)). For instance, in Example 2.1.2, the formula for the Plücker coordinates
of the quantum state ψ = (ψ12, ψ13, . . . , ψ45) in terms of cluster amplitudes is given by the
first column of (2.5). Here is a slightly larger example, where the matrices have size 20× 20:

Example 2.1.3 (d = 3, n = 6). The 20 coordinates in the formula (2.6) are as follows:

ψ123 = x123 = 1 ψ135 = −x135 ψ145 = x145 − x124x135 + x125x134 ψ256 = −x256 + x125x236 − x126x235
ψ124 = x124 ψ136 = −x136 ψ146 = x146 − x124x136 + x126x134 ψ345 = x345 − x134x235 + x135x234
ψ125 = x125 ψ234 = x234 ψ156 = x156 − x125x136 + x126x135 ψ346 = x346 − x134x236 + x136x234
ψ126 = x126 ψ235 = x235 ψ245 = −x245 + x124x235 − x125x234 ψ356 = x356 − x135x236 + x136x235
ψ134 = −x134 ψ236 = x236 ψ246 = −x246 + x124x236 − x126x234
Finally, at level three we find that ψ456 is equal to

x456 + x124x356 − x125x346 + x126x345 − x134x256 + x135x246 − x136x245 + x145x236 − x146x235 + x156x234
− x124x135x236 + x124x136x235 + x125x134x236 − x125x136x234 − x126x134x235 + x126x135x234.

In both examples, we can easily solve the equation ψ = exp(T (x)) e[d] for x. This is done
inductively by level. For levels zero and one, we simply have xI = ±ψI . At each larger level,
we use the formulas for lower level coordinates xI in terms of the ψJ , and we substitute these
into the equation. For instance, in Example 2.1.3, this yields the inversion formulas

x124 = ψ124, . . . , ψ236 = x236

x145 = ψ145 − ψ124ψ135 + ψ125ψ134, . . . , ψ356 = x356 − x135x236 + x136x235

x456 = ψ456 − ψ124ψ356 + ψ125ψ346 − ψ126ψ345 + ψ134ψ256 − ψ135ψ246 + ψ136ψ245 − ψ145ψ236 + ψ146ψ235

− ψ156ψ234 + 2(ψ124ψ135ψ236−ψ124ψ136ψ235−ψ125ψ134ψ236+ψ125ψ136ψ234+ψ126ψ134ψ235−ψ126ψ135ψ234).

We next show that such inversion formulas can always be found.
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Proposition 2.1.4. The map (2.6) from x-coordinates to ψ-coordinates has a polynomial
inverse. Namely, xI is equal to ±ψI plus a polynomial in ψ-coordinates of strictly lower level.

Proof. We proceed by induction on the level. At level zero, we have x[d] = ψ[d] = 1. For
level one, we already saw that xI = ±ψI . If the index I has level r then the formula in (2.6)
writes ψI as ±xI plus a polynomial in variables xJ of level < r. Each of these lower level xJ
can now be replaced with a polynomial in ψ, by the induction hypothesis. This yields the
promised representation for xI as ±ψI plus a polynomial in lower level ψ-coordinates.

Let xI(ψ) denote the polynomial that expresses the cluster amplitudes in terms of the
Plücker coordinates. Conversely, ψI(x) is a polynomial in cluster amplitudes. As is apparent
from the proof of Proposition 2.1.4, the degree of each polynomial is the level of I and the
variable xI occurs linearly in ψI(x). Similarly, the variable ψI occurs linearly in xI(ψ).

The monomials occurring in ψI(x) are in natural bijection with those occurring in xI(ψ),
and we shall give an explicit formula for these monomials and their coefficients. For this, it
helps to note that, for each degree d, there is really only one ψ-polynomial and x-polynomial.
Here we refer to the symmetric group actions that permute the indices in [d] and in [n]\[d].
For fixed d and fixed level |I\[d]|, all ψI(x) are in the same orbit, and ditto for xI(ψ). Each
coordinate in the exponential parameterization is a replicate of a certain master polynomial.

It would be desirable to better understand our equations from the perspective of repre-
sentation theory. In this setting, the master polynomials should be highest weight vectors.

The master polynomials of degree d are ψI(x) and xI(ψ) where n = 2d and I = [2d]\[d].
All coordinates in (2.6) and its inverse are obtained from these two by changing indices. For
instance, all quadratic entries in the matrix (2.5) are replicates of ψ34(x) = x14x23−x13x24+x34.

By inverting the map (2.6), we find the following master polynomials of degree d ≤ 5:

x34(ψ) = ψ34 − ψ13ψ24 + ψ14ψ23 3 terms
x456(ψ) = ψ456 − ψ124ψ356 + · · · − 2ψ126ψ135ψ234 16 terms
x5678(ψ) = ψ5678 − ψ1235ψ4678 + · · · − 2ψ1278ψ1346ψ2345 + · · · − 6ψ1238ψ1247ψ1346ψ2345 131 terms
x67890(ψ) = ψ67890 − ψ12346ψ57890 + · · · − 2ψ12890ψ13457ψ23456 + · · ·

+6ψ12390ψ12458ψ13457ψ23456 + · · ·+ 24ψ12349ψ12358ψ12457ψ13456ψ23450 1496 terms

The first Plücker coordinate ψ[d] plays a special role. It does not occur in our polynomials.
Let x̄I(ψ) denote the homogenization of xI(ψ) with respect to ψ[d]. This is a homogeneous

polynomial of degree |I\[d]|. Its hypersurface V (x̄I) ⊆ P(n
d)−1 will be important in Section 2.2.

We close this section by giving explicit combinatorial formulas for the master polynomials.
Formulas for all other coordinates in (2.6) and their inverse are obtained by adjusting the
indices. The number of monomials is found in The On-Line Encyclopedia of Integer Sequences,
which is published electronically at http://oeis.org. Namely, it is the sequence

#Ud = 3, 16, 131, 1 496, 22 482, 426 833, 9 934 563 for d = 2, 3, 4, 5, 6, 7, 8. (A005046)

This is the number of uniform block permutations. Let [d] = [2d]\[d]. We recall (e.g. from
[79]) that a uniform block permutation is a partition π of the set [d]∪ [d] = [2d], here denoted

π = {π1, π2, . . . , πk} = {α1 ∪ β1, α2 ∪ β2, . . . , αk ∪ βk},

http://oeis.org
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which satisfies αi ⊆ [d], βi ⊆ [d] and |αi| = |βi| for all i ∈ [k]. We denote by Ud the set of all
uniform block permutations of [2d]. For details on the algebraic and combinatorial structures
of Ud we refer to [79, Section 2.3] and the references therein.

The connection to coupled cluster theory arises from identifying Ud with the set of
monomials that appear in the above polynomials ψI(x) and xI(ψ). To see this, we pass to the
coordinates in (2.1) and (2.2). The polynomial ψI(x) is now written as cα,β(t), and xI(ψ) is
now written as tα,β(c). With this notation, the master polynomials of degree d are c[d],[d](t) and
t[d],[d](c), and we write the monomial corresponding to a given uniform block permutation as

tπ := tα1,β1tα2,β2 · · · tαk,βk
and cπ := cα1,β1cα2,β2 · · · cαk,βk

.

The master polynomials are Z-linear combinations of these monomials for k = 1, 2, . . . , d.

Theorem 2.1.5. The coordinates in the exponential parameterization are

c[d],[d](t) =
∑
π∈Ud

sign(π) tπ and t[d],[d](c) =
∑
π∈Ud

sign(π)(−1)ν+k−1(k − 1)! cπ.

In these formulas, the sign of an element π ∈ Ud is the product of the signs of the permutations

[d] 7→ (α1, α2, . . . , αk) and [d] 7→ (β1, β2, . . . , βk), (2.7)

where each αi and βi is an increasing sequence. We also have ν = d(d−1)
2
−∑k

r=1
|αr|(|αr|−1)

2
.

Proof. Let π ∈ Ud. We consider the monomial tπ in the master polynomial c[d],[d](t). Its term
is the product of matrix entries of T (x) whose respective rows and columns are

([d]\Ar) ∪Br and ([d]\Ar−1) ∪Br−1,

where Ar = ∪ri=1αi and Br = ∪ri=1βi. One checks from the definition of T (x) that the sign of
such an entry comes from the number of inversions of (Br−1, βr) and (αr, [d]\Ar) and from
the sign (−1)|αr|(d−|αr|). We take the product of the signs of these entries for all r ≤ k. Since

k∑
r=1

|αr|(d− |αr|) =
k∑

r=1

|αr|(d− 1)−
k∑

r=1

|αr|(|αr| − 1) = d(d− 1)−
k∑

r=1

|αr|(|αr| − 1)

is an even integer, the sign of π equals the product of the signs of the permutations in (2.7).
The set Ud of uniform block permutations has a natural partial order, induced by the

partial orders on the set partitions of [d] and [d]. The Möbius function of the poset Ud is
given by µ(π) = (−1)k−1(k − 1)!. For any uniform block partition ρ ∈ Ud we can write

(−1)νsign(ρ) cρ(t) =
∑
π≤ρ

sign(π) tπ.

Using Möbius inversion, we obtain the asserted formula for t[d],[d] in terms of the cπ.
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2.2 Truncation Varieties

In this section, we study the algebraic varieties arising in coupled cluster theory. They are
found by truncating the exponential parameterization (2.6) to a certain coordinate subspace.

We consider the image of this truncation in Hd. Its closure in P(n
d)−1 is our variety.

More precisely, let σ be a non-empty proper subset of [d] = {1, 2, . . . , d}, and define

Vσ = span
{
eJ : J ∈

(
[n]
d

)
and |J\[d]| ∈ σ ∪ {0}

}
. (2.8)

This is a linear subspace of the vector space Vd spanned by all basis vectors eJ of level in σ.
The subspace Vσ is the variety of the ideal

Pσ =
〈
xI : I ∈

(
[n]
d

)
and |I\[d]| ∈ [d]\σ

〉
. (2.9)

The restriction of the exponential parameterization to the subspace Vσ is injective. It
maps Vσ into the full space of quantum states Hd, and it maps further to the projective space

P(Hd) = P(n
d)−1. We define the truncation variety Vσ as the closure of the image of Vσ under

this map to P(n
d)−1. Since the exponential parameterization is invertible, the dimension of

the projective variety Vσ is one less than the dimension of its linear space of parameters Vσ.
The varieties Vσ correspond to the various models in CC theory. For instance, in the

notation of [36, Section 1.2], the index set σ = {1, 2} corresponds to CCSD, the index set
σ = {1, 2, 3} corresponds to CCSDT, etc. But here we allow arbitrary truncation sets. For
instance, taking σ = {2, 3} means that doubles and triples are included but singles are not.

Example 2.2.1 (d = 2, n = 5). There are only two proper subsets of [d], namely σ = {1}
and σ = {2}. The two varieties Vσ live in P9. They are defined by truncating the exponential
parameterization, which is given by the leftmost column in (2.5). For σ = {2} we set
x13 = x14 = x15 = x23 = x24 = x25 = 0. Hence V{2} is the subspace P3 with coordinates
(ψ12 : ψ34 : ψ35 : ψ45). For σ = {1} we set x34 = x35 = x45 = 0, and we obtain the
Grassmannian Gr(2, 5). See Example 2.1.2 and Theorem 2.2.5. We revisit the ideal of Gr(2, 5)
in Example 2.2.3.

Our next result characterizes the homogeneous prime ideals of the truncation varieties. It
shows how to derive these ideals from the master polynomials that are given in Theorem 2.1.5.

Theorem 2.2.2. The homogeneous prime ideal of the truncation variety Vσ is the saturation

I(Vσ) =
〈
x̄I(ψ) : |I\[d]| ∈ [d]\σ

〉
: ⟨ψ[d] ⟩∞. (2.10)

In particular, the restriction of Vσ to the affine chart C(n
d)−1 = {ψ[d] = 1} of projective space

P(n
d)−1 is the complete intersection defined by the equations xI(ψ) = 0 where |I\[d]| ∈ [d]\σ.
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The provided explicit description of the ideal of the truncation variety allows the com-
putation of deg(Vσ) – and hence the bound in Theorem 2.3.2 – via the degree of the ideal.
See Section 1.1 for a discussion on the projectivization of ideals via saturation. Its role in
the context of projective geometry is explained in [21, Section 8.5]. These references and the
following example are meant to help our readers in understanding Theorem 2.2.2.

Example 2.2.3 (d=2, n=5, σ={1}). The truncation variety V{1} = Gr(2, 5) has codimension
3 in P9. Its restriction to the affine chart C9 = P9\V (ψ12) is the zero set of three polynomials:

x34(ψ) = ψ34 − ψ13ψ24 + ψ14ψ23,
x35(ψ) = ψ35 − ψ13ψ25 + ψ15ψ23,
x45(ψ) = ψ45 − ψ14ψ25 + ψ15ψ24.

By multiplying each first term with ψ12, we obtain the quadratic forms x̄34(ψ), x̄35(ψ), x̄45(ψ).
These do not cut out V{1}. Indeed, the ideal on the left below is radical but it is not prime:

⟨x̄34(ψ), x̄35(ψ), x̄45(ψ)⟩ = I(Gr(2, 5))∩ ⟨ψ12, ψ13ψ24−ψ14ψ23, ψ13ψ25−ψ15ψ23, ψ14ψ25−ψ15ψ24⟩.

This is a complete intersection, of codimension 3 and degree 23 = 8 = 5 + 3. The saturation
with respect to ψ12 removes the second associated prime and yields the desired prime ideal.

Proof of Theorem 2.2.2. We write C[ψ] and C[x] for the rings of polynomial functions on
H′

d and V ′
d respectively. These are polynomial rings in

(
n
d

)
− 1 variables, where ψ[d] =

x[d] = 1. The exponential parameterization defines an isomorphism ι : C[ψ] → C[x]
between these polynomial rings. Note that ι−1(xI) = xI(ψ) is the polynomial constructed in
Proposition 2.1.4.

The linear subspace Vσ in (2.8) corresponds to the ideal Pσ in (2.9). We write γσ : C[x]→
C[x]/Pσ for the associated quotient map. By definition, the prime ideal of Vσ ∩ C(n

d)−1 is the
kernel of γσ ◦ ι. This equals ι−1(Pσ), and it is a prime ideal because Pσ is prime. Hence,

ι−1(Pσ) =
〈
xI(ψ) : |I\[d]| ∈ [d]\σ

〉
.

This is the inhomogeneous prime ideal defining the irreducible affine variety Vσ ∩C(n
d)−1. We

pass to the prime ideal of the projective closure Vσ ⊆ P(n
d)−1 by the saturation in (2.10).

Example 2.2.4 (d=3, n=6). There are six distinct truncation varieties Vσ in P19. We compute
their prime ideals by the formula in (2.10). Each item is indexed by the corresponding set σ:

{2} The linear space V{2} ≃ P9 is the zero set of the ten coordinates ψI of level 1 or 3.

{3} Here we obtain the line V{3} ≃ P1 that is spanned by the two points e123 and e456.

{2, 3} The linear space V{2,3} ≃ P10 is the zero set of the nine coordinates ψI of level 1.

{1, 2} This is the cubic hypersurface V{1,2} which is given by the master polynomial x̄456(ψ).

{1, 3} The ideal I(V{1,3}) is generated by 25 quadrics, and dim(V{1,3})=10, deg(V{1,3})=41.
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{1} This is the Grassmannian V{1} = Gr(3, 6), of dimension 9 and degree 42. Its ideal is
generated by 35 quadrics. In (2.10) we start with nine quadrics and the cubic x̄456(ψ).

These computations were carried out with the computer algebra system Macaulay2 [46].

We have already seen Grassmannians a few times for σ = {1}. This is a general result:

Theorem 2.2.5. The truncation variety V{1} equals the Grassmannian Gr(d, n) in its Plücker

embedding in P(n
d)−1. The truncation varieties Vσ are thus generalizations of Grassmannians.

Proof. The excitation operators χα,β span a linear subspace L of Hom(Hd,Hd) of dimension(
n
d

)
. Elements in this subspace are represented by cluster matrices T (t). We now consider

the truncation to σ = {1}. Let Lσ denote the subspace of L spanned by
{
χi,j : i ∈ [d], j ∈

[n]\[d]
}

. Operators in Lσ are derivations, i.e. for τ ∈ Lσ we have

τ(x ∧ y) = τ(x) ∧ y + x ∧ τ(y). (2.11)

Let Tk denote the matrix for the linear map τ ∈ Lσ restricted to ∧kRn. From (2.11) we infer

Tk+1 = Tk ∧ Idn + Id(n
k)
∧ T1. (2.12)

We further note that Tk has nilpotency k, that is T k+1
k = 0. Since the summands on the

right hand side of (2.12) commute, we conclude that exp (Tk+1) = exp(Tk) ∧ exp(T1). The
analogous property for Kronecker sums appears in [53, Theorem 10.9]. By induction on k,

exp (T (t)) = ∧d exp (T1(t)). (2.13)

Formula (2.13) shows that the first column of the matrix exp (T (t)) consists of the d× d
minors of the first d columns of the n×n matrix exp (T1(t)) = Idn +T1(t). These columns are

1 0 · · · 0 t1,d+1 t1,d+2 · · · t1,n
0 1 · · · 0 t2,d+1 t2,d+2 · · · t2,n

0 0
. . . 0

...
...

. . .
...

0 0 · · · 1 td,d+1 td,d+2 · · · td,n


T

.

This holds because the operator τ ∈ Lσ acts on the basis vectors ei of Rn = ∧1Rn as follows:

τei =
n∑

j=d+1

ti,jχi,jei =
n∑

j=d+1

ti,jej for i ≤ d and τei = 0 for i > d.

We conclude that the first column of exp (T (t)) gives the Plücker coordinates for Gr(d, n).

Remark 2.2.6. All Grassmannians are obtained from the polynomials x̄I(ψ) with |I\[d]| ∈
{2, 3, . . . , d}, by the saturation in (2.10). Starting with these polynomials for other level sets,
we obtain all truncation varieties. This is the sense in which the Vσ generalize Gr(d, n).
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There is a natural isomorphism between the vector spaces ∧dRn and ∧n−dRn, and hence
between corresponding projective spaces. This swaps the Grassmannians Gr(d, n) and Gr(n−
d, n). The duality extends to all truncation varieties. This is the content of the next result,
which is our algebraic interpretation of particle-hole symmetry in electronic structure theory.

Proposition 2.2.7. Fix a subset σ of [d] and let n ≥ 2d. There is a linear isomorphism be-

tween two copies of P(n
d)−1 which switches the truncation varieties Vσ for (d, n) and (n−d, n).

Proof. The Plücker coordinates on the two spaces are ψI with |I| = d and ψI′ with |I ′| = n−d.
Similarly, the coordinates in (2.1) are cα,β with α ⊆ [d] and β ⊆ [n]\[d] for the first copy of

P(n
d)−1, and cα′,β′ with α′ ⊆ [n− d] and β′ ⊆ [n]\[n− d] for the second copy of P(n

d)−1. The
natural isomorphism in the statement of the proposition is given by relabelling as follows:

I 7→ I ′ = {n+1−i : i ̸∈ I}, α 7→ α′ = {n+1−j : j ∈ β}, β 7→ β′ = {n+1−k : k ∈ α}.
One checks that our construction of the matrix T (x) and the exponential parameterization in
Section 2.1 are invariant under this relabeling. It hence induces the desired isomorphism.

In light of this proposition, we shall assume n ≥ 2d in everything that follows. In
Example 2.2.4 we saw a first census of truncation varieties. We next present two further cases.

Example 2.2.8 (d = 3, n = 7). The six varieties correspond to the six columns in Table 2.1.
The last row lists the CC degrees, to be introduced in Section 2.3. The fourth row gives the
number of minimal generators in degrees 1, 2, 3 of the ideal I(Vσ). All varieties live in P34.
The first column is the Grassmannian Gr(3, 7). Among the other five, three are linear spaces.

σ {1} {2} {3} {1, 2} {1, 3} {2, 3}
dim 12 18 4 30 16 22

degree 462 1 1 43 405 1
mingens [0, 140] [16] [30] [0, 0, 7] [0, 76, 10] [12]
CCdeg 2 883 19 5 1 195 3 425 287

Table 2.1: The truncation varieties for d = 3 and n = 7.

Example 2.2.9 (d = 4, n = 8). The 14 varieties live in P69. Five of them are linear spaces:
V{3} ≃ P16, V{4} ≃ P1, V{2,4} ≃ P37, V{3,4} ≃ P17, V{2,3,4} ≃ P53. The other nine are listed here.

σ {1} {2} {1, 2} {1, 3} {1, 4} {2, 3} {1, 2, 3} {1, 2, 4} {1, 3, 4}
dim 16 36 52 32 17 52 68 53 33

mingens [0, 721] [32, 1] [0,0, 63] [0, 237, 200] [0, 668] [16, 1] [0,0,0,1] [0, 46, 120] [0,236,200]
degree 24 024 2 442 066 24 024 24 203 2 4 221 033 12 012
CCdeg 154 441 73 ≈ 16 952 996 465 915 177 503 105 273 ?? 245 239

Table 2.2: The nonlinear truncation varieties for d = 4 and n = 8.
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Our methodology for computing these degrees and CC degrees will be explained in Section 5.2.

We saw in our examples that the truncation variety Vσ is a linear space for various subsets
σ of [d]. The final theorem in this section identifies those subsets for which this happens.

Theorem 2.2.10. The truncation variety Vσ is a linear subspace of P(n
d)−1 if and only if the

index set σ is closed under addition, i.e. if i, j ∈ σ with i+ j ∈ [d] then i+ j ∈ σ.

Proof. We identify Vσ with its restriction to the affine chart H′
d = R(n

d)−1. First assume that
σ is closed under addition. We have 1 /∈ σ because σ is a proper subset of [d]. Hence ψI = 0
for all I of level 1. Consider k ≥ 2 with k ∈ [d]\σ. For all K with |K\[d]| = k we have

xK(ψ) = ±ψK +
∑
j

aj ψI
(j)
1
ψ
I
(j)
2
· · ·ψ

I
(j)
rj

= 0. (2.14)

Here aj ∈ Z\{0} and
∑rj

s=1 |I(j)s \[d]| = k for each j, i.e. the levels of the variables in each
monomial sum up to k. Since k ∈ [d]\σ and σ is closed under addition, each monomial
contains some ψI of level i < k and i ∈ [d]\σ. By induction, ψI = 0. This now implies
ψK = 0. The restriction Vσ ∩H′

d is thus linear and therefore its projective closure Vσ as well.
Next suppose that σ is not closed under addition. Fix the smallest k ∈ [d]\σ such that

k = i+ j for some i, j ∈ σ. By the same argument as above, ψI = ±xI(ψ) = 0 for all ψI of
level i < k where i ∈ [d]\σ. Consider any level k equation (2.14) that holds on the variety Vσ.
Fix any degree-compatible monomial order. The initial monomial of xK(ψ) has degree > 1:

in(xK(ψ)) = ψ
I
(j)
1
ψ
I
(j)
2
· · ·ψ

I
(j)
rj

where rj ≥ 2.

Since k is minimal, no monomial appearing in xI(ψ) ∈ Pσ = I(Vσ) divides the above initial
monomial in(xK(ψ)). Hence in(xK(ψ)) is a minimal generator for the initial ideal of Pσ.
This cannot be an initial ideal for a linear variety, and therefore Vσ itself is not linear.

2.3 The Coupled Cluster Equations

We now present the coupled cluster (CC) equations. These approximate the eigenvalue
problem (1.13). The ambient space will be one of the truncation varieties Vσ. The equations
are determined by a Hamiltonian matrix H as defined in Remark 1.2.5. A first systematic
study, with a focus on Newton polytopes, was undertaken in [36]. In what follows we derive
the CC equations from the perspective of algebraic geometry, leading to an alternative
description. In Theorem 2.3.10 we examine to what extent our formulation is equivalent to
the one seen in [35, 36] and (1.17).

Let σ be a non-empty proper subset of [d]. The set of indices with level in σ is denoted

σ̃ =
{
I ∈

(
[n]
d

)
: |I\[d]| ∈ σ

}
.
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We already saw that the dimension of the truncation variety Vσ equals the cardinality |σ̃|.
For the Grassmannian V{1} = Gr(d, n), the set {̃1} consists of all d-tuples that differ from [d]

in exactly one index, so we have |{̃1}| = d(n− d) = dim(Gr(d, n)). For ψ ∈ Hd, we denote
by ψσ the projection of the vector ψ to the coordinates ψI where I ∈ σ̃ and the homogeneous
coordinate ψ[d]. We define the unlinked coupled cluster equations to be

(Hψ)σ = λψσ, ψ ∈ Vσ. (2.15)

This translates into a system of quadratic equations on the projective variety Vσ. The linear
dependence condition in (2.15) can be expressed by the 2×2 minors of the (|σ̃|+1)×2 matrix[
(Hψ)σ , ψσ

]
. The number |σ̃| of constraints imposed by this equation equals the dimension

of Vσ, so the CC equations should have a finite number of solutions for generic H. This is
indeed the case. We call this number the CC degree of the variety Vσ, denoted by CCdeg(Vσ).

Example 2.3.1 (d = 2, σ = {1}). Consider the CC equations on the Grassmannian Gr(2, n).
There are

(
n
2

)
Plücker coordinates ψij of ψ. The truncated column vector ψσ has 2n−3 entries,

namely all coordinates ψij where {i, j} ∩ {1, 2} ≠ ∅. These coordinates form a transcendence
basis for the coordinate ring of Gr(2, n). The Hamiltonian H is a matrix of format

(
n
2

)
×
(
n
2

)
so Hψ and (Hψ)σ are column vectors of length

(
n
2

)
and 2n−3 respectively. The CC equations

(2.15) impose 2n− 4 conditions on the (2n− 4)-dimensional variety Gr(2, n). See Theorem
3.1.2 for the number of solutions.

The CC degree is the number of solutions to the CC equations. Some non-trivial values
of CCdeg(Vσ) were shown in the tables of Examples 2.2.8 and 2.2.9. We have the following
general upper bound for the CC degree in terms of the degree of the truncation variety Vσ.

Theorem 2.3.2. For any Hamiltonian H, the number of isolated solutions to (2.15) satisfies

CCdeg(Vσ) ≤
(
dim(Vσ) + 1

)
deg(Vσ). (2.16)

Proof. We set N = |σ̃| = dim(Vσ). For generic Hamiltonians H, the variety in P(n
d)−1

defined by the 2× 2 minors of the (N+1)× 2 matrix
[
(Hψ)σ , ψσ

]
has codimension N and

degree N+1. Geometrically, this variety is a cone over a generic section of the Segre variety
P1 × PN ⊆ P2N+1. The first factor on the right-hand side in (2.16) is N + 1 = deg(P1 × PN ).
The intersection with Vσ has expected dimension zero, but it can have higher-dimensional
components. We are interested in the number of isolated solutions. By Bézout’s Theorem,
this number is at most the product of the degrees of the two varieties, seen on the right in
(2.16). That bound on the number of isolated solutions also holds for special matrices H.

We note that the equality holds in (2.16) for the linear cases described in Theorem 2.2.10.

Corollary 2.3.3. Suppose that Vσ is a linear space. Then CCdeg(Vσ) = dim(Vσ) + 1, we
have (Hψ)σ = Hσ,σψσ, and (2.15) is the eigenvalue problem for the symmetric matrix Hσ,σ.
In particular, all complex solutions to the CC equations (2.15) are real.
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Proof. The vector ψ is zero in all coordinates outside σ̃ ∪ {[d]}, and it is arbitrary otherwise,
since Vσ = P|σ̃|. This implies (Hψ)σ = Hσ,σψσ, and the other assertions follow from this.

We expect (2.16) to be strict whenever deg(Vσ) ≥ 2. This holds whenever CCdeg(Vσ) is
known. There is a geometric explanation: the intersection of Vσ with the variety of 2 × 2
minors of

[
(Hψ)σ , ψσ

]
is not transverse on the hyperplane V (ψ[d]). Finding the true CC

degree is a problem in intersection theory, just like computing the degree of Vσ itself. The
two numbers are important for quantum chemistry because they govern the complexity of
solving the CC equations. In particular, CCdeg(Vσ) is the number of paths to be tracked
when solving numerically with HomotopyContinuation.jl. This is discussed in Section 5.2.

Example 2.3.4 (d = 2, σ = {1}). We continue Example 2.3.1. The degree of the Grass-
mannian Gr(2, n) is the Catalan number 1

n−1

(
2n−4
n−2

)
. We see this in [72, equation (5.5) and

Theorem 5.13]. The degree of the variety of 2× 2 minors is 2n− 3. Hence the upper bound
in (2.16) equals 2n−3

n−1

(
2n−4
n−2

)
=
(
2n−3
n−1

)
. This binomial coefficient is 10, 35, 126, 462, 1 716, 6 435

for n = 4, 5, 6, 7, 8, 9. Using computational methods, we found that the true CC degrees are
9, 27, 83, 263, 857, 2 859 for n = 4, 5, 6, 7, 8, 9. In Theorem 3.1.2 we provide an explicit formula.

The inequality (2.16) is strict for Gr(2, n) because the CC equations admit extraneous
solutions that lie on the hyperplane {ψ12 = 0}. These form a higher-dimensional component
which can be removed by saturation as in (2.10). We discuss this in detail for a small instance.

Example 2.3.5 (d = 2, n = 5). The CC equations are written via rank constraints as follows:

rank


0 ψ12 ψ13 ψ14 ψ15

−ψ12 0 ψ23 ψ24 ψ25

−ψ13 −ψ23 0 ψ34 ψ35

−ψ14 −ψ24 −ψ34 0 ψ45

−ψ15 −ψ25 −ψ35 −ψ45 0

 ≤ 2 and rank



(Hψ)12 ψ12

(Hψ)13 ψ13

(Hψ)14 ψ14

(Hψ)15 ψ15

(Hψ)23 ψ23

(Hψ)24 ψ24

(Hψ)25 ψ25


≤ 1.

Indeed, the Grassmannian V{1} = Gr(2, 5) is cut out in P9 by the 4 × 4 Pfaffians of a
skew-symmetric 5× 5 matrix (see Example 1.1.10). Let I be the ideal generated by these
5 Pfaffians plus the

(
7
2

)
= 21 maximal minors of the 7 × 2 matrix on the right. Its degree

gives the upper bound 35 = 5 · 7 in Theorem 2.3.2. The ideal I is radical, and it is the
intersection of the desired ideal of codimension 9 and a linear ideal of codimension 7, namely
⟨ψ12, ψ13, ψ14, ψ15, ψ23, ψ24, ψ25⟩. This extraneous component is responsible for the difference
8 between the upper bound and the true CC degree, which is 27, as in Theorem 3.1.2.

Example 2.3.6 (d = 3, n = 6). We consider the six truncation varieties Vσ in Example 2.2.4.
We describe them along with listing bounds for their CC degree in Table 2.3.

In three cases, the variety Vσ is a linear space in P19, and the CC degree is dim(Vσ) + 1.
In the other three cases, the CC degree is a bit below the bound given by Theorem 2.3.2. See
Examples 2.2.8 and 2.2.9 for more comparisons between our upper bound and the CC degree.
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σ {1} {2} {3} {1, 2} {1, 3} {2, 3}
dim 9 9 1 18 10 10

degree 42 1 1 3 41 1
bound 420 10 2 57 451 11
CCdeg 250 10 2 55 420 11

Table 2.3: The truncation varieties for d = 3, n = 6, with our upper bound for the CC degrees.

Of special interest is the case when the truncation variety Vσ is a hypersurface. This is the
hypersurface defined by the master polynomial t[d],[d](c) = x[2d]\[d](ψ). This polynomial was
shown explicitly in Theorem 2.1.5. Our next result gives the CC degree for this hypersurface.

Proposition 2.3.7. If n = 2d and σ = {1, 2, . . . , d−1}, then the bound (2.16) is off by d−1:

CCdegd,2d(Vσ) =
(
dim(Vσ) + 1

)
deg(Vσ) − (d− 1) = d

(
2d

d

)
− 2d+ 1. (2.17)

Proof. We wish to count all scalars λ ∈ C such that the truncated eigenvalue equation[
(H − λ Id)ψ

]
σ

= 0 has a solution ψ in Vσ. For this, we delete the last row of the matrix
H − λ Id to get a matrix with one more column than rows. Using Cramer’s Rule, we write
the entries of ψ as signed maximal minors of that matrix. The last entry of ψ is a polynomial
in λ of degree

(
2d
d

)
− 1, which is the size of these minors. All other entries of ψ = ψ(λ) are

polynomials of degree
(
2d
d

)
− 2, because λ does not occur in the last column of our matrix.

We substitute the vector ψ = ψ(λ) into the equation f = x[2d]\[d](ψ) that defines Vσ. We
know that f has degree d and it is linear in the last variable ψ[2d]\[d]. This implies that

f(ψ(λ)) is a polynomial in one variable λ of degree
((

2d
d

)
− 2
)
(d− 1) +

((
2d
d

)
− 1
)
. Since H is

generic, the polynomial is squarefree, and its number of complex zeros is given in (2.17).

We next express the CC equations in terms of the cluster amplitudes xI . Let xσ denote
the restriction of the vector x to the coordinates in σ̃. To be precise, xσ is the vector of length(
n
d

)
which is obtained from x by setting x[d] = 1 and xJ = 0 for all J ̸∈ σ̃. We identify C|σ̃|

with the space of such vectors. The truncation variety Vσ has the parametric representation

C|σ̃| → P(n
d)−1, z 7→ exp(T (xσ))e[d].

We substitute this parameterization into (2.15). The CC equations are therefore equivalent
to the following square system of |σ̃|+ 1 equations in |σ̃|+ 1 unknowns:[

(H − λ Id) exp(T (xσ))e[d]
]
σ

= 0 for some λ ∈ C. (2.18)

We now compare the system (2.18) with the traditional formulation of the CC equations,
called the linked CC equations, which were used in [36] and in earlier works. It is based on
the observation

exp(T (x))−1 = exp(T (−x)). (2.19)
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Before truncation, one left-multiplies (2.18) by the matrix inverse (2.19). In this new system
of equations, λ appears only in the top equation, and there it appears linearly. Hence, we
can eliminate the first equation and write the linked CC equations as a square system of |σ̃|
equations in |σ̃| unknowns:[

exp(T (−xσ))H exp(T (xσ)) e[d]
]
σ

= 0. (2.20)

Remark 2.3.8. The square system in (2.20) is equivalent to the linked CC equations presented
in [36, equation (4.2)]. The Newton polytopes of these equations are studied in [36, Section
4.1], and [36, Section 4.2] offers a reformulation as quadratic equations in more variables.

It turns out that – sometimes – the traditional formulation (2.20) yields a polynomial
system that is fundamentally different from the system we derived in (2.18). The reason for
this discrepancy is that the left multiplication with (2.19) need not commute with truncation.

Example 2.3.9. Let d = 3, n = 6 and σ = {2, 3}. The variety Vσ is a linear space P10, and
(2.18) is an ordinary eigenvalue problem for the 11× 11 matrix Hσ,σ. It has 11 solutions, all
real. On the other hand, the system (2.20) has 20 complex solutions. Experimentally, the
number of real solutions ranges between 6 and 14. The two systems are genuinely different.

The following result says that the discrepancy we discovered is actually not so bad. It
characterizes all CC variants where the unlinked and linked CC equations agree.

Theorem 2.3.10. The system (2.18) is equivalent to the system (2.20) if and only if the set
σ has the form m[k] = {m, 2m, . . . , km} for some positive integers m, k with km ≤ d.

Proof. We consider a matrix A whose rows and columns are indexed by
(
[n]
d

)
. The identity

[AB ]σ = [A ]σ,σ[B ]σ

holds for a general matrix B if and only if [A ]σ,σc = 0, where σc = [d]\σ. Suppose this is
true for exp (T (xσ)). Then the same block is zero in the inverse matrix exp (−T (xσ)), and

[ (H − λ Id) exp(T (xσ))e[d] ]σ = [ exp (−T (xσ)) ]σ,σ[ (H − λ Id) exp(T (xσ))e[d] ]σ

= [ exp (−T (xσ))H exp(T (xσ))e[d] − λe[d] ]σ.

This means that (2.18) is equivalent to (2.20). Conversely, if this holds then [expT (xσ)]σ,σc

is zero because the Hamiltonian H can be an arbitrary symmetric
(
n
d

)
×
(
n
d

)
matrix.

We shall now prove that [expT (xσ)]σ,σc is zero if and only if σ has the form m[k]. The
(I, J) entry in exp (T (xσ)) is non-zero if and only if we can map from state eJ to state eI via
a composition of excitation operators Xα,β. This is possible if and only if J\[d] ⊆ I\[d] and

| I\[d] | − | J\[d] | =
∑
k∈σ

pkk for some pk ∈ N.
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Given any 1 ≤ j < i ≤ d, we can always find I, J ⊆ [n] of levels i and j respectively such
that J\[d] ⊆ I\[d]. Hence the block [ exp (T (xσ)) ]σ,σc is non-zero if and only if

∃ j ∈ [d]\σ, ∃ i ∈ σ : i > j and j = i−
∑
k∈σ

pkk for some pk ∈ N. (2.21)

Let m and M be the minimal and maximal elements of σ. If M − pmm ∈ [d]\σ for some
pm ∈ N+ then (2.21) holds and [ exp (T (xσ)) ]σ,σc is non-zero. Suppose now that M−pmm ∈ σ
for all positive integers pm < M/m. Then M = km by the choice of m, and we have m[k] ⊆ σ.
Next suppose m[k] = σ. No j ∈ [d]\σ with j < M is a multiple of m, and thus (2.21) fails.
Finally suppose m[k] ⊊ σ. We take the smallest element i ∈ σ that is not a multiple of m.
Then i−m ∈ [d]\σ and (2.21) holds for pm = 1. Therefore [ exp (T (xσ)) ]σ,σc is non-zero.

Theorem 2.3.10 shows that the traditional formulation (2.20) coincides with our formulation
(2.15) in all cases that have appeared in the computational chemistry literature [35, 36, 61]
including CCS, CCD, CCSD, CCSDT, see Table 1.1. Scenarios where the two formulations
differ, like σ = {2, 3}, are less relevant for coupled cluster theory. For electronic structure
Hamiltonians, the formulation (2.20) contains equations of at most degree 4, because of the
special structure of these Hamiltonians. See [51, Section 13.2.5] for a proof. For us, (2.15) is
more elegant than (2.20), and its algebraic degree is lower. This is why we refer to (2.15) as
the CC equations.

For special Hamiltonians H, the number of isolated solutions to the CC equations can
be much lower than the CC degree. This happens in applications, as seen in Chapter 5. It
would be interesting to understand this phenomenon for H on special loci in the space of
symmetric matrices. The next example suggests such a study for low rank matrices.

Example 2.3.11 (d = 2, n = 4, σ = {1}). The CC degree is 9 for the Plücker quadric Gr(2, 4).
Let H be a general symmetric 6 × 6 matrix of rank r. For r = 1, 2, 3, 4, 5, the number of
solutions to (2.18) is 1, 3, 5, 7, 9, seen by Cramer’s Rule as in the proof of Proposition 2.3.7.

We conclude with a brief summary of the main contributions of this chapter and describe
the next steps. We have now developed the coupled cluster equations from an algebraic-
geometric perspective. To this end, we introduced the truncation varieties, a class of
varieties parameterized by restrictions of the exponential map. Moreover, we showed that
the Grassmannian arises as an example of such a variety. We also defined the CC degree,
an invariant of truncation varieties that counts the generic number of solutions to the CC
equations over the variety in question. The next two chapters study this invariant in more
detail. We begin with the Grassmannian. In particular, we relate its CC degree to the
total degree of the graph of its exponential parameterization, thereby obtaining a more
algebraic description of this invariant.
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Chapter 3

CC Degree of the Grassmannian

In this chapter we focus on the CCS truncation variety, the Grassmannian Gr(d, n) in its
Plücker embedding. We show that its CC degree coincides with the total degree of the graph
of a birational parameterization. We provide an explicit formula for the CC degree of the
Grassmannian of lines in terms of Catalan numbers, see Theorem 3.1.2. This result rests on
the geometry of the graph of the birational parameterization. We present a squarefree Gröbner
basis for this graph and develop connections to toric degenerations from representation theory.
Finally, we identify the CC degree of Grassmannians with the volume of a polytope known
as the CFFLV polytope. This chapter is based on the paper Coupled Cluster Degree of the
Grassmannian [8], which is joint work with Viktoriia Borovik and Bernd Sturmfels.

3.1 The Graph of the Grassmannian

In this section we focus on the CCS (Coupled Cluster Single) model, allowing only single level
electronic excitations, so σ = {1}. By Theorem 2.2.5 the corresponding truncation variety

is the Grassmannian in its Plücker embedding in P(n
d)−1, i.e. V{1} ∼= Gr(d, n). The coupled

cluster equations for the CCS model then take the form

(Hψ)∗ = λψ∗ for ψ ∈ Gr(d, n). (3.1)

Here, ψ is the column vector of Plücker coordinates ψI indexed by I = (i1 < i2 < . . . < id) ∈(
[n]
d

)
and (·)∗ denotes the projection to the d(n− d) + 1 coordinates which satisfy id−1 ≤ d. It

is equivalent to the projection (·){1}, defined in the beginning of Section 2.3. Our system (3.1)
is a truncation of the eigenvalue problem for the symmetric

(
n
d

)
×
(
n
d

)
Hamiltonian matrix H.

The Grassmannian is the closure in P(n
d)−1 of the image of the parameterization map

γ : T = [ti,j] 7→ all
(
n
d

)
maximal minors of [ Id T ] =


1 0 · · · 0 t1,d+1 t1,d+2 · · · t1,n
0 1 · · · 0 t2,d+1 t2,d+2 · · · t2,n
...

...
. . .

...
...

...
. . .

...
0 0 · · · 1 td,d+1 td,d+2 · · · td,n

.
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This maps the d× (n− d) matrix T to all its minors, see also Remark 1.1.9. We view this as
a rational map:

γ : Pd(n−d) 99K Gr(d, n) ⊆ P(n
d)−1.

In fact, we define the map γ on an affine subset Cd(n−d) and extend it to the whole Pd(n−d)

by multiplying the matrix Id by an additional variable s. See Remark 1.1.8. The closure of
the graph of the map γ is a subvariety G(d, n) of dimension d(n− d) in the product space

Pd(n−d) × P(n
d)−1. Its class, [G(d, n)], in the cohomology ring

H∗(Pd(n−d) × P(n
d)−1,Z) ∼= Z[u, v]/

〈
ud(n−d)+1, v(n

d)
〉

is represented by a binary form of degree codim(G(d, n)) =
(
n
d

)
− 1. The coefficients of the

monomials are known as bidegrees. Explicitly, the graph G(d, n) admits a natural Z2-grading

with respect to its grading in Pd(n−d) and P(n
d)−1. The ith bidegree is then defined as

δi(G(d, n)) = δi = #(G(d, n) ∩ (L× L′))

where L ⊆ Pd(n−d) and L′ ⊆ P(n
d)−1 are general linear subspaces of dimension i and

(
n
d

)
−1− i,

respectively. We can also define the ith bidegree as the degree of the image of the restriction

γ(L) ⊆ P(n
d)−1 to a general linear space L ⊆ Pd(n−d) of dimension i. We notice that δi = 0 for

i < 0 and i > d(n−d). Additionally we see that δ0 = 1 and δd(n−d) = deg(Gr(d, n)). The coef-

ficient of the monomial uiv(n
d)−1−i in the class [G(d, n)] is then the bidegree δd(n−d)−i(G(d, n)).

The total degree of G(d, n) is defined to be the sum of its bidegrees. The total degree
can also be defined in terms of the projectivization of the cone of G(d, n) in affine space

Ad(n−d)+1 × A(n
d) ∼= A(n

d)+d(n−d)+1. The affine cone has dimension d(n − d) + 2 and the

associated projective variety in P(n
d)+d(n−d) has dimension d(n − d) + 1. The total degree

of G(d, n) is then defined as the degree of this projective variety. The two definitions are
equivalent, see e.g. [105].

Theorem 3.1.1. The CC degree of the Grassmannian Gr(d, n) ⊆ P(n
d)−1 is the total degree

of the graph G(d, n).

This result will be proved in Section 3.2. Our approach is to argue that the following

bilinear equations on Pd(n−d) × P(n
d)−1 are equivalent to the CC equations (3.1):

(Hψ)∗ = λ ξ for (ξ, ψ) ∈ G(d, n). (3.2)

The coordinates ξi1i2···id on Pd(n−d) are indexed by 1 ≤ i1 < i2 < · · · < id ≤ n with id−1 ≤ d.
They correspond to the variables ti,j such that i = [d]\{i1, . . . , id−1} and j = id. The
coordinate ξ[d] corresponds to the additional variable s. The solutions to the equation (3.2)
are counted by the total degree of the graph G(d, n). In the case of the Grassmannian of lines
we have an explicit formula for the total degree of the graph.
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Theorem 3.1.2. The CC degree of the Grassmannian Gr(2, n) is

CCdeg(Gr(2, n)) = 2Cn−1 − 1 =
2

n

(
2n− 2

n− 1

)
− 1.

This result will be proved in Section 3.3 using a Gröbner basis. Additionally we describe
a Khovanskii basis that gives a toric degeneration of the graph. Both flavors of bases are well-
studied for Grassmannians, see Examples 1.1.12 and 1.1.16 for the case of the Grassmannian
of lines. Here we lift them from Gr(2, n) to the graph G(2, n). In Section 3.4 the same
approach is developed for d ≥ 3. It is essential to make judicious choices of monomial orders,
building on recent advances on toric degenerations in [19, 31, 59, 68, 69].

Example 3.1.3 (d = 2, n = 6). The prime ideal of the Grassmannian Gr(2, 6) ⊆ P14 is
generated by the 15 Plücker quadrics ψilψjk − ψikψjl + ψijψkl for 1 ≤ i < j < k < l ≤ 6.
For the graph G(2, 6) ⊆ P8 × P14, we augment the Plücker ideal by the 2 × 2 minors of
the 2× 9 matrix [

ψ12 ψ13 ψ14 ψ15 ψ16 ψ23 ψ24 ψ25 ψ26

ξ12 ξ13 ξ14 ξ15 ξ16 ξ23 ξ24 ξ25 ξ26

]
. (3.3)

The bihomogeneous prime ideal of G(2, 6) is obtained by saturating with respect to ψ12. This
ideal is minimally generated by the 15 Plücker quadrics of bidegree (0, 2), and 50 quadrics of
bidegree (1, 1). In addition to the 36 maximal minors of (3.3), there are 14 polarized Plücker
relations, like ψ14ξ23−ψ13ξ24 +ψ34ξ12. The entries of the 2× 4 matrix T in the definition of γ
serve as local coordinates. In these coordinates, the matrix (3.3) is seen to have rank one:[

u
v

]
·
[

1 t2,3 t2,4 t2,5 t2,6 −t1,3 −t1,4 −t1,5 −t1,6
]
.

By applying the command multidegree in Macaulay2 to our bihomogeneous ideal, we find
that the class of the graph G(2, 6) in the cohomology ring H∗(P8 × P14) = Z[u, v]/⟨u9, v15⟩ is

[G(2, 6)] = u8v6 + 2u7v7 + 4u6v8 + 8u5v9 + 12u4v10 + 14u3v11 + 14u2v12 + 14uv13 + 14v14.

The total degree of the graph G(2, 6) is the sum of the coefficients. This sum equals 83,
so it agrees with the CC degree of Gr(2, 6) as computed in Example 2.3.4. The proof of
Theorem 3.1.2 in Section 3.3 rests on the fact that the 65 ideal generators of G(2, 6) form a
Gröbner basis. A combinatorial study of its squarefree leading monomials reveals the Catalan
number 42 = deg(Gr(2, 7)), which is the key ingredient for deg(G(2, 6)) = 2 · 42− 1.

Using the combinatorial and computational techniques to be developed in Section 3.4, it is
now possible to compute some new CC degrees that go beyond those reported in Chapter 2.

Example 3.1.4. Here are three new values for the census of CC degrees of Grassmannians:

deg(G(3, 9)) = 574 507, deg(G(3, 10)) = 9 239 646 and deg(G(4, 9)) = 10 907 231.

These CC degrees are at most around 107, which means that all complex solutions of the
corresponding CC equations can be found numerically with HomotopyContinuation.jl [11].
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3.2 Intersecting the Graph

The objective of this section is to prove Theorem 3.1.1. We need the following general
lemma. Let V be any irreducible subvariety of dimension k in Pm×Ps. Fix the homogeneous
coordinates x = [x0 : · · · : xm] and y = [y0 : · · · : ys] on the two factors. For i = 0, 1, . . . , k we
consider generic linear forms ℓi(x) and mi(y), defining hyperplanes in Pm and Ps, respectively.

Lemma 3.2.1. The total degree of the variety V equals the number of points (x,y) on V such
that the vectors (ℓ0(x), ℓ1(x), . . . , ℓk(x)) and (m0(y),m1(y), . . . ,mk(y)) are linearly dependent.

Proof. The bidegrees of V are the coefficients of the binary form representing the cohomology
class [V ] ∈ H∗(Pm × Ps) = Z[u, v]/⟨um+1, vs+1⟩ . As before, the total degree of V is the sum
of its bidegrees. We consider the 2× (k+ 1) matrix whose rows are the two vectors introduced
above. Its 2× 2 minors are the bilinear forms ℓi(x) ·mj(y)− ℓj(x) ·mi(y) for 0 ≤ i < j ≤ k.
We need to count their zeros on V . To this end, we introduce a small real parameter ε > 0,
and we replace ℓi(x) by εi · ℓi(x) for all i. Then our equations become

ℓi(x) ·mj(y) = εj−i · ℓj(x) ·mi(y) for 0 ≤ i < j ≤ k.

When ε approaches zero, we obtain the equations ℓi(x) ·mj(y) = 0 for 0 ≤ i < j ≤ k. This
system decomposes into k+1 systems of k linear equations which are indexed by i = 0, 1, . . . , k.
Each of them amounts to intersecting V with a product of subspaces in Pm × Ps:

ℓ0(x) = · · · = ℓi−1(x) = mi+1(y) = · · · = mk(y) = 0 for i = 0, 1, . . . , k. (3.4)

This is a system of k linear equations. Since the linear forms ℓi and mj are generic, the
system (3.4) has finitely many solutions (x,y) on the k-dimensional variety V , and each
solution is nondegenerate. By the Implicit Function Theorem, each solution extends from ε = 0
to a small positive value ε0 > 0, and these are all solutions of the original system for ε0.
The number of solutions to (3.4) is a bidegree of V , namely it is the coefficient of um−ivs−k+i

in the binary form [V ]. By summing over all i, we obtain the total degree of V , as desired.

Proof of Theorem 3.1.1. We shall apply Lemma 3.2.1 to the variety V := G(d, n), which is
the graph of the parameterization γ of the Grassmannian Gr(d, n). This V lives in Pd(n−d) ×
P(n

d)−1 and it has dimension d(n − d). We denoted the coordinates by ξ = x and ψ = y,
in order to be consistent with [36] and Chapter 2. After eliminating λ from (3.1), the CC
equations on the Grassmannian Gr(d, n) are the 2 × 2 minors of the two-column matrix[
(Hψ)∗ , ψ∗

]
. Up to change of sign of the coordinates, the projection ψ∗ is equal to the vector ξ

on the graph G(d, n). We can thus write the CC equations on G(d, n) as the 2× 2 minors of[
(Hψ)∗ , Sξ

]
, where the diagonal matrix S has entries ±1.

Hence the system of CC equations is precisely as in Lemma 3.2.1, where ℓi(ξ) = ±ξi and
mj(ψ) denotes the linear form given by the jth row in the Hamiltonian H. The coordinate
functions ℓi(ξ) = ±ξi are not generic, but we can replace them with generic linear forms by
a linear change of coordinates on Pd(n−d), given by an invertible matrix M of size d(n− d) + 1.
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This coordinate change can be compensated by multiplying the Hamiltonian H on the left
by the block matrix M−1 ⊕ I(n

d)−d(n−d)−1, which is square of size
(
n
d

)
. Since the Hamiltonian

matrix H is generic, the resulting linear forms exhibit the generic behavior that is needed for
Lemma 3.2.1 to be applicable. We conclude that the number of complex solutions to the CC
equations (3.1) is equal to the total degree of the variety G(d, n).

Remark 3.2.2. The definition of the CC degree in Section 2.3 counts the number of
solutions to the CC equations with multiplicities. It still needs to be shown that there exists
a Hamiltonian H for which all solutions are nondegenerate. Ideally, we want them to be
all real. If we relax the requirement that the square matrix H should be symmetric, then
this would follow from the squarefree Gröbner basis promised in Conjecture 3.4.2. Namely,
representing the monomial order by a weight vector, the Gröbner degeneration corresponds
to scaling the unknowns:

ψ → D1(ε) · ψ and ξ → D2(ε) · ξ.

Here D1 and D2 are diagonal matrices whose entries are different powers of the parameter ε.
Our polynomial system on G(d, n) is now given by the 2× 2 minors of

[
(HD1(ε)ψ)∗ , D2(ε)ξ

]
.

For ε = 0, we are solving linear equations on an arrangement of reduced linear subspaces,
because the initial monomial ideal is radical. Here, all solutions are real and nondegenerate.
By the Implicit Function Theorem, each solution extends to a small ε0 > 0. We now define

D3(ε0) := D2(ε0)
−1 ⊕ I(n

d)−d(n−d)−1 and H(ε0) := D3(ε0) ·H ·D1(ε0).

With these matrices, our polynomial system is given by the 2× 2 minors of
[
(H(ε0)ψ)∗ , ξ

]
.

Thus, using H(ε0) for the Hamiltonian, all solutions to the CC equations are real and
nondegenerate. At present we do not know how to replace H(ε0) by a symmetric matrix.

3.3 Catalan Numbers

The degree of the Grassmannian Gr(2, n) is the Catalan number Cn−2 = 1
n−1

(
2n−4
n−2

)
, see

Example 1.1.12. Theorem 3.1.2 states that the graph G(2, n) has degree 2Cn−1 − 1. In
this section we shall prove this. For the proof it is convenient to permute the columns
in the parameterization of Gr(2, n). Namely, we redefine γ to be the map that evaluates the
2× 2 minors of [

1 t1,2 t1,3 . . . t1,n−1 0
0 t2,2 t2,3 . . . t2,n−1 1

]
. (3.5)

As before, G(2, n) is the closure of the graph of γ. This is a subvariety of dimension 2n− 4

in P2n−4 × P(n
2)−1. The prime ideal of G(2, n) is the kernel of the ring homomorphism:

C[ξ, ψ] → C[u, v, t], ξ1n 7→ u, ξ1i 7→ ut2i, ξjn 7→ ut1j,
ψij 7→ v(t1it2j − t1jt2i), ψ1n 7→ v, ψ1i 7→ vt2i, ψjn 7→ vt1j,

1 < i < j < n. (3.6)



CHAPTER 3. CC DEGREE OF THE GRASSMANNIAN 53

The polynomial ring C[ξ, ψ] has 2n− 3 +
(
n
2

)
variables. We order these variables as follows:

ξ12 < ψ12 < ξ13 < ψ13 < · · · < ξ1n < ψ1n < ψ23 < ψ24 < · · · < ψ2,n−1 < ξ2n < ψ2n

< ψ34 < ψ35 < · · · < ψn−2,n−1 < ξn−2,n < ψn−2,n < ξn−1,n < ψn−1,n.
(3.7)

In words, we order the variables ψij by sorting their index pairs lexicographically, and we
then insert each variable ξ1i or ξjn right before the ψ-variable with the same index pair. We
fix the reverse lexicographic monomial order on C[ξ, ψ] that is induced by this variable order.

Lemma 3.3.1. The following (n−1)(n−2)(n2 +5n+12)/24 quadrics minimally generate the
ideal of G(2, n). They form the reduced Gröbner basis for the monomial order described above:(

n
4

)
trinomials ψilψjk − ψikψjl + ψijψkl for 1 ≤ i<j<k<l ≤ n,(

n−1
2

)
binomials ψinξjn − ψjnξin for 1 ≤ i < j < n,

(n− 2)2 binomials ψ1jξkn − ψknξ1j for 1 < j , k < n,(
n−1
2

)
binomials ψ1kξ1l − ψ1lξ1k for 1 < k < l ≤ n,(

n−2
3

)
trinomials ξ1lψjk − ξ1kψjl + ξ1jψkl for 1 < j < k < l < n,(

n−1
3

)
trinomials ξinψjk − ξjnψik + ξknψij for 1 ≤ i < j < k < n.

Proof. We first check that the six classes of quadrics vanish on G(2, n). The
(
n
4

)
trinomials

in ψ are the Plücker relations which generate the ideal of Gr(2, n). Next come three groups
of binomials, for a total of

(
n−1
2

)
+ (n− 2)2 +

(
n−1
2

)
=
(
2n−3

2

)
. These are the 2× 2 minors of

the matrix whose two rows are the ψ variables and the matching ξ variables. This matrix is
displayed in (3.3) for n = 6. It has rank one on the graph G(2, n), as we can see from (3.6).
The last two groups are

(
n−2
3

)
+
(
n−1
3

)
=
(
n
4

)
−
(
n−2
4

)
trinomials that are bilinear in ξ and ψ.

These are obtained from the Plücker relations by applying the 2× 2 minors of the previous
matrix. They are also mapped to zero under the ring map (3.6) that describes G(2, n).

We next check that the underlined monomials are the leading monomials with respect to
the reverse lexicographic monomial order that is induced by the variable order (3.7). Let M
be the ideal generated by these monomials. Since the monomials are squarefree, M is a radical
ideal. We have argued that M ⊆ in(G(2, n)), and we now need to show that equality holds.

Consider any monomial in the initial ideal of G(2, n). It is the leading monomial in(f) of
some bihomogeneous polynomial f(ξ, ψ) that vanishes on G(2, n). We write f =

∑
ca,bξ

aψb,
so our polynomial has bidegree (|a|, |b|) ∈ Z2

≥0. Note that |b| > 0 because the images of
the ξ-variables under the ring map (3.6) are algebraically independent.

First assume |a| = 0. Then f =
∑
cbψ

b lies in the ideal of the Grassmannian Gr(2, n).
The quadrics ψilψjk − ψikψjl + ψijψkl are known to form a Gröbner basis for this ideal with

respect to our monomial order. See e.g. [72, Theorem 5.8] or [73, Theorem 14.6]. Therefore,
the leading monomial in(f) is a multiple of ψilψjk for some 1 ≤ i < j < k < l ≤ n.

Next suppose |a| > 0. We consider the polynomial
∑
ca,bψ

a+b that is obtained from f
by replacing each ξij with the corresponding ψij. We see from (3.6) that this polynomial
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vanishes on G(2, n) and hence on Gr(2, n). We write the leading monomial of f as follows:

in(f) = ξa1
σ(1) · · · ξahσ(h) · ψb1

τ (1)
· · ·ψbr

τ (r)
.

Here σ(i) and τ (j) are index pairs. A key property of our monomial order is that it respects
the substitution ξ 7→ ψ. Using this, we now examine the leading monomial of

∑
ca,bψ

a+b .
First assume that the leading monomial of

∑
ca,bψ

a+b differs from the monomial

ψa1
σ(1) · · ·ψah

σ(h) · ψb1
τ (1)
· · ·ψbr

τ (r)
.

Then f contains another monomial m which cancels in(f) after the substitution ξ 7→ ψ. Let ρ
be the smallest index pair in the list σ(1), . . . , σ(h), τ (1), . . . , τ (r). From the cancellation and
the definition of the reverse lexicographic order, we see that ρ = τ (j) for some j. Hence in(f)
contains ψρ and m contains ξρ. In particular, ρ ∩ {1, n} ≠ ∅. This implies that in(f) is
divisible by one of the underlined leading monomials of the binomials in our list.

Next we suppose that ψa1
σ(1) · · ·ψah

σ(h) · ψb1
τ (1)
· · ·ψbr

τ (r)
is the leading monomial of

∑
ca,bψ

a+b,
which is in the ideal of Gr(2, n). This leading monomial is divisible by ψilψjk for some
indices 1 ≤ i < j < k < l ≤ n. Since {j, k} ∩ {1, n} = ∅, the corresponding factor of in(f) is
either ψilψjk or ξilψjk. Both of these occur among the underlined monomials in our list. We
conclude that in(f) is in the ideal generated by the underlined leading monomials.

We have proved that our list of quadratic binomials and trinomials is a Gröbner basis
for G(2, n). To see that it is a reduced Gröbner basis, one checks that no trailing term occurs
among the leading monomials. Since all polynomials have the same degree two, it follows
that they minimally generate the ideal. This completes the proof of Lemma 3.3.1.

Let M be the ideal generated by the underlined monomials in Lemma 3.3.1. We have
shown that M is the initial ideal of the graph G(2, n) with respect to the monomial order
we defined. This means that the degree of G(2, n) is equal to the degree of M . We
shall prove Theorem 3.1.2 by showing that M has degree 2Cn−1 − 1. This will be done
by constructing a combinatorial model for the simplicial complex that is represented by
the squarefree monomial ideal M . Example 1.1.12 constructs such a model of Gr(2, n).

We begin with Young’s poset on
(
[n]
2

)
. The elements in this poset are the variables ψij

with 1 ≤ i < j ≤ n, and the order relation ⪯ is defined by setting ψij ⪯ ψkl if and only
if i ≤ k and j ≤ l. Recall from Example 1.1.12 that the incomparable pairs are precisely
the leading monomials ψilψjk for the Grassmannian Gr(2, n). The simplices in the associated
simplicial complex are the chains in the poset. The degree is the number of maximal chains,
which is the Catalan number Cn−2.

We define the outer chain in Young’s poset to be the following maximal chain:

ψ12 ⪯ ψ13 ⪯ · · · ⪯ ψ1,n−1 ⪯ ψ1n ⪯ ψ2n ⪯ ψ3n ⪯ · · · ⪯ ψn−1,n.

The chain from ψ12 up to ψ1n is called the lower outer chain, and the chain from ψ1n up
to ψn−1,n is the upper outer chain. We now take another copy of Young’s poset, indexed by
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variables ξij, using artificial variables when {i, j} ∩ {1, n} = ∅. We link the ξ-poset together
with the ψ-poset by the outer chains. To be precise, we define a poset P2,n on n(n − 1)
elements by taking the union of the two Young’s posets together with the additional cover
relations ξij → ψij whenever {i, j} ∩ {1, n} ̸= ∅.

Example 3.3.2 (n = 4). The poset P2,4 has 12 elements. Its Hasse diagram is shown in Fig-
ure 3.1. The number of maximal chains of P2,4 is 9 = 2·5−1, which is the CC degree of Gr(2, 4).

ξ12

ξ13

ξ14 ξ23

ξ24

ξ34

ψ12

ψ13

ψ14 ψ23

ψ24

ψ34

Figure 3.1: Diagram of P2,4 highlighting the two outer chains: the lower outer chains are
pink, and the upper outer chains are purple. The outer chain in the ξ-poset consists of
variables in our polynomial ring C[ξ, ψ]. The label ξ23 is not a coordinate on G(2, 4).

Lemma 3.3.3. The number of maximal chains in the poset P2,n is 2 ·Cn−1− 1 = 2
n

(
2n−2
n−1

)
− 1.

Proof. Every maximal chain in P2,n transitions precisely once from the ξ-poset to the ψ-
poset. It therefore contains a unique cover relation ξij → ψij where {i, j} ∩ {1, n} ̸= ∅. We
distinguish the two cases when the chain contains ξin → ψin and when it contains ξ1j → ψ1j.

First consider maximal chains that move up to ψ on the upper outer chain. These are
the chains containing a cover relation ξin → ψin. Such chains are in bijection with maximal
chains in Young’s poset

(
[n+1]

2

)
, so their number is Cn−1. This bijection is seen by replacing

the labels ψin with ξi,n+1 for i = 1, 2, . . . , n− 1, and by adding a new top element ξn,n+1.
Next we consider maximal chains in P2,n that transition from ξ to ψ on the lower outer

chain. Such maximal chains contain a unique cover relation ξ1j → ψ1j. These maximal
chains correspond to maximal chains in the first case by reversing the order of the poset and
switching ψ and ξ variables. Hence there are also Cn−1 maximal chains in the second class.

There is precisely one maximal chain that is covered by both cases. This is the chain
which uses the transition ξ1n → ψ1n. This is the concatenation of the lower outer ξ-chain and
the upper outer ψ-chain. This chain is counted twice, so we subtract one in our total count.
We conclude that the number of maximal chains in the poset P2,n equals 2Cn−1 − 1.
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Proof of Theorem 3.1.2. We now change the labels of the poset P2,n by replacing ξij with ψij

whenever {i, j}∩{1, n} = ∅. Since such pairs ξij and ψij are incomparable, each maximal chain
in P2,n with the new labeling consists of 2n−2 distinct variables in our coordinate ring C[ξ, ψ].
These maximal chains are the facets in a pure simplicial complex of dimension 2n − 3
on 2n− 3 +

(
n
2

)
vertices. By Lemma 3.3.3, the number of facets is equal to 2Cn−1 − 1.

Consider now the ideal M that is generated by the underlined monomials in Lemma 3.3.1.
These squarefree quadratic monomials are precisely the incomparable pairs in P2,n that have
distinct labels after the relabeling. Hence M is the Stanley-Reisner ideal of our pure simplicial
complex. The degree of M is the number of facets, which is 2Cn−1 − 1. This is therefore
the degree of G(2, n), which equals the CC degree of Gr(2, n) by Theorem 3.1.1.

We have proved Theorem 3.1.2 by means of a Gröbner degeneration. This replaces the

irreducible variety G(2, n) by a union of 2Cn−1 − 1 coordinate subspaces in P2n−4 × P(n
2)−1.

In what follows, we describe a toric degeneration that underlies our Gröbner degeneration.
Recall from Section 1.1 that toric degenerations [9, 19, 31] are described algebraically by
Khovanskii bases [59], which are defined at the end of Section 1.1.

We fix a monomial order on the polynomial ring C[u, v, t] which selects the diagonal
monomial t1,it2,j to be the leading monomial for each of the 2× 2 minors of (3.5). Let T (2, n)

denote the toric variety in P2n−4 × P(n
2)−1 obtained by passing to these leading monomials in

(3.6). Equivalently, the toric ideal of T (2, n) is the kernel of ring homomorphism

C[ξ, ψ] → C[u, v, t], ξ1n 7→ u, ξ1i 7→ u · t2i, ξjn 7→ u · t1j,
ψij 7→ v · t1it2j, ψ1n 7→ v, ψ1i 7→ v · t2i, ψjn 7→ v · t1j, for 1 < i < j < n. (3.8)

Proposition 3.3.4. The minors in (3.6) form a Khovanskii basis with respect to the diagonal
monomial order. Hence the toric variety T (2, n) is a toric degeneration of the graph G(2, n).

Proof. The 2× 2 minors of (3.5) form a Khovanskii basis of the Grassmannian Gr(2, n); see
Example 1.1.16. The toric degeneration is given by the Gel’fand-Tsetlin polytope GT(2, n).
Our variety T (2, n) is the graph of the associated monomial parameterization.

By the same argument as in Lemma 3.3.1, the kernel of (3.8) has the following Gröbner basis(
n
4

)
binomials ψilψjk − ψikψjl for 1 ≤ i<j<k<l ≤ n,(

n−1
2

)
binomials ψinξjn − ψjnξin for 1 ≤ i < j < n,

(n− 2)2 binomials ψ1jξkn − ψknξ1j for 1 < j , k < n,(
n−1
2

)
binomials ψ1kξ1l − ψ1lξ1k for 1 < k < l ≤ n,(

n−2
3

)
binomials ξ1lψjk − ξ1kψjl for 1 < j < k < l < n,(

n−1
3

)
binomials ξinψjk − ξjnψik for 1 ≤ i < j < k < n.

Each of these binomials lifts to a relation on G(2, n), by adding one trailing term to those in
the first, fifth and sixth group. This yields the Khovanskii basis property.
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The Gel’fand-Tsetlin polytope GT(2, n) is the convex hull of the exponent vectors of
the

(
n
2

)
images of ψij in (3.8). This is the Newton-Okounkov body [9] for the toric degeneration

of the Grassmannian Gr(2, n) with respect to the diagonal monomial order. We define the
Cayley–Gel’fand–Tsetlin polytope CGT(2, n) to be the Newton-Okounkov body of the toric
degeneration T (2, n). We here identify this toric variety with the projectivization of its cone

in A2n−3×A(n
2). Thus CGT(2, n) is the (2n− 3)-dimensional polytope whose vertices are the

exponent vectors of the 2n− 3 +
(
n
2

)
monomials in (3.8). Here is a geometric construction:

CGT(2, n) = conv
(
GT(2, n)×{0} ∪ ∆2n−4×{1}

)
⊆ R(n

2) × R. (3.9)

In words, CGT(2, n) is the Cayley sum of GT(2, n) with the simplex ∆2n−4 that is formed by

the 2n− 3 coordinate points in R(n
2) which are indexed by pairs i, j with {i, j} ∩ {1, n} ̸= ∅.

Corollary 3.3.5. The polytope CGT(2, n) has normalized volume 2Cn−1−1.

Proof. We use results from [97, Chapter 8]. We saw that the binomial generators of the toric
ideal of T (2, n) form a Gröbner basis with squarefree leading monomials. Its initial ideal
defines a regular unimodular triangulation of the Cayley-Gel’fand-Tsetlin polytope CGT(2, n)
into 2Cn−1 − 1 simplices. These simplices are the maximal chains in the poset P2,n.

We conclude this section with a census of small Cayley-Gel’fand-Tsetlin polytopes.

Example 3.3.6. For each polytope CGT(2, n) we list the f -vector and Ehrhart polynomial.
For instance, CGT(2, 6) is a 9-dimensional polytope with 24 vertices and 15 facets:

n = 4: dim = 5, (11, 32, 42, 28, 9), 1
5!

(t+ 1)(t+ 2)(t+ 3)(9t2 + 26t+ 20),

n = 5: dim = 7, (17, 77, 166, 200, 141, 57, 12),
1
7!

(t+ 1)(t+ 2)(t+ 3)(t+ 4)(27t3 + 164t2 + 313t+ 210),

n = 6: dim = 9, (24, 152, 467, 836, 941, 685, 321, 93, 15),
1
9!

(t+ 1)(t+ 2)(t+ 3)(t+ 4)(t+ 5)(83t4 + 861t3 + 3172t2 + 4956t+ 3024).

3.4 Khovanskii Bases for the Graph

This section concerns the extension of Proposition 3.3.4 from d = 2 to d ≥ 3. The CC degree
of Gr(d, n) should be the normalized volume of a polytope from a nice toric degeneration of the
graph G(d, n). It turns out that the general case is considerably more difficult than the d = 2
case which was treated in Section 3.3. From now on we assume d ≥ 3. The construction that
follows is related to the Cayley-Gel’fand-Tsetlin polytope via [1, Section 4.1].

There are many known toric degenerations of the Grassmannian Gr(d, n). Our aim is
to describe one particular degeneration of Gr(d, n) which can be lifted to the graph G(d, n).
This will give rise to the desired toric degeneration T (d, n) and its associated polytope.

We now index the coordinates ψσ and ξσ using the convention in [69, Example 2.11]. Each
element in

(
[n]
d

)
is represented by its unique PBW tuple σ = (σ1, . . . , σd). Such tuple fulfills:
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• the entries σi are distinct elements of {1, 2, . . . , n},
• σi ≤ d implies σi = i,

• and d < σj < σk implies j < k.

We fix a monomial order on C[u, v, t] which selects diagonal leading terms for PBW tuples:

in
(
ψσ

)
= t1σ1t2σ2 · · · tdσd

. (3.10)

It is known from [31, 68, 69] that the d× d minors of the d×n matrix (tij) form a Khovanskii
basis for the Grassmannian Gr(d, n) with respect to this monomial order. Here, we can either
take all dn matrix entries tij to be unknowns, or we can use the birational parameterization
γ introduced in Section 3.1, where tij is a variable if j ≥ d+ 1, and tij ∈ {0, 1} if j ≤ d. The

resulting toric degeneration has the Hibi-Li ideal [52, 68] of a distributive lattice on
(
[n]
d

)
which is known as the PBW poset. The PBW poset for d = 3 and n = 6 is shown in Figure 3.2.

123

124

143 125

423 145 126

425 153 146

453 426 156

523 456 163

526 463

563

623

Figure 3.2: The PBW poset for d = 3, n = 6. The 20 PBW tuples σ index the coordinates ψσ.
The 10 PBW tuples that also index coordinates ξσ are marked in blue. The incomparable
pairs in the poset generate our initial monomial ideal of Gr(3, 6).

The Hibi-Li ideal describes the PBW degeneration of Gr(d, n). In representation theory
(cf. [1, 31]), this is known as the Feigin–Fourier–Littelmann–Vinberg (FFLV) degeneration,
and we write FFLV(d, n) for the associated polytope of dimension d(n− d) with

(
n
d

)
vertices.

Thus, FFLV(d, n) is the convex hull of the exponent vectors of the
(
n
d

)
monomials in (3.10).
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Analogous to (3.9), we now define the Cayley–Feigin–Fourier–Littelmann–Vinberg poly-
tope CFFLV(d, n). This is a polytope of dimension d(n−d)+1 with

(
n
d

)
+d(n−d)+1 vertices.

Geometrically, we construct CFFLV(d, n) as the Cayley sum in R(n
d) × R of the polytope

FFLV(d, n) with the simplex ∆d(n−d) that is formed by the d(n− d) + 1 coordinate points
which are indexed by PBW tuples σ with at most one entry σj larger than d. It is established
by [39] that CFFLV(d, n) represents a toric degeneration T (d, n) of the projectivization of

the affine cone in Ad(n−d)+1 × A(n
d) over the graph G(d, n). Thus T (d, n) is a toric variety

in Pd(n−d)+(n
d), and its degree equals the CC degree of Gr(d, n). Furthermore, the polytope

CFFLV(d, n) has a regular unimodular triangulation. The number of simplices is the CC
degree of Gr(d, n). Such a triangulation can be described using a squarefree Gröbner basis,
which is the content of Conjecture 3.4.2 part (2). We illustrate all concepts and results for
d = 3, n = 6 with a computation in Macaulay2 [46].

Example 3.4.1 (d = 3, n = 6). The code uses p and q for the Greek letters ψ and ξ:

R = QQ[v,u,t14,t15,t16,t24,t25,t26,t34,t35,t36,

p623,q623,p563,p463,p526,p163,q163,p456,p523,q523,

p156,p426,p453,p146,p153,q153,p425,p126,q126,p145,

p423,q423,p125,q125,p143,q143,p124,q124,p123,q123, MonomialOrder=>Eliminate 11];

I = ideal(p123-v, q123-u,

p145-v*(t24*t35-t25*t34), p146-v*(t24*t36-t26*t34), p156-v*(t25*t36-t26*t35),

p425-v*(t14*t35-t15*t34), p426-v*(t14*t36-t16*t34), p453-v*(t14*t25-t15*t24),

p463-v*(t14*t26-t16*t24), p526-v*(t15*t36-t16*t35), p563-v*(t15*t26-t16*t25),

p456-v*(t14*t25*t36-t14*t26*t35-t15*t24*t36+t15*t26*t34+t16*t24*t35-t16*t25*t34),

p124-v*t34, p125-v*t35, p126-v*t36, p143-v*t24, p153-v*t25, p163-v*t26,

p423-v*t14, p523-v*t15, p623-v*t16, q124-u*t34, q125-u*t35, q126-u*t36,

q143-u*t24, q153-u*t25, q163-u*t26, q423-u*t14, q523-u*t15, q623-u*t16);

G = ideal selectInSubring(1,gens gb I); toString mingens G

codim G, degree G, betti mingens G

M = ideal leadTerm ideal selectInSubring(1,gens gb I);

codim M, degree M, betti mingens M

The output G is the homogeneous prime ideal of G(3, 6). It is minimally generated by 106
quadrics. The command degree G shows that G(3, 6) has degree 250. This coincides with
the CC degree of Gr(3, 6), by Example 2.3.6. The output M is the initial ideal for the reverse
lexicographic monomial order given by a linear extension of the PBW poset in Figure 3.2.

We compute the toric degeneration T (3, 6) with the same code after replacing each
parenthesized minor by its leading monomial, e.g. replace (t24*t35-t25*t34) by t24*t35.
The output is a toric ideal of degree 250, minimally generated by 106 quadrics and one cubic.
The Khovanskii basis property holds because each of these binomials lifts to polynomial in G.
This toric ideal represents the 10-dimensional polytope CFFLV(3, 6). Its f -vector equals

fCFFLV(3,6) = (30, 236, 901, 2017, 2873, 2695, 1672, 670, 163, 21).

The command hilbertPolynomial G computes the Ehrhart polynomial of this polytope.
The graph G(3, 6) and its toric degeneration T (3, 6) have the same initial monomial ideal, here
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denoted by M. This is generated by 132 squarefree polynomials: 106 quadrics, 21 cubics, and
5 quartics. We view M as the Stanley-Reisner ideal of a pure simplicial complex of dimension
10 with 250 maximal simplices. This is our unimodular triangulation of CFFLV(3, 6).

We conjecture the following result, which should hold for arbitrary d and n.

Conjecture 3.4.2. We fix the monomial orders on C[ξ, ψ] and C[u, v, t] described above.

1. The FFLV Khovanskii basis of the Grassmannian Gr(d, n) lifts to the graph G(d, n).

2. The ideals of G(d, n) and T (d, n) have squarefree Gröbner bases.

3. The normalized volume of the Cayley–Feigin–Fourier–Littelmann–Vinberg polytope
CFFLV(d, n) is equal to the coupled cluster degree of the Grassmannian Gr(d, n).

A result of Evgeny Feigin [39] constructs, for all d and n, a toric degeneration of the
graph G(d, n). Although Feigin’s result rests on a different method and does not prove
Conjecture 3.4.2 in full, it does prove part (1): the FFLV Khovanskii basis of Gr(d, n) lifts to
G(d, n). Consequently, part (3) also follows, namely that the CC degree of Gr(d, n) is equal
to the normalized volume of CFFLV(d, n). Thus, in order to prove Conjecture 3.4.2 in full, it
remains to establish part (2), namely the existence of squarefree initial ideals. We conclude
this chapter with a remark on our computational proofs of the full Conjecture 3.4.2 for the
cases (d, n) = (3, 6), (3, 7), (3, 8), (3, 9), (4, 8).

Remark 3.4.3. Our computation in Example 3.4.1 serves as a proof for Conjecture 3.4.2 in the
case (d, n) = (3, 6). The same computation in Macaulay2 terminated successfully for (d, n) =
(3, 7), (3, 8), (3, 9), (4, 8). We therefore have a complete computational proof of Conjecture 3.4.2
in these special cases. For the cases (d, n) = (3, 10), (4, 9), we computed the degree of T (d, n)
in Macaulay2, so the correctness of the final number assumes the validity of Conjecture 3.4.2
(1) and (3). The CC degrees for (3, 9), (3, 10), (4, 9) were reported in Example 3.1.4.

Khovanskii bases have emerged as an important tool in the recent literature on polynomial
system solving [5] and its applications in the physical sciences [6]. Theorems 3.1.1 and 3.1.2
and Conjecture 3.4.2 lay the foundation for a new class of custom-tailored homotopies for
numerically solving the CC equations. The extension from CCS and the Grassmannian to
other CC approximations and truncation varieties is explored in the next chapter.

In conclusion, we showed that the CC degree of the Grassmannian equals the total degree
of its graph. This allowed us to derive an explicit formula for the CC degree for Gr(2, n).
More generally, we were able to associate the CC degree of Gr(d, n) with the volume of a
polytope. In the next chapter we will generalize some of the results obtained here to all
truncation varieties. In particular, we will provide a parameterization of Vσ in terms of
Laplace polynomials. This not only offers a more algebraic description of the truncation
varieties, but also enables us to equate their CC degree with the total degree of a graph.
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Chapter 4

Laplace Parameterization of Quantum
States

In this chapter we develop truncation varieties as generalizations of the Grassmannian. We
introduce Laplace polynomials, a family of polynomials in a ring whose variables correspond
to symbolic minors of a matrix. Using these polynomials, we reformulate the exponential
parameterization of truncation varieties, see Corollary 4.2.5. Our main results extend the
results of Chapter 3, which concerns the Grassmannian, to truncation varieties in general.
In Theorem 4.3.8 we construct a new graph parameterization of truncation varieties, using
Möbius inversion. In Corollary 4.3.10 we show that the CC degree of a truncation variety
coincides with the total degree of the graph of this parameterization. We conclude the chapter
by focusing on the chemically relevant CCSD truncation variety.

4.1 Expanding Determinants

Let Ω = (ωi,j) be an m×m matrix with entries ωi,j, where 1 ≤ i, j ≤ m. We denote by ωI,J

the minor of Ω determined by the rows indexed by I and the columns indexed by J . The
determinant of Ω can be found recursively using Laplace expansion. Explicitly, the Laplace
expansion along row i gives the following formula for the determinant:

det(Ω) =
m∑
j=1

(−1)i+jωi,jω[m]\i,[m]\j. (4.1)

We can obtain a formula for the determinant of Ω purely in terms of its entries, by recursively
employing the Laplace expansion on the minors in (4.1). This reveals the following familiar
formula for the determinant:

det(Ω) =
∑
ρ∈Sm

sign(ρ)ω1,ρ(1) · · ·ωm,ρ(m). (4.2)
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Here we sum over all permutations of [m]. We call this the Laplace expansion in terms of
1× 1 minors, or the 1st order Laplace expansion.

Similarly, for all divisors k of m we can define the kth order Laplace expansion of Ω as
an expression of det(Ω) in terms of k × k minors. This is done by generalizing the Laplace
expansion and expanding det(Ω) along the k rows I ∈

(
[m]
k

)
. We obtain a cofactor expansion:

det(Ω) =
∑

J∈([m]
k )

sign(I)sign(J)ωI,Jω[m]\I,[m]\J . (4.3)

Here sign(I) is the sign of the permutation [m] 7→ (I, [m]\I). Hence sign(I) = (−1)
∑

i∈I i−(|I|+1
2 )

and the sign of the Jth term in (4.3) becomes (−1)
∑

i∈I i+
∑

j∈J j . We can obtain a formula for
det(Ω) in terms of k × k minors by recursively applying (4.3) to the non-k × k minors in the
expansion. To write the explicit formula in terms of k × k minors we have to introduce some
combinatorial objects. A set composition β of [m] is an ordered tuple (β1, . . . , βℓ) of disjoint
subsets βi ⊆ [m], such that ⊔iβi = [m]. We say β is k-uniform if all βi have size k, that is
|βi| = k for all i. Notice that a 1-uniform set composition is a permutation. If m = ℓk, we
denote the set of all k-uniform set compositions of [m] by Πord

m (kℓ). By always expanding
along the first k rows we obtain an explicit formula in terms of k × k minors:

det(Ω) =
∑

β∈Πord
m (kℓ)

sign(β)ω[k],β1ω[2k]\[k],β2 · · ·ω[m]\[m−k],βℓ
. (4.4)

Here sign(β) is the sign of the permutation [m] 7→ (β1, . . . , βℓ). We call this a kth order
Laplace expansion of det(Ω). Unlike the 1st order Laplace expansion, it is not a unique
expansion of det(Ω) in terms of k × k minors. For any k-uniform set composition α we get a
k × k expansion by recursively expanding along rows αi. In that case we obtain the formula:

det(Ω) =
∑

β∈Πord
m (kℓ)

sign(α)sign(β)ωα1,β1 · · ·ωαℓ,βℓ
. (4.5)

We observe that the formula is invariant under permuting the minors within each term.
Hence the order of the tuple α = (α1, . . . , αℓ) is irrelevant, and we may fix the following
order: for i ≤ j the smallest element of αi is less than the smallest element of αj. Therefore
α is a k-uniform set partition, and we obtain a unique kth order Laplace expansion for each
k-uniform set partition of [m]. Let [m] be the set {1, . . . ,m} with marked entries. The set
partition π = {α1 ∪ β1, . . . , αℓ ∪ βℓ}, of [m] ∪ [m], where βi is the set βi whose elements are
marked with ·, is a uniform block permutation, see [79] and Theorem 2.1.5. The sign of the
terms in (4.5) is the sign of π, defined in Theorem 2.1.5.

Consider the polynomial ring C[ω] = C[ωI,J : I, J ⊆ [m], |I| = |J |], whose variables
formally represent the minors of a symbolic m×m matrix Ω = (ωi,j). We also include the
empty minor, determined by I = J = ∅, and denoted ω0,0. It serves as a homogenizing
variable. For a k-uniform set partition α of [m], we define the kth-order Laplace polynomial
Lα(ω) to be the element of C[ω] given by the right-hand side of (4.5). In particular, Lα(ω) is
defined as that formal expression, and is not identified with the determinant itself.
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Example 4.1.1 (2nd order Laplace expansions). We consider the 4× 4 matrix Ω of the form

Ω =


ω1,5 ω1,6 ω1,7 ω1,8

ω2,5 ω2,6 ω2,7 ω2,8

ω3,5 ω3,6 ω3,7 ω3,8

ω4,5 ω4,6 ω4,7 ω4,8

 .
There are three 2-uniform set partitions of {1, 2, 3, 4}, namely the following three

12|34, 13|24, 14|23. (4.6)

There are also six 2-uniform set compositions, found by permuting the blocks in (4.6). The
three set partitions correspond to the following three Laplace polynomials in C[ω]:

L12|34(ω) = ω12,56ω34,78 − ω12,57ω34,68 + ω12,67ω34,58 + ω12,58ω34,67 − ω12,68ω34,57 + ω12,78ω34,56,

L13|24(ω) = −ω13,56ω24,78 + ω13,57ω24,68 − ω13,67ω24,58 − ω13,58ω24,67 + ω13,68ω24,57 − ω13,78ω24,56,

L14|23(ω) = ω14,56ω23,78 − ω14,57ω23,68 + ω14,67ω23,58 + ω14,58ω23,67 − ω14,68ω23,57 + ω14,78ω23,56.

Each polynomial has six terms. The sum of the three Laplace polynomials therefore has
eighteen terms. This sum can be written as a linear combination of monomials indexed by
uniform block permutations of shape 22. That is,

L12|34(ω) + L13|24(ω) + L14|23(ω) =
∑

π ∈U4(22)

sign(π)ωα1,β1 · · ·ωαℓ,βℓ
.

By identifying the variable ωI,J with cluster amplitude tI,J we can see that this sum coincides
with the truncated master polynomial ψ5678(tσ) for σ = {2}, defined in [33, Section 2.1].

Remark 4.1.2. The Grassmannian Gr(m, 2m) admits a birational parameterization given
by the minors of an m×m matrix Ω (including the 1× 1 minors, i.e., the entries of Ω). In the
polynomial ring C[ω], its defining ideal I(Gr(m, 2m)) is precisely the ideal of all polynomial
relations among the minors of Ω. It is generated by the Plücker relations. These are quadratic
relations among the minors, see Example 1.1.12. The polynomial

ω0,0 ω12,34 − ω1,3 ω2,4 + ω1,4 ω2,3

is one such example. Therefore, for a point ω ∈ Gr(m, 2m), all Laplace polynomials evaluate
to the same value, namely det(Ω). Hence, intersecting any variety defined solely by Laplace
polynomials with Gr(m, 2m) yields the variety defined by Gr(m, 2m) ∩ V (det(Ω)).

We want to generalize the results of Example 4.1.1, that is describe truncated master
polynomials in terms of generalized Laplace polynomials. To do so, we generalize the kth
Laplace expansion of det(Ω) from k-uniform set partitions to any set partition α ⊢ [m]. For
a set partition α of shape λ we obtain a λ-Laplace expansion of the determinant:

det(Ω) =
∑

β∈Πord
m (λ)

sign(π)ωα1,β1 · · ·ωαℓ,βℓ
. (4.7)
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Here ℓ is the length of λ and π is the corresponding uniform block permutation

π = {α1 ∪ β1, . . . , αℓ ∪ βℓ}.

Notice that (4.5) is a special case of (4.7), obtained by setting λ = kℓ. The right-hand side of
(4.7) is also a polynomial in the polynomial ring C[ω]. We call it the α-Laplace polynomial
and denote it by Lα(ω). We can extend the definition of Laplace polynomials to submatrices
of Ω. Let I, J ⊆ [m] be index sets with |I| = |J |, and let ΩI,J denote the submatrix of
Ω indexed by these sets. For a set partition α of the row set I, we define the α-Laplace
polynomial Lα,J(ω) ∈ C[ω] of ΩI,J as the α-Laplace expansion of the determinant det(ΩI,J).

Consider the partition lattice Πm of set partitions of [m], ordered by refinement: α ≤ β if
every block of α is contained in a block of β. When considering set partitions of an arbitrary
set I with |I| = m, we write Π(I) ∼= Πm. This lattice structure induces a partial order on the
Laplace polynomials and reveals a rich combinatorial structure. We illustrate the refinement
relations between Laplace polynomials in the following example.

Example 4.1.3. Consider a 3× 3 matrix Ω and the set partition refinement 1|2|3 ≤ 1|23.
The Laplace polynomial corresponding to the set partition 1|23 of {1, 2, 3} is

L1|23(ω) = ω1,1ω23,23 − ω1,2ω23,13 + ω1,3ω23,12.

We want to obtain the Laplace polynomial L1|2|3(ω) from L1|23(ω) by “refining” the variables
ω. Precisely, we substitute the variables ω23,23, ω23,13 and ω23,12, which correspond to formal
minors, with their corresponding 2|3-Laplace polynomials. That is, these level 2 variables are
replaced by the following 1st order Laplace polynomials:

ω23,12 7→ L2|3,12(ω) = ω2,1ω3,2 − ω2,2ω3,1,

ω23,13 7→ L2|3,13(ω) = ω2,1ω3,3 − ω2,3ω3,1,

ω23,23 7→ L2|3,23(ω) = ω2,2ω3,3 − ω2,3ω3,2.

Substituting these expressions into L1|23(ω) yields the 1|2|3-Laplace polynomial:

L1|2|3(ω) = ω1,1(ω2,2ω3,3 − ω2,3ω3,2)− ω1,2(ω2,1ω3,3 − ω2,3ω3,1) + ω1,3(ω2,1ω3,2 − ω2,2ω3,1)

= ω1,1ω2,2ω3,3 − ω1,1ω2,3ω3,2 − ω1,2ω2,1ω3,3 + ω1,2ω2,3ω3,1 + ω1,3ω2,1ω3,2 − ω1,3ω2,2ω3,1.

Hence, refinement in the lattice of Laplace polynomials of the matrix Ω corresponds to
expanding some of the variables ωI,J as minors and replacing them by Laplace polynomials
of the corresponding (I, J)-minors of Ω.

We conclude this section with a lemma that formalizes these properties.

Lemma 4.1.4. Let α be a set partition of [m].
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1. Let β be a set partition such that α ≤ β in Πm. Then

Lα(ω) = Lβ

(
(Lα|I ,J(ω))I,J

)
.

Here α|I = (α1 ∩ I, . . . , αk ∩ I) denotes the restriction of α to I ⊆ [m], which is a set
partition of I. We recall that Lβ is a polynomial in variables indexed by pairs (I, J)
with I, J ⊆ [m] and |I| = |J |.

2. We take disjoint sets α′, α′′ such that α = α′ ⊔ α′′. Hence α′ and α′′ are set partitions
of some subsets I and [m]\I of [m]. We get

Lα(ω) =
∑

J∈([m]
|I|)

sign(I)sign(J)Lα′,J(ω)Lα′′,[m]\J(ω).

Observe that part (2) of Lemma 4.1.4 is a special case of part (1), obtained by taking set
partition β = I | [m]\I. The statements of this lemma follow directly from the construction
of the Laplace polynomials, and we let Example 4.1.3 serve as a proof.

4.2 Generalizing the Grassmannian

We now transition from a general square matrix Ω to the d × (n − d) matrix T = [ti,j],
whose entries ti,b are the single (level 1) truncated cluster amplitudes in V{1}. The rows of T
are therefore indexed by [d] and its columns by [n]\[d]. The coordinates of the full cluster
amplitudes space Vd represent formal minors of T . More precisely, the cluster amplitude tI,B
corresponds formally to the minor of T determined by rows I and columns B. The truncated
subspace Vσ consists of those coordinates tI,B for which |I| ∈ σ ⊆ [d].

Accordingly, we consider the polynomial ring C[t] = C[tI,B : I ⊆ [d], B ⊆ [n]\[d], |I| = |B|]
which is the ring of polynomial functions on Vd. Of special interest is the d× n matrix

[ Id T ] =


1 0 · · · 0 t1,d+1 · · · t1,n
0 1 · · · 0 t2,d+1 · · · t2,n
...

...
. . .

...
...

. . .
...

0 0 · · · 1 td,d+1 · · · td,n

 . (4.8)

This matrix appears in the parameterization of the CCS truncation variety, namely the
Grassmannian Gr(d, n); see Example 4.2.1. The maximal minors of (4.8) are in one-to-one
correspondence with the minors of T . More precisely, the maximal minor indexed by a subset
J ⊆ [n] equals (−1)τ t[d]\J, J\[d], where τ denotes the parity of the permutation that sends
[d] to (J, [d] \ J). Consequently, we assume the λ-Laplace expansion of the maximal minor
indexed by J to be the λ-Laplace expansion of the minor t[d]\J,J\[d], up to the sign (−1)τ .

We recall that the truncation variety Vσ, corresponding to level set σ ⊊ [d], is birationally
parameterized by the truncated exponential map in (2.6). This is the map

Vσ → Hd, tσ 7→ ψ = expT (tσ)e[d]. (4.9)
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Here tσ denotes the projection of the cluster amplitude t ∈ Vd onto Vσ.

Example 4.2.1 (σ = {1}). We recall from Theorem 2.2.5 that this parameterization of
V{1} coincides with the birational Plücker embedding of the Grassmannian described in
Remark 1.1.9. In particular, after projectivizing Hd, the map (4.9) induces

Cd×(n−d) → P(n
d)−1, T = [ti,b] 7→ all maximal minors of [ Id T ].

We note that PHd
∼= P(n

d)−1. The truncated subspace Vσ is generated by the entries of T ,
and hence Vσ ∼= Cd×(n−d). We may also view the entries ti,b of T as the 1× 1 minors of T .
The maximal minors of [ Id T ] are then obtained via 1st order Laplace expansions.

Example 4.2.2 (d = 4, n = 8, σ = {2}). We continue Example 4.1.1. The truncation
variety V{2} is parameterized by 2nd order Laplace polynomials. Explicitly, the truncated
exponential parameterization of V{2}, shown in (4.9), can be written as:

C(4
2)(

4
2) −→ C(8

4), ψJ =


1 J = {1, 2, 3, 4},
0 |J ∩ [4]| = 1 or 3,

(−1)τ t[4]\J, J\[4] |J ∩ [4]| = 2,

L12|34(t) + L13|24(t) + L14|23(t) J = {5, 6, 7, 8}.

(4.10)

Notice that if J has excitation level 1 or 3, then the contribution from T to the Jth minor
of [ I4 T ] has size 1 or 3, and therefore admits no 2nd order Laplace expansions. If J has
excitation level 2, there is exactly one 2nd order Laplace expansion, namely the signed variable
(−1)τ t[4]\J, J\[4]. Hence the map sends ψJ to the sum of all 2nd order Laplace expansions of the
corresponding minor of [ I4 T ]. Since all nonzero coordinates except the first and the last are
variables, the truncated exponential parameterization can be viewed as the graph of the map

C36 → C2, ψ1234 = 1, ψ5678 = L12|34(t) + L13|24(t) + L14|23(t). (4.11)

that maps the truncated variables tσ to the sum of the three 2nd order Laplace polynomials.

We present a general result writing the exponential map in terms of Laplace polynomials.

Theorem 4.2.3. The exponential parameterization can be written in the following way:

Vd → Hd, ψJ = (−1)τ
∑

α∈Π([d]\J)

Lα,J\[d](t). (4.12)

Here τ denotes the parity of [d] 7→ (J, [d]\J). Hence, under this bijection, the Jth coordinate
ψJ is the sum of all Laplace expansions of the Jth minor of [ Id T ].

Proof. Let J be a subset of [n] of size d. Recall that a set partition α of [d]\J and an
ordered set partition β of J\[d] of the same shape determine a uniform block permutation
π = {α1 ∪ β1, . . . , αℓ ∪ βℓ} of J . Hence the sum in (4.12) is the signed linear combination
of monomials indexed by uniform block permutations. Thus, by Theorem 2.1.5, the map
defined in (4.12) matches the exponential map, proving the statement.
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We use this result to write parameterizations of truncation varieties Vσ in terms of Laplace
polynomials. We therefore describe the truncation varieties explicitly as generalizations of
the Grassmannian, which is parameterized by 1st order Laplace polynomials. To that end,
we define the subposet Πσ

d of the partition lattice Πd as the poset of set partitions of [d]
with blocks whose sizes are in σ. Note that Πσ

d is usually not a lattice. These posets of set
partitions with restricted block sizes have appeared in the literature. See, for example, [15,
27, 66], where their Möbius functions are studied. When we consider set partitions of a subset
I ⊆ [d] of size |I| = m we use the notation Π(I)σ ∼= Πσ

m.

Example 4.2.4. Let d = 4. We consider the partition lattice Π4.

1|2|3|4
1

12|3|4−1 13|2|4−1 14|2|3−1 23|1|4 −1 24|1|3 −1 34|1|2 −1

123|42 124|32 134|2 2 234|1 212|341 13|24
1

14|23 1

1234

−6

Figure 4.1: The partition lattice Π4 and its subposet Π≤2
4 whose entries are marked in blue.

The number displayed next to each partition α is the Möbius value µ(0̂, α).

This lattice has a maximum element 1̂ = 1234 and a minimum element 0̂ = 1|2|3|4. The blue
circled entries form the subposet Πσ

4
∼= Π≤2

4 where σ = {1, 2}. We notice that this subposet
does not have a unique maximum element and is therefore not a lattice.

Notice that the principal order ideals generated by elements of Π≤2
4 are the same in Π≤2

4

as in the full partition lattice Π4. Consequently, the Möbius function on Π≤2
4 agrees with the

restriction of the Möbius function on Π4. This is not true for general σ.

Corollary 4.2.5. The truncated exponential parameterization of the truncation variety Vσ
from (4.9) can be written as

Vσ → Hd, ψJ = (−1)τ
∑

α∈Π([d]\J)σ
Lα,J\[d](t). (4.13)

Here τ denotes the parity of [d] 7→ (J, [d]\J).

Usually, the level set σ has one of two forms. Either σ is a singleton {k}, which yields
the kth-order Laplacians. Alternatively, σ is an interval [ℓ]. In this case, the poset Π([d]\J)σ

restricts to set partitions whose blocks have size at most ℓ. This poset is denoted by Π([d]\J)≤ℓ.
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4.3 Graphs of Laplace Polynomials

In this section, we relate the CC degree of a truncation variety to a more classical algebraic
invariant. Specifically, to the total degree of a graph, as in the case of the Grassmannian
in Chapter 3. We begin by stating a generalization of Theorem 3.1.1. To do so, we first
introduce some terminology. Let f : Cm → Cs be a polynomial map. We define its graph
map by

Cm → Cm+s, x 7→ (x, f(x)).

Similarly, for a rational map g : Pm 99K Ps−1, we define its graph map as

Pm 99K Pm × Ps−1, x 7→ (x, g(x)). (4.14)

The truncated exponential parameterization of V{2}, defined in (4.10), provides an example
of a graph map. More precisely, it is the graph map of the map (4.11).

The graph of a rational map g : Pm 99K Ps−1, denoted Γg, is defined as the closure of the
image of the graph map (4.14) of g. It is a variety in the product space Pm × Ps−1, and it
has the same dimension as the variety parameterized by g. The graph of the Grassmannian
G(d, n) in Section 3.1 is a special case of a variety that is a graph. The bidegrees and the
total degree of Γg are therefore defined in the same way as in Section 3.1.

Remark 4.3.1. The truncation varieties admit birational parameterizations of the form

ϕ : CN → C(n
d), x 7→ (1, f(x)), where f : CN → C(n

d)−1 is polynomial.

Here N = dim(Vσ) =
∑

k∈σ
(
d
k

)(
n−d
k

)
. We call the map ϕ the affine representative of f . See

Remark 1.1.8 for a detailed explanation of varieties of this form.

Take a level set σ ⊆ [d], and let Hσ denote the image of the projection of Hd defined by
the map ψ 7→ ψσ. Concretely, the elements of Hσ are vectors ψσ consisting of the coordinates
ψJ for which the excitation level |J \ [d]| lies in σ. We denote the complementary set of
excitation levels by σc = [d] \ σ. This yields the natural decomposition

Hd
∼= C×Hσ ×Hσc ∼= C× CN × C(n

d)−N−1,

where N = dim(Vσ) = dim(Hσ).

Theorem 4.3.2. Take a level set σ ⊆ [d]. Assume the truncation variety Vσ is birationally
parameterized by a map ϕ which is the graph map of the affine representation

Vσ → C×Hσc , tσ 7→ (1, f(tσ)).

Now let Φ : PN 99K P(n
d)−1 be the projectivization of ϕ. Then the CC degree of Vσ is the total

degree of the graph ΓΦ of the rational map Φ.
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Proof. By hypothesis, Vσ admits a parameterization as the graph map of an affine represen-
tative. Consequently, it is parametrized by a map of the form

ϕ : Vσ → Hd, tσ 7→ ψ = (1, tσ, f(tσ)),

where f is a polynomial map Vσ → Hσc . Projecting onto the σ-coordinates yields ψσ = tσ,
and hence the proof is equivalent to the proof of Theorem 3.1.1, using Lemma 3.2.1.

We view Theorem 4.3.2 as a generalization of Theorem 3.1.1. Notice that here we speak
of two graphs. First, we assume the truncation variety can be birationally parameterized
by a graph map ϕ. On the other hand, the CC degree of such a truncation variety is the

total degree of the graph ΓΦ ⊆ PN × P(n
d)−1 of the projectivization Φ. Hence, the truncation

variety is itself a graph, and we take its graph to describe its CC degree.

Example 4.3.3 (d = 4, n = 8, σ = {2}). We continue Example 4.2.2. Consider the truncated
exponential parameterization of V{2}, described explicitly in (4.10). It is the graph map of
the affine representation (4.11). Hence V{2} fulfills the hypothesis of Theorem 4.3.2. We view
the projectivization of the truncated exponential map as a rational map

Φ : P(d
2)(

n−d
2 ) 99K P(d

2)(
n−d
2 )+(d

4)(
n−d
4 ).

The map Φ parameterizes the projective variety V{2}. By Theorem 4.3.2 the CC degree
of V{2} is the total degree of the variety ΓΦ ⊆ P36 × P37, i.e. the graph of Φ. By applying
the command multidegree in Macaulay2 to our bihomogeneous ideal I(ΓΦ), we find that
the class of the graph ΓΦ in the cohomology ring H∗(P36 × P37) = Z[u, v]/⟨u37, v38⟩ is

[ΓΦ] = 2u36v + 2u35v2 + 2u34v3 + · · ·+ 2u2v35 + 2uv36 + v37.

Each nonzero coefficient in [ΓΦ] is 2, except for the coefficient of v37, which is equal to 1. Hence
the total degree of ΓΦ, and therefore the CC degree of V{2} is CCdeg(V{2}) = 36 · 2 + 1 = 73.

Note that for most level sets σ the truncated exponential parameterization (4.9) is not
a graph map. An important exception occurs when the level set σ is a singleton, that is,
σ = {k} for some k ∈ [d]. In this case, the hypothesis of Theorem 4.3.2 is satisfied, and
the CC degree equals the degree of the graph of the projectivization of (4.9). In particular,
this applies to the CCS truncation variety, namely the Grassmannian; see Chapter 3. It
also applies to the CCD truncation variety corresponding to σ = {2}, as illustrated in
Example 4.3.3. The CCD case is treated in detail in [33], and the graph map property of the
truncation variety V{2} is established in [33, Proposition 2.1].

For level sets σ of size greater than one, the truncated exponential parameterization is no
longer a graph map. However, these truncation varieties still admit graph parameterizations.
Their construction relies on the poset structure of the Laplace polynomials, inherited from
the partition lattice. We begin by introducing a bijection that defines new coordinates on Vσ.



CHAPTER 4. LAPLACE PARAMETERIZATION OF QUANTUM STATES 70

Remark 4.3.4. We consider the polynomial map

χσ : Vσ → Vσ, xI,B =
∑

α∈Π(I)σ

Lα,B(t), for I ⊆ [d], B ⊆ [n]\[d], |I| = |B| ∈ σ.

Since |I| ∈ σ, the sum contains the term corresponding to the one-block partition {I}, namely
LI,B(t) = tI,B. Thus each coordinate xI,B maps to tI,B plus terms involving coordinates of
smaller block size. Consequently, χσ is a bijection and defines a change of coordinates on Vσ.

The following example illustrates this change of coordinates for CCSD.

Example 4.3.5 (The bijection χ{1,2}). In this case dim(V{1,2}) = d(n− d) +
(
d
2

)(
n−d
2

)
and

we have coordinates of the form xi,b and xij,bc where i, j ∈ [d] and b, c ∈ [n]\[d]. Then

χ{1,2} : V{1,2} → V{1,2}, t 7→
{
xi,b = ti,b

xij,bc = tij,bc + ti,btj,c − ti,ctj,b.

Before finding the new parameterization, we prove the following technical lemma.

Lemma 4.3.6. Let α be a set partition in the poset Πσ
d . We get the following identity:

Lα

 ∑
γ∈Π(I)σ

Lγ,B(t)


I,B

 =
∑
β≤α

Lβ(t).

Proof. The Laplace polynomials are squarefree and hence multilinear. Each refinement of α
in Πσ

d is found by partitioning its blocks αi with set partitions from Π(αi)
σ. That explains

the first equality in the following equation. The second equality follows from part (1) of
Lemma 4.1.4:

Lα

 ∑
γ∈Π(I)σ

Lγ,B(t)


I,B

 =
∑
γ≤α

Lα((LγI ,B(ω))I,B) =
∑
γ≤α

Lγ(t).

To state the parameterization in the new coordinates, we first need to introduce the
Möbius sums associated with the poset Πσ

d . Let µ denote the Möbius function of Πσ
d (see,

e.g., [95, Section 3.7]). For α ∈ Πσ
d we define the Möbius sum Σ(α) as the following integer

Σ(α) =
∑
γ≥α

µ(α, γ).

We now illustrate how to compute this integer for a small example.
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Example 4.3.7. We consider the partition lattice Π4 and its subposet Π≤2
4 , illustrated in

Example 4.2.4. The three partitions of rank 2, namely 12|34, 13|24, and 14|23, are maximal
in Π≤2

4 . Hence, by definition,

Σ(12|34) = Σ(13|24) = Σ(14|23) = µ(α, α) = 1.

The partitions of rank 1 each have only one partition larger than them. Therefore, for
example, the Möbius sum of 12|3|4 is

Σ(12|3|4) = µ(12|3|4, 12|3|4) + µ(12|3|4, 12|34) = 1− 1 = 0.

By the same logic, the Möbius sum of each rank 1 element is 0. Finally, we consider the
Möbius sum of the rank 0 element 1|2|3|4. The Möbius values µ(0̂, α) are marked in Figure 4.1.
We get

Σ(1|2|3|4) = 1 + 6 · (−1) + 3 · 1 = −2.

The following theorem shows that every truncation variety Vσ admits a graph parameteri-
zation, with no restriction on the level set σ. It is the main result of this chapter.

Theorem 4.3.8. The truncation variety Vσ is birationally parameterized by the map

Vσ → Hd, ψJ = (−1)τ
∑

α∈Π([d]\J)σ
Σ(α)Lα,J\[d](x), (4.15)

where Σ(α) is the Möbius sum of α in Π([d]\J)σ. This map is a graph map.

Proof. We consider the conjugation of χσ with (4.15). By Lemma 4.3.6 we get the map

Vσ → Hd, ψJ = (−1)τ
∑

α∈Π([d]\J)σ
Σ(α)

∑
γ≤α

Lγ,J\[d](t). (4.16)

Fix a subset J ⊆ [n], and consider the poset P = Π([d]\J)σ∪{1̂}, that is, the poset Π([d]\J)σ

together with a maximum element 1̂. Our proof uses Möbius inversion. To that end, we
define the functions f, g : P → C[t] where

f(α) = Lα,J\[d](t), f(1̂) = 0, g(α) =
∑
γ≤α

f(γ) =
∑
γ≤α

Lγ,J\[d](t).

We see that µ(α, 1̂) = −∑γ≥α µ(α, γ) = −Σ(α). Hence by Möbius inversion we get

0 = f(1̂) =
∑
α<1̂

µ(α, 1̂)g(α) + g(1̂) =
∑

α∈Π([d]\J)σ
(−Σ(α))Lα,J\[d](t) +

∑
α∈Π([d]\J)σ

Lα,J\[d](t).

Note that the truncated exponential map (4.9), which parameterizes Vσ, maps the coordinate
ψJ to (−1)τg(1̂). Hence, the conjugated map in (4.16) is exactly the truncated exponential
map. Since χσ is a bijection, we see that (4.15) also parameterizes Vσ.
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Now consider an index set J ∈
(
[n]
d

)
with excitation level |[d]\J | in σ. Then Π([d]\J)σ

has a maximum element {[d]\J} and we get the following formulas for the Möbius sum:

Σ({[d]\J}) = 1 and Σ(α) = 0 for α < {[d]\J}.

Therefore (4.15) maps coordinate ψJ to signed variable (−1)τx[d]\J,J\[d]. This proves that
(4.15) is the graph map of the affine representative of the restriction to Hσc .

This new parameterization provides a graph parameterization for every truncation variety
Vσ. Consequently, each truncation variety can be realized as a graph. In particular, we obtain
a graph parameterization for the chemically relevant CCSD truncation variety V{1,2}. This
allows us to study the CCSD variety in a manner similar to the analyses of the CCS variety
in Chapter 3 and the CCD variety in [33]. We now illustrate a small example:

Example 4.3.9 (d = 3, n = 6, σ = {1, 2}). We consider the 3× 3 matrix

X =

x1,4 x1,5 x1,6
x2,4 x2,5 x2,6
x3,4 x3,5 x3,6

 .
We look at the graph parameterization of V{1,2}. In this case

N = dim(V{1,2}) = 3(6− 3) +

(
3

2

)(
6− 3

2

)
= 9 + 9 = 18.

For an indexing set J of excitation level 1 or 2, the map (4.15) sends ψJ to the signed
variable (−1)τx[d]\J, J\[d]. The level 3 coordinate ψ456 maps to a linear combination of Laplace
polynomials of X. Explicitly, (4.15) is the graph map of the affine representative

C18 → C2, ψ123 = 1, ψ456 = L1|23(x) + L2|13(x) + L3|12(x)− 2L1|2|3(x). (4.17)

Here the coefficient −2 is the Möbius sum of 1|2|3 in Π≤2
3 .

We obtain the following immediate corollary of Theorem 4.3.2 and Theorem 4.3.8:

Corollary 4.3.10. The CC degree of Vσ is the total degree of the graph of the map (4.15).

We take a deeper look at the Möbius sum over the poset Π(I)σ ∼= Πσ
m, where I ⊆ [d] and

|I| = m. By definition, it is trivial for posets with a maximum element 1̂. In that case

Σ(α) =

{
1 if α = 1̂

0 if α < 1̂.

However, Πσ
m only has a maximum element if m ∈ σ. In general we do not have an explicit

formula for the Möbius sum of an element α in Πσ
m. We now focus on the case when σ = [ℓ]

for some ℓ ≤ d. Then Πσ
m is the poset of set partitions with blocks of size at most ℓ, ordered
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by refinement, and denoted Π≤ℓ
m . We recall that the Möbius function of Π≤ℓ

m matches the
Möbius function of the partition lattice Πm. Therefore, in that case

µ(α, γ) = (−1)|α|−|γ|
∏
γi

(sγi − 1)! so Σ(α) =
∑
γ≥α

(−1)|α|−|γ|
∏
γi

(sγi − 1)!,

where sγi is the number of blocks of α contained in the block γi of γ. We define the global
Möbius sum of Π≤ℓ

m as Σ(m) = Σ(0̂). By [66, Proposition 1.2] the generating function for the
global Möbius sum of Π≤ℓ

m for m ∈ N equals

∑
k≥0

Σ(k)
xk

k!
= exp

(
ℓ∑

k=1

(−1)k−1x
k

k

)
.

Remark 4.3.11 (Möbius sum of Π≤2
m ). Here we assume σ = {1, 2} and we consider the poset

Π≤2
m . The generating function of the global Möbius sum is∑

k≥0

Σ(k)
xk

k!
= exp

(
x− x2

2

)
.

This is exactly the generating function for the Hermite polynomial, evaluated at x = 1, i.e.
Hek(1). These polynomials are well studied and have a nice combinatorial interpretation in
terms of involutions of a finite set, see [41, Proposition 1]. By [41, Equation 2] we get the
following explicit formula for the global Möbius sum of Π≤2

m :

Σ(m) =

⌊m/2⌋∑
k=0

(−1)k
m!

2kk!(m− 2k)!
.

This is also showed in [15, Theorem 5]. This is the signed number of involutions of the set
[m]. The first values of the sequence of evaluated Hermite polynomials Hem(1) are

1, 1, 0,−2,−2, 6, 16,−20,−132, 28, . . . , m = 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, . . . . (4.18)

Now let α ∈ Π≤2
m , and let s denote the number of singleton blocks of α. Since every

partition in Π≤2
m has blocks of size at most 2, the only way to obtain larger partitions is by

joining together the singleton blocks of α. Consequently, the principal filter of α (that is, the
set of elements β ∈ Π≤2

m where β ≥ α) is isomorphic to Π≤2
s . In this poset α corresponds to

the minimal element, and therefore

Σ(α) = Σ(s) = Hes(1).

This yields an explicit description of the Möbius sums for elements of the poset Π≤2
m , and

hence of the coefficients appearing in the parameterization (4.15) of V{1,2}.

We can now explicitly describe the graph parameterization of the CCSD truncation variety:
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Corollary 4.3.12. The truncation variety V{1,2} can be parameterized by the graph map

Cd(n−d)+(d
2)(

n−d
2 ) → H{1,2}, ψJ = (−1)τ

∑
α∈Π([d]\J)≤2

Hesα(1)Lα,J\[d](x). (4.19)

Here sα denotes the number of singletons in α. The CC degree of V{1,2} is the total degree of
the graph of this graph map.

We conclude this section with an explicit graph parameterization of a small example of a
CCSD truncation variety.

Example 4.3.13 (d = 4, n = 8, σ = {1, 2}). In this case, the truncation variety V{1,2} is
parameterized by the graph map

C52 → C70, ψJ =


1 J = {1, 2, 3, 4}
(−1)τx[4]\J,J\[4] |J\[4]| = 1 or 2,

Lij|k,B(x) + Lik|j,B(x) + Ljk|i,B(x)− 2Li|j|k,B(x) |J\[4]| = 3,

L12|34(x) + L13|24(x) + L14|23(x)− 2L1|2|3|4(x) J = {5, 6, 7, 8}

(4.20)

Here, in the case |J \ [4]| = 3, we set B = J \ [4] and write {i, j, k} = [4] \ J with i < j < k.
This map differs from the truncated exponential parameterization of V{1,2} in Corollary 4.2.5.

When J has excitation level |J\[4]| = 3, the coordinate ψJ is equal to the polynomial
in (4.17) up to a relabeling of the indices. Note that the coefficients in front of the Laplace
polynomials are entries of the sequence (4.18). The coordinate ψ5678 should be given by a
linear combination of all 10 Laplace polynomials corresponding to the blue-circled partitions
in Figure 4.1. However, since the rank 1 partitions have two singletons, their Möbius sum is
equal to He2(1) = 0; see also Example 4.3.7. Hence those terms do not appear.

In conclusion, we defined the exponential parameterizations of the truncation varieties in
terms of Laplace polynomials, offering a more algebraic description of them. With a nonlinear
change of coordinates, we were able to reparameterize the truncation varieties with graph
maps. This, in turn, allowed us to show that the CC degree equals the total degree of its
graph. Although we now shift our focus to numerics, many theoretical questions concerning
the truncation varieties and their CC degrees remain open. Among them are the problems of
finding a Khovanskii basis for the truncation varieties and understanding symmetries in their
defining equations.
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Chapter 5

Numerical Exploration

In this chapter we focus on the computational aspects of our algebraic adaptation of coupled
cluster theory. We give an elementary introduction to the algebraic computational tools used
to fully solve the CC equations. The main tools are parameter homotopy and monodromy,
both implemented in the software HomotopyContinuation.jl [11]. We describe in detail
how we compute the degree and CC degree of truncation varieties. We study the scaling
behavior of the CC degree and compare our bounds from Theorem 2.3.2 with previously
known bounds. We conclude the chapter with two comprehensive case studies of the CC
equations for LiH and H4 in several symmetries. This chapter is based on Section 5 of [37] and
the paper Exploring Ground and Excited States via Single Reference Coupled-Cluster Theory
and Algebraic Geometry [102], which is joint work with Fabian M. Faulstich. Throughout
this chapter we use Julia version 1.9.1 and HomotopyContinuation.jl version 2.9.2 [11].
The Python computations were performed using Python 3.8.8 and PySCF 2.0.1 [99]. All
computations were carried out on the MPI-MiS computer server using four 18-core Intel Xeon
E7-8867 v4 processors at 2.4 GHz (3,072 GB RAM).

5.1 Computational Methods

In this section, we outline the computational procedure employed to compute CC degrees and
CC solutions for specific Hamiltonians. We begin by introducing the CC family, a parametric
polynomial family for the coupled cluster systems in (2.18) corresponding to σ:

FCC(σ) =
{[

(G− λ · I) exp (T (t))e[d]
]
σ

∣∣ G ∈ C(n
d)×(n

d)
}
. (5.1)

The energy λ ∈ C and cluster amplitudes t ∈ Vσ are the variables, and the entries of the
matrix G are the parameters. This is the set of CC systems truncated at σ, one for each(
n
d

)
×
(
n
d

)
matrix G. We will ultimately choose G = H to be a Hamiltonian of interest. We

recall from Section 2.3 that generically the CC systems have a finite number of roots.

Theorem 5.1.1 (The Parameter Continuation Theorem). [10, Theorem 3.18] We denote
the number of regular zeros of FG ∈ FCC by N(G) and set N = supGN(G). The number N



CHAPTER 5. NUMERICAL EXPLORATION 76

is finite and there exists a proper algebraic subvariety ∆ ⊊ C(n
d)×(n

d), called the discriminant
of FCC, such that N(G) = N for all G /∈ ∆.

This theorem provides an upper bound on the number of isolated roots of any polynomial
system in FCC. Moreover, this bound is tight and equality is obtained for any polynomial
system with parameters outside the discriminant ∆. This bound is the CC degree. Systems
on the discriminant ∆ might have fewer roots, as well as singular roots and zero sets
with extraneous higher-dimensional components. Most physical Hamiltonians, arising from
electronic systems, lie on the discriminant, so the number of zeros of the corresponding
systems is often significantly fewer than the CC degree. Physical CC equations might also
potentially have positive-dimensional solution sets.

The numerical procedure used in this work consists of two steps: First, we solve a general
system of equations from the CC family, FCC, using monodromy methods. Second, we use
parameter homotopy to track the solutions from this solved but generic system of equations
to solutions of the CC equations describing a specific chemical system of interest.

We emphasize that, at their core, both methods use a homotopy to track new solutions
from known solutions [3, 26, 45, 75, 94]. More precisely, for a (piecewise smooth) path

γ : [0, 1]→ C(n
d)×(n

d) in the parameter space we define the homotopy

H(λ, t, τ) = Fγ(τ)(λ, t), (λ, t) ∈ C× Vσ, τ ∈ [0, 1]. (5.2)

Here H(λ, t, τ) describes the continuous deformation from a start system G(λ, t) = H(λ, t, 1)
to a target system F (λ, t) = H(λ, t, 0). The individual solution paths of the equation
H(λ, t, τ ) = 0 are then tracked from G(λ, t) to F (λ, t) as τ → 0. This is accomplished via an
ordinary differential equation, known as the Davidenko differential equation [24, 25],

∂

∂x
H(x, τ)

(
d

dτ
x(τ)

)
+

∂

∂τ
H(x, τ) = 0, (5.3)

initialized by a root x of the start system, i.e. G(x) = 0, where we set x = (λ, t) ∈ C× Vσ.

Monodromy

The monodromy solver is a numerical technique specifically designed for solving generic
polynomial systems of equations within a parameterized family, [26, Section 2.1]. We
emphasize that the monodromy solver requires the system to be generic, so it is not suitable
for solving physical CC equations directly. However, it can be employed to establish a start
system FG ∈ FCC within the CC family, and compute the CC degree. This start system
is then used by the parameter homotopy continuation method to solve a (physical) target
system of equations. The monodromy method is required only once for a particular system
configuration, i.e. the number of electrons d, the number of orbitals n and the level set σ ⊊ [d].

In the monodromy setting, we consider homotopies corresponding to loops in the parameter
space. To that end, we define the fundamental group of the generic parameter space
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C(n
d)×(n

d)\∆ based at G, denoted π1(C(n
d)×(n

d)\∆, G), to be the set of all loops in C(n
d)×(n

d)\∆
starting (and ending) at matrix G, modulo deformation. We say two loops are equivalent
if there exists a continuous deformation of one loop into the other, i.e. we do not cross the
discriminant when deforming. See [49, Chapter 1] for the formal definition.

The term monodromy refers to a transformation obtained by transporting a parametric
object around a loop in the parameter space. The resulting object may differ from the
starting object. This observation forms the basis of the monodromy solver. More precisely,

let G be a generic
(
n
d

)
×
(
n
d

)
matrix and let γ ∈ π1(C(n

d)×(n
d)\∆, G) be a loop in the parameter

space based at G, i.e. γ(0) = γ(1) = G. Let x ∈ C× Vσ be a root of the generic CC system
FG ∈ FCC. Denote by x(τ) the solution path of the homotopy H(λ, t, τ) = 0, starting at
x(1) = x. Since γ is a loop, the target system of H equals the start system. In particular, the
endpoint x(0) is again a root of FG. However, the endpoint x(0) need not be equal to the root
x(1). Precisely, let (x1, . . . ,xM ), where M = CCdeg(Vσ), be an ordered list of all the roots of
FG. Then continuation along γ induces a permutation of the roots: (x1(0), . . . ,xM (0)). More
generally, the fundamental group acts on the solution set of FG(λ, t) = 0 by permutation.
We therefore obtain a homomorphism

π1(C(n
d)×(n

d)\∆, G)→ SM

where SM is the symmetric group. The image of this map is called the monodromy group of FG.

Example 5.1.2 (A simple monodromy). Consider the parametric polynomial family:

F = {x3 − 6 x2 + 11 z x− 6
∣∣ z ∈ C},

with variable x ∈ C and parameter z ∈ C. For z = 1, the corresponding polynomial

x3 − 6 x2 + 11 x− 6 = (x− 1)(x− 2)(x− 3)

has the roots x1 = 1, x2 = 2, x3 = 3. We track the roots along the loop γ : [0, 1]→ C, t 7→ ei2πt,
based at 1, and obtain a permutation (12)(3) of the roots, see Figure 5.1.

2 4 6 8
Re(x)

-2

-1

1

2

Im(x)

Figure 5.1: The paths of the roots of x3 − 6x2 + 11γ(τ)x− 6 along γ : [0, 1]→ C, τ 7→ ei2πt.
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The monodromy solver begins with a single known solution of a system of equations
and numerically computes additional solutions by continuing along loops in the parameter
space. All solutions of the system can be recovered in this way if and only if the monodromy
group is transitive, that is, if the solution set consists of a single orbit. Hence, the following
well-known theorem provides conditions under which this procedure can recover all solutions.

Theorem 5.1.3. [48, Exposé V, Theorem 4.1] Let F be a polynomial family with variables
x ∈ Cm and parameters p ∈ Cs, such that generic systems in F have a finite number of
regular zeros. The monodromy group is transitive if and only if the incidence variety

V (F) = {(x, p) ∈ Cm × Cs : Fp(x) = 0}

is irreducible.

We look at the incidence variety of the CC family. It can be written using the implicit
formulation of the CC equations found in (2.15),

V (FCC) = {((λ, ψ), G) : (Gψ)σ = λψσ, ψ ∈ Vσ} ⊆ (C× Vσ)× C(n
d)×(n

d).

We recall that the truncation varieties Vσ are irreducible. The defining equations have
linear parameters, and so the projection π1 : V (FCC)→ C× Vσ has linear fibers which are
nonempty, since λI ∈ π−1

1 (λ, ψ). Therefore, the incidence variety is also irreducible. Hence,
the monodromy groups of coupled cluster systems are transitive and monodromy solvers can
be used to find all solutions of generic CC equations, given a single known solution.

If the total number of solutions of the polynomial system of equations is unknown, it is not
immediately clear when all solutions have been found. We therefore must specify a stopping
criterion. In HomotopyContinuation.jl, the default criterion halts the computation after
five consecutive loops without finding additional solutions. At that point, we assume that all
solutions to the system have been numerically identified.

To use the monodromy solver to find all roots of a generic system in FCC, one needs a
generic instance of the CC equations along with a start solution. Hence, we need a generic
matrix G along with a single solution to the corresponding CC equations FG = 0. Often, this
pair is found using Newton’s method. However, as was mentioned above, the fibers of the
projection π1 are nonempty and linear. Therefore, we can find a generic CC system along
with a root by first choosing (λ, t) ∈ C× Vσ at random, and then find a matrix G such that
(λ, t) is a root of FG. To do that we only need to solve the linear system

[(G− λ · I) expT (t)e[d]]σ = 0

where the unknowns are the entries of matrix G. A generic solution G produces the desired
generic CC system FG with a known root (λ, t).
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Parameter Homotopy

Applying the parametric homotopy continuation method to find the solutions of the CC
equations corresponding to an electronic system of interest is now straightforward. The goal
is to solve

FH(λ, t) = [(H − λ · I) exp (T (t))e[d]]σ = 0

for a given Hamiltonian H, arising from a physical electronic system, as in Section 1.2. We
note that H may lie on the discriminant ∆. We define a path γ in the parameter space

that continuously transforms the generic matrix G into H, such that γ((0, 1]) ⊆ C(n
d)×(n

d)\∆.
Hence, only the endpoint γ(0) can lie on ∆. This means, γ should not cross the discriminant.

Such a path can be chosen generically, since ∆ is a proper variety of C(n
d)×(n

d), and therefore
has real codimension at least two and measure zero. Since we have computed all roots of the
system FG using monodromy, the Davidenko differential equation (5.3) allows the tracking
of roots from FG to FH using e.g. Newton’s method. The CC degree therefore serves as a
complexity measure, as it equals the number of paths needed to be tracked to fully solve
physical CC equations.

As τ → 0, we may encounter different scenarios when getting close to τ = 0. We illustrate
such different scenarios in Figure 5.2.

λ0 1

Figure 5.2: Sketch of possible homotopy paths.

First, the tracking might not converge, i.e. the path has no finite limit as τ → 0 and the
solution goes off to infinity. This only happens if the target system FH lies on the discriminant
∆, and in that case the solution count drops. If the tracking converges, we find either a
non-singular solution or a singular solution. A solution is singular if the Jacobian matrix of
FH is singular (i.e. not invertible), or if the winding number of the solution path is greater
than one. A singular solution could indicate that the solution set of FH = 0 has an extraneous
component of dimension ≥ 1. It appears that singular solutions can provide highly accurate
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approximations to eigenvalues of high multiplicity, see the CCS results for LiH in Section
5.3, and are therefore relevant. When parameter homotopy is implemented in practice, the
endgame [76] should be employed when τ gets close to 0, to determine the target solutions
and their “type”.

5.2 Exploring the CC degree

This section covers the state of the art for numerically computing the CC degree along with
exploring its scaling and bounds. We use the unlinked formulation (2.18) of the CC equations,
as a square system with dim(Vσ)+1 unknowns. Readers familiar with the linked formulations
of the CC equations may consult Theorem 2.3.10 for the precise relation. Our new approach
outlined in Section 5.1 allows for the solving of systems much larger than those in [36]. This
is accomplished by leveraging monodromy techniques.

The starting point of our experiments, for fixed d, n and σ, is the choice of a symmetric
matrix H together with a known CC solution. This start pair is constructed in the manner
described in Section 5.1. We then use the monodromy solver to find all CC solutions
corresponding to H, revealing the CC degree. The degree of Vσ is found in a similar
way, by slicing Vσ with an appropriate parametric linear space. Whenever feasible, we use
Macaulay2 [46] to validate the degrees and CC degrees we found numerically. In this manner
we found the table entries in Examples 2.2.8, 2.2.9 and 2.3.6. Here is one more case:

Example 5.2.1 (d = 3, n = 8). The CC systems for the six varieties for three electrons in
eight spin-orbitals are described in Table 5.1.

σ {1} {2} {3} {1, 2} {1, 3} {2, 3}
#variables 16 31 11 46 26 41

deg(Vσ) 6 006 1 1 3 894 4 195 1
CC degree 38 610 31 11 145 608 58 214 41

#real 430 31 11 1 376 658 41
solve(sec) 619 8 3 26 757 1 948 7

certify(sec) 7 3 0 41 8 0

Table 5.1: The CC systems for three electrons in eight spin orbitals.

The number of real solutions (listed in row “#real”) varies for different choices of real-
valued Hamiltonians, unless Vσ is a linear space. The counts 430, 1 376, 658 (in row “#real”)
are from one representative sample run for a random real-valued H. The degree of V{1,2} is
computed numerically. The runtimes in seconds are for solving and certifying for generic H.

Example 5.2.2. The CC degrees found for various d, n and σ indicate the complexity of
fully solving the CC equations. Figure 5.3 concerns d electrons in n = 2d spin-orbitals.
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d

σ
[1] [2] [3] [4] [5]

1

2

3

4

5

2

9

250

154441

<1.8·1010

6

55

<2.4·107
?

20

273

?

70

1251 252

Figure 5.3: CC degrees for different truncation levels with n = 2d.

We show CC degrees for rank-complete level sets, i.e. σ = [k] for k = 1, . . . , d. For d = 4,
σ = [2] and d = 5, σ = [1], the upper bound in Theorem 2.3.2 is displayed. The question
marks indicate that the degree of Vσ is unknown, and hence the upper bound is not known.
A striking observation in Figure 5.3 is the low numbers on the diagonal. This is because CC
theory is exact in its untruncated limit, i.e. the number of solutions is the matrix size. For
CC at level [d− 1], the entries come from Proposition 2.3.7. The left column [1] concerns the
Grassmannian Gr(d, 2d).

Even for larger cases, Theorem 2.3.2 gives a good upper bound on the number of solutions.
The key ingredient is the degree of the truncation variety Vσ. This is often easier to compute
than CCdeg(Vσ). For computing deg(Vσ), we used a range of techniques. First of all, the
degree equals one in the linear cases of Theorem 2.2.10. Second, for the CCS truncation
(σ = {1}), the degree of the Grassmannian has an explicit description in (1.7). Third,
sometimes we can compute deg(Vσ) symbolically with Macaulay2 [46]; this requires an
explicit description of the ideal of the truncation variety, e.g., as provided in Theorem 2.2.2.
Finally, if this all fails, we use numerics. Namely, we intersect Vσ with a generic affine-linear
space of dimension codim(Vσ). The number of points in the intersection is the degree of
Vσ. Using a parameterization of the affine linear-space, represented by a dim(Vσ) ×

(
n
d

)
matrix L, we may compute the intersection points using the implicit description of Vσ, as a
complete intersection cut out by polynomials xI(ψ). This means, we solve the linear system
Lψ = 0 joined with the polynomial relations xI(ψ) = 0. We may also take advantage of the
fact that the truncated exponential parameterization is injective, and so solving the system
L exp(T (tσ))e[d] = 0 reveals the degree of Vσ as well. Since the linear space is chosen to be
generic, we may use the monodromy solver in order to compute the degree.

In conclusion, the inequality in Theorem 2.3.2 leads to upper bounds for the number of
solutions to the CC equations, even when the equations are too large to be solved completely.
It is instructive to compare previously known bounds to those found by our new approach.
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Example 5.2.3 (Scaling of the number of solutions). For d = 2 we consider the CC equations
for singles (σ = {1}) and doubles (σ = {2}) investigating the scaling of the number of CC
solutions with respect to n. Figure 5.4 shows different bounds in a log-lin plot.

Figure 5.4: Bounds to the number of solutions for CCS (left panel) and CCD (right panel).

The blue curve is the previous bound from [36, Theorem 4.10] and the green curve is
our new bound from Theorem 2.3.2. We moreover show the exact number of solutions; for
CCD (right panel) this is given in Corollary 2.3.3 and for CCS (left panel), this is given in
Theorem 3.1.2. The graphs show that algebraic geometry leads to much improved bounds.

5.3 Lithium Hydride

We investigate the energy spectrum and potential energy curves (PECs) for ground and excited
states of lithium hydride (LiH). We compare the eigenspectrum of the respective Hamiltonians,
with the CC solutions found for levels CCS, CCD and CCSD. The reported computations
use a minimal basis description using the STO-6G basis set and LiH is here considered at
half-filling, i.e. four electrons in eight spin orbitals. The construction of the Hamiltonian for
LiH in first quantization is described in Example 1.2.6. The one-body and two-body integrals
are obtained from the Python-based Simulations of Chemistry Framework (PySCF) [98–100].

LiH – Coupled Cluster Singles and Doubles

The CCS truncation variety V{1} is the Grassmannian Gr(4, 8), with dim(Vσ) = 16 and
deg(Vσ) = 24 024. Its CC degree is CCdeg(V{1}) = 154 441, found by monodromy in 82
minutes. We compare it with the bound in Theorem 2.3.2, which is 408 408. We consider
LiH with the bond distance 2.9 bohr, near equilibrium. Tracking all paths using parameter
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homotopy yields 3 non-singular real solutions. We also find 110 876 singular solutions, only
418 of which yield real energies. These calculations take 11 minutes and 32 seconds.

(a) CCS (b) CCS (only real)

Figure 5.5: The eigenvalues from exact diagonalization, shown as red bars, are compared to
the energy spectra, shown in black and blue, from CCS.

In Figure 5.5 we compare the exact energies of the system, i.e. the eigenvalues of the
Hamiltonian, with the energies obtained from CCS. The energies here are measured in Hartree,
the standard atomic unit of energy in quantum chemistry. Since there are so many CC
solutions, we also compare the eigenvalues with only the real energies.

LiH – Coupled Cluster Doubles

The CCD truncation variety V{2} is a hypersurface of degree deg(V{2}) = 2, defined by the
inverse master polynomial x5678(ψ). Its CC degree is CCdeg(V{2}) = 73. We compare it with
the upper bound found using Theorem 2.3.2, which is 74. Hence the bound is only off by 1.

We look at the dissociation process of LiH. We consider bond distances ranging from 1.375
to 5.95 bohr. These distances are given in bohr, the standard atomic unit of length in quantum
chemistry. The Hamiltonian now depends parametrically on the bond distance, so we obtain
a 1-dimensional parametric family of Hamiltonians. The potential energy curves (PECs)
are the eigenvalue branches of the parametric Hamiltonian. We solve the CCD equations
for a discretized grid on this interval, and compare the CCD energies with the PECs, in
Figure 5.6a. We minimize the distance between eigenvalues and CCD energies and extract
the PECs of the different states that are well-approximated using CCD, see Figure 5.6b.

We find that 10 PECs are approximated up to 5 · 10−2 hartree for the entire dissociation
process. However, we also note that for various bond distances, more CCD energies approxi-
mate exact energies well, see Table 5.2. Investigating the solution spectrum, we observe that
the total number of CCD solutions fluctuates along the bond stretching process, see Table 5.2.
We find that in this case the CC degree severely overestimates the true number of solutions.
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(a) (b)

Figure 5.6: (a) The solid lines describe the exact PECs. The dots correspond to real-valued
CCD energies (b) PECs of LiH that can be accurately approximated by CCD energies.

Bond distances 1.375 1.6 1.9 2.2 2.5 3.1 4.0 4.9 5.8
# CCD real 33 40 33 40 34 28 30 33 28
# CCD approx. 22 25 20 23 18 19 17 18 14

Table 5.2: The number of CCD solutions along LiH dissociation for selected bond distances.
By ”# CCD approx.” we denote the energetically relevant CCD solutions.

For the 10 PECs, we moreover compute the overlap between the CCD states and the
exact eigenstates, see Figure 5.7. Remarkably, three of the four lowest energy states are well
approximated both in terms of energy and states. The highest energy state stands out as
well since it is well-approximated near the equilibrium, both in terms of energy as well as the
eigenstate. However, as we move from the equilibrium the level of approximation deteriorates.

Figure 5.7: Overlaps of the CCD states with the corresponding eigenstate.
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Note that poor overlap may be detected when the eigenspace is higher dimensional, that
is if the corresponding eigenvalue has multiplicity two or higher. Therefore some of the higher
energy states reporting bad overlap might have CCD states that are close to the actual
eigenspace – or even within the eigenspace – since we are only reporting overlap with one
representative from the eigenspace. A detailed investigation of this is left for future work.

LiH – Coupled Cluster Singles Doubles

We moreover perform CCSD computations on lithium hydride at the bond distance 2.875
bohr – close to the molecule’s equilibrium. Recall that the truncation variety V{1,2} has
dimension dim(V{1,2}) = 52 and degree deg(V{1,2}) = 442 066, computed in Example 2.2.9. A
monodromy computation revealed the CC degree to be ≈ 16 952 996. The computation was
stopped after about 30 days, at which point we were finding about 0 to 10 new solutions per
loop. This number is therefore a numerical estimate, and serves as a lower bound for the
CC degree. We compare it with the upper bound from Theorem 2.3.2, which is 23 429 498.
Computing the solutions to the CCSD equations for LiH with parameter homotopy took
about 13 days, yielding 15 954 solutions, 2 170 of which yield real-valued energies, and 1 280
are real-valued solutions. Visualizing all 15 954 CCSD energies shows that the energies tend
to cluster around the eigenvalues of the Hamiltonian, see Figure 5.8a. We compare with the
exact energy spectrum, and see that only 26 of the CCSD solutions yield energies that are
close to an exact energy up to 10−3 hartree, see Figure 5.8b.

(a) (b)

Figure 5.8: (a) The eigenvalues of the Hamiltonian (red lines) together with all CCSD energies
(b) CCSD energies that approximate exact energies up to 10−3 hartree.

For all 70 eigenstates, we compute the energetically closest CCSD state together with the
overlap with the corresponding states. We find that three of the 26 energetically relevant
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CCSD states have good overlaps with the targeted states, so there are at least three CCSD
states that are well approximated both in terms of energy and state. Among those well
approximated states is the ground state.

5.4 Dissociating Systems of Hydrogen

We now investigate the dissociation of (H2)2 planar model systems in different geometries [81].
We again consider a minimal basis at half filling, i.e. four electrons in eight spin orbitals.

(H2)2 dissociation (D2h symmetry)

The bond stretching procedure for (H2)2 in D2h symmetry is sketched in Figure 5.9. We
consider an intra-molecular bond distance of R = 1.4 bohr, which corresponds to the
equilibrium geometry of H2; this is kept fixed during the dissociation process. The inter-
molecular distance is varied from 1.5 to 4.0 bohr.

Figure 5.9: Schematic depiction of the dissociation process of (H2)2 in D2h configuration.

We compare the full eigenspectrum with the CCD solutions and report the PECs that
are well-approximated by CCD energies, in Figure 5.10a.

(a) (b)

Figure 5.10: (a) PECs of (H2)2 in D2h symmetry that are accurately described by CCD
energies. (b) Overlap of the CCD states with the corresponding eigenstate.
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Here, we observe that eight PECs are well approximated by CCD energies. For these eight
eigenstates, we compute the overlap with the corresponding CCD states, see Figure 5.10b.
We see that the ground state is well approximated, both in terms of energy as well as the
state. The following six states (i.e. states two to seven in Figure 5.10b) have intermediate
overlaps with the CCD states; the last state has poor overlap. This illustrates that CC
amplitudes could yield good energy approximations while providing poor approximations to
the actual eigenstates [86].

In Table 5.3 we report the number of CCD solutions yielding real-valued energies and
energetically relevant CCD solutions for selected bond distances. We observe that the number
of CCD solutions fluctuates along the bond stretching procedure.

Bond distances 1.6 1.9 2.1 2.5 3.0 3.9
# CCD real 66 45 60 64 55 64
# CCD approx. 32 26 33 32 33 34

Table 5.3: The number of solutions along (H2)2 dissociation in D2h configuration for selected
bond distances. By ”# CCD approx.” we denote the energetically relevant CCD solutions.

(H2)2 dissociation (D∞h symmetry)

We investigate the (H2)2 dissociation in D∞h symmetry, see Figure 5.11 for a sketch of the
dissociation process. The intra-molecular distance is again fixed at R = 1.4 bohr. The
inter-molecular distance is varied from 1.5 to 4.0 bohr.

Figure 5.11: Schematic depiction of the dissociation process of (H2)2 in D∞h configuration.

We compare the full eigenspectrum with the CCD solutions and identify the PECs that are
accurately approximated by CCD, as shown in Figure 5.12a, where four PECs closely match
the CCD energies. The overlap of these four CCD states with their respective eigenstates is
analyzed in Figure 5.12b. Consistent with observations from the (H2)2 in D2h configuration,
the ground state demonstrates a high degree of accuracy, while the other three states exhibit
intermediate to poor overlap with their targeted eigenstates.

Investigating the solution spectrum, we observe that – similar to (H2)2 in D2h symmetry
– the total number of CCD solutions fluctuates along the bond stretching procedure, see
Table 5.4. Note that for (H2)2 in D∞h symmetry, the total number of CCD solutions is lower
than the number of CCD solutions for (H2)2 in D2h symmetry.
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(a) (b)

Figure 5.12: (a) PECs of (H2)2 in D∞h symmetry that are accurately described by CCD
energies. (b) Overlap of the CCD states with the corresponding eigenstate.

Bond distances 1.6 1.9 2.1 2.5 3.0 3.9
# CCD real 46 42 40 38 37 35
# CCD approx. 13 19 12 14 16 21

Table 5.4: The number of solutions along (H2)2 dissociation in D∞h configuration for selected
bond distances. By ”# CCD approx.” we denote the energetically relevant CCD solutions.

H4 distributed on a circle

We proceed by investigating a variant of the H4 model consisting of four hydrogen atoms
symmetrically distributed on a circle of radius R =

√
2 bohr [13, 60, 71], see Figure 5.13.

Figure 5.13: Schematic depiction of H4 undergoing a symmetric disturbance on a circle.

We compare the full eigenspectrum with the CCD solutions and report the PECs that
are well-approximated using CCD in Figure 5.14a. Note that it is well-known that for this
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system CCD does not perform well in the region close to 90◦, due to strong degeneracies [81].
This results in a dramatic reduction of the total number of solutions, we find three solutions
at 90◦ and six solutions at 89◦. Since the focus of this work is on the solution spectrum
and potentially physically relevant solutions accessible by single-reference CC theory, we
focus on cases where single-reference CC theory provides reasonable approximations and
therefore excluded these points in Figure 5.14a. Outside of this challenging region, we find
PECs that are well approximated by CCD. For these five PECS, we compute the overlap of
the eigenstates with the corresponding CCD states, see Figure 5.14b. Consistent with the
previous H4 systems, this model system shows the effect of CCD states accurately resolving
excited energies but providing poor overlap to the exact eigenstates. The only state that
obtains a good approximation is the ground state.

(a) (b)

Figure 5.14: (a) PECs of H4 symmetrically distributed on a cycle that can be accurately
approximated by CCD. (b) Overlap of the CCD states with the corresponding eigenstate.

Similar to (H2)2 in D∞h symmetry, we observe that generic counts severely overestimate
the number of CCD solutions, though this effect is further amplified for H4 symmetrically
distributed on a circle, see Table 5.5.

Angles in degrees 45 55 65 75 85
# CCD real 35 36 35 36 28
# CCD approx. 18 18 19 21 22

Table 5.5: The number of solutions of H4 symmetrically distributed on a circle for selected
bond distances. By ”# CCD approx.” we denote the energetically relevant CCD solutions.
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We conclude this first part of the thesis with a summary of our contributions and a
brief outline of our next steps. In this chapter, we described in detail the methods used to
numerically solve the CC equations. An important measure of complexity in solving these
systems are their CC degrees. We study the scaling of these degrees, along with a comparison
of exact values with our upper bounds, as well as previously known bounds. We finish
with an extensive study of two molecules, namely, lithium hydride and H4. We numerically
solve their CC equations for several variants and compare the CC solutions with the exact
eigenspectrum. These are, to our knowledge, the first full computations of CC equations of
this scale. This hereby concludes our research of the CC equations in first quantization. In
the next part of the thesis we focus on a different formulation, known as second quantization.
There, operators, such as the Hamiltonian and the cluster operator, are described as elements
in a noncommutative algebra called the Fermi–Dirac algebra.
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Part II

Second Quantization
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Chapter 6

Algebra of Fermionic Operators

In this chapter we develop the second-quantized formalism. In this approach, many-electron
systems are described on the full exterior algebra F = ∧Rn, known as the fermionic Fock
space. Observables are then also expressed in terms of creation and annihilation operators
rather than as explicit matrices on ∧dRn. These operators generate the Fermi–Dirac algebra,
a Clifford algebra acting on F . We present a noncommutative Gröbner basis for the Fermi–
Dirac algebra, which provides an algebraic proof of Wick’s theorem, a standard result in
quantum chemistry. The Fermi–Dirac algebra is isomorphic to the algebra of endomorphisms
of F , explaining why operators acting on electronic systems can be expressed in terms of
creation and annihilation operators. This reformulation in second quantization does not
change the physical states, but it provides a more convenient algebraic framework: highly
structured observables such as the Hamiltonian admit compact and explicit expressions. This
is particularly well suited for methods such as CC theory. We conclude the chapter with a
detailed study of the Hamiltonian in second quantization, where we show in particular that
its one-body part is an additive compound matrix. This chapter is based on Section 2 of my
paper Algebraic Varieties in Second Quantization [101].

6.1 The Fermi–Dirac algebra

In second quantization, we extend our ambient space from the exterior product Hd
∼= ∧dRn

to the whole exterior algebra,

F ∼= ∧Rn ∼=
n⊕

k=0

Hk.

This space is called the fermionic Fock space. It is the exterior algebra of a Hilbert space of
wave functions, discretized by molecular orbitals, see Section 1.2. We will also work with its
complexification, ∧Cn, and its projectivization, the space of binary tensors, P(∧Cn) ∼= P2n−1.
Note that here the number of spin orbitals n is fixed, but the number of particles d is not.

The standard basis vector ep of Rn corresponds to the pth molecular spin orbital. The
basis vectors of F are denoted by eJ = ej1 ∧ · · · ∧ ejk with index sets J = {j1, . . . , jk} ⊆ [n].
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The size of the set k = |J | can vary from 0 to n. The number of basis vectors is thus 2n. The
basis is ordered by a colexicographic order on the index sets J . That is:

∅ ≤ 1 ≤ 2 ≤ 12 ≤ 3 ≤ 13 ≤ 23 ≤ 123 ≤ 4 ≤ 14 ≤ 24 ≤ 124 ≤ 34 ≤ 134 ≤ 234 ≤ · · · .

In quantum chemistry, the basis vectors of F are referred to as occupation number states, a
term we will also use here. They correspond to a configuration of particles on the molecular
orbitals. Recall that Pauli’s exclusion principle states that two particles cannot simultaneously
occupy the same spin-orbital. Hence, the basis vectors describe every configuration of particles
on our electronic system. We say the pth spin orbital is occupied in an occupation number
state eJ , if p ∈ J ; otherwise it is unoccupied.

We now extend the terminology from first quantization, working within Hd, to second
quantization. The elements of F are also called quantum states and they can be written
uniquely as a linear combination of the occupation number states:

ψ =
∑
J⊆[n]

ψJeJ .

As with the quantum states of Hd, the coordinates ψI are called Plücker coordinates,
highlighting the connection to the Grassmannian and the flag variety. The Plücker coordinate,
ψJ , now corresponds to a minor of an n × n matrix Θ, taking rows 1, . . . , k and columns
j1, . . . , jk, where k = |J |. These are the Plücker coordinates of the matrix Θ, parameterizing
the complete flag spanned by the rows of Θ, [73, Chapter 14.1].

We fix the positive integer d, where 2d ≤ n, as the base number of electrons in the
electronic system. As before, we call e[d] the reference state. The quantum states can
be written in terms of the configuration interaction coefficients cI,B, where I ⊆ [d] and
B ⊆ [n]\[d]. The correspondence between the two coordinate systems is:

ψJ = cI,B where J = ([d]\I) ∪B and I = [d]\J, B = J\[d].

The configuration interaction coefficient of the reference state is c0,0. The two coordinate sets
have the same cardinality, since the number of configuration interaction coefficients is

d,n−d∑
m,ℓ=0

(
d

m

)(
n− d
ℓ

)
=

n∑
k=0

(
n

k

)
= 2n.

Since we are now working in the exterior algebra, F ∼= ∧Rn, we can define exterior and
interior products. For each basis element ep ∈ Rn we define the following endomorphisms:

a†p : F → F , ψ 7→ ep ∧ ψ =
∑
I⊆[n]

ψIep ∧ eI

ap : F → F , ψ 7→ ep ⌟ ψ =
∑
I⊆[n]

ψIep ⌟ eI .
(6.1)
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Here ⌟ denotes the dual operation of the wedge product ∧, called the hook product [44,
Section 3.6], also defined in (1.18). The operators a†p and ap in (6.1) are called the creation
and annihilation operators, respectively. As the name suggests, the physical meaning of them
is to create or annihilate a particle in the pth molecular spin orbital. We can extend them to
endomorphisms over ∧Cn.

Remark 6.1.1 (Jordan–Wigner transformation). We describe the 2n × 2n matrix representa-
tions of the creation and annihilation operators, using the Jordan–Wigner transformation
[57]. For an English reference on the transformation we point the reader to [78]. First,

an unoccupied orbital is represented by
[
1 0

]T
, and an occupied orbital by

[
0 1

]T
. An

occupation number state eJ can then be represented by a tensor product of the 2-dimensional
occupied and unoccupied vectors. For example, the reference state is represented by

e[d] ≡
[
0
1

]
⊗ · · · ⊗

[
0
1

]
︸ ︷︷ ︸

d times

⊗
[
1
0

]
⊗ · · · ⊗

[
1
0

]
︸ ︷︷ ︸

n−d times

.

The creation and annihilation operators can be represented by 2n×2n matrices as follows. Let

σz =

[
1 0
0 −1

]
, a =

[
0 1
0 0

]
be the 2× 2 Pauli-z matrix and annihilation matrix. The annihilation matrix, a, turns an
occupied orbital into an unoccupied orbital by left matrix multiplication. Its adjoint, a†, is the
creation matrix, turning unoccupied orbitals into occupied orbitals by left multiplication. The
2n × 2n creation and annihilation matrices for the pth orbital are defined as tensor products:

a†p = σz ⊗ · · · ⊗ σz︸ ︷︷ ︸
p−1 times

⊗ a† ⊗ I2 ⊗ · · · ⊗ I2︸ ︷︷ ︸
n−p times

, ap = σz ⊗ · · · ⊗ σz︸ ︷︷ ︸
p−1 times

⊗ a⊗ I2 ⊗ · · · ⊗ I2︸ ︷︷ ︸
n−p times

.

Products of the creation and annihilation operators are defined via composition. These
operators therefore generate a subalgebra of End(F) over C. The defining relations of the
creation and annihilation operators are anticommutation relations. Algebras generated by
elements subject to such relations are examples of Clifford algebras. We therefore briefly
recall the definition. A Clifford algebra associated with a quadratic form q on variables
x1, . . . , xk is the quotient of the free associative algebra C⟨x1, . . . , xk⟩ by the two-sided ideal

⟨ xixj + xjxi − q(xi, xj)1 : 1 ≤ i, j ≤ k ⟩,
where 1 is the multiplicative identity. For an in-depth introduction to Clifford algebras and
their connection to physics, we refer to Chevalley’s book [17].

Proposition 6.1.2. The creation and annihilation operators span a Clifford algebra on
C⟨a1, . . . , an, a†1, . . . , a†n⟩, associated with the quadratic form defined by

Q =

[
0n In
In 0n

]
.

We call this algebra the Fermi–Dirac algebra and denote it by FDn.
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Proof. The creation/annihilation operators fulfill the anticommutator relations

[a†p, a
†
q]+ = a†pa

†
q + a†qa

†
p = 0, [ap, aq]+ = apaq + aqap = 0, [a†p, aq]+ = a†paq + aqa

†
p = δp,q, (6.2)

where δp,q is the Kronecker delta function. This means they span the Fermi–Dirac algebra.

Corollary 6.1.3. The creation (annihilation, respectively) operators, span an isotropic vector
space of dimension n, with respect to quadratic form Q. Hence, they are nilpotent of order 1,
i.e. (a†p)

2 = 0 and a2p = 0 for all p = 1, . . . , n.

Proof. Since Q has zero blocks on the diagonal, we see that [a†p, a
†
p]+ = 2(a†p)

2 = 0 for all
p = 1, . . . , n. Hence the vector space spanned by the creation operators a†p is isotropic and
(a†p)

2 = 0. The same holds for the annihilation operators.

Remark 6.1.4 (Exterior algebras in the Fermi–Dirac algebra). We look at a subalgebra
V ⊆ FDn, of the Fermi–Dirac algebra, generated by the n creation and annihilation operators,
a1, . . . , ad, a

†
d+1, . . . , a

†
n. This is a Clifford algebra associated to a quadratic form, defined by

a submatrix of Q, equal to the zero matrix. Hence, V is isomorphic to the exterior algebra
∧Cn. A word Ω ∈ V of even length, ℓ(Ω), commutes with any element in V . More specifically,
words Ω and Ω′ in V fulfill the following commutator and anticommutator relations

[ Ω, Ω′ ] = 0, if ℓ(Ω) or ℓ(Ω′) is even, [ Ω, Ω′ ]+ = 0, if ℓ(Ω) and ℓ(Ω′) are odd.

Hence, even strings in V commute with the elements in V . There exist 2n subalgebras of the
Fermi–Dirac algebra isomorphic to ∧Cn. We construct such a subalgebra by choosing either
a creation or annihilation operator for each index i ∈ [n].

Gröbner bases for commutative ideals were introduced at the end of Section 1.1. We
now give the analogous definitions in the noncommutative setting. First we fix the following
variable order on the creation and annihilation operators:

an > an−1 > · · · > a1 > a†1 > a†2 > · · · > a†n.

The monomial orders on polynomial rings do not directly extend to the free associative
algebra, and we therefore introduce an appropriate monomial order for our setting. The
degree lexicographic order on words in the free associative algebra is defined as follows: a
word w = w1 · · ·wℓ of degree ℓ is less than word w′ = w′

1 · · ·w′
p of degree p if ℓ < p or ℓ = p

and at the first position k where the words differ, we have wk < w′
k. For example

a†1 < a2 < a†2a
†
1 < a†1a

†
2 < a1a

†
2 < a1a2 < a2a1 < a22 < a31 < a1a

2
2.

The largest term in a polynomial g of the free associative algebra is called the initial term
of g and it is denoted by in(g). Let I be a two-sided ideal in C⟨a1, . . . , an, a†1, . . . , a†n⟩. The
initial ideal of I, denoted in(I), is defined as the ideal generated by the initial terms of the
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polynomials in I. Explicitly, in(I) = ⟨ in(g) : g ∈ I ⟩. A set G is said to be a Gröbner basis
of I, if the initial ideal of I is generated by the initial terms of G. That is

in(I) = ⟨ in(g) : g ∈ G ⟩.

In that case G also generates I. The standard monomials of I are the monomials not
contained in the initial ideal in(I), or equivalently, those not divisible by the leading terms of
G. As in the commutative case the standard monomials form a vector space basis for the
quotient algebra C⟨a1, . . . , an, a†1, . . . , a†n⟩/I, see Theorem 1.1.13. For a detailed introduction
into noncommutative algebras and their Gröbner bases, we refer to Bergman’s foundational
paper on the diamond lemma for ring theory, [4], and a paper by Teo Mora on commutative
and noncommutative Gröbner bases, [74].

Theorem 6.1.5 (Wick’s theorem [106]). The anticommutator relations in (6.2), generating
the two-sided ideal that defines the Fermi–Dirac algebra, form a Gröbner basis with respect to
the degree lexicographic order.

Proof. First, we let G be the set of polynomials from (6.2), that is

G = {aiaj + ajai : i ≥ j} ∪ {a†ia†j + a†ja
†
i : i ≤ j} ∪ {aia†j + a†jai − δij : i, j}.

The initial terms are underlined. We define a critical pair of G to be a pair of initial terms
(in(f), in(f ′)) of elements f, f ′ in G such that in(f)u = vin(f ′) for some variables u and v in
C⟨a1, . . . , an, a†1, . . . , a†n⟩. The S-elements are the polynomials fu−vf ′ where in(f) and in(f ′)
form a critical pair [74, Section 5.3]. By the diamond lemma for ring theory [4, Theorem 1.2]
we only need to check that the S-elements of G have a weak Gröbner representation, see [74,
Section 5.3]. First we find the critical pairs of G. They are:

(aiaj, ajak) where i ≥ j ≥ k, (a†ia
†
j, a

†
ja

†
k) where i ≤ j ≤ k,

(aiaj, aja
†
k) where i ≥ j, (aia

†
j, a

†
ja

†
k) where j ≤ k.

The S-elements then are

(aiaj + ajai)ak − ai(ajak + akaj) = ajaiak − aiakaj
(a†ia

†
j + a†ja

†
i )a

†
k − a†i (a†ja†k + a†ka

†
j) = a†ja

†
ia

†
k − a†ia†ka†j

(aiaj + ajai)a
†
k − ai(aja†k + a†kaj − δjk) = ajaia

†
k − aia†kaj + δjkai

(aia
†
j + a†jai − δij)a†k − ai(a†ja†k + a†ka

†
j) = a†jaia

†
k − aia†ka†j − δija†k.

One can check that all these polynomials have a weak Gröbner representation.

The standard monomials of the defining ideal ⟨G⟩ are the following monomials

a†BaI = a†bℓ · · · a
†
b1
ai1 · · · aim .
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In quantum chemistry these monomials are commonly referred to as normal ordered strings.
The standard monomials form a vector space basis of the Fermi–Dirac algebra. Hence,
each element in the Fermi–Dirac algebra can be written uniquely in terms of the standard
monomials. We call this the standard representation of an element.

The free associative algebra C⟨a1, . . . , an, a†1, . . . , a†n⟩ carries a natural Z2-grading, given
by deg(a†p) = e1 and deg(ap) = e2. The ideal ⟨G⟩ is not homogeneous, and consequently the
Fermi–Dirac algebra does not inherit this Z2-grading. Although FDn is no longer graded, the
standard monomials are naturally Z2-graded via the grading of the free algebra. This induces
a graded vector space structure on the quotient, though not a graded algebra structure.

Proposition 6.1.6. There is an isomorphism of C-algebras, FDn
∼= End(F).

Proof. Recall that the Fermi–Dirac algebra is a subalgebra of End(F), so we only need to
show the two have the same dimension as vector space over C. There is a standard monomial
for each pair of subsets B ⊆ [n] and I ⊆ [n], so the dimension of the Fermi–Dirac algebra as
a vector space is 22n = dim(End(F)).

Remark 6.1.7 (Restricting to Hd). The standard monomials of bidegree (m,m), for 0 ≤
m ≤ n preserve the grading of F . Indeed, the subalgebra consisting of all operators that
preserve this grading is generated by these standard monomials. It is isomorphic to

End(H0)⊕ End(H1)⊕ · · · ⊕ End(Hn), Hℓ := ∧ℓCn.

We want to find the standard representation of the word Ω = ω1 · · ·ωk in the Fermi–Dirac
algebra. First, we set I as the index set of the annihilation operators and B as the index set
of the creation operators in Ω. Without loss of generality, we assume that m = |I| ≤ |B| = ℓ.
We define the ordered term of Ω as

o(Ω) = sign(Ω)a†BaI

where sign(Ω) is the sign of the permutation Ω 7→ a†BaI . This is the standard representation
of Ω in the exterior algebra, that is, if all the creation and annihilation operators would
anticommute. However, we have relations a†pap + apa

†
p = 1 so the operators do not all

anticommute. We define the contraction of two operators as

ωω′ = ωω′ − o(ωω′).

The contraction is zero unless ω = ap and ω′ = a†p for some p, then it is 1. The following propo-
sition describes the standard representation of words in the Fermi–Dirac algebra. Specifically,
the constant term is important, as it describes elements in the matrix representation.
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Proposition 6.1.8. The word Ω = ω1 · · ·ωk in FDn has the standard representation

Ω = o(Ω) +
∑

i∈I, b∈B
i<b

(−1)i+b−1o(ω1 · · ·ωi · · ·ωb · · ·ωk)

+
∑

i<j∈I, b̸=c∈B
i<b,j<c

(−1)i+j+b+c−2(−1)#crosso(ω1 · · ·ωi · · ·ωj · · ·ωb · · ·ωc · · ·ωk) + · · ·

+
∑

i1<···<im∈I,
b1 ̸=···̸=bm∈B,
i1<b1,...,im<bm

(−1)i1+b1+···+im+bm−m(−1)#crosso(ωi1ωi2 · · ·ωij · · ·ωcωbj · · ·ωb1 · · ·ωb2)

where #cross denotes the number of crossings between contractions. Each sum corresponds to
a fixed number of contractions.

A complete matching of the set [2m] is defined to be a set of m pairs (i, j) where i < j
and each element in [2m] appears exactly once. We say the element i is the lefthand endpoint
of pair (i, j) and the element j is the righthand endpoint, see [16, Section 1]. The standard
representation of Ω sums over all complete matchings of the subsets of [2m] where the lefthand
endpoints index annihilation operators and the righthand endpoints index creation operators.

Example 6.1.9 (aia
†
paja

†
q). We write the word aia

†
paja

†
q in standard representation:

aia
†
paja

†
q = −a†pa†qaiaj + o(aia

†
paja

†
q) + o(aia

†
paja

†
q) + o(aia

†
paja

†
q) + aia

†
paja

†
q

= −a†pa†qaiaj − δipa†qaj + δiqa
†
paj − δjqa†pai + δipδjq.

Remark 6.1.10. The standard representation of a word Ω in the Fermi–Dirac algebra has
a constant term only if there is an equal number of annihilation operators and creation
operators, that is |I| = |B| = m. In that case, the parity of the first sign of the constant
term in Proposition 6.1.8 is

i1 + b1 + · · ·+ im + bm −m =
2m∑
i=1

i−m =
(2m+ 1)2m

2
−m = 2m2.

The constant term of the standard representation of Ω is then equal to∑
(−1)#crossωi1ωi2 · · ·ωij · · ·ωbj · · ·ωb1 · · ·ωb2

where we sum over all complete matchings of [2m] where the lefthand endpoints are an-
nihilation operators and the righthand endpoints are creation operators. We note that a
fully contracted word Ω, is a product of δ-functions. Therefore only complete matchings of
the form { (ap, a

†
p) : p } produce a nonzero contraction. Such a matching exists only if the

annihilation index set I equals the creation index set B.
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Remark 6.1.11. The matrix representation of the word Ω in FDn is explicitly (e†IΩeJ)I,J⊆[n].

We notice that the occupation number state eI can be written as eI = a†i1 · · · a
†
im

1. Hence the
entries of this matrix are the following evaluations

e†IΩeJ = 1†aim · · · ai1Ωa†j1 · · · a
†
jℓ

1.

For every standard monomial a†BaI we get 1†a†BaI1 = 0. Hence, we see that the entries of the
matrix are constant terms of standard representations:

e†IΩeJ = constant term of standard rep. of aim · · · ai1Ωa†j1 · · · a
†
jℓ
.

By Remark 6.1.10, the constant term is given by the sum over all complete matchings of the
form {(ap, a†p)}, with each matching contributing a sign (−1)#cross. If no complete matching
exists, the constant term is zero.

Electronic operators such as the Hamiltonian and the cluster operator — introduced in the
following sections — are elements of the Fermi–Dirac algebra. By employing Remark 6.1.11,
the coupled cluster equations, seen in Section 7.4, can be derived through straightforward
combinatorial manipulations. In contrast, the first-quantized operators are represented by(
n
d

)
×
(
n
d

)
matrices. Then, deriving approximation schemes like the coupled cluster equations

requires prohibitively large matrix multiplications. This highlights the advantage of the
second-quantized formalism, where corollaries of Wick’s theorem enable efficient derivations.
This framework for CC theory was first established in the foundational 1966 paper [18].

6.2 The Hamiltonian Operator

An observable in quantum chemistry refers to a physical quantity that can be measured and
is represented mathematically by a self-adjoint (Hermitian) operator on the space of quantum
states. A central observable is the electronic Hamiltonian. In the real setting considered here,
self-adjointness reduces to symmetry. When extending scalars to C for algebraic-geometric
purposes, we retain this symmetry condition and do not impose conjugate-linearity; thus,
operators are treated as symmetric rather than Hermitian, see Remark 1.2.7.

Representing the Hamiltonian as an operator on the Hilbert space Hd
∼= ∧dRn, as is

illustrated in Remark 1.2.5, is commonly referred to as first quantization. While conceptually
straightforward, the resulting operators act on a high-dimensional space and quickly become
difficult to manipulate. An equivalent and more flexible formulation is obtained by working
in the fermionic Fock space and expressing observables as polynomials in the creation and
annihilation operators, i.e. second quantization [42]; see also the subsection in Section 1.2 with
the same name. This approach is justified by Proposition 6.1.6, stating that the Fermi–Dirac
algebra is isomorphic to the algebra of endomorphisms of F .

The electronic Hamiltonian is defined as the following element in the Fermi–Dirac algebra:

H =
n∑

p,q=1

hp,q a
†
paq +

1

2

n∑
p,q,r,s=1

vp,q,r,s a
†
pa

†
rasaq. (6.3)
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The first sum is called the one body operator, and the second sum the two body operator. The
coefficients hp,q form a symmetric n×nmatrix h, and the coefficients vp,q,r,s form an n×n×n×n
tensor v, which is pairwise symmetric in the first two indices, last two indices, and invariant
under interchange of these two pairs. Hence, h ∈ Sym2(Cn) and v ∈ Sym2(Sym2(Cn)).

Consider an electronic system with a basis {ξ1, . . . , ξn} of molecular orbitals, as described
in Section 1.2. The entries of the coefficient tensors h and v can be evaluated using PySCF [99]:

hp,q = −
∫
X

ξp(x)

∆

2
+
∑
j

Zj

|r−Rj |

 ξq(x)dx, vp,q,r,s =

∫
X×X

ξp(x)ξq(x)ξr(x
′)ξs(x

′)

|r− r′| dxdx′. (6.4)

Here X = R3 × {↑, ↓} and x = (r, s), where r denotes the spatial position of an electron
and s its spin. The constant Zj is the charge of the jth nucleus and Rj ∈ R3 its position.
The above integrals satisfy exactly the symmetry relations stated for h and v; in fact, these
symmetry properties arise directly from the structure of the integrals. A generic Hamiltonian
is then an operator of the form (6.3) whose coefficients are taken to be generic elements in
Sym2(Cn) and Sym2(Sym2(Cn)) respectively.

Remark 6.2.1 (Skew-symmetrization). We recall that the creation operators pairwise
anticommute, and the same holds for the annihilation operators. In particular,

a†pa
†
rasaq = −a†ra†pasaq = −a†pa†raqas = a†ra

†
paqas.

We therefore skew-symmetrize the tensor v in the index pairs (p, r) and (q, s). We define a
new n× n× n× n tensor w by setting

wpr,qs = vp,q,r,s − vr,q,p,s − vp,s,r,q + vr,s,p,q = 2vp,q,r,s − 2vr,q,p,s,

where the last equality follows from the symmetries of v. Note that when passing from v to w,
we change the order of the indices from (p, q, r, s) to (p, r, q, s). The tensor w is pairwise skew-
symmetric in the first two indices and in the last two indices. Furthermore, the symmetries
of v give rise to an additional symmetry wpr,qs = wqs,pr of w. Hence w ∈ Sym2(∧2Cn), which
captures all symmetry properties of w. We can now rewrite the Hamiltonian in terms of w:

H =
n∑

p,q=1

hp,q a
†
paq +

∑
1≤p<r≤n
1≤q<s≤n

wpr,qs a
†
pa

†
rasaq.

The Hamiltonian is the sum of two homogeneous operators of bidegree (1, 1) and (2, 2),
respectively. In particular, it preserves the grading of F and therefore, by Remark 6.1.7,
restricts to an endomorphism of Hd.
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Example 6.2.2 (d = 2, n = 4). We look at the matrix representation of H restricted to the
second exterior power ∧2C4 ∼= C6. The one body part has the form

h11+h22 h23 h24 −h13 −h14 0
h23 h11+h33 h34 h12 0 −h14
h24 h34 h11+h44 0 h12 h13
−h13 h12 0 h22+h33 h34 −h24
−h14 0 h12 h34 h22+h44 h23

0 −h14 h13 −h24 h23 h33+h44

 .

This is an additive compound matrix of the 4× 4 symmetric matrix h. We look at the matrix
representation of the two body operator:

w12,12 w12,13 w12,14 w12,23 w12,24 w12,34

w12,13 w13,13 w13,14 w13,23 w13,24 w13,34

w12,14 w13,14 w14,14 w14,23 w14,24 w14,34

w12,23 w13,23 w14,23 w23,23 w23,24 w23,34

w12,24 w13,24 w14,24 w23,24 w24,24 w24,34

w12,34 w13,34 w14,34 w23,34 w24,34 w34,34

 .

This is a generic symmetric matrix of size 6× 6 and it is the (pr|qs) flattening of the tensor w.

We define the kth additive compound operator A(k) of a linear operator A : Cn → Cn as
the unique derivation on the exterior space ∧kCn given by:

A(k)(v1 ∧ · · · ∧ vk) =
k∑

i=1

v1 ∧ · · · ∧ Avi ∧ · · · ∧ vk.

This operator represents the induced Lie algebra representation of gln(C) on ∧kCn, obtained
by differentiating the natural Lie group action of GLn(C). The corresponding

(
n
k

)
×
(
n
k

)
matrix is called the kth additive compound matrix of the n× n matrix A.

Let λ1, . . . , λn be the eigenvalues of A. It follows directly from the multi-linearity of the
wedge product that the eigenvalues of A(k) are the sums λi1 + · · · + λik , where I ∈

(
[n]
k

)
.

Moreover, if the corresponding eigenvectors wi1 , . . . , wik of A are linearly independent, then
the corresponding eigenvectors of A(k) are given by the k-fold wedge products wi1 ∧ · · · ∧ wik .
If A is diagonalizable, these wedge products account for all eigenvectors of A(k). Since such
eigenvectors are decomposable tensors, they correspond to points on the Grassmannian
Gr(k, n) via the Plücker embedding. See e.g. [90, Lemma 3.3].

Proposition 6.2.3. The one body operator of H restricted to Hd is represented by the dth
additive compound matrix of the n× n symmetric matrix h.

Proof. We see that the action of the one body operator on a basis vector eI is:

n∑
p,q=1

hp,q a
†
paqeI =

∑
1≤p≤n
q∈I

hp,q a
†
paqeI =

d∑
k=1

ei1 ∧ · · · ∧ heik ∧ · · · ∧ eid = h(d)eI ,
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proving our claim.

The matrix representation of the one body operator over the full Fock space then becomes
a direct sum of additive compound matrices, h(0) ⊕ h(1) ⊕ · · · ⊕ h(n).

Remark 6.2.4. In practice, the coefficient matrix h is real and symmetric and therefore it is
diagonalizable. The eigenvalues and eigenvectors of the

(
n
d

)
×
(
n
d

)
one-body matrix h(d) can

thus be determined directly from the eigenspectrum of the n×n matrix h. This substantially
reduces the complexity of computing eigenstates of one-body operators.

The eigenvectors of physical one-body operators are therefore separable states, that is,
rank-one tensors. Under the Plücker embedding, they lie on the Grassmannian Gr(d, n). In
contrast, most physically relevant ground states are entangled (tensors of rank > 1). This
is precisely because the inclusion of the two-body term in H changes the structure of the
problem. The Hamiltonian is no longer an additive compound operator, and its eigenvectors
are no longer constrained to the Grassmannian; in particular, they need not be separable.
Determining the eigenspectrum of H then becomes exponentially more difficult in n. This
is illustrated in Example 6.2.2, where the two-body operator is represented by a generic
symmetric matrix and so the eigenvalue problem cannot be reduced. Approximating such
states is a central problem in quantum chemistry and forms the focus of this work.

In this chapter we focused on the Fermi–Dirac algebra, a Clifford algebra of linear operators
acting on the Fock space. We described a noncommutative Gröbner basis for this algebra,
and with that, we were able to provide an explicit standard representation of its elements, as
well as their matrix representation. Moreover, this enabled us to show that the Fermi–Dirac
algebra is isomorphic to the space of endomorphisms on the Fock space. Hence, every operator
acting on quantum states can be represented within the Fermi–Dirac algebra. This is known
as second quantization. We conclude the chapter by describing the Hamiltonian in second
quantized form. In the next chapter we shift our focus back to the CC equations. We
reformulate them in second quantized form, which allows us to expand to electronic systems
with varying number of electrons, i.e. ionization. This reveals many new truncation varieties,
such as the flag variety and the spinor variety.
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Chapter 7

Fock Space Coupled Cluster Theory

In this chapter we formulate the coupled cluster equations in the second-quantized formalism.
In many ways, this chapter parallels Chapter 2, where the equations were developed in the
first-quantized setting. By extending to the full exterior algebra (the fermionic Fock space),
we move beyond fixed-electron systems (fixed–N) and allow for processes such as ionization
and electron attachment. This more general formulation also naturally encompasses well-
known approximation schemes such as Fock space coupled cluster (FSCC) and equation of
motion coupled cluster (EOM-CC). We introduce the Fock space truncation varieties, which
generalize the truncation varieties defined in Section 2.2. This reveals well-known varieties,
such as the flag and spinor varieties. Moreover, we classify all cases in which the coupled
cluster degree coincides with the degree of the graph of the exponential parameterization,
see also Section 4.3. The most notable examples include the singleton truncation varieties
(such as those arising in CCD) and the Schubert-like truncation varieties, including the
Grassmannian, the flag variety, and the spinor variety. This chapter is based on [101].

7.1 Exponential Parameterization

This section generalizes Section 2.1 from first quantization to second quantization. There we
defined a parameterization of the quantum states, called the exponential parameterization,
writing them as a column of the exponential matrix of a

(
n
d

)
×
(
n
d

)
matrix T (t). We assumed

the particle number was fixed, a convention denoted by fixed–N , and worked within the dth
grading of the Fock space, Hd

∼= ∧dRn. By extending to the whole Fock space we are able
to describe the exponential parameterization explicitly using an element of the Fermi–Dirac
algebra. Now we do not make the assumption that the number of particles is conserved.
Indeed, this framework also captures cases of ionization and electron attachment. Our goal
is to build a general algebraic framework for coupled cluster theory encapsulating fixed–N
coupled cluster as well as Fock space coupled cluster (FSCC) [30, 58, 65] and equations of
motion coupled cluster (EOM-CC) [93], as can be seen in Remark 7.2.1 and Theorem 7.2.9.
See Table 1.1 for classification of the common CC variants.
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We consider the subalgebra V of the Fermi–Dirac algebra, defined in Remark 6.1.4. It is
isomorphic to the exterior algebra, i.e. V ∼= ∧Cn. As a vector space it is generated by the
standard monomials a†BaI , where I ⊆ [d] and B ⊆ [n]\[d]. Its coordinate vectors are denoted
by t = (tI,B), and they are called cluster amplitudes. We present a canonical isomorphism
between the complex Fock space F ∼= ∧Cn and the subalgebra V of the Fermi–Dirac algebra:

Proposition 7.1.1. The following map is a vector space isomorphism

Φ : V → F , T 7→ Te[d].

The isomorphism above gives rise to alternative coordinate vectors x = (xJ) of V obtained
from tI,B by the correspondence J = ([d]\I) ∪ B. It also gives rise to the alternative
coordinates c = (cI,B) of the Fock space F , defined in Section 6.1.

The algebra V is defined as a quotient of the free associative algebra by a homogeneous
ideal and therefore it inherits the Z2-grading on the free algebra, defined in Section 6.1. This
gives rise to a Z2-grading on the exterior algebra, called the excitation grading. Specifically,
we define the annihilation level a and creation level c of a standard basis vector eJ as

a(eJ) = a(J) = |[d]\J | and c(eJ) = c(J) = |J\[d]|.

The pair (a(eJ), c(eJ)) is called the excitation level of eJ . Tautologically, for a standard basis
monomial a†BaI of V, these levels are simply given by |I| and |B|. This is an alternative
grading to the canonical particle number grading of the exterior algebra, which assigns a total
degree of |J | to the basis element eJ .

A cluster operator T (t) is an element of V with a zero constant coefficient, i.e. t0,0 = 0.
In symbols:

T (t) =
∑

I⊆[d], B⊆[n]\[d]
|I|+|B|>0

tI,Ba
†
bℓ
· · · a†b1ai1 ...aim =

∑
I⊆[d], B⊆[n]\[d]

|I|+|B|>0

tI,Ba
†
BaI .

The matrix representation of T (t) is called the cluster matrix. Since T (t) ∈ V has a zero
constant term, each term of T (t) has at least one operator a†p where p ∈ [n]\[d] or ap where
p ∈ [d]. Therefore by the pigeonhole principle the cluster matrix T (t) is nilpotent of order n,
i.e. T (t)n+1 = 0. We can therefore define the matrix exponential of T (t) as a finite sum

exp(T (t)) =
n∑

k=0

1

k!
T (t)k.

See Section 2.1 and [36, Section 3] for a more detailed overview of T (t) and its properties.
We define the exponential parameterization as the following map

V → F , t 7→ ψ = exp(T (t))e[d]. (7.1)
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The transformation (7.1) gives a formula for the quantum states ψ in terms of the cluster
amplitudes t. To be precise, each of the 2n coordinates ψJ is a polynomial ψJ(t) in the 2n

unknowns tI,B. In the definition (7.1), we assumed that t0,0 = 0 and ψ[d] = 1. Geometrically,
this means that we work in affine spaces V ′ and F ′, both of which are identified with C2n−1.
Later, we extend (7.1) to a birational automorphism of the projective space P2n−1. The
reference coordinates x[d] = t0,0 and ψ[d] = c0,0 will then serve as homogenizing variables.

Example 7.1.2 (d = 2, n = 4). We look at the case when we have four spin orbitals and
two base particles. The cluster matrix is the 16× 16 matrix of the form:

T (t) =



0 t1,0 t2,0 t12,0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 −t2,0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 t1,0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

t0,3 t1,3 t2,3 t12,3 0 t1,0 t2,0 t12,0 0 0 0 0 0 0 0 0
0 −t0,3 0 t2,3 0 0 0 −t2,0 0 0 0 0 0 0 0 0
0 0 −t0,3 −t1,3 0 0 0 t1,0 0 0 0 0 0 0 0 0
0 0 0 t0,3 0 0 0 0 0 0 0 0 0 0 0 0

t0,4 t1,4 t2,4 t12,4 0 0 0 0 0 t1,0 t2,0 t12,0 0 0 0 0
0 −t0,4 0 t2,4 0 0 0 0 0 0 0 −t2,0 0 0 0 0
0 0 −t0,4 −t1,4 0 0 0 0 0 0 0 t1,0 0 0 0 0
0 0 0 t0,4 0 0 0 0 0 0 0 0 0 0 0 0

t0,34 t1,34 t2,34 t12,34 −t0,4 −t1,4 −t2,4 −t12,4 t0,3 t1,3 t2,3 t12,3 0 t1,0 t2,0 t12,0
0 t0,34 0 −t2,34 0 t0,4 0 −t2,4 0 −t0,3 0 t2,3 0 0 0 −t2,0
0 0 t0,34 t1,34 0 0 t0,4 t1,4 0 0 −t0,3 −t1,3 0 0 0 t1,0
0 0 0 t0,34 0 0 0 −t0,4 0 0 0 t0,3 0 0 0 0



.

The level zero variable t0,0 does not appear and the level four variable t12,34 only appears
once. The matrix is not lower triangular, unlike the cluster matrices defined in Section 2.1.
However, it is nilpotent of order 3, so T (t)3 = 0. The fourth column of the exponential matrix
is of the form

ψ = exp(T (t))e12 =



t12,0
−t2,0
t1,0
1

t0,3t12,0 − t2,0t1,3 + t1,0t2,3 + t12,3
t2,3
−t1,3
t0,3

t0,4t12,0 − t2,0t1,4 + t1,0t2,4 + t12,4
t2,4
−t1,4
t0,4

t12,0t0,34 − t1,4t2,3 + t1,3t2,4 + t12,34
−t2,0t0,34 + t0,4t2,3 − t0,3t2,4 − t2,34
t1,0t0,34 − t0,4t1,3 + t0,3t1,4 + t1,34

t0,34



.

Proposition 7.1.3. The exponential parameterization is bijective and has a polynomial
inverse.



CHAPTER 7. FOCK SPACE COUPLED CLUSTER THEORY 106

Proof. First we notice that at level zero we have ψ[d] = 1 and at level one we have tj,0 =
±ψ[d]\{j} and t0,b = ±ψ[d]∪{b}. If ψJ has level r then we can write ψJ as ±tI,B, where I = [d]\J
and B = J\[d], plus a polynomial in variables t of level < r. Each of these lower level t’s
can now be replaced with a polynomial in ψ, by the induction hypothesis. This yields a
representation for tI,B as ±ψJ plus a polynomial in lower level ψ-coordinates.

The polynomials ψ[2d]\[d] are called the master polynomials. For example, when d = 3 and
n = 6, we have the following master polynomial ψ456(t):

t23,0t0,56t1,4 − t23,0t0,46t1,5 + t23,0t0,45t1,6 − t13,0t0,56t2,4 + t13,0t0,46t2,5 − t13,0t0,45t2,6
+t12,0t0,56t3,4 − t1,6t2,5t3,4 + t1,5t2,6t3,4 − t12,0t0,46t3,5 + t1,6t2,4t3,5 − t1,4t2,6t3,5

+t12,0t0,45t3,6 − t1,5t2,4t3,6 + t1,4t2,5t3,6 + t0,56t123,4 − t0,46t123,5 + t0,45t123,6

+t23,0t1,456 − t13,0t2,456 + t12,0t3,456 + t3,6t12,45 − t3,5t12,46 + t3,4t12,56

−t2,6t13,45 + t2,5t13,46 − t2,4t13,56 + t1,6t23,45 − t1,5t23,46 + t1,4t23,56 + t123,456.

It has 31 terms. We compare them to the 16 terms of the master polynomial from Example
2.1.3. All the terms of the master polynomial in first quantization do appear in the master
polynomial above. However, in second quantization we have extra terms, such as t23,0t0,56t1,4,
which have variables indexed by sets I and B where |I| ̸= |B|. Recall that the monomials in
the master polynomials in first quantization are indexed by uniform block permutations of
[2d], see Theorem 2.1.5. The variables t in the master polynomials above are also indexed by
subsets of [2d], that is, for K ⊆ [2d] we have variable tK∩[d],K\[d]. In particular, the monomials
of the master polynomial in second quantization are indexed by set partitions of [2d].

The other polynomials ψI(t) in the exponential parameterization are relabelings of the
master polynomials, see e.g. Example 7.1.2 where all the entries of the exponential map are
relabelings of the two master polynomials ψ2(t) = t1,2 and ψ34(t) = t12,0t0,34−t1,4t2,3+t1,3t2,4+
t12,34. The variables t in ψI(t) are indexed by subsets of the symmetric difference I ⊕ [d], and
the monomials are indexed by set partitions of I ⊕ [d]. In particular, if |I ⊕ [d]| = 2k is even,
ψI(t) is a relabeling of master polynomial ψ[2k]\[k](t). If |I ⊕ [d]| = 2k − 1 is odd, we add a
formal element ∅ to the index set, and the polynomial ψI(t) is also a relabeling of the master
polynomial ψ[2k]\[k](t). We illustrate this with an example:

Example 7.1.4 (n = 5, d = 2). There are 25 = 32 polynomials ψI(t). Polynomials like

ψ35(t) = t12,0t0,35 − t1,5t2,3 + t1,3t2,5 + t12,35, ψ1345(t) = t0,45t2,3 − t0,35t2,4 + t0,34t2,5 + t2,345,

ψ45(t) = t12,0t0,45 − t1,5t2,4 + t1,4t2,5 + t12,45, ψ2345(t) = t0,45t1,3 − t0,35t1,4 + t0,34t1,5 + t1,345

are relabelings of the master polynomial ψ34(t) = t12,0t0,34 − t1,4t2,3 + t1,3t2,4 + t12,34. The
following polynomials are also relabelings of ψ34(t), but a formal element is added to the
index set I ⊕ {1, 2} to obtain a one-to-one correspondence with {1, 2, 3, 4}:

ψ5(t) = t12,0t0,5 − t1,5t2,0 + t1,0t2,5 + t12,5, ψ235(t) = t1,0t0,35 − t0,5t1,3 + t0,3t1,5 + t1,35,

ψ12345(t) = t0,34t0,5 − t0,35t0,4 + t0,45t0,3 + t0,345.
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The indexing sets here are {∅, 1, 2, 5}, {∅, 1, 3, 5} and {∅, 3, 4, 5} respectively. The formal
element ∅ is not shown when writing out the polynomials. The polynomial ψ345(t) has 31
terms and it is a relabeling of the master polynomial ψ456(t).

The number of terms in the master polynomials can be found in The On-Line Encyclopedia
of Integer Sequences. Namely, it is the sequence

1, 4, 31, 379, 6 556, 150 349, 4 373 461 for d = 1, 2, 3, 4, 5, 6, 7 (A005046)

This is the number of even set partitions of [2d]. We recall that an even set partition of a set
[2d] is a set partition π = {π1, . . . , πk} of [2d] into blocks of even cardinality, that is each block
πi has even length |πi|. We can identify the monomials that appear in the polynomials ψI(t)
with such partitions. To that end, write the monomial corresponding to set partition π as

tπ = tπ1∩[d],π1\[d] · · · tπk∩[d],πk\[d] or xπ = xπ1⊕[d] · · · xπk⊕[d].

Theorem 7.1.5. The master polynomials ψ[2d]\[d](t) are linear combinations of the monomials
tπ, where π is an even partition of [2d]. More specifically, we get

ψ[2d]\[d](t) =
∑

π ⊢ [2d]
π even

sign(π)tπ,

where the sign of π is the product of the signs of the following two permutations

[d] 7→ (π1 ∩ [d], . . . , πk ∩ [d]), [2d]\[d] 7→ (π1\[d], . . . , πk\[d]).

Proof. By Remark 6.1.11 we can write

ψ[2d]\[d](t) = e†[2d]\[d] exp(T (t))e[d]

=
d∑

k=1

1

k!

∑
Ii⊆[d],

Bi⊆[2d]\[d]

tI1,B1 · · · tIk,Bk
1†a2d · · · ad+1a

†
B1
aI1 · · · a†Bk

aIka
†
1 · · · a†d1.

By Remark 6.1.10, only those ordered collections, ((Ii, Bi))
k
i=1, contribute for which the blocks

Ii ⊔ Bi are pairwise disjoint and satisfy
⊔k

i=1(Ii ⊔ Bi) = [2d]. Thus each contributing term
corresponds to an ordered set partition of [2d].

Fix an unordered set partition π = {I1 ⊔ B1, . . . , Ik ⊔ Bk}. In the above sum, all k!
orderings of its blocks appear. Since the creation and annihilation operators anti-commute,
permuting two blocks changes the corresponding operator product by a sign. Hence, the
contributions arising from the different orderings of π are either all equal or cancel pairwise.
By Remark 6.1.4, cancellation occurs precisely when π contains at least two blocks of odd
cardinality. In that case the total contribution vanishes. If all blocks of π have even cardinality,
then all k! orderings produce the same term. The factor 1/k! in the exponential expansion
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therefore cancels the factor k! and π contributes exactly once. Consequently, the sum reduces
to a sum over even set partitions π ⊢ [2d]:

ψ[2d]\[d](t) =
∑

π ⊢ [2d]
π even

tπ1†a2d · · · ad+1a
†
B1
aI1 · · · a†Bk

aIka
†
1 · · · a†d1.

The number of crossings in a2d · · · ad+1a
†
B1
aI1 · · · a†Bk

aIka
†
1 · · · a†d is the sum of the number of

inversions of the two permutations defined in the statement of the theorem.

As a direct result, we see that the degree of the polynomial ψI(t) depends only on the
symmetric difference I ⊕ [d]. That is degψI(t) = ⌈1

2
|I ⊕ [d]|⌉.

The exponential parameterization is a nonlinear bijection and its inverse is also defined by
polynomials. Just as for the polynomials ψI(t) in the forward map, each inverse polynomial
tI,B(ψ) = xJ(ψ) is a relabeling of an inverse master polynomial x[2k]\[k](ψ), where |J ⊕ [d]| =
2k, 2k− 1. We use the coordinates cI,B instead of ψJ and write monomials in c corresponding
to set partitions π = {π1, . . . , πk} as we do for t. Then for each even set partition ρ we get

(−1)ν sign(ρ)cρ =
∑
π≤ρ

sign(π)tπ,

where ν =
(
d
2

)
−∑k

r=1

(|ρr∩[d]|
2

)
. An analogous identification can be found in the proof of

Theorem 2.1.5, where the sign ν appears as well. The Möbius function for even set partitions
of [2d] is µ(π) = (−1)k−1(k − 1)!, where π = {π1, . . . , πk}. With Möbius inversion we get

x[2d]\[d](c) =
∑

π ⊢ [2d]
π even

(−1)ν+k−1(k − 1)! sign(π)cπ.

This proof is analogous to the proof of Theorem 2.1.5.

7.2 Fock Space Truncation Varieties

We define the truncation grid

G = {(m, ℓ) : 0 ≤ m ≤ d and 0 ≤ ℓ ≤ n− d}\{(0, 0)}

enumerating feasible excitation levels. The corresponding construct in first quantization is the
diagonal of the truncation grid or the set [d] ∼= {(m,m) : 1 ≤ m ≤ d}. For a proper subset
σ ⊊ G, called the level set, we define a subspace Vσ of V spanned by occupation number
states eJ with excitation level in σ. Explicitly we set

Vσ = span{ eJ : J ⊆ [n] and (a(eJ), c(eJ)) ∈ σ }.
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The projection of cluster amplitudes t ∈ V onto Vσ is denoted tσ. As a variety in the
projectivization of V , P(V) ∼= P2n−1, the subspace Vσ is the vanishing set of the linear ideal

⟨ xJ : J ⊆ [n] and (a(J), c(J)) ∈ G\σ ⟩ ⊆ C[xJ : J ⊆ [n]].

We look at the restriction of the exponential map to the subspace Vσ:

Vσ → F , tσ 7→ ψ = exp(T (tσ))e[d].

It is injective and maps Vσ into the Fock space F , which further maps to the projective space
P(F) ∼= P2n−1, see Remark 1.1.8. The Fock space truncation variety Vσ is defined as the
closure of the image of Vσ under this map to P2n−1. The varieties live in the projective space
of binary tensors. Since the exponential map is injective, the dimension of the truncation
variety is equal to the dimension of the subspace Vσ. In symbols:

dim(Vσ) = dim(Vσ) = |{J : (a(J), c(J)) ∈ σ}| =
∑

(m,ℓ)∈σ

(
d

m

)(
n− d
ℓ

)
.

In the case when the level set σ is a subset of the diagonal of the truncation grid, i.e.
σ = {(k, k) : k} ⊆ [d], we obtain the truncation varieties from Section 2.2, embedded into the
projective space of binary tensors P2n−1. Those truncation varieties contain quantum states
of electronic systems with a fixed number of electrons. When we relax the particle-number
conservation we work with truncation varieties corresponding to level sets not lying on the
diagonal. The truncation varieties defined in this Section extend the truncation varieties
defined in Section 2.2 from fixed-N CC to broader approximation schemes.

Remark 7.2.1. In Fock-space coupled cluster (FSCC) theory, one allows for ionization and
electron attachment. Consider ionization and the approximation schemes FSCCS, FSCCD,
and FSCCSD. In these cases we work with quantum states lying on the truncation varieties cor-
responding to level sets σ = {(1, 0), (1, 1)}, {(2, 1), (2, 2)}, {(1, 0), (2, 1), (1, 1), (2, 2)}, respec-
tively. When electron attachment is considered, the quantum states lie on the truncation vari-
eties corresponding to level sets σ = {(0, 1), (1, 1)}, {(1, 2), (2, 2)}, {(0, 1), (1, 2), (1, 1), (2, 2)}.
See Table 1.1 for the classification of the common CC variants in the different formulations.

Example 7.2.2 (d = 2, n = 4). The truncation grid is the set

G = {(0, 1), (0, 2), (1, 0), (1, 1), (1, 2), (2, 0), (2, 1), (2, 2)}.

This is a set of size 8. Therefore, we have 28 − 2 = 254 choices of non-empty proper level
sets σ ⊊ G. Hence, there are 254 truncation varieties in P15 for 2 base electrons in 4 orbitals.
The truncation varieties corresponding to σ = {(1, 1)}, {(2, 2)}, {(1, 1), (2, 2)} are respectively
isomorphic to the truncation varieties V{1}, V{2} and V{1,2} defined in Section 2.2, embedded
into P15. We do not obtain 254 distinct varieties since some of the truncation varieties are
isomorphic. For example, the truncation variety corresponding to {(0, 1), (1, 1)} is isomorphic
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to the truncation variety corresponding to {(1, 0), (1, 1)}, see Theorem 7.2.3. We also note
that 119 of the 254 truncation varieties are linear subspaces, see upcoming Theorem 7.2.5.
Also, 74 truncation varieties fulfill the hypothesis of Theorem 7.4.1 and their CC degree is
the degree of the graph of the exponential map.

For d base electrons and n orbitals, the truncation grid G has cardinality (d + 1)(n −
d + 1)− 1 = dn + n− d2. The number of truncation varieties Vσ is 2dn+n−d2 − 2. Some of
these varieties are isomorphic. With that being said, we present an isomorphism between
truncation varieties, known as the particle-hole formalism:

Proposition 7.2.3. Fix a subset σ ⊊ G and let n ≥ 2d. There is a linear isomorphism between
the truncation varieties Vσ for (d, n) and Vσ for (n− d, n), where σ = {(ℓ,m) : (m, ℓ) ∈ σ}.

Proof. This isomorphism is obtained through the following relabeling of Plücker coordinates:

J 7→ J ′ = {n+ 1− j : j /∈ J}.

This is the same relabeling used in an analogous isomorphism in Proposition 2.2.7.

Let xJ(ψ) denote the homogenization of xJ(ψ) using homogenizing variable ψ[d].

Theorem 7.2.4. The homogeneous prime ideal of the truncation variety Vσ ⊆ P2n−1 is the
following saturation, which is analogous to Theorem 2.2.2:

I(Vσ) = ⟨xJ(ψ) : (a(J), c(J)) ∈ G\σ ⟩ : ⟨ψ[d] ⟩∞.

In particular, the ideal of the restriction of Vσ to the affine chart C2n−1 = {ψ[d] = 1} of
projective space P2n−1 is the complete intersection

I(Vσ) + ⟨ψ[d] − 1 ⟩ = ⟨ xJ(ψ) : (a(J), c(J)) ∈ G\σ ⟩.

The proof of the theorem stated here above is analogous to the proof of Theorem 2.2.2
and is therefore omitted here.

For the sake of the next theorem, we define a partial order ⪯ on the truncation grid G. We
say excitation level (m, ℓ) is less than or equal to excitation level (k, p), (m, ℓ) ⪯ (k, p) if the
creation and annihilation levels fulfill m ≤ k, ℓ ≤ p respectively, and either m+ ℓ is even or
k + p is odd. One can check that this is in fact a partial order. The level sets σ and G\σ can
be defined as posets with the same partial order ⪯. We say σ ⊆ G is closed under addition
with respect to partial order ⪯ if for (m, ℓ), (k, p) ∈ σ, where (m, ℓ), (k, p) ⪯ (m+k, ℓ+p) ∈ G,
then (m+ k, ℓ+ p) ∈ σ. The following result generalizes Theorem 2.2.10, where we assume
particle-number conservation. Then σ is a totally ordered set in a totally ordered truncation
grid [d]. We emphasize that the truncation grid should not be confused with the posets
introduced in [23]. In that setting, a partial order is defined on the indexing sets I ∈

(
[n]
d

)
,

whereas here we define a partial order on the excitation levels of the indexing set I ⊆ [n].



CHAPTER 7. FOCK SPACE COUPLED CLUSTER THEORY 111

Theorem 7.2.5. The variety Vσ is linear if and only if σ is closed under addition with
respect to the partial order defined above. In other words, Vσ is linear if and only if for all
(m, ℓ), (k, p) ∈ σ such that either m+ ℓ or k + p is even, then either

(m, ℓ) + (k, p) /∈ G or (m, ℓ) + (k, p) ∈ σ.

Proof. We identify Vσ with its restriction to the affine chart F ′ = C2n−1. We assume that σ
is closed under addition with respect to ⪯. We first prove by induction that ψI = 0 for all
I ⊆ [n] whose creation and annihilation level is in G\σ.

Since σ is closed under addition with respect to ⪯, the minimal elements of G\σ are a
subset of the minimal elements of G. The minimal elements of G are (0, 1), (1, 0), (2, 0), (0, 2)
and (1, 1). These are also all pairs with total level ≤ 2. We take a set J of creation and
annihilation level (m, ℓ) that is minimal in G\σ. Then xJ(ψ) = ψJ = 0, since |J ⊕ [d]| ≤ 2.

Now consider a set K with creation and annihilation level (m, ℓ) ∈ G\σ. Then

xK(ψ) =
∑

π ⊢K⊕[d]
π even

±ψπ = ±ψK +
∑
j

ajψK
(j)
1
· · ·ψ

K
(j)
rj

= 0

where aj ∈ Z∗ and K
(j)
s = π

(j)
s ⊕ [d] such that π(j) = {π(j)

1 , . . . , π
(j)
rj } forms an even set

partition of K ⊕ [d]. We let (m
(j)
s , ℓ

(j)
s ) be the excitation levels of the sets K

(j)
s , and notice

that
∑rj

s=1(m
(j)
s , ℓ

(j)
s ) = (m, ℓ) for each j. If K has an odd level then (m

(j)
s , ℓ

(j)
s ) ⪯ (m, ℓ)

for all s and j. If K has an even level, then all the (m
(j)
s , ℓ

(j)
s ) have an even level, so

(m
(j)
s , ℓ

(j)
s ) ⪯ (m, ℓ) as well. Since σ is closed under addition with respect to ⪯, there must

be one pair (m
(j)
s , ℓ

(j)
s ) ∈ G\σ for each j. Thus by induction there is some s for each j such

that ψ
K

(j)
s

= 0 and hence 0 = xK(ψ) = ψK . The defining equations of the truncation variety

are therefore linear of the form ψK = 0 where K ∈ G\σ.
We now assume σ is not closed under addition with respect to ⪯. We take a minimal

(m, ℓ) ∈ G\σ, such that there are some (i, r), (j, s) ∈ σ where (i, r), (j, s) ⪯ (m, ℓ) in G and
(m, ℓ) = (i, r) + (j, s). Consider a polynomial xK(ψ) vanishing on Vσ where K has excitation
level (m, ℓ). Fix any degree-compatible monomial order. The initial monomial of xK(ψ) has
degree > 1, and we write

in(xK(ψ)) = ψK1 · · ·ψKr , where r ≥ 2.

Assume some element in the initial ideal of I(Vσ) divides in(xK(ψ)). This element must divide
a monomial of some generator xJ(ψ), where (a(J), c(J)) ∈ G\σ. Without loss of generality
we may pick the divisor to be a monomial of xJ(ψ). We also see that (a(J), c(J)) ⪯ (m, ℓ),
so by the same argument as above we get xJ(ψ) = ψJ . We also obtain the relation ψJ = 0
and thus ψJ ∤ in(xK(ψ)), a contradiction. Hence in(xK(ψ)) is a minimal generator for the
initial ideal of I(Vσ). This cannot be an initial ideal for a linear variety, and therefore Vσ
itself is not linear.
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Example 7.2.6 (d = 3, n = 6). There are 215 − 2 = 32 766 truncation varieties in P63.
Among those, 4 790 are linear by Theorem 7.2.5 and 2 186 fulfill the hypothesis of Theorem
7.4.1. We look at a few chosen cases of non-linear truncation varieties:

• σ = {(1, 0), (2, 0)}:
This is a hypersurface of the subspace generated by basis vectors eJ where J ⊆ [3]. Its
defining equation is the homogeneous inverse coordinate x∅(ψ).

• σ = {(1, 0), (2, 0), (1, 1), (0, 1), (0, 2)}:
Its ideal is generated by 364 quadrics. It has dimension 21 and degree 33 592.

• σ = {(1, 0), (2, 1), (1, 1), (2, 2)}:
Its ideal is generated by 7 quadrics and the 30 coordinates indexed by sets of size
0, 1, 4, 5 or 6. It has dimension 30 and degree 43, see Example 7.5.3.

• σ = {(1, 0), (1, 1), (0, 1)}:
This is the partial flag variety Fℓ(2, 3, 4, 6). It has dimension 15 and degree 4 550. It is
the zero set of 281 quadrics and the 14 coordinates indexed by sets of size 0, 1, 5 or 6.

• σ = {(2, 0), (1, 1), (0, 2)}:
This is the spinor variety S+ for a 12 dimensional space. It has dimension 15 and degree
286. It is the zero set of 66 quadrics and the 32 coordinates indexed by even sets.

When extending from the exterior power Hd to the full Fock space F , we allow the number
of particles in the electronic system to vary. In this broader setting, we encounter several
well-known algebraic varieties, such as the flag variety and the spinor variety, which will
be examined in detail in the next section. Beyond these classical examples, the framework
developed here naturally gives rise to many new and intriguing varieties, whose study is of
independent mathematical interest, regardless of their origins in quantum chemistry.

Remark 7.2.7. The linear span of a truncation variety Vσ ⊆ F is the vector space generated
by its elements, that is, the smallest linear subspace of F containing Vσ. In general, this
span can be a proper subspace of F . For instance, the truncation varieties considered in
Section 2.2 are contained in the dth graded component Hd ⊆ F .

It is natural to ask which graded subspaces of F contain a given truncation vari-
ety Vσ. In particular, it is of interest to find the smallest subspaces that are direct
sums of homogeneous components Hk

∼= ∧kCn. If such a graded subspace is writ-
ten as

⊕
k∈SHk, then the index set S ⊆ {0, . . . , n} describes the possible particle

numbers of quantum states in Vσ. In Example 7.2.6, the corresponding supports are
S = {0, 1, 2, 3}, {1, 2, 3, 4, 5, 6}, {2, 3}, {2, 3, 4}, {1, 3, 5}, for the respective level sets.

Returning to the motivating context, it is natural to ask which of the Fock space truncation
varieties are most relevant for practical applications in quantum chemistry.
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Remark 7.2.8 (EOM-CC for ionization and electron attachment). In addition to FSCC,
the equation-of-motion coupled cluster method (EOM-CC) also addresses ionized electronic
systems and electron attachment, see [93, Chapter 13.4]. There the ionization operator is
introduced. It is defined as the following operator:

T (tι) =
∑

I⊆[d], B⊆[n]\[d]
|I|=|B|+1

tI,Ba
†
bm
· · · a†b1ai1 ...aim+1 =

∑
I⊆[d], B⊆[n]\[d]

|I|=|B|+1

tI,Ba
†
BaI

where ι = {(k + 1, k) : 0 ≤ k ≤ d − 1}, is the subdiagonal of the truncation grid. This
operator is an element of the Fermi–Dirac algebra. The ionized quantum states are then
parameterized by the following exponential map

Vι × V[d] → ∧d−1Cn, (tι, t[d]) 7→ ψ = T (tι) expT (t[d])e[d]. (7.2)

Here [d] = {(k, k) : 1 ≤ k ≤ d} is the diagonal of the truncation grid. We truncate the ionized
quantum states using subsets of the subdiagonal ι and the diagonal [d] and restricting the
exponential map (7.2) accordingly. The projectivization of the closure of the image of this

restriction is a variety of P(∧d−1Cn) ∼= P( n
d−1)−1. In most applications, we fix a positive integer

k and truncate with subsets {(i+ 1, i) : 0 ≤ i ≤ k} ⊆ ι and [k] ⊆ [d]. Electron attachment is
treated dually using the particle-hole formalism. We define the electron attachment operator
as T (tϵ) where ϵ = ι = {(k, k + 1) : 0 ≤ k ≤ d− 1} is the super diagonal.

At first glance, the varieties in Remark 7.2.8 arising from EOM-CC appear incompatible
with our construction of truncation varieties. The following theorem, however, demonstrates
how these two frameworks are related.

Theorem 7.2.9. Let τ ⊆ ι be a subset on the subdiagonal and σ ⊆ [d] a subset on the
diagonal of the truncation grid. The variety of truncated ionized EOM-CC quantum states,
parameterized by the restriction of (7.2) to Vτ×Vσ, is equal to the restriction of the truncation
variety Vτ∪σ to P(∧d−1Cn). A dual statement holds for electron attachment.

Proof. The truncation variety Vτ∪σ is parameterized by the following restriction of the
exponential map

Vτ∪σ → F , tτ∪σ 7→ ψ = exp (T (tτ ) + T (tσ))e[d].

The operator T (tσ) is a linear combination of words of even length. Hence, by Remark 6.1.4,
the operators T (tσ) and T (tτ ) commute. Thus we can factor the exponential operator:

exp (T (tτ ) + T (tσ)) = expT (tτ ) expT (tσ).

Moreover, the operator T (tτ ) is a linear combination of monomials of odd degree so, by
Remark 6.1.4, T (tτ ) is nilpotent of order 1. We can write expT (tτ ) = 1 + T (tτ ). We rewrite
the restricted exponential map:

Vτ∪σ → F , tτ∪σ 7→ ψ = expT (tσ)e[d] + T (tτ ) expT (tσ)e[d].

The first summand of the parameterization is an element in the dth exterior power ∧dCn and
the second summand is an element of ∧d−1Cn. This proves our statement.
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7.3 Flag Varieties and Spinor Varieties

We define a flag F• in Cn to be a sequence of subspaces increasing with respect to inclusion,
that is:

F• : {0} = F0 ⊊ F1 ⊊ · · · ⊊ Fk = Cn.

We say a flag is complete if di = dim(Fi) = i for all 0 ≤ i ≤ k; otherwise, it is called a partial
flag. The partial flag variety F l(d1, . . . , dk, n) ⊆ P(∧Cn) ∼= P2n−1 is the set of all flags in Cn

with dimensions d1 ≤ d2 ≤ · · · ≤ dk.
We recall that a d dimensional subspace of Cn can be parametrized by the maximal

minors of a d × n matrix Θ with entries in C. The matrix Θ has full rank and since row
reduction does not change the row span of Θ we may assume that Θ = [Id |M ], where M is a
d× (n−d) matrix. Similarly, for a flag F• we look at a full rank dk×n matrix Θ = [Idk×d1|M ]
where the first di rows of Θ span Fi. The flag F• can then be parametrized by the maximal
minors of the first di rows of Θ for each i. We refer to Ezra Miller’s and Bernd Sturmfels’
book [73, Section 14.1] for a more detailed introduction to flag varieties.

Remark 7.3.1. We describe an alternative parameterization of the flag variety F l(d −
1, d, d+ 1, n). We look at the (d+ 1)× (n+ 1) matrix

Θ =


1 0 · · · 0 θ1,d+1 · · · θ1,n θ1,n+1

0 1 · · · 0 θ2,d+1 · · · θ2,n θ2,n+1
...

...
. . .

...
...

. . .
...

...
0 0 · · · 1 θd,d+1 · · · θd,n θd,n+1

0 0 · · · 0 θd+1,d+1 · · · θd+1,n 0

 .
The first d rows of Θ span a d dimensional subspace E of Cn+1. The intersection of E with
the orthogonal space (en+1)

⊥ ∼= Cn is generically isomorphic to a d− 1 dimensional subspace
of Cn, which we will denote by Fd−1. We now look at the submatrix Θ̃ of Θ taking only the
first n columns. Its row span is a subspace Fd+1 of Cn, which is generically of dimension
d+ 1. Also, the first d rows of Θ̃ span a d dimensional subspace Fd ⊆ Fd+1. Therefore, we
have obtained a partial flag

Fd−1 ⊆ Fd ⊆ Fd+1 ⊆ Cn.

This flag is parametrized by the d× d minors of the first d rows of Θ and the (d+ 1)× (d+ 1)
minors of the first n columns of Θ. These minors define a birational parameterization of the
partial flag variety F l(d− 1, d, d+ 1, n).

The partial flag variety F l(d − 1, d, d + 1, n) appears as a truncation variety. Before
stating the general theorem, we first illustrate this in an example.

Example 7.3.2. Let d = 2, n = 4 and σ = {(1, 1), (0, 1), (1, 0)}. The cluster matrix T (tσ) is
a 16× 16 matrix, nilpotent of order 2. The truncation variety has dimension

dim(Vσ) =

(
2

1

)
+

(
2

1

)
+

(
2

1

)
·
(

2

1

)
= 8
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and degree deg(Vσ) = 12. The coordinates of the parameterization are

ψ∅ = 0, ψ1 = −t2,0, ψ2 = t1,0, ψ12 = 1, ψ3 = −t2,0t1,3 + t1,0t2,3, ψ13 = t2,3,

ψ23 = −t1,3, ψ123 = t0,3, ψ4 = −t2,0t1,4 + t1,0t2,4, ψ14 = t2,4, ψ24 = −t1,4,
ψ124 = t0,4, ψ34 = −t1,4t2,3 + t1,3t2,4, ψ134 = −t2,4t0,3 + t2,3t0,4,

ψ234 = t1,4t0,3 − t1,3t0,4, ψ1234 = 0.

These are the 2× 2 minors of the first two rows; and the 3× 3 minors of the last four columns
of the 3× 5 matrix

M =

 0 0 0 t0,3 t0,4
t1,0 1 0 t1,3 t1,4
t2,0 0 1 t2,3 t2,4

 .
Here the rows are indexed by (0, 1, 2) and columns are indexed by (0, 1, 2, 3, 4). By Remark
7.3.1 we see that this is a parameterization of the partial flag variety F l(1, 2, 3, 4).

Theorem 7.3.3. When σ = {(1, 1), (0, 1), (1, 0)}, the truncation variety Vσ is the flag variety
F l(d− 1, d, d+ 1, n).

Proof. We recall that the truncated cluster operator T (tσ) is an element of the Fermi–Dirac
algebra of the form

T (tσ) = T (t(1,0)) + T (t(1,1)) + T (t(0,1)) =
∑
1≤i≤d

ti,0ai +
∑

1≤i≤d<b≤n

ti,ba
†
bai +

∑
d<b≤n

t0,ba
†
b.

From Remark 6.1.4 we see that the operator T (t(1,1)) commutes with the sum T (t(1,0))+T (t(0,1)).
Additionally, the sum is nilpotent of order 2. Therefore, the truncation variety Vσ is
parameterized by the map Vσ → F where

tσ 7→ expT (t(1,1))e[d] + T (t(0,1)) expT (t(1,1))e[d] + T (t(1,0)) expT (t(1,1))e[d].

The first summand expT (t(1,1))e[d] is an element of the dth exterior power ∧dCn and by
Theorem 2.2.5 it parameterizes the Grassmannian Gr(d, n) in its Plücker embedding. We get
that expT (t(1,1))e[d] = t1 ∧ · · · ∧ td where ti = (I + T (t(1,1)))ei. The second summand is an
element in the (d+ 1)st exterior power ∧d+1Cn and

T (t(0,1)) expT (t(1,1))e[d] = T (t(0,1))t1 ∧ · · · ∧ td = t(0,1) ∧ t1 ∧ · · · ∧ td.

Here we set t(0,1) = T (t(0,1))1. Finally we note that the third summand is an element in the
(d− 1)st exterior power ∧d−1Cn. Dually, we get that

T (t(1,0)) expT (t(1,1))e[d] = T (t(1,0))t1 ∧ · · · ∧ td = t(1,0)⌟ t1 ∧ · · · ∧ td.
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Here we set t(1,0) = T (t(1,0))
†1. The coordinates of this element in ∧d−1Cn turn out to be

d× d minors of a matrix

T =


0 0 0 · · · 0 t0,d+1 · · · t0,n
t1,0 1 0 · · · 0 t1,d+1 · · · t1,n
t2,0 0 1 · · · 0 t2,d+1 · · · t2,n
...

...
...

. . .
...

...
. . .

...
td,0 0 0 · · · 1 td,d+1 · · · td,n

 .

The rows of the matrix T are indexed by (0, 1, 2, . . . , d) and the columns are indexed by
(0, 1, 2, . . . , n). In fact, the coordinates of the whole parameterization are minors of T . A
coordinate indexed by J , where |J | = d + 1, is equal to the maximal minor of T taking
columns J . A coordinate indexed by J where |J | = d is equal to the minor of T taking the
last d rows and columns J . If |J | = d − 1 we do as before by adding the 0th column. By
Remark 7.3.1 this is a parameterization of F l(d− 1, d, d+ 1, n).

Theorem 7.3.3 is analogous to Thouless’ theorem and Theorem 2.2.5 for ionization and
electron attachment. We explain the connection to EOM-CC in the following remark.

Remark 7.3.4 (Flag varieties in EOM-CC). We notice that when σ = {(1, 1), (1, 0)} the
truncation variety Vσ is the flag variety Fℓ(d− 1, d, n). From Theorem 7.2.9 we see that the
truncated EOM-CC ionized quantum states live in the Grassmannian

Gr(d− 1, n) = Fℓ(d− 1, d, n) ∩ P(∧d−1Cn).

Dually the truncated EOM-CC electron attachment quantum states are elements in the
Grassmannian Gr(d+ 1, n).

In the title of this section, we also name spinor varieties; and for the rest of the section,
we will study them and show how they appear in our construction. Let V = E ⊕ F be a
2n-dimensional vector space, where E and F are maximal isotropic subspaces with respect
to some non-degenerate quadratic form q. Since V is even dimensional, an isotropic subspace
is maximal if and only if it is n-dimensional. The variety of maximal isotropic subspaces in
V splits into two isomorphic components denoted S− and S+. Without loss of generality,
we can assume that E ∈ S+. Two maximal isotropic subspaces are in the same irreducible
component if the dimension of their intersection has the same parity as n. The spinor variety
for V is defined to be the irreducible component S+. Its dimension is dim(S+) =

(
n
2

)
and its

degree is the number of shifted standard Young tableaux of shape (n, n− 1, . . . , 1) [54]. See
Manivel’s paper [70, Section 2] for a more detailed discussion on spinor varieties.

Remark 7.3.5 (Parameterizing S+). We choose a basis {e1, . . . , en, f1, . . . , fn} for V , such
that the ei’s form a basis for E and the fi’s form a basis for F . We look at an n× 2n matrix
M = [ In |U ] where U is some n× n skew-symmetric matrix. The matrix M is written over
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the basis described above. One can check that the rows of M span an n-dimensional isotropic
subspace EU . We also get that

dim(E ∩ EU) = n− rank(U).

Since U is skew-symmetric, its rank is an even number, and so the parity of the dimension of
the intersection is the same as n. Hence EU ∈ S+. The subspace EU can be parametrized
by the Pfaffians of U . For a generic skew-symmetric matrix U the subspace EU is a generic
maximal isotropic subspace in S+, so the map

P(n
2)−1 99K P2n−1

, U 7→ 2k × 2k Pfaffians of U for all 1 ≤ k ≤ n/2

defines a birational parameterization of S+.

Example 7.3.6. We set d = 2, n = 4 and level set σ = {(1, 1), (0, 2), (2, 0)}. The variety Vσ
is parametrized by the even Plücker coordinates

ψ∅ = t12,0, ψ12 = 1, ψ13 = t2,3, ψ23 = −t1,3, ψ14 = t2,4,

ψ24 = −t1,4, ψ34 = −t1,4t2,3 + t1,3t2,4 + t12,0t0,34, ψ1234 = t0,34.

These are the Pfaffians of a skew-symmetric matrix
0 −t12,0 −t1,3 −t1,4
t12,0 0 t2,3 t2,4
t1,3 −t2,3 0 −t0,34
t1,4 −t2,4 t0,34 0

 .
Coordinate ψI is equal to the Pfaffian whose rows and columns come from the symmetric
difference I ⊕ [d]. This is a parameterization of the spinor variety for the vector space C8. It
has dimension

dim(Vσ) =

(
2

2

)
+

(
2

2

)
+

(
2

1

)
·
(

2

1

)
= 6

and degree deg(Vσ) = 2. It is defined by a single quadric, the homogeneous inverse master
polynomial

x34(ψ) = ψ23ψ14 − ψ13ψ24 + ψ12ψ34 − ψ∅ψ1234

and the odd Plücker coordinates ψ1, ψ2, ψ3, ψ4, ψ123, ψ124, ψ134, ψ234.

Theorem 7.3.7. The truncation variety for σ = {(1, 1), (0, 2), (2, 0)} is the spinor variety of
the 2n-dimensional vector space C2n.

Proof. Look at the n-dimensional vector space F = span{a1, . . . ad, a†d+1, . . . , a
†
n}. The basis

vectors generate the subalgebra V ∼= ∧Cn of the Fermi–Dirac algebra, defined in Remark
6.1.4. The truncated cluster operator is an element in the second exterior power of F :

T (tσ) =
∑

1≤i<j≤d

tij,0aiaj +
∑

1≤i≤d<b≤n

ti,ba
†
bai +

∑
d<b<c≤n

t0,bca
†
ca

†
b ∈ ∧2F.
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The set {(−1)i−1ai : 1 ≤ i ≤ d} ∪ {(−1)da†b : d < b ≤ n} also forms a basis for F . We rewrite
the operator T (tσ) in terms of this basis:

∑
1≤i<j≤d

(−1)i+jtij,0(−1)i−1+j−1aiaj +
∑

1≤i≤d<b≤n

(−1)i+dti,b(−1)i−1+daia
†
b −

∑
d<b<c≤n

t0,bc(−1)2da†ba†c.

We set T as the n× n skew-symmetric matrix corresponding to T (tσ) with respect to the
signed basis of F . The exponential of T (tσ) is the operator

exp(T (tσ)) =
d∑

k=0

1

k!
T (tσ)∧k =

∑
I⊆[n]
|I|=2k

(−1)ℓd+
∑

i∈[d]∩I(i−1) Pf(TI)ai1 · · · aiℓa†iℓ+1
· · · a†i2k ,

where Pf(TI) is the Pfaffian of T using columns and rows from I. For a compatible definition
of the Pfaffian see [62, Section 2.7.4.]. The exponential map is then

exp (T (tσ))e[d] =
∑
I⊆[n]
I even

(−1)ℓd+
∑

i∈[d]∩I(i−1) Pf(TI)ai1 · · · aiℓa†iℓ+1
· · · a†i2ka

†
1 · · · a†d1

=
∑
I⊆[n]
I even

Pf(TI)e[d]⊕I .

The reason we introduced the signed basis for F is to cancel out the signs appearing when
multiplying the exponential operator exp (T (tσ)) with the reference state e[d]. We now see
that the truncation variety is parametrized by the Pfaffians of a skew-symmetric matrix T .
This is a parameterization of the spinor variety for vector space C2n.

We notice the truncation variety V{(2,0),(1,1),(0,2)} ∼= S+ does not depend on the number d
of base electrons. It only depends on the number n of spin orbitals.

7.4 The Coupled Cluster Equations

We recall the electronic Schrödinger equation from (1.13), now set in second quantization:

Hψ = λψ, ψ ∈ F .

Here the Hamiltonian H is a 2n × 2n symmetric matrix associated with an electronic system
of interest, see Section 6.2. The solutions to the Schrödinger equation describe the stable
states of our system; the eigenvalues λ are the energies and the eigenvectors ψ describe the
wave functions representing the probability amplitude of finding an electron at a particular
location. The lowest eigenvalue and the corresponding eigenvector describe the ground state,
which is the most stable arrangement of electrons in the system. The higher energy solutions
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are called excited states and they require energy input, such as from heat, electricity or light,
to be observed. Hence, all solutions of the equation can be of interest.

For large n, solving the Schrödinger equation is infeasible. Coupled cluster theory describes
a hierarchy of approximation schemes for finding the solutions of the Schrödinger equation.
There we restrict the quantum states ψ to the truncation varieties introduced in Section 7.2.
We will now describe the construction of the coupled cluster equations for a given truncation.

With that being said, let σ be a proper subset of the truncation grid G. We define ψσ

to be the projection of vector ψ ∈ F to coordinates with excitation level in σ. This is the
projection of quantum states in F onto the subspace

Fσ = span{eJ : J ⊆ [n] and (a(J), c(J)) ∈ σ ∪ {(0, 0)}} ⊆ F .

The unlinked coupled cluster (CC) equations truncated at level set σ are obtained in the same
manner as the CC equations in (2.15). Explicitly,

(Hψ)σ = λψσ, ψ ∈ Vσ. (7.3)

As with first quantization, two variants of the coupled cluster equations are commonly used
in the theory, the linked and unlinked CC equations. See Section 1.2, (2.20) for the definition
of the linked CC equations. By Theorem 2.3.10 the two formulations agree in all cases that
appear in the computational chemistry literature, including CCS, CCD, CCSD and CCSDT
[36]. As was mentioned in Section 2.3 the unlinked equations are more elegant from an
algebraic point of view and its algebraic degree is lower, explaining our choice. The coupled
cluster equations for systems with a fixed number of electrons correspond to choosing level
sets σ along the diagonal of the truncation grid. These cases are covered in detail in Section
2.3. In the spirit of this Chapter, this section extends the coupled cluster framework to the
full Fock space, thereby allowing both ionization and electron attachment.

The dimension of the truncation variety Vσ is equal to the number of constraints imposed
by the equations in (7.3). Hence, the number of solutions to the CC equations is finite for
a generic matrix H. We call this number the CC degree of truncation variety Vσ, denoted
CCdeg(Vσ). By Theorem 2.3.2 we obtain an upper bound:

CCdeg(Vσ) ≤ (dim(Vσ) + 1) deg(Vσ). (7.4)

By Corollary 2.3.3 this bound is tight when Vσ is linear. In that case the CC equations are
eigenvalue equations for the submatrix Hσ,σ and CCdeg(Vσ) = dim(Vσ) + 1. So if H is a real
symmetric matrix and the truncation variety is linear then all solutions are real.

In Theorem 3.1.1, we show that the CC degree of the Grassmannian is the total degree of
the graph of the truncated exponential map V{1} → F . In Section 4.3 we generalize these
results to all the truncation varieties from Section 2.2. In particular in Theorem 4.3.2 we
show that the if the truncation variety Vσ can be parameterized by a graph map, then its CC
degree is the total degree of the graph of that parameterization.
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We want to extend this to the Fock space truncation varieties and, in particular, to
determine which of them already admit the truncated exponential map as a graph parame-
terization. To that end, we say a pair (m, ℓ) has a partition {(m1, ℓ1), · · · , (mk, ℓk)} over the
level set σ ⊊ G if

(m, ℓ) =
k∑

i=1

(mi, ℓi)

and (mi, ℓi) ∈ σ for all 1 ≤ i ≤ k. We call k the length of the partition. We say that this
partition is even if at most one of the parts (mi, ℓi) has an odd level mi + ℓi. If the element
(m, ℓ) has an even level, then a set partition is even if and only if all of the parts have an
even level. If the element (m, ℓ) has an odd level, then a set partition is even if and only if
exactly one part has an odd level.

Theorem 7.4.1. Let σ ⊆ G be a level set such that no element in σ has an even partition
over σ of length > 1. The CC degree of the truncation variety Vσ is the total degree of the
graph of the map

Vσ → F , t 7→ ψ = exp (Tσ(t))e[d]. (7.5)

Proof. We look at the projection ψσ of ψ onto Fσ. Take set J with excitation level (a(J), c(J))
in σ. By Theorem 7.1.5 the exponential parameterization maps ψJ to a signed sum of
monomials tπ = tπ1∩[d],π1\[d] · · · tπk∩[d],πk\[d], where π is an even set partition of [d]⊕ J . In the
truncated parameterization (7.5), we set tI,B = 0 if (|I|, |B|) /∈ σ. Hence, we only need to
sum over monomials tπ such that (a(πi), c(πi)) ∈ σ for all i. We note that at most one of
the levels (a(πi), c(πi)) is odd and (a(J), c(J)) =

∑
i(a(πi), c(πi)). Assuming the hypothesis

of the theorem the only even partition of (m, ℓ) over σ is the trivial one {(m, ℓ)} of length
1. Hence the monomials tπ vanish for all even set partitions π except the trivial partition
{[d]⊕ J}. Thus ψJ = ±t[d]\J,J\[d]. Now we use the same argument as in the proof of Theorem
4.3.2 to show that the CC degree is the total degree of the graph of (7.5).

In particular, the CC degree of the flag variety F l(d− 1, d, d+ 1, n) is the total degree of
the graph of the parameterization defined in Remark 7.3.1. Also the CC degree of the spinor
variety S+ is the total degree of the graph of the map

P(n
2)−1 99K P2n−1−1, skew sym. T 7→ Pf(TI) for all even I ⊆ [n],

mapping skew-symmetric matrix T to its sub-Pfaffians. The degrees of the flag variety and
the spinor variety can be computed using Schubert calculus. This naturally raises the question
of whether Schubert calculus can also be used to determine the total degrees of their graphs,
and thereby explain the fifth row of Tables 7.1 and 7.2. In Chapter 3 and in [39, 40], toric
degenerations are used to find the total degrees of the graphs of birational parameterizations
of the Grassmannian and the flag variety. A similar approach might reveal the CC degree of
the flag variety and the spinor variety. We leave this question open and instead present, in
the following section, a numerical study of the CC degrees of flag and spinor varieties.
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Currently, we do not have a graph parameterization of every Fock space truncation variety,
as we do for the truncation varieties defined in Section 2.2; see Theorem 4.3.8. Whether such
parameterizations exist, and how they should be defined, remains a subject for future research.

7.5 Numerical Solutions

The truncation variety Vσ is parametrized by the restriction of the exponential map in (7.1)
to the subspace Vσ:

Vσ → F , tσ 7→ ψ = exp(T (tσ))e[d].

This map is birational and hence its fibers are zero dimensional and of degree one. Therefore
we can rewrite the coupled cluster equations like (2.18). That is:

((H − λI) exp(T (tσ))e[d])σ = 0. (7.6)

This is a square polynomial equation of size dim(Vσ) + 1 with polynomials in variables (λ, tσ)
of degree ≤ d+1. The above formulation works well for numerically solving the CC equations.
In our computations we use HomotopyContinuation.jl [11]. For a detailed introduction
into numerical homotopy methods and how they can be used to both solve generic and
special CC equations, see Section 5.1. Throughout this section, we use Julia version 1.11.4
and HomotopyContinuation.jl version 2.9.2. Computations were done on the MPI-MiS
computer server using four 18-Core Intel Xeon E7-8867 v4 at 2.4 GHz (3072 GB RAM).
Symbolic calculations are done in the Macaulay2 software system [46] on a MacBook Pro
with 16 cores and an Apple M4 Max chip.

Example 7.5.1 (CC degrees of flag varieties). We look at the truncation variety
V{(1,0),(1,1),(0,1)} ∼= Fℓ(d− 1, d, d+ 1, n) when d = 2, 3 and n = 4, 5, 6, 7, 8.

Table 7.1: CC systems corresponding to the flag varieties.

(d, n) (2,4) (2,5) (2,6) (3,6) (2,7) (3,7)
dim 8 11 14 15 17 19

degree 12 110 1 274 4 550 17 136 271 320
mingens [2, 10] [7, 50] [23, 175] [14, 281] [65, 490] [37, 1148]
CCdeg 74 713 8 499 30 070 116 602 1 821 528
# real 18 51 151 332 503 3 262

solve (sec) 1 6 174 712 14 638 398 022
certify (sec) 0 0 2 4 24 329

The dimension of Vσ is d(n − d) + n. The degree and the minimal generators of Vσ are
calculated using Macaulay2 [46]. The fourth row labeled “mingens” gives us the number
of minimal generators of degree 1 and 2. The linear generators are the variables indexed
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by sets J where |J | < d − 1 or |J | > d + 1. We note that the flag variety Fℓ(d − 1, d, d +
1, n) is cut out by quadrics, so we do not have any higher-degree generators. The CC
degrees are calculated by solving (7.6) for a generic matrix, using the monodromy function in
HomotopyContinuation.jl [11]. The row “# real” lists the number of real solutions to the
CC equations for one generic real Hamiltonian. The number of real solutions might vary, and
the number listed is only from one case.

Another truncation variety of interest is the spinor variety, S+ of C2n. From Theorem
7.3.7 we see that the spinor variety, as a truncation variety, only depends on the number of
orbitals n but not on the number of electrons d.

Example 7.5.2 (CC degrees of spinor varieties). We look at the truncation variety
V{(2,0),(1,1),(0,2)} ∼= S+, isomorphic to the spinor variety of C2n, when n = 4, 5, 6, 7.

Table 7.2: CC systems corresponding to the spinor variety.

n 4 5 6 7
dim 6 10 15 21

degree 2 12 286 33 592
mingens [8, 1] [16, 10] [32, 66] [64, 364]
CCdeg 13 98 2 572 318 118
# real 5 10 70 904

solve (sec) 0 1 32 60 504
certify (sec) 0 0 1 55

The dimension of Vσ is
(
n
2

)
. The linear generators of the truncation variety are the variables

indexed by the odd set J ⊆ [n]. We note that the spinor variety is cut out by quadrics so we
only have minimal generators of degree 1 and 2.

Similar tables can be given for the truncation varieties corresponding to FSCCD and
FSCCSD. Recall that here FSCC stands for Fock space coupled cluster; see Remark 7.2.1
and Table 1.1 for the explicit definition of these CC variants. The computation of the CC
degree for these variants become infeasible quickly as can be seen in this final example.

Example 7.5.3. We look at FSCCSD for ionized electronic systems with d base electrons in
n orbitals. Our level set is of the form σ = {(1, 0), (2, 1), (1, 1), (2, 2)}. The corresponding
truncation variety has dimension

dim(Vσ) = d+ d(n− d) +

(
d

2

)
(n− d) +

(
d

2

)(
n− d

2

)
.

By Theorem 7.2.5 the truncation variety Vσ is linear when d = 2. We now focus on the case
when d = 3. The dimension of Vσ is

30, 45, 63, 84, 108, 135, 165, ... for n = 6, 7, 8, 9, 10, 11, 12, ... .
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Solving square polynomial systems of these sizes is hard, even numerically. Using Homotopy

Continuation.jl we are able to compute the CC degree of Vσ when n = 6, 7. In these
cases Vσ has degrees 43, 3 894, respectively. Thus (7.4) provides us with the upper bounds
of 31 · 43 = 1 333 and 46 · 3894 = 179 124 . Computations using monodromy show that the
actual CC degrees for d = 3 and n = 6, 7 are

CCdeg(Vσ) = 1 195, 145 608.

We conclude this second part of the thesis with a short summary of our contributions.
In this chapter we reformulated the CC equations in second quantization. Additionally, we
expanded beyond fixed-electron systems, allowing for ionization and electron attachment.
This revealed flag varieties and spinor varieties as truncation varieties. We offered an extensive
study of these varieties, in particular, their exponential parameterizations and CC degrees.
We classified all truncation varieties for which the CC degree is the total degree of graph of
their exponential parameterization. Among those are the flag varieties and spinor varieties,
and future research directions include studying these degrees through the lens of intersection
theory or Khovanskii bases. Another direction would be to explore graph parameterizations
of all Fock space truncation varieties, similar as in Chapter 4. In the next part of the thesis
we will focus on incorporating electronic spin into our formulations.
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Part III

Spin-Adapted Formalism
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Chapter 8

Representations of SU(2)

In this chapter we develop the mathematical framework for spin adaptation in coupled
cluster theory. The spin operators give rise to an SU(2)–action on the state space Hd. Since
the electronic Hamiltonian commutes with these operators, it preserves the total spin of
the quantum state. Consequently, one typically restricts to the spin singlet sector, that
is, the SU(2)–invariant subspace. We study the derived su(2)–action on both the state
space Hd and the Fermi–Dirac algebra. Viewing these spaces as su(2)–representations, we
decompose them into irreducible components using the representation theory of sl2(C), the
complexification of su(2). We introduce the excitation ring, an Artinian commutative ring
defined by cubic relations. Its dimension is given by the Narayana numbers, which refine the
Catalan numbers. Our main result establishes an isomorphism between the excitation ring
and the SU(2)–invariant state space. Finally, we construct a combinatorial bijection between
Dyck paths enumerated by the Narayana numbers and the basis vectors of the invariant state
space via the RSK correspondence. This yields an algebraic and combinatorial description of
the SU(2)–invariant subspace through the excitation ring. This chapter is based on the paper
Plane Partitions and Spin Adapted Quantum States [87], joint work with Abigail Price and
Ada Stelzer, and on Sections 2–4 of Algebraic Geometry for Spin-Adapted Coupled Cluster
Theory [38], joint work with Fabian M. Faulstich.

8.1 The Spin-Adapted Electronic Structure Problem

We recall from Section 1.2 that the electronic Schrödinger equation describing d electrons in
the electromagnetic field generated by dnuc fixed nuclei is the eigenvalue problem

H ψ(x1,x2, . . . ,xd) = λψ(x1,x2, . . . ,xd), (8.1)

where the unknown wave function ψ(x1,x2, . . . ,xd) fully characterizes a physical system [92].
Here xi = (ri, si) ∈ R3 × {↑, ↓} = X denotes the spatial coordinate ri and spin coordinate si
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of the ith electron. In atomic units, the electronic Hamiltonian H is the differential operator

H := −1

2

d∑
i=1

∆ri −
d∑

i=1

dnuc∑
j=1

Zj

|ri −Rj|
+

∑
1≤i<j≤d

1

|ri − rj|
. (8.2)

Electrons possess an intrinsic angular momentum called spin [89]. In the non-relativistic
Born–Oppenheimer model considered here, spin does not appear explicitly in the Hamiltonian
operator in (8.2). However, it enters the state space and the admissibility condition (Pauli
principle) in the following way: The physical d-electron wave function is a map

ψ : Xd → C, (r, s) 7→ ψ(r, s),

i.e. it depends on spatial coordinates r = (r1, . . . , rd) and spin labels s = (s1, . . . , sd). Pauli’s
exclusion principle [82] states that admissible states are skew-symmetric under exchange of
variables. In particular, two electrons with equal spin cannot occupy the same position.

Since the Hamiltonian does not explicitly depend on the electronic spin, we can discretize
it with respect to a product basis. To that end, we introduce an orthonormal set of spatial
basis functions (orbitals) {φp}mp=1 ⊆ L2(R3), found using Hartree–Fock theory; see Example
1.2.4. Each spatial orbital gives rise to two spin-orbitals

ϕp↑(r, s) := φp(r) δs,↑, ϕp↓(r, s) := φp(r) δs,↓.

The spin orbitals span the one-particle space H ∼= Cm ⊗Hspin, where Hspin
∼= C2 is the spin

space with orthonormal basis {e↑, e↓} (spin up/down). Here dim(H) = n = 2m. We compare
this basis with the molecular spin-orbital basis introduced in Section 1.2. In the present
basis, for each i ∈ [m], the two spin orbitals ϕi↑ and ϕi↓ have the same spatial part and
differ only in their spin component. A general molecular spin orbital basis {ξi}i∈[n], such as
those considered in Section 1.2, need not have this property. Note, however, that the explicit
molecular spin-orbital basis for LiH constructed in Example 1.2.4 does. There, Hartree-Fock
is applied before imposing spin. This is done when one wishes to preserve spin symmetry, as
we do in this chapter.

The Galerkin space of skew-symmetric d-electron functions is given byHd
∼= ∧dH, spanned

by the canonical skew-symmetric product basis, i.e., the d-electron Slater determinants.

Second Quantization and Fermi–Dirac Algebra

We provide a short overview of second quantization for spin–adaptation. Subsequently, we use
the explicit basis e↓ = −e2, e↑ = e1 for Hspin, where e1 and e2 form the standard basis of C2.
We denote the standard basis vectors of Cm by ep with p ∈ [m]. For notational convenience,
we define [[m]] := [m] × {↓, ↑}, with n = 2m elements. Hence, a basis of H is given by
epα := ep ⊗ eα, (p, α) ∈ [[m]]. The associated fermionic Fock space is the exterior algebra

F ∼=
∧
H =

n⊕
ℓ=0

∧ℓ
H,
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with canonical exterior basis vectors eI := ∧(p,α)∈I epα indexed by sets I ⊆ [[m]].
For each basis element epα ∈ H we define the creation and annihilation operators as the

following exterior and interior products on F :

a†pα : F → F , ψ 7→ epα ∧ ψ and apα : F → F , ψ 7→ epα ⌟ψ.

Here, ⌟ is the dual operation to the wedge product ∧, see Section 6.1 for further explanation.
These operators satisfy the following anticommutation relations:

a†pαa
†
qβ + a†qβa

†
pα = 0, apαaqβ + aqβapα = 0, a†pαaqβ + aqβa

†
pα = δp,qδα,β,

Note that these relations implement Pauli’s exclusion principle at the operator level, since
(a†pα)2 = 0. Therefore, the creation and annihilation operators generate the Fermi–Dirac
algebra FD2m, defined in Section 6.1.

We can then discretize the Hamiltonian over F [51, 89], i.e.,

H =
∑

1≤p,q≤m,
σ∈{↑,↓}

hpq a
†
pσaqσ + 1

2

∑
1≤p,q,r,s≤m

∑
σ,τ∈{↑,↓}

vpqrs a
†
pσa

†
rτasτaqσ, (8.3)

where hpq and vpqrs are one- and two-electron integrals over spatial orbitals,

hpq :=

∫
φ∗
p(r)

(
−1

2
∆−

∑
j

Zj

∥r−Rj∥

)
φq(r) dr,

vpqrs :=

∫∫
φ∗
p(r1)φq(r1)

1

∥r1 − r2∥
φr(r2)

∗φs(r2) dr1 dr2.

Note that here the integrals are taken over the spatial orbitals, whereas in Example 1.2.6
and (6.4) they are taken over the spin orbitals. This is possible because the spin orbitals
ϕp↑ and ϕp↓ have the same spatial part and differ only in their spin component, so the
value of the integral is unchanged. Since the monomials in H contain equal numbers of
creation and annihilation operators, H conserves particle number and may be restricted to
an endomorphism of the dth exterior power Hd.

Subsequently, we assume particle–number conservation and restrict attention to the
subalgebra defined in Remark 6.1.7. It is generated by standard monomials a†BaI of bidegree
(ℓ, ℓ) for 1 ≤ ℓ ≤ m, which we here refer to as having excitation level ℓ. Hence, we may
restrict our operators to endomorphisms of the dth exterior power Hd

∼= ∧dH.

8.2 Representations of the State Space

The electronic spin can be viewed as a two-dimensional internal degree of freedom of each
electron [84, 89], see the final part of Section 1.2. In the non-relativistic Born–Oppenheimer
setting (i.e., in the absence of spin–orbit and magnetic-field terms), the Hamiltonian H is
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SU(2)-invariant (i.e., spin-rotationally invariant) and hence commutes with the total-spin
operators S2 and Sz (see below), so that the Hilbert space decomposes into spin sectors (e.g.,
singlets, triplets, etc.) [84]. For spin-1

2
the relevant symmetry group is not SO(3) itself but

its double cover SU(2), whose defining representation acts on the spin space Hspin
∼= C2 [84,

89, 104]. To exploit this symmetry in many-electron computations, we study the induced
SU(2)-action on the skewsymmetric d-electron space and, equivalently, on the operator algebra
in second quantization. This provides a precise algebraic notion of spin invariance and allows
us to isolate, in particular, the singlet sector used in spin-adapted formulations [80]. The
argument uses two standard facts. First, differentiation induces a one-to-one correspondence
between finite-dimensional representations of SU(2) and finite-dimensional representations of
su(2). Indeed, since SU(2) is simply connected, every finite-dimensional su(2)–representation
integrates to SU(2). Second, complex representations of su(2) are in one-to-one correspondence
with representations of sl2(C) via complexification, since su(2)⊗R C ∼= sl2(C).

Spin of a Single Electron

Recall that the Lie algebra su(2) consists of traceless skew-Hermitian 2× 2 matrices,

su(2) = {A ∈ C2×2 : A∗ = −A, tr(A) = 0}.

The three 2× 2 matrices ( i
2
σx,

i
2
σy,

i
2
σz), where σx, σy, σz are the Pauli matrices [83],

σx =

[
0 1
1 0

]
, σy =

[
0 −i
i 0

]
, σz =

[
1 0
0 −1

]
,

form a basis for su(2). Similarly, it is common to work with the associated Hermitian
operators, i.e., Sx = 1

2
σx, Sy = 1

2
σy, and Sz = 1

2
σz, noting that −iSx,−iSy,−iSz ∈ su(2) and

that spin rotations are given by exp(−i θxSx − i θySy − i θzSz) ∈ SU(2). For our purposes, it
is convenient to work with the associated spin ladder operators, i.e.,

S+ = Sx + iSy =
1

2
(σx + iσy), S− = Sx − iSy =

1

2
(σx − iσy), Sz =

1

2
σz.

Here, Sz is diagonal in the {↑, ↓} basis and hence directly encodes the spin projection, while S+

and S− act as raising and lowering operators, i.e., flipping “↓ 7→ ↑” and “↑ 7→ ↓”, respectively.
Note that S± are not elements of su(2) but lie in its complexification sl2(C). For the rest of
the chapter we will work over this complexification. A central operator for the discussion of
spin symmetry is the total–spin operator, which is the following element, not in sl2(C),

S2 := S2
x + S2

y + S2
z = S2

z + 1
2

(
S+S− + S−S+

)
.

Remark 8.2.1. The finite-dimensional irreducible representations of SU(2) are parametrized
by non-negative half-integers: for each j ∈ 1

2
Z≥0 there is an irreducible representation

Vj ∼= Sym2j(C2), see [43, Section 11.1]. The space Sym2j(C2) can be realized as the space
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of homogeneous polynomials in two variables x, y of degree 2j. It has the monomial basis
{x2j−iyi | 0 ≤ i ≤ 2j}, and hence dimVj = 2j + 1. The SU(2)–action on Vj is the induced
action on homogeneous polynomials coming from left multiplication of the variable vector.

The irreducible representation of SU(2) on V 1
2

∼= C2 is called the spin-1
2

representation.
Differentiation and complexification yields the corresponding representation of the Lie algebra
sl2(C), commonly referred to as the fundamental representation.

Remark 8.2.2 (Lie algebra actions). Let G be a connected and simply connected Lie group
and g be its corresponding Lie algebra. The derivative of a G-action Ψ : G → GL(V ) on
a vector space V is a g-action Ψ′ : g → End(V ) on V . Derivatives preserve the algebraic
properties of the G-action – the g-representations and G-representations are in one-to-one
correspondence, see [43, Section 8.1, Exercise 8.10]. In particular (and most importantly for
our purposes), their trivial representations agree, i.e., the subspace of V invariant under the
G-action is equal to the subspace of V that vanishes under the g-action. Since Lie algebra
actions are simpler than Lie group actions (for example, the Lie algebra g does not preserve
the topological properties of G), we use Lie algebra actions to study G-invariant spaces.

We define an sl2(C)–action on the spin space Hspin
∼= V 1

2
by describing the action of the

generators on the basis vectors,

S+(e↓) = −e↑ S−(e↓) = 0 Sz(e↓) = −1

2
e↓

S+(e↑) = 0 S−(e↑) = −e↓ Sz(e↑) =
1

2
e↑.

See equations (3.10)–(3.12) in [104, Section 3.2]. In the explicit basis e↓ = −e2, e↑ = e1 this
action coincides with left multiplication: g ∈ sl2(C) acts on Hspin by v 7→ gv.

We can extend this action to an sl2(C)–action on the one-particle space H by acting
only on the spin factor, i.e., g(epα) = ep ⊗ geα for g ∈ sl2(C). Equivalently, in the basis
{epα}(p,α)∈[[m]] the action is represented by an n× n matrix:

gm := Im ⊗ g ∈ C(2m)×(2m) ∼= Cn×n.

Note that this representation is reducible.

Spin of d-Electron States and Spin-Singlet d-Electron States

We further induce the sl2(C)–action onto the space Hd of d-particle states, canonically via

g(eI) :=
d∑

r=1

ei1α1 ∧ · · · ∧ g(eirαr) ∧ · · · ∧ eidαd
. (8.4)
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In the exterior basis {eI : I ∈
(
[[m]]
d

)
} of Hd, the action is represented by an

(
n
d

)
×
(
n
d

)
matrix

acting by left multiplication on the coordinate vectors:

g(d) :=
d∑

k=1

IH ∧ · · · ∧ IH︸ ︷︷ ︸
k−1 times

∧gm ∧ IH ∧ · · · ∧ IH︸ ︷︷ ︸
d−k times

∈ End(Hd). (8.5)

The space of total-spin singlet states (or simply spin singlets) HSU(2)
d is defined by the

quantum states that are invariant under the natural SU(2)-action on the spin factor, or
equivalently, the quantum states that are mapped to zero by the derived sl2(C)–action
(cf. (8.4)). We can describe this SU(2)-invariant subspace explicitly by

HSU(2)
d := {ψ ∈ Hd : S(d)

z ψ = S
(d)
+ ψ = S

(d)
− ψ = 0}. (8.6)

Alternatively, we define the space of spin singlets as the eigenspace of S2 with eigenvalue 0:

HSU(2)
d = {ψ ∈ Hd :

(
S(d)

)2
ψ = 0}. (8.7)

The two definitions of HSU(2)
d are equivalent. First, we see by the definition of

(
S(d)

)2
that

(8.6) implies (8.7). For the inverse, recall that S
(d)
x , S

(d)
y , and S

(d)
z are self-adjoint and therefore

⟨ψ,
(
S(d)

)2
ψ⟩ = ⟨ψ,

(
S(d)
x

)2
ψ⟩+ ⟨ψ,

(
S(d)
y

)2
ψ⟩+ ⟨ψ,

(
S(d)
z

)2
ψ⟩

= ∥S(d)
x ψ∥2 + ∥S(d)

y ψ∥2 + ∥S(d)
z ψ∥2 ≥ 0.

Hence, ψ ∈ ker(
(
S(d)

)2
) implies S

(d)
x ψ = S

(d)
y ψ = S

(d)
z ψ = 0 and consequently S

(d)
± ψ = 0.

More generally, the total-spin operator
(
S(d)

)2
is the Casimir operator of the induced

sl2(C)–action [47]. Consequently, it acts on Hd by multiplication of a scalar. In particular,
we define the spin-s sector as the subspace of Hd with quantum states ψ such that(

S(d)
)2
ψ = s(s+ 1)ψ.

For s = 0, 1
2
, 1, 3

2
, . . . , these spaces are referred to as the spin singlet, doublet, triplet, quartet,

and higher spin sectors, respectively. For example, the spin triplet sector is the eigenspace

of
(
S(d)

)2
corresponding to eigenvalue 2. This yields a canonical decomposition of Hd into

irreducible spin sectors. The electronic Hamiltonian is SU(2)–invariant and hence it commutes

with
(
S(d)

)2
, and therefore preserves the decomposition. Computations are thus typically

carried out within a fixed sector – in this thesis, the spin singlet sector HSU(2)
d .

From a representation-theoretic viewpoint, the singlet sector corresponds to the trivial
representation V0 of SU(2), which is 1-dimensional and consists of SU(2)–invariant vectors
(equivalently, vectors annihilated by the derived sl2(C)–action). The space Hd is completely
reducible as an SU(2)–module. Hence it decomposes into irreducibles with multiplicities,

Hd
∼=

⊕
j∈ 1

2
Z≥0

V
⊕cj
j ,
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where Vj denotes the jth irreducible SU(2)–representation, defined in Remark 8.2.1. In this
decomposition, the spin singlet sector is exactly the j = 0 isotypic component,

HSU(2)
d

∼= V ⊕c0
0
∼= Cc0 .

Equivalently, the spin-s sectors are isomorphic to the s isotypic components V ⊕cs
s [47].

Remark 8.2.3. In quantum chemistry, “spin-restricted” refers to a constraint at the one-
particle (orbital) level, e.g., in spin-restricted Hartree–Fock theory, the ↑ and ↓ electrons
share the same spatial orbitals. In particular, spin-restricted is primarily a statement about
the reference and orbital parameterization, not about the symmetry content of a correlated
ansatz. By contrast, spin-adapted (i.e., SU(2)-adapted) refers to the many-electron level:
the wavefunction (or equivalently the operator ansatz acting on a reference) is constructed
to transform in a fixed irreducible SU(2)–representation. Thus, “restricted” and “adapted”
address different levels of theory (i.e., orbitals vs. many-body symmetry) and are logically
independent. A restricted reference does not by itself enforce SU(2) adaptation of a correlation
ansatz, whereas SU(2) adaptation explicitly restricts the state to a chosen spin sector.

Remark 8.2.4. We note that HSU(2)
d ̸= {0} only when d is even, e.g., d = 2k. An exterior

basis vector eI↑ ∧ eJ↓ = ei1↑ ∧ · · · ∧ eip↑ ∧ ej1↓ ∧ · · · ∧ ejq↓ of Hd (with |I| + |J | = d) is an

eigenvector of S
(d)
z . Here, each spin-up (“ ↑ ”) contributes additively +1

2
to the eigenvalue

and each spin-down (“ ↓ ”) contributes additively −1
2
. Explicitly,

S(d)
z

(
eI↑ ∧ eJ↓

)
=
∑
ℓ∈I∪J

ei1↑ ∧ · · · ∧ S(d)
z eℓα ∧ · · · ∧ ejq↓ =

1

2

(
|I| − |J |

)
eI↑ ∧ eJ↓.

If ψ ∈ HSU(2)
d , then in particular S

(d)
z ψ = 0, so ψ can have support only on basis vectors with

|I| = |J |. This enforces d = |I|+ |J | = 2|J | to be even. Therefore ker(S
(d)
z ) = {0} for odd d,

and since HSU(2)
d ⊆ ker(S

(d)
z ), this implies HSU(2)

d = {0} whenever d is odd. We will therefore
from now on assume d = 2k.

Remark 8.2.5 (Proper embeddings of HSU(2)
d ). Note that the condition Szψ = 0 alone selects

the sector ker(Sz) ⊇ HSU(2)
d , isomorphic to ∧kCm ⊗ ∧kCm via eI↑ ∧ eJ↓ 7→ eI ⊗ eJ . Since

ker(Sz) generally contains contributions from higher-spin irreducibles, we obtain a proper
embedding

HSU(2)
d ⊊ ker(Sz) ∼= ∧kCm ⊗ ∧kCm.

In particular, the conditions S±ψ = 0 enforce the spin–up and spin–down orbitals to be
isomorphic. Therefore, we instead consider the symmetric power Sym2(∧kCm), which has

dimension
((m

k)+1

2

)
. This space is isomorphic to the subspace of Hd generated by

eJ↑ ∧ eJ↓, eJ↑ ∧ eK↓ + (−1)|J\K|eK↑ ∧ eJ↓,
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where J < K ∈
(
[m]
k

)
are distinct subsets of size k. This symmetry, however, still does not

enforce SU(2)-invariance: the above generators need not vanish under the action of S±. For
example, when k = 2, consider the vector

ψ = e1↑ ∧ e2↑ ∧ e3↓ ∧ e4↓ + e1↓ ∧ e2↓ ∧ e3↑ ∧ e4↑.

Here, ψ ∈ Sym2(∧kCm), but S+ψ ≠ 0. Hence HSU(2)
d is also a proper subspace of Sym2(∧kCm)

and determining the invariant space itself requires more refined tools. Nonetheless, the proper
embedding of the invariant space HSU(2)

d into Sym2(∧kCm) will be useful in Section 9.2, as
the larger space exhibits a simpler structure than the invariant space itself.

We analyze the irreducible decomposition of the SU(2)–representation Hd using characters.
Recall that the character of a finite-dimensional complex representation V of SU(2) is the
class function

χV : SU(2)→ C ; g 7→ Tr
(
g
∣∣
V

)
.

Here, g|V denotes the endomorphism V → V defined by a 2 × 2 matrix g ∈ SU(2), and
Tr
(
g
∣∣
V

)
is the trace of the corresponding matrix of size dim(V ). The character χV is constant

on conjugacy classes [72, Chapter 10]. Since every U ∈ SU(2) is unitary (hence normal), it is
conjugate in SU(2) to an element of the maximal torus

T :=
{

diag(z, z−1) : |z| = 1
} ∼= S1.

Ergo, characters of SU(2) are determined by their restriction to T. It is therefore convenient
to write χV (z) := χV (diag(z, z−1)), so that χV is a Laurent polynomial with finite support.
Moreover, since t ∈ T is conjugate with t−1, the Weyl symmetry χV (z) = χV (z−1) holds.

The irreducible representations of SU(2) are indexed by j ∈ 1
2
Z≥0 and may be realized as

Vj ∼= Sym2j(C2). The action of t = diag(z, z−1) ∈ T on Sym2j(C2) is diagonal in the standard
monomial basis, with eigenvalues z2j, z2j−2, . . . , z−2j. Hence, the irreducible character is

χj(z) = Tr
(
t
∣∣
Vj

)
=

2j∑
i=0

z2j−2i = z2j + z2j−2 + · · ·+ z−2j. (8.8)

In particular, χ1/2(z) = z + z−1. These characters are linearly independent and, by [43,

Proposition 2.1], an irreducible decomposition V ∼=
⊕

j V
⊕cj
j implies the character identity

χV (z) =
∑
j

cj χj(z),

and vice versa. Thus the multiplicities cj (and in particular c0 = dim(HSU(2)
d )) can be

recovered by decomposing χV in the basis {χj}j of irreducible characters.
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Lemma 8.2.6. The character of the representation Hd of SU(2) is the Laurent polynomial

χHd
(z) =

d∑
i=0

(
m

i

)(
m

d− i

)
z d−2i. (8.9)

If d = 2k then Hd decomposes into a sum of integer irreducible representations Vj where
0 ≤ j ≤ k, with multiplicity

cj =

(
m

k − j

)(
m

k + j

)
−
(

m

k − j − 1

)(
m

k + j + 1

)
. (8.10)

If d = 2k + 1 then Hd decomposes into a sum of half-integer irreducible representations Vj+ 1
2

where 0 ≤ j ≤ k with multiplicity

cj+ 1
2

=

(
m

k − j

)(
m

k + j + 1

)
−
(

m

k − j − 1

)(
m

k + j + 2

)
. (8.11)

Proof. Note that on the one-particle space H ∼= Cm ⊗ C2, the element diag(z, z−1) ∈ T acts
by the endomorphism described by the n× n diagonal matrix

gn(z) = diag(z, z−1, z, z−1, . . . , z, z−1).

Hence, the character of Hd = ∧dH is the trace of the dth exterior power of gn(z). Its diagonal
entries are the principal d× d minors of gn(z), each obtained by selecting d diagonal entries
of gn(z). Choosing i entries equal to z−1 and d− i entries equal to z yields the monomial
zd−i(z−1)i = zd−2i, and the number of such choices is

(
m
i

)(
m
d−i

)
, proving (8.9).

We now decompose χHd
into the irreducible characters from (8.8). We first assume d = 2k,

and without loss of generality, we may assume 2k ≤ m. We determine the multiplicities
recursively by matching the highest power of z. Write

χHd
(z) =

∑
j∈Z

aj z
2j, aj =

(
m

k − j

)(
m

k + j

)
, a−j = aj.

We use the convention
(
m
r

)
= 0 for r /∈ {0, . . . ,m}. In particular, aj = 0 for j > k, so the

highest power occurring in χHd
(z) is z2k. Its coefficient is ak, so we set ck := ak and consider

χ(1)(z) := χHd
(z)− ckχk(z).

Since χHd
is invariant under z 7→ z−1 and has nonnegative integer coefficients, the same holds

for χ(1). Moreover, the terms z2k and z−2k are removed, and the remaining highest term
is z2(k−1) with coefficient ck−1. Continuing downward, we find that the coefficient of z2j in
χHd

(z) is
∑

ℓ≥j cℓ, so the multiplicities satisfy

cj = aj − aj+1 =

(
m

k − j

)(
m

k + j

)
−
(

m

k − j − 1

)(
m

k + j + 1

)
,
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proving (8.10). Now, let d = 2k + 1. The character formula (8.9) becomes

χH2k+1
(z) =

∑
j∈Z

(
m

k − j

)(
m

k + 1 + j

)
z 2j+1,

hence χH2k+1
(z) is a Laurent polynomial with only odd exponents. Therefore, in the decom-

position of H2k+1 into irreducibles, only half-integer representations can occur. We determine
the coefficients cj+ 1

2
by the same triangular elimination as in the even case, matching the

highest powers of z successively. This gives the formula in (8.11).

Theorem 8.2.7. For d = 2k electrons in n = 2m spin orbitals, the dimension of the spin
singlet sector HSU(2)

d ⊊ Hd is given by

dim
(
HSU(2)

d

)
= N(m+ 1, k + 1),

where N(m+ 1, k + 1) is a Narayana number (see A001263).

Proof. This is a direct consequence of Lemma 8.2.6 since

dim
(
HSU(2)

d

)
= c0 =

(
m

k

)2

−
(

m

k − 1

)(
m

k + 1

)
=

1

m+ 1

(
m+ 1

k + 1

)(
m+ 1

k

)
= N(m+ 1, k + 1).

Remark 8.2.8. The Narayana numbers form a triangle of positive integers for 0 ≤ k ≤ m
and refine the Catalan numbers via

m∑
r=0

N(m+ 1, r + 1) = Cm+1. (8.12)

The Catalan number Cm+1 counts Dyck paths from (0, 0) to (2m+ 2, 0), while the Narayana
number N(m+ 1, k + 1) counts Dyck paths with exactly k + 1 peaks (equivalently, k valleys).

Example 8.2.9 (2k = d = 4, 2m = n = 8). We consider 4 electrons in 4 spatial orbitals.
Then H4

∼= ∧4C8 has dimension dim(H4) =
(
8
4

)
= 70 and Theorem 8.2.7 yields

dim
(
HSU(2)

4

)
= N(5, 3) = 20.

The invariant space HSU(2)
4 is the intersection of the kernels of the three 70 × 70 matrices

S
(d)
z , S

(d)
+ , S

(d)
− and it is generated by the following 20 vectors:

e1↑, 1↓, 2↑, 2↓, e1↑, 1↓, 2↓, 3↑ − e1↑, 1↓, 2↑, 3↓, e1↓, 2↑, 2↓, 3↑ − e1↑, 2↑, 2↓, 3↓, e1↑, 1↓, 3↑, 3↓,
e1↓, 2↑, 3↑, 3↓ − e1↑, 2↓, 3↑, 3↓, e2↑, 2↓, 3↑, 3↓, e1↑, 1↓, 2↓, 4↑ − e1↑, 1↓, 2↑, 4↓, e1↓, 2↑, 2↓, 4↑ − e1↑, 2↑, 2↓, 4↓,
e1↑, 1↓, 3↓, 4↑ − e1↑, 1↓, 3↑, 4↓, e1↓, 2↑, 3↓, 4↑ − e1↑, 2↓, 3↓, 4↑ − e1↓, 2↑, 3↑, 4↓ + e1↑, 2↓, 3↑, 4↓,

e2↑, 2↓, 3↓, 4↑ − e2↑, 2↓, 3↑, 4↓, e1↓, 2↓, 3↑, 4↑ − e1↑, 2↓, 3↓, 4↑ − e1↓, 2↑, 3↑, 4↓ + e1↑, 2↑, 3↓, 4↓,

e1↓, 3↑, 3↓, 4↑ − e1↑, 3↑, 3↓, 4↓, e2↓, 3↑, 3↓, 4↑ − e2↑, 3↑, 3↓, 4↓, e1↑, 1↓, 4↑, 4↓, e1↓, 2↑, 4↑, 4↓ − e1↑, 2↓, 4↑, 4↓,
e2↑, 2↓, 4↑, 4↓, e1↓, 3↑, 4↑, 4↓ − e1↑, 3↓, 4↑, 4↓, e2↓, 3↑, 4↑, 4↓ − e2↑, 3↓, 4↑, 4↓, e3↑, 3↓, 4↑, 4↓.
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Spin of Fock States and Spin-Singlet Fock States

We now pass from the d-electron sector to the full fermionic Fock space i.e., the direct sum
of all particle-number sectors (see Section 8.1). The induced sl2(C)–action preserves each
exterior power Hℓ = ∧ℓH and, in the canonical exterior basis, the action of element g ∈ sl2(C)
is represented by the block diagonal matrix

ĝ = g(0) ⊕ g(1) ⊕ · · · ⊕ g(2m), (8.13)

where g(ℓ) is defined in (8.5). We can now define the subspace FSU(2) ⊊ F of total-spin singlet
states as the direct sum of the spin singlet sectors of all the exterior powers, i.e.,

F =
2m⊕
ℓ=0

Hℓ, and FSU(2) =
2m⊕
ℓ=0

HSU(2)
ℓ =

m⊕
k=0

HSU(2)
2k .

Since HSU(2)
ℓ = {0} for odd ℓ, while dim(HSU(2)

2k ) = N(m + 1, k + 1) for 0 ≤ k ≤ m, the
identity in (8.12) yields

dim
(
FSU(2)

)
=

m∑
k=0

N(m+ 1, k + 1) = Cm+1.

We recall from Proposition 6.1.6 that FD2m
∼= End(F) ∼= F ⊗ F †. Hence, we can write

elements of FD2m as
Ω =

∑
I,J⊆[[m]]

aI,J eI ⊗ e†J .

Therefore, we can canonically induce an sl2(C)–action on End(F), via the action on F and
the canonical action on its conjugate F †. This yields the following action for sl2(C),

g(Ω) =
∑

I,J⊆[[m]]

aI,J g(eI)⊗ e†J −
∑

I,J⊆[[m]]

aI,J eI ⊗ g(e†J) = ĝΩ− Ωĝ = [ĝ,Ω]. (8.14)

Here ĝ is the 22m × 22m matrix defined in (8.13). Note that ĝ is an endomorphism of F and
thus it is an element in the Fermi–Dirac algebra. The Fermi–Dirac representation of the
generators S± and Sz of sl2(C) is

Ŝ+ = −
m∑
k=1

a†k↑ak↓, Ŝ− = −
m∑
k=1

a†k↓ak↑, Ŝz =
1

2

m∑
k=1

(a†k↑ak↑ − a†k↓ak↓). (8.15)

Note that the elements in the Fermi–Dirac algebra, FD2m, that vanish under the sl2(C)–action
defined in (8.14) are precisely those that commute with Ŝ± and Ŝz.

The next two sections introduce a commutative ring called the excitation ring. Although
this ring will later be connected to our quantum-chemical constructions, the sections can also
be read quite independently of the rest of the chapter, since the ring is also of interest from
a purely combinatorial commutative algebra perspective. In Section 8.5, we will return to
the chemistry and show that this ring is isomorphic to the SU(2)-invariant subalgebra of the
Fermi–Dirac algebra.
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8.3 The Excitation Ring

Consider the indeterminate k× (m− k) matrix X = (xi,j). We write C[X] for the polynomial
ring generated by the k(m − k) variables xi,j, where 1 ≤ i ≤ k and 1 ≤ j ≤ m − k. We
consider the lexicographic term order (that is xi,j > xi′,j′ if i < i′ or if i = i′ and j < j′). Let
Im,k ⊆ C[X] be the homogeneous ideal generated by the following

(
k+2
3

)(
m−k+2

3

)
cubics:

fa,b,c
p,q,r =

∑
ρ∈S{a,b,c}

xp,ρ(a)xq,ρ(b)xr,ρ(c), where p ≤ q ≤ r and a ≤ b ≤ c. (8.16)

Here, S{a,b,c} denotes the set of permutations of the 3-element multiset {a, b, c}. Each cubic
fa,b,c
p,q,r has 1, 2, 3 or 6 distinct terms, with positive integer coefficients summing to 6. For

example, all monomial generators are of the form fa,b,c
p,p,p = 6xp,axp,bxp,c or fa,a,a

p,q,r = 6xp,axq,axr,a.

Example 8.3.1. Let m = 4 and k = 2. The ideal I4,2 is generated by 16 cubics of the form
(8.16). There are 12 monomial generators in this case:

6x31,1, 6x31,2, 6x32,1, 6x32,2,

6x21,1x1,2, 6x1,1x
2
1,2, 6x22,1x2,2, 6x2,1x

2
2,2, 6x21,1x2,1, 6x1,1x

2
2,1, 6x21,2x2,2, 6x1,2x

2
2,2.

There are also 4 binomial generators, presented here with their leading terms underlined:

f 1,1,2
1,1,2 = 2x21,1x2,2 + 4x1,1x1,2x2,1, f 1,2,2

1,2,2 = 2x1,1x
2
2,2 + 4x1,2x2,1x2,2,

f 1,2,2
1,1,2 = 4x1,1x1,2x2,2 + 2x21,2x2,1, f 1,1,2

1,2,2 = 4x1,1x2,1x2,2 + 2x1,2x
2
2,1.

The quotient C[X]/I4,2 has Krull dimension 0 and degree 20.

The ideal Im,k has previously appeared in the literature on combinatorial commutative
algebra and representation theory as the ideal of 3 × 3 generalized permanents, see [12,
Example 11.8.5]. We call the quotient ring Sm,k := C[X]/Im,k, the excitation ring. The name
originates from its connection to quantum chemistry – in Corollary 8.5.4 we show that Sm,k is
isomorphic to the SU(2)–invariant subalgebra of FD2m. It is an Artinian ring, and therefore
a vector space. Its degree matches its vector space dimension, which is formulated here:

Theorem 8.3.2. The excitation ring Sm,k is a vector space of dimension

dimC(Sm,k) =
1

m+ 1

(
m+ 1

k + 1

)(
m+ 1

k

)
= N(m+ 1, k + 1).

The proof of Theorem 8.3.2 is combinatorial. We show that the defining generators of
Im,k form a Gröbner basis. We thereby obtain a vector space basis consisting of the standard
monomials for Sm,k, indexed by certain nonnegative integer matrices. Section 8.4 enumerates
this basis by constructing a bijection between the standard monomials and Dyck paths
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of length 2m + 2 with exactly k valleys, which are enumerated by the Narayana number
N(m+1, k+1) = 1

m+1

(
m+1
k+1

)(
m+1
k

)
. Theorem 8.3.2 follows immediately from this enumeration.

In Section 8.5, we explain the relevance of the excitation ring Sm,k in our study of spin-
adapted electronic systems. We identify Sm,k as the SU(2)-invariant ring of the Fermi–Dirac
algebra and describe a noncommutative parameterization of Sm,k in terms of the creation
and annihilation operators. The proof of Theorem 8.3.2 provides an explicit model for the
space of spin adapted quantum states via the combinatorics of plane partitions, enabling
future study of this space using algebro-geometric methods.

We now describe a vector space basis for the excitation ring Sm,k. This is accomplished
using the theory of Gröbner bases; see Section 1.1 for an introduction. In particular, this
theory provides an algorithmic construction of a vector space basis of standard monomials
for any quotient C[X]/I, see Theorem 1.1.13. In what follows, we will index monomials in
C[X] by their exponent vectors, written as k × (m− k) nonnegative integer matrices.

Proposition 8.3.3. The ideal generators (8.16) of Im,k ⊆ C[X] form a Gröbner basis with
respect to the lexicographic monomial order.

Proof. By Buchberger’s criterion [21, Theorem 2.9.3], it suffices to show that the S-polynomial
of any pair (f, g) of generators for Im,k reduces to 0. If the leading monomials of f and g are
co-prime, then their S-polynomial reduces to 0 by [21, Proposition 2.9.4]. If they are not
co-prime, then f and g only use variables from a 5× 5 submatrix of X. Thus f and g are
generators of I10,5, up to relabeling of the variables in X. Direct computation with Macaulay2,
[46], verifies that the generators of I10,5 form a Gröbner basis, completing the proof.

Let M ∈ Mata,b(Z≥0) be an a × b nonnegative integer matrix. A weak diagonal of
M is a sequence of nonzero entries of M in matrix positions (i1, j1), . . . , (ir, jr), such that
i1 ≤ · · · ≤ ir and j1 ≤ · · · ≤ jr. The width of M , denoted width(M), is the maximum sum of
entries

∑
Mi,j along a weak diagonal of M .

Corollary 8.3.4. The standard monomial basis of Sm,k is indexed by the set

{M ∈ Matk,m−k(Z≥0) : width(M) ≤ 2}.

Proof. Proposition 8.3.3 shows that the defining generators (8.16) of Im,k form a Gröbner basis.
By definition, the standard monomial basis of Sm,k then consists of monomials not divisible
by the leading terms of these generators [21, Proposition 5.3.4]. Write monomials as products
xi1,j1 · · · xir,jr in lexicographic order, i.e., so that i1 ≤ i2 ≤ · · · ≤ ir and jp ≤ jp+1 whenever
ip = ip+1. The leading terms of (8.16) are exactly the degree-3 monomials xi1,j1xi2,j2xi3,j3 such
that j1 ≤ j2 ≤ j3. Thus the standard monomial basis consists of monomials xi1,j1 · · · xir,jr
such that the sequence j1, . . . , jr contains no triple ascent, i.e., there are no indices a < b < c
with ja ≤ jb ≤ jc. The exponent vectors of these monomials are exactly the k × (m − k)
nonnegative integer matrices of width at most 2, as desired.
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Example 8.3.5. Let m = 4 and k = 2. The ring S4,2 has 20 standard monomials. Since the
ideal generators are of degree three, we can see that all 15 monomials of degree at most two
in C[X] are standard monomials for S4,2. Of these, 10 =

(
4+1
2

)
are monomials of degree two,

while the others are the four variables xi,j and the constant 1. The 10 monomials of degree
two correspond to the following matrices in Mat2,2(Z≥0):[

2 0
0 0

]
,

[
0 2
0 0

]
,

[
0 0
2 0

]
,

[
0 0
0 2

]
,

[
1 1
0 0

]
,

[
1 0
1 0

]
,

[
1 0
0 1

]
,

[
0 1
1 0

]
,

[
0 1
0 1

]
,

[
0 0
1 1

]
.

There are four standard monomials of degree three: x1,1x1,2x2,1, x
2
1,2x2,1, x1,2x

2
2,1 and

x1,2x2,1x2,2. They correspond respectively to the matrices[
1 1
1 0

]
,

[
0 2
1 0

]
,

[
0 1
2 0

]
,

[
0 1
1 1

]
.

The only standard monomial of degree four is x21,2x
2
2,1, which corresponds to[

0 2
2 0

]
.

In order to prove Theorem 8.3.2, it remains to enumerate our standard monomial basis
for Sm,k. We carry this out combinatorially in the next section.

8.4 RSK and Plane Partitions

To enumerate the basis for Sm,k from Corollary 8.3.4, we map the standard monomials to a
well-studied set of plane partitions by applying a version of the Robinson–Schensted–Knuth
correspondence (RSK). We briefly recount the necessary notation and results. A semistandard
Young tableau of partition shape λ and content n is a filling of the Young diagram of λ with
numbers in [n] (with repetitions allowed), such that the entries are weakly increasing from
left to right along rows and strictly increasing down columns from top to bottom. The set of
all semistandard Young tableaux with shape λ and content n is denoted SSYT(λ, n).

Example 8.4.1. Let λ = (4, 2, 1). The filling

1 1 2 4

2 3

5

is a semistandard Young tableau of shape λ and content c for any c ≥ 5.

The Robinson–Schensted–Knuth correspondence is a classical bijection between nonnega-
tive integer matrices and pairs of semistandard Young tableaux of the same shape. Before
stating it, we first recall that the conjugate of a partition λ, denoted λ′, is the partition whose
Young diagram is obtained by transposing the rows and columns of the Young diagram of λ.
The length ℓ(λ) of λ is the number of rows in its Young diagram.
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Theorem 8.4.2 (RSK, [96, Theorem 7.11.5], [91, Theorem 1 and Section II]). For all
nonnegative integers a, b and c there exists a bijection

{M ∈ Mata,b(Z≥0) : width(M) ≤ c} RSK←−→
⊔

ℓ(λ′)≤c

(SSYT(λ, a)× SSYT(λ, b)) .

Theorem 8.4.2 is the usual statement of the RSK bijection. However, the correspondence
can be recast as a bijection between nonnegative integer matrices and plane partitions. This
is the interpretation we use for our enumeration. We follow Hopkins’ exposition in [55] to
state this alternative version of RSK. It relies on plane partitions: An a× b× c plane partition
is an a× b nonnegative integer matrix whose entries are bounded above by c and are weakly
decreasing along rows and columns. The set of all such objects is denoted by B(a, b, c).

Example 8.4.3. The matrix

[
5 4 3 1
3 2 2 1
3 2 1 0
2 1 1 0

]
is a 4× 4× c plane partition for any c ≥ 5.

Theorem 8.4.4 ([55, pg. 3]). For all a, b, c ∈ Z≥0, there is a bijection⊔
ℓ(λ′)≤c

(SSY T (λ, a)× SSY T (λ, b))↔ B(a, b, c).

The following example illustrates the bijection between pairs of semistandard Young
tableaux and plane partitions, which proves Theorem 8.4.4. Before proceeding, we recall
some standard matrix terminology. Let A = (ai,j) be an n × n matrix. For any integer k
such that −(n− 1) ≤ k ≤ n− 1, we define the kth diagonal of A to be the finite sequence of
entries (ai,j) satisfying the index relation j − i = k. The case k = 0 yields the main diagonal
of A. For k > 0, the sequence lies in the upper triangular part of the matrix and is called the
kth superdiagonal. Conversely, for k < 0, the sequence resides in the lower triangular part of
the matrix and is referred to as the |k|th subdiagonal.

Example 8.4.5. Consider the pair of tableaux (P,Q) =

(
1 1 2 4 4
2 3
3

,
1 2 2 3 4
2 3
4

)
, both with

entries in {1, 2, 3, 4}. The P tableau corresponds to the following nested chain of partition
shapes, where the ith member consists of only those boxes filled with numbers ≤ i:

⊆ ⊆ ⊆ .

The Q tableau corresponds to the chain

⊆ ⊆ ⊆ .

The corresponding plane partition is constructed by mapping these chains of integer partitions
directly onto the diagonals of a 4× 4 matrix. Specifically, for each 1 ≤ i ≤ 4, the ith integer
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partition in the chain for P forms the (4− i)th subdiagonal, while the ith integer partition
in the chain for Q forms the (4− i)th superdiagonal. Notice that both sequences naturally
terminate at the maximum shape (5, 2, 1). We obtain the following plane partition:

5 4 3 1
3 2 2 1
3 2 1 0
2 1 1 0

 .
The largest entry of this plane partition is 5 precisely because P and Q have 5 columns.

Remark 8.4.6. There is a direct bijection between nonnegative integer matrices and plane
partitions which does not require first passing through semistandard Young tableaux. For
details, we direct the reader to Hopkins’ exposition in [55].

The following enumeration for B(a, b, c) is classical, deriving from MacMahon’s generating
series for plane partitions [67]. See, e.g., [96, Equation (7.109)] for a modern statement:

|B(a, b, c)| =
c∏

i=1

(
a+b+i−1
a+i−1

)(
a+b+i−1
b+i−1

)(
a+b+i−1

a

)(
b+i−1

b

) . (8.17)

This formula suffices to prove Theorem 8.3.2.

Proof of Theorem 8.3.2. We wish to show that the excitation ring Sm,k has vector space
dimension N(m+ 1, k + 1) = 1

m+1

(
m+1
k+1

)(
m+1
k

)
. By Corollary 8.3.4, it suffices to show that

|{M ∈ Matk,m−k(Z≥0) : width(M) ≤ 2}| = N(m+ 1, k + 1).

Chaining together the bijections from Theorems 8.4.2 and 8.4.4 shows that

|{M ∈ Matk,m−k(Z≥0) : width(M) ≤ 2}| = |B(k,m− k, 2)|.

The enumeration in (8.17) then proves that |B(k,m−k, 2)| = N(m+ 1, k+ 1), as desired.

The remainder of this section presents another bijection, combinatorially explaining the
appearance of the Narayana numbers N(m + 1, k + 1) in Theorem 8.3.2. We recall the
standard combinatorial interpretation for these numbers. A Dyck word of length 2n is a string
w of n “u” symbols and n “d” symbols that is ballot, meaning that every initial substring of
w contains at least as many u’s as d’s. A valley in w is a du-substring. Let D(n, r) denote the
set of Dyck words of length 2n with exactly r − 1 valleys. The term “valley” originates from
the visual interpretation of Dyck words as walks in the first quadrant from (0, 0) to (2n, 0),
consisting of “up” moves (i, j)→ (i+ 1, j + 1) and “down” moves (i, j)→ (i+ 1, j − 1). See
Figure 8.1 for an example.
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Figure 8.1: The element w = uuduudddud of D(5, 3).

The Narayana number N(n, r) classically arises as the cardinality of D(n, r), see e.g. [85,
Section 2.4.2]. They define a refinement of the Catalan numbers Cn, which count the number
of Dyck words of length 2n with any number of valleys. By definition,

n∑
r=1

N(n, r) =
1

n+ 1

(
2n

n

)
= Cn.

In order to give an explicit bijection between B(k,m − k, 2) and D(m + 1, k + 1), we
introduce some additional terminology. A letter in a Dyck word w is central if it is not
the first or last letter of w, and it is not part of a valley of w. Let upi(w) and downi(w)
respectively denote the number of central u’s and d’s occurring before the ith valley of w.
If i exceeds the number of valleys in w, upi(w) and downi(w) are defined to count the total
number of central u’s and d’s in w.

Theorem 8.4.7. The map D(m+ 1, k + 1)→ B(k,m− k, 2) sending w 7→ Bw, where

Bw
ij =


2 if downk+1−i(w) ≥ j,

1 if downk+1−i(w) < j and upk+1−i(w) ≥ j,

0 if upk+1−i(w) < j,

is a well-defined bijection.

The following example demonstrates the bijection of Theorem 8.4.7.

Example 8.4.8. Let m = 4 and k = 2, and consider the Dyck word w = uuduudddud
illustrated in Figure 8.2 (central paths are highlighted in blue). We can compute that

up1(w) = 1, up2(w) = 2, down1(w) = 0, down2(w) = 2.

The corresponding plane partition Bw is [ 2 2
1 0 ]. For instance, Bw

21 = 1 since down3−2(w) =
down1(w) = 0 < 1 and up3−2(w) = up1(w) = 1 ≥ 1.
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Figure 8.2: The central paths of w = uuduudddud ∈ D(5, 3) in blue.

8.5 Commutative Algebra to Quantum Chemistry

In this section, we explain the significance of Theorem 8.3.2 in quantum chemistry. Our goal
is to give an explicit combinatorial model (i.e., an explicit vector space basis) for the space of

spin adapted quantum states HSU(2)
d .

Coupled cluster theory is commonly formulated in the molecular orbital (particle–hole)
picture [18]. Accordingly, we focus on the subalgebra of FD2m generated by the occupied
annihilators aiα, i ∈ [k], and the virtual creators a†bα, b ∈ [m]\[k] (with α ∈ {↑, ↓}). These
generators mutually anticommute, so this subalgebra is an exterior algebra. In symbols,

C⟨a1↓, a1↑, . . . , ak↓, ak↑, a†k+1,↓, a
†
k+1,↑, . . . , a

†
m↓, a

†
m↑⟩/⟨G⟩ ∼= ∧C2m,

where G denotes the set of relations in (6.2). This is the subalgebra defined in Remark
6.1.4. Since the electronic Hamiltonian conserves particle number, we further restrict to
the particle–number preserving subalgebra, denoted Vd, generated by the excitation words
a†bαaiβ of bidegree (1, 1), where i ∈ [k], b ∈ [m]\[k], and α, β ∈ {↑, ↓}. Therefore Vd is also a
subalgebra of the particle–number preserving algebra V defined in Remark 6.1.7. Since these
generators are words of total degree two in ∧C2m, the induced product on Vd is commutative,
and hence Vd is a commutative ring. It is also a graded ring, graded by the excitation levels.
Hence Vd =

⊕d
ℓ=0 V

(ℓ)
d , where the ℓth grading V(ℓ)

d is the vector space generated by words
with excitation level ℓ (bidegree (ℓ, ℓ) monomials):

a†b1,α1
ai1β1 · · · a†bℓ,αℓ

aiℓ,βℓ
= a†bℓ,αℓ

· · · a†b1,α1
ai1β1 · · · aiℓβℓ

.

By Pauli’s exclusion principle (a†p
2

= 0) it follows that V(d+1)
d = {0}. That is, the elements of

Vd are nilpotent of order at most d. Elements in Vd can thus be written as sums of graded
elements: T = T0 + T1 + T2 + · · ·+ Td where

Tℓ =
∑

I⊆[[k]],B⊆[[m]]\[[k]]
|I|=|B|=ℓ

tI,Ba
†
bℓ,αℓ
· · · a†b1,α1

ai1β1 · · · aiℓβℓ
=

∑
I⊆[[k]],B⊆[[m]]\[[k]]

|I|=|B|=ℓ

tI,Ba
†
BaI ∈ V

(ℓ)
d .

The coordinates tI,B ∈ C of Vd are called cluster amplitudes, see also Section 7.1. Note that
the indexing sets [[m]] and [[k]] are of size n = 2m and d = 2k respectively and hence the

combinatorial identity
∑d

ℓ=0

(
d
ℓ

)(
n−d
ℓ

)
=
(
n
d

)
reveals that Vd ∼= C(n

d) as a vector space.
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The ring V2k inherits the sl2(C)–action of the Fermi–Dirac algebra FD2m. That is
g(T ) = [ĝ, T ] for g ∈ sl2(C) and T ∈ V2k. Indeed it is isomorphic to H2k as an SU(2)–module.

Proposition 8.5.1. With the induced sl2(C)–actions on H2k ⊆ F and on V2k, the map

Φ : V2k → H2k, T 7→ Te[[k]].

is an isomorphism of sl2(C)–modules.

Proof. The Jth coordinate of Φ(T ) is of the form (−1)σtI,B, where I = [[k]]\J , B = J\[[k]] and

σ is the parity of the permutation [[k]] 7→ (I, [[k]]\I). This is true since a†BaI e[[k]] = (−1)σeJ .

This proves Φ is a bijection. The reference state e[[k]] is a spin singlet state, i.e. e[[k]] ∈ HSU(2)
2k .

Therefore, for any T ∈ V2k and any g ∈ sl2(C) we get that

Φ(g · T ) = Φ([ĝ, T ]) = [ĝ, T ] e[[k]] = ĝ T e[[k]] − T ĝ e[[k]] = ĝΦ(T ) = g · Φ(T ).

Hence Φ is sl2(C)–equivariant, and therefore an isomorphism of sl2(C)–modules.

The isomorphism above also induces a grading on H2k: We say a basis vector eJ of H2k

has degree/excitation level |J\[[k]]|, and we denote the ℓth grading of H2k by H(ℓ)
2k . As a

consequence of Proposition 8.5.1, we can study the irreducible decomposition of Hd via the
irreducible decomposition of Vd. In particular:

Corollary 8.5.2. The map Φ restricts to the invariant spaces of V2k and H2k. Therefore

HSU(2)
2k

∼= VSU(2)
2k .

A vector space basis for VSU(2)
2k will serve as our desired model for HSU(2)

2k . We can construct

a homogeneous basis for VSU(2)
2k , since the generators in (8.15) are homogeneous, and hence

the sl2(C)–action preserves excitation levels. In particular, each basis element lives in a

graded component V(ℓ)
2k for some 1 ≤ ℓ ≤ d. We start with the simplest generators of VSU(2)

2k ,
namely those of excitation level 1. The excitation operators are the homogeneous elements of
bidegree (1, 1) given by:

Xi,b = a†b↑ai↑ + a†b↓ai↓, 1 ≤ i ≤ k < b ≤ m.

They are linearly independent and commute with Ŝ± and Ŝz and are therefore generators

of VSU(2)
2k . Hence, every polynomial in variables Xi,b also commutes with Ŝ± and Ŝz and the

excitation operators generate a subring of VSU(2)
2k . In particular, this is the excitation ring :

Theorem 8.5.3. The excitation operators Xi,b parameterize the excitation ring Sm,k.
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Proof. Let R be the ring generated by excitation operators Xi,b, where 1 ≤ i ≤ k < b ≤ m.
We notice that R is a subring of the ring Z generated by the fixed spin level-one words
xi,b,α := a†bαaiα where 1 ≤ i ≤ k < b ≤ m and α ∈ {↓, ↑}. Note Z is a proper subring of V2k,
since we restrict to products with a fixed spin. The ring Z has 2k(m− k) variables and can
implicitly be described as

Z ∼= C[x1,k+1,↓, x1,k+1,↑, . . . , xk,m,↓, xk,m,↑]
/
⟨xi,a,αxj,b,α + xj,a,αxi,b,α⟩.

The ring R is isomorphic to the subring of Z generated by the k(m− k) linear combinations
xi,b := xi,b,↑ + xi,b,↓ = Xi,b, where 1 ≤ i ≤ k < b ≤ m. They fulfill exactly the degree-three
relations (8.16) and therefore generate Sm,k.

The following direct corollary of Theorems 8.3.2 and 8.5.3 is a main result of the chapter.
It identifies Sm,k with VSU(2)

2k and therefore describes an explicit vector space basis for VSU(2)
2k ,

giving the desired combinatorial model for HSU(2)
2k .

Corollary 8.5.4. The excitation ring Sm,k is isomorphic to the invariant ring of V2k. The
basis vectors of VSU(2)

2k are in one-to-one correspondence with k× (m− k)× 2 plane partitions.

Proof. By Theorem 8.5.3 the excitation ring is isomorphic to a subring of VSU(2)
2k . By

Theorem 8.3.2, Theorem 8.2.7 and Proposition 8.5.1, we have

dimVSU(2)
2k = dimHSU(2)

2k = N(m+ 1, k + 1) = dimSm,k.

The claim Sm,k
∼= VSU(2)

2k follows. The second claim follows by applying the RSK bijections of
Theorems 8.4.2 and 8.4.4 to the standard monomial basis for Sm,k from Corollary 8.3.4.

Remark 8.5.5 (Explicit generators of the invariance space). The standard monomials of

Sm,k indexed by plane partitions form the desired homogeneous basis for VSU(2)
2k . We look at

the degree 2 component of Sm,k, i.e., the space S
(2)
m,k of homogeneous polynomials in Sm,k of

degree 2. There are no linear relations among the
(
km−k2+1

2

)
degree two monomials. Therefore

they are standard monomials of Sm,k and form a basis for S
(2)
m,k. Together with the unit 1

and the degree one generators xi,b, they yield a basis for the subspace of VSU(2)
2k consisting

of elements of degree at most 2. Now consider the degree 3 component S
(3)
m,k. There are

linear relations among the degree three monomials in xi,b, namely the generators in (8.16).
Consequently, an explicit description of the standard monomials and hence the basis elements
of excitation level ≥ 3 requires plane partitions. Since we focus on the CCD and CCSD
formalisms, for which only invariants up to degree two are required, we do not pursue these
higher-degree invariants further.

We conclude this chapter by exhibiting a symmetry commonly appearing in quantum
chemistry. This symmetry appears at every level of our reasoning, from quantum chemistry
through algebra, and into combinatorics.
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Remark 8.5.6 (Particle-hole symmetry). For any m, k with k ≤ m, the excitation rings
Sm,k and Sm,m−k have the same dimension, since

N(m+ 1, k + 1)=
1

m+ 1

(
m+ 1

k + 1

)(
m+ 1

k

)
=

1

m+ 1

(
m+ 1

m− k

)(
m+ 1

m+ 1− k

)
=N(m+ 1,m− k + 1).

In quantum chemistry there exists a classical bijection between HSU(2)
2k and HSU(2)

2m−2k known as
the particle-hole symmetry. It is defined by the map eJ↑ ∧ eK↓ 7→ e[m]\J↑ ∧ e[m]\K↓, sending

quantum states to their duals. Since Sm,k is isomorphic to the invariant space HSU(2)
2k the map

lifts to a bijection between the standard monomials of Sm,k and Sm,m−k. Similarly, the map
Matk,m−k(Z≥0)→ Matm−k,k(Z≥0) sending each matrix M to its transpose MT restricts to a
bijection between the standard monomials of Sm,k and those of Sm,m−k. The plane partition
B′ corresponding to MT under the RSK correspondence of Theorem 8.4.4 is the transpose of
the plane partition B corresponding to M . One can check that all three bijections are equal.
We are not aware of a similarly nice bijection between D(m+1, k+1) and D(m+1,m−k+1).

In this chapter, we described an SU(2)-action on the space of quantum states, making
the state space an SU(2)-representation. This allowed us to decompose it into irreducible
components. Of particular interest is the SU(2)-invariant component, whose dimension is
governed by the Narayana numbers. We showed this space is isomorphic to the excitation
ring, an Artinian commutative ring defined by an ideal generated by cubics. We found a
Gröbner basis for this ideal, and described a bijection between its standard monomials and
Dyck paths with a fixed number of valleys. This yields an explicit basis of the SU(2)-invariant
space through these Dyck paths. This space plays a central role in the next chapter, where
we formulate the spin-adapted CC equations by restricting to quantum states in this exact
SU(2)-invariant state space.
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Chapter 9

Spin-Adapted Coupled Cluster Theory

In this chapter, we derive the spin-adapted coupled cluster equations. To this end we restrict
the truncation varieties to their SU(2)–invariant subvarieties. This reveals new algebraic
structures, such as the Veronese square of the Grassmannian, which serves as the analogue of
the Grassmannian in first quantization and of the flag variety in second quantization. Imposing
spin symmetry significantly reduces the dimension of the state space and improves both the
efficiency and the numerical stability of coupled cluster calculations. This is illustrated in
Section 9.3, where the scaling of the restricted CC degree is compared with the general CC
degree. We also exploit this reduction to fully solve the spin-adapted CC equations for the
all-orbital lithium hydride molecule (LiH) and for water (H2O). To our knowledge, these
are the largest electronic systems for which the entire CC solution set has been explicitly
computed. This chapter is based on [38].

9.1 Spin-Adapted Truncation Varieties

The (spin-free) electronic Hamiltonian in (8.3) is SU(2)-invariant, see end of Section 1.2. This
follows since it commutes with the generators of the induced sl2(C)–action on the Fock space.
In symbols,

[H, Ŝ+] = [H, Ŝ−] = [H, Ŝz] = 0.

Here Ŝ± and Ŝz are the 2n × 2n matrices representing the Lie algebra generators S± and Sz,
described in (8.15). Consequently, H commutes with the Casimir operator Ŝ2, and preserves
the decomposition of the Hilbert space into SU(2)-isotypic components. The spin-singlet
Schrödinger equation can therefore be defined as the eigenvalue problem for SU(2)-invariant
quantum states,

Hψ = λψ, ψ ∈ HSU(2)
d . (9.1)

We recall that coupled cluster theory employs the ansatz ψ = eT e[[k]] where the cluster
operator T ∈ End(F) is the new unknown variable and e[[k]] ∈ F is the reference state [18,
20]. In particular, here we choose the reference state as a closed-shell spin-restricted state (as
is done in restricted Hartree–Fock theory).
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Remark 9.1.1. The closed-shell spin-restricted reference state

ϕ0 = e[[k]] = e1↓ ∧ e1↑ ∧ · · · ∧ ek↓ ∧ ek↑

is a singlet state, i.e. it lies in the spin singlet sector HSU(2)
d . This can be seen by observing

that it is annihilated by the generators Ŝ± and Ŝz. Note that the Sz–action vanishes by
Remark 8.2.4. Moreover, the raising operator Ŝ+ acts by replacing a ↓-spin electron in a
given orbital by an ↑-spin electron in the same orbital. The reference state is a closed shell
state, meaning that for each occupied spatial orbital i ∈ [k], both spin orbitals ei↓ and ei↑
occur. Thus it follows by Pauli’s exclusion principle that Ŝ+e[[k]] = 0. The same holds for Ŝ−.

Since the reference state e[[k]] is a singlet, the physically relevant correlated Ansätze may
be taken entirely within the singlet sector. In other words, we can formulate the coupled
cluster equations within the SU(2)–invariant space of Hd. We now describe the construction.

For 1 ≤ ℓ ≤ d we define the ℓth truncated cluster operator Tℓ to be a general element in
the ℓth grading of VSU(2)

d . We can write the truncated cluster operators T1 and T2 explicitly:

T1 =
∑
(i,b)

ti,bXi,b, T2 =
∑

(i,b)≤(j,c)

tij,bcXi,bXj,c, where ti,b, tij,bc ∈ C. (9.2)

Here the pairs (i, b) ∈ [k] × ([m]\[k]) are ordered lexicographically, and the condition
(i, b) ≤ (j, c) avoids double counting of quadratic monomials. We then define the cluster
operator T as the sum of the truncated cluster operators, that is T = T1 + T2 + · · ·+ Td. We
notice that T is a general element in the invariant space VSU(2)

d with a zero constant term.
We denote the space of cluster operators as

VSU(2)
d

′
=

d⊕
ℓ=1

VSU(2)
d (ℓ) , with VSU(2)

d (ℓ) := VSU(2) ∩ V(ℓ)
d .

This is the space of SU(2)–invariant operators in Vd with a zero constant term. Equivalently

this is the space of nilpotent operators in VSU(2)
d , that is those T such that T d+1 = 0.

Proposition 9.1.2. The spin-singlet exponential map

VSU(2)
2k

′ → HSU(2)
2k , T 7→ exp(T ) e[[k]], (9.3)

is an injective polynomial map. Its image coincides with the subspace

{ψ ∈ HSU(2)
2k : eT[[k]]ψ = 1} ⊊ HSU(2)

2k

and the corresponding restriction is a bijection with a polynomial inverse.
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Proof. Take a cluster operator T ∈ VSU(2)
2k

′
. We recall that T is nilpotent and therefore

exp (T )e[[k]] has polynomial entries. The operator exp(T ) also commutes with the generators

Ŝ± and Ŝz so exp(T )e[[k]] ∈ HSU(2)
2k and the map is well defined and polynomial. Since T is

nilpotent, the diagonal entries of exp (T ) are 1 and so eT[[k]] exp (T )e[[k]] = 1. The bijectivity
and the existence of a polynomial inverse follow from the same excitation-level induction as
in Proposition 2.1.4, applied within the invariant subspaces.

Fix a level set σ ⊆ [d], specifying the allowed excitation levels. For instance, when
employing CCS, CCD or CCSD, we set σ = {1}, {2}, {1, 2}, respectively, see also Table 1.1.

Let VSU(2)
σ denote the subspace of VSU(2)

d consisting of operators whose excitation level lies in
σ. Explicitly:

VSU(2)
σ :=

⊕
ℓ∈σ

VSU(2)
d (ℓ) ⊆ V

SU(2)
d

′
.

The restriction of the spin-singlet exponential map, defined in Proposition 9.1.2, to this
subspace is injective. We may further compose it with the projective embedding

HSU(2)
2k ↪→ PHSU(2)

2k
∼= PN(m+1,k+1)−1.

We define the spin-singlet truncation variety V
SU(2)
σ ⊆ PHSU(2)

2k to be the Zariski closure of

the image of VSU(2)
σ under this composed map. This is analogous to the definition of the

truncation varieties in Section 2.2 and Section 7.2, and to Remark 1.1.8. The spin-singlet
truncation varieties are therefore parameterized by restrictions of the spin-singlet exponential
map. In this chapter we focus on CCS, CCD and CCSD, where the elements of the subspaces
VSU(2)
σ are the truncated cluster operators T1, T2 and T1 + T2 in (9.2). The corresponding

truncation varieties are then parameterized by vectors:

ψ = exp(T1)e[[k]], ψ = exp(T2)e[[k]], ψ = exp(T1 + T2)e[[k]].

Example 9.1.3 (CCS for m = 4, k = 2). The CCS cluster operator is of the form

T1 = t1,3X1,3 + t2,3X2,3 + t1,4X1,4 + t2,4X2,4.

We recall from Theorem 2.2.5 that the (spin-orbital) CCS truncation variety is the Grass-
mannian Gr(4, 8) ⊆ P69 in its Plücker embedding. To relate this to the spin-singlet trunca-
tion variety, we compose the spin-singlet CCS exponential map with the natural inclusion
HSU(2)

4 ↪→ H4
∼= C70. This yields a parameterization C4 → PH4

∼= P69 of V
SU(2)
{1} in the cluster

amplitudes (t1,3, t2,3, t1,4, t2,4), given by the maximal minors of the 4× 8 matrix
1 0 0 0 t1,3 0 t1,4 0
0 1 0 0 0 t1,3 0 t1,4
0 0 1 0 t2,3 0 t2,4 0
0 0 0 1 0 t2,3 0 t2,4

 . (9.4)
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Here the rows are indexed by [[2]] and the columns by [[4]]. We further project the image onto
the 20 dimensional subspace P Sym2(∧2C4) described in Remark 8.2.5. The resulting map
is the quadratic Veronese embedding ν2 of the Plücker embedding of Gr(2, 4) ⊆ P5. More
precisely, on the standard affine chart p12 = 1, the Plücker coordinates are

(p12, p13, p23, p14, p24, p34) =
(
1, t2,3, −t1,3, t2,4, −t1,4, t1,3t2,4 − t2,3t1,4

)
.

Composing with ν2 gives all degree two monomials in the Plücker coordinates. Consequently,
the spin-singlet truncation variety embedded into P Sym2(∧2C4) is the Veronese square of
the Grassmannian:

V
SU(2)
{1} = ν2(Gr(2, 4)) ⊆ P Sym2(∧2C4).

In particular, V
SU(2)
{1} has dimension 4 and degree 32. Notice that the ambient singlet space

HSU(2)
4 has projective dimension 19, whereas Sym2(∧2C4) has projective dimension 20. The

difference is accounted for by the Plücker relation

p12p34 − p13p24 + p23p14 = 0,

which becomes a linear relation among the Veronese coordinates. We can therefore project
onto PHSU(2)

4 and embed the truncation variety ν2(Gr(2, 4)) into the invariant space.

This example generalizes to arbitrary m and k:

Theorem 9.1.4. The singlet CCS truncation variety is isomorphic to the Veronese square
of the Grassmannian, specifically V

SU(2)
{1}

∼= ν2
(
Gr(k,m)

)
. In particular,

dimV
SU(2)
{1} = k(m− k), and deg V

SU(2)
{1} = 2 k(m−k) deg

(
Gr(k,m)

)
.

Proof. Recall that the Plücker embedding parameterizes the Grassmannian Gr(k,m) by the
maximal minors of a k ×m matrix m(t) =

[
Ik t

]
. Here t = (ti,b)1≤i≤k<b≤m is a k × (m− k)

matrix with the CCS cluster amplitudes as entries. We denote the Plücker coordinates by
pI(t) = det(m(t)I) where I ⊆ [m] and |I| = k.

We consider the composition of the spin-singlet exponential map with the natural inclusion

HSU(2)
d ↪→ Hd

∼= C(n
d). Its coordinates are the maximal minors of a d × n matrix M(t),

analogous to (9.4). The columns of this matrix are indexed by the spin orbitals, i.e., [[m]],
and the rows by the occupied spin orbitals, i.e., [[k]]. Row and column permutation such that
spin-up orbitals precede spin-down orbitals yields a block-diagonalization of M(t), i.e.

M ′(t) =

[
m(t) 0k,m

0k,m m(t)

]
.

The maximal minors of M ′(t) can be computed using k×k Laplace expansion, see Section 4.1.
First, we note that a 2k × 2k minor of M ′(t) is nonzero only if it selects exactly k columns
from the spin-down block and k columns from the spin-up block. Now for I, J ∈

(
[m]
k

)
we get

det
(
M ′(t){I↓}∪{J↑}

)
= det

(
m(t)I

)
det
(
m(t)J

)
= pI(t) pJ(t).
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These are the coordinates of the composed map. We have now embedded the spin-singlet
truncation variety into the full space of quantum states, and want to project down again to
the space of SU(2)–invariants. To that end, we embed the image into the space P Sym2(∧kCm)

— as is described in Remark 8.2.5. We obtain the Veronese embedding of Gr(k,m):

Ck×(m−k) → P(m
k)−1 → P Sym2(∧kCm), t 7→ (pI(t)pJ(t))

I≤J∈([m]
k ).

By Proposition 9.1.2 the spin-singlet exponential parameterization maps into the invariant
space HSU(2)

2k , so we can further embed the Veronese square of the Grassmannian into PHSU(2)
2k .

Note that there are linear relations among the coordinates, namely, the Plücker relations —
quadratic equations in the pI(t) that cut out the Grassmannian. There are exactly

dim(Sym2(∧kCm))− dim(HSU(2)
2k ) =

((m
k

)
+ 1

2

)
−N(m+ 1, k + 1).

Plücker relations minimally generating the Grassmannian. The projection of the Veronese
square into PHSU(2)

2k is therefore also an embedding of ν2(Gr(k,m)).

The Grassmannian of lines inm-dimensional space is a projective space, namely Gr(1,m) ∼=
Pm−1, and therefore linear. The CCS spin-singlet truncation varieties corresponding to one
electron pair, k = 1, are therefore the 2nd Veronese varieties, V

SU(2)
{1}

∼= ν2(Pm−1).

9.2 The Spin-Adapted Coupled Cluster Equations

The truncation varieties are used to approximate the solutions of the Schrödinger equation
(9.1). We fix a level set σ and consider quantum states on the spin-singlet truncation

variety V
SU(2)
σ . In general, none of the quantum states on V

SU(2)
σ will be eigenvectors of

the Hamiltonian. We then relax the constraints of the eigenvalue problem and define the
spin-adapted coupled cluster equations :

(Hψ)σ = λψσ, ψ ∈ V SU(2)
σ . (9.5)

Here ψσ denotes the projection of the quantum state ψ onto coordinates ψJ with excitation
level |J\[[k]]| ∈ σ. Hence, (·)σ defines a projection fromH2k onto the graded subspace ⊕ℓ∈σH(ℓ)

2k .
The most common spin-adapted CC approximations correspond to the level sets σ = {1},
σ = {2}, and σ = {1, 2}. In the quantum chemistry literature, these are referred to as RCCS,
RCCD, and RCCSD, respectively. See also Table 1.1, which lists common CC variants in
both the chemistry and mathematical notation.

The Hamiltonian H, defined in (8.3), is an endomorphism of HSU(2)
d . As such it has

an N(m + 1, k + 1) × N(m + 1, k + 1) matrix representation. We say it is generic if the
parameters hpq and vpqrs are generic. For generic Hamiltonians, the number of solutions
to the CC equations in (9.5) is finite and fixed. We call this number the coupled cluster
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degree of the truncation variety V
SU(2)
σ and denote it by CCdeg(V

SU(2)
σ ). By the parameter

continuation theorem, i.e. Theorem 5.1.1, the CC degree serves as an upper bound to
the number of solutions of (9.5) for any Hamiltonian operator H of the form (8.3). Note
that we define the CC degree using generic two-body operators (8.3), rather than generic
N(m + 1, k + 1) × N(m + 1, k + 1) matrices H. This choice reflects the natural algebraic
structure of the Hamiltonian. Moreover, it leads to sharper bounds for the number of solutions
of physical CC equations. Analogous definitions of the CC degree for two-body operators can
be given for the spin-generalized CC equations in Sections 2.3 and 7.4. However, numerical
experiments indicate that the resulting reduction in root count is low.

Computing the CC degree of a truncation variety is generally difficult, as it requires
solving the CC equations for a generic Hamiltonian H. Nevertheless, one can obtain an upper
bound in terms of invariants of V

SU(2)
σ :

Proposition 9.2.1. The coupled cluster degree of V
SU(2)
σ fulfills the following inequality:

CCdeg(V SU(2)
σ ) ≤ (dim(V SU(2)

σ ) + 1) deg(V SU(2)
σ ).

The proof of this proposition is omitted as it is analogous to the proof of Theorem 2.3.2.
The dimension of a truncation variety can easily be computed by counting basis vectors with
excitation level in σ. For example, the CCS and CCD spin-singlet truncation varieties have
dimensions

dim(V
SU(2)
{1} ) = k(m− k), dim(V

SU(2)
{2} ) =

(
k(m− k) + 1

2

)
,

respectively, and the dimension of the CCSD truncation variety is their sum. Finding an
explicit formula for the degree of a truncation variety is more challenging. In the CCS case,
an explicit formula was obtained in Theorem 9.1.4. By contrast, for CCD and CCSD no
such formula is known, and the degree for specific values of k and m must be determined
numerically. In some cases, we can obtain explicit formulas for the CC degree itself, such as:

Theorem 9.2.2. Let k = 1. The CC degree of the 2nd Veronese variety V
SU(2)
{1}

∼= ν2(Pm−1) is

CCdeg(ν2(Pm−1)) = 2m − 1.

The CC and ED degrees of the Veronese variety coincide; see [10, Section 12.2].

Proof. Here k = 1 and so the dimension of the invariant space simplifies to

dim(HSU(2)
2k ) = N(m+ 1, 2) =

(
m+ 1

2

)
.

Remark 8.2.5 implies that, in this case, HSU(2)
2

∼= Sym2(Cm), so the basis vectors of HSU(2)
2

are ei↓,i↑ and ei ↓ ,j ↑ + ei ↑ ,j ↓. They are indexed by subsets in [m] of size one and two. Also,
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the Veronese square x⊗2 ∈ ν2(Pm−1) of x ∈ Pm−1 projects onto x under truncation, that is
(x⊗2){1} = x. We can therefore rewrite the CC equations as

H{1}x
⊗2 = λx, x ∈ Pm−1, (9.6)

where H{1} is an m ×
(
m+1
2

)
submatrix of the generic Hamiltonian H, with only the rows

indexed by singletons in [m]. Note that since k = 1, the generic Hamiltonian is a generic
matrix, i.e. the structure (8.3) imposes no constraints on the

(
m+1
2

)
×
(
m+1
2

)
matrix H. We

can therefore construct a generic m×m×m symmetric tensor η such that H{1} has entries
Hi,jℓ = ηi,j,ℓ. The tensor η uniquely corresponds to a homogeneous polynomial of degree three,
given by Fη = ⟨η, x⊗3⟩, and its gradient satisfies ∇Fη = H{1}x

⊗2. The CC equations in (9.6)
are therefore precisely the fixed-point equations of ∇Fη. Equivalently, they are the eigenpair
equations for the symmetric tensor η, see [10, Equation 12.13]. Also see [72, Section 9.1] for
the definition of eigenpairs of tensors as fixed-points of a gradient map. Since H and η are
generic tensors the CC degree is 2m − 1, by [10, Theorem 12.17].

In (9.5) we formulate the unlinked coupled cluster equations in an algebraic way. This
might be unintuitive for readers that are experienced in electronic structure theory. Nonethe-
less this formulation is important to prove results such as Proposition 9.2.1. However, this
presentation is not optimal for explicitly solving the CC equations. Since the restriction of
the exponential map to Vσ is injective, we can write the unlinked coupled cluster equations
in the following way:

((H − λ · IF) exp(Tσ)e[[k]])σ = 0.

This is a square polynomial system of size dim(V
SU(2)
σ ) + 1, whose variables are the energy

λ and the cluster amplitudes tI,B with excitation level |I| ∈ σ. We compare this with the
elements of the CC family in (5.1). Using this formulation, we can solve the CC equations
with HomotopyContinuation.jl [11]. For an in-depth description of how we solve the CC
equations, see Section 5.1.

We close this section with a short remark on Löwdin’s symmetry dilemma:

Remark 9.2.3. Although the Hamiltonian is SU(2)-invariant and its exact eigenstates can
be chosen as simultaneous eigenstates of Ŝ2 and Ŝz, approximate ansätze may face a trade-off
commonly referred to as Löwdin’s symmetry dilemma. At the mean-field level, enforcing spin
symmetry (e.g. restricted Hartree–Fock) yields a spin-pure reference but may give qualitatively
poor energies in regimes of strong (static) correlation (for instance, along bond dissociation),
because a single symmetry-adapted determinant cannot represent near-degeneracy effects.
Allowing symmetry breaking (e.g. unrestricted Hartree–Fock) often lowers the energy and
captures part of the static correlation, but produces spin-contaminated states that do not
lie in HSU(2)

d . The same tension can propagate to correlated methods built on a mean-field
reference. In restricted coupled cluster theory we deliberately formulate the equations on
the SU(2)–invariant sector, see (9.1), so that the CC state is spin-adapted by construction;
however, this restriction can necessitate higher excitation rank to recover correlation effects
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that a broken-symmetry reference may mimic at lower rank. Alternative strategies include
symmetry restoration (spin projection) applied to broken-symmetry references, which aims to
combine the energetic flexibility of symmetry breaking with a final spin-pure wavefunction.

9.3 Numerical Simulations

A practical algebraic measure of computational complexity in CC theory is the number of
isolated solutions (counted with multiplicity) for a generic instance of the CC equations, i.e.,
the CC degree, see Chapter 5. In homotopy-based solvers, the CC degree directly controls the
number of solution paths that need to be tracked, and is therefore a reliable proxy for runtime
and memory. The central numerical message of this section is that imposing SU(2)–spin
adaptation reduces the CC degree by orders of magnitude, making exhaustive solution and
continuation computations feasible in regimes where the spin-generalized formulation becomes
intractable. The simulations presented here were performed using the software packages
HomotopyContinuation.jl [11] and PySCF [98–100]. All computations were done on the MPI-
MiS computer server, using four 18-Core Intel Xeon E7-8867 v4 at 2.4 GHz (3072 GB RAM).

Scaling of Generic Spin Restricted Systems

We begin by comparing the number of roots of the spin restricted coupled cluster equations
(RCC) with the number of roots of the spin generalized coupled cluster equations (GCC)
from Section 2.3. See Table 1.1 to refresh on these naming conventions. For k = 1 (and
d = 2) we investigate how the CC degree scales with the number of spin orbitals n, both for
the CC equations for singles (σ = {1}) and for doubles (σ = {2}), similar to Example 5.2.3.

Figure 9.1: Comparison of the number of roots between spin restricted and spin generalized
CC equations for CCS (left) and CCD (right) at k = 1. The reduction in degree translates
into a corresponding reduction in the number of solution paths that must be tracked.
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The blue curve shows the spin-generalized CC degree (see Theorem 3.1.2 and Corol-
lary 2.3.3 for CCS and CCD, respectively), while the orange curve shows the corresponding
spin-adapted CC degree. Figure 9.1 quantifies the reduction in generic solution complexity ob-
tained by imposing SU(2)–invariance. For k = 1 and CCS, the spin-generalized degree grows
to ∼ 109 at 20 spin orbitals, whereas the spin-adapted degree is only ∼ 103, corresponding to
a reduction of roughly six orders of magnitude in the number of isolated solutions (and hence
in the number of continuation paths in homotopy-based solvers). For CCD, the degrees are
smaller but the same trend persists: at 20 spin orbitals the degree decreases from about 190
(generalized) to about 45 (restricted), a reduction by a factor of ≈ 4. These data indicate that
spin adaptation yields a substantial algorithmic simplification of the CC polynomial systems
already in the minimal-electron setting, motivating its use in the numerical studies below.

Indeed, we observe that the effect becomes numerically pronounced and computationally
observable already for systems as small as four electrons. We compare CCD degrees for the
spin-adapted (RCCD) and spin-generalized (GCCD) formalisms when d = 4 (two electron
pairs, k = 2) and the number of spin-orbitals is n = 8, 9, 10, 11, 12. The spin-generalized
CCD degrees are taken from Section 2.3 where available, and for larger n we report the best
available upper bounds from [33]. The resulting degrees are summarized in Table 9.1.

n 8 9 10 11 12
RCCD 20 – 998 – ∼ 1.19 · 107

GCCD 72 1 823 2 523 135 ≤ 3.2 · 1011 ≤ 1.18 · 1023

Table 9.1: RCCD and GCCD degrees for four electrons (d = 4). For n = 11, 12 the GCCD
entries are upper bounds. The collapse in degree under spin adaptation directly reflects a
collapse in the number of solution branches.

Two features are noteworthy. First, even at modest size (n = 10), the degree collapses
from 2 523 135 in GCCD to 998 in RCCD, a reduction by more than three orders of magnitude.
Second, the available bounds indicate that the gap continues to widen rapidly as n grows,
underscoring that spin adaptation is not a cosmetic symmetry constraint but a decisive
computational simplification. We now illustrate how the incorporation of spin-adaptation
pushes the boundaries of algebraic computations for chemical systems.

Lithium Hydride

Lithium hydride (LiH) has served as a small yet “chemically realistic” benchmark system
for our algebraic computations, see for example Sections 1.2 and 5.3. In a minimal-basis
(STO-6G) description, LiH is modeled with four electrons (two electron pairs) in six spatial
orbitals, i.e., twelve spin orbitals. The minimal spatial basis is given by the atomic orbitals

H 1s, Li 1s, Li 2s, Li 2px, Li 2py, Li 2pz.
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We compute the molecular orbitals for LiH at bond length R = 2.85, using spin-restricted
Hartree–Fock; see Example 1.2.4. The molecular orbitals are eigenvectors of a m×m matrix
F , called the Fock matrix [103, Section 3.4]. The corresponding eigenvalues are

(−2.38524385, −0.29351662, 0.07939386, 0.16259687, 0.16259687, 0.57210126).

These are called the molecular-orbital energies. For LiH, the lowest molecular orbital has
much lower energy than all the others. This suggests that it plays a different role from the
remaining orbitals and contributes little to the correlation effects relevant for bonding. It is
therefore common to approximate the model by keeping this lowest orbital fixed. This is the
so-called frozen-core approximation. We do not do this here. Instead, we simplify the model
in a different way, by splitting the orbitals into two classes determined by their relation to
the bond axis; we explain this decomposition below.

LiH Dissociation in a σ-Active Space

We choose the Li–H bond axis as the z-axis of the coordinate frame; that is, both nuclei lie
on the z-axis. In this setting, the one-particle space H decomposes as

H ∼= H(σ) ⊕H(π).

The subspace H(σ) contains the orbitals aligned with the bond axis and thus describes
σ-bonding. Here, σ-bonding means bonding arising from orbital overlap along the bond axis
(z-axis). On the other hand, the subspace H(π) contains the orbitals perpendicular to the
bond axis and corresponds to π-bonding. Here, π-bonding means bonding arising from orbital
overlap perpendicular to the bond axis. Explicitly, the subspace H(σ) is the four-dimensional
space spanned by the atomic orbitals H 1s, Li 1s, Li 2s, and Li 2pz. We refer to it as the
σ-active space. The subspace H(π) is spanned by the two remaining atomic orbitals Li 2px
and Li 2py, which are perpendicular to the bond axis.

Accordingly, the molecular-orbital coefficient matrix can be arranged in block diagonal
form. We obtain the molecular-orbital coefficient matrix C from a spin-restricted Hartree–Fock
calculation [103, Section 3.4] using PySCF [99, 100]:

C =


0.994 −0.165 −0.198 0 0 0.074
0.023 0.438 0.799 0 0 −0.747

0 0 0 0.398 0.917 0
0 0 0 0.917 −0.398 0

−0.006 0.349 −0.617 0 0 −1.004
0.005 0.551 −0.124 0 0 1.231

 .

Here, two molecular orbitals are supported entirely on the basis functions {Li 2px,Li 2py}
and have zero coefficients on the remaining atomic orbitals. Hence C can indeed be written
in block diagonal form with a 4 × 4 σ-block and a 2 × 2 π-block. Also, compare this MO
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coefficient matrix with the 4 × 4 MO coefficient matrix computed in Example 1.2.4; note
that there we had already removed the 2px and 2py orbitals.

Since the orbitals in H(σ) are the ones aligned with the bond axis and relevant for the
Li–H bond, we restrict our simulations to the σ-active space H(σ). This leads to a reduced
model with two electron pairs and four spatial orbitals, i.e. d = 2k = 4 and n = 2m = 8.
This is exactly the model for LiH used in our computations in Example 1.2.4 and Section
5.3. Note that if the molecule is no longer aligned along the z-axis during the reaction, then
this separation is no longer exact, and the σ- and π-subspaces may start to interact. For the
active-space viewpoint underlying this reduction, see [88, Chapter 9].

We investigate the root structure for RCCSD while dissociating LiH over bond lengths
from 1 to 3 bohr. The spin-singlet CC degree in this case is

CCdeg(V
SU(2)
{1,2} ) = 620

as opposed to the spin-generalized CC degree reported in Section 5.3:

CCdeg(V{1,2}) ≈ 16 952 996.

We discretize the interval [1, 3] using an equidistant grid with 50 points and compute between
618 and 620 RCCSD solutions per grid point. For comparison, diagonalizing the corresponding
Hamiltonian (i.e., a 20× 20 real-valued symmetric matrix) yields 20 distinct eigenvalues.

(a) (b)

Figure 9.2: LiH dissociation in a minimal basis (k = 2, m = 4): comparison of RCCSD
energy branches with the exact eigenvalue curves. (a) All RCCSD energy branches compared
to the exact spectrum. (b) RCCSD energies lying near an eigenvalue (i.e. physically relevant).

Figure 9.2a shows all RCCSD energy branches together with the exact eigenvalue curves,
while Figure 9.2b highlights only those RCCSD energies that lie close to an eigenvalue, i.e.,
within an energy difference of less than 10−3.
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All-electron LiH calculations

In our previous algebro-computational investigations, all-orbital simulations for LiH were
out of computational reach due to the sheer size of the CC polynomial system and the
corresponding solution count. As reported in Section 2.3, the corresponding CCD and CCSD
systems consist of 168 and 200 equations, respectively — well beyond the practical limits of
current algebraic numerical solvers. Moreover, the number of homotopy paths that would
need to be tracked vastly exceeds the approximately 1.7× 107 paths tracked in Sections 5.3
and 5.4, where the CCSD calculations for LiH in 8 spin orbitals took over 30 days. In the
present setting, however, imposing spin adaptation reduces the effective algebraic complexity
sufficiently to make a RCCD solution-landscape computation feasible for the all-orbital system.
We now present these computations for LiH with k = 2 electron pairs in m = 6 spatial
orbitals, at bond distance R = 2.85 bohr.

For a generic RCCD system with k = 2 electron pairs in m = 6 spatial orbitals, the
monodromy solver required 21 days to recover the complete solution set, revealing the RCCD
degree as

CCdeg(V
SU(2)
{2} ) ≈ 11 920 113. (9.7)

Recall that an upper bound for the same system in GCCD is 1023, see Table 9.1. Once the
generic solutions were obtained, a parameter homotopy tracked them to the LiH instances
in 3 days and 48 minutes. This computation produced 67 909 solutions, of which 552 are
non-singular and 106 are real. In Figure 9.3a we compare the full RCCD energy spectrum
with the 71 distinct eigenvalues of the symmetric 105× 105 Hamiltonian matrix.

(a) (b)

Figure 9.3: LiH dissociation in a full basis (k = 2, m = 6): comparison of RCCD energies
with the exact eigenvalues. (a) All RCCD energies compared to the exact spectrum. (b)
RCCD energies lying near an eigenvalue (physically relevant).

In Figure 9.3b we highlight only those RCCD energies that lie within a 10−3 radius of an
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eigenvalue. In total, this provides (to our knowledge) the first all-electron LiH computation
in which the entire RCCD solution set is explicitly resolved.

The resulting all-electron picture reinforces two qualitative observations already present
in the σ-active-space study. First, there are multiple physically relevant RCCD energies close
to exact eigenvalues. Second, the RCCD polynomial system admits additional, non-physical
branches whose energies do not correspond to any eigenvalue of the Hamiltonian and may
even fall below the exact ground-state energy. Such “overcorrelated” solutions are consistent
with the non-variational character of coupled cluster theory, but here they appear as a
structural feature of the RCCD algebraic solution set rather than a numerical accident. Their
systematic presence in the all-electron calculation emphasizes the value of global solution
methods (monodromy/parameter homotopy) for characterizing the full CC landscape and
motivates a posteriori diagnostics for identifying the physically meaningful roots among many
mathematically valid ones [2, 34, 56, 77].

Water

Water (H2O) in a minimal basis set has ten electrons (five electron pairs) in seven spatial
orbitals, and hence in 14 spin orbitals. The minimal spatial basis is given by the atomic
orbitals

H 1s, H 1s, O 1s, O 2s, O 2px, O 2py, O 2pz.

We perform the spin-restricted Hartree–Fock calculations as we did with LiH at the beginning
of this section and obtain a molecular orbital basis. The corresponding molecular-orbital
energies are

(−20.5043, −1.2759, −0.6209, −0.4593, −0.3975, 0.5970, 0.7299).

One of the molecular orbitals lies much lower in energy than all the others, i.e. the lowest orbital
is separated from the remaining orbitals by a large energy gap, ∆ε ≈ 19.23 hartree ≈ 523 eV.
This suggests that the lowest molecular orbital is an inner core orbital, that is, an orbital close
to the nucleus that contributes little to bonding or low-energy excitations. In the frozen-core
approximation, such an orbital is kept fixed and doubly occupied by one spin-up and one
spin-down electron. The remaining orbitals are then taken to describe the chemically active
part of the system, and the computations are carried out only in this reduced space.

To verify this, we measure how strongly the molecular orbitals are concentrated on the
oxygen 1s atomic orbital. We take this to be the core orbital, since it is the innermost atomic
orbital of the heaviest atom in the molecule and is therefore the natural candidate for a
tightly bound core state. With the above ordering of the atomic orbitals, the oxygen 1s
orbital is the third basis function. Thus, for molecular orbital i, we define the quantity

w
(i)
O 1s = C3i(SC)3i.

Here C is the molecular-orbital coefficient matrix, and S is the atomic-orbital overlap matrix.
This measures the contribution (weight) of the oxygen 1s atomic orbital to molecular orbital
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i. Since the atomic-orbital basis is not orthonormal (see Remark 1.2.5) this quantity is
not simply C2

3i; the overlap matrix S is needed to account for overlaps between AO basis
functions. We find for the lowest molecular orbital, which has the lowest MO energy, that
the contribution of O 1s is

w
(1)
O 1s = 0.996559.

Since this value is very close to 1, the lowest molecular orbital is almost entirely supported
on oxygen 1s. We therefore keep this orbital fixed and doubly occupied, and perform the
remaining calculations only for k = 4 electron pairs in m = 6 spatial orbitals. This is called
the frozen-core approximation.

We solved a generic instance of the RCCD equations for k = 4 and m = 6 using a
monodromy solver. After running the solver for 6 days and 15 hours, we obtained 11 920 154
solutions. By particle-hole symmetry, the corresponding RCCD degree coincides with that
for k = 2 and m = 6. Comparing this count with the approximate CC degree reported
in (9.7), we find a discrepancy of 41 solutions. We attribute this discrepancy to numerical
error and assume that both monodromy computations failed to detect some solutions. In
Section 5.1, we describe the stopping criteria used in monodromy computations and explain
why, by their very nature, such methods make it difficult to verify solution completeness.
Consequently, the computed solution counts provide numerical approximations to the CC
degree that are always lower bounds. With high probability these lower bounds are exact or
at least very close to the true value. Once the generic solutions were obtained, a parameter
homotopy tracked them to the H2O instances in 13 hours, finding 10 628 368 solutions, of
which 603 are singular and 7 396 are real.

(a) (b)

Figure 9.4: H2O dissociation in a minimal basis (k = 4, m = 6): comparison of RCCD
energies with the exact eigenvalues. (a) All RCCD energies compared to the exact spectrum.
(b) RCCD energies lying near an eigenvalue (physically relevant).
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In Figure 9.4a we compare the full energy spectrum with the 105 distinct eigenvalues of
the nonsingular Hamiltonian matrix. In Figure 9.4b we highlight only those RCCD energies
that lie within a 10−3 radius of an eigenvalue.

The full RCCD energy spectrum for H2O appears as a cloud surrounding the exact
eigenvalues, becoming denser toward the center of the spectrum. Consequently, some solution
energies may lie close to an eigenvalue for purely statistical reasons, rather than being physi-
cally significant. This indicates that further investigation into the numerical stability of the
computed roots is needed. This lies beyond the scope of the thesis and is left for future work.

We conclude this chapter, and therefore this thesis, with a summary of our contributions
and future directions. In this chapter, we formulated the spin-adapted coupled cluster
equations. This entailed restricting the truncation varieties defined in Section 2.2 to the
SU(2)-invariant state space, revealing, for example, the Veronese square of the Grassmannian.
This restriction lowers the dimensions of the truncation varieties and, correspondingly, their
CC degrees. This reduction in complexity makes it possible to study the full CC solution
spectrum for larger systems than was previously possible. We illustrate this for lithium
hydride (without orbital reduction) and water.

In this thesis, we used nonlinear algebraic methods to tackle a central problem in quantum
chemistry, namely, solving the Schrödinger equation. In particular, we built an algebraic
geometric framework for coupled cluster theory, using a great deal of combinatorics and
representation theory as well. This process revealed many well-known varieties, such as the
Grassmannian, flag varieties, spinor varieties and the Veronese varieties. With these algebraic
tools in hand, we were able to resolve the full CC solution spectrum for the water molecule,
a physically relevant system that serves as a fundamental benchmark in quantum chemistry.
That, to our knowledge, has not been achieved before. Beyond the results obtained here,
several directions remain open. This includes a deeper study of the different truncation
varieties, their CC degrees and projective defining equations. Another direction would involve
understanding the special structure of the Hamiltonian, and how this structure impacts its
eigenvectors. In particular, we would want to understand whether these eigenvectors lie close
to, or even on, a truncation variety. This would qualify the accuracy of the CC method.
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Gröbner Bases and Cohomology. Springer Monographs in Mathematics. Springer, 2022.

https://arxiv.org/abs/2302.08585
https://arxiv.org/abs/2404.16796
https://arxiv.org/abs/2301.02545


BIBLIOGRAPHY 162

[13] Ireneusz W. Bulik, Thomas M. Henderson, and Gustavo E. Scuseria. “Can single-
reference coupled cluster theory describe static correlation?” Journal of Chemical
Theory and Computation 11.7 (2015), 3171–3179.

[14] Michael Burr, Oliver Clarke, Timothy Duff, Jackson Leaman, Nathan Nichols, and
Elise Walker. “SubalgebraBases in Macaulay2”. Journal of Software for Algebra and
Geometry 14 (2024), 97–109.

[15] Jhon B. Caicedo, István Mező, and José L. Ramı́rez. “Partition lattice with limited
block sizes”. Graphs and Combinatorics 38.146 (2022).

[16] William Chen, Eva Deng, Rosena Du, Richard Stanley, and Catherine Yan. “Crossings
and nestings of matchings and partitions”. Transactions of the American Mathematical
Society 359.4 (2007), 1555–1575.

[17] Claude Chevalley. The Algebraic Theory of Spinors and Clifford Algebras. Vol. 2.
Collected Works of Claude Chevalley. Springer, 1997.
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