On Martin’s Conjecture

Theodore A. Slaman

University of California, Berkeley

April 2001

The Hierarchy of Definability

We are all familiar with the hierarchies of definability which appear in
recursion theory, fine structure, and descriptive set theory in the context of
determinacy.

From these notions of definability, we obtain the canonical functions fr¢m
2¢ to 2* such asx — X/, X — %, andx — x*. Similarly, we obtain the
canonical functions from2to 22 such thai — A9(x), x > Al(x),
andx — 2 N L(X).

We will discuss some attractive conjectures which assert that these
functions are examples from naturally characterized and ordinally
parametrized classes.




Notation

Definition 1 1. Acone of realss a set{y : y >1 X}, for somex.

2. A propertyP on D contains a condf there is a cone of reals all of
whose degrees satisB.

3. Afunctionf : 22 — 2% isdegree invariantff for x andy, if x =1 y
thenf (x) =1 f(y).

For functions fromD to D, we define order preserving on a cone,
constant on a cone, and other notions, similarly.

For degree invariant andg, f > giff {x: f(x) >t g(x)} contains a
cone.

Martin’'s Conjecture

Martin has made the following conjecture: Assugfe+rAD+DC.

I. If fis degree invariant and not increasing on a cone, thenconstant
on a cone.

II. <wm prewellorders the set of degree invariant functions which are
increasing on a cone. If has<y-ranka, then f’ has<y -rank
a + 1, wheref’ : x — f(x)’ for all x.

Martin’s conjecture was prompted by Sacks’s question, “Is there a deg
invariant solution to Post’s problem?”

Though Martin’s conjecture is open, there is a small but interesting
collection of partial results around it.
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Regressive Functions

Theorem 2 (Slaman and Steel, 1988Assume AD. For any degree
invariant function f, if f(xX) <t X on a cone then f is constant on a
cone.

Comments on the proof:

e Use determinacy to obtain a pointed perfecti$etnd a recursive
function{e} such that for alk € U, {e}(X) =1 f(X).

e Give arecursion theoretic argument, analyzing the rate at which ttje
computations to evaluafe} converge, to show thde} is constant on
a cone.

Uniformly Degree Invariant Functions

Definition 3 e We say thak =1 y via(i, j) iff {i}(x) = yand
{ily) =x.

o f :2” — 2”isuniformly degree invarianif there is a point perfect
setU and a functiornt : w x w — w x w such that

VX,y e U[x =t yvia(, j) > f(X) =7 f(y) viat(, j)]

For examplex — x’ is uniformly degree invariant.




Steel’s Theorem

Theorem 4 (Steel, 1982—-88Martin’s conjecture is true when restricted
to uniformly degree invariant functions.

Theorem 4 extends an earlier result of Lachlan, that there is no uniforr
degree invariant solution to Post’s problem. Steel’s proofs are direct (n
straightforward) applications &D.

Steel has made the following conjecture: Assuthe AD+DC.

[ll. Every degree invariant function is uniformly degree invariant.

Becker’s Analysis

Becker (1988) extended the understanding of those uniformly degree
invariant functions which are increasing on a cone. Given a uniformly
degree invariant functiorfi, Becker constructs a pointclaBssuch that for
eachx, f(x) has the same degree as the univergal) subset ofw.

Theorem 5 (Becker) If f is a uniformly degree invariant function, then
f is uniformly order preserving.




Order Preserving Functions

Theorem 6 (Slaman and Steel, 1988puppose that f 2* — 2% is
order preserving and increasing on a cone. Then either,

e Ju < w1[ f(X) =71 x*] on a cone or

o Yo < wi[x* <1 f(x)] onacone.
Theorem 6 follows from a modest extension the following.

Theorem 7 (Posner and Robinson, 1981For any x € 2%, if X is not
recursive then there is a g such thatxg =1 ¢'.

For every nonrecursive sgf X is equivalent to the jump relative to some
setg.

Functions from 2% to 22°

Martin’s conjecture is an assertion that the set of definable and degred
invariant functions from 2 to 2* are naturally parametrized by the
ordinals.

We will now make a similar conjecture for the functions froftd 22°
that share some of the characteristics of maps fxamset ofy € 2¢
such thaty is definable fronx.
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Closure Operators

Definition 8 A closure operatois a mapM : 22 — 22° with the
following properties.

1. Forallx € 2, x € M(X).

2. For allx and for allz, if zis recursive in finitely many elements of
M(x) thenZ € M(x). M(X) is closed under relative computation.

3. For allx andy in 2¢, if x is recursive iny thenM(x) € M(y). M is

monotone.

As in the Martin Conjecture, closure operators can be compared by
eventual pointwise inclusion.
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The Borel Case

Theorem 9 (Slaman) If M is a closure operator such that the relation
y € M(x) is Borel, then one of the following conditions holds.

1. There is a countable ordinal such that M is equivalent to the map
X — {y : yis recursive in ¥}.

2. There is a countable ordinal such that M is equivalent to the map
X — {y: (3B < a)[y is recursive in ¥]}.

3. M is equivalent to the mappe 2.
Herex@ is evaluated relative to a fixed countingeaf

Question 10 Is something similar true undéD for those functiond
such that for alk, f(x) c L(x)?
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REA-operators

Definition 11 (Jockusch and Shore, 1984) e An REA-operatoiis a
function j from 2 to 2 such that there is amsuch that for alk,
j (X) is the join ofx with theeth set which is recursively enumerable

relative tox.

e An a-REAoperator is amx-length iteration oREAoperators, where
the iteration is organized using a recursive presentatien of

Theorem 12 e (Shore and Slaman, 199%uppose that j is an-REA
operator and for all8 < o, ## #1 x. There is a g such that
X+g=t j(9.

e (Woodin)Suppose that x is ncﬁ%. Then there is a g such that
X+0=T1 09.
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What Next?

The proof of Theorem 9 uses the join theoremdeREA-0perators to
work through the hyperarithmetic hierarchy and then applies Woodin’s
join theorem for the hyperjump eliminate any remaining possibilities.

This approach loses momentum as one attempts to use it to work thro
through the ordinals.
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A Counter Point

Kechris has conjectured that Turing equivalence is a universal countal
Borel equivalence relation. If this conjecture is true, then Martin’s
conjecture is false.

15

e



