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Section 14.3: The formal definition

Let’s review partial derivatives:

fi(a,b) = lim Lethb)=f(ab)

h—0 h
1 a,b+h)—f(a,b
fy(aab)zfllli%f( })L f(a,b)

So, you should think of the partial derivative
in the “duck” direction as how much the
function changes as you move from (a,b) in
the unit vector direction “duck”

fy (a, b) =change in outputfasy

changes, with x fixed
AL

fx (a, b) = change in output f
as x changes, with y
fixed

5

AZ fduck(aa b)

Pk
4‘\/* Unit direction “duck”
X
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Section 14.4: Tangent Planes and linear approximations

Tangent line with slope f’'(x,)
going through the point (x,,f(x,))

Let’s recall 1D Calculus: y=f(x) vy

Tangent line at (x,,f(x,)) touches
the graph y=f(x) at only one point
in near (x,,f(x,))

X=X, X
The tangent line is given by ¥ — f (o) = slope(z — o) = % (z — zo)
o

Tangent vector = (dx,dy) = (1, dy/dx)= (1, f’(a))

We want to construct a similar idea for functions of two (or more variables):
The Tangent Plane

iD Output’space
z | — Tangent
" plane
Tangent plane at (x,,Y,,f(x,,Y,)) touches the
graph z=f(x,y) at only one point is near " 2D Input space
(XorYo

(%0, Yo, F(X0,Yo))
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Section 14.4: Tangent Planes and linear approximations

1D Output‘Space

z

-
-
-

Tangent plane at (x,,Y,,f(X,,Y,)) touches the
graph z=f(x,y) at only one pointis near
(X0, Yo, f(Xo,Yo))

2D Input space
How are we going to find an equation for the tangent plane?

y

Idea #1! Do you remember we had a formula for a plane going through the point
(Xo,Yos2,) With normal vector (a,b,c)?

a(x —x0) + b(y — yo) + ¢(z —20) =0 ﬁ;b:lm point (x,y,2)

n —

Realization 1: we know the point P, where the tangent
plane touches the surface: P, = (X,,¥0,20)=(X0,Yo,f(Xo,Yo))

Realization 2: if we had two vectors « and v inthe

tangent plane, we could take their cross product to find
thenormal 7 =4 x U
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Section 14.4: Tangent Planes and linear approximations

Formula for a plane going through the point
(%o,Yo,2,) With normal vector (a,b,c)

a(x —xg) + by —yo) +c(z — 29) =0

Tangent vector with

slope af
A oz
R To,Yo

Tangent point is Py = (X,,Y0,20)=(X0, Yo, (X0 Yo)
How can we find two vectors in the
tangent plane?

Idea #2: We can slice the graph of
z=f(x,y) with a plane y=y,

This gives a purple curve whose y coordinate
never changes and lies on the surface.

So this purple curve is the graph of (x,y,,f(x,y,))

So one tangent vector is

(%,,Y,) gives the slope % of the tangent vector
T0o,Y0 T = (1’ 0 of )

? Ox
at P, lying in the slicing plane T0,Yo

And the x partial derivatiTe of this purple curve at
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Section 14.4: Tangent Planes and linear approximations
a(x —xo) +b(y —yo) +c(z —29) =0

Tangent pOint iS PO = (XO’VO’ZO)=(XO’y0’f(xO,yo) Tangent vector with
slope af
Z A /’ﬂ @
’/ Zo,Yo
’4
Obtain another tangent vector by slicing /’

the graph of z=f(x,y) with a plane x=x,

This gives a purple curve whose x coordinate P, 7 Y

never changes and lies on the surface. \ —>/ |
Yo

So this purple curve is the graph of (x,,y,f(x,y,))

And the y partial derivative of this purple curve at *
(x0,Y,) gives the slope ;l_f of the tangent vector | So one tangent vector is
y
T0.Y0 7= (0?172_5 )
at P, lying in the slicing plane 0,90
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Section 14.4: Tangent Planes and linear approximations

)

Zo,Yo

. - o
One tangent vectoris 4 = (1,0 ) One tangent vectoris v = (0, 1, 33{;

’89:

To,Yo

ii = (a,b,c) =i x ¥ =(1,0,55) x (0,1, 5L) = (=35, = 5%, 1)  check this!

Back to our formula for a plane:

(I temporarily
a(x —x0) + by —yo) +c(z — 20) =0 stopped writing

To,Yo

Substitute everybody in:
— 8@ —wo) + —Z(y—yo) + 1(z — f(z0,%0)) =0

Solve for z (remembering that z;, = f(x,,y,):

Formula for the
tangent plane

z— f(zo,y0) = 52 (x —xo) + 35 (v — vo)

To,Yo Zo,Yo
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Section 14.4: Tangent Planes and linear approximations

Formula for the _af B af B
tangent plane z— f(zo,Y0) = %2 o (x — x0) + By o (¥ — o)
Notice how much it looks like df

— f(xg) = slope(x —x9) = F+~| (r—=x
our formula for the slope of a y = f(xo) pe 0) dx mo( 0)

tangent line:

Example: Find the equation for the plane tangent to z= 2x2 + y? at the input point x,=1 y,=1
Solution: Step 1: find the point on the surface at the input x,=1 y,=1
z, = f(x,,y,)=f(1,1) =2 (1)2+12=3
Step 2: find the partial derivatives at the input point:
f, = 4x so at input x,=1y,=1f =4

f, =2y soatinput x,=1y,=1f =2

Step 3: put them into your equation for the tangent plane: z-3 = 4 (x-1) + 2 (y-1)
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Section 14.4: Tangent Planes and linear approximations
Why stop there?

1d: Slope of a tangent line
f(x) = f(a) + %‘ (x — a) < Equation for Line tangent to f(a)

2d: Formula for the tangent plane

f(z,y) = fla, b)+%‘ b($_a)+g_£

(y—b) < Equation for plane tangent to f(a,b)
a,b

3d: Formula for the tangent “hyperplane”

of of of
— b =L — =L —b “J _
f(x,y,z) = fla,b,¢) + == agatc a) + Dy agyc )+ 52 agzc c)
Equation for hyperplane tangent to f(a,b, c¢)
“n"d: Formula for the tangent “hyperplane”
. 5. 5
f($17 “-xn) - f(a)lj @2 -an)+aa{;- A1, A2 ,..., Elil_al)_Fa:;:fQ [2 75 Y £ > NN E‘::iz—a2)++6—ail A1, a2 ,.-., Eba:tn_an)

(No—I can’t draw it!)
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Section 14.5: The Chain Rule

This is beautiful — Begin by recalling the 1D chain rule:

but it requires some
conceptual thinking.
Let’s go!

t —>|  g(t) —_— x —> f(x) —> Yy

Then if we ask “how does the output y change as we change the input t”,

. dy dy dx
Then we are asking for —% — —<% =
ST ¢ — dx dt
Example 1:
What does mean i Jw
X N What is 5, ?
when more than > f(x,y) >z >_sl) "' What is u o
one variableis Y
involved as input? Example 2:
. x(t) —> X
Many different t < ~ f(x,y) |—> W Whatis dw/dt?
diagrams to draw! i) | —sy —

The book has many examples of diagrams. They are *all* the same thing!

All rights reserved. You may not distribute/reproduce/display/post/upload any course materials in any way, regardless of

whether or not a fee is charged, without my express written consent. You also may not allow anyone else to do so. If you do
so, you will be prosecuted under UC Berkeley student proceedings Secs. 102.23 and 102.25 sethian@math.berkeley.edu




Math 53: Fall 2026, UC Berkeley Lecture 06 Copyright: J.A. Sethian

Section 14.5: The Chain Rule

x(t —> X
t<: (t) ~—
vi) | —sy —

f(x,y) |—> W Whatis dw/dt?

Claim: dt = Change in output w as input t changes = a—w‘i—m + ‘g‘; ili?t/

First question: Why do | write “d” on the left but partial signs O on the right?

llt"

Answer: because w depends on only one variable hence it’s a simple derivative

Second question: What is the meaning of the two terms that are added?:

ow dx
/ Oz dt \
t/> X(t) ——>X\ - e w
\ / (xly)

y(t) —>y
ow dy /
\ o

Answer: they represent contributions from two different paths through the diagram

Third question: Why do we add the contributions from the two paths? First, an example

All rights reserved. You may not distribute/reproduce/display/post/upload any course materials in any way, regardless of

whether or not a fee is charged, without my express written consent. You also may not allow anyone else to do so. If you do
so, you will be prosecuted under UC Berkeley student proceedings Secs. 102.23 and 102.25 sethian@math.berkeley.edu




Math 53: Fall 2026, UC Berkeley Lecture 06 Copyright: J.A. Sethian

Section 14.5: The Chain Rule

x(t —> X
t<: (t) ~—
vi) | —sy —

f(x,y) |—> W Whatis dw/dt?

Claim: Cé—"f = Change in output w as input t changes = a—i’d—f + 6—2’%

Before proving this,
let’s do an example

dw

If w(x,y)=x3y + 3xy* and x=sin(2t) and y=cos(t), find 77

Oy dt

2 /4 / 3 %o 3 _\
(3z°y + 3y*)(2cos 2t) + (z° + 12xy°)(—sint)

3(sin 2t)*(cost) + 3(cos t)4] (2 cos 2t)

Solution: dw dw dx i ow dy

dt Ox dt

+ [(sin2t)® + 12(sin 2t) (cos t)*] (—sint)
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Section 14.5: The Chain Rule

Again: % = [3(sin 2t)*(cost) + 3(cost)*] (2 cos 2¢)+[(sin 2¢)* + 12(sin 2¢)(cos t)?] (—sint)

Note—you could do this the “old way”

If w(x,y)=x3y + 3xy* and x=sin(2t) and y=cos(t), find %

:SLL;:'I::S“ way)- w(z,y) = (sin2t)? cost + 3 sin 2t(cos t)*

CZ—Z) = |3(sin 2t)*(2 cos 2t)| cost + (sin(2t))?(—sint

3(2 cos 2t)(cost)* + 3sin 2t [4(cost)?] (—sint)

They are the same! And the new way is much easier in complicated cases
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Section 14.5: The Chain Rule

Your turn:  w(x,y)=xy*>~x?y x(t)=t2+1 andy(t)=t>-1 Find 4%

Solution: dw _ OJw dzx + ow dy
dt Ox dt Oy dt

P

\
= (y° — 22y)(2t) + (3zy?

\ y
= (= 1% — 22 F 1)(#2 - 1) \\\
3(t*41)( —(t°+1)°
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Section 14.5: The Chain Rule (a flaky proof)
| x(t) —> X

t T~ f(x,y) |—> W Whatisdw/dt?
T | ey —

. dw __ . . _ Owdx Ow dy
Claim: <5 = Change in output w as input t changes = 3~ + By dt
Proof: Step 1: Recall our tangent approximation plane to f(x,y) at an input point (a,b):

f(x,y) = f(a, b)+% (r—a)+3 f (y—b) < Equation for plane tangent to f(a,b)
a,b a,b

Step 2: So we can call w= f(x,y), Ax = x-a, Ay = y-b
Step 3: Rewriting, we have
w(x,y) = w(a,b) —|— 2 (Ax) +

Er ) Aw = 2 (Az) + G2 (Ay)
w(z,y) —wla,b) = 8"“(Afc) =

oy Ay
[ . Aw  Ow Ax Ow Ay This is not much of a
Step 4: Divide both sidesby At <+ = 5, ~x7 + Dy At proof—but gives the
L. d idea of why the terms
Step 5: Take the limit as At goes to zero: %% = 2w dr | a—zj = re added
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Section 14.5: The Chain Rule (onwards!)
A more complicated case

ST 2| x(st) | —x

t >< y(s,t)

| fixy) |— w whatis w9 w9
7

Os ° 0Ot °
> —>Y
Remember:
%—g is “how output w changes as input s changes, holding all other inputs constant”

Step 1: Find all paths through the diagram:

ow s —> s
for L2 X(s,t) —> X
RE Ty | w
t yist) | —svy /)
i i ow __ Ow Oz Ow __ Ow Oy
Path contributions path 5. = Fo 5o path (‘;;J — 81; 2
Add the paths ow _ — dw Oz + ow Oy
0s Ox Os Oy Os

. ow __ Ow Oz Ow Oy
Similarly 8t - 81‘ 8t _|_ 8y at
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Section 14.5: The Chain Rule (your turn)

If w(x,y) = e*sinyand x =st?> and y = s%t find %_1;}

ow __ OJw Ox + ow Oy
s  Ox Os 0s

RS W AN
(

—— = (e siny)(t?) + (e® cosy)(2st
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Section 14.5: The Chain Rule (one more for you)

E > Z 1 A W(V1;V2) -—> W
I |
X3 v3§ U3(X1,X2,X3,X4) —> U3/ V2(Z) %VZ
N
N
X, Ug(X1,X5,X35,%,) | = u,
. w
What is ?
8.5E3

Jw o dw Oz
Again—evaluate all Oxs _‘_dz Oxs

possible paths: Ae \]

! | |

| Ow dwv, n Ow duvo Oz Oun n Oz Ouo n Oz Ous n Oz Oug
| Ovq dz Ovs dz Ou1 Oxs Ous Oxs Ous Oxs Ouy Oxs
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