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Section 16:4 Green’s theorem
For 1D calculus, we had that f; %dm = f(b) — f(a) T

[The integral of the derivative of a function is just the difference
between its values at the two endpoints]

>~<
pull
o~
I
S
S—

Theorem: In more dimensions, we have that
fc Vf - dr=flr(t =0b)] — f]r(t = a)] > X

Conservative: There exists a scalar f(x,y) suchthat V[ = ﬁ(g:, n

|

The vector field [ = (P, () is path-independent

|

So now we'’ve got: B
Given a vector field (P,Q) fC F -dr=0 oOverany closed curve C
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Conservative: There exists a scalar f(x,y) suchthat V[ = ﬁ(g:, n

|

The vector field F — (P, Q) is path-independent

|

—

So now we’ve got:

Given a vector field (P,Q) fC F-dr=0 over any closed curve C
or _ 94
dy  Ox

Example: show that the vector field F = (xy?,yx?) is path-independent

P,=2xy Q,=2xy soyes!!!
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Example: Suppose (P,Q) = (3+2xy, x>-3y?).
(1) Is there a function f(x,y) such that /' = (P,Q) =V f
(2) Find that function f(x,y)

(3) Evaluate fc F.d7r over the curve (' = 7(t) = e’ sint i+ etcost j', 0<t<m

Answer to #1

e OP _ 0Q or oQ
We check to see if 5y = oo 5y = 22 and e = 2x \/
Answer to #2

We try to build f(x,y) through integration. We require that f,=P and f = Q

f,=P == [ f de=[Plx,y)dx ==p f(z,y)= [(3+22y)dr =3z + 2%y + g(y)
So f, = a2+ d%;y) which must satisfy  f = Qwhich =x2-3y? so dg(y)/dy=-3y? so
gly) =-y*so f(x,y) =3x+x’y-y*+C

Since the vector field comes from a gradient, then we need only evaluate at endpoints
Jo Vf - drf= f[i(t =b)] - f[(t = a)] = f(0,—€") — £(0,1)

= (3z + 2%y — y°) ~Br+aty—y’)| =T —(-1)

(Oa_eﬂ)

(0,1)

All rights reserved. You may not distribute/reproduce/display/post/upload any course materials in any way, regardless of

whether or not a fee is charged, without my express written consent. You also may not allow anyone else to do so. If you do
so, you will be prosecuted under UC Berkeley student proceedings Secs. 102.23 and 102.25 sethian@math.berkeley.edu




Math 53: Fall 2025, UC Berkeley Lecture 017 Copyright: J.A. Sethian

So, let’s think about these things in terms of the “dimensions in which they live”

1D input space: Integrate over 1D object Boundary@ is a 0D object Fundamental theorem
f(x): Rt >R! (purple line segment =) b df
Blue axis fa ﬂdm - f(b) o f(a)

> X ——— Y - 3’) —> X Integral of derivative over object
a

= function over object boundary

2D input space: Integrate over 1D domain Boundary @ is a 0D object Fundamental theorem
f(x,y): R2 >R?! (purple curve ) to v A7
- ar
yA Blue axes Ay f ty f
= flr(t2)] = fr(t1)]
‘f(x1:y1) ‘f(xz:yz)
Integral of derivative over object
‘f(xsrys) equals function over boundary
> X > X > X
. ?
Can we go higher? _ Boundary ~—’ isa 1D A fundamental t_h)eorem
Integrate over 2D domain ] A
. ] ] domain f f [derivative of F] dxdy
2D input space: (purple region) [l -
Flxy)=(P,Q): R? >R? B
Ay Blue axes Yy A f vector field F] . dC

(g

Integral of “derivative” over object
equals function over boundary

V.
A g ooy)=(PQ):
> X YES!!! Green’s Theorem
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A fundamental theorem?

Can we go higher? Integrate over 2D domain Boundary isalD >
. i derivative of F] dxd
2D input space: (purple region) [ domain f f [ - I dxdy
Fy)=(P,Q): R2 SR? =
A Blue axes Yy N vector field F] . 4C
y @
S
Integral of “derivative” over object
A \_> %(,YF(P,Q): equals function over boundary
> X >X >X I YES!!! Green’s Theorem

Time for Green’s theorem
Claim: Suppose F' = (P,Q)=Pi+Qj

Let C be closed curve surrounding a region A

Then: — -
o UCF-dr:chda:—l—Qdy:ffA %—?—%—I; d:vdy‘

Wow!

—

The line integral of [' . (7° over the boundary equals the double integral of

[% — 8—y} over the interior
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Green'’s " - _ oQ  oP
Theorem UC F - dr= fc Pdzr+Qdy= | [, [&E 5y } d:vdy‘
Conservative: There exists a scalar f(x,y,z) such that V[ = ﬁ(az, Y, 2)

|

—

The vector F' = (P, Q) path-independent

Recall the loop of equalities: 1

—

Jo F-di=0 overany closed curve C

L]

oP __ 0Q

Jy ~— Oz

| hope you see why this is so satisfying:

(1) If fC ﬁ - dr = (0 then the above loop says [% = %—g}which works with Green’s

(2) If {g? = %{ﬂ then the area integral integrates to zero, so that means fC F-dr=20
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G ! - - - 0 O
Tl:zzl:esm UCF : dT—fCPdﬂﬁ—FQdy—IIA [8—2 — 8—5} d:vdy‘

Before proving it, let’s use it:

Example 1: Let C be the unit circle. Let F= Ty 1+ %j Find fC’ F - dr

(the hard way:) let’s do the path integral fO F - dr

(1) Parameterize the unit circle: C(t) = (cos t, sint),0<t<2n

(2) We have that 7(t) = (cost,sint), so 7/ (t) = (—sint, cost)
L 271' —Y —/

(3) So ch dr = (52, 2) -7 (t)dt

272
= 0% (_821“, Co;t) - (— sint,cost) = 3 fo (sin® ¢ + cos® 1)) dt
= 2 0 "dt=m
(the easy way:) let’s do the area integral f fA [%—f - %—5] dxdy
JIa |92 = 9| dudy = [ [, [§ = 5] dady = [ [, 0050 1wy = 7(1)?
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G ! 3 - L 0 O
Tl:zzl:esm UCF : dT—fCPd33—|—Qdy—ffA [8—2 — 8_5} d:vdy‘

Example 2: Another one: Let C bound the rectangle: (o,z(l:)
— 4
— o 2_.' 9 =2 . . —

F =vy%i+ 2*y;  Find fC’F dr 0.0)

(the Green’s theorem way:) let’s do the area integral | 5= —

5 pd 5
S Sa |52 = 9 dedy =2 [ [}y - y)dyde =2
5

=16 [, (x — 1)dz = 16| (22/2 — z)dz = 16(Z — 5) = (200 — 80) = 120

2
0

(the path integral way)

Jo F-di= [, [Pdr + Qdy] = |, Pdr+ [, Qdy+ [, Pdr+ [, Qdy
= fOl y2dxr + fc2 x?ydy + fOS y?dx + fc4 z2ydy
= [0 because y=0] + f04 25ydy + f50 16dz+ [0 because x=0]

4

2542 /2+
0

(0]
162 = 25 * 16/2 + (—80) = 120
5
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G ’ l = 0 )
Tl::z:esm UC’ F-dr = fC’ Pdx + Qdy — f IA [8_6:3 o B_Igj} d:vdy‘ /gz(x)

Hard to prove in general: let’s do it for region with g;(x) bottom curve 'T\C ’ c,
and g,(x) top curve ¢ A
(1) If we can show that 2 g,(x)
a \ \
Jo Pdz = [ [, =9 dxdy (Ean.*)and [, Qdy = [ [, 99 Judy  (Eqn.*¥) -+ >

then we are done (hint: add them together and you get Green’s theorem)

(2) First we do the area integral in Eqn. *:

[ o= dedy = [0 ][220 =92 ay| de = - [ [P(2,95(2)) = P(z, g1(2))] da

,T‘

(3) Now we do the path integral in Eqn. *:
Second and fourth

fC Pdr = f01 Pdx + war fC’s Pdx + fC‘ dx integrals are zero, since
dx = 0 on those sides ¢

P(z,91(x)) — P(x,g2(x))] d
Equal!

2 P(z,g1(x))dz + [ P(x, ga(a))da = [ |

(4) Similar proof for Eqn. ** shows the other one. So proved!
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16.5: Curl and Divergence

So far, we have established three theorems that relate the integral of the derivative of a
function over a region to the values of the function on the boundary:

Boundary@ is a OD object Boundary @ is a 0D object Boundary ~~” isa 1D
domain

f(x)

T v

i e =IO =1@  _ pr) - fire)) J,Fedi= 52— 92| dady

> X

> X

Amazingly, we can do more —but we need a few more definitions of “operators”

Curl and Divergence
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Suppose I is a vector field in R F(x,y,2) = P(z,y,2)i + Q(z,y,2) j + Rz, y, 2) k

(at every point (x,y,z) in input space, it assigns a three dimensional vector)

: = OR _ 0Q 9P _ OR 9Q _ 9P
We define the curl of F' to be the vector (ay — 920 8: 0z’ o0 3y>

How is anyone supposed to remember this? Note: THIS IS A VECTOR!
Here’s how:

af of 8 of = [ 98f 7, Of 1
(1) Recall that Vf = (%,a—i,a—z) = (a—i 1+ 8_£ 7+ a—ﬁ k)
(2) We can then think of V as a vector operator with components
(6 8 8\ _ (70 , 70 , 1.0

(3) So now we can define the curl as the cross product between ¥ and F'

i 9 k
o 0 0 0
VX F= Dz 9 9z

P(z,y,2) Qz.y,2) Rlz.y,2)
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Let’s look at a simpler vector field: F — (P,Q,R) = (P(z,y),Q(x,y),0) (the zcomponent s zero)
0

(
Then: Vxﬁ:(%—g—%—f) i + (%€ - 28) j +(3_§__P) Ez(0,0,(%—f—%—ﬁ)

Let’s draw a box in the xy plane

%—P = the twisting of the box due to P
Y —_—
If P is bigger on top than the bottom,

then it twists clockwise & N

If P is smaller on top than the bottom, then it twists counter clockwise W

?9—? — the twisting of the box due to Q

If Q is bigger on left than the right,
then it twists clockwise N

If Q is smaller on left than the right, then it twists counter clockwise Y _#

Socurl= V x ' measures how much the vector field twists things
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Lagrange Multipliers

Want to maximize f(x,y) = - [x"2 +y"2]

Let’s plot the level curves:

Seems clear that the
maximum occurs at (0,0).
And the maximum f(0,0) is O

Constraint g(x,y) = 2

Level set k=-9: f(x,y)=-9
Level set k=-4: f(x,y)=-4
Level set k=-1: f(x,y)=-1
Level set k=0: f(x,y)=0

Input space

N7,

Let’s now add a constraint. W&
require that (x,y) satisfy y-x2=2.
So if g(x,y)=y-x?, we are

requiring that g(x,y)=2

[ —

v

>

By adding this constraint, the
maximum now occurs at (0,2), and
the maximum value f(x,y)=-4

This maximum occurs where the
constraint curve touches a level
set exactly once!

Extreme value occurs where normal to the constraint curve points in the direction as the
normal to the level set




: -axis
Chapter 15: Integration ‘ AV y=f(x)
1D Integration: f(x)
f(x)\ ‘
i dx i > x-axis | > x-axis
x=a Xx=b x=b X=a x=b
ff(x)dx = amount of f(x) between x=a and x=b
x=a = area under curve y=f(x) between x=a and x=b
Z-axis -
2D | . f f(Xry) y=d Y'aXiS 4 f(X,y)
ntegration: f(x,y) - & y-axis

y=d x=b b X-axis
[ [ f(x,y) dxdy =amount of f(x,y) between x=a and x=b and y=c and y=d X-axis
y=Cc X=a = volume under surface z=f(x,y) between x=a and x=b and y=c and y=d
f(x,y,2) w-axis w=f(x,y,z)
3D Integration: f(x,y,z) ' Z-axis
é} y-axis
X-axis

7z=f y=d Xx=b
[ fff(x, y) dxdydz = amount of f(x,y,z) between x=a and x=b and y=c and y=d and z=e and z=f
z=e y=C X=3 = volume under graph z=f(x,y,z) between x=a and x=b and y=c and y=d and z=e and z=f



Integration over

h(x)

. . y-axis
weird regions A
f(x,y)
/\/\/\// 5
X=a | b | > X-axis
Choose outer limits of integration first:
x=p 7 y-axis
' A
f f dx ‘ f(x,y)
x=a ?
X-axis
|x=a x=b >
For each value of the outer limit of integration,
find the inner limits of integration: \/\/\<
y-axis —h(x)
~ f(x,y)
x=b h(x) (X)
ﬂ f(x,y)dy dx N
x=a g(x) > X-axis




Other coordinate systemes:

Polar coordinates:
X=r cos (6)
y=r sin (6)

A

de
r
(x,y) ‘/
(S N r
> dxdy=rdrd©

Cylindrical coordinates:

X=r cos (6)
y=r sin (©)
z=2

(r,6,2)=(x,y,2)
7 dxdydz=rdrdO©dz

\

Spherical coordinates:

x=psin (¢) cos (O)
y=psin (¢) sin (©)
z=pcos (¢)

(p,,0)=(x,y,2)

dxdydz=pZsin(@)dpdpdO



Change of Variable: ‘

y
x=x(u,Vv)
B me ] P

du
>

What is dxdy? (What is the magic factor?)

dx 0x
du dv
dxdy = dudv =J(u,v) dudv
dy dy
du dv

xX2.y2 w2v2
[ reeyaxay= ([ et v ywv)w v
ul,vl

x1.y1



Chapter 16: Integration and the fundamental theorem of calculus

. y
Line integrals of a A Curve C=(x(t),y(t))
scalar function f:R?to R \ t=b
t=a f(x,y) defined in
input space
> X

f f(x,y)ds = jf(x’ ) [ (%) 2 4 <%) 2] (1/2)dt
C

z

Line integrals of a 4 Curve C=(x(t),y(t),z(t))
. t=b
scalar function f:R3to R y
t=a f(x,y,z) defined in
input space

> X

]f(x,y,z)ds= jf(x,y,z)[(%>2+<%>z+<%>2] (/2 g4
C



Chapter 16: Integration and the fundamental theorem of calculus ‘

—>
. AY F(x,y)=(P(x,y),Q(x,y))
Line integrals over a
vector field from R2 to R2 Cyrve C={x(t),y(t)) o
\ 4 /
t=
~ —7
> X
: y
Collect all the tang_)entlal A
components T of F along C t=b
t=a
fC F'dT:J Pdx + Qdy
c > X

3D: Collect all the tangential

components 7 of F along C Jo F-dr =f Pdx + Qdy + Rdz

Cc
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And finally y
() 7t = b)
Theorem: In more dimensions, we have that
Jo Vf - dF= f[F(t =b)] - f[F(t = a)] it =a)
> X

Conservative: There exists a scalar f(x,y,z) such that V[ = 13(:1:, Y, 2)

|

The vector field [ = (P, () is path-independent

|

So now we'’ve got: B
Given a vector field (P,Q) fC F -dr=0 oOverany closed curve C
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