u, > X,
u, X2
Ug > X3
u > | F,(uy,u,,us,..u) X4
4 4 12223702

Vi
Jacobian = Vf2

Vf3

V4
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Section 16: Culmination of the Course

This is the chapter when you learn that the fundamental theory of calculus
applies in multi-dimensions, works over far more complex input regions.

y=£(x) K\ |

>

X=3 x=b Curve C(t) = (a(t),b(t), c(t) )

b df 1o —
Lde = (b)) — f(a
fa dx 1(b) = f(a) Multi-Dimensional Fundamental
1D Fundamental Theorem Calculus Theorem Calculus

“integral of a derivative of f(x) over a region” integral of a “derivative of f(x,y) over a region”

“difference of function over boundary” difference of function over boundary

What do any of these words: “derivative of f(x,y)” and “difference of function” mean?
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Section 16:1 We will assemble these ideas in steps...
We begin by defining a vector field:

Definition Let D be a set in R2 (a plane region). A vector field F'(z,y) onR2is a
function F that assigns to each point (x, y) in D a two-dimensional vector

Examples:
F(x,y)= (3x,3y) So atinput (1,0), the vectoris (3,0) So at input (-1,0), the vector is (-3,0)
So at input (0,1), the vectoris (0,3) So at input (0.-1), the vector is (0,-3)
So at input (1,1), the vectoris (3,3) So at input (-1.-1), the vector is (-3,-3)
So at input (0,0), the‘xector is (0,0)
ﬁ Vector length = 31/2

Let’s draw some vectors
in this vector field

<€ >
1,0

Vector length =3
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Section 16:1 We will assemble these ideas in steps...

—

Example: F(z,y) = ——L&

V(@2 +y?)

All vectors have length 1

Let’s draw some vectors in this vector field

//<

vl
N
N

F($ﬂ y) — (_ya ZE)
Vectors get longer the further they are from (0,0)

Let’s draw some vectors in this vector field
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Section 16:1 We will assemble these ideas in steps...

A real life example:

Surfacn Wed on Frdey 12 Oct ot S 551
Unan Sew Leve Sesomy Sotem

From: https://telescoper.wordpress.com/2018/10/12/vector-calculus-weather/
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Section 16:1 We will assemble these ideas in steps...
The same idea holds in 3D:

Definition Let D be a set in R®. A vector field on R® is a
function F' that assigns to each point (x y,z) a three-dimensional vector F' = (F}, Fy, F3)

Examples:

ﬁ(:r;,y,Z) = (—y,z,2) \

We just found
that the first two \
components spin
around the origin V4
in the x-y plane

So it’s the same,

except the z This is hard to
component gets draw—I hope you
steeper and get it

steeper

All rights reserved. You may not distribute/reproduce/display/post/upload any course materials in any way, regardless of

whether or not a fee is charged, without my express written consent. You also may not allow anyone else to do so. If you do
so, you will be prosecuted under UC Berkeley student proceedings Secs. 102.23 and 102.25 sethian@math.berkeley.edu




Math 53: Fall 2025, UC Berkeley Lecture 016 Copyright: J.A. Sethian

Section 16:1 We will assemble these ideas in steps...
Two more definitions---which will be really useful later....

Definition: Given a function f(x,y), we define the gradient fieldas V' f = (f., f,)

(same thing in 3D or more)

Definition: Given a function f(x,y,z), we define the gradient fieldas V f = (f,, f,. f.)

Example: if f(x,y,z)= x2 y3 sin z, find V= (fe: [y [2)

Vf = (2xy° sin z, 22 (3y?) sin z, 2y? cos z)

Definition: we say that a vector field F' is conservative if there exists a scalar
functionf suchthat vV f = F

Example: the vector field F = (2zy° sin z, 22(3y2) sin 2, 22y3 cos z)  is conservative

Because there exists a function f such that V f = F
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Section 16:2 We will assemble these ideas in steps...
Begin by remembering what we meant by a one-dimensional integal:
Question: Find the area under the curve y=f(x) between x=a and x=b

This one wants you to
integrate the area under a Area
function graphed with

& . g . X=a x=g
output against input

Area = fj f(z)dx

Question: Integrate the function f(x) along the x axis between x=a and x=b

. f(x) b
This one wants you to / Answer = [ f(z)dx
) ﬁ
integrate the total X=3 «=b

“weight” of a function

describe in input space. ]
Note that they are the same thing...

We will start with this second interpretation:
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Section 16:2 We will assemble these ideas in steps...

Question: Integrate the function f(x) along the x axis between x=a and x=b

. f(x) b
This one wants you to ‘/ Answer = [ f(z)dx
° ﬁ
integrate the total X=a x=b
“weight” of a function Input space

describe in input space.

Suppose | give you a AY
function f(x,y) f(z,y): R* - R Input space f(z,y): R > R

Now, suppose | ask you ) —

to integrate f(x,y) along the Output space
line segment from (a,0) to (b,0)

In other words, find the total amount” ™ x=b
of f(x,y) along that purple segment

It seems clear that the Answer = ff f(z,0)dx Because y=0 along that segment

Observation: There was *nothing special* about integrating over that line segment!
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Section 16:2 We will assemble these ideas in steps...

. N -
Suppose | give you a finish
. o Input space
function f(x,y) f(z,y) : R° = R c
N\

Now, suppose | ask you Output space

to integrate f(x,y) along the start
purple curve C X=a x=b

It seems clear that the answer should be |”'"**" f(CHac

start

(in other words, we integrate F along little bits dC of the curve from start to finish)

* First we need to describe the curve: let’s parameterize:
c=(x(t)l y(t)); Start = x(tstart)ly(tstart); finiSh = x(tend)ly(tend)

* So now, we have ftt‘f”d f(x(t),y(t))dC

start

* Final question: what is dC? It’s not dC =dt — because we need to scale by arc-length:

dC = \/x2 +y? dt You can think of this as
I the “magic factor”;
tend ),y \/x2 + y2 | dt just like dxdy =|E|dr do

tstart

Called the “line integral” of f along C
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Section 16:2 We will assemble these ideas in steps...

* Let me explain that idea again of “scaling by arc-length”

dC' = /ai +yi dt [l f(a(t),y(t)/aF +yF dt

We’ll go back to 1D to illustrate it:

Version 1: Suppose we integrate f(x) over the line segment from x=0 to x=1
f(x)

Input space / Answer = f;_zol f(zc)da:
ﬁ o
x=0 x=1 = total amount of “f” between 0 and 1

Version 2: Suppose we integrate f(x) over the line segment parameterized by x(t)=t?,0<t<1

Observe: it’s the same line segment. So we should get the same total amount of “f”

dx = 2t dt
Answer = [“71 f(x)dz = [[7) fx(t))2tdt = [/Z) f(t>)2tdt

So, we “scaled by arc-length, which happened when we wrote dx = 2t dt

And for a curve C=(x(t),y(t)), we have dC = \/2? +y? dt
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Section 16:2 Examples end e (t), y(t)\ /22 + y2 dt

tstart

Find the line integral of f(x,y) = x> around the top half of half of the unit circle

First, we parameterize the top half of the unit
circle: x(t) = cos (t), y(t) =sin(t):) O<t<~n

Then, we evaluate the magic factor: dC =|v/ z? + y2| di

ry = —sint, y; =cost — dC = [\/(—sint)2 + (cost)2]dt = 1dt

o T, y(0) [VoF R e =[] feost.sing) [t i

T

:fowcoszt dt:fO7T HCTOS% dt = %+isin2tdt:g
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Section 16:2 More examples

We could find two more integrals, each of which will be important

(1) Find the integral of f(x,y) = x* with respect to x as you move around|the top half of
half of the unit circle:

or
(2) Find the integral of f(x,y) = x? with respect to y as you moye around 1fhe top Ralf of

half of the unit circle

So, question (1) is asking “suppose you move around the curve C, and ask “ what is
total amount of F produced by the changes in x?”

Answer to 1: Jo flz,y)de = [, f(a(t),y(t)) fl—f dt Since dx = (dx/dt) * dt

Answer to 2: Jo fx,y)dy = [ flx(t),y(t)) fl—@t’ dt Since dy = (dy/dt) * dt
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Section 16:2 3D
Everything | just said works in 3D....

Suppose you have a scalar function f(x,y,z):, with curve C given by C(t)=(x(t),y(t),z(t))

A : finish
Input space f(:c,y, Z) R S R
C )

Output space

*—>

flz,y,2): R — R

Then the line integral of f over C is given by

et f (), y(t), 2(6) /27 + YR + 27 dt

tstart
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Section 16:2 Vector Line Integrals

Now it gets funky.... Suppose you had a vector-valued function F(z,y) = (fi(z,y), f2(z, 7))

X fi1(x,y) > X component of the vector field F

Y 3 fa(x,y) > y component of the vector field £’

Surfacn Wed on Frdey 12 Oct o Yo 551
Umsn e Leve Tete ey tomem

And you had a
curve C passing
through that
vector field

What does it mean to “integrate the vector-valued F over the curve C”?
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Section 16:2 Integration of a vector field over a curve C

Let’s start with something simple:
Consider the vector field F'(x,y) = (1,1) and a curve C = the segment from (0,1) to (2,1)

1 z,y) = (1,1)

. PRI
NI

S

What does it mean to “integrate the vector-valued F over the curve C”?

Problem: F is two-dimensional, and the curve C is one-dimensional

Solution: we can talk about the projection of F onto C
Let (%) be a vector that points to a spot on C "
7P ! t

Then 7 /() is tangent to the curve C: unit tangent T = ,ﬂ 101
Then F'- 7 /(t) is the tangential component of F along the curve C

Def: The line integral of F* along C is
[ Fdi=[, F-7'dt= [, F(f(t)-7'dt= [,
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Section 16:2 Vector Line Integrals A
Jo F-df=[, F-r'dt= [, F(r(t))-r'dt=[, F
This is the total amount of tangential component of F along C \ T T T T
Example: Consider the vector field F(x,y) = (0,1)
What is fo F.dr ifthe curve Cis 1

(a) The line segment from (0,0) to (1,0)?

7 (t) = (t,0), Ogtgl—w”’(t):(l,())
[ F-7'dt= [, (0,1)-(1,0) dt=0
(b) The line segment from (0,0) to (0,1)? _
S =, And all this makes
7)) =0.1), 0<t<1-=7'(t)=(01) sense, if you think
[. F F.7! dt = I ( (0,1) dt=1 about F being “work”

(c) The line segment from (0,0) to (0,-1)?
7 (t) =(0,—1), 0<t< 1—>'F”(t) = (0,—-1)

[ F-#ldt=[. ( 0,—1) dt =~
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Anextraslide: [ F.df= [, F.-7'dt= [, F(Ft)-7'dt= [,

Let me explain where the above expression comes from:

Along a give curve C, we want to integrate the tangential component of a vector field F

So that means we want to compute fc F.T , where F© is the vector field and T is the
unit tangent (that means, the unit length tangent vector to the curve C)

Let’s work backwards:

(a) we describe the curve C by the vector r(t), parameterized from beginning to end
(b) we want to integrate [ . T over the curve C, so we need to use
arc-length in order to integrate over the parameterization Curve C

tend —’ tend = ) /
f tstart ( )]dt tstart BT [ xt + yt ]d
(c) the unit tangentvectoris (1) _ _ (1)

IO a2 4y2 7
I . Parameterization

(d) substltutlng back in, we have >

tend ! tend =, —

f tstart T \/% WVa? +yildt = [, . F (1) -7 dt

(e) which is what we have on the top line.
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Section 16:2 Integration of a vector field over a curve C

One more thing:

Def: The line integral of £ along C is

We now show how to do line integrals in “pieces”

Step 1: Let F' = (P(z,y),Q(z,y)) So P and Q are the two components of the vector field £
Step 2: We also have that +'(t) = (z '(¢),y '(t))

Step 3: So that means

Jo Fedi= [ [Fa)yt) [ ot = Jo [(P.y), Q.v)| @ 1)y @) |at

= [, Plz,y)z'(t) dt+ [. Qz,y)y'(t) dt
= [, Py dz+ [, Qz,y) dy
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