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Review of last lecture:

f(xo+ha,yo+hb)—f(xo,y0)
h

A

where u is a unit vector with components z=f(x,y)
i=(a.b) i =1 \@/ y

7 1 fulxa¥o)=what happens
_.~~—> tothe output as you
(XoYo) = move in the direction u

(1) Definition: Da‘f(ﬂfo,yo) = lim
h—0

(2) And we found that:
_> o
- U

D, f(x,y) =Vf

H .
(3) What direction makes D, f(z,y) = Vf -4 the biggest?

— —
Since Dy f(x,y) =Vf-u=|Vf| |u|lcosb
This is biggest when cos 6 = 1 which happens when

Vi and 4 pointin the same direction!
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Let’s use these new ideas to think abﬂ;t tangent planes again

(1) Consider a function of 3 variables: w = f(x,y,z) R? — R!

(2) Requires four dimensions to graph y

(3) Let’s look at the level set 18 = f(x,y,z) which is the set of all
input triples (x,y,z) that get sent to the output w=18

(4) We can draw that surface in input space

X
/ w=f(x,v,2)\

Output space
@ > W
Input w=18
x Space

Input
space

Surface of all points
in input space sent
to 18

(5) Let’s find &' nice expression for the tangent plane to this level surface at input point
P=(x0,yo,zo)
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Step 1: Imagine a curve )
w=f(x,y,z)

r{t)=(x(t),y(t),2(t)) on level \é/o\

surface: all inputs sent to Output space

output 18 ® > W
Input w=18

So f(x(t),y(t),z(t)) = 18 x Space

Step 2: Let’s differentiate both sides with respect to t
of d of d of d
& [F(e(®),y(8), 2(0)] = 4 [18] o de | O dy | O dz

of df 9 de dy dz =7 - — ,
(G550 5) - (% 9. %) =0 mmmd TF77/(t) = 0 Attty V(1) -7 (1) = 0

—
Step 3: Vf(tg) - 7 '(tg) = O says that the gradient is perpendicular to the tangent to
every curve in the 18 level set passing through P = (x,,y,,Z,)

—
Step 4: Ah ha! So V f(zq, 0, 20) is normal to the tangent plane at the point P=(x,,y,,z,)

Step 5: Remember that the tangent planeis | a(z — zo) + b(y — yo) + c(2 — 2p) = 0

So here is our snappy new formula for —
a plane tangent to the level surface at V f(xo, Y0, 20) - (¥ — %0,y — Yo,2 — 20) =0

the point (x,,Y,,2,)
fz(0, Y0, 20)(x — o) + fy(20, Y0, 20) (Y — Yo) + f2(T0, Y0, 20)(2z — 20) =0
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Section 14.6: Let’s review what just happened: The gradient and tangent planes

—
So far, we have defined: D;f(z,y) = V[ - 4= [standing at input point (x,y), this
measures the change in f as we move in the direction # ]

And, we have found that f changes the most if we move in the same direction # as the

___>
gradient Vf

-

output

z=f(x,
. (x,y)

Input direction that changes
the output the most

VF = [fa(z0,0), £y (0, 50)]

—

(Xo,Yo)

input space

All rights reserved. You may not distribute/reproduce/display/post/upload any course materials in any way, regardless of

whether or not a fee is charged, without my express written consent. You also may not allow anyone else to do so. If you do
so, you will be prosecuted under UC Berkeley student proceedings Secs. 102.23 and 102.25 sethian@math.berkeley.edu




Math 53: Fall 2025, UC Berkeley Lecture 08 Copyright: J.A. Sethian

Section 14.6: The gradient and tangent planes

Claim: for any function f(x,y) or f(x,y,z), [more generally, f: R" — R!]
The gradient at input (x,,Y,,z,) is orthogonal to the level set passing through (x,,y,,z,)

Wow! What does this even mean? ZA z=f(x,y)

(1) We have a function

(2) At an input (x,,y,) we have an output < output

(3) At an input (x,,y,) we have a gradient k=2,=F(X,,Y,)

(4) At an input (x,,y,) we also
have a level set corresponding

. P .
to all inputs sent to the same , : V/
output. :
= 0
(5) And we have a tangent to that (‘)x,‘ orthogonal!!!

level set at the input (x,,Y,)

' X
And | am claiming that tangent and gradignt Input space

are orthogonal!
k level set = set of all input

_ Tangent to level curve at (x,,y,)
points sent to output z=k
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Claim: for any function f(x,y) or f(x,y,z), [more generally, f: R" — R!]
The gradient at input (x,,y,,2,) is orthogonal to the level set passing through (x,,y,,z,)

* First, what does everything mean?
* Given a function f(x,y), input space is 2D y

* Given a point (x,,Y,) in input space, —
we evaluate the function at the input:
that is, let w, = f(x,,y,)

(Xoryo)

* What other points besides (x,,y,) in input space
input space get sent to output w, =

f(X,,Y,)? This would be the w, level set. 4

* We could also ask, standing at (x,,Yy,),
[IN INPUT SPACE!!!] what direction (p¥ol
increases the output jge most?
This is the gradient V f

Here come the proof:
Step 1: Along the level curve, the output doesn’t change, so D f(xg,yo) = 0 when
« is tangent to the level curve at (xo,yo)

e
Step 2: So Dz f(xo,y9) = Vf -4 =0 so & mustbe orthogonal to Vf DONE!
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The gradient at input (x,,Y,,2,) is orthogonal to the level set passing through (x,,y,,z,)

Example: Find the equation of the line tangent to the curve x2 + 4y? = 20 at input point (2,2)

Solution: We attack this problem by Ya Z4
turning the curve into the level set of a (2,2) \t <y 20 = flxy)
higher dimensional function. Once we do ®—>x_’
this, we will know that the tangent at X
input space Output against input

(2,2) is orthogonal to the gradient.

Step 1: Let f(x,y) = x2+ 4y?

Step 2: Then the “20” Iev_e)l set is the set of all input points sent to output “20”.

Step 3: So the gradient Vi = (2x,8y) = (4, 16) is orthogonal to the tangent line at input (2,2)
Step 4: So the tangent line goes through (2,2), and is orthogonal to the normal vector (4,16)
Step 5: But wait! We know the formula for a line going through (x,,y,) with normal n=(a,b)

i (z— 20,y —yo) =0

4(x-2) + 16 (y-2)=0
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The gradient at input (x,,Y,,Z,) is orthogonal to the level set passing through (x,,y,,z,)
...and this all works in 3D as well (and higher)

Find the equation of plane tangent to the ellipsoid x2/4 + y2 + z2/9 = 3 at input point (-2,1,-3)

input space
Solution: We attack this problem by ZA (2,1,-3) wa
turning the ellipsoid into the level set of a . S =)
higher dimensional function. Once we do x_’ y
this, we will know that the tangent plane X

at (-2,1,-3) is orthogonal to the gradient. Output against input

Step 1: Let f(x,y,z) = x2/4 + y% + 22/9

Step 2: Then the “3” Ievﬁet is the set of all input points sent to output “3”.

Step 3: So the gradient V[ = ((1/2)z, 2y, 2z/9ﬂ = (—1,2,-2/3) is orthogonal to the

tangent plane at input (-2,1,-3) (—2,1,-3)

Step 4: So the tangent plane goes through (-2,1,-3), and is orthogonal to the normal vector

(-1,2,-2/3)

Step 5: We know the formula for a plane going through (x,,y,,z,) with normal n=(a,b,c)
n-(x— 2o,y — Yo, 2 — 20) = 0 eom—)  _1(x+2) + 2 (y-1) - 2/3(z+3) =0
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Section 14.7: Maximum and Minimum values of Functions

Definition: A function of two variables has a
local maximum at (a,b)
if f(a,b) 2 f(x,y) when (x,y) is near (a,b)

input space

Definition: A function of two variables has a
local minimum at (a,b)
if f(a,b) < f(x,y) when (x,y) is near (a,b)

input space Output against input

Definition: A local maximum at (a,b) is an absolute maximum if f(a,b) is greater than or

equal to f at every other point in input space fab)
a,

N.B.: There can be more than one absolute maximum A
---if they have the same value
f(a,b)=f(c,d) > f(e,f)

f(c,d)
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If f(x,y) has a local maximum at (a,b)
and continuous partial first derivatives,
then f,(a,b)=f(a,b) =0

input space Output against input

We prove that f,(a,b)=0
Step 1: Let g(x) =f(x,b).
Step 2: So g is a function of one variable, and has a maximum at x=a

Step 3: So that means that

dg(z,b) = fz(a,b) =0 DONE!

r=a

[Same proof for showing that f (a,b) = 0]

Definition: Given f(x,y), a point (a,b) is a critical point if f,(a,b)=f(a,b)=0
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Section 14.7: Maximum and Minimum values of Functions

Enough! Let’s do some examples:

Example: Find the critical points of f(x,y) = x>+ y2—2x — 6y + 14

Solution: f,=2x-2 sof,=0whenx=1 | So there’s one critical
f,=2y—-6 sof, =0wheny=3 point at (1,3)

Example: Find the critical points of f(x,y) = (1/3)x3-(3/2)x? + 2x + (1/3)y3 - (5/2) y?> + 6y + 85

Solution: f =x2-3x+2sof, =0 whenx=1o0rx=2 So there’s four critical points
f,=y?-5y+6sof =0wheny=2o0ry=3 : (1,2), (2,2), (1,3) and (2,3)

Fine. How can we tell if a critical point is a maximum or a minimum?
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Section 14.7: Maximum and Minimum values of Functions

How can we tell if a critical point is a maximum or a minimum?

Good old-fashioned 1D: v=Hx)  x=a is a critical point
f(x=a)=0

f.(x=a) >0

X=a

Unfortunately, it’s not
as simple in 2D:

The painful example: A saddle surface.

At the red critical point,
f.(red_point) =f (red_point)=0

But
f.(red_point) >0 and f  (red_point) <0

And this point is neither a minimum nor maximum! e =
We need a different test to determine if maximum or minimum
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Section 14.7: Maximum and Minimum values of Functions

The “D” test to determine if maximum or minimum

Suppose the 2" partial derivatives of f(x,y) are continuous on a disk around (a,b)
Suppose f,(a,b) = f (a,b)=0 (in other words, (a,b) is a critical point)
Let D=D(a,b) = f,,(a,b) * f, (a,b) - [ f,(y(a,b)]2 [Don’t worry—no one can remember this!]

Then

(a) If D(a,b) >0 and f , (a,b) >0 , then (a,b) is a local minimum
(b) If D(a,b) >0 and f,, (a,b) <0 , then (a,b) is a local maximum

(c) If D(a,b) < 0 then it is neither a local minimum nor a local maximum
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