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ABSTRACT. Basing on a sheaf O with a fixed section 1 on a manifold M we intro-
duce the notions of the de Rham, cyclic and Hochschild cohomological complexes
of the Alexander—Spanier type for M with coefficients in @. We show when these
complexes are quasi-isomorphic to the usual cohomology of M and how to build
cocycles for these complexes basing on cocycles for M. If O is a sheaf of algebras
with a trace on the ring A of global sections, we construct mappings from these
complexes to the corresponding cohomology of A. In the case of the ring of pseu-
dodifferential operators these mappings are isomorphisms if we consider cyclic or
Hochschild complexes.

Moreover, for an arbitrary sheaf of algebras the Hochschild complex of the alge-
bra of global sections has a natural structure of a module over the cohomological
Hochschild complex of the base (with a natural product). On the level of cohomol-
ogy we get an analoguous fact: algebraic Hochschild cohomology is a module over
cohomological ring of the base. In the case of the sheaf of differential operators we
show that this module is a free module with one generator and build this generator.

These two descriptions are compatible with known descriptions of the cohomol-
ogy for corresponding algebras, however they provide also explicit constructions of
cocycles. We also construct a lot of cocycles for Poisson algebras, what generalizes
the Gelfand—Mathieu construction [?GelMat| to the case of an arbitrary Poisson
manifold.
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0. INTRODUCTION

In the last couple of years there was a big progress in construction of cocycles
for non-commutative algebras with local multiplication. In fact the first results in
this direction were achieved a long time ago, when there appeared a description
of cohomology of algebras of differential or pseudodifferential operators ([?Brycet],
[?wod|). However, these description were nonconstructive, so the first sign of the
progress was the description of one particular Lie-algebraic cocycle of the Lie algebra
of pseudodifferential operators with a use of the symbol for log 0| ?khekra].

It was a very easy task to pinpoint the topological origin of the Khesin—Kravchenko
construction, and it seems now that the generalization of this construction is a com-
mon knowledge between specialists. The description of the cohomology obtained in
the “ancient” papers [?BryGet|, [?wod] shows that there is a tight connection between
the cohomology of the support of the algebra and the cohomology of the algebra
itself. So the generalizations assign to a topological cocycle of some kind an algebraic
cocycle. The best candidates for that are Cech cohomology and de Rham cohomology.

The discussion below has two targets: to give the simplest examples of the cocycles
we will obtain later and to provide the reader with euristics why these cocycles are in
the best cases nontrivial. We do not restrict ourselves to be absolutely correct with
the second target, therefore the reader who needs proofs should skip all the vague
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arguments like “if some conditions of non-degeneracy are satisfied ... ”. However,

even in this section any construction of cocycles is still correct, hence even the most
demanding reader can get something if he will not skip to the section 1.

0.1. A construction of 2-cocycles. Let us give a construction of a 2-cocycle
as an example. Consider a manifold M over a field k and a sheaf O of associative
algebras with units on M. Let A be I' (M, O), and suppose that there is a trace on
the algebra A, i.e., a linear functional Tr : A — k such that

Tr (ab—ba) =0

for any two elements a,b € A. The best example would be the sheaf D of differential
operators, however, this sheaf allows only trivial trace Tra = 0. We will explain how
to correct this deficiency later, when we use pseudodifferential operators.

We can consider (though approximately) a differential operator or a pseudodif-
ferential operator as a function on a cotangent bundle. In the same way the trace
on pseudodifferential operators is an analogue of integration of functions on a sym-
plectic manifold. Therefore the reader should now imagine that there is some non-
commutative deformation of the sheaf of functions on a manifold, and that the inte-
gration of functions deforms to a non-trivial trace on this algebra. Or, if the reader is
too recalcitrant, he should consider instead any sheaf of algebras with a global trace.
What we want to do is to construct a morphism from H! (M, k) to HZ, (A, k). As
we see below, in good cases this morphism is an isomorphism.

We stole the following innocent statement from |[?Kneskrasicoc| (though it is present
there only virtually): let X € A and ¢': A — k given by

(0.1) A TrX A

be a 1-cochain for A (here we consider, say, cochain complex for the Lie algebra that
correspond to A). Then we can rewrite a coboundary of ¢!

dc': AQ A—k: (A,B)— Tr X - [A, B
as
(0.2) dc' (A,B) =Tr[X, A] - B.

Let us note that we can represent any l-cochain on A in the form (0.1) if the
trace on A is “sufficiently nondegenerate”. Therefore under this condition of non-
degeneracy any 2-coboundary for A can be written in the form (0.2). Moreover, the
cochain (0.2) is remarkable by its locality property: let us call a 2-cochain ¢? local if
there is a mapping

X:0 5 0:T({U,0)3 ¢ X(p) €T (U,0)
such that ¢? (4, B) = Tr X (A) - B.

Label equ0.3,

Label equ0.6,
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It is clear that on local cochains the closeness is a local property: if we have
a covering {1 of M and a set of closed local cochains on O|y, U € 4, that are
restrictions' of some global cochain, then this cochain is also closed. The following
step we want to do now is to construct a local cochain that does not correspond to
any global section X. By the locality property it is closed, and since it does not
correspond to any section, it cannot be a coboundary. Therefore it is a nontrivial
cocycle!

Moreover, we want to do it for an arbitrary class in H' (M,k). We want here
to consider a geometric realization of this cocycle as the intersection index with an
(coorientable) hypersurface H C M. Consider a pair of tubular neighborhoods Uy,
U of H such that U; C U and a section X; on U that is identically 0 near one
boundary of U and identically 1 near another. Let X, be a 0 section on M ~ Uj.
The sections X5 define by (0.2) two local cochains on their domains,? and these
cochains “coincide” on the intersection of these domains. As we explained it above,
that determines a cochain on M, and in order this cochain to be a coboundary, the
section X; should extend to the entire M as a local constant (i.e., as a section in
k C O). We can write this cochain as

(M, X1,): (A,B)—»TrX(A)-B, X(A) ¥[X, A

In the definition of X we should take a different function X; or X, depending on
the region of M we are currently in—the result X' (A) does not depend on the choice
anywhere a choice is possible.

If H divides M into two parts, then X; can be extended into one part as 0 and into
another as 1. However, in this case H represent a trivial cohomology class. Therefore
we constructed a promised mapping

Hl (M> k) - Hﬁie (A> k)

The cheating in this construction is the choice of the section X;. If O is indeed the
isomorphic as a sheaf to the sheaf of functions, and M is a C°°-manifold, then there
is no problem in providing such a section. Otherwise the notion of such a section
is correctly defined (since A4 is an algebra with unity, there is a constant subsheaf
k C O, so there is a notion of section being locally 0 or locally 1), but to find it we
need some additional “nice” properties of the sheaf O, like O being soft.

We can consider X 5 as a (global) section of the sheaf O/k. Then the discussion
above can be rewritten in one phrase: the mapping

X:0—-0:A— X, A

T.e., a local cochain coincides with the global on local sections with compact support, and such
sections for different U generate the set of global sections.
2More precise, on the rings of global sections with compact support on their domains.
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is correctly defined even in the case when X is not an element of A =T (M, O), but
an element of I' (M, O/k), and the sequence

0—=k=T(Mk) - A=T(M,0)—T(MO/k)— H (M,k) = H (M,0) — ...

is exact. However, as the following generalization shows, this abstraction is too
concrete to sustain useful modifications.

0.2. 2-cocycles for pseudodifferential symbols. As we will see later (when
we give a precise definition of a pseudodifferential symbol on a circle), this ring is a
ring of global section over a product of two circles: one ordinary, another infinites-
imal. This manifold has 2-dimensional space H', therefore we can construct two
2-cocycles. However, this two 2-cocycles correspond to different geometrical objects
(since the radii of the circles are so different), therefore we need two slightly different
constructions.

Example 0.1. Consider the sheaf of pseudodifferential symbols on a circle S*. We
consider them as “functions” ¢ (x,£) on the cotangent bundle T*S!. In fact these
functions are just asymptotic expansions when & — 0o, so they are defined on the
infinitesimal neighborhood of the infinity in the cotangent bundle. There are two
classes in H' of this manifold: one corresponds to a hypersurface v = const, another
one to

§ = a very-very big const .

Consider a first one of these two classes and the corresponding function X;. We
can suppose that X, depends only on x, and that it has a “jump” near the point
x = 0. Now we want to expand X; to be as near as it is possible to a function on a
circle, i.e., a function with period 1. This function (where defined) is 0 if © < —c, is
1 if x > c. Let us extend it as 0 on the interval —1 4+ ¢ < x < —c and as 1 on the
interval ¢ < x < 1 — ¢. Now this function is already non-periodic, but it satisfies the
relation

Xi(z+1) =X, (z)+1

instead. Moreover, we can uniquely extend it to a function X, on the entire line
leaving this relation true. However, since for any function A (z,§) with period 1 in x
the expression

|:3(le A:|
is periodic with period 1, we can still apply the formula (0.2) and get a 2-cocycle

(A, B) = Tr [ Xy, A] - B,
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(And we do not need to know the precise law of multiplication for pseudodifferen-
tial operators, the only thing we need to know is the translation-invariance of this
multiplication.)

However, we can still simplify this formula a lot. Let as note that an addition of
a periodical function to X, results in changing this cocycle by a coboundary, as the
formula (0.2) shows. Therefore we can substitute the function x instead of X (z),
since X, (z) — x is a periodical function. We result in the following formula for a
cocycle:

(A(z,&),B(z,6))— Tr[z,Al- B= —Tr% - B.

Example 0.2. To deal with the second case is a little bit more tricky, especially
since we cannot formulate precisely what we mean by “a very-very big const”. Let
us proceed first as in the first example. Consider a hypersurface & = const and a
corresponding function X;. The big problem is that the functions we consider should
also have good symmetry properties. In the previous example they should have been
invariant with respect to translation in x, here they should have a good decomposition
with respect to the action of expansions in £, as the definition of a psudodifferential
symbol shows.

One way to circumvent this is to consider a family of surfaces that are “approxi-
mately invariant” with respect to expansions in &, say

£ =const-af, keZ a>1.

The corresponding function X, is locally constant away from these surfaces and has
a “jump” 1 near any one of them. This modification is in direct analogy with the
step from a locally defined function X to an “almost periodical” function X;.

This function X satisfies the property

X (aFg) = X1 () + &

of “almost-invariance” with respect to a discrete group of expansions. If we consider
instead of a discrete family of hypersurfaces a “continuous family”, or if we take the
limit o — 1 with the corresponding scaling of X1, we get a function

X (§) = logé.

If the reader believes what was discussed so far, he should understand now that the
formula

(A, B) — Trllog&, Al - B

is correct, defines a cocycle for Lie algebra of pseudodifferential operators, and that
this cocycle cannot be a coboundary (since log¢ is not a pseudodifferential symbol).
Moreover, it should be clear that the classes of two defined cocycles are linearly
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independent, since no linear combination of x and log& is simultaneously periodic
and a sum of homogeneous in & functions.

Remark 0.1. The second cocycle has certain advantages comparing with the first.
While the first cocycle is trivial after restriction on the ring of differential operators,
the second one gives (the only nontrivial) 2-cocycle for this ring. This is a reason
why the much simpler first cocycle was missed so far—and while it is discovered, the
discussed in this paper theory becomes almost obvious.

We want to note also that though it is possible to consider the second cocycle on
differential operators only, to define it we need pseudodifterential symbols.

0.3. 3-cocycles and 4-cocycles. Here we want to construct a generalization
of the above construction to higher codimensions. Again, we want to begin with
constructions of (local) cochains and coboundaries.

Call an n-cochain ¢ on A a local cochain if

c(Ay,...,Ay) =0if ﬂ Supp 4; = @.
i=1
Suppose that the sheaf of algebras O is isomorphic to a sheaf of functions on M. In
this case such a cochain is just a skew-symmetric generalized function with a support
on a diagonal in M". Locally we can write any such function (i.e., a functional on
the space of functions) as a linear combination of the terms

A ® @A, s TrAIRDLA, - .. - DA,
and
Al XX An — Tr Alt DlAl S Dn—lAn—l . foAn,

where D; are differential operators without a term of degree 0, and f is a function
on M. Now suppose that the product on O is a deformation of the commutative
product on the sheaf of functions with respect to a non-degenerate Poisson structure.
In this case we can write the operator D; as a composition of vector fields, i.e., of
Poisson brackets with functions on M. We can see that in this case we can write any
local cochain as

Ar@-@ Ao TAL [FL [ (A A [ [ [ Aun]]] - fodn,

or as the analogous expression without f;. Now we can write any commutator as a
difference of products, therefore any such function can be written as

Therefore we obtained a general formula for local cocycles, and we can write a general
formula for local coboundaries (all under the above assumptions). If we avoid the
question of a local cochain being a coboundary, but of non-local cochain only, then
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to construct a non-trivial cocycle we can try to find a local coboundary that is not a
global coboundary. To do this we need to fix a geometrical realization of a class of
cohomology on M, say a submanifold in M.
Suppose that codimension is 2. Let X;, X5 be two functions on M. Consider a
cochain
C%Xi} (Al, Ag) =Tr Alt Xol . ATl . ng . ATQ.

o,7€ES2

Then we can write a coboundary of this cochain as

1
dc%Xi} (A1, A9, Apyr) =Tr Alt (— Xy, Ar] - [Xoy, Ary] - Ar,

(03) X 0€G,7€63 \ 3

+ E [A7'17A7'2] ' [X0'17X0'2] 'A7'3> :
Suppose that codimension is 3. Let X;, 7 =1,...,3, be functions on M. Consider a vrabel equo.1o,
cochain

C?Xi} (Al, AQ, A3) =Tr Alt Xol . ATl . XU2 . ATQ . )(C,3 . ATS.

o,7T€EG3

Then we can write a coboundary of this cochain as

1
Aty (Av,. o A =Tr_Ale <Z (X An] - [Xoy, An - Ay,
1
(O'4> + E [X0'17A7'1] ' [Acrzv AUS] ' [X7'27X7'3] ’ AT4

* % [XTI’XT2] ) [Agl’AUQ] ’ [X0'37AT3] ’ AT4) .

Now we want to show that (at least in some particular cases) we can use these two Label equo.11,
formulae for generation of cocycles, and we can hope that in reasonable cases these

cocycles should be non-trivial. We see that in a formula for a local coboundary in

the codimension 2 and 3 any occurence of X; is in the form

[ X, something] .

Therefore if we know X up to a (locally defined) constant only, we can still use
these formulae and we get a cocycle. If we cannot find global X; with the specified
non-constant part, then there is a big hope that this cocycle is non-trivial.

Now consider a submanifold S of codimension n in M and let us try to repeat the
above construction in these conditions. One particular case is when this submani-
fold is a complete intersection in its neighborhood. We mean that we can construct
hypersurfaces H;, + = 1,...,n, in a neighborhood of S such that M is a transversal
intersection of H;. Now let X; be the functions with a change 1 in a narrow neigh-
borhood of H; and locally constant far from it. Consider the right-hand sides of the
formulae (0.3)-(0.4). They define some (n + 1)-cochains of A. Indeed, though X; are
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defined only in a neighborhood of S, but the function under the trace sign is non-zero
only in a smaller neighborhood. Therefore we can extend it everywhere as 0 and take
the trace.

In the same way as above what we get is a cocycle (since locally it looks as a
coboundary). If the class of S in H™ (M, k) is non-trivial, there is a big hope that we
get a non-trivial cochain.

Example 0.3. Let us combine the two discussed above examples of cocycles to con-
struct a 3-cocycle for pseudodifferential symbols. We get the following formula:

0A 0B
A B,C)—Tr | — [l Bl-C -1l Al-—-C).
(48,0 T (52 foge B €~ o 4 5 -
This cocycle corresponds to the intersection of the plane x = const with the plane
¢ = const, i.e., to a cohomological class of a point.

0.4. Higher dimensions. In the case codim > 3 we do not know if we can write
a differential of a local cochain in a form similar to (0.3)—(0.4). However, it is not
necessary. Let X;, i =1,...,n, be functions on M. Consider a cochain

Axgy (A, An) =Tr Alt Xo - Ay - X, - Ay

o,TES),
Then we can write a coboundary of this cochain as

(0.5)
deiyy (Arye Ay Anp) = 2T Alt Ay - Xy - Ao Xy, - A

-
0€6,,7€6 41 ntl

Now it is very easy to see that if X; = const, then the alternation vanishes. There-
fore we can substitute a section of O/k instead of X in this formula, therefore any
argument above is still applicable. Again under some non-degeneracy conditions any
cochain can be written as a linear combination of such, therefore there is a hope to
write down a cocycle that is locally of the same form. What does the word “locally”
mean here? We can see that if any one of X, vanishes in a neighborhood of some
point, then the expression under the trace sign vanishes there. Therefore we can
consider a function X; ® ---® X,, on M x --- x M:

X1 @@ Xy (ma, .o omy) = Xy (ma) - X ()

This function uniquely determines the corresponding cochain, moreover, the above
remark on locality shows that it is sufficient to know this function in a neighborhood
of the diagonal. So “locally” means exactly this consideration in a neighborhood of
the diagonal.

The only problem now is what to do with the case of when S is not a local inter-
section. In less demanding cohomological theories we could consider a decomposition

Label equ0.12,
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of unity. To do this in our case we should put some cut-off functions in the formu-
la (0.5). However, there are too many places to “put a horse into”, therefore it is not
so easy to do this in such a way that the result will remain closed. Another problem
is that we have too many degrees of freedom: we can get a mapping of cohomology
groups, but this mapping is too far away from the “cohomological dream”, when we
have mapping of complexes themselves.

0.5. The appearing of Alexander—Spanier theory. One of the possible con-
structions is the use of Alexander—Spanier theory as a source for the initial cocycle
on M. Consider the construction of a 2-cocycle basing on a section of O/k. This
section is essentially a closed 1-form on M, if O is the sheaf of functions. In fact we
can write the basic element [X, A] from (0.2) as

X-A1-1-A-X.

In both terms A is in between, therefore we just consider the action of the element
1 X-X®1 € A®Aon A € A with respect to the usual left-right action. Now come
two crucial observations: if we change X by a constant, the element 1 ® X — X ® 1
does not change, and we need to know 1 ® X — X ® 1 only on a neighborhood of a
diagonal in M x M (we consider A ® A as sections of O X O on M x M). Indeed,
if an element of A ® A is zero in a neighborhood of the diagonal, it acts as 0 on \A.
Hence this element of A® A (i.e., a section of OO on M x M) is correctly defined
in a neighborhood of a diagonal if X is defined up to a locally constant section.

Therefore we come to the following construction: basing on a section X € I' (M, O/k)
we get a section 1@ X — X ®1 of OXO in a neighborhood of diagonal in M x M. How-
ever, this section is just a representation of dX in the Alexander—Spanier complex.
What remains to do is to find a more natural place for B from (0.2) and construct a
generalization to the case of cocycles of higher order (this is a definition of “strange
pairing”).

So the topic of this article is a strange observation that while there is a big ambigu-
ity in a construction of the mapping from the, say, Cech complex to a cyclic complex,
this ambiguity is washed out if we start with an Alexander—Spanier complex. That
means that, in fact, all the ambiguity is lying in the step from the Cech complex to
the Alexander—Spanier one.

We remind here several useful mapping (including ambiguities) from various topo-
logical complexes to the Alexander—Spanier one and construct a canonical mapping
from the latter complex to the cocyclic complex. (This in fact gives us also a map-
ping to the Hochschild complex and the Lie-algebraic one.) A remarkable property
of this mapping is that it does not depend on the structure of the algebra, only on
sheaf-theoretical structure of the corresponding sheaf.

We also show that the described set of cocycles give the entire cohomology of the
corresponding algebra in cases when this cohomology is known.
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I am indebted to a lot of people for fruitful discussions and inestimable help,
among them I. M. Gelfand, A. Goncharov, D. Kazhdan, B. Khesin, M. Kontsevich,
O. Kravchenko, H. McKean, A. Radul, B. Tsygan. Another approach to what is
done here is contained in the resent works of B. Tsygan. In these papers the cyclic
cohomology is connected with the Atiyah—Singer theorem of index.

These papers together with what is written here suggest that it is interesting to
try to rewrite some “standard” proof of this theorem using the Alexander—Spanier
cohomology instead of the usual one.

1. ALEXANDER—SPANIER COHOMOLOGY

If you have a differential manifold M, usually there is a lot of different ways to
describe the same object: the cohomology of M. You can write a lot of different
complexes that are all quasi-isomorphic. In various geometrical situations you can
apply the complex that you feel is more suitable for it.

However, there is one particular type of complex that appears very rare if you need
a geometrical description of cohomology. I mean the Alexander—Spanier complez,
applications of which are usually met in hard topological papers. Here I want to
show that (quite unanticipated) it is very useful in descriptions of highly geometrical
objects: cyclic cohomology, that are just a non-commutative analogue of the de Rham
cohomology.

1.1. Alexander—Spanier complex. Consider a topological space M and the
vector space A of (say, continuous) functions on M. Let

ARAR ... &A= A%

n times

be the space of functions® on M™. We can consider the inclusion

ARA® - @ A= A% C A"

n times

of the space of functions of finite rank into this space. Let me remind you that a
function of rank 1 is just a function of the form

fmy,my, .. omy) = fi(ma) fa(ma) ... fr (M),

and a function of rank k can be represented as a linear combination of such functions.
Let A*A C A* A denote the spaces of skewsymmetric functions on M™ of finite rank
and of any type correspondingly. This vector spaces form two complexes, if we
consider the operation of exterior multiplication by 1 € A

AL FINfa N A fu= AN fa Ao A fa AL AFA — AFTLA

3Here the completed tensor product & is by definition what is written above. Since we do not
need this notion below, we skip the discussion of this notion.

Label hl
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as a differential of degree 1. We can extend this operation on A* A if we note that
this operation can be written as

f (LL’l, o, ... ,LL’k) g df (S(Zl,LL’Q,LL’k, A ,S(Zk_H) = Z (—1)k+1_2 f (LL’l, Xo, ... ,fi, A ,LL’k_H) .
Remark 1.1. The geometrical realization of the bigger complex is as following: Call
an n-tuple of points in M considered up to an alternation a simplex in a manifold.
There is a natural operation of taking a boundary in the vector space spanned by
simplices. Now we can consider a skewsymmetric function on M™ as a function on
the set of simplices. It is easy to understand that the differential above is exactly the
combinatorial differential on the simplicial complex.

At last, let Ma be diagonal subset in M™, A: Max < M™ denote the inclusion
and A* (Ak.A) C A* (Ak.A) denote the spaces of germs of skewsymmetric continuous
functions at a neighborhood of the diagonal (of finite rank and arbitrary correspond-
ingly).

Definition 1.1. The Alexander—Spanier complex AS(A) consists of the vector spaces
A* (/A\kA) (or A* (AkA)). The differential in this complex is the image of the differ-

ential in the complex (]A\kA, /\1) (or (AkA, /\1)).

Remark 1.2. To get a geometrical description of this complex we should call an n-
tuple of nearby points on M a simplex.

Remark 1.3. In what follows we use primarily the smaller complex. However, it is
known that in nice situations the inclusion of the smaller complex into the bigger is
a quasi-isomorphism.

1.2. A case with an arbitrary sheaf. Let us consider instead of the vector space
A of functions on M the corresponding sheaf O of vector spaces over M. We can

easily see that the definition of the complex (Ak.A, /\1) in fact does not depend on
anything but the sheaf structure of O and the global section 1 of this sheaf. So we
are going to rewrite this definition using only these data.

Definition 1.2. Let O be a sheaf of vector spaces over M. Denote as O®" the
exterior tensor product of the sheaf O with itself. This sheaf over M" is defined by
the following rule:

T (U x o x Uy, O%") =T (U1, 0) @+~ T (Uy, 0) .

It is clear that the symmetric group &, is acting on M™ and on the sheaf O®". Denote
as Alt O®" the subsheaf of skewsymmetric sections (i.e., sections o on U C M™ such
that for any s € &,, the section sy satisfies the relation sp|yny = (—1)° ¢|svnr). For
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any fixed global section of O (call it 1) the sheafes Alt O®" form a natural complex
with the exterior product by 1 as a differential.

Let us denote by A*O the sheaf A* (Alt (’)m) . Sheaves A*O form a natural complex

for any fixed global section of the sheaf O. A section of A*O over U C M is a

skewsymmetric section of O¥F over a small neighborhood of A (U) C MF*. Let
Cks(0) = A0, k > 0.

1.3. Realization of Alexander—Spanier cocycles. Here we are going to give
several examples of mappings from some complexes calculating the cohomology of
M to the Alexander—Spanier complex. These constructions give us a possibility to
provide explicit formulae for cocycles in case we need one.

Case 1.1. Let M be covered by open subsets U;. Let o; be a unity decomposition for
the covering {U;}.

Consider a Cech cochain Cigir.in Tor {U;}. Let us associate to ¢ the following
Alexander—Spanier cochain:

(11) f (Io, Ce ,xn) = Z Tj (LU()) .05, (l’n) Cig...in -

It is easy to see that this mapping from the Cech complex to the Alexander—Spanier
complex is compatible with differentials.

A chain from the cosimplicial complex is a function on the set of embedded sim-
plices. To construct a chain in the Alexander—Spanier complex we need only to
assosiate with an (n + 1)-tuple of nearby points on M an embedded simplex (or a

linear combination thereof). To proceed in this way we need a further structure on
M.

Case 1.2. M is a Riemannian manifold.

In this case given two nearby points my,ms € M we can consider a geodesic arc
8! (mymy) with ends in this points. Given a point m € M and a subset V C M we
can construct

Arc(m,V) = J S' (mw).

veV

Let us associate (using induction) to the ordered (n + 1)-tuple (my, ..., m,) of points
of M a simplex

S" (mo, ...,my,) = Arc (mO,S"_l (m,..., mn))

Label csl

Label equl.10,

Label cs2
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in M. Taking the antisymmetrization of this map, we associate to the (n + 1)-tuple
(mo, ..., my) a linear combination

1
— Z (—=1)°S (myy, ..., myg,)
(n+1)! o

of imbedded simplices in M. It is easy to see that this mapping is compatible with
taking a boundary.

Now given an n-form w we can integrate it over this linear combination of simplices.
It is easy to see that the resulting skew-symmetric function on M"™*! is closed if w is
closed.

Case 1.3. Let M be covered by subsets U; with an identification of U; with an open
convex subset in an affine space. Let o; be a unity decomposition for the covering
{U;}. Let w be a differential k-form on M.

In this case we can proceed as in the previous one. If w has a support in one of
subsets U; we can define the following Alexander—Spanier cochain in U;: to k + 1
given points in U; we associate the integral of w over the oriented convex hull of
this points. We can extend this function to the entire M (more precise, to the
neighborhood of the entire M in M™) to get a cochain on M. Now we can apply this
construction to the forms o;w.

1.4. The analogues for the cases of cyclic and Hochschild complexes. We
will see below that the discussed above complex is adopted to the case of cohomology
of Lie algebra. Here we introduce two other complexes adopted to calculations of
cyclic and Hochschild cohomology.

Definition 1.3. Let O be a sheaf of vector spaces over M with a marked section 1.
Consider the following differential in the graded sheaf @, OX"+1:

d(fo®- B fo) = ()" 1K /o8B f,
+ ()" foXIR-- K f,+- -+ fo XK f, K1, d*>=0.
Let Chag(0) = (F (M, A* ((’)g'“)) ,A*d), e > (. Call this complex a Hochschild—
Alexander—Spanier complex for O.

Definition 1.4. Let O be a sheaf of vector spaces over M with a marked section 1.
Consider the following differential in the graded sheaf @, O¥"+!:

do(fo - Rf)=(D"foRIK--- K f, +...
— R RIRf + foR--Rf, B, dl=0.

a

Let C2yaq (0) = (F (M, A* (O&'“)) ,A*da), e > 0. Call this complex an “acyclic”
Hochschild—Alexander—Spanier complex for O.

Label cs3



THE ALEXANDER—SPANIER COHOMOLOGY AND CYCLIC COHOMOLOGY 15

Remark 1.4. In what follows we are not so rigorous and use often the notation ®
instead of X.

Definition 1.5. Consider a product V& @ V® — V®k+l defined by the following
rule: to define the image of

(i@ L) (nR -aq)

consider all the decomposition of the set {1,... k+ [} into two subsets of k and [
elements. Insert the elements f; on the places of the first subset and the element g;
on the places in the second subset in the expression

.®...®.
—_————

k—+1 times

preserving the order in both sets of elements. Now sum the resulting elements with
signs corresponding to the the substitution being even or odd. Call this associative
product a shuffle product.

Definition 1.6. Consider the action of Z, in V" (here V is a vector space) by

n+1

MO Qup s (=1)" M@ ® v, Q0.

Call the space of invariants of this action (V)" the cyclic n-th power of V. It is
clear that the shuffle product sends cyclic powers into cyclic. Let Z,., acts in this
way on CJ' s, and consider the corresponding space of invariants (C}.,5)”". Consider
a mapping of shuffle product with 1:

n L, n Z"Jrl
ALz (Chipg)™ — (CHXIS) :

Since the shuffle product is associative, the square of the mapping A1 vanishes. Call
this complex the cyclic Alexander—Spanier complex and denote it C2,4(O).

Remark 1.5. Until this moment we considered (say) the exterior power of a vector
space as a subspace in the tensor power. However, the usual definition presents
this space as a quotient of the tensor power, and the difference becomes apparent
if we consider not vector spaces in char = 0, but modules over a ring—to take an
antisymmetrization, we should be able to divide by n!. The same is applicable to the
cyclic case.

All the definitions given here allow a modification to this case. Say, in the for-
mula (1.1) we should take a summation over ordered (n + 1)-tuples instead. In the
definition of the shuffle product for the cyclic case we should make the following
modification: in multiplication

(A®a1® - ®ay) (by® - Qby) =a ®X
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we put X being the shuffle product of a1 ® - - - ®a,, and the cyclization of by® - - - R by,
b0®"'®bm+(_1)mbl®"'®b0+b2®"'®bl+"'+(_1)m26m®"'®bm—l-

It is easy to see that the old definition coincides with the cyclization of this product
with some integer constant. This constant can be non-invertible, and in this case
this difference becomes important. Everywhere below where we use the politically
correct language of quotients we denote this (quotient) complex as Cqaas. There is a
natural mapping Cyg < Cg.ag. It is compatible with differentials if we multiply a
differential in C3. g by the grading of its image.

The following proposition can be proved by a simple calculation:

Proposition 1.1. Consider a natural mapping 7 of projection from the cyclic power
of a vector space into the exterior power, the projection m; from the tensor power to
the cyclic power, and the cyclization mapping Cycl from the cyclic power into the
tensor power. Then the following mappings commute with differentials, therefore are
mappings of complexes:

. Up! ° Cycl .
Conas (0) —— Caeas (0) R Chias (O)

025 (0) 5 C245(0)

if we multiply the differential in the complex C%4(O) by the gradings of its image.

Proposition 1.2. For a soft sheaf O the “acyclic” Hochschild—Alexander—Spanier
complex is acyclic indeed, the Hochschild—Alexander—Spanier and Alexander—
Spanier complexes are quasi-isomorphic to the complex of cohomology of M with
coefficients in k, and if k O Q the cyclic Alexander—Spanier complex is quasi-
isomorphic to a direct sum of an infinite number of such complexes with non-negative
even shifts.

Proof. Fix a mapping from A = I' (M, Q) to k that sends 1 € A to 1 € k. Let us
construct a homotopy for the complex (Am“, da):

s fo@ @ fu=0(fo) 1O @ fa, s- fo=0.

It is easy to check that sd, 4+ d,s = id indeed, therefore the complex is acyclic. Fix a
point m € M and consider a local section ¢ of A* ((9&”*1) over U C M. Lessening

U we can suppose that ¢ corresponds to a section of O¥"*+! over U"*!'. Changing M
to U in the discussion above we get a local homotopy. This means that for any closed
local section we can find a section on a smaller subset such that the boundary of the
latter section is the former. Therefore the differential d, on the complex of sheaves
Canas is acyclic.
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Now the complex of vector spaces Cypag 1s the complex of global sections of this
complex of sheaves Ciag. We can consider a bicomplex

C* (Mv ;HAS) )

columns of which compute the cohomology of the sheaves Cjyag. We have seen
that the rows are exact, therefore the row spectral sequence gives the total complex
associated with this bycomplex being also exact.

If the sheaf O is soft or satisfies some other nice cohomological properties, then
Coias is also soft (or whatever), therefore the columns of the bicomplex are acyclic
in degree > 1. Now the column spectral sequence gives the acyclity of the complex

H° (M, ;HAS) = C.HAS'

a.

Consider now the complex Cfg. The same homotopy as above satisfies
sd, + d,s = id
in degree > 1, and if f € A
(sda+das) f=f—¢(f)- 1.

Therefore the mapping (Am“,d) — k given by ¢ if n = 0 and 0 otherwise is a

quasi-isomorphism. Hence the analogues inclusion & — (Am“, d) is also a quasi-
isomorphism. Repeating this argument on the level of sheaves, we get that the
complex of sheaves Cfjpg i quasi-isomorphic to its constant subsheaf k.

To get information about the complex of global sections of this complex of sheaves
consider again the bicomplex. Again the row spectral sequence gives a quasi-isomorphism
of the total complex of this bicomplex with the cohomology of the rows, i.e., the
complex C* (M, k). Again, if O has nice topological properties, the total complex is
quasi-isomorphic to its first row, i.e., CHag-

Consider now the complex A1 (O). Here we can construct the homotopy

s foh A=Y (D () AN AFuA A far s fo=0.
k
It is easy to see that ds + sd = id if n > 0 and (ds + sd) f = f — ¢ (f) 1. Therefore
the same argument as above shows that Cfj, ¢ is also quasi-isomorphic to C* (M, k).
Consideration of Cg,g is a little bit more tricky. We use an analogue of the con-
struction from [?Lodquinsscyc]. Consider a bicomplex

o  1-t e N e 1=t e N
(1.2) Ciias — Canas — Ciias — Copas — -+ -

n

Here ¢ is the action of Z, 11 on Ciyg = Clyag, N is equal to 1+ ¢+ 1%+ -+ + " on  Label equi.20,
Ciias- It is easy to check the conditions of bicomplex for this system of mappings.
Now the rows are acyclic in all the terms but the first, the homology in the first



18 ILYA ZAKHAREVICH

term are exactly Ciyg. Now the row spectral sequence shows that the complex Cyq
is quasi-isomorphic to the total complex of this bicomplex.

From the other side, the column spectral sequence shows that the total complex is
quasi-isomorphic to the complex

Ek—=0—k—=0—=k—...
of constant sheaves, or a direct sum of constant sheaves k in even degrees. [
Remark 1.6. We can consider an analogue of (1.2)
N, ° 1—t ) N, [ ) 1-t (]
- = Chas — Camas = Cras — Conas:
The rows are quasi-isomorphic to C$.4g, the columns to

o =k—=0—=2kF—0.

However, this bicomplex is in a “wrong” quadrant, therefore we should not (and do
not) have the isomorphisms of cohomology. Anyway, consideration of the homotopy
s for Cyyag leads to a mapping B: Ciyg — Coaag[—1], B=mos0 (1 —1):

fo /R @@ far—=(0(fo)i—¢ (i) fo) 2@+ ® fa.

It is easy to see that this mapping is compatible with differentials. We use it below in
the exact sequence relating cyclic and Hochschild Alexander—Spanier cohomology.

In the proof of the proposition we have seen that the cyclic complex is always quasi-
isomorphic to the total complex of the bicomplex (1.2). In the bicomplex (1.2) there
is a remarkable periodicity operation S: the translation on two columns to the right.
It commutes with the differentials, therefore it results in an operation in cohomology.
The remarkable fact is that we can express this operation on the quasi-isomorphic
complex Ceas.

Definition 1.7. Let the shift S send the class of ag® - - - ® a,, in Cy. g into the class
of
Yo U=k -n—-1)a® 40100441 ® QI Qay @ - Qa,

0<k<I<n
in 4%
Proposition 1.3. The operation of shift is correctly defined and commutes with
differential. If k D Q, then S is quasi-isomorphic to the operation of translation on
two columns to the right in (1.2). The natural inclusion of C.ag into the first column
of (1.2) is a quasi-isomorphism to the quotient by the image of the shift operator.
The image Im S is therefore quasi-isomorphic to the kernel of the cyclization Cycl,
moreover, the corresponding sequence of cohomology

Cycl n+l1 B n S nt+2 Cydl n+2 B n+1
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is exact.

Remark 1.7. We see that if k D Q and O is soft, C’,4(O) is quasi-isomorphic to
C* (M, k[S]) as k [S]-module. This mapping is given by the inclusion of the constant
sheaf k [S] into C3 s

1._>1€(’):CSCA57 Sk'—>5k~1:const~1®~-~®1ECSfAS.

2k+1 times

Remark 1.8. We have seen that the differential sends a skewsymmetric element of
Coas(0) to a skewsymmetric element, therefore the Alexander—Spanier complex
is a subcomplex of a cyclic Alexander—Spanier complex. Moreover, a differential
sends a cyclically symmetric element of Ch,q (O) to a cyclically symmetric element,
therefore the cyclic complex is in turn a subcomplex of the Hochschild complex.
Therefore the above constructions of Alexander—Spanier cocycles gives in fact cyclic
and Hochschild Alexander—Spanier cocycles. The application of the mapping S
allows to construct in this way any class of the cocycle in the case of soft O and

kD Q.

2. COMPLEXES IN ALGEBRAIC SITUATION

2.1. Definitions of complexes. Let K be a commutative ring over Q. We use
here several complexes associated with an associative algebra A over K.

Definition 2.1. The Hochschild homological complex consists of vector spaces C Hy, (A) =
A®F+1 with the differential

d:fo@ @ fis S (D' fo@ @ (fi- frr)® @i+ ()" (i fo) @@ ® fie
l

The acyclic Hochschild complex differs from this one only by the absence of the
last term in differential. The cyclic complex C'C, consists of coinvariant “in” the
Hochschild complex with respect to the following action of Zj,, on A®*+1:

tfo® @ firmr (1) AR ® i ® fo

(It is easy to see that the above differential sends indeed coinvariants (A®k+1)z
k+1

into coinvariants (A®k)z .)
k

In the same way we can consider the corresponding dual cohomological complexes.

We can also consider the corresponding to A Lie algebra Lie (A) (this algebra
coincides with A as a vector space and has commutator as a Lie operation) and
homological and cohomological complexes CH¢ (Lie (A)) and Cf,, (Lie (A)).

This definition has a big resemplance with the definitions of corresponding objects
in the topological situation. As then, we have some maps between these complexes,
however not any map extends to the topological situation.
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Definition 2.2. The mapping of shift S sends the class of fy® ---® f in CCy into
the class of

SB=k)fo® @ (fir fiyr- i) @+ ® fr

I
+ > Cm=D=k+1)fo® - (fi - fis1) @ @ (fon - frn1) ® -+ ® fi.

I+1<m
in CCy_5. The mapping B sends the class of fy ® -+ ® f in CC}, into the element
Z(—l)ik1®fi®"'®(fk'f0)®"'®fi—l+Z(—1)(i+1)mfi®"'®fi—1®1
OfCHk+1.

The mappings S and B commute with differentials, therefore define an exact se-
quence of cohomologies

"'—>HHk+1—)Hok—)HCk_g—)HHk_lé....

2.2. The Lie algebra complex and the cyclic complex. We can consider any
given associative algebra A as a Lie algebra Lie (A) with the commutator operation.
Consider the inclusion of the homological Lie-algebraic complex for Lie (A) to the
homological cyclic complex for A that sends X; A---AX,, € A"g to the corresponding
element of g®"/Z,. It is easy to see that differential of these two complexes are
compatible (up to a factor 2), hence there is a corresponding mapping of homologies:

H® (Lie (A)) — HC, (A)
and of cohomologies
HC* (A) — Hf,, (Lie (A)).

2.3. The Hochschild complex and the cyclic complex. In the same way
as above we can consider a projection from the Hochschild complex to the cyclic
complex, that is (by definition) compatible with differentials. Together with the
mapping from the previous section we get a diagram

Clie (4) —— CC, (A)

CH, (A) —— CC. (A).

We defined above three pairings of these complexes with complexes (C’*Lic (A), /\1),
(CC,(A),Al)and (CH, (A),m(1)). It is easy to see that there exists a dual diagram
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to the previous diagram:

(CLe(A), A1) <= (CCL(A),Al)

(CH. (A),m(1)) «Z— (CC.(A),Al).
The mappings a and S are projection and symmetrization correspondingly.
2.4. A case with a commutative ring. Suppose that the ring A in the above
situation is commutative. In this case it is possible to compute the cohomology
explicitly at least in the case when A is smooth in the algebraic-geometrical case.

The simplest possible answer is in the situation of Lie algebra homologies. The
differential in the homological complex vanishes, therefore

HYe (A) = A*A.

The situation with Hochschild homology is also very simple. If A is a space of
functions on the manifold M, define 2% as the space of differential forms on M.
It is possible to define this space in terms of A itself, but we do not need such
complications, therefore leave this as an exercise to a reader.

Proposition 2.1. Consider a mapping from the Hochschild complex for a commu-
tative algebra A into the complex (V% with zero differential:

.]00(8(8.]0]@'_> Z def01/\"'/\df0k€QIj{'

ceS,

This mapping induces an isomorphism on homologies.

In the case of cyclic homology the description is a little bit more complicated. We
need to use the mapping of shift S: C'Cy, — CCy_5 here. The first observation is that
the above mapping Hy, (A, A) — QF sends an element with a trivial projection on
the space CCy (A) into a closed form. Therefore the same formula as above defines
a mapping

CCy (A) % QF /dk,

We can again consider this mapping as a mapping in the complex with zero differen-
tial. Now the compositions a o S™ define a mapping of complexes

CCy (A) B Q8 JdOk @ QF 2 /dk 3 @ Qb4 /dN P e
Consider the following subspace of the space in the right-hand side:
Wy = Q8 /dON @ HEZ (A) @ HEG (A) @ -+ € Q5 /dQN 1 o Q42 /d0N 2 o Q4 /a0 o .
We claim that the image of a cycle in C'Cy, (A) lies in that subspace, and
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Proposition 2.2. The corresponding to [ mapping of homology is an isomorphism
onto the subspace W.,.

It is easy to understand that the corresponding to S operator on W, is

Q8 JdT HE 2 (A) HE R (A).

J Jin Jid
0 QK/dONTTHEZZ (A). ...

Here in is the canonical inclusion.

The described above mappings from Hochschild complex and Lie complex into the
cyclic complex are correspondingly taking the quotient by dQZ_l and taking the jet
on a diagonal Ay, in M**1 (which is a k-form) and taking the same quotient.

In particular, we can see that any class of cyclic homology from Ker S has a rep-
resentative that is a skewsymmetric chain. Moreover, in the commutative case there
are natural mappings

Cle(A) = CH,_, (A, A),

CC,_1 (A) — Ol (A).

3. COCYCLES FOR THE ALGEBRA OF GLOBAL SECTIONS

3.1. A strange pairing. Let A be an associative K-algebra with a trace Tr : A —
K (a trace is a linear mapping satisfying Tr [z, y] = 0).

Definition 3.1. Consider a cyclic complex CC), (A) = A®**1/7, ... Consider the
following pairing between C'Cy (A) and itself:

((930> e >=Tk) : (yo, e J/k)) = Z (—1)kl Trroyir1yivs - - Trlrp
!

(here Yp114 def y1). It is correctly defined, hence it sends the graded vector space
CC, (A) into the complex CC* (A). Let us denote this mapping as i.

The first question is: can we describe what differential (of degree +1!) on CC, (A)
“corresponds” to the differential on CC* (A) under this inclusion. A priory we cannot
expect that such a differential exists at all.

Proposition 3.1. The following diagram is commutative:

CCr (A) L CCy (4)

|

CCH(A) —1 CCH1(A).
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Here A1 denotes the mapping of the shuffle product with 1 € A.

Remark 3.1. Due to associativity of the shuffle product it is evident that the square
of the operation of the shuffle product with 1 is 0:

(an1)ANl=aNn(1A1)=0.
Therefore we got the mapping of complexes
(CC,, A1) — CC™.

The remarkable fact about this mapping is that the structure of the first (but not
the second!) complex does not depend on the ring structure of A at all.

Remark 3.2. It is easy to see that in the same way we can define strange pairings
between CLe % A* Lie (A) and itself:

(fl/\.../\fk’gl/\---/\gk):TI' Z fo‘1g7'1"'.f0'kg‘rka

o, 7S,
o1=1

and between the Hochschild complex (or the acyclic Hochschild complex) CH, (A) =
A®**L and itself:
(fo® @ fr,00® - @ gr) =Tr fogo- - frgr-

The dual to the differentials mappings (of degree 1) in these graded vector spaces are
the wedge product with 1 in the case of the Lie algebra cohomology,

fo® @ fi W ()R @@ o= (D) o010 fut .
+fHo® @ fridl,

and

f0®"'®fkﬁ’£) _(_1)k+1f0®1®"'®fk+"'+f0®"'®fk®1
in two Hochschild complexes correspondingly (up to a sign).

3.2. A mapping from the Alexander—Spanier complex. Now we want to
consider a sheaf of associative algebras O over a topological space M with an algebra
A of global sections. Suppose again that the algebra A has a trace

Tr: A/ A Al — K.

We construct here a mapping from the Alexander—Spanier complex for O to the
Lie-algebraic complex of the algebra A considered as a Lie algebra.

We have already constructed the mapping Z from the complex (A®A, Al) to the
cochain complex (A®*A* (A1)"). So the only fact we need is what this mapping can
be routed via the Alexander—Spanier complex, that is a factor of (A®A, Al).



24 ILYA ZAKHAREVICH

We want to prove now that the mapping Z can be direct via the space I (M , Ak(’))

(that is a factor of the space A*A =T’ (Mk,Alt (’)m)). We need to prove that if

the function f (z1,...,7;) € A*A is zero in a neighborhood of the diagonal, then
(Z(f),qg) is zero for any chain g = (g1, ..., gx) € CCy (A). Consider a representation
of f of the form

(3.2) Flan,.a) =Y A @) A AR (1),
We have Label equ5.2,
(Z(f),9)=> > ()7 Tr (£ 292 £Dg5)
a geBy

We want to prove that in fact already

3> (A0S g [ gk = 0.(5.3)
a geBSy
Indeed, consider a point m € M. If U is a sufficiently small neighborhood of m, then
flux..xv = 0, therefore in calculation of (?equs.3?) in U we can substitute instead of
representation (3.2) just f (z1,...,zx) = 0.
This defines in fact the mappings

* Z *
Cis (0) = . (T'(0))
of complexes and the corresponding mapping of homologies:
* I *
H}s (0) = Hp, (U (0)).

We want to remind that the left-hand side does not depend on the multiplication
law in O! Moreover, if the sheaf O coinsides as a sheaf of vector spaces with the
structure sheaf of M, then the left-hand side coincides with the singular cohomology
of M (under mild general-topological assumptions).

A simple generalization gives the

Theorem 3.1. The strange pairing defines the following mappings of complexes that
are compatible with differentials, with natural inclusions and projections and the
mappings B and S':
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We claim that these mappings are compatible with natural mappings between com-
plexes in the left-hand side (described above) and mappings between the complexes
in the right-hand side (described, say, in [?LodQuinsacyc|). We should note, howev-
er, that the situation with algebraic complexes is not so simple as with topological
complexes, where two complexes in question were subcomplexes in the third. In the
algebraic case we have defined the following mappings only:

HC(A) «— CC (A) +—— HC (A, AY)
CLie (Lle (A))
and the natural mapping Cr;. (Lie (A)) A oo (A) is not compatible with differ-
ential. The existance of other mappings in the topological case cannot suggest the

existance in the algebraic situation since there is an additional hypothesis of existance
of the trace.

Example 3.1. Let us show that the natural mapping of skewsymmetrization CCy (A) —
CLe (Lie (A)) is not compatible with differentials. Indeed, the differential of (cg, 1, ¢3)

in CC' contains only the products in the order cocy, cico, cocs, therefore in the non-
commutative case its skewsymmetrization should not coinside with the differential of
the skewsymmetrization, that contains also the product cicy.

In fact we described some “topological part” of the different cohomological com-
plexes for the ring I" (O) and can write explicit cocycles for this part.

3.3. A case of a commutative algebra. It is clear that in the case of the
commutative algebra a lot of the discussion above becomes degenerate.

Proposition 3.2. Let O be a sheaf of commutative K -algebras over X, A =T (X, O).
Consider a linear functional Tr: A — K. Then the mapping

Chs (X,0) = Crie (A)
vanishes for k > 0, the mapping
CFg(X,0) = CCF (A)
vanishes for odd k and coincides with the mapping
(fos froeos fr) = fofie o S
for even k. Here we consider A as included in CC* (A) by the rule

g+— ((coy.-. ) = Trgeg...cp).
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3.4. A case of an almost commutative algebra. Here we investigate the co-
homology of an algebra that is approximately commutative. Let A be a K-algebra,
and * be an associative product on A ®g K [[h]] such that A [[h]] with this product
is a K [[h]]-algebra. We can “fix an infinitesimally small” h and consider the cor-
responding associative product -, on A. In this way we get a family of associative

products on A parametrised by infinitely small parameter h. Suppose that - s
commutative. We can write this condition in terms of the product *:
fag—gf=0(h).

In this case we can consider the speed of change of the product -, with respect to h,
more precise, how quick this product becomes non-commutative:

{f’g}d:cflimf h9g—4 hf.
—0 h

It is clear that this bracket satisfies the Leibniz identity with respect to the commu-

tative product - and the Jacobi identity. The product - and the bracket {, } form so

called “first approximation” to the product *. The formalization of this situation is

the following

Definition 3.2. A Poisson algebra A is a vector space with a commutative product
- and a skewsymmetric bracket {,}: A® A — A that satisfy the Leibniz and the
Jacobi identities.

Consider a Poisson algebra A. Then we have a Poisson bracket on X = Spec A.
If X is smooth, we have a bivector field 5 (i.e., a section of A’T'X) on X defined by
the rule

(la,df Ndgle) ={f, 9} |

Indeed, the right-hand side depends only on df|,, dg|, because of the Leibniz identity,
therefore can be written as the left-hand side with an appropriate 7.

In any case the Poisson bracket is local, therefore we get a sheaf of Lie algebras O
with the bracket {,} on Spec.A. From the other side, for any h we get a sheaf of Lie
algebras O with the bracket [,],,

gl =Fnrg—gnf
It is easy to see that the bracket {,} is the scaled limit of the brackets [,],:
K [7]h
b=l

Consider what is an analogue of trace in the Poisson situation. It should be a
mapping Tr: I' (O) — K satisfying the relation Tr{f, g} = 0. If Spec A is smooth
and compact (or proper), then this defines a measure on Spec.A, that is invariant
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with respect to the Hamiltonian flow of any function on Spec. A. We suppose that
there is a fixed Tr on A.

Consider a class in Hjg(X) and the images of this class in Hf;, (Lie (A, [,],))-
Below we show that these classes have a scaled limit when h goes to 0. Therefore we
get a mapping

Hjys (X) — Hij, (Lie (A, {, }))

(moreover, the corresponding mapping of complexes). We show below that this map-
ping can be written using only the data - and {, }.

Theorem 3.2. Let A be a Poisson algebra corresponding to the family of products
-n, and a linear function Tr on A that is a trace with respect to any product -,. Con-
sider an arbitrary element ¢" € C%q(Spec. A) = A" A. Consider the corresponding
element ¢ € C}it (Lie (A, -,)) = A"*1A*. Then

G =c"h"+0 (k)

for some ¢* =Y, (”_lg_l)é?k) € A"t Ax,
and if ¢ = fo A --- A f,, then the value of Cley O Go N+ N gn € A"t A can be
written as

/C\?k) (QOA"'Agn):Tr Alt {fdoafm}'{fazafag}'---'{fagk,gafagk,l}

0 EGn 1
’ {97'0797'1} ' {gTzngs} et {g72k727g7'2k71}
’ {fU2k’g7'2k} ' {f02k+1’g7'2k+1} et {fanﬂagmﬂ} : fan “ 7,

Moreover, for any Poisson algebra A with trace Tr the above formula determines (by
additivity) a mapping ¢* from the complex C’ 4 (Spec A) into the complex C7,, (Lie (A)),
and this mapping is compatible with differentials.

Proof. We should compute

Alt fao *h 970 °h fO’l *h9r *h---"h fan,1 ‘h9r_1 h fan *h 9, -

o,7€Cn+1

up to terms of order n + 1 in h. Let us consider one summand in this formula and
write an expression that contains a lot of commutators and gives the same result
after alternation. First, let us move all f,, with ¢ > 1 to the left of g,, one by one
beginning from f,, using the identity

&f:f&+[&,f]-

The resulting expression can be written as a sum of the expressions of the following
form: it begins with a product of the terms f;, and the remaining factors are of the
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form

["'[[gj>fi1]>.fi2]>"'afil]a ZZO

Any such product has a coefficient 0 or 1 in this expression.
Some terms g; occurs without a commutator in this expression. Let us move such
a term to the right using the formula

ga=ag+|g,a].

As a result we get a sum of products that begin with some number of f;, end with
some number of g; and contain terms of the form

[gjv [gjza s [gjm’ [ - ng’fh] afiz] ’ e '>fiz]] e H ) [ > I, m >0.

in between. It is clear that the number of commutators in this term is no less than half
the number of letters in this term, and the equality can occur only in the case [ + 1,
m = 0. On the other hand, consider the beginning of such a product f;, - ... fi,.
We can write the alternation of this expression in iy, ...,%; as the alternation of

2_k/2 [fi17 fzz] “h---"h |:fik—1’ fik}

if k£ is even, and of

2_(k_1)/2 [fiu fzz] ‘h---"h |:fik—27 fikﬂ} flk

if k is odd. Therefore the alternation contains commutators in quantity no less than
half the number of letters in this product minus % The same is true for the product
of g’s that finishes the term we consider.

That means that we can change the expression under the alternation sign in the
theorem to a sum of expressions with no less than n commutators, and any expression
with exactly n commutators is of the form

2_2k [.fha fl2] ‘h -+ "h [-fizkfl’ fl%} ‘h fi2k+1
h [gjm fh] hoee. [gjn,%, fl7l72k:|

h [gtugtz] ‘h--+"h {gtzkﬂ’gtzk} *h Gtopi1-

Any term with more than n commutators is O (h"*!), and in the terms with n
commutators we can change -5 to the commutative product -, and [,] to h{, }, with
an error of order O (h"™'). Moreover, any term appears with a coefficient 0 or 1.
Therefore the only thing we need to compute is which terms appear indeed in the
resulting sum.

The indices i, and tg are uniquely determined by the set of indices j, and 5. It is
clear that j, are in the same order as 7;. Suppose that the substitutions ¢ = 7 = id.
Then the sequence j, increases, and the sequence [s is bigger than j,: [, > j, and
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contains no repeating terms. It is easy to see that any such pair of sequences appears
in the sum. From the other side, suppose that for some v < ¢ we have [, > js.
Then we can exchange [, and 5 and get another term of this expression. However, it
is clear that the sum of two such terms vanishes after alternation, therefore we can
consider only terms with j, <[, < j,41. In particular, the sequence [, increases.

On the other hand, if j, < I, < j,41, then this sequence and the sequence with [,
increased by 1 give opposite terms after alternation. Therefore we can consider only
sequences with [, = j, 4+ 1, and odd j 41 — j, and n — j,_o,. All such sequences give
the same contribution into the alternation, therefore it is sufficient to consider one
of them (with the biggest possible j,) and compute the number of such sequences.
However, this number is the number of decompositions of £ into n — 2k summands,
ie., ("_:_1).

Now let us prove the claim of the theorem about Poisson algebras that may

not allow deformation to an associative algebra over K [[h]]. Consider the dif-
ference of strange pairings between (aq,...,a,_1) and 9 (xo,...,z,), and between
d(ag,...,a,—1) and (zg,...,x,). Here we consider cyclic complexes, 0 and d are

differentials in the cyclic complex and the cyclic Alexander—Spanier complex corre-
spondingly. We know that these two quantities are equal, therefore the difference is
0, however, we want to do it in a more invariant way. Therefore remember that the
strange pairing is a value of Tr on some expression, and compute the difference of
these expressions instead. It is easy to see that this difference is

Z [apToGr41T1 - -« Qp_1Tp_1, Ty -
k
(The trace of this expression vanishes since it is manifestly a sum of commutators.)

Now we can note if we take pairings between skewsymmetric tensors, we can apply
the same procedure as above to the skewsymmetrization of the term azoari121 - .. agp_12,_1.
As a result we present it as an expression containing n — 1 commutator in any term.
That means that we have represented the incompatibility of the mapping from the
theorem with differentials as a trace of a sum of commutators. Moreover, the expres-
sions in these commutators have a proper scaled limit when A goes to 0, and these
limits can be expressed in terms of the commutative product and Poisson bracket
only.

Therefore we have specific formula expressing the difference between the expres-
sions in the strange pairings, and this formula is written in terms of commutative
product and the Poisson bracket only. However, we have proved this formula only
in the case when the Poisson algebra structure is obtained basing on the associative
product over K [[h]]. However, we can use the structure theorem for Poisson mani-
fold, which says that an open subset of a Poisson manifold allows deformation to an
associative algebra. This means that the difference coincides with the sum of com-
mutators on an open subset, therefore everywhere. Hence the trace of the difference
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vanishes, and the mapping of complexes is compatible with differentials.

Several words about the structure theorem. In the usual formulation it says that in
points of an open subset we can find m € N and a coordinate system (z1, ..., Tokim)
such that the Poisson bracket can be written as

(g} = Z(af dg 99 8f>

Or1 01y 0wy Oxpyy

Now we can write the deformation as

k n an 1
fhg_zzh of d'g

n>01=1

n! Oz} Ox},,
U

3.5. The case of a Poisson algebra. Consider a Poisson algebra A. We defined
a mapping

Cis (Spec A) — Cf, (Lie (A))

that is compatible with differentials. Now we want to show that this mapping can
be routed via much more coarse complexes. Indeed, there is a natural mapping (of
taking the minimal possible jet) from the Alexander—Spanier complex into the de
Rham complex

fo A Afmz ) fudfo AN Adf A< Adfn,

and there is another mapping from the complex of differential forms with the Koszul
differential into the Lie-algebraic complex for the Lie algebra of functions with Poisson
bracket. We are going to show that the mapping Z can be written as a mapping from
the de Rham complex into the Koszul complex.

Consider a chain gg A -+ A g, € A" Lie (A). Let us associate a differential form

S (-1 gidgo A+ Adg A - Adg,
1

on Spec A to this chain. We will denote this mapping by the same letter J. It is
very simple to compute the operation on differential forms that corresponds to a
differential in a Lie-algebraic complex. It is

Jodgy N - - AdgnHZ D' {go, g1y dgi A~ Adgi A - Adg,

+ 3 (=1 god {g1, gm} Adgo A+ AdGEA - AdG A A dg.

<m

(This differential was considered by Koszul.) We can write the operation § as

d=doi(n)+i(n)od,
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where 7 is the defined above bivector field associated to the Poisson bracket on Spec A.
Indeed, {f,g} =i (n)df A dg.

Now we can easily see that the defined above pairing between F = fy A--- A f, €
Chs (Spec A) and G = gy A -+ A g, € A" Lie (A) can be written as

e ()" (' () A (100 (©))

with appropriate constants «;,;. In particular,

Corollary 3.1. The above formula defines the mapping from the de Rham complex
for the Poisson manifold M with a trace to the cohomological Lie-algebraic complex
for the Lie algebra of functions on M with respect to the Poisson bracket.

Remark 3.3. The above analysis is applicable in the case of a Poisson manifold with
a trace on functions. However, in a lot of important cases Poisson manifolds carry
only a trace on the set of functions with compact support, and this trace satisfies
the relation Tr{f, g} = 0 if one of the functions f or g has a compact support. We
can easily see that in this case the above mapping is well-defined as a mapping from
the de Rham complex with compact support or Alexander—Spanier complex with
compact support (that is obviously defined).

Remark 3.4. In the above theorem we have shown that the pairing is of order O (h™).
The above remarks shows that this pairing is not of a smaller order. The following
example will show that this pairing can be nontrivial even on the level of homol-
ogy. Moreover, this example is a simplified version of the more elaborate example
of pseudodifferential symbols which we use as a main component of the proof of
non-degeneracy theorem.

Example 3.2. Let us consider the Poisson algebra P of germs of functions on a
symplectic manifold M. Darboux theorem says that we can choose a coordinate
system such that this manifold is equipped with the standard Poisson structure

{f,g}zz<8f Jg dg Of )
=1

This manifold carries no trace, however, we can define a trace on functions with
compact support as

0x; 041, O 0444

Tr f d:ef/f(:z:) dxy . ..dxo,.

Therefore we get a mapping from the de Rham complex with compact support to the
Lie-algebraic complex for the Poisson algebra of functions. We want to show here
that this mapping induces inclusion on cohomology.

To show this it is sufficient to provide one Alexander—Spanier cocycle with com-
pact support and one Lie-algebraic cycle with nontrivial pairing between them (since
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the Alexander—Spanier cohomology with compact support is one-dimensional). Con-
sider a step function s (x) in one variable, i.e., a smooth function such that s’ = 0
outside a small neighborhood of v = 0 and s(—o0) = 0, s(c0) = 1. A simple
calculation shows that

IAs(z1) As(m) A+ As(x9,) € CF

has a compact support. Moreover, this function is manifestly a cocycle, since it
contains 1 as a factor.
On the other hand, consider a Lie-algebraic chain

LAZL ATy A AT, € A2HP.

This chain is obviously a cycle, and obviously has a nontrivial pairing with the above
Alexander—Spanier cocycle. Therefore both the cycle and the cocycle are non-trivial,
and the pairing is nontrivial.

3.6. The S-operations. Consider an Alexander—Spanier cochain ¢ € C4§* (X, O).

We described the image Zc¢ of ¢ in the Lie-algebraic complex of A = T'(X,0). On

the other hand, we can consider ¢ as an element of C*3 (X, O) via the mapping

Ci{T(X,0) = CHE (X, 0),

and the image of ¢ in the cohomological cyclic complex of A. In this representa-
tion we can consider also the action of S-operation on ¢ and the cyclic cochains
Sk (Zc) = ZS* (¢). However, though in the algebraic situation we have no mapping
that associates to a Lie-algebraic cochain a cyclic cochain, there is a mapping in
the opposite direction. This means that we can consider S* (Zc) as a Lie-algebraic
cochain.

Hence we constructed a mapping from Cig [1] ®x K [S] into Cpi. (Lie (A)). More-
over, the latter complex is a differential graded algebra (DGA), therefore we can
consider the mapping from the free DGA FreeDGA (Cig [1] ®x K [S]) generated by
Cis|l] ®x K [S] into Cre (Lie (A)). Let us remind that the free DGA is just a
symmetric power in the case of vector superspaces.

This construction is defined so while only in the case when O is a sheaf of associative
algebras. However, we know already that if we forget about S-operations the mapping
above can be correctly defined also in the case of sheaves of Poisson algebras. Below
we show that a similar approximation is true also in the case of S-operations: we
can compute a main term in h of the image of S* (Zc) in the Lie-algebraic cochain
complex. However, this main term coincides with an image of some element of higher
degree (?77?7), therefore the difference of these two elements has a higher order in h,
and the above calculations do not give the main term of this difference. Moreover,
it is possible to show that this main term is not determined by the Poisson algebra
structure and it depends on the higher order terms in the product. We discuss this
situation below.
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Definition 3.3. Consider a family of products -, in A and the corresponding map-
ping T from C44[1] @k K [S] into A*A* [[h]] = C},. (Lie (A[[h]], 1)) Define a filtra-
tion on C%4[1] ®x K [S] as FF = {c | Zc = O (hk)} Define a mapping GrZ from
the corresponding graded quotient Gr F'* into A®* A* as

Ic
k okl _ vk :
FF/F*™ = Gr FBCH}S—%M'

The following fact is obvious:

Lemma 3.1. Consider a Lie algebra P associated with the family of priducts -j.
There are natural differentials in Gr F* and in C},, (P) = A*A*, and the mapping
GrZ is compatible with differentials.

In their paper [?cemMatozcon] I. Gelfand and O. Mathieu consider the Poisson algebra
P = P (T*") of functions on a symplectic torus. They have constructed an (ad hoc)
DGA (that is quasi-isomophic to the above one) with a mapping from it into C},, (P).
They also stated a conjecture that is equivalent to the positive answer to the following
question in the case of X = T?"?

Question. Consider a symplectic manifold X and the Lie algebra P (X)) of functions
on X with respect to the Poisson bracket. Suppose that -, is the deformation of the
commutative product on X that corresponds to the Poisson bracket on X. Is the
above mapping from the symmetric power of the Alexander—Spanier complex with
a compact support

FreeDGA (Gr (Cg, [1] @k K [S])) = C (P)
a quasi-isomorphism?

Though there are some indications that the Gelfand—Mathieu conjecture can be
valid in the toric case, there can be additional complications in the case of an arbitrary
manifold even in the compact case. The structure of the above mapping is nearly
related to the failure of the Lefschetz theory in the symplectic case, therefore in the
case of (say) twisted torus of Witten [?wit| the structure of this mapping can be yet
more complicated.

However, we want to describe the image of the element Z (S"¢) in the Lie-algebraic
cohomology of the Poisson algebra A.

Theorem 3.3. Let A be a Poisson algebra corresponding to the family of products -,
and a linear function Tr on A be a trace with respect to any product -;,. Consider an
arbitrary element " € C% (Spec A) = A" A. Since C%4(Spec A) C C" ¢ (Spec A),

we can consider S™ (c") € C™{2" (Spec A). Consider the corresponding element ¢, €
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COMHIF2r (A, .)) = Axentitar / Zn+1+2,,, and restrict this cochain to skewsymmetric
chains, that gives as a cochain ¢, € A" 1 A* for the Lie algebra Lie (A, ;). Then

/C\Zﬂ“ _ An,rhn+2r + O (hn+l+2r)

for some " =Y, ("_k_l) (7707) ¢y € A"+ A%, (I should compute it yet)

and if = fg A--- A f,, then the value of &y on go A+ -+ A gnyor € AT A can
be written as

/C\?]:)n (QOA"'Agn+2r):Tr Alt . {fao>f01}'{fa2>f03}'---'{fazk,zafagk,l}

0€6,4+1,TEG 4142
: {g‘rm 97—1} : {gT2> 97-3} et {gT2k—2+2r’gT2k—1+2r'}
: {f0'2k’g7'2k+2r} : {f0'2k+1’g7'2k+1+2r} Tl {f0n71>gm71+2r} ou * Grator-

Moreover, for any Poisson algebra A with trace Tr the above formula determines
(by additivity) a mapping ¢*" from the complex C%4(Spec A) into the complex
Cf.. (Lie (A)), and this mapping is compatible with differentials.

Proof. We can proceed in the same way as with the proof of the theorem ... . The
operation S” inserts 2r ones in the given word in all possible places (with some
coefficients). Let us consider one particular ordering of the letters f, and gg and
one particular insertion of ones in the word fofi...f,. Let us call the resulting
word fofi... fusor, any fﬁ, being f, or 1. The strange pairing gives as a word

fogof1a1 - fn+grgn+2r Call two noncommutative polynomials congruent if they be-
come the same after alternation in indices o and 3. Now we can make the same
transformations as before with the polynomial fogo 191 . . - frtorGniors

until we write this expression as a sum of terms of the form

fi1 ‘h -+ "h fi2k+1 h [gju fh] thoe- |:gjn72k7 fln72k:| ‘hGt1 "ho- - h Gtoprigar

and of a remainder of order O (h"*?").

Here f. denotes either some f; or 1. We can suppose again that j; <l; < jp <y <

-+ < Jn—ok < ly—ok. Moreover, if j; < I; <l < j;, both f;, and fl; are some f,, and
any f; is 1 for [; < v < I}, then the exchange of [; and [/ results in the change of the
sign of the alternation. Therefore we can suppose that in the set { fvjﬁl, cee f; +1}
there is odd numbers of f,. Now it is easy to check that if we choose [; to be the
maximal possible index [; < 7,41 such that flz is some f,, then two different choices
of {js} contribute the same share in the alternation, and this share does not depend
on the choice of places we inserted ones in.

we should fix the number of f, in {fvjﬁl, cee fvjm} and count the contri-
bution.
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It is clear now that the theorem is true up to a choice of coefficients in the decompo-
sition of ¢™" in 6?,5 However, since any insertion of ones give the same contribution,
we should only compute the sum of coefficients at all the insertions.

The proof that the formula of the theorem gives a mapping of complexes in the
case of a Poisson manifold can be carried out in the same way as we did before,
without S™. O

Corollary 3.2. Let M be a Poisson manifold with a trace Tr, and P be the sheaf of
functions with the Poisson bracket. The “shifted strange pairing” between S"C’tg (M, P)
and CHe, ., (Lie (I (M, P))) can be routed via the pairing between Q" M and Q2" M.
This pairing can be written as

<w", wn+2r> _ Trz i (nn—2k) (z (nk) WO A (nk-i-r) wn+2r)
k

for appropriate constants .

4. EXAMPLE: PSEUDODIFFERENTIAL SYMBOLS

4.1. The sheaf of pseudodifferential symbols. Here we use a synthetic ap-
proach and intertwine definitions of pseudodifferential operators and pseudodifferen-
tial symbols. However, the operators are only intermediate steps in the process of
definition of symbols for us.

Definition 4.1. A function A (z,€) on T*R" is a classical pseudodifferential symbol
of order k € 7 if for any given N it has a decomposition

k

A &= 3 A0+ AN (2,9),

Jj=—N

where A; is a smooth (outside 0 section of T*R™) homogeneous in & function of
homogeneity degree j and AN is o (§_N) locally in x when £ — oco. We say that

g(l’,g) = Z Aj (x7£>

j=—00

is the asymptotic expansion of A.
We consider two symbols the same if they have the same asymptotic expansion.

Consider an operator A: C*° (R") — C* (R"). Consider the point xy € R", the
d-function ¢,, in this point and the linear functional

A*éxo: f = (Af) ($0) :

on C* (R™). Let us translate this generalized function on the vector —x

f (@) = fao (2) = [ (2 + 20) = (Afao) (20)
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and denote it ¢4 ,,. For not to worry about the behavior at large z, fix a cut-oft
function w (z) and denote w4 ., by P wp-

Definition 4.2. An operator A: C* (R") — C*° (R") is a classical pseudodifferen-
tial operator with a symbol A (z,&) = SF__ A (v,€) if the generalized function
@A@o (I)

PAzo - f = <30A,9007f> = w(x)A(f (SL’ —|—SL’0)) |$0

has Fourier transform Fp, ., (§) with the asymptotic expansion

k
FQOA,:BO (5) = Z Aj (1’0,5), |£| — Q.

j=—o00

Example 4.1. The operator M, of multiplication by the function « (x) is pseudod-
ifferential with symbol A (z,£) = «(x). Indeed, in this case the generalized function
©u, 1S just the 6-function at 0 (this is why we shift the argument of the function f in
the definition) with coefficient « (), and the Fourier transform of the §-function is
1.

Example 4.2. The operator 8%1 is pseudodifferential with symbol i&;. Moreover,
any vector field corresponds to a pseudodifferential operator and the symbol is the
corresponding linear function on T*R™.

Proposition 4.1. A composition of two pseudodifferential operators is again a pseu-
dodifferential operator and its symbol has the following asymptotic expansion:

1 9Nl - OINI
(4.1) AoB = Z WWA(z’g)M—NB(I’g)'

N>0

(The terms in this sum have the order that goes to infinity, therefore to compute

e~

a component of Ao B of given homogeneity degree we need to compute a sum of a
finite number of summands.)

If the symbol of a pseudodifferential operator vanishes, then this operator is an
operator with a smooth kernel K (z,y)dy, x,y € R":

f @)= (A (@) = [ K (2,9) f (v) dy.

Now we want to define a notion of a pseudodifferential operator on a manifold.
Consider a pseudodifferential operator P on R"” and a pair of cut-off functions ¢ and
1 defined in a neighborhood of x € R"™. Then ¢ Py is the operator sending a locally
defined function into a locally defined function with a compact support. It is obvious

Label equ6.3,
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that this operator is pseudodifferential, moreover, if for any functions ¢;, ¢; from a
decomposition of unity

Z%’Zl

the operator ¢; Py; is pseudodifferential then the initial operator P is also pseudod-
ifferential. This gives a localization of the notion of a pseudodifferential operator,
therefore we can define a pseudodifferential operator on a manifold. However, we
want also define a notion of pseudodifferential symbol on a manifold, and this is a
little bit more tricky.

We know that the operators with a smooth kernel on a manifold should form a
kernel of the mapping from operators to symbols. in any local chart M D U — R"
we can associate to the pseudodifferential operator its symbol, that is an asymptotic
expansion in T*R"™. Consider two intersecting local charts. The symbol in one of
them determines the operator up to addition of an operator with a smooth kernel,
therefore it determines the symbol in the part of the other chart that corresponds to
intersection of charts.

What we get is the action of “local diffeomorphisms” of R™ on pseudodifferential
symbols. This action is difficult to describe explicitly, however, if we could do it, then
we could just define the notion of a pseudodifferential symbol on a manifold without
a reference to pseudodifferential operators. For convinience of the reader we want to
show that this action is not a new entity, but just a corollary of the formula for the
multiplication.

Indeed, consider for simplicity the differential operators on R™. We know how
diffeomorphisms of R™ acts on this algebra, however, we can deduce this action as a
corollary of the commutation law for differential operators. Indeed, we can represent
a diffeomorphism as an intergral of a flow corresponding to some vector field. Now
the change in some small time of the operator under the action of this flow is described
by the commutator of the vector field and the operator. Now we can integrate these
changes and get the image under this diffeomorphism. We can repeat this program
literally in the case of pseudodifferential operators.

Corollary 4.1. Consider a 1-parametric group of diffeomorphisms h; of R" corre-
sponding to a vector field V. It can be raised to T*R", so it determines a group of
diffeomorphisms h; of T*R™ and a vector field V' on T*R™. Consider a pseudodiffer-
ential symbol Py and the equation

d

—£B:VOPt—PtoV

Call a solution of this equation the translation of P by the flow h;.
The leading terms of [V, P| and of the Lie derivative of the symbol P with respect to
the field V' coincide, hence the leading term of P, moves with the flow h;. Moreover,
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in the equation above we can restict our attention to any fixed number of terms in
the symbol P, since the commutator with V' preserves degree. Hence if P = Y P;,
and

Pj(t) = (h;)* Pj,t

) is u pper-triangular:

9O = o (PLY).

k>j

then the equation on Pj(t

Here o are some differential operators. Therefore the solution always exists, its
leading term is a translation of the leading term of Py by the action of h;, and any
term of the translation depends only on the values of the terms with the same of
higher order in the preimage of a given point on T*R".

Consider a manifold M and an operator A: C* (M) — C*(M). We call this
operator a pseudodifferential operator on M if it is locally of such type, i.e., if for
a local chart h: M D U — R"™ it acts on functions with compact support in U as
some psuedodifferential operator in R™. This means that for a cut-off function o with
support on U the corresponding operator

h™" o M, o Ao M,oh*: C°(R") = C>™(R")

is pseudodifferential. It is easy to see that we can consider the symbol of this operator
in this coordinate frame and that the highest order term of this symbol is correctly
defined function on T*M. We can consider a complete symbol of A as an asymptotic
expansion of a function on T*M with a “twisted” transformation law under chart
changes on M: only the highest term is just transferred by the flow, to the lower
terms some additional terms (depending on the higher order terms) are added.

However, we can see that if in one chart the symbol of the operator A is 0 when
¢ goes to infinity inside a given open conic subset of T*M, then this condition is
satisfied in any other coordinate chart. The composition law (4.1) shows that a
product of such operator with any other operator is again of this type. This means
that the restriction of the symbol of the product to an open conic subset is uniquely
determined by values of the symbols of factors on the given subset.

Therefore we can consider the set DS (M) of pseudodifferential symbols on M,
define the multiplication law of such symbols and transformation laws under diffeo-
morphisms. It easy to see that this ring has a natural structure of a sheaf of rings
over the “infinity in the cotangent bundle”.

So consider a projective (or better, spherical) completion PT*M and the infinity
PT*M in this completion. We can consider a symbol on M as a function on the
“punctured infinitesimal neighborhood of PT*M in PT*M”. We call this (formal)
manifold DT*M. It is fibered over PT*M with a “punctured disk of infinitesimally



THE ALEXANDER—SPANIER COHOMOLOGY AND CYCLIC COHOMOLOGY 39

small radius” as a fiber. The fiber has two connected components, corresponding to
the positive part of the disk and the negative one.

Here we want to show that the cyclic cohomogy of this ring is exhausted by the
“topological type” cocycles defined above. To do this we use the description of
the cyclic cohomology obtained in the papers [?BryGet], [?wod] and compare this
description with the image of the mapping 7.

4.2. Cohomology of symbols: the Poincaré lemma. In the section on Poisson
algebras we have shown that the strange pairing determines an inclusion of cohomol-
ogy in the case of germs of functions on a symplectic manifold. Here we want to show
the same fact in the case of germs of pseudodifferential symbols.

The sheaf of pseudodifferential symbols lives on the formal manifold DT™* M, which
is a product of a punctured formal infinitesimal disk and the spherization of the
cotangent bundle. Therefore the cohomology of the base is the product of cohomology
of the spherization and cohomology of the punctured disk. A punctured disk looks like
a circle homotopically, therefore the cohomology should be 1-dimensional in degrees
0 and 1. The corresponding cocycles in the de Rham complex are 1 and dz/z. The
corresponding representatives in the Alexander—Spanier complex are f(z) = 1 and
g (21, 22) = log i—f Let us note that we can write the second cocycle as 1 A log z if we
allow log z as an additional function on the disk. The fact that log 2z is outside the
ring of functions we consider ensures the non-triviality of this cocycle.

The trace on pseudodifferential symbols is correctly defined on symbols with com-
pact support along the spherization. Therefore we get a mapping from the Alexander—
Spanier complex of DT*M with complex support along the spherization to the Lie-
algebraic complex for the Lie algebra of pseudodifferential symbols. This is in a
complete analogy with what we did in the case of Poisson algebra on a symplectic
manifold.

Example 4.3. Consider a small (convex) open conic subset C' of T*M and the Lie
algebra of symbols of pseudodifferential operators in this subset. Taking the coordi-
nates x* on M we get the corresponding coordinates z*, & on T*M. We can suppose
that C' is a neighborhood of z* = 0,1 >0, & =0, j>1,& > 0.

Consider a step function s (y) on R, s’ # 0 only in a small neighborhood of the
y = 0. We can consider now two Alexander—Spanier cochaines on C':

1/\s(x1)/\~-~/\8($")/\8(52/51)/\"'/\5(§n/51)

and

1/\108;51/\3(931)/\"'/\S(ifn)/\s(&/gl)/\"‘/\S(Sn/fl)-

(We can understand 1 Alog z as an entity or as an exterior product with log z added
to the ring of functions.) The same reasons as in the case of a Poisson algebra show
that these cochains are cocycles and have a compact support along the spherization.



40 ILYA ZAKHAREVICH

Therefore they define two Lie-algebraic cocycles for the Lie algebra of pseudodiffer-
ential symbols in C' via the strange pairing.
On the other hand, we can provide two Lie-algebraic chains for the same algebra:
1
6—/\:)32/\---/\:E”/\§1/\---/\§n and LAZ' A~ AZ"ANE A A
1
Again, the simple calculation shows that these chains are cycles and that they have
a nondegenerate strange pairing with the above Alexander—Spanier cocycles. This
shows that all four (co)cycles are nontrivial and the pairing is nontrivial.

Corollary 4.2. Consider a small (convex) conic subset C' of T*M. The strange
pairing defines a mapping from the Hochschild—Alexander—Spanier complex (with
compact support along S*M ) of the neighborhood of infinity in C' to the Hochschild
complex of the ring of pseudodifferential symbols in C. This mapping is a quasi-
isomorphism. The same is true with the mapping from the cyclic Alexander—Spanier
complex into the cyclic complex.

Proof. Let us proof the claim about the cyclic complexes first. It is known that in
this case the cyclic cohomology forms a free module over K [S] with two generators
in degrees 2n and 2n + 1 [?wod], [?BryGet]. (Let us remind that the operation S
has degree 2.) From the other side, the description of cyclic Alexander—Spanier
cohomology shows that it is a free module over K [S] in degrees 2n — 1 and 2n. Since
two actions of S on two complexes in question are compatible, it is sufficient to show
that the generators of cyclic Alexander—Spanier cohomology go to non-trivial cyclic
cocycles. Therefore it is sufficient to provide two cyclic cycles with nontrivial strange
pairing with these basic cyclic Alexander—Spanier cocycles.

However, the Alexander—Spanier complex is a subcomplex of the cyclic Alexander—
Spanier complex, and the Lie-algebraic homological complex is a subcomplex of the
cyclic homological complex, therefore the above example gives us the necessary in-
gredients. Now the proof for the case of the Hochschild complex is trivial, because in
both the topological and algebraic situation the Hochschild complex and the cyclic
complex are related by a long exact sequence. [J

Remark 4.1. In the above argument we used the calculations with Lie-algebraic com-
plexes. The irony of the situation is that we can nevertheless give no description of
the Lie cohomology of the algebra in question.

4.3. The global cohomology. In the previous section we gave a simple example of
cocycles in the situation of the Poincaré lemma. We exploited the fact that the coho-
mology in question is known to show that the strange pairing is a quasi-isomorphism
in this case. Here we exploit the fact our description of complexes and of the strange
pairing is functorial to show that it is a quasi-isomorphism in the general case too.
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Consider a manifold M and a sheaf O of K-algebras over X. Then we can consider
a (Hochschild) complex of presheaves X D U — CH, (I' (U, O)) and the associated
complex of sheaves CH., (O). In the same way we can consider the cyclic complex
CC (O) and the Lie-algebraic complex Cp;. (Lie (O)). We can consider hypercohomol-
ogy of such a complex and compare it with the corresponding cohomology of the
algebra I' (X, O) of global sections.

There is a natural mapping

CH (T (X,0)) = T (X,CH (0))

and analoguous mappings in the cases of cyclic and Lie-algebraic complexes. In the
following we use the following example: as X we consider the spherization S*M of
the cotangent bundle T*M, and as O we consider the sheave of pseudodifferential
symbols over M. It is known [?Brycet] that in this case the above mapping is a
quasi-isomorphism.

On the other hand, we have a strange pairing between the (say) cyclic Alexander—
Spanier complex with compact support and the cyclic complex, and this pairing is
correctly defined for any open subset U C X. Therefore we get a mapping from
the cyclic complex of sheaves into the complex of sheaves that is dual to cyclic
Alexander—Spanier complex with compact support. In the considered above case
we know already that this mapping is a quasi-isomorphism of complexes of sheaves,
since the corresponding mapping on sections is a quasi-isomorphism in the case of a
small open subset.

Now the proof is almost at hand. Consider the spectral sequences associated with
these two complexes of sheaves. The E' terms are (7777)

E,, = H"(X,HH_,(0)) and H" (X, H* (D)),

and the strange pairing induces an isomorphism of these two complexes. However, we
know that the first spectral sequence converges to the homology of the algebra of glob-
al sections, therefore the strange pairing is indeed nondegenerate in the Hochschild
case. The same proof works in the cyclic case. We proved

Theorem 4.1. Consider a manifold M and the ring of global pseudodifferential
symbols WDS (M) on M. Then the strange pairings between Cpyg. (DT*M) and
CH* (VDS (M)) or between C2yg (DT*M) and CC* (VDS (M)) induce nondegen-
erate pairings on cohomology. Moreover, the same is true if we change T*M to an
open conic subset in T* M, or if we consider pseudodifferential symbols with compact
support and Alexander—Spanier chains with arbitrary support.

REFERENCES

DEPARTMENT OF MATHEMATICS, MIT, CAMBRIDGE, MA, 02139
E-mail address: ilya@math.mit.edu



