THE ALEXANDER-SPANIER COHOMOLOGY
AS A PART OF CYCLIC COHOMOLOGY

ILYA ZAKHAREVICH

ABSTRACT. Basing on a sheaf O with a fixed section 1 on a manifold M we intro-
duce the notions of the de Rham, cyclic and Hochschild cohomological complexes
of the Alexander—Spanier type for M with coefficients in O. We show when these
complexes are quasi-isomorphic to the usual cohomology of M and how to build
cocycles for these complexes basing on cocycles for M. If O is a sheaf of algebras
with a trace on the ring A of global sections, we construct mappings from these
complexes to the corresponding cohomology of A. In the case of the ring of pseu-
dodifferential operators these mappings are isomorphisms if we consider cyclic or
Hochschild complexes.

Moreover, for an arbitrary sheaf of algebras the Hochschild complex of the alge-
bra of global sections has a natural structure of a module over the cohomological
Hochschild complex of the base (with a natural product). On the level of cohomo-
logy we get an analoguous fact: algebraic Hochschild cohomology is a module over
cohomological ring of the base. In the case of the sheaf of differential operators we
show that this module is a free module with one generator and build this generator.

These two descriptions are compatible with known descriptions of the cohomo-
logy for corresponding algebras, however they provide also explicit constructions of
cocycles. We also construct a lot of cocycles for Poisson algebras, what generalizes
the Gelfand—Mathieu construction [?GelMat] to the case of an arbitrary Poisson
manifold.
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0. INTRODUCTION

In the last couple of years there was a big progress in construction of cocycles
for non-commutative algebras with local multiplication. In fact the first results in
this direction were achieved a long time ago, when there appeared a description
of cohomology of algebras of differential or pseudodifferential operators ([?BryGet,
?Wod]). However, these description were nonconstructive, so the first sign of the
progress was the description of one particular Lie-algebraic cocycle of the Lie algebra
of pseudodifferential operators with a use of the symbol for log 0[?KheKra].

It was a very easy task to pinpoint the topological origin of the Khesin—Kravchenko
construction, and it seems now that the generalization of this construction is a com-
mon knowledge between specialists. The description of the cohomology obtained in
the “ancient” papers [?BryGet, ?Wod| shows that there is a tight connection between the
cohomology of the support of the algebra and the cohomology of the algebra itself. So
the generalizations assign to a topological cocycle of some kind an algebraic cocycle.
The best candidates for that are Cech cohomology and de Rham cohomology.

The discussion below has two targets: to give the simplest examples of the cocycles
we will obtain later and to provide the reader with euristics why these cocycles are in
the best cases nontrivial. We do not restrict ourselves to be absolutely correct with
the second target, therefore the reader who needs proofs should skip all the vague
arguments like “if some conditions of non-degeneracy are satisfied...”. However,
even in this section any construction of cocycles is still correct, hence even the most
demanding reader can get something if he will not skip to the section 1.
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0.1. A construction of 2-cocycles. Let us give a construction of a 2-cocycle as an
example. Consider a manifold M over a field K and a sheaf O of associative algebras
with units on M. Let Abe I (M, O), and suppose that there is a trace on the algebra
A, i.e., a linear functional Tr : A — K such that

Tr (ab —ba) =0

for any two elements a,b € A. The best example would be the sheaf D of differential
operators, however, this sheaf allows only trivial trace Tra = 0. We will explain how
to correct this deficiency later, when we use pseudodifferential operators.

We can consider (though approximately) a differential operator or a pseudodif-
ferential operator as a function on a cotangent bundle. In the same way the trace
on pseudodifferential operators is an analogue of integration of functions on a sym-
plectic manifold. Therefore the reader should now imagine that there is some non-
commutative deformation of the sheaf of functions on a manifold, and that the inte-
gration of functions deforms to a non-trivial trace on this algebra. Or, if the reader is
too recalcitrant, he should consider instead any sheaf of algebras with a global trace.
What we want to do is to construct a morphism from H! (M, K) to HZ_ (A, K). As
we see below, in good cases this morphism is an isomorphism.

We stole the following innocent statement from [?Kheskra91Coc] (though it is present
there only virtually): let X € A and ¢': A — K given by

(0.1) A TrX A

be a 1-cochain for A (here we consider, say, cochain complex for the Lie algebra that
correspond to A). Then we can rewrite a coboundary of ¢!

de': A A— K: (A,B)— Tr X - [A, B]
as
(0.2) dc' (A,B) =Tr[X, A] - B.

Let us note that we can represent any 1-cochain on A in the form (0.1) if the trace on
A is “sufficiently nondegenerate”. Therefore under this condition of non-degeneracy
any 2-coboundary for A can be written in the form (0.2). Moreover, the cochain (0.2)
is remarkable by its locality property: let us call a 2-cochain ¢? local if there is a
mapping

X:0—=>0:T(U0O)39p— X (p) el (U,0)
such that ¢? (4, B) = Tr X (A) - B.

It is clear that on local cochains the closeness is a local property: if we have
a covering i1 of M and a set of closed local cochains on Ol|y, U € 4, that are
restrictions' of some global cochain, then this cochain is also closed. The following
step we want to do now is to construct a local cochain that does not correspond to

e., a local cochain coincides with the global on local sections with compact support, and such
sections for different U generate the set of global sections.

Label equ0.3,

Label equ0.6,
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any global section X. By the locality property it is closed, and since it does not
correspond to any section, it cannot be a coboundary. Therefore it is a nontrivial
cocycle!

Moreover, we want to do it for an arbitrary class in H' (M, K). We want here
to consider a geometric realization of this cocycle as the intersection index with an
(coorientable) hypersurface H C M. Consider a pair of tubular neighborhoods Uy,
U of H such that U; C U and a section X; on U that is identically 0 near one
boundary of U and identically 1 near another. Let X, be a 0 section on M ~ U;.
The sections X, define by (0.2) two local cochains on their domains,> and these
cochains “coincide” on the intersection of these domains. As we explained it above,
that determines a cochain on M, and in order this cochain to be a coboundary, the
section X; should extend to the entire M as a local constant (i.e., as a section in
K C O). We can write this cochain as

def

c (M, Xl’g) : (A, B) — Tr X (A) . B, X (A) = [XLQ,A] .

In the definition of X we should take a different function X; or Xy depending on
the region of M we are currently in—the result X' (A) does not depend on the choice
anywhere a choice is possible.

If H divides M into two parts, then X; can be extended into one part as 0 and into
another as 1. However, in this case H represent a trivial cohomology class. Therefore
we constructed a promised mapping

Hl (M>K) - Hﬁio (A>K)

The cheating in this construction is the choice of the section X;. If O is indeed the
isomorphic as a sheaf to the sheaf of functions, and M is a C*°-manifold, then there
is no problem in providing such a section. Otherwise the notion of such a section
is correctly defined (since A is an algebra with unity, there is a constant subsheaf
K C O, so there is a notion of section being locally 0 or locally 1), but to find it we
need some additional “nice” properties of the sheaf O, like O being soft.

We can consider X - as a (global) section of the sheaf O/K. Then the discussion
above can be rewritten in one phrase: the mapping

X:0—0:A— [X,A

is correctly defined even in the case when X is not an element of A =T (M, O), but
an element of I' (M, O/K), and the sequence

0+K=I(MK)—>A=T(M,0)—=T(MO/K)— H (M,K)— H' (M,0) — ...

is exact. However, as the following generalization shows, this abstraction is too
concrete to sustain useful modifications.

ZMore precise, on the rings of global sections with compact support on their domains.
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0.2. 2-cocycles for pseudodifferential symbols. As we will see later (when we
give a precise definition of a pseudodifferential symbol on a circle), this ring is a
ring of global section over a product of two circles: one ordinary, another infinites-
imal. This manifold has 2-dimensional space H', therefore we can construct two
2-cocycles. However, this two 2-cocycles correspond to different geometrical objects
(since the radii of the circles are so different), therefore we need two slightly different
constructions.

Example 0.1. Consider the sheaf of pseudodifferential symbols on a circle S*. We
consider them as “functions” ¢ (z,€) on the cotangent bundle 7*S*. In fact these
functions are just asymptotic expansions when & — 0o, so they are defined on the
infinitesimal neighborhood of the infinity in the cotangent bundle. There are two
classes in H' of this manifold: one corresponds to a hypersurface x = const, another
one to

& = a very-very big const .

Consider a first one of these two classes and the corresponding function X;. We
can suppose that X; depends only on z, and that it has a “jump” near the point
x = 0. Now we want to expand X; to be as near as it is possible to a function on a
circle, i.e., a function with period 1. This function (where defined) is 0 if x < —¢, is
1if x > ¢. Let us extend it as 0 on the interval —1 + ¢ < x < —c and as 1 on the
interval ¢ < x < 1 — ¢. Now this function is already non-periodic, but it satisfies the
relation

Xi(z+1) =X, (z)+1

instead. Moreover, we can uniquely extend it to a function X, on the entire line
leaving this relation true. However, since for any function A (x,£) with period 1 in x
the expression

|:)/Z17 A]
is periodic with period 1, we can still apply the formula (0.2) and get a 2-cocycle
(A, B) — Tt [)?1,14} . B.

(And we do not need to know the precise law of multiplication for pseudodifferen-
tial operators, the only thing we need to know is the translation-invariance of this
multiplication.)

However, we can still simplify this formula a lot. Let as note that an addition of
a periodical function to X; results in changing this cocycle by a coboundary, as the

formula (0.2) shows. Therefore we can substitute the function z instead of X (z),

since X (z) — x is a periodical function. We result in the following formula for a
cocycle:

(A(:B,f),B(x,{))|—>Tr[:17,A]-B:—Tr%-B.
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Example 0.2. To deal with the second case is a little bit more tricky, especially
since we cannot formulate precisely what we mean by “a very-very big const”. Let
us proceed first as in the first example. Consider a hypersurface £ = const and a
corresponding function X;. The big problem is that the functions we consider should
also have good symmetry properties. In the previous example they should have been
invariant with respect to translation in z, here they should have a good decomposition
with respect to the action of expansions in &, as the definition of a psudodifferential
symbol shows.

One way to circumvent this is to consider a family of surfaces that are “approxi-
mately invariant” with respect to expansions in &, say

£ =const-af, keZ a>1.

The corresponding function X is locally constant away from these surfaces and has
a “jump” 1 near any one of them. This modification is in direct analogy with the
step from a locally defined function X7 to an “almost periodical” function Xj.

This function X satisfies the property

Xy (af€) = X1 (&) + K

of “almost-invariance” with respect to a discrete group of expansions. If we consider
instead of a discrete family of hypersurfaces a “continuous family”, or if we take the
limit o« — 1 with the corresponding scaling of X, we get a function

X (§) = logé.

If the reader believes what was discussed so far, he should understand now that the
formula

(A,B) — Trllog&, Al - B

is correct, defines a cocycle for Lie algebra of pseudodifferential operators, and that
this cocycle cannot be a coboundary (since log ¢ is not a pseudodifferential symbol).
Moreover, it should be clear that the classes of two defined cocycles are linearly
independent, since no linear combination of x and log¢ is simultaneously periodic
and a sum of homogeneous in ¢ functions.

Remark 0.3. The second cocycle has certain advantages comparing with the first.
While the first cocycle is trivial after restriction on the ring of differential operators,
the second one gives (the only nontrivial) 2-cocycle for this ring. This is a reason
why the much simpler first cocycle was missed so far—and while it is discovered, the
discussed in this paper theory becomes almost obvious.

We want to note also that though it is possible to consider the second cocycle on
differential operators only, to define it we need pseudodifferential symbols.
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0.3. 3-cocycles and 4-cocycles. Here we want to construct a generalization of the
above construction to higher codimensions. Again, we want to begin with construc-
tions of (local) cochains and coboundaries.

Call an n-cochain ¢ on A a local cochain if

c(Ay,...,Ay) = 0if ()Supp 4; = @.
i=1
Suppose that the sheaf of algebras O is isomorphic to a sheaf of functions on M. In
this case such a cochain is just a skew-symmetric generalized function with a support
on a diagonal in M™. Locally we can write any such function (i.e., a functional on
the space of functions) as a linear combination of the terms

Al XX An — Tr Alt DlAl """ DnAru

and
Al XX An — Tr Alt DlAl """ Dn—lAn—l : f()An,

where D; are differential operators without a term of degree 0, and f is a function
on M. Now suppose that the product on O is a deformation of the commutative
product on the sheaf of functions with respect to a non-degenerate Poisson structure.
In this case we can write the operator D; as a composition of vector fields, i.e., of
Poisson brackets with functions on M. We can see that in this case we can write any
local cochain as

M@ @A, o TeAL £ £ Lo [ A [fn, [ [ 4] ]| o

or as the analogous expression without f;. Now we can write any commutator as a
difference of products, therefore any such function can be written as

A1®®An'—>TI'A1tf1A1f2A2 """ ann

Therefore we obtained a general formula for local cocycles, and we can write a general
formula for local coboundaries (all under the above assumptions). If we avoid the
question of a local cochain being a coboundary, but of non-local cochain only, then
to construct a non-trivial cocycle we can try to find a local coboundary that is not a
global coboundary. To do this we need to fix a geometrical realization of a class of
cohomology on M, say a submanifold in M.

Suppose that codimension is 2. Let X;, X5 be two functions on M. Consider a
cochain

Cixy (A1, Ag) =T Alt X, - Ay - X, - Ay,

o,7€S9
Then we can write a coboundary of this cochain as

1
dC%Xi} (Al’ A2’ An+1) = oEGé,theGg, (g [Xal’ Aﬁ] ’ [Xaza A'r2] ’ A'r3

(0.3) 1

+ E [ATl’A7'2] ’ [X01>XU2] 'AT3) :
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Suppose that codimension is 3. Let X;, 7 =1,...,3, be functions on M. Consider a
cochain

Cixy (A1, Ay, Ag) =Tr Alt X, - Ar - Xoy - Ary - X, - Ary.

0,7€ES3

Then we can write a coboundary of this cochain as

1
dC?Xi} (A1> s aA4) =Tr aeéél}e&; (1 [Xo'l’ Aﬁ] """ [XU3> AT3] ’ AT4
1
(O-4> + 1_6 [Xap Aﬁ] ’ [A02> AU3] ’ [sza X'rg] 'A'r4
1
+ 1_6 [ T1>XT2] ' [Ao'l’AO'Z] ' [X03’A73] 'AT4) :

Now we want to show that (at least in some particular cases) we can use these two
formulae for generation of cocycles, and we can hope that in reasonable cases these
cocycles should be non-trivial. We see that in a formula for a local coboundary in
the codimension 2 and 3 any occurence of X; is in the form

[X;, something] .

Therefore if we know X up to a (locally defined) constant only, we can still use
these formulae and we get a cocycle. If we cannot find global X; with the specified
non-constant part, then there is a big hope that this cocycle is non-trivial.

Now consider a submanifold S of codimension n in M and let us try to repeat the
above construction in these conditions. One particular case is when this submani-
fold is a complete intersection in its neighborhood. We mean that we can construct
hypersurfaces H;, + = 1,...,n, in a neighborhood of S such that M is a transversal
intersection of H;. Now let X; be the functions with a change 1 in a narrow neigh-
borhood of H; and locally constant far from it. Consider the right-hand sides of the
formulae (0.3)-(0.4). They define some (n + 1)-cochains of A. Indeed, though X; are
defined only in a neighborhood of S, but the function under the trace sign is non-zero
only in a smaller neighborhood. Therefore we can extend it everywhere as 0 and take
the trace.

In the same way as above what we get is a cocycle (since locally it looks as a
coboundary). If the class of S in H™ (M, K) is non-trivial, there is a big hope that
we get a non-trivial cochain.

Example 0.4. Let us combine the two discussed above examples of cocycles to
construct a 3-cocycle for pseudodifferential symbols. We get the following formula:

0A 0B
A B, C Tr— [l Bl-C -]l Al-—-C).
(4.8,0) > T (5 logé, B]- € - g, Al 52 )
This cocycle corresponds to the intersection of the plane x = const with the plane
¢ = const, i.e., to a cohomological class of a point.

Label equ0.10,

Label equ0.11,
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0.4. Higher dimensions. In the case codim > 3 we do not know if we can write
a differential of a local cochain in a form similar to (0.3)—(0.4). However, it is not

necessary. Let X;, ¢ =1,...,n, be functions on M. Consider a cochain
C?Xi} (Al’ ) AN) =Tr o,éelégn Xy v Apy o Xo, « An,.

Then we can write a coboundary of this cochain as

(05) dC{Xi} (A1> e ,An, An+l) =+Tr 0667:ér1£6n+1 Aﬁ . Xal . A72 ..... Xan A
Now it is very easy to see that if X; = const, then the alternation vanishes. Therefore
we can substitute a section of O/K instead of X in this formula, therefore any
argument above is still applicable. Again under some non-degeneracy conditions any
cochain can be written as a linear combination of such, therefore there is a hope to
write down a cocycle that is locally of the same form. What does the word “locally”
mean here? We can see that if any one of X, vanishes in a neighborhood of some
point, then the expression under the trace sign vanishes there. Therefore we can
consider a function X; ® --- @ X, on M x --- x M:

X1 @@ Xy (ma, .o omy) = Xy (m) . X ()

This function uniquely determines the corresponding cochain, moreover, the above
remark on locality shows that it is sufficient to know this function in a neighborhood
of the diagonal. So “locally” means exactly this consideration in a neighborhood of
the diagonal.

The only problem now is what to do with the case of when S is not a local intersec-
tion. In less demanding cohomological theories we could consider a decomposition of
unity. To do this in our case we should put some cut-off functions in the formula (0.5).
However, there are too many places to “put a horse into”, therefore it is not so easy
to do this in such a way that the result will remain closed. Another problem is that
we have too many degrees of freedom: we can get a mapping of cohomology groups,
but this mapping is too far away from the “cohomological dream”, when we have
mapping of complexes themselves.

0.5. The appearing of Alexander—Spanier theory. One of the possible construc-
tions is the use of Alexander—Spanier theory as a source for the initial cocycle on M.
Consider the construction of a 2-cocycle basing on a section of @/K. This section is
essentially a closed 1-form on M, if O is the sheaf of functions. In fact we can write
the basic element [X, A] from (0.2) as

X-A1-1-A-X.

In both terms A is in between, therefore we just consider the action of the element
1 X-X®1 € A®Aon A € Awith respect to the usual left-right action. Now come
two crucial observations: if we change X by a constant, the element 1 ® X — X ® 1
does not change, and we need to know 1 ® X — X ® 1 only on a neighborhood of a

Label equ0.12,
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diagonal in M x M (we consider A ® A as sections of O X O on M x M). Indeed,
if an element of A ® A is zero in a neighborhood of the diagonal, it acts as 0 on A.
Hence this element of A ® A (i.e., a section of OK O on M x M) is correctly defined
in a neighborhood of a diagonal if X is defined up to a locally constant section.

Therefore we come to the following construction: basing on a section X € I' (M, O/K)

we get a section 1@ X — X ®1 of OKO in a neighborhood of diagonal in M x M. Ho-
wever, this section is just a representation of dX in the Alexander—Spanier complex.
What remains to do is to find a more natural place for B from (0.2) and construct a
generalization to the case of cocycles of higher order (this is a definition of “strange
pairing”).

So the topic of this article is a strange observation that while there is a big am-
biguity in a construction of the mapping from the, say, Cech complex to a cyclic
complex, this ambiguity is washed out if we start with an Alexander—Spanier com-
plex. That means that, in fact, all the ambiguity is lying in the step from the Cech
complex to the Alexander—Spanier one.

We remind here several useful mapping (including ambiguities) from various topo-
logical complexes to the Alexander—Spanier one and construct a canonical mapping
from the latter complex to the cocyclic complex. (This in fact gives us also a map-
ping to the Hochschild complex and the Lie-algebraic one.) A remarkable property
of this mapping is that it does not depend on the structure of the algebra, only on
sheaf-theoretical structure of the corresponding sheaf.

We also show that the described set of cocycles give the entire cohomology of the
corresponding algebra in cases when this cohomology is known.

I am indebted to a lot of people for fruitful discussions and inestimable help,
among them I. M. Gelfand, A. Goncharov, D. Kazhdan, B. Khesin, M. Kontsevich,
O. Kravchenko, H. McKean, A. Radul, B. Tsygan. Another approach to what is
done here is contained in the resent works of B. Tsygan. In these papers the cyclic
cohomology is connected with the Atiyah—Singer theorem of index.

These papers together with what is written here suggest that it is interesting to
try to rewrite some “standard” proof of this theorem using the Alexander—Spanier
cohomology instead of the usual one.

1. ALEXANDER—SPANIER COHOMOLOGY

In this section, the sheaves we consider are going to be sheaves of K-modules for
a commutative algebra K with unity. The tensor products are taken over K. Unless
specified otherwise, K is going to be a field.

If you have a differential manifold M, usually there is a lot of different ways to
describe the same object: the cohomology of M. You can write a lot of different
complexes that are all quasi-isomorphic. In various geometrical situations you can
apply the complex that you feel is more suitable for it.

Label hl



THE ALEXANDER-SPANIER COHOMOLOGY AND CYCLIC COHOMOLOGY 11

However, there is one particular type of complex that appears very rare if you need
a geometrical description of cohomology. I mean the Alexander—Spanier complez,
applications of which are usually met in hard topological papers. Here I want to
show that (quite unanticipated) it is very useful in descriptions of highly geometrical
objects: cyclic cohomology, that are just a non-commutative analogue of the de Rham
cohomology.

1.1. Alexander—Spanier complex. Consider a topological space M and the vector
space A of (say, continuous) functions on M. Let

ASAS ... &A= A%

n times

be the space of functions® on M"™. We can consider the inclusion

ADAR -0 A=A C A%

n times

of the space of functions of finite rank into this space. Let me remind you that a
function of rank 1 is just a function of the form

fmy,my, .o omy) = fi(ma) fa(ma) ... fr (M),

and a function of rank k can be represented as a linear combination of such functions.
Let A*A C A* A denote the spaces of skewsymmetric functions on M™ of finite rank
and of any type correspondingly. This vector spaces form two complexes, if we
consider the operation of exterior multiplication? by 1 € A

AL FINfa N A fu= AN fa N A fa AL AFA — AFTLA

as a differential of degree 1. We can extend this operation on A* A if we note that
this operation can be written as

f(zlaan"'azk) = df (xlax2>$k7"'axk+l) = Z(_l)k+1_if(zlax2a"'afia"'7$k+1) :

i

3Here the completed tensor product ® is by definition what is written above. Since we do not
need this notion below, we skip the discussion of this notion.

4Usually, people define exterior power as a quotient of the tensor power; we consider instead a
subspace of the tensor power (they cannot be identified unless the base field/ring contains Q). On
the quotient, A is naturally defined as the “quotient” of the operation ®; in particular, v A v’ is the
image of v ® v’ in the quotient. The proper definition of A on skew tensors t,t’ of degrees k, k' is
> sgn (o) o (t ®t') with o running over permutations of {1,. ..,k + k’} which increase on {1,...,k}
and {k+1,...,k+ k’}. (When one can identify the subspace and the quotient space flavors, this
differs by a binomial coefficient from A on the quotient space.) In particular, v Av' is v @ v —v' @,
which is a skewsymmetrization of 2v ® v’.

A similar dichotomy exists in definitions of exterior forms. While the original of [?KobNom| and
[?SteLec| define the product “as in the quotient”, [?DubNovFom| defines it “as in the subspace”. To
mud the water yet more, Russian translator of [?KobNom] adds a footnote recommending use of the
other definition. ..
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Remark 1.1. The geometrical realization of the bigger complex is as following: Call
an n-tuple of points in M considered up to an alternation a simplex in a manifold.
There is a natural operation of taking a boundary in the vector space spanned by
simplices. Now we can consider a skewsymmetric function on M™ as a function on
the set of simplices. It is easy to understand that the differential above is exactly the
combinatorial differential on the simplicial complex.

At last, let Ma be diagonal subset in M™, A: Ma < M"™ denote the inclusion and
A* (Ak.A) C A* ([A\k.A) denote® the spaces of germs of skewsymmetric continuous
functions at a neighborhood of the diagonal (of finite rank and arbitrary correspon-
dingly).

Definition 1.2. The Alexander—Spanier complex AS(.A) consists of the vector spaces
A* (/A\k.A) (or A* (A¥A)). The differential in this complex is the image of the diffe-

rential in the complex (ZA\kA, /\1) (or (AFA, AT)).

Remark 1.3. To get a geometrical description of this complex we should call an n-tuple
of nearby points on M a simplex. Then an element of a complex is a skewsymmetric
function on simplices, and Al is dual (up to a sign) to taking a sum of faces of a
simplex.

Remark 1.4. In what follows we use primarily the smaller complex. However, it is
known that in nice situations the inclusion of the smaller complex into the bigger is
a quasi-isomorphism.

Remark 1.5. Consider a pushforward A, A* (A*A) (or the same with A). Tt consists of
global sections of the corresponding sheaf on M™, and, as a vector space, is naturally
isomorphic to A* (Ak.A). If any germ near diagonal Ma can be extended to a global
function on M™ (e.g., when A consists of global sections of soft sheaf on a locally
compact space), then A,A* (Ak.A) consists of functions on M"™ modulo functions
vanishing near the diagonal M.

In general, this shows that one can multiply elements of A* (AkA) by functions on
M™ of finite rank. On the other hand, this also demonstrates why A* (Ak.A) has no
natural structure of Oy;-module.

1.2. A case with an arbitrary sheaf. Let us consider instead of the vector space
A of functions on M the corresponding sheaf O of vector spaces over M. We can
easily see that the definition of the complex (A'“.A, /\1) in fact does not depend on

°In other words, A* is taking the global sections of the pullback in category of sheaves of
sets/groups. While most of the sheaves considered in this paper have a structure of O-module,
we do not use the inverse image in the category of O-modules, so do not need to denote it. (Note
that when people need different flavors of pushforward/pullback, they use notations like A®, AT
etc.)
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anything but the sheaf structure of O and the global section 1 of this sheaf. So we
are going to rewrite this definition using only these data.

Definition 1.6. Let O be a sheaf of vector spaces over M. Denote as O®" the
exterior tensor product of the sheaf O with itself. This sheaf over M™ is defined by
the sheafification of the following rule:

(U % x U, O*) =T (U,0)® - ' (U, 0);

in other words, the stalk of O®" over (my,...,m,) is the tensor product of stalks
over my, ..., My ([?Bredon]). It is clear that the symmetric group &, is acting on M™
and on the sheaf O®". Denote as Alt O®" the subsheaf of skewsymmetric sections
(i.e., sections ¢ on U C M"™ such that for any s € &,, the section sy satisfies the
relation $§0|8UOU = (—1)8 §0|8UOU)~

For any fixed global section of O (call it 1) the sheafes Alt O®" form a natural com-
plex with the exterior product by 1 as a differential; more precisely, ; then A* Alt O%»
form a complex of sheaves on M.

Let us denote by A*O the sheaf A* (Alt Om) on My; identify M and the diagonal
M. Sheaves A*O with differential A1 form a natural complex of sheaves on M
for any fixed global section 1 of the sheaf 0. A section of A¥O over U C M is
a skewsymmetric section of O¥F over a small neighborhood of A (U) C M*. Let
Chs (0) = A0, k> 0.

1.3. Realization of Alexander—Spanier cocycles. Here we are going to give se-
veral examples of mappings from some complexes calculating the cohomology of M to
the Alexander—Spanier complex. These constructions give us a possibility to provide
explicit formulae for cocycles in case we need one.

Case 1.7. Let M be covered by open subsets U;. Let o; be a unity decomposition for
the covering {U,}.

Consider a Cech cochain Cigir..in Tor {U;}. Let us associate to ¢ the following
Alexander—Spanier cochain:

(1.1) f@o, .. xn) =Y i (x0) ... 00, (Tn) Cig..i-

0,e-5in

It is easy to see that this mapping from the Cech complex to the Alexander—Spanier
complex is compatible with differentials.

A chain of the cosimplicial complex is a function on the set of embedded simplices.
To construct a chain in the Alexander—Spanier complex we need only to assosiate with
an (n + 1)-tuple of nearby points on M an embedded simplex (or a linear combination
thereof). To proceed in this way we need a further structure on M.

Case 1.8. M is a Riemannian manifold.

Label csl

Label equl.10,

Label cs2
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In this case given two nearby points mq,ms € M we can consider a geodesic arc
S (mymy) with ends in this points. Given a point m € M and a subset V C M we
can construct

Arc (m,V) = | J 8" (mv).

veV
Let us associate (using induction) to the ordered (n + 1)-tuple (my, ..., m,) of points
of M a simplex
S" (mg,...,my,) = Arc (mo,S"_1 (mq, ... ,mn))

in M. Note that the natural mapping from an affine n-dimensional simplex to S™ is
not C'-smooth! (The tangent cone at mq is “curvilinear”.) However, the induction
shows that the images of faces of the affine simplex are of the form S (my,,...,ms,)
with sg < 51 < -+ < sp,.

Taking the antisymmetrization of this map, we associate to the (n 4+ 1)-tuple
(mg, ..., my,) a linear combination

! ! > (=18 (my, ... omy,)

(TL + 1) SEGp+1

of imbedded simplices in M. It is easy to see that this mapping is compatible with
taking a boundary.

Now given an n-form w we can integrate it over this linear combination of simplices
(possible since any 8™ is a smooth image of a cube). It is easy to see that the resulting
skew-symmetric function on M™* is closed if w is closed (essentially, it follows from
the mapping of a face of the cube being degenerate whenever the corresponding
mapping into an affine simplex is degenerate).

Case 1.9. Let M be covered by subsets U; with an identification of U; with an open
convex subset in an affine space. Let o; be a unity decomposition for the covering
{U;}. Let w be a differential k-form on M.

In this case we can proceed as in the previous one. If w has a support in one of
subsets U; we can define the following Alexander—Spanier cochain in U;: to k+1 given
points in U; we associate the integral of w over the oriented convex hull of this points.
We can extend this function to the entire M (more precise, to the neighborhood of
the entire diag M in M™) to get a cochain on M. Now we can apply this construction
to the forms o;w.

1.4. The analogues for the cases of cyclic and Hochschild complexes. We
will see below that the discussed above complex is adopted to the case of cohomology
of Lie algebra. Here we introduce two other complexes adopted to calculations of
cyclic and Hochschild cohomology. In what follows, K is a commutative ring; unless
explicitly specified otherwise, K is assumed to be a field.

Label cs3
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Althow the definitions below are stated in terms of sheaves of vector spaces, the
case of M being a point is interested as well. In this case, one deals with one vector
space V instead of a sheaf O.

Definition 1.10. Let O be a sheaf of vector spaces over M with a marked section
1. Consider the following differential in the graded sheaf @, A*O¥nt1:

d(fo®---Bf)=(-1)"IRfH---Rf,
+ ()" foXIR -+ K f,+- -+ fo XK f, K1, d*>=0.

Let Cfas (0) = (I (M, A* (O®**1))  d), @ > 0. Call this complex a Hochschild-
Alexander—Spanier complex for O.

Definition 1.11. Let O be a sheaf of vector spaces over M with a marked section
1. Consider the following differential in the graded sheaf @ O%r+!:

do (foR - R f) = (=)' foR1IK - K f, + ...
—foX - RIRf, + R R f, K1, d2=0.

Let Coyas (0) = (I (M, A" (O%**1)) | A*d,), > 0. Call this complex an “acyclic”
Hochschild—Alexander—Spanier complex for O.

Remark 1.12. In what follows we are not so rigorous and use often the notation ®
instead of X.

When we want to consider a particular graded component of d or d,, we use the
notations d" ' and di"™ for the components written above. (So in this notation we
use the grading by the valence of the tensor d or d, acts on.)

Definition 1.13. Consider a product V¥ @ V® — V@*+l defined by the following
rule: to define the image of

(i@ )@ gq)

consider all the decomposition of the set {1,...,k+ [} into two subsets of k and I
elements. Insert the elements f; on the places of the first subset and the element g;
on the places in the second subset in the expression

.®...®.
—_———
k+1 times

preserving the order in both sets of elements. Now sum the resulting elements with
signs corresponding to the the substitution being even or odd. Call this associative
product a shuffle product.

Definition 1.14. Consider the action t = t;, of Z; in V®* (here V is a vector space)
by

k+1

vl®---®vki>(—1) VE QU1 @ Uy
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Call the space of invariants of this action (V®k)zk the cyclic k-th power of V. Consi-
dering action of £ on one term of shuffle product shows that the shuffle product sends
cyclic powers into cyclic powers. Let Z, 1, acts in this way on Cfj,g, and consider the
corresponding space of invariants (CJ; AS)Z". Consider a mapping of shuffle product
with 1:
AL (Ciag)™ = (CRRE) ™

Since the shuffle product is associative, the square of the mapping Al vanishes. Call
this complex the cyclic Alexander—Spanier complex and denote it C2,y5 (O).

Define the operator N = N, =14+t +--- + ti“: Vek 5 V@k. denote by 1 and
1 the operators of tensor multiplication by 1 on the left and right correspondingly.
Then 1; = (—l)ktkH]lR = (—l)kt,;fl]lRt’lj on V®*: moreover, the operators d,, d on
V@ may be written as Z;:O‘E tit 1ptl on V®* for e = 1,0 correspondingly. This
immediately implies that (1 —t)d = d, (1 —t), and Nd, = dN. Note that the first
of these identities shows that Ker (1 —t) is preserved by d, hence C2,q is indeed a
subcomplex of Cfjag-

Note also that the subsheaf C}g consisting of skew-symmetric sections of Cfjag
(and of C2,g) is preserved by d. Hence one gets inclusion of complexes Cig C
Crg C Chag- Similarly, consider subsheaf C'{g, of Cgyag consisting of sections skew-
symmetric in all indices but the first one; it is preserved by d,. Hence one gets
inclusion of complexes Cig: C Coypg- (Later we construct duality between Cig and
the Lie-algebraic complex C, (g, k), g = I' (M, O); likewise C%g will turn out to be

dual to C, (g,9).)

Remark 1.15. Until this moment we considered (say) the exterior power of a vector
space as a subspace in the tensor power. However, the usual definition presents this
space as a quotient of the tensor power, and the difference becomes apparent if we
consider not vector spaces in char = 0, but finite characteristic, or modules over a
ring—to take an antisymmetrization, we should be able to divide by n!. The same is
applicable to the cyclic case.

Investigate shortly how things change in this “politically correct” case. Denote
“quotient” spaces of tensors with certain symmetry by prepending ¢ to the lower
index, as in Cgeas, Cqas, Cqag. Given spaces Vi, Vi of coinvariants of action of
groups H C G in V, there are natural mappings of projection Il = llgzg: Vg — Vg,
and of symmetrization ) g: Vo — Vg the latter map exists if [G : H|] < oo, and
summation is over a set of representatives of H\G. For example, the operator N,
works as a symmetrization operator Cgyg — Ciag. For what follows, denote by Ng
the operator ) ¢ with sum going over all permutations; likewise, use Nj for sum
over permutations stabilizing the first element; obviously, operators Ng send vector
spaces Cgag to Ciag; likewise, N send Cgug to Ciiag-

In our case, we consider complexes instead of vector spaces, and both d, A1 = 1,
and d, have the form ZlL:O d; with dy = 1y, and d; = t7'dyt!. Note that any
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d; has a property that dig = gyds; here [, g are arbitrary, and [9, gy are choosen
appropriately. (Moreover, for groups of permutation of all indices, and all indices
but the first one, one can take 19 = [, and gy = ¢; (¢) with appropriate inclusion ¢; of
permutation groups. When one wants g and g be in cyclic permutations, one may
need to take [9 distinct from [.) We want to investigate when there are mappings
between complexes of coinvariants which are intrinsic in the sense that they exist in
any such situation. For the differential to send H-coinvariants into H’-coinvariants,
one needs [ — " to be a permutation of indices [ appearing in differential Y d; for
any h € H, and one needs Ay to be in H'. The former condition is automatically
satisfied when one consider all permutations, or permutations stabilizing the first
element; hence all operators 1g, d,, d induce mappings of spaces of coinvariants C$,g
or Ciag- In fact, g, do, d (and d;) induce proportional mappings in C§,g; likewise,
1g, d, (and d; except the last one) induce proportional mappings of GAS

In the case of cyclic permutations of k elements, I must be [ +1if 0 < [ <
k —1, k' = 1, and there are two possible choices for (k — 1)": either 0, or k. One
concludes that in the cyclic case, only d, = Z'g_l d; sends gives a mapping of spaces
of coinvariants C’gc_[fs — Ol as-

The next question is: given two complexes C3, C§ of coinvariants, when a se-
quence of symmetrization mapping gives an intrinsic mapping of complexes? Given
H c H" and G C G', a mappings ) ,., d; from H-coinvariants to G-coinvariants,
likewise for 3, ;, d;, and mappings of symmetrization »  p ¢ and > g (with
Ry being representatives for H\H’, likewise for Rg), one wants to check commu-
tative square conditions. One must compare » e/, did cp. 9= icrr D ger I
with > JeRG 9> e di; for an “intrinsic” equality, one wants the summations to be
identical. This leads to a necessary condition [H' : H||L'| =[G : G] |L|.

Joining all together, one gets a diagram

(Coass da (d, 1)) —— (Cig,d)
(Cias»da (1r)) — (Coas da (d, 1g)) (Chias: d)
mH% [ﬂqllz\ﬂe L

[ ] [ ] N [ ]
(Conasy da) —— ( chSvda) —— (Crs: d)

(Cronda) ——  (Clg,ds)  —— (Csyd).

Additionally, there is a diagonal arrow Ng from (C8yg, 1g) to (Cig, d). (One can also

add the map of complexes 1 —¢: (Cfag, d) = (Coas, da) we know already; however,

it is of different nature than other maps in this diagram.)
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In this diagram, IT denotes a natural projection of coinvariants, ¢ a natural inclusion
of invariants. The notation (C*,d; (ds,...d,)) means that (C* d,) is a complex,
and any dj is proportional to d,; unless indicated otherwise, we consider d; as the

differential in C*. Finally, (C*®,d; (da,...)) M (C"*, d) means that f is a mapping of
complexes (C*,dy) — (C'*,d). Note that absense of intrinsic maps between complexes
in this diagram which are not compositions of arrows in the diagram may be shown
using the necessary condition above; the fact that the mappings N, Ng, Ng in the
diagram are mappings of complexes are easy to deduce.

In the case of characteristic 0 the natural projection from a subcomplex to the
corresponding quotient complex is an isomorphism. Therefore the diagram above
can be contracted to a smaller one.

On the other hand, note that there is a natural pairing between invariants of 7Z;
in V® and coinvariants of Zj, in (V*)®k; likewise for any subgroup of permutations.
Since our interest in Alexander—Spanier complexes is due to their pairing with cor-
responding (Hochschild, cyclic or Lie-algebraic) complexes in algebraic situation, one
should work with invariants in geometric (Alexander—Spanier) situation if one wants
to work with coinvariants in the algebraic situation.

Remark 1.16. To clarify the notion of “intrinsic” maps and “intrinsic” identities,
consider permutation objects: assume given an additive category C with finite limits
and colimits; then for action of a group, one can consider invariants and coinvariants.
Consider a (semi)simplicial object (Cy,dg), 0 < I < k, with C,, d, in C. Assume
that the permutation groups & act by automorphisms py (g) of Cy, g € &, so that
Pt1(9) diy = diypr (¢'); here I = g (14 1), and ¢’ is (' k+ 1) ogo (I k + 1) restricted
to become a permutation of {1,... k}.

Composing d, and p, (g), one gets a functor from category with objects being sets
{1,...,n} and morphisms being injective mappings. (In the same way, cyclic objects
correspond to restricting attention to injective mappings which preserve the cyclic
order.) The “intrinsic” maps considered above are maps which are associated to
spaces of (co)invariants of any permutation object.

Consider an example of how the constructions above are applicable to permutation
objects. Given a morphism ¢: G — AutC, C' € C, consider H C G with finite
G : H], put ¥ :=>5" ger ¥y € End C with R being a particular set representatives of
H\G. Consider H— and G-coinvariants of C, given by IIg : C > Cy, llg: C > Cq
(which are coequalizers of 1,, g € H and g € G correspondingly). Then IIy o
Vog=1IlgoVW for any g € GG, which induces a mapping ®: Cs — Cpy such that
Iy oW = ®ollg. Moreover, Il o W does not depend on the choice of the set R.
If H = {e}, so R = G, then ¥ can be passed through the inclusion C¢ < C of
invariants of G. Above, in the case of N: C5pg — Cgag, R was a subgroup of cyclic
permutations, ¥ = N.
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Denote by O; the (constant) subsheaf of O consisting of sections locally propor-
tional to the section 1 of @. Consider the corresponding to O; complexes (HAS,
qAS etc); they are naturally subcomplexes of the corresponding complexes for O;
moreover, the differential on aHAS is acyclic, and on HAS or AS it is acyclic in de-
gree > 0, and has cohomology K in degree 0. Note that in the case of HAS/AS this
implies that the hypercohomology of the complex of sheaves corresponding to O, is
quasi-isomorphic to cohomology of M with coefficients in K (the quasi-isomorphism
is given by inclusion of K" = O into the complex). In the case of cAS the complex
has cohomology 2K = {2z | z € K} in positive even degrees and is quasi-isomorphic
to its cohomology. (These statements hold even if O is not a complex of K-algebras,
but a complex of rings if one replaces K by K/ Ann1.)

Call a sheaf S of groups on M space-acyclic it H* (M,S) = 0 for k > 0.

Theorem 1.17. (1) Assume that the sheaves A*O®" are space-acyclic. Then
the “acyclic” Hochschild—Alexander—Spanier complex is acyclic indeed, the
Hochschild—Alexander—Spanier complex is quasi-isomorphic to the complex
of cohomology of M with coefficients in K. If K D Q the cyclic Alexander—
Spanier complex is quasi-isomorphic to a direct sum of an infinite number of
such complexes with non-negative even shifts.

(2) If the sheaves A" O are space-acyclic, the Alexander—Spanier complex is quasi-
isomorphic to the complex of cohomology of M with coefficients in K.

(3) If the sheaves C3,q are space-acyclic, the complex (C2,g, 1g) is exact.

(4) If the sheaves Cg,g are space-acyclic, the the complex (C;AS, llR) is quasi-

isomorphic to the complex of cohomology of M.
Proof. Fix a mapping ¢ from A =T (M, O) to K that sends 1 € Ato 1 € K. Let us
construct a homotopy for the complex (A‘X"H, da):

sf0®®fn:¢(fn)f0®®fn—la S'fOZO-

It is easy to check that sd, + d,s = id indeed, therefore the complex is acyclic. Fix a
point m € M and consider a local section W of A* ((9&"*1) over U C M. Lessening
U we can suppose that ¢ corresponds to a section of O%"*+! over U"*!'. Changing M
to U in the discussion above we get a local homotopy. This means that for any closed
local section we can find a section on a smaller subset such that the boundary of the
latter section is the former. Therefore the differential d, on the complex of sheaves
Canas s acyclic.

Now the complex of vector spaces Cypypg 1s the complex of global sections of this
complex of sheaves C3yaq. Recall that the cohomology of a sheaf & may be calcula-
ted by taking cohomology of a complex C* (M, S); here C* (M, o) is an appropriate
functor from sheaves of abelian groups on M to complexes of abelian groups; moreo-
ver, one may assume that the functor C* (M, e) is exact. Applying this functor to
elements and arrows in Cgyag, One gets a bicomplex

C" (Ma C;HAS) ;
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its columns (i.e., @ = const) compute the cohomology of the sheaves Ciyrs. By
exactness, the rows of this complex are exact, therefore the row spectral sequence
implies that the total complex associated with this bicomplex is also exact.

By assumption of space-acyclicity, the columns of the bicomplex are acyclic in de-
gree > 1; hence, by the column spectral sequence, the total complex of the bicomplex
is quasi-isomorphic to the subcomplex of vertically-closed elements of the first row,
which are

H° (M, ;HAS) = C.HAS'

a.

Consider now the complex Cfj,g. The same homotopy as above satisfies
sd +ds =id
in degree > 1, and if f € A

(sd+ds)f=f—¢(f) 1

Therefore the mapping (A®"* d) — K given by ¢ if n = 0 and 0 otherwise is a
quasi-isomorphism. Hence the analogues inclusion K — (A®"*1 d) is also a quasi-
isomorphism; one concludes that the corresponding to K — A: a — « - 1 inclusion
of the complex (K®"*1 d) into (A®"*! d) is a quasi-isomorphism. Repeating this
argument on the level of sheaves, one can see that the complex of sheaves Cj,g is
quasi-isomorphic to its constant subsheaf K, and to its subcomplex corresponding to
replacing O by O;.

To get information about the complex of global sections of this complex of sheaves
consider the corresponding bicomplex C* (M, Cf,g) and its row spectral sequence.
Since an exact functor applied to complexes sends quasi-isomorphisms of complexes
to quasi-isomorphisms, inclusion of Oy into O gives a quasi-isomorphism of the terms
E; of the spectral sequence; moreover, since F; is concentrated in the first row, the
spectral convergence converges at this term. Therefore one gets a quasi-isomorphisms
of total complexes of the bicomplexes between themselves, and with the cohomology
of the rows, i.e., the complex C* (M, K). Again, by space-acyclicity, the total complex
is quasi-isomorphic to its first row, i.e., Cjaq-

Obviously, s preserves the graded subspaces Cigq and Cig. The same way as
above, one concludes that when space-acyclicity is applicable, the complex of sheaves
(CRg, da) is acyclic, and the complex of sheaves (Cig,d) is quasi-isomorphic to its
constant subsheaf K in grading 0. Of course, the similar statements on relation of O
and O; hold.

Consider now the quotient complexes (C(;AS, llR) etc. Consider a homotopy

n

k=¢

Obviously, so descends to the quotient Cf,g, and s; descends to C, g It is easy to
see that 1rsg + solg = id if n > 0 and (1gso + solr) fo = fo — ¢ (fo) 1. Likewise,
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l1zsi + s11z = id. Therefore the same argument as above shows that (C(;ASH llR) is

an acyclic complex of sheaves, and (C; Ass 1 R) is quasi-isomorphic to C* (M, K).
Consideration of C¢,q in the case K D Q is a little bit more tricky. We use an

analogue of the construction from [?LodQuiigiCyc]. Consider a bicomplex
e 1t »e N e 1t ,4 N
(1.2) fias — Camas = Ciias = Cluas = -+

Here t is the action of Z, 1 on Ciyg = Clyag, N is equal to 1+t + 1>+ -+ +¢" on
Clias- It is easy to check the conditions of bicomplex for this system of mappings.
Now the rows are acyclic in all the terms but the first, the homology in the first
term are exactly Ciyg. Now the row spectral sequence shows that the complex Cyq
is quasi-isomorphic to the total complex of this bicomplex.

On the other side, the column spectral sequence shows that the total complex is
quasi-isomorphic to the complex

K—-0—-—K—-0—-K— ...

of constant sheaves, or a direct sum of constant sheaves K in even degrees. 0

Remark 1.18. If K D Q, then space-acyclicity of Cj,g implies space-acyclicity of
other sheaves mentioned in the theorem. Indeed, these sheaves are isomorphic to
direct summands of Cfj,g.

Note that the sequence (1.2) is not exact if char K > 0 (apply it to constant sheaf).
Hence these arguments do not work unless K D Q.

One can consider an analogue of (1.2)

N e  1-t N e  1-t
- = Cias — Ciuas — Ciias — Cinas:
The rows are quasi-isomorphic to Cg g, the columns to
= K —=0—K—=0.

However, this bicomplex is in a “wrong” quadrant, therefore we should not (and do
not) have the isomorphisms of cohomology (as one can see comparing to cohomology
of C2\g—which is isomorphic provided K D Q).

As duality with the theory of cyclic cohomology will show, it is “more correct” to
consider a different definition of the cyclic complex: as associated complex C§.,g of
the bicomplex of global sections of (1.2).

Amplification 1.19. With Cj 44 replacing C?,q, in the preceding theorem, the
restriction K O Q may be dropped.

Proof. As above, consideration of the total complex of the bicomplex (1.2) is redu-
ced to consideration of the corresponding complex of sheaves. Therefore, one must
consider the total complex of bicomplex of stalks corresponding to (1.2).
Considering the column spectral sequence, it is enough to shwo that the inclusion
of direct sum of K in the direct sum of columns Cfj,g gives a is a quasiisomorphism.

Label equl.20,
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And it since it is enough to do separately for each column, the considerations above
are sufficient. m

Another generalization of the theorem comes from replacing the definition of Cfj,g
from global section of Cfj,g to global sections with compact support (or with support
in arbitrary “system of supports” ®).

Amplification 1.20. Homology of the resulting complexes C}j,5 4 €tc. may be com-
puted the same way as in the preceeding theorem provided the corresponding sheaves
Chas etc are ®-space acyclic, and one replaces cohomology of M by cohomology of
M with supports in P.

In fact, with ® being consisting of compact sets, this leads to an important corol-
lary:

Corollary 1.21. If O is soft and M is locally compact, then the conclusions of the
theorem hold.

Proof. In fact, it is enough to assume that O is compact-soft. Recall that external
tensor power preserves compact-softness on locally compact spaces. (See [?Bre] Exer.
?77.) And pullback to a closed subset preserves compact-softness on 7?7 Hausdorff
spaces. O]

Remark 1.22. Another case when acyclicity of Cfj,g follows from acyclicity of O is
the case when O is a quasicoherent sheaf on an affine scheme. One can immediately
see that A, A*O®" is quasicoherent as well (however, recall that A, and A* are taken
in the category of sheaves of abelian groups, not sheaves of Oy;-modules), hence
A N*OX is acyclic. On the other hand, cohomologies of M™ with coefficients in
A A*O®" coincide with cohomology of M with coefficients in A*O¥".

Would the same hold over a Stein variety??? Yes if one replaces the ten-
sor product by the completion...Note that the duality extends to com-
pletion for algebras of locally finite order (filtered so that operators of
multiplication on subquotients are given by differential operators of finite
order).

In the bicomplex (1.2) there is a remarkable periodicity operation Sy;: the trans-
lation on two columns to the right. It commutes with the differentials, therefore it
results in an operation in cohomology. The remarkable fact is that for K D Q one
can express this operation on the complex Ce.as (which is quasi-isomorphic to the
total complex of the bicomplex provided K D Q).

In general, assume that horizontal arrows ¢ in a bicomplex C*® with differentials ¢, d
allow a homotopy ss. Then in the total complex, id is homotopic to —o, 0 = dss+ ssd
(which has degree (—1,1)), hence to any power of —o; note that ¢ is a morphism of
bicomplexes. Hence o sends Ker § to Ker §; and, when restricted to Ker d, o coincides

6I.e., any section of ® over a compact subset may be extended to a global section.
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with og = dssds;; likewise, oV

coincides with ) on Kerd. Note that if s2 = 0, then
s508s = Sg, hence O’év may be simplified to dss (d85)N. Therefore there is a mapping
homotopic to id which sends ¢ € Kerd to dss (—ds;)" c.

We would apply this with N = 2 to an element of the form ¢ = Sy;co with ¢y €
Kerd. Note that S = dss (ds;)* Sy; has grading (0,2), so acts inside one column of
the bicomplex (1.2). Taking an even column, Kerd consists of cyclically symmetric
chains, and d coincides with differential in Cfj,g. Since S would preserve Kerd, it
would give a mapping in the cyclic complex commuting with differential.

To construct homotopy for horizontal arrows in (1.2) it is enough to find operators
7 and v commuting with ¢ such that 7 (1 — ¢)+vN = id; to ensure s = 0, it is enough
to take v proportional to N, and 7N = 0. Since N is proportional to a projection,
one can take v = 1,41 = Npi1/(n+1)% here n is is the degree in Cfj g, S0 1 + 1
is the valence of the tensors. Now one can solve for (1 —¢)7 + vN = id; requiring
that ¢ vanishes on the Im N, one concludes that 7 = 7,41 = T41/(2(n+ 1)) with
Tout1 = 2o (n —20) ¢! ;. Hence on must assume K O Q.

One concludes that the operator S = Nvdrd,v of degree 2 in Chpg (and CPag)
preserves the subcomplex C?2\g and commutes with differential on C¢, Ase Note that
Nvdrd,v: Cijag — C’HAS is a shortcut for N, 30,1 3d7, 1 2dqVpi1 = 3T oy Nyy1
(since Nyvp = Ni/k).

One can make further simplifications: if one replaces d, by d in this formula,
and notes that 7 is divisible by 1 — ¢ (say, 7 = (1 — t) v), one can note that 7dv =
vd, (1 — t) v = 0; hence the result is 0. Therefore, one can replace d, by d,—d = 1,
without changing the result. Moreover, replacing d in the formula by d, gives 0, since
Nd,m = dNT1 = 0; thus one can replace d by d — d, = 1 ; the signs match, hence
one can replace Ndrd,v by Nl,71,v.

When t2+3]1Lth+2]1LtZL+1 is applied to fo®- - -® f,,, 1s appear at positions (a), , ;+1
(with the leftmost position indexed as 1) and (a4 (8),,, + 1)n+3 + 1 in the ten-
sor product; here (k), is the minimal nonnegative representative of k& mod I. The
index of the first f, “after” (in the cyclic sense) these 1s are f(_(ﬁ) and

(n+3)(n+2)(n+1)

n+2_ﬂy)n+1
f(=),,,- Hence up to permutation of these 1ls, 7 s, th +9, t) 41 are uniquely deter-

mined by the result (provided 1 and f; are independent). One gets a dependency

between ¢, 1y, n+2]1Lt;YL+1 and tZIéB nrtly t;JlrQB]l tﬁ?“ 7. indeed, ]lLt,BHQ]lL and

tﬁié]lmgié 1,08 g1 Tesult in proportlonal monomials for 0 < # < n + 1. Compare
the sign of resulting monomials: 1t 1, involves (n + 3) 8, and t2 31t 1,87 |
involves (n +4)(B+1)+(n+3)(n+1—-0)+(n+2)5 =21+ (n+1)5. Hence the
signs are opposite.
On the other hand, the terms with 5 = 8y and = n+1— 3, already have opposite
coefficients in the formula for 7,,,5. Therefore, in the formula Zam (n +1-2(p9), +2) to 1 Pt

for N, 317,421, N,,41 one can restrict summation so that only one of two terms
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above is included if one multiplies the result by 2. Hence

1
Sp = Z (n+ 1420 —28)te, 510t 5 108) 1 - Ciiag — Ciias,
(n+3)(n+2)(n+1)* _ 5
0§0§€§n+1

and between these terms, there is no cancellation. Note that we are going to restrict
this operator to subspace Cl\g of cyclically symmetric tensors, hence the last factor
t).q acts as 1. Choose one particular value of ; it is convenient to take v = —f, so
that the order of initial tensor factors is preserved. One arrives at

1 —a—1q ,2-8
(n+342a —26) to7 Mt s 1,200
n+3)(n+2)(n+1) Z nt
1<a<p<n+3

(here we shifted o by 1, 5 by 2, so they denote positions of 1s) which coincides with S,
on Crg. The sign of a term is associated with (n +4) (a = 1)+ (n+3) (B —a—1)+
n+2)(2—-p)=2na+(n+1)(a+p)+nB+1=a+ B+ 1. Therefore, one is lead
to consider

U= = S ()P (04 34 20— 28) W pEnt o pents,

1<a<p<n+3

here ]IZ% sends V1 @ U to VX R [ 1 VIR fo® - R fp2@1Rf31®- - fi
(so 1s are at positions «, 8). (Define 1) : V& — Y&+ likewise.)
One can immediately see that d" UM = (n 4 1) TP with T = 37 (= 1)*+et ]loiz;l :
and U2+ = (n + 4) TI"*1, (This is why one needs denominator (n + 3) (n + 2) (n + 1)
in the definition of operator S,, which commutes with d.) Define Ul by the same
formula as U™, but with summation over 1 < av < 8 < n + 3. Then a calculation
immediately shows that U, (1 —t) = (1 —¢)U and UN = NU,.
Define d = d¥, d’ d’ k] as ZkH (—1 )kH_a (k+1—a)1¥ with ¢ = 0,1 corres-

pondingly. One can immediately see that td = (07{1 + da> t, and that

dd=3 (-1 (B =a)las,  dd==3 (-1)""(B-a—1)ly

a<f a<f

(similar formulae hold for d’,d, and d’,d, with o = 1 removed from the summation).
Hence kd*+1dk 4 diF+1 (k + 2) d¥ = UM likewise kd,F+1d + @ (k4 2) d) W =

k) ] ; Ul

' WED) . D) likewise for a-

U,gk]; this implies that the anticommutator [d

flavors. Note that in these formulae one can replace d by d + ed with arbitrary e;

likewise for d’ the formula for td shows it is more convenient to consider d = d’ +d,.
Basing on these formulae, define operator Dk+1 : HH AS — HH Asas Dy = (kfl’;m;

define D, 141 likewise.
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Given a pair of operators Y, Y, acting in Cfj,q and Cyag correspondingly, denote
by Y, an operator in the cyclic bicomplex acting as Y in HAS-columns, and as —Y,
in aHAS-columns. Define the operator k as acting by multiplication by k in tensors

of valence k. Then [@,m,dv} = S,; note that d, coincides with the vertical
+
component of the differential in bicomplex.
Moreover, [dv, 1-— t] acts as d — d, — d, on even columns. Note that dH —

_l’_
czl[k] =k (d[’“] — dgk]>; hence [czj,l — t} = ndlt — P (k+1). In other words,
+

[@,m 1-— t] . = Ld[k] — al[k]l Note that the RHS can be written as [l dv}

k’ +°

The next step is to find how d, commutes with the operator N: Chas = Coas-
One can write dN — Nd, as

D (=D (k1 - a) 1P
( S )M k1 —a+B) W+ Y ()M (k1 - o) ng’jltﬁ> ;

B<a—1 B>a—1

here o = k + a — f; in the last term we used t#1% = (=1)77"TF F' -1 for
a=a' + 8 —k—1ifa’+8 >k+1,1<p <k Hence

AN — Nd, = = (=17 g1l 1 Y~ (1) g,
B>a—1
The first term is —d7, with 7 = Zg;i Bt?. Note that, as above, 7d, = 3. (=1)FFe gy llf,} =
S peans (DFTEOBIE £ 30 (1) (B 4+ 1) 18P, Therefore dF — 7d, =
— Ypman (DI
One concludes that dN—Nd, = — (k 4+ 1) dT+k7Td,; in other words, [dv D N] L=
— [%, dv} L+ Basing on these commutators of dv with the components 1 — ¢ and N of

the horizontal part dj, of differential in the cyclic bicomplex, define c?h as an operator
in bicomplex of degree (1,0) acting as —id from Cfjyg to Cag, and as 7 from Cyag
to Cag- One can write the found commutators in a compact form

~ 1 d,
{dvi,dh} 4 —,dv] - 0.
TR TR P e

In other words, [dv WD dh dp +d, ] contains only terms of degree (2,0) and

(0,2). An immediate calculatlon shows that the term of degree (2,0) is —Sy; i.e., up
to the sign it is a shift to the right by 2 units. Therefore S}, is homotopic to the term

of degree (072), which is [@,m, d ] = Uvm
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On the other hand, coefficients in U, ,; are even if n is odd; hence it is more na-
tural to define S% as U,i1/ged (n+1,2). Now d,,25% = (n+1)//2T,, SZ,.d, =
(n+4)//2T,; here m// [ = m/ ged (m, ). Hence a natural operator in the complex

7 12ged(n+1,2) 7
to consider is SY = Rn +2)//2 CESVE SE = WS’ Note that in charac-

teristic p, p > 5 it has no advantages over S, (it is defined for the same values of
n as Sp); however, S, is not defined in characteristics 2,3, but S@ is defined in cha-
racteristic 3 unless n =9 —1, —2, —3, and in characteristic 2 unless n =5 —3, -2, —1;
hence there are many values of n for which both S and S2 g1 are deﬁned and
n+2S - Sn—l—ld
Two of operators S? have integer coefficients: S¥ = 25%, S = SZ. Note also
that S¥ = 0 in Characterlstlc 2 if 8|n. In slightly dlfferent vane, one can consider

S — =y +21) T SZ: this operator is defined for any n in characteristic

}é, and saﬁisﬁes dn+257[{3] = S,[ﬂldn unless p = 2 or n =, —1, —4 with k = 2 for p = 3,
= 1 otherwise.

Remark 1.23. Note that we defined the operator U, ; via compatibility with S, in
Ker (1 — t). This gives no reason for S¥ to commute with d on the whole space C% .
However, this is what a calculation shows. We do not know any “deeper” explanation
of this phenomenon.

Note that in characteristic 2 the operators SY are defined for n #g —3, —2, —1 and
vanish for n =5 0, 4; extend them to n =g —3, —2, —1 as 0. One can immediately see
that these 0 values “guard” the undefined values, so the resulting sequence Sy 18 gtill
commutes with d. In fact, take any sequence a,, of integers; then a|n jS {8 commutes
with d.

In fact, one can do the same modulo 4, or even modulo p¢ with e = 2 for p < 3,
and e = 1 otherwise. Indeed, take ng = mp®, ¢’ > e, p { m; then ng/12 S is has
p-integral coefficients for no — 4 < n < ng and vanishes for n = ng — 4,n9. So
define S as no/12 SQ if n may be written as ng — n’, p°lng, 1 < n’ < 3, and as
0 otherwise. Then the operators with graded components aL JS P} are well-defined

in characteristic p (provided a, takes integer values), and commute with d in C’H AS-
One can check that if p|no, then S = ¢S% 1 S{§}2 = L . S = S

with ¢ = 1 for even ng, and ¢ = 1/2 nf(())r odd ny. T

Note a significant difference of S{# compared with S} p > 2: for the latter,
(S{p})3 = 0. However, S1# is not nilpotent.

Sum up the properties of operator SZ. Taking into account that S¢ commutes with

dy, 1 —t and N of the cyclic bicomplex (if K D Q), one concludes that (if K D Q):
dyd,k )2+ k/2d,d, = S, kj/2d,5% = S%d, k/|2;
(1-t)S*=5%(1~t), NSZ=G%N.
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In particular, these properties hold if V' is a vector space over Q; since all mentioned
operators have integer coefficients, this holds if V' is a free module over K = Z too.
Therefore, these identities hold in arbitrary module V' without assuming K to be a
field; likewise, these hold for arbitrary sheaf of K-modules.

In particular, the operator S% acts in C%g (but is not commuting with d). It
acts on cyclic cocycles the same as k//2 dcj; hence it sends them to cyclic cocycles
(moreover, it sends them into dCHAS). Moreover, if n//2 is invertible in K, then
S%d is proportional to dS% on Cﬁgs, hence SZ sends a coboundary in C%g to a
coboundary in C? provided n//2 is invertible in K. Under this assumption, S% de-
fines an operator in cohomology H™s — H!\Z. More specifically, o = SZ (k — 1)//2
satisfies od = k//2dS% k//2, hence sends a coboundary to a coboundary; therefore
o =k/2dd (k—1)//2 = dd(k —1) (k + 2)/2. induces an operator in cyclic coho-
mology HZag.

On the other hand, since dddN = ddNd, = dNd,d, + d(cid7 + cs7d,) d,
dNd, oy, the operator dd sends dIm N to dIm N. However ImN in Cf, 1 coin-
cides with C";¢ unless char K | n (moreover, nC"¢ C Im N for any K ) hence
dd(k —1) send dKer (1 —1%) to dIlm N; hence it defines an operator in cyclic co-
homology. Therefore dd (k — 1)//2 defines an operator in cyclic cohomology (since
ged (b, k(k+3)/2) = k://QA)

Note, however, that dd does not preserve the subcomplex dKer (1 —t) of cyclic

coboundaries even if M is a point. Indeed, take v € V = (O which is not pro-
portional to 1; then v®* € C¥d (and, if char K|k, v®* ¢ Im N). We claim that

ddd (v¥*) ¢ dKer(1—t) if char K|k (while d (v¥*) € dKer (1 —1)) (at least if
char K # 2). Indeed, if ¢ € V® then ddde = —c V (1®1®1); here V denotes
the shuffle product. Note that char K { k + 2, hence Ker (1 —t) coincides with
Im N in V2 If ddd (v®*) € ImdN, then ddd (v¥*) = N1pdy", fallv®* for

some coefficients fa, = 1,...,k+ 1. A calculation shows that the condition
that N1,dY", fol™o®* and v®k V (1®1®1) are proportional may be written as
(—1)FFDe “hp_o + (— 1)k DB hy—pg + (=) O - does not depend on

ach01ceof1§a<ﬁ<7§k+3; here h,, = (—1)" (fm (—1 )(kH fk+2_m>.

If 2|k, this immediately implies h,, = 0; if k£ is odd, then this can be reduced to
hy + Ry — By i1 not depending on n,m > 1 with n+m < k + 2; plugging in n = 2
shows that h is a linear function; this, together with hyys_,, = —h,,, implies that h,,
is proportional to k + 2 — 2m.

However, for this choice of h,, h, + hy, — hyim—1 vanishes in K. This implies
N1.dY", fo1Fy®k = 0. Therefore ddd (v®*) ¢ dKer (1 —1).
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Definition 1.24. Let the shift S send the class of ag ® -+ ® a,, in Cfg into the
class of

Yo @Ul-k-n-1a®  QudlRam @ Qa1 - Da,

0<k<I<n
in C’";fs
Proposition 1.25. The operation of shift is correctly defined and commutes with
differential. If k D Q, then S is quasi-isomorphic to the operation of translation on
two columns to the right in (1.2). The natural inclusion of C.ag into the first column
of (1.2) is a quasi-isomorphism to the quotient by the image of the shift operator.
The image Im S is therefore quasi-isomorphic to the kernel of the cyclization Cycl,
moreover, the corresponding sequence of cohomology

S s P s > Hiplds =% Hi% = Hils —

is exact.

Note also that when Cfy.g is acyclic, it has a homotopy hiAS (as any acyclic
complex of vector spaces). However, it must not have a direct relationship to the the
local homotopy s for C3yag; In nontrivial cases, this operator is “global” in nature.
Indeed, by inspection, h2H4S would allow one to reconstruct f — f (z) given a germ of
f(z) — f (y) near diagonal x = y € M which is morally equivalent to reconstruction
of f— f(xo) given df. Here z; is a fixed in advance point of M.

The homotopy h2HAS leads to the mapping B: Chag — Ctas[—1], B = —N o
hHAS o (1 —¢). Tt is easy to see that this mapping is compatible with differentials.
We use it below in the exact sequence relating cyclic and Hochschild—Alexander—
Spanier cohomology.

Remark 1.26. In general, the complex Cjyag of vector spaces does not allow an
explicit homotopy h*HAS. Above, we did not construct a homotopy, but only used
local homotopies for complex Ciyyag of sheaves of vector spaces to deduce that a global
homotopy ezists. However, there is a situation in which such an explicit homotopy
may be constructed: assume that the vector space of global sections of O (with a
distinguished element 1) allows a (not necessarily associative) multiplication ® for
which 1 is an identity (in fact, “a right unit” is enough for our purposes). Then

REAS: fo @@ for (1) (foO 1) ® far - @ [

a (global) homotopy for C;,g. Note that for this case, we do not need the
assumption of space-acyclicity.

Note that existence of the product ® may be broken into two parts: first, that the
mapping f— f®1: O — O® 0O is an injection, and, second, that the image of this
mapping is a direct summand of O ® O. The first condition” is equivalent to Supp 1

"For the second condition, it is not clear whether assumption of space-acyclicity would allow to
simplify it.
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coinciding with Supp O (or, if K is not a field, equivalent to Ann1 C Ann f holding
locally for any local section f).

Denote by Cygo the part of bicomplex (1.2) consisting of the first two columns;

use Cfago for the total complex; likewise for CPlgy, Chiage- The exact sequence

Shi .
0 — Citag =2 C32as — Citaga — 0 leads to the corresponding long exact sequence

of cohomology of total complexes. Note that the column spectral sequence for Cfy g,
(or, what is the same, the long exact sequence for the inclusion Cyag[1] < Chase)
shows that the natural projection Cfjpg, — Chiag 1S @ quasiisomorphism provided the
complex Cfyag is acyclic. This implies that

Sl ™ B
: anJ.FAzs - Hﬁﬁ : anJ.FAls -

1) HI?X; i) HZILCAS
is exact; here B, is the operator B described above composed with inclusion of C2,g
into C§. g as the first column.

Indeed, using acyclicity of Cgyag via homotopy hjpag, one can lift Cfj g into Cago
as L1 ¢ = G @ (—hlgas (1 —t) ¢,) (compatibility with differential may be checked
immediately). When Hf,g is replaced with Hp,g, above, one gets a long exact
sequence of inclusion Sy;; denote its connecting mapping by 9. So all one needs to
check is that B = 0¢ which is immediate.

One concludes that if £ D Q (so all versions of cyclic complex are quasiisomorphic)
and Cjpag 1s acyclic, then

HﬁAs = anS H?XSQ - HytS = HfS — ..
is exact; here j is the mapping induced by inclusion C?,q into Cf,g. Note also that
the operator B: Cfjag — Cc./;sl depends on the choice of homotopy h*HAS, but the
induced operator Hyjag B, Hggsl does not. Moreover, one can replace the operator
SC by any proportional operator, e.g., S%. In fact, since SZ = U /ged (2,k) =
k)2 AR AR 4 (k4 2) /2 ddFE] when S is applied to cocycles, it coincides with
(k 4 2)//2 dd*¥ ¥ Therefore, one can replace S in the exact sequence by dd.

Now, analyse what changes if one drops the assumption & D Q. The operator S©
does not make sense in general, but proportional operators S% and dd do. Obviously,
the “smallest” choice of integer multiple of S¢ when acting on cycles in C%g is
dd. However, already showing that dd actually induces an operator in HZ, g is not
completely straightforward.

One needs to show that dddC® ag C dC2yg. One can see that dddc = 193 \/ c; here
V stands for shuffle product. Given coefﬁments bs, define D, as S°F mep Dm ]l1 ma2; We
want to find b so that dNDyc = d ddc if ¢ = tc.

Note that t*10 t= is 1 ifa > 0, m+a < k+ 2, and a1l et g

(—nF o ifmta > k+2,a < k+1. Hence NDy = Y, 1% ( it (D) by
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So denote Em =(-1)" (bm + (-1 )]chl by m) obviously, Em = —gk_m, and this is the

only restriction on values of b,,,. One can see that ANDyc = (—1)l+m+"Jrl Y emen (bn_m_1 — bty + by

if t¢ = ¢. Therefore we want to solve equations b, + by — b, s = —1, b, = —bg_,.
The first equation implies that b, = ar — 1; the second one implies that there is no
solution if char K |k.

Taking ¢ = v®*, one can immediately see that tc = ¢, ¢ ¢ Im N when char K|k, 2 {
k. If v is not proportional to 1, then the argument above implies that dddc ¢ ImdN
if char K|k, 21 k (even if one considers ¢ locally). Since these conditions imply that
char K 1 k + 2, hence Im Ny o = Ker (1 — t;,5), one gets that dd does not induce a
mapping HF g — HEZ.

If 2 # char K|k, k: = 21{:’ , then take two non-proportional vectors v’, v”; one can see
that if ¢ = (' @ ") — (" @ v")*¥, then ¢ € Ker (1 —t), ¢ ¢ Im N. Assume that
v’, 0" are not proportional to 1; extending {1,v’,v"} to a basis in V' gives a grading in
tensor power of V' by the number of occurrence of 1, of v" and of v”. To check whether
13V ¢ = Ndc for some ¢, consider elements of gradings (3, k1, k1) (for 1¥3 V ¢) and
(2, k1, k1) (for ). In the former subspace, consider span of tensor monomials starting
with v/, where v' may be followed only by v”, and v” and 1 may be followed only by
1 or v'. One may assume that monomials appearing in ¢ start with 1 and satisfy
the same “follow” rules. Now one can immediately see that the matrix coefficients of
Nd between these two subspaces are exactly the same as those considered in the case
c = v®* (only with k replaced by &’); the correspondence consists of replacing v’ @ v”
by v. Therefore 1¥3V ¢ ¢ Im Nd, hence dd does not induce a mapping H*q — H, 5152

However, ¢V 13 = ¢V (1¥2V 1) = d(cV 1%%). Therefore, it is enough to show
that (1 —1)(cV1%?) = 0 if ¢ = tc. Recall that for a € V®* b € V¥ a Vb is
sum of (—=1)7" op (a ® b); here op is a permutation corresponding to a partition P
of {1,...,a+ B} into two subsets op{1,...,a}, op{a+1,...,8}. Denote by t
the cyclic permutation (so that ¢t = (—1)"#). Now t acts on the set of partitions
so that t,.p0p = op (t, X idg) or tois0p = orp (idy Xts) depending on whether
0plat+p = a+ [; here x denotes a mapping of permutation groups &, x S5 — S, 4.

Unfortunately, dd does not send® cyclic coboundaries to cyclic coboundaries, so
does not induce an operator H?q — H!\Z if char K | n + 2, char K # 2 (so dd is
not proportional to S% when acting on cocycles) (If char K = 2, then (1 —t)dd =
dod, (1 —t) — kd,d vanishes on C?\q if 2|n + 3, and then dd sends dClg to dCjs;
on the other hand, if 2t n + 1, then C’\y = NC}j,g, and dddN = dNd,d,.)

To circumvent this problem, define H™ M as 2"/ B": here Z" = Kerd Clg —
C’"ISI, and B" = ANC?;L c dCl. Now dd sends Z" to Z"*2 since (1 —t)dd =
dad (1 —t) + d,dk; moreover, it sends B™ to B"*2 since dddN = 0 = ch?ada. Hence

8Demonstrate this??? Same for “smallest choice”???
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one gets an operator dd: Hg — HW2 It K > Q, or char K { n + 1//2, then

°3AS = H!\q; in general, there is a surjection HAS — Hl\g. Since Bd = —dB,
BImd C dIm N and BKerd C Kerd NIm N; hence B defines an operator Hij,g —
H". The kernel of H\g — Hl\g is dCd/ImdNCELL, or dKer (1 —t)/dIm N;
this vanishes unless char K |n.

With a change of H2\g to e oAg, a simple calculation shows that the diagram
remains a complex even with the “smallest” choice dd of the replacement for S©.
Indeed, the only nontrivial statement is that ddB on cocycles gives something in
ImdN. However, dN = Nd, + 7d,k — kd7: the first term contributes an element
of ImdN, the last term contributs 0; so what remains is to consider d7d,h (1 —1t)c
with de = 0. Obviously, d,h (1 —t)c=(1—t)c,and 7 (1 —t) = N — k - id; now N
contributes an element of Im d/NV, and id contributes dc = 0.

Remark 1.27. Since —dd — dd = /\1®2 = 192A (the operators of shuffle product on
the right and on the left) on Imd, dd coincides with — A 192, Therefore, the operators
r g — —~H 2 induced by dd and —A1%2 coincide. So in this arrow of the complex,

C
one can use any one of 3 operators .S, dd and —A1%2: the last two coincide, and the

first one is proportional to them.

Since one gets a complex
n B n dd n+2 n B n+1
(1.3) HHAS — HCAS HAS HHAS — HCAS e

the next step is to inspect its cohomology. Start with the only term B o j which
does not involve S; one can replace H by H. Note that Ker B consists of d-cocycles
c € OF g with Be = dc” and (1 —t) ¢’ = 0. Now, start walking over the bicomplex;
dc = 0 immediately implies d,h (1 —t)c = (1 —t) ¢, so putting ¢ = h (1 — t) ¢ one
gets relations de = 0, (1 —t)c = do¢, N¢ = dc”", (1—-t)" =0, ¢ € Chijlg, " €
C#%; moreover, ¢ is defined uniquely up to addition of d,c; (this adds Ne; to ¢”).
If the row of theh bicomplex containing ¢’ is exact, one can kill ¢, hence one may
assume N¢ = 0. If, additionally, the row of the bicomplex containing ¢’ is exact, one
can write ¢ = (1 —t) co; then replacing ¢ by ¢ — dey allows one to replace ¢ by 0;
therefore ¢ — dey is a cyclic cocycle, which implies exactness of the complex (1.3) at
terms Hpjag.
BS starts here:

Note that if char K = p > 0, then only rows Céa)H as With p|l are not exact; hence

at most one of rows k — 1, k — 2 containing ¢ and ¢’ is not exact. Assume that the
row containing ¢’ is exact; then the equations on ¢, ¢, ¢” may be reduced to dc = 0,
(1—t)c=d,d, Nd =0 with ¢ defined up to addition of d, (1 — ) co = (1 —t) des.
Changing ¢ to ¢ + dé changes ¢ to ¢ 4+ (1 —t) ¢, changing ¢ by a cyclic cocycle does
not change ¢’. This boils down to an injection Ker B/ Im j < Ker N/(Im (1 — t) + Z)
from cohomology of (1.3) to a quotient of row-cohomology of the bicomplex; here

Label equl.55,
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Z = Ker NNKerd,. The image consists of classes of ¢’ such that d,¢’ € (1 — t) Kerd.
Note that given ¢ with N¢ = 0, one can assume that d,¢’ = (1 —t)¢ (one may
assume that cohomology of the row containing ¢’ is non-trivial; then cohomology of
the row containing d,c’ is trivial), and ¢ is defined up to addition of Nc¢y. Hence
dc is defined up to ImdN. If ¢ = (1 —1t)cs, then d¢ may be assumed to be 0.
One obtains a mapping =: ¢ +— dc: Ker Ny_1/Im (1 —t;_1) — Imd/ImdNy, and
cohomology of (1.3) at term Hf,g coincides with kernel of this mapping (assuming
the row containing ¢’ is acyclic).

On the other hand, Ker N/Im (1 —t) in V®! here V is a vector space over K,
char K = p, can be easily described: it consists of tensors 627, b € V¥ and b is defined
modulo Im (1 — #;). Note that b — b®P gives an inclusion F,: V& — V&Pl compa-
tible with action of ¢ and identifying Coker (1 — ¢;) with Ker N,/ Im (1 — ¢,;); while
F, is non-linear, the image in Ker N,/ Im (1 — t,;) is Z,-linear (and K-semilinear). A
similar statement holds for spaces Cfj,g provided the sheaves Cfj5 (and a few related
sheaves) are space-acyclic. Indeed, the observation about F}, is applicable on the level
of sheaves. On the other hand, if ¢: §* — T* is a quasiisomorphism of complexes of
sheaves, and sheaves in §®, T* are space-acyclic, then I' (§*) — ' (T*) is a quasiiso-
morphism (apply the double-complex trick with C* (§°) to the cone of ¢). Taking
T* to be the row of cyclic double complex, one identifies Ker N,/ Im (1 —¢,;) with
' (Coker (1 — t;)); here t; acts in Clyag (provided Coker (1 —t;) is space-acyclic—
which follows from space-acyclicity of Clyag if p 1 [ since then Coker is a direct
summand). Likewise, if both Coker (1 —¢;) and Im (1 —¢;) are space-acyclic, then

I" (Coker (1 — t;)) coincides” with Coker (1 — ;) acting in Cy g

Calculate the image Z of Z in Ker N,/ Im (1 — tr); we claim that it is spanned
by (Kerd,)® and Z; here Z = 0if 24 k = Ip, and Z = {¥1%*} otherwise; here 1)
runs over locally constant functions. Let s be the local homotopy s defined above
on C xs, and is defined as ¢ on Co,g. If dy (¢®P) = 0, then ¢® = d, (s ) =
do (PP ®5¢) =c®P1@d, (5 ¢)+d, (PP7)®3-c. If 1 > 1, then 5-¢ = s-¢, hence
dy (5-¢) =c—35-dsc, hence c®P1 @5 dyc = +d, (¢®*P71) @5 - c. Assume 5 - d,c # 0;
decomposing tensors as in VEP-D @1V @1VP~1 one concludes that locally there exists
a section f of O such that d, (¢*P7!) = ¢®P7 '@ f, and d, (5 - ¢) = £ f ®35-c; the former
formula (together with d,c®? = 0) implies that d,c = +f ®cand 5-d,c = +f ®3S-c.
Together with the latter formula, this shows that ¢ = const-f ® s - ¢; plugging the
LHS into the RHS repeatedly implies that ¢ = const - f®!. Since d,c is proportional
to ¢, f must be proportional to 1, and ¢ to 19

In the case 5 - d,c = 0, one may assume s - ¢ # 0; hence d, (¢*P~1) = 0. Therefore
d, (c®P) = 0 implies that ¢®?~! @ d,c = 0, hence d,c = 0.

90ne should be careful in these considerations; e.g., if K contains [-th roots of unity, and allows
I-th roots, then Ker (1 — ;) coincides locally with f®!, f being a section of O. However, globally
this identification does not hold even if K D Q: e.g., a global section-up-to-monodromy f may lead
to an honest global section f®! if the monodromy is an I-th root of unity.
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If I = 1, then 5-cis a scalar and the formula above simplifies to ¢®? = (5 ¢) d, (¢®*P71) =
+(5:¢)(dec®P™?) @ ¢ + (5-¢) P72 @ dyc.  Again, this implies d,c = f ® ¢; since
d,c = c¢®1, ¢ must be proportional to 1. To finish description of Z, it is enough to
note that d,1%% = 0 iff 2|k.

Conjecture: so far I could not find any element of the kernel of the mapping
= from (Ker Ni/Im (1 —t;))/Z. 1 expect that the kernel is 0, hence ¢ does not
contribute to cohomology!

Choose a basis {vs}, ¢ in V containing 1. Identify V®' with words in alphabet
S of length I; consider a Z-grading G, 0 on V® given by number of occurences of
Usy, So € S, in positions in £ C {1,...,l}. We will use Z"-gradings components
of which are G, . The basis in (Ker Ni/Im (1 — t;)) is given by monomials u®'
here char K = pll|k, and p is a word of length &/l without cyclic symmetries. Here
1 should be chosen as a representative of “circular words”, i.e., classes of words up
to cyclic rotations). To choose such a representative, one can take the minimal (in
lexicographical order) representative in a class; here one needs an ordering in S;
assume that s; = 1, and s < 1 for any s in S.

For a word v, denote by v its reduction: the word obtained from v by removing
symbols 1. Conmder the grading of the tensor power of V' by the 01rcular WOl"d of v,
here a monomial in V®" is considered as a word v; note that ¢, d,, d, d d preserve
this grading. So one can focus the attention on one of these gradings.

Decompose ji = A as a power; here A\ has no circular symmetries; to do this,
one must assume that p contains a symbol distinet from 1 (if g = 1%%, this re-
quires a separate consideration—but it is trivial). Let A be the minimal repre-
sentative of the circular class of A (one may have N # \; e.g., take u = abalal,
X = aaab). Our grading is determined by (\,l). Apply Z to the monomial p®
consider the component of the result corresponding to words not starting with 1,
and the reduced word being N'. Note that (1 —t,,)7™ = N,, — m. If N¢ = 0,
then Nd,d = 0, hence (k+1)c+ 7d,c is killed by (1 —t); note that k + 1 is in-
vertible in K. Hence to calculate Ker=, one can replace = by = = drd,. Let
R consist of 0 < r < k/I such that ¢"u does not start with 1, and 7 = A

(hence |R| = I'). Then the component of Z (1®") of required grading coincides
with the component of > _, S S (R4 ) AT (1®h);
here dy 0 = do — dari, dorr = Zg;é ds. (This decomposition of d, corresponds
to d, (wy ® wy) = (—1)*?! (d w1) @ wy + w1 @ dawy with |we| = r.)

Note that t”ld[k] 1= da kol s t’"d[ ro = deL_nlt’"; plugging into the preceeding
formula, one gets that the componet coincides with

l 1
DDl ) ddupr ot () = Z Cd ((r+ 1'k/1) da + da-r-rii0) ¥ (

reR r'=0 =0 reR r'=
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here ¢ = (—1)*™*! " Since S o ¢ (r+7"k/1) = 0, one concludes that the com-

ponent is >, p Zi/:o C’"/ddm_r_,,/k/lvot’" (,u®l) =Y en fagrlll[ gtr ( ®l) here!? if ¢ =
1, then fup, is the number of integers v’ with (2 — 8+ 7r)l/k <1 < (2—a+7r)l/k;
otherwise f,p, is the number of such integers which are even minus number of odd
ones.

Consider now the secondary gradings; note that \ starts with a basis element
which is not 1. Fix P such that char K = p|P and P|(ll'); let L = k/P; consider
words of length k& + 2 such that the symbol at positions 1 + nL is not 1, and in
the interval 1 4+ (n — 1) L...nL there are exactly I'|\'| non-1s for n = 1,..., P — 2.
Clearly, these words forAm a graded component in one of secondary gradings and
that the component of = (,u®l) in this grading corresponds to «, 5 > (P —2) L. In
particular, if P = p > 3, then the first L symbols in the word appearing in this
component of = (,u®l) form one of the words " (,u®L/l), r € R.

What is important to us is that this word determines [; therefore, the words with
the same (X, I'l) but different [ do not “mix”, and one can consider words with the
same (N, 1") separately. Taking this into account, put L = [, P = k/l; now the first
lA symbols determine t" i, therefore r. In particular, a certain graded component of
=c depends only on the graded component of ¢ of type (X,l’), and consists of terms
with r =0, a, 8 > k — 21.

Choose the minimal p; of words ", r € R; since  is chosen to be a certain repre-
sentative of its circular class, and so far we did not care which of the representatives
it is, we may assume that g = py. One concludes that the graded component may
be written as p® =2 ® ¢ (u) plus terms v, ® k, with |v,| = |u| (I —2) and v, later
than u®=2, here ¢ (1) is a word of length 2k /I + 2. Therefore, to show that = has no
kernel on graded component of type (N,l'), it is enough to show that ¢ (u) # 0

. _ / k
for any word u Wlth ,U = N5 here (1) = Yo farlul—2 -2 o losn® =

Z'”'H E;‘“;LL aﬁ,u — =4 (d,ut)®*. One can see that for ¢ in the complement to

198 Z¢ = 0 iff dye = 0 (provided p > 2).

The case of char K = p = 2 is much more delicate. The argument above allows
only “the first step of refinement”, one with P = p; it does not exclude a “mixing”
of different [, p and r, as well as mixing different p with the same A. Therefore
one should consider =c¢ with ¢ being a linear combination of words w? with w of
type (N, k/(p|N])); in turn, w may be of the form p!/? with p having no circular
symmetries. What one can do using secondary gradings is to ensure that the symbol
at position k/p+2 is non-1, and in positions 1...%/p+1 there are exactly |N|I'k/(pl)
non-1s; this corresponds to a < k/p+1, 5 > k/p+ 3.

One should be more careful: [ is a running parameter, and one should
show that K er does not contain linear combinations with different [!!! In
fact, since M1/ P" uniquely determines [, this is not an obstacle—if [ > 2.

108igns???
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All this argument is BS: first, it works only when the base is a point,
when exactness in the term H},q allows a simple handling; second, it
ignores taking quotient by Im d/N.

Check exactness in the term ﬁ[gfg; a cocycle in Ker j can be written as dc with
(1—t)dc =0, c € Clts, and c is defined up to HAS-cocycle. The C2,s-cohomology
class of dc is determined by ¢ up to addition of ¢ with (1 —¢)¢ = 0; hence this
class is determined by ¢; = (1 — t) ¢ which must satisfy d,c; = 0, and is defined up
to addition of (1 —¢)Kerd. If d, is acyclic, then (1 —t)c = d,c; now ¢ satisfies
d,d € Im (1 —t) and is defined up to addition of “negligible” elements ¢, i.e., such
that d,¢ € (1 —t) Kerd.

On the other hand, the stricter condition d,¢ € (1 —t)Imd = Im (d, (1 — t)) shows
that any ¢ € Im (1 — ¢) is negligible. If the row containing ¢’ is acyclic, the class of
C?2,g-cohomology of dc is determined by ¢} = N¢/; note that it satisfies (1 —t) ¢} =0,
dcy = 0. Moreover, up to negligible elements, ¢ can be replaced by %c’l Then
d, = £1;c and tcd = .

Now recall the construction of the homotopy S when applied to elements & with
dé =0, (1 —t)d =0: wesolve N¢_; = ¢, then solve (1 —t) ¢ = d,¢_,; now S¢ = dc.
In fact, we take solutions to these equations given by homotopies for the rows of the
cyclic bicomplex which contain &, ¢; however, if these rows are acyclic, it is clear that
the arbitrariness in the choice of & ; does not contribute into d¢, and the arbitrariness
in the choice of ¢ contributes an element in Im dN, hence does not contribute into
the class of dc in [j[c.AS' We saw that modulo ImdN, d¢ coincides with an element
proportional to S&% and proportional to dde (under the assumptions, the coefficients
are invertible).

Apply this observation to ¢ = ¢}; one concludes that the class of dc in : ?:32 is

proportional to the class of dcjc’l. Hence Ker j C Imdd in the term ﬁ[?:sz if char K 1
n+1,n+2.

If the row containing c¢; is exact, then the condition on ¢ may be rewritten as
Nd,d = 0. If d is exact at the cell of ¢, then ¢; is determined up to addition
of Im((1—t)d) = Im(d, (1 —1)), hence ¢ is defined up addition of Kerd, and
Im (1 —t¢). If, additionally, the row containing ¢’ is exact, then ¢ is defined up to
addition of Ker d, and Ker N; hence the cAS-class of dc is determined by ¢} = N¢' up
to addition of N Kerd, = Im Nd, = Im dN. Under these assumptions, ¢ must satisfy
dcy =0, (1 —t)c) = 0. (If the row below ¢ is exact, then ¢} becomes a uniquely
determined class of cyclic cohomology.)

Now inspect the term A ns; let ¢) be a representative of an element of FI?AS. As
above, an element ¢} in Ker (1 — ¢) N Ker d may be extended to solutions of N¢’ = ¢},
(1 —t)c=d,c if char K fn+ 1,n+ 2. Moreover, dc differs from an element propor-
tional to alc?c’1 by something in Im dN, which is a contribution of the arbitrariness of

the choice of c. If the class of alc?c’1 in H nt2 vanishes, one can choose ¢ so that dec =
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0; hence ¢ represents a class of Hﬁfgé Obviously, B maps this class to the class of ¢}

in H,s. One obtains exactness in the term H!,q provided char K tn + 1,n + 2.
If one replaces S by S% (or StharK}) the complex makes a perfect sense also if
char k > 0, but there is no hope that it is exact.

Remark 1.28. We see that if £ D Q and O is soft, C,q (O) is quasi-isomorphic to
C* (M, k[S]) as k [S]-module. This mapping is given by the inclusion of the constant
sheaf k [S] into C§.as:

_ (0 k ko1 _ 2k
1—=1€ 0 =Cyas; S¥ Sl =const-1®---®1 € Ciyg
2k+1 times

Remark 1.29. We have seen that the differential sends a skewsymmetric element of
Ceeas (O) to a skewsymmetric element, therefore the Alexander—Spanier complex is a
subcomplex of a cyclic Alexander—Spanier complex. Moreover, a differential sends a
cyclically symmetric element of Cfi,g (O) to a cyclically symmetric element, therefore
the cyclic complex is in turn a subcomplex of the Hochschild complex. Therefore the
above constructions of Alexander—Spanier cocycles gives in fact cyclic and Hochschild
Alexander—Spanier cocycles. The application of the mapping S allows to construct

in this way any class of the cocycle in the case of soft O and k£ D Q.

2. COMPLEXES IN ALGEBRAIC SITUATION

2.1. Definitions of complexes. Let K be a commutative ring over Q. We use here
several complexes associated with an associative algebra A over K.

Definition 2.1. The Hochschild homological complex consists of vector spaces CHy (A) =
A®k+L with the differential

d: o ®fi = > (=1 fo®-@(fi- fir)® @ fit (1) (fi - fo)® /1@ ® fi.
z

The acyclic Hochschild complex differs from this one only by the absence of the
last term in differential. The cyclic complex C'C, consists of coinvariant “in” the
Hochschild complex with respect to the following action of Z;,; on A®*+1:

t:fo® - Qfi (1) LO-® [ ® fo.

(It is easy to see that the above differential sends indeed coinvariants (A®k+1)Zk+1

into coinvariants (A®*) z,)
In the same way we can consider the corresponding dual cohomological complexes.

We can also consider the corresponding to A Lie algebra Lie (A) (this algebra
coincides with A as a vector space and has commutator as a Lie operation) and
homological and cohomological complexes CH¢ (Lie (A)) and Cf,, (Lie (A)).

This definition has a big resemplance with the definitions of corresponding objects
in the topological situation. As then, we have some maps between these complexes,
however not any map extends to the topological situation.
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Definition 2.2. The mapping of shift S sends the class of fy ® - ® fr in CCYy into
the class of

S Bk fo® @ (fir firr fre2) @@ fi
l
+ Z Cm—=0)—=k+1)fo® - @(fi- fier) @ @ (fon " frn1) ® -+ @ fr.

+1<m

in C'Cy_5. The mapping B sends the class of fy ® -+ ® fr in C'C}, into the element

Z(—l)ik1®fi®"'®(.fk'fO)®"'®fi—1+Z(—1)(i+1)mfi®"'®fi—l®1

of CHk+1.

The mappings S and B commute with differentials, therefore define an exact se-
quence of cohomologies

-+ —> HHp,1 - HCy - HC)_o — HH},_1 — ....

2.2. The Lie algebra complex and the cyclic complex. We can consider any
given associative algebra A as a Lie algebra Lie (4) with the commutator operation.
Consider the inclusion of the homological Lie-algebraic complex for Lie (A) to the
homological cyclic complex for A that sends X; A---AX,, € A"g to the corresponding
element of g®"/Z,. It is easy to see that differential of these two complexes are
compatible (up to a factor 2), hence there is a corresponding mapping of homologies:

HMe (Lie (A)) — HC, (A)

and of cohomologies
HC* (A) — Hf,, (Lie (A)).

2.3. The Hochschild complex and the cyclic complex. In the same way as
above we can consider a projection from the Hochschild complex to the cyclic com-
plex, that is (by definition) compatible with differentials. Together with the mapping
from the previous section we get a diagram

Cle(A) —— CC. (A)

CH.(A) —— CC, (A).

We defined above three pairings of these complexes with complexes (C’*LiC (A), /\1),
(CCL(A),A1)and (CH, (A),m(1)). It is easy to see that there exists a dual diagram
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to the previous diagram:
(C’*LiC (A), /\1) 2 (CC,(A), A1)

|

(CH, (A),m(1)) +2— (CC,(A),Al).

The mappings a and S are projection and symmetrization correspondingly.

2.4. A case with a commutative ring. Suppose that the ring A in the above
situation is commutative. In this case it is possible to compute the cohomology
explicitly at least in the case when A is smooth in the algebraic-geometrical case.

The simplest possible answer is in the situation of Lie algebra homologies. The
differential in the homological complex vanishes, therefore

H5e (A) = A" A.

The situation with Hochschild homology is also very simple. If A is a space of
functions on the manifold M, define 2% as the space of differential forms on M.
It is possible to define this space in terms of A itself, but we do not need such
complications, therefore leave this as an exercise to a reader.

Proposition 2.3. Consider a mapping from the Hochschild complex for a commu-
tative algebra A into the complex % with zero differential:

fo®: @ furs D fodfs, Ao Ndfs, € Q.
ceSy

This mapping induces an isomorphism on homologies.

In the case of cyclic homology the description is a little bit more complicated. We
need to use the mapping of shift S: C'Cy, — C'Cy_5 here. The first observation is that
the above mapping Hy, (A, A) — QF sends an element with a trivial projection on
the space CCy (A) into a closed form. Therefore the same formula as above defines
a mapping

CCy (A) & Q8 JdQk.
We can again consider this mapping as a mapping in the complex with zero differen-
tial. Now the compositions a o S™ define a mapping of complexes

CC(A) D Ok JdOk & Q27403 @ Ok a0k @ .
Consider the following subspace of the space in the right-hand side:

Wy, = Q4 /dQ o HE 2 (A)OHES (A)®- - € Q4 /dQN o0k 2 /a0 a0k /0 P, ..

We claim that the image of a cycle in CCy (A) lies in that subspace, and

Proposition 2.4. The corresponding to [ mapping of homology is an isomorphism
onto the subspace W.,.
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It is easy to understand that the corresponding to S operator on W, is
Of /di™ iy (A) Hpg' (A) ..

l lin lid
0 QY/dETTHEZ (A).. ..
Here in is the canonical inclusion.

The described above mappings from Hochschild complex and Lie complex into the
cyclic complex are correspondingly taking the quotient by dQZ_l and taking the jet
on a diagonal Ay, in M**+1 (which is a k-form) and taking the same quotient.

In particular, we can see that any class of cyclic homology from Ker S has a repre-
sentative that is a skewsymmetric chain. Moreover, in the commutative case there
are natural mappings

CH (4) > CH, 1 (A, A),
CC,_1 (A) = CHe (A).
3. COCYCLES FOR THE ALGEBRA OF GLOBAL SECTIONS
3.1. A strange pairing. Let A be an associative K-algebra with a trace Tr : A — K
(a trace is a linear mapping satisfying Tr [z, y] = 0).

Definition 3.1. Consider a cyclic complex CCy (A) = A®**1/Z;,,. Consider the
following pairing between C'Cy (A) and itself:

(o, ak) - (Yo, - -+ Uk)) = Z (—1)kl Trzoyiziyie - - TrYrr
l

(here yxi141 o y1). It is correctly defined, hence it sends the graded vector space

CC, (A) into the complex C'C* (A). Let us denote this mapping as i.

The first question is: can we describe what differential (of degree +1!) on CC, (A)
“corresponds” to the differential on CC* (A) under this inclusion. A priory we cannot
expect that such a differential exists at all.

Proposition 3.2. The following diagram is commutative:
CC (A) —LLs CClyr (A)
CCk(A) —L CCF1(A).

Here A1 denotes the mapping of the shuffle product with 1 € A.

Remark 3.3. Due to associativity of the shuffle product it is evident that the square
of the operation of the shuffle product with 1 is 0:

(aN1)ANl=aANn(1A1)=0.
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Therefore we got the mapping of complexes
(CC,,N1) — CC™.

The remarkable fact about this mapping is that the structure of the first (but not
the second!) complex does not depend on the ring structure of A at all.

Remark 3.4. Tt is easy to see that in the same way we can define strange pairings
between CHe < A* Lie (A) and itself:

(fl/\"'/\fk,gl/\"'/\gk):Tr Z fglgﬁ...fokgm,

0,76,
o1=1

and between the Hochschild complex (or the acyclic Hochschild complex) CH, (A) =
A®*L and itself:

(fo® @ fr,00® - ® gr) =Tr fogo - - frgk-

The dual to the differentials mappings (of degree 1) in these graded vector spaces are
the wedge product with 1 in the case of the Lie algebra cohomology,

fo®- @ fi " (1R fo@ @ fi— ()T fR1® @ fu ..
+H® - fr®dl,

and

fo® @ fi T — () @@ @ fi b fo® @i ®]

in two Hochschild complexes correspondingly (up to a sign).

3.2. A mapping from the Alexander—Spanier complex. Now we want to consi-
der a sheaf of associative algebras O over a topological space M with an algebra A
of global sections. Suppose again that the algebra A has a trace

Tr: A/[A A = K.

We construct here a mapping from the Alexander—Spanier complex for O to the
Lie-algebraic complex of the algebra A considered as a Lie algebra.

We have already constructed the mapping Z from the complex (A®A, Al) to the
cochain complex (A®*A*, (A1)"). So the only fact we need is what this mapping can
be routed via the Alexander—Spanier complex, that is a factor of (A*A, A1).

We want to prove now that the mapping Z can be direct via the space I (M , Ak(’))
(that is a factor of the space A*A =T (Mk,Alt (’)gk)). We need to prove that if
the function f(x1,...,7;) € A*A is zero in a neighborhood of the diagonal, then
(Z(f),qg) is zero for any chain g = (g1, ..., gx) € CCy (A). Consider a representation
of f of the form

(3.1) fln,om) = A @) A AR (@),
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We have Label equ5.2,
Z Z Tl" f glfc(r?)g2---f<§(:)gk)-
a ceCy

We want to prove that in fact already

Z Z 01 gl 02 92 f [ 0. (53)

a eSS

Indeed, consider a point m € M. If U is a sufficiently small neighborhood of m, then
flus..xv = 0, therefore in calculation of (?equs.3?) in U we can substitute instead of
representation (3.1) just f (z1,...,z) = 0.

This defines in fact the mappings

* I *
Cis (0) = O (T'(0))
of complexes and the corresponding mapping of homologies:
* I *
Hjs (0) = Hy,, (T'(0)) .

We want to remind that the left-hand side does not depend on the multiplication
law in O! Moreover, if the sheaf O coinsides as a sheaf of vector spaces with the
structure sheaf of M, then the left-hand side coincides with the singular cohomology
of M (under mild general-topological assumptions).

A simple generalization gives the

Theorem 3.5. The strange pairing defines the following mappings of complexes
that are compatible with differentials, with natural inclusions and projections and
the mappings B and S

Chas (0) = HC™ (' (0), T (0)7),
Chs (0) = O, (Lie (I'(0)))
eas (0) = CC('(0)),
(O) > HC*(I'(0)).

aHAS

We claim that these mappings are compatible with natural mappings between com-

plexes in the left-hand side (described above) and mappings between the complexes in

the right-hand side (described, say, in [?LodQuilsacyc]). We should note, however, that

the situation with algebraic complexes is not so simple as with topological complexes,

where two complexes in question were subcomplexes in the third. In the algebraic
case we have defined the following mappings only:

HC(A) «—— CC(A) <«+— HC(A A"

1 |

CLie (Lle (A) )
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and the natural mapping Cp;. (Lie (A)) A oo (A) is not compatible with diffe-

rential. The existance of other mappings in the topological case cannot suggest the
existance in the algebraic situation since there is an additional hypothesis of existance
of the trace.

Example 3.6. Let us show that the natural mapping of skewsymmetrization CCy (A)
CYe (Lie (A)) is not compatible with differentials. Indeed, the differential of (cg, c1, ¢2)
in C'C' contains only the products in the order cocy, ¢ico, cocs, therefore in the non-
commutative case its skewsymmetrization should not coinside with the differential of
the skewsymmetrization, that contains also the product c¢;cq.

In fact we described some “topological part” of the different cohomological com-
plexes for the ring I" (O) and can write explicit cocycles for this part.

3.3. A case of a commutative algebra. It is clear that in the case of the commu-
tative algebra a lot of the discussion above becomes degenerate.

Proposition 3.7. Let O be a sheaf of commutative K-algebras over X, A =
I'(X,0). Consider a linear functional Tr: A — K. Then the mapping

Chs (X, 0) = CLie (A)
vanishes for k > 0, the mapping

CF (X,0) = CCF (A)
vanishes for odd k and coincides with the mapping

(fo, f1o- oo o) = fofr o fu
for even k. Here we consider A as included in CC* (A) by the rule

g ((coy..,cr) = Trgey...cx).

3.4. A case of an almost commutative algebra. Here we investigate the coho-
mology of an algebra that is approximately commutative. Let A be a K-algebra,
and * be an associative product on A ®g K [[h]] such that A[[h]] with this product
is a K [[h]]-algebra. We can “fix an infinitesimally small” h and consider the cor-

responding associative product -, on A. In this way we get a family of associative
def

products on A parametrised by infinitely small parameter h. Suppose that - = - is
commutative. We can write this condition in terms of the product *:
fa—gf=0(h).

In this case we can consider the speed of change of the product -, with respect to h,
more precise, how quick this product becomes non-commutative:
def . fng—guf
{f, g} & tim L0990 T

h—0 h
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It is clear that this bracket satisfies the Leibniz identity with respect to the commu-
tative product - and the Jacobi identity. The product - and the bracket {, } form so
called “first approximation” to the product *. The formalization of this situation is
the following

Definition 3.8. A Poisson algebra A is a vector space with a commutative product
- and a skewsymmetric bracket {,}: A ® A — A that satisfy the Leibniz and the
Jacobi identities.

Consider a Poisson algebra A. Then we have a Poisson bracket on X = Spec A.
If X is smooth, we have a bivector field 5 (i.e., a section of A’T'X) on X defined by
the rule

(Nlar df Ndgla) ={f, 9} |-

Indeed, the right-hand side depends only on df|., dg|.. because of the Leibniz identity,
therefore can be written as the left-hand side with an appropriate 7.

In any case the Poisson bracket is local, therefore we get a sheaf of Lie algebras O
with the bracket {,} on Spec.A. From the other side, for any h we get a sheaf of Lie
algebras O with the bracket [,],,

gl =Fng—gn
It is easy to see that the bracket {,} is the scaled limit of the brackets [,],:

{,}:lim&

h—0 h

Consider what is an analogue of trace in the Poisson situation. It should be a
mapping Tr: I'(O) — K satisfying the relation Tr {f, g} = 0. If Spec A is smooth
and compact (or proper), then this defines a measure on Spec.A, that is invariant
with respect to the Hamiltonian flow of any function on Spec. A. We suppose that
there is a fixed Tr on A.

Consider a class in Hxq (X) and the images of this class in Hy,, (Lie (A, [,],)).
Below we show that these classes have a scaled limit when h goes to 0. Therefore we
get a mapping

Hjg (X) — Hyje (Lie (A, {, }))
(moreover, the corresponding mapping of complexes). We show below that this map-
ping can be written using only the data - and {, }.

Theorem 3.9. Let A be a Poisson algebra corresponding to the family of products
-n, and a linear function Tr on A that is a trace with respect to any product -;,. Consi-
der an arbitrary element ¢" € Cy(Spec. A) = A" A. Consider the corresponding
element ¢¢ € CP-tt (Lie (A, -,)) = A"TLA*. Then

=2+ O (b

for some ¢* =", (n_:_l)E?k) e A" A,
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and if ¢ = fo A--- A f,, then the value ofﬁ?k) ongoA---Ag, € A" A can be
written as

ggk)(QOA"'Agn):Tr ALt {foos for} - ASous fos} - {fUZkfz’fUZkfl}

0, 7EC+1
AGros 9 b AGros Grs b+ {gT2k—2’ gTZkfl}
’ {f02k7g7'2k} ' {f02k+1’g7'2k+1} """ {f0n717g7'n71} ' fon * 97

Moreover, for any Poisson algebra A with trace Tr the above formula determines (by
additivity) a mapping ¢* from the complex C% s (Spec A) into the complex Cf,, (Lie (A)),
and this mapping is compatible with differentials.

Proof. We should compute
Alt  foo n ro n Jor n Grn e h oo h Yracs b Sou h Gra-

o,7€Cn+1

up to terms of order n + 1 in h. Let us consider one summand in this formula and
write an expression that contains a lot of commutators and gives the same result
after alternation. First, let us move all f,, with ¢ > 1 to the left of g,, one by one
beginning from f,, using the identity

af = fa+la. f].

The resulting expression can be written as a sum of the expressions of the following
form: it begins with a product of the terms f;, and the remaining factors are of the
form

["'[[gjvfil]vfiz]v”’afil]7 [>0.

Any such product has a coefficient 0 or 1 in this expression.
Some terms g; occurs without a commutator in this expression. Let us move such
a term to the right using the formula
ga=ag+lg,a].

As a result we get a sum of products that begin with some number of f;, end with
some number of g; and contain terms of the form

[gj17 [gj27"'[gjm7 ["’ngvfh] 7fi2]7"'7fiz]]"']]7 [ > 17 m 2 0.

in between. It is clear that the number of commutators in this term is no less than half
the number of letters in this term, and the equality can occur only in the case [ + 1,
m = 0. On the other hand, consider the beginning of such a product f;, -5 -1 fi,.
We can write the alternation of this expression in i1,...,%; as the alternation of

2—k/2 [fiw fl2] Y [fikfl’ flk]

if k£ is even, and of

9~ (k=1)2 [fis fis] oneeoom [fikfw fikfl} Fir:
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if k is odd. Therefore the alternation contains commutators in quantity no less than
half the number of letters in this product minus % The same is true for the product
of g’s that finishes the term we consider.

That means that we can change the expression under the alternation sign in the
theorem to a sum of expressions with no less than n commutators, and any expression
with exactly n commutators is of the form

27 [ fis fia n e n [fimess fine) “h fineos
‘h [gj17 fh] ‘ho-- [gjn72k7 fln72ki|
*h [gt17gt2] ‘h """ "h |:gt2k717gt2ki| “h gt2k+1'

Any term with more than n commutators is O (h"™!), and in the terms with n
commutators we can change -, to the commutative product -, and [,] to h{, }, with
an error of order O (h"*1). Moreover, any term appears with a coefficient 0 or 1.
Therefore the only thing we need to compute is which terms appear indeed in the
resulting sum.

The indices i, and tg are uniquely determined by the set of indices j, and 5. It is
clear that j, are in the same order as 7;. Suppose that the substitutions ¢ = 7 = id.
Then the sequence j, increases, and the sequence [5 is bigger than j,: [, > j, and
contains no repeating terms. It is easy to see that any such pair of sequences appears
in the sum. From the other side, suppose that for some v < ¢ we have [, > js.
Then we can exchange [, and 5 and get another term of this expression. However, it
is clear that the sum of two such terms vanishes after alternation, therefore we can
consider only terms with j, <[, < j,41. In particular, the sequence [, increases.

On the other hand, if j, < I, < j,41, then this sequence and the sequence with [,
increased by 1 give opposite terms after alternation. Therefore we can consider only
sequences with [, = j, 4+ 1, and odd j 41 — j, and n — j,_o,. All such sequences give
the same contribution into the alternation, therefore it is sufficient to consider one
of them (with the biggest possible j,) and compute the number of such sequences.

However, this number is the number of decompositions of & into n — 2k summands,
ie., ("_,’z_l).

Now let us prove the claim of the theorem about Poisson algebras that may
not allow deformation to an associative algebra over K [[h]]. Consider the diffe-
rence of strange pairings between (ao,...,a,-1) and 0 (xo,...,z,), and between
d(ag,...,a,—1) and (xg,...,x,). Here we consider cyclic complexes, 0 and d are
differentials in the cyclic complex and the cyclic Alexander—Spanier complex corres-
pondingly. We know that these two quantities are equal, therefore the difference is
0, however, we want to do it in a more invariant way. Therefore remember that the
strange pairing is a value of Tr on some expression, and compute the difference of

these expressions instead. It is easy to see that this difference is

> [ak0r 4171 - - Ap_1Tn_1, T -
k
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(The trace of this expression vanishes since it is manifestly a sum of commutators.)

Now we can note if we take pairings between skewsymmetric tensors, we can apply
the same procedure as above to the skewsymmetrization of the term a,xoar 121 ... ag_1T,_1.
As a result we present it as an expression containing n — 1 commutator in any term.
That means that we have represented the incompatibility of the mapping from the
theorem with differentials as a trace of a sum of commutators. Moreover, the expres-
sions in these commutators have a proper scaled limit when A goes to 0, and these
limits can be expressed in terms of the commutative product and Poisson bracket
only.

Therefore we have specific formula expressing the difference between the expres-
sions in the strange pairings, and this formula is written in terms of commutative
product and the Poisson bracket only. However, we have proved this formula only
in the case when the Poisson algebra structure is obtained basing on the associative
product over K [[h]]. However, we can use the structure theorem for Poisson mani-
fold, which says that an open subset of a Poisson manifold allows deformation to an
associative algebra. This means that the difference coincides with the sum of com-
mutators on an open subset, therefore everywhere. Hence the trace of the difference
vanishes, and the mapping of complexes is compatible with differentials.

Several words about the structure theorem. In the usual formulation it says that in
points of an open subset we can find m € N and a coordinate system (xy, ..., Zogirm)
such that the Poisson bracket can be written as

{fjg}:lzi;(@f dg g Of )

0x; Oxqp, O 0444

Now we can write the deformation as
k

B honf g
fng=22.5 0zt O

n>0 =1

O

3.5. The case of a Poisson algebra. Consider a Poisson algebra .A. We defined a
mapping

Cis (Spec A) — C, (Lie (A))
that is compatible with differentials. Now we want to show that this mapping can
be routed via much more coarse complexes. Indeed, there is a natural mapping (of
taking the minimal possible jet) from the Alexander—Spanier complex into the de
Rham complex

fo Ao A3 (=1) fidfo Av e Adfy A Adf,
l

and there is another mapping from the complex of differential forms with the Koszul
differential into the Lie-algebraic complex for the Lie algebra of functions with Poisson
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bracket. We are going to show that the mapping Z can be written as a mapping from
the de Rham complex into the Koszul complex.
Consider a chain gg A - -+ A g, € A" Lie (A). Let us associate a differential form

S (=D'gdgo A Adg A - N dg,
l

on Spec A to this chain. We will denote this mapping by the same letter J. It is
very simple to compute the operation on differential forms that corresponds to a
differential in a Lie-algebraic complex. It is

godgy A+ Adga >3 (=1) {go, g} dgi A+ AdGi A+ A dg,
l

+) (=) god {gi, g} Adgo A+ NG A AdG A A dg,.

l<m

(This differential was considered by Koszul.) We can write the operation § as
d=doi(n)+i(n) od,

where 7 is the defined above bivector field associated to the Poisson bracket on Spec A.
Indeed, {f,g} =i (n) df A dg.

Now we can easily see that the defined above pairing between I'= fy A--- A f, €
C?s (Spec A) and G = gy A - -+ A g, € A" Lie (A) can be written as

Yo ()" (i)' (F)) A (i)' T (@)

with appropriate constants a,;. In particular,

Corollary 3.10. The above formula defines the mapping from the de Rham complex
for the Poisson manifold M with a trace to the cohomological Lie-algebraic complex
for the Lie algebra of functions on M with respect to the Poisson bracket.

Remark 3.11. The above analysis is applicable in the case of a Poisson manifold with
a trace on functions. However, in a lot of important cases Poisson manifolds carry
only a trace on the set of functions with compact support, and this trace satisfies
the relation Tr {f, g} = 0 if one of the functions f or g has a compact support. We
can easily see that in this case the above mapping is well-defined as a mapping from
the de Rham complex with compact support or Alexander—Spanier complex with
compact support (that is obviously defined).

Remark 3.12. In the above theorem we have shown that the pairing is of order
O (k™). The above remarks shows that this pairing is not of a smaller order. The
following example will show that this pairing can be nontrivial even on the level
of homology. Moreover, this example is a simplified version of the more elaborate
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example of pseudodifferential symbols which we use as a main component of the proof
of non-degeneracy theorem.

Example 3.13. Let us consider the Poisson algebra P of germs of functions on a
symplectic manifold M. Darboux theorem says that we can choose a coordinate
system such that this manifold is equipped with the standard Poisson structure

N ]

0x; Oxqp, O 0444

This manifold carries no trace, however, we can define a trace on functions with
compact support as

TI'f d:ef/f(l’) dl‘l...dl’gn.

Therefore we get a mapping from the de Rham complex with compact support to the
Lie-algebraic complex for the Poisson algebra of functions. We want to show here
that this mapping induces nclusion on cohomology.

To show this it is sufficient to provide one Alexander—Spanier cocycle with compact
support and one Lie-algebraic cycle with nontrivial pairing between them (since the
Alexander—Spanier cohomology with compact support is one-dimensional). Consider
a step function s (x) in one variable, i.e., a smooth function such that s’ = 0 outside
a small neighborhood of x = 0 and s(—o0) = 0, s(c0) = 1. A simple calculation
shows that

IAs(z1) As(m) A+ As(x9,) € OFG
has a compact support. Moreover, this function is manifestly a cocycle, since it
contains 1 as a factor.

On the other hand, consider a Lie-algebraic chain

LAZL ATy A AT, € AP,

This chain is obviously a cycle, and obviously has a nontrivial pairing with the above
Alexander—Spanier cocycle. Therefore both the cycle and the cocycle are non-trivial,
and the pairing is nontrivial.

3.6. The S-operations. Consider an Alexander—Spanier cochain ¢ € C}{t (X, O).

We described the image Zc of ¢ in the Lie-algebraic complex of A = I'(X,0). On

the other hand, we can consider ¢ as an element of ijgl (X, O) via the mapping

CA§ (X, 0) = Ciis (X, 0),

C

and the image of ¢ in the cohomological cyclic complex of A. In this representa-
tion we can consider also the action of S-operation on ¢ and the cyclic cochains
Sk (Ze) = ZS* (). However, though in the algebraic situation we have no mapping
that associates to a Lie-algebraic cochain a cyclic cochain, there is a mapping in
the opposite direction. This means that we can consider S* (Zc) as a Lie-algebraic
cochain.
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Hence we constructed a mapping from Cig[1] ®x K [S] into Cre (Lie (A)). Mo-
reover, the latter complex is a differential graded algebra (DGA), therefore we can
consider the mapping from the free DGA FreeDGA (Cig [1] ® x K [S]) generated by
Cis 1] ®x K [S] into Cpie (Lie(A)). Let us remind that the free DGA is just a
symmetric power in the case of vector superspaces.

This construction is defined so while only in the case when O is a sheaf of associative
algebras. However, we know already that if we forget about S-operations the mapping
above can be correctly defined also in the case of sheaves of Poisson algebras. Below
we show that a similar approximation is true also in the case of S-operations: we
can compute a main term in h of the image of S* (Zc) in the Lie-algebraic cochain
complex. However, this main term coincides with an image of some element of higher
degree (?777?7), therefore the difference of these two elements has a higher order in h,
and the above calculations do not give the main term of this difference. Moreover,
it is possible to show that this main term is not determined by the Poisson algebra
structure and it depends on the higher order terms in the product. We discuss this
situation below.

Definition 3.14. Consider a family of products -, in A and the corresponding map-
ping Z from Ciq[1] ®x K [S] into A*A*[[h]] = C},, (Lie (A[[A]],-n)). Define a filtra-
tion on C3g [1] @k K [S] as F¥ = {c| Zc = O (h*) }. Define a mapping GrZ from the
corresponding graded quotient Gr F'® into A®*A* as

Ic
ko pk+l _ vk :
FF/F* = Gr FBC'_)}}E(I)M'

The following fact is obvious:

Lemma 3.15. Consider a Lie algebra P associated with the family of priducts -p.
There are natural differentials in Gr F* and in C},, (P) = A*A*, and the mapping
GrZ is compatible with differentials.

In their paper [?celMato2coh| I. Gelfand and O. Mathieu consider the Poisson algebra
P = P (T*") of functions on a symplectic torus. They have constructed an (ad hoc)
DGA (that is quasi-isomophic to the above one) with a mapping from it into C},, (P).
They also stated a conjecture that is equivalent to the positive answer to the following
question in the case of X = T?"

Question . Consider a symplectic manifold X and the Lie algebraP (X) of functions
on X with respect to the Poisson bracket. Suppose that -, is the deformation of the
commutative product on X that corresponds to the Poisson bracket on X. Is the
above mapping from the symmetric power of the Alexander—Spanier complex with a
compact support

FreeDGA (Gr (Chg, [1] @k K [S])) = Cri (P)

a quasi-isomorphism?
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Though there are some indications that the Gelfand—Mathieu conjecture can be
valid in the toric case, there can be additional complications in the case of an arbitrary
manifold even in the compact case. The structure of the above mapping is nearly
related to the failure of the Lefschetz theory in the symplectic case, therefore in the
case of (say) twisted torus of Witten [?wit] the structure of this mapping can be yet
more complicated.

However, we want to describe the image of the element Z (S"¢) in the Lie-algebraic
cohomology of the Poisson algebra A.

Theorem 3.16. Let A be a Poisson algebra corresponding to the family of pro-
ducts -, and a linear function Tr on A be a trace with respect to any product -j.
Consider an arbitrary element ¢" € C%g(Spec A) = A" A. Since C'4(Spec.A) C
C™s (Spec A), we can consider S™ (c") € CI{&" (Spec A). Consider the corresponding
element ¢;"" € CC"TT2 (A, ) = A*®"+1+2’"/Zn+1+2r, and restrict this cochain to
skewsymmetﬂc chains, that gives as a cochain ¢, € A"** 1 A* for the Lie algebra
Lie (A, ). Then

’C‘Zﬂ“ — /\n,rhn—l—%" 4 O (hn+1+2r)

for some " Zk (" ) (re77) ) € A2 A* (T should compute it yet)
and if ¢ = fo A -+ A\ fp, then the Value ofc ongo A+ A gnior € AT A can
be written as

T o A Agna) = Tr Al {fo fo ko o} s Foms )
: {g‘rm 97'1} . {gT2> 97—3} """ {g72k72+27-’ 9rok_112r }
) {f02k7g7'2k+2r} ’ {f02k+17972k+1+2r} """ {fC’nfl’ngflwr} “Jou " Yrngor

Moreover, for any Poisson algebra A with trace Tr the above formula determines
(by additivity) a mapping ¢*" from the complex C%4(Spec.A) into the complex
Lie (Lie (A)), and this mapping is compatible with differentials.

Proof. We can proceed in the same way as with the proof of the theorem .... The
operation S” inserts 2r ones in the given word in all possible places (with some
coefficients). Let us consider one particular ordering of the letters f, and gg and
one particular insertion of ones in the word fof1...f,. Let us call the resulting

word fofi... foior, any fy being f, or 1. The strange pairing gives as a word

fogofig1 . fn+27,gn+2,, Call two noncommutative polynomials congruent if they be-
come the same after alternation in indices o and . Now we can make the same

transformations as before with the polynomial fo 9o fl g1 - fn+2r Jnt2rs
until we write this expression as a sum of terms of the form

fil ‘h """ "h fi2k+1 ‘h [gjp fh] ‘hoe - |:gjn72k:’ fln72kj| ‘hGt1 "h " h Gtoprigar

and of a remainder of order O (h"*?").
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Here f, denotes either some f; or 1. We can suppose again that j; <l < jo < lp <

- < Jneok < ly—og. Moreover, if j; < I; < I} < j;, both fl and ﬁ; are some f,, and
any ﬁ is 1 for I; < v < I, then the exchange of [; and [} results in the change of the
sign of the alternation. Therefore we can suppose that in the set {f;iﬂ, cee f; —
there is odd numbers of f,. Now it is easy to check that if we choose l; to be the
maximal possible index [; < j;41 such that fl is some f,, then two different choices
of {js} contribute the same share in the alternation, and this share does not depend
on the choice of places we inserted ones in.

we should fix the number of f, in {f;-#l, Cee j?;-m} and count the contri-
bution.

It is clear now that the theorem is true up to a choice of coefficients in the decompo-
sition of ¢ in c(k) However, since any insertion of ones give the same contribution,
we should only compute the sum of coefficients at all the insertions.

The proof that the formula of the theorem gives a mapping of complexes in the

case of a Poisson manifold can be carried out in the same way as we did before,
without S”. U

Corollary 3.17. Let M be a Poisson manifold with a trace Tr, and P be the
sheaf of functions with the Poisson bracket. The “shifted strange pairing” between
STC%hg (M, P) and CHe, ., (Lie(I' (M,P))) can be routed via the pairing between
Q"M and Q""" M. This pairing can be written as

<wn’ wn+2r> — Tr Z Qi (nn—2k) (z (nk) R (nk-i-r) wn+2r>

for appropriate constants .

4. EXAMPLE: PSEUDODIFFERENTIAL SYMBOLS

4.1. The sheaf of pseudodifferential symbols. Here we use a synthetic approach
and intertwine definitions of pseudodifferential operators and pseudodifferential sym-
bols. However, the operators are only intermediate steps in the process of definition
of symbols for us.

Definition 4.1. A function g(:c, €) on T*R" is a classical pseudodifferential symbol
of order k € Z if for any given N it has a decomposition

k

Z (2,6) + AN (x,¢),
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where A; is a smooth (outside 0 section of T*R™) homogeneous in ¢ function of
homogeneity degree j and AW is o (f -N ) locally in x when £ — co. We say that

j=—o0

is the asymptotic expansion of A.
We consider two symbols the same if they have the same asymptotic expansion.

Consider an operator A: C* (R") — C* (R"). Consider the point z; € R", the
d-function ¢,, in this point and the linear functional

A%yt = (AS) (o).

on C* (R™). Let us translate this generalized function on the vector —x

f @) = fao (2) = [ (2 + 20) = (Afao) (20)

and denote it ¢4 ,,. For not to worry about the behavior at large z, fix a cut-oft
function w (z) and denote w4 ., by @A up-

Definition 4.2. An operator A: C* (R") — C* (R") is a classical pseudodifferential
operator with a symbol A (x,€) = 2% A; (x,€) if the generalized function @4 , ()

j=—o00

Pazo: [ (Paag, [) = w () A(f (2 + 20)) |

has Fourier transform Fp, ,, (§) with the asymptotic expansion

k
FQOA,:BO (5) = Z Aj (x()vg)v |£| — Q.

j=—o00

Example 4.3. The operator M, of multiplication by the function « () is pseudodif-
ferential with symbol A (z,&) = a (z). Indeed, in this case the generalized function
©x, 18 just the -function at 0 (this is why we shift the argument of the function f in
the definition) with coefficient « (), and the Fourier transform of the §-function is
1.

Example 4.4. The operator 6%1 is pseudodifferential with symbol i&;. Moreover,
any vector field corresponds to a pseudodifferential operator and the symbol is the
corresponding linear function on T*R".

Proposition 4.5. A composition of two pseudodifferential operators is again a pseu-
dodifferential operator and its symbol has the following asymptotic expansion:

1 9Nl < oINl -
(4.1) AoB= NZN)N'%N .8) 5B (.6).

(The terms in this sum have the order that goes to infinity, therefore to compute Label equ6.3,
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a component of Ao B of given homogeneity degree we need to compute a sum of a
finite number of summands.)

If the symbol of a pseudodifferential operator vanishes, then this operator is an
operator with a smooth kernel K (x,y)dy, x,y € R":

f(2) s (Af) () = / K (e,9) f () dy.

Now we want to define a notion of a pseudodifferential operator on a manifold.
Consider a pseudodifferential operator P on R"™ and a pair of cut-off functions ¢ and
1 defined in a neighborhood of x € R"™. Then ¢ P is the operator sending a locally
defined function into a locally defined function with a compact support. It is obvious
that this operator is pseudodifferential, moreover, if for any functions ¢;, ¢; from a
decomposition of unity

Z pi =1

the operator ¢;Py; is pseudodifferential then the initial operator P is also pseudo-
differential. This gives a localization of the notion of a pseudodifferential operator,
therefore we can define a pseudodifferential operator on a manifold. However, we
want also define a notion of pseudodifferential symbol on a manifold, and this is a
little bit more tricky.

We know that the operators with a smooth kernel on a manifold should form a
kernel of the mapping from operators to symbols. in any local chart M D U — R"
we can associate to the pseudodifferential operator its symbol, that is an asymptotic
expansion in T*R". Consider two intersecting local charts. The symbol in one of
them determines the operator up to addition of an operator with a smooth kernel,
therefore it determines the symbol in the part of the other chart that corresponds to
intersection of charts.

What we get is the action of “local diffeomorphisms” of R™ on pseudodifferential
symbols. This action is difficult to describe explicitly, however, if we could do it, then
we could just define the notion of a pseudodifferential symbol on a manifold without
a reference to pseudodifferential operators. For convinience of the reader we want to
show that this action is not a new entity, but just a corollary of the formula for the
multiplication.

Indeed, consider for simplicity the differential operators on R™. We know how
diffeomorphisms of R™ acts on this algebra, however, we can deduce this action as a
corollary of the commutation law for differential operators. Indeed, we can represent
a diffeomorphism as an intergral of a flow corresponding to some vector field. Now
the change in some small time of the operator under the action of this flow is described
by the commutator of the vector field and the operator. Now we can integrate these
changes and get the image under this diffeomorphism. We can repeat this program
literally in the case of pseudodifferential operators.



54 ILYA ZAKHAREVICH

Corollary 4.6. Consider a 1-parametric group of diffeomorphisms h; of R™ corres-
ponding to a vector field V. It can be raised to T*R", so it determines a group of
diffeomorphisms h; of T*R™ and a vector field V' on T*R". Consider a pseudodiffer-

ential symbol Py and the equation

d
—£B:VOPt—Pto‘/,

Call a solution of this equation the translation of P by the flow h,.

The leading terms of [V, P| and of the Lie derivative of the symbol P with respect to
the field V' coincide, hence the leading term of P, moves with the flow h}. Moreover,
in the equation above we can restict our attention to any fixed number of terms in
the symbol P, since the commutator with V' preserves degree. Hence if P = ) P,
and

P = (h) Py

then the equation on Pj(t) is upper-triangular:
d 5 (1
p7ek > (P k ) :
k>j

Here o are some differential operators. Therefore the solution always exists, its
leading term is a translation of the leading term of Py by the action of hj, and any
term of the translation depends only on the values of the terms with the same of
higher order in the preimage of a given point on T*R".

Consider a manifold M and an operator A: C* (M) — C*(M). We call this
operator a pseudodifferential operator on M if it is locally of such type, i.e., if for
a local chart h: M D U — R" it acts on functions with compact support in U as
some psuedodifferential operator in R™. This means that for a cut-off function o with
support on U the corresponding operator

h™" o M, o Ao M, oh*: C(R") = C™(R")

is pseudodifferential. It is easy to see that we can consider the symbol of this operator
in this coordinate frame and that the highest order term of this symbol is correctly
defined function on T*M. We can consider a complete symbol of A as an asymptotic
expansion of a function on T*M with a “twisted” transformation law under chart
changes on M: only the highest term is just transferred by the flow, to the lower
terms some additional terms (depending on the higher order terms) are added.

However, we can see that if in one chart the symbol of the operator A is 0 when
¢ goes to infinity inside a given open conic subset of T*M, then this condition is
satisfied in any other coordinate chart. The composition law (4.1) shows that a
product of such operator with any other operator is again of this type. This means
that the restriction of the symbol of the product to an open conic subset is uniquely
determined by values of the symbols of factors on the given subset.
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Therefore we can consider the set WDS (M) of pseudodifferential symbols on M,
define the multiplication law of such symbols and transformation laws under diffeo-
morphisms. It easy to see that this ring has a natural structure of a sheaf of rings
over the “infinity in the cotangent bundle”.

So consider a projective (or better, spherical) completion PT*M and the infinity
PT*M in this completion. We can consider a symbol on M as a function on the
“punctured infinitesimal neighborhood of PT*M in PT*M”. We call this (formal)
manifold DT*M. 1t is fibered over PT*M with a “punctured disk of infinitesimally
small radius” as a fiber. The fiber has two connected components, corresponding to
the positive part of the disk and the negative one.

Here we want to show that the cyclic cohomogy of this ring is exhausted by the
“topological type” cocycles defined above. To do this we use the description of the
cyclic cohomology obtained in the papers [?BryGet, ?Wod| and compare this description
with the image of the mapping 7.

4.2. Cohomology of symbols: the Poincaré lemma. In the section on Poisson
algebras we have shown that the strange pairing determines an inclusion of cohomo-
logy in the case of germs of functions on a symplectic manifold. Here we want to
show the same fact in the case of germs of pseudodifferential symbols.

The sheaf of pseudodifferential symbols lives on the formal manifold DT™* M, which
is a product of a punctured formal infinitesimal disk and the spherization of the
cotangent bundle. Therefore the cohomology of the base is the product of cohomology
of the spherization and cohomology of the punctured disk. A punctured disk looks like
a circle homotopically, therefore the cohomology should be 1-dimensional in degrees
0 and 1. The corresponding cocycles in the de Rham complex are 1 and dz/z. The
corresponding representatives in the Alexander—Spanier complex are f(z) = 1 and
g (21, 22) = log z—f Let us note that we can write the second cocycle as 1 A log z if we
allow log z as an additional function on the disk. The fact that log 2z is outside the
ring of functions we consider ensures the non-triviality of this cocycle.

The trace on pseudodifferential symbols is correctly defined on symbols with com-
pact support along the spherization. Therefore we get a mapping from the Alexander—
Spanier complex of DT*M with complex support along the spherization to the Lie-
algebraic complex for the Lie algebra of pseudodifferential symbols. This is in a
complete analogy with what we did in the case of Poisson algebra on a symplectic
manifold.

Example 4.7. Consider a small (convex) open conic subset C' of T*M and the
Lie algebra of symbols of pseudodifferential operators in this subset. Taking the
coordinates ' on M we get the corresponding coordinates z¢, & on T*M. We can
suppose that C' is a neighborhood of 2 = 0,7 >0, & =0, 7 > 1, & > 0.
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Consider a step function s(y) on R, s # 0 only in a small neighborhood of the
y = 0. We can consider now two Alexander—Spanier cochaines on C"

1/\s(x1)/\~-~/\8($")/\8(52/51)/\"'/\5(§n/51)
and
LAlog& As (z') A---As (@) As(Ef&) A= Ns(Ea/&r).

(We can understand 1Alog 2 as an entity or as an exterior product with log z added to
the ring of functions.) The same reasons as in the case of a Poisson algebra show that
these cochains are cocycles and have a compact support along the spherization. The-
refore they define two Lie-algebraic cocycles for the Lie algebra of pseudodifferential
symbols in C' via the strange pairing.

On the other hand, we can provide two Lie-algebraic chains for the same algebra:

1
&1
Again, the simple calculation shows that these chains are cycles and that they have

a nondegenerate strange pairing with the above Alexander—Spanier cocycles. This
shows that all four (co)cycles are nontrivial and the pairing is nontrivial.

ANPANANZ"ANEAN- AN and TAZE A AZ"ANE A A&

Corollary 4.8. Consider a small (convex) conic subset C of T*M. The strange
pairing defines a mapping from the Hochschild—Alexander—Spanier complex (with
compact support along S*M ) of the neighborhood of infinity in C' to the Hochschild
complex of the ring of pseudodifferential symbols in C. This mapping is a quasi-
isomorphism. The same is true with the mapping from the cyclic Alexander—Spanier
complex into the cyclic complex.

Proof. Let us proof the claim about the cyclic complexes first. It is known that in
this case the cyclic cohomology forms a free module over K [S]| with two generators in
degrees 2n and 2n+1 [?Wod, ?BryGet]. (Let us remind that the operation S has degree
2.) From the other side, the description of cyclic Alexander—Spanier cohomology
shows that it is a free module over K [S] in degrees 2n — 1 and 2n. Since two actions
of S on two complexes in question are compatible, it is sufficient to show that the
generators of cyclic Alexander—Spanier cohomology go to non-trivial cyclic cocycles.
Therefore it is sufficient to provide two cyclic cycles with nontrivial strange pairing
with these basic cyclic Alexander—Spanier cocycles.

However, the Alexander—Spanier complex is a subcomplex of the cyclic Alexander—
Spanier complex, and the Lie-algebraic homological complex is a subcomplex of the
cyclic homological complex, therefore the above example gives us the necessary in-
gredients. Now the proof for the case of the Hochschild complex is trivial, because in
both the topological and algebraic situation the Hochschild complex and the cyclic
complex are related by a long exact sequence. O
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Remark 4.9. In the above argument we used the calculations with Lie-algebraic com-
plexes. The irony of the situation is that we can nevertheless give no description of
the Lie cohomology of the algebra in question.

4.3. The global cohomology. In the previous section we gave a simple example of
cocycles in the situation of the Poincaré lemma. We exploited the fact that the coho-
mology in question is known to show that the strange pairing is a quasi-isomorphism
in this case. Here we exploit the fact our description of complexes and of the strange
pairing is functorial to show that it is a quasi-isomorphism in the general case too.

Consider a manifold M and a sheaf O of K-algebras over X. Then we can consider
a (Hochschild) complex of presheaves X D U — CH, (I' (U, O)) and the associated
complex of sheaves CH., (O). In the same way we can consider the cyclic complex
CC (O) and the Lie-algebraic complex Cr;e (Lie (O)). We can consider hypercohomo-
logy of such a complex and compare it with the corresponding cohomology of the
algebra I' (X, O) of global sections.

There is a natural mapping

CH (T (X,0)) — T (X,CH (0))

and analoguous mappings in the cases of cyclic and Lie-algebraic complexes. In the
following we use the following example: as X we consider the spherization S*M of
the cotangent bundle T*M, and as O we consider the sheave of pseudodifferential
symbols over M. It is known [?BryGet] that in this case the above mapping is a
quasi-isomorphism.

On the other hand, we have a strange pairing between the (say) cyclic Alexander—
Spanier complex with compact support and the cyclic complex, and this pairing is
correctly defined for any open subset U C X. Therefore we get a mapping from
the cyclic complex of sheaves into the complex of sheaves that is dual to cyclic
Alexander—Spanier complex with compact support. In the considered above case
we know already that this mapping is a quasi-isomorphism of complexes of sheaves,
since the corresponding mapping on sections is a quasi-isomorphism in the case of a
small open subset.

Now the proof is almost at hand. Consider the spectral sequences associated with
these two complexes of sheaves. The E' terms are (7777)

E,, = H" (X, HH_,(0)) and H? (X, H* (D)),

and the strange pairing induces an isomorphism of these two complexes. However, we
know that the first spectral sequence converges to the homology of the algebra of glo-
bal sections, therefore the strange pairing is indeed nondegenerate in the Hochschild
case. The same proof works in the cyclic case. We proved

Theorem 4.10. Consider a manifold M and the ring of global pseudodifferential
symbols VDS (M) on M. Then the strange pairings between Cp,g (DT*M) and



58 ILYA ZAKHAREVICH

CH®* (VDS (M)) or between C2yq (DT*M) and CC* (¥DS (M)) induce nondegene-
rate pairings on cohomology. Moreover, the same is true if we change T*M to an
open conic subset in T* M, or if we consider pseudodifferential symbols with compact
support and Alexander—Spanier chains with arbitrary support.
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