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Introduction

How this book came to be

**something cowritten by all authors? Include acknowledgments to the many course
participants who helped supply these notes**

Notation

Needless to say, we will fail to use completely consistent notation throughout these notes. We will
generally use A, B,C,... for categories; named categories are written in small-caps, so that for
example A-MOD is the category of (sometimes only finite-dimensional) A-modules. Objects in a
category are generally denoted A, B, C, ..., with the exception that for Lie algebras we use fraktur
letters a, b, ¢, and for sheaves we use fancier scripts. The classical Lie groups we refer to with roman
letters (GL(n,C), etc.), and we write Mat(n) for the algebra of n x n matrices. Famous fields and
rings are in black-board-bold: R,C,Q,Z, and we use K rather than k£ for a generic field. The
natural numbers N is always the set {0,1,2,...} of non-negative integers.

In a category with products, we use {pt} for the terminal object, and x for the monoidal
structure; a general monoidal category is written with ® for the product. We do not include
associators and other higher-categorical things.

For morphisms in a category we use lower-case Greek and Roman letters «, 5,a,b,c,.... An
element of an object A in a monoidal category is a morphism a : {pt} — A, or with {pt} replaced
by the monoidal unit; we will write this as “a € A” following the usual convention. When the
category is concrete with products, this agrees with the set-theoretic meaning. The identity map
on any object A € A we write as 14 or id 4, or id when unambiguous. We always write the identity
matrix as 1, or 1, for the n x n identity matrix when we need to specify its size. Similarly, 0 and
0,, refer to the zero matrix.

If M is a manifold (we will never need more general geometric spaces), we will write € (M) for
the continuous, smooth, analytic, or holomorphic functions on it, depending on what is natural for
the given space. Thus if M is a real manifold, we will always use the symbol ¥ for the sheaf of
infinitely-differentiable or analytic functions on it, depending on whether the ambient category is
that of infinitely-differentiable manifolds or analytic manifolds. When working over the complex
numbers, ¥ may refer to the sheaf of complex analytic functions or of holomorphic functions. (If
M is an algebraic variety, we write &'(M) for its algebra of regular functions, and &) for the
corresponding sheaf.) Moreover, we will abuse the word “smooth” to mean any of “infinitely-

X
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differentiable”, “analytic”, or “holomorphic”, depending on the choice of ambient category. When
a statement does not hold in this generality, we will specify. We write TM for the tangent bundle
of M, and T, M for the fiber over the point p.

Within a subsection, all things — equations, theorems, definitions, etc. — are numbered with
the same counter.



Chapter 1

Motivation: Closed Linear Groups

1.1 Definition of a Lie group

1.1.1 Group objects

1.1.1.1 Definition Let C be a category with finite products; denote the terminal object by {pt}. A
group object in C is an object G along with maps p: G X G — G, i : G — G, and e : {pt} — G,
such that the following diagrams commute:

1
GxGx@G hals Gx@G
uxla L (1112)
GxG - G
G x G
y ,,,w (1.1.1.3)
{pt} x G — G — G x {pt}
lg X1
GxdG GxG
> N
G {pt} : G (1.1.1.4)
NS A
GxG GxG
iX1lg
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In equation (1.1.1.3), the isomorphisms are the canonical ones. In equation (1.1.1.4), the map
G — {pt} is the unique map to the terminal object, and A : G — G x G is the canonical diagonal
map.

If (G, ug,ec,ic) and (H, pm,em,img) are two group objects, a map f : G — H is a group object
homomorphism if the following commute:

axqg—" G o G
Fxf f {pt} f
en
HxH-—" g

(That f intertwines i with ig is then a corollary.)

1.1.1.5 Definition A (left) group action of a group object G in a category C with finite products
is a map p: G x X — X such that the following diagrams commute:

GxGxX dale GxX
pxly P (1.1.1.6)
G x X 4 X
GxX
exlx ) (1.1.1.7)
{pt} x X X

(The diagram corresponding to equation (1.1.1.4) is then a corollary.) A right action is a map
X X G — X with similar diagrams. We denote a left group action p: G X X = X byp: G~ X.

Let px : G XX — X and py : G XY —= Y be two group actions. A map f : X — Y is
G-equivariant if the following square commutes:

X

GxX X
laxf P (1.1.1.8)
GxY s Y

1.1.2 Analytic and algebraic groups

1.1.2.1 Definition A Lie group is a group object in a category of manifolds. In particular, a
Lie group can be infinitely differentiable (in the category €°°-MAN) or analytic (in the category
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¢“-MAN) when over R, or complex analytic or almost complex when over C. We will take “Lie
group” to mean analytic Lie group owver either C or R. In fact, the different notions of real Lie
group coincide, a fact that we will not directly prove, as do the different notions of complex Lie
group. As always, we will use the word “smooth” for any of “infinitely differentiable”, “analytic”,
or “holomorphic”.

A Lie action is a group action in the category of manifolds.

A (linear) algebraic group over K (algebraically closed) is a group object in the category of
(affine) algebraic varieties over K.

1.1.2.2 Example The general linear group GL(n,K) of n x n invertible matrices is a Lie group
over K for K = R or C. When K is algebraically closed, GL(n,K) is an algebraic group. It acts
algebraically on K™ and on projective space P(K") = P"~1(K). O

1.2 Definition of a closed linear group

We write GL(n, K) for the group of n x n invertible matrices over K, and Mat(n, K) for the algebra
of all n x n matrices. We regularly leave off the K.

1.2.0.1 Definition A closed linear group is a subgroup of GL(n) (over C or R) that is closed as
a topological subspace.

1.2.1 Lie algebra of a closed linear group

1.2.1.1 Lemma / Definition The following describe the same function exp : Mat(n) — GL(n),
called the matrix exponential.

def x—~ 0"
1. exp(a) = Z g

n>0 "

ta

2. exp(a) &ef o iy where for fized a € Mat(n) we define e'® as the solution to the initial value

Oa:1 iet t

problem e , et = aeta.

3. exp(a) o li_>m (1+ﬁ> .
n n

oo

If ab — ba = 0, then exp(a + b) = exp(a) + exp(b).
The function exp : Mat(n) — GL(n) is a local isomorphism of analytic manifolds. In a neigh-

1—a)

borhood of 1 € GL(n), the function loga def Z ﬂ is an inverse to exp. O
n

n>0

1.2.1.2 Lemma / Definition Let H be a closed linear group. The Lie algebra of H is the set
Lie(H) = {z € Mat(n) : exp(Rz) C H}

1. Lie(H) is a R-subspace of Mat(n).
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2. Lie(H) is closed under the bracket [,] : (a,b) — ab — ba. O

1.2.1.3 Definition A Lie algebra over K is a vector space g along with an antisymmetric map
[,]: 9®g — g satisfying the Jacobi identity:

[[a,b],c] + [[b,c],a] + [[¢,a],b] =0

A homomorphism of Lie algebras is a linear map preserving the bracket. A Lie subalgebra is a
vector subspace closed under the bracket.

1.2.1.4 Example The algebra gl(n) = Mat(n) of nxn matrices is a Lie algebra with [a, b] = ab—ba.
It is Lie(GL(n)). Lemma/Definition 1.2.1.2 says that Lie(H) is a Lie subalgebra of Mat(n). O

1.2.2 Some analysis

1.2.2.1 Lemma Let Mat(n) =V & W as a real vector space. Then there exists an open neighbor-
hood U > 0 in Mat(n) and an open neighborhood U’ 5 1 in GL(n) such that (v, w) + exp(v) exp(w) :
V& W — GL(n) is a homeomorphism U — U’. O

1.2.2.2 Lemma Let H be a closed subgroup of GL(n), and W C Mat(n) be a linear subspace such
that 0 is a limit point of the set {w € W s.t. exp(w) € H}. Then W N Lie(H) # 0.

Proof Fix a Euclidian norm on W. Let wq, w2, --- — 0 be asequence in {w € W s.t. exp(w) € H},
with w; # 0. Then w;/|w;| are on the unit sphere, which is compact, so passing to a subsequence,
we can assume that w;/|w;| — x where z is a unit vector. The norms |w;| are tending to 0, so
w;/|w;| is a large multiple of w;. We approximate this: let n; = [1/|w;|], whence n;w; =~ w;/|w;],
and n;w; — x. But expw; € H, so exp(n;w;) € H, and H is a closed subgroup, so expx € H.
Repeating the argument with a ball of radius r to conclude that exp(rz) is in H, we conclude
that x € Lie(H). O

1.2.2.3 Proposition Let H be a closed subgroup of GL(n). There exist neighborhoods 0 € U C
Mat(n) and 1 € U' € GL(n) such that exp : U = U’ takes Lie(H)NU = HNU'.

Proof We fix a complement W C Mat(n) such that Mat(n) = Lie(H) & W. By Lemma 1.2.2.2,
we can find a neighborhood V- C W of 0 such that {v € V s.t. exp(v) € H} = {0}. Then on
Lie(H) x V, the map (z,w) — exp(z)exp(w) lands in H if and only if w = 0. By restricting the
first component to lie in an open neighborhood, we can approximate exp(xz + w) ~ exp(x) exp(w)
as well as we need to — there’s a change of coordinates that completes the proof. O

1.2.2.4 Corollary H is a submanifold of GL(n) of dimension equal to the dimension of Lie(H).
O

1.2.2.5 Corollary exp(Lie(H)) generates the identity component Hy of H. O

1.2.2.6 Remark In any topological group, the connected component of the identity is normal. ¢

1.2.2.7 Corollary Lie(H) is the tangent space T1H & {Y(0) s.t. v : R - H,v(0) = 1} C
Mat(n). O
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1.3 Classical Lie groups

We mention only the classical compact semisimple Lie groups and the classical complex semisimple
Lie groups. There are other very interesting classical Lie groups, c.f. [Lan85].

1.3.1 Classical compact Lie groups

1.3.1.1 Lemma / Definition The quaternions H is the unital R-algebra generated by i, j, k with
the multiplication i> = j2 = k® = ijk = —1; it is a non-commutative division ring. Then R —
C «— H, and H is a subalgebra of Mat(4,R). We defined the complex conjugate linearly by i = —i,
j = —j, and k = —k; complex conjugation is an anti-automorphism, and the fized-point set is R.
The Euclidean norm of ¢ € H is given by ||¢|| = {C.

The Euclidean norm of a column vector x € R™, C", H" is given by |z||*> = =
component-wise complex conjugation of x.

If x € Mat(n,R), Mat(n, C), Mat(n, H) is a matriz, we define its Hermetian conjugate to be the
matriz x* = T1; Hermetian conjugation is an antiautomorphism of algebras Mat(n) — Mat(n).
Mat(n, H) < Mgt(2n, C) is a x-embedding.

T, where T is the

Letj = ( (% 17_071 ) € Mat(2, Mat(n,C)) = Mat(2n, C) be a block matriz. We define GL(n, H) def
{z € GL(2n,C) s.t. jx==xj}. It is a closed linear group. O

1.3.1.2 Lemma / Definition The following are closed linear groups, and are compact:

e The (real) special orthogonal group SO(n,R) def {z € Mat(n,R) s.t. z*z =1 and detz = 1}.

The (real) orthogonal group O(n,R) ot {z € Mat(n,R) s.t. ¥z = 1}.

The special unitary group SU(n) & {z € Mat(n,C) s.t. z*z =1 and detz = 1}.

The unitary group U(n) def {z € Mat(n,C) s.t. z*z = 1}.

e The (real) symplectic group Sp(n,R) & {z € Mat(n,C) s.t. z*z = 1}. O

There is no natural quaternionic determinant.

1.3.2 Classical complex Lie groups

The following groups make sense over any field, but it’s best to work over an algebraically closed
field. We work over C.

1.3.2.1 Lemma / Definition The following are closed linear groups over C, and are algebraic:
e The (complex) special linear group SL(n,C) aef {z € GL(n,C) s.t. detx =1}.
e The (complex) special orthogonal group SO(n, C) & {z € SL(n,C) s.t. 27z = 1}.

e The (complex) symplectic group Sp(n,C) def {x € GL(2n,C) s.t. 27 jz = j}. O
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1.3.3 The classical groups

In full, we have defined the following “classical” closed linear groups:

Group  Group Algebra Algebra

Name Description Name Description

SO(n,R) {z € Mat(n,R) s.t. z*x =1,detz =1} so(n,R) {x € Mat(n,R) s.t. z* +x =0}

SU(n) {z € Mat(n,C) s.t. z*x =1,detz =1} su(n) {z € Mat(n,C) s.t. 2*+2 =0,trz =0}
Sp(n,R)  {z € Mat(n,H) s.t. z*z =1} sp(n,R) {z € Mat(n,H) s.t. z* +2 =0}
GL(n,H) {z € GL(2n,C) s.t. jo =zj} gl(n,H) {z € M2,(C) s.t. jo =zj}

SL(n,C) {z € Mat(n,C) s.t. detx =1} sl(n,C)  {x € Mat(n,C) s.t. trz =0}

SO(n,C) {z € Mat(n,C) s.t. 2Tz = 1,detz =1} s0(n,C) {z € Mat(n,C) s.t. 27 +z =0}
Sp(n,C) {z € Mat(n,C) s.t. 27 jz = j} sp(n,C) {x € Mat(n,C) s.t. 275 + jzr =0}

1.3.3.1 Proposition Via the natural embedding Mat(n, H) — Mat(2n, C), we have:

Sp(n) = GL(n,H) N U(2n) (1.3.3.2)
= GL(n,H) N Sp(n,C) (1.3.3.3)
=U(2n) N Sp(n,C) (1.3.3.4)

1.4 Homomorphisms of closed linear groups

1.4.0.1 Definition Let H be a closed linear group. The adjoint action H ~ H is given by by

gp, ghg™t, and this action fizes 1 € H. This induces the adjoint action Ad : H ~ T1H = Lie(H).

It is given by g -y = gyg~ ', where now y € Lie(H).

1.4.0.2 Lemma Let H and G be closed linear groups and ¢ : H — G a smooth homomorphism.
Then ¢(1) =1, sod¢p: T1H — T1G by X — (¢(1 +1tX))'(0). The diagram of actions commutes:

H ~ T1H

-l

GmTlG

This is to say:
d¢(Ad(h)Y) = Ad(¢(h)) de(Y)

Thus d¢ [X,Y] = [d¢ X,d¢ Y], so d¢ is a Lie algebra homomorphism.
If H is connected, the map d¢ determines the map ¢. O
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Exercises

1. (a) Show that the orthogonal groups O(n,R) and O(n,C) have two connected components,
the identity component being the special orthogonal group SO, and the other consisting
of orthogonal matrices of determinant —1.

(b) Show that the center of O(n) is {+I,}.
(c) Show that if n is odd, then SO(n) has trivial center and O(n) = SO(n) x (Z/2Z) as a
Lie group.

(d) Show that if n is even, then the center of SO(n) has two elements, and O(n) is a
semidirect product (Z/2Z) x SO(n), where Z/27Z acts on SO(n) by a non-trivial outer
automorphism of order 2.

2. Construct a smooth group homomorphism ® : SU(2) — SO(3) which induces an isomorphism
of Lie algebras and identifies SO(3) with the quotient of SU(2) by its center {£1}.

3. Construct an isomorphism of GL(n,C) (as a Lie group and an algebraic group) with a closed
subgroup of SL(n + 1,C).

4. Show that the map C* x SL(n,C) — GL(n,C) given by (z,g9) — zg is a surjective ho-
momorphism of Lie and algebraic groups, find its kernel, and describe the corresponding
homomorphism of Lie algebras.

5. Find the Lie algebra of the group U C GL(n,C) of upper-triangular matrices with 1 on
the diagonal. Show that for this group, the exponential map is a diffeomorphism of the Lie
algebra onto the group.

6. A real form of a complex Lie algebra g is a real Lie subalgebra gr such that that g = gr ®igg,
or equivalently, such that the canonical map ggr ®g C — g given by scalar multiplication is an
isomorphism. A real form of a (connected) complex closed linear group G is a (connected)
closed real subgroup Gg such that Lie(GR) is a real form of Lie(G).

(a) Show that U(n) is a compact real form of GL(n,C) and SU(n) is a compact real form
of SL(n,C).
(b) Show that SO(n,R) is a compact real form of SO(n,C).

(c) Show that Sp(n,R) is a compact real form of Sp(n, C).



CHAPTER 1. MOTIVATION: CLOSED LINEAR GROUPS



Chapter 2

Mini-course in Differential Geometry

2.1 Manifolds

2.1.1 Classical definition

2.1.1.1 Definition Let X be a (Hausdorff) topological space. A chart consists of the data U C X

open

and a homeomorphism ¢ : U =V C R™. R" has coordinates z;, and &; def x; o ¢ are local
open

coordinates on the chart. Charts (U, ¢) and (U',¢') are compatible if on UNU’ the & are smooth
functions of the & and conversely. Le.:

U unu’ U’
, / \ y (2.1.1.2)
7/06)71
1% VoW rcoy Vv’

smooth with smooth inverse

An atlas on X is a covering by pairwise compatible charts.

2.1.1.3 Lemma If U and U’ are compatible with all charts of A, then they are compatible with
each other. O

2.1.1.4 Corollary FEvery atlas has a unique mazimal extension. O
2.1.1.5 Definition A manifold is a Hausdorff topological space with a maximal atlas. It can be
real, infinitely-differentiable, complex, analytic, etc., by varying the word “smooth” in the compat-

ibility condition equation (2.1.1.2).

2.1.1.6 Definition Let U be an open subset of a manifold X. A function f:U — R is smooth if
it s smooth on local coordinates in all charts.
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2.1.2 Sheafs

2.1.2.1 Definition A sheaf of functions . on a topological space X assigns a ring . (U) to each
open set U C X such that:

open

1. if VCU and f € L(U), then f|y € L (V), and
2. ifU=UaUqs and f : U — R such that fly, € S (Uy) for each a, then f € #(U).
The stalk of a sheaf at x € X 1is the space S, def limys, S (U).

2.1.2.2 Lemma Let X be a manifold, and assign to each U C X the ring €(U) of smooth

open
functions on U. Then € is a sheaf. Conversely, a topological space X with a sheaf of functions
< is a manifold if and only if there exists a covering of X by open sets U such that (U, L |y) is
isomorphic as a space with a sheaf of functions to (V, %" |y/) for some V.C R™ open. O

2.1.3 Manifold constructions

2.1.3.1 Definition If X and Y are smooth manifolds, then a smooth map f : X — Y is a
continuous map such that for all U CY and g € €(U), then go f € €(f~Y(U)). Manifolds form
a category MAN with products: a product of manifolds X X Y is a manifold with charts U x V.

2.1.3.2 Definition Let M be a manifold, p € M a point, and v1,7v2 : R — M two paths with
71(0) = %2(0) = p. We say that 1 and 2 are tangent at p if (f o v1)'(0) = (f o 72)'(0) for all
smooth f on a nbhd of p, i.e. for all f € €,. Each equivalence class of tangent curves is called a
tangent vector.

2.1.3.3 Definition Let M be a manifold and € its sheaf of smooth functions. A point derivation
is a linear map § : 6, — R satisfying the Leibniz rule:

6(fg) =dfg(p)+ fp)dg (2.1.3.4)
2.1.3.5 Lemma Any tangent vector vy gives a point derivation 0, : f — (f o) (0). Conversely,
every point derivation is of this form. O

2.1.3.6 Lemma / Definition Let M and N be manifolds, and f : M — N a smooth map sending
p — q. The following are equivalent, and define (df), : T,M — TN, the differential of f at p:

1. If [y] € T, M is represented by the curve v, then (df),(X) def [fon].

2. If X € T,M is a point-derivation on Sprp, then (df),(X) : Sng = R (or C) is defined by
= X[po fl.

3. In coordinates, pe U C R™ andqe W C R”, then locally f is given by fi1,..., fn smooth

open open
functions of x1,...,xm. The tangent spaces to R™ are in canonical bijection with R™, and a
linear map R™ — R™ should be presented as a matriz:
OFf:
Jacobian(f, z) det O O

8:cj
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2.1.3.7 Lemma We have the chain rule: if M ERY YA K, then d(go f), = (dg) s o (df)p. O

2.1.3.8 Theorem (Inverse Mapping Theorem)
1. Given smooth fi,....,fn : U — R where p € U C R", then f : U — R" maps some

open
neighborhood V' 3 p bijectively to W C R™ with s/a/h inverse iff det Jacobian(f,x) # 0.
open
2. A smooth map f : M — N of manifold restricts to an isomorphism p € U — W for some
neighborhood U if and only if (df), is a linear isomorphism. O

2.1.4 Submanifolds

2.1.4.1 Proposition Let M be a manifold and N a topological subspace with the induced topology
such that for each p € N, there is a chart U > p in M with coordinates {&}", : U — R™ such that
UNN ={qeU st &yi(q) = =&n(q) =0}. Then UNN is a chart on N with coordinates
&1y, &n, and N is a manifold with an atlas given by {UNN} as U ranges over an atlas of M. The
sheaf of smooth functions €n is the sheaf of continuous functions on N that are locally restrictions
of smooth functions on M. The embedding N — M is smooth, and satisfies the universal property
that any smooth map f : Z — M such that f(Z) C N defines a smooth map Z — N. O

2.1.4.2 Definition The map N — M in Proposition 2.1.4.1 is an immersed submanifold. A map
Z — M is an immersion if it factors as Z = N < M for some immersed submanifold N < M.

2.1.4.3 Proposition If N — M is an immersed submanifold, then N is locally closed. O

2.1.4.4 Proposition Any closed linear group H C GL(n) is an immersed analytic submanifold.
If Lie(H) is a C-subspace of Mat(n,C), then H is a holomorphic submanifold.

Proof The following diagram defines a chart near 1 € H, which can be moved by left-multiplication
wherever it is needed:

0 1
Mm exp Mm
M(n) D U V C GL(n)
J log JA
Lie(H)NU —— HNV O

2.1.4.5 Lemma Given T,M = Vi @ Va, there is an open neighborhood Uy x Uy of p such that
Vi =TpU;. O

2.1.4.6 Lemma Ifs: N — M x N is a s/a/h section, then s is a (closed) immersion. O

2.1.4.7 Proposition A smooth map f: N — M is an immersion on a neighborhood of p € N if
and only if (df ), is injective. O
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2.2 Vector Fields

2.2.1 Definition

2.2.1.1 Definition Let M be a manifold. A vector field assigns to each p € M a vector z,, i.e. a
point derivation:

zp(fg) = F(p) zp(9) + 2p(f) 9(p) (221.2)
def

We define (zf)(p) = zp(f). Then x(fg) = fx(g) +x(f) g, so x is a derivation. But it might be
discontinuous. A vector field x is smooth if x : Gy — Gy is a map of sheaves. FEquivalently, in
local coordinates the components of x, must depend smoothly on p. By changing (the conditions
on) the sheaf €, we may define analytic or holomorphic vector fields.

Henceforth, the word “vector field” will always mean “smooth (or analytic or holomorphic)
vector field”. Similarly, we will use the word “smooth” to mean smooth or analytic or holomorphic,
depending on our category.

2.2.1.3 Lemma The commutator [z, y) def xy — yx of derivations is a derivation.

Proof An easy calculation:

zy(fg) = zy(f) g +x(f)y(9) +y(f) 2(9) + fzy(g) (22.1.4)
Switch X and Y, and subtract:
[z, 9](f9) = [=,9](f) g + [ [z, yl(9) (2.2.1.5)
]
2.2.1.6 Definition A Lie algebra is a vector space | with a bilinear map [,] : [x — [ (i.e. a linear

map [,]: L@ — 1), satisfying
1. Antisymmetry: [x,y] + [y, 2] =0

2. Jacobi: [z, [y, z]| + |y, [z, x]] + [z, [z, y]] =0

2.2.1.7 Proposition Let V be a vector space. The bracket [x,y] def xy — yx makes End(V') into a
Lie algebra. ([l

2.2.1.8 Lemma / Definition Let [ be a Lie algebra. The adjoint action ad : [ — End(l) given by
adzx : y +— [z,y] is a derivation:

(adz)[y, 2] = [(ad )y, 2] + [y, (ad 7)z]

Moreover, ad : | — End(l) is a Lie algebra homomorphism:
ad([z, y]) = (adz)(ady) — (ady)(ad x) O
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2.2.2 Integral curves
Let 0; be the vector field f — %f on R.

2.2.2.1 Proposition Given a smooth vector field x on M and a point p € M, there exists an open
interval I C R such that 0 € I and a smooth curve v : 1 — M satisfying:

open

7(0)=p (2.2.2.2)
(d’}/)t(at) = Ty (1) Vtel (2.2.2.3)

When M is a complex manifold and x a holomorphic vector field, we can demand that I C C is
open

an open domain containing 0, and that v : I — M be holomorphic.

Proof In local coordinates, v : R — R™, and we can use existence and uniqueness theorems for
solutions to differential equations; then we need that a smooth (analytic, holomorphic) differential
equation has a smooth (analytic, holomorphic) solution.

But there’s a subtlety. What if there are two charts, and solutions on each chart, that diverge
right where the charts stop overlapping? Well, since M is Hausdorff, if we have two maps I — M,
then the locus where they agree is closed, so if they don’t agree on all of I, then we can go to the
maximal point where they agree and look locally there. O

2.2.2.4 Definition The integral curve frp(t) of x at p is the mazimal curve satisfying equa-
tions (2.2.2.2) and (2.2.2.3).

2.2.2.5 Proposition The integral curve fxp depends smoothly on p € M. O

2.2.2.6 Proposition Let x and y be two vector fields on a manifold M. For p € M and s,t € R,
define q by the following picture:

Then for any smooth function f, we have f(q) — f(p) = stlz,yl,f + O(s, t)3.

Proof Let a(t) = [, (t), so that f(a(t)) = zf(a(t)). Iterating, we see that ()" f(a(t)) =
2" f(a(t)), and by Taylor series expansion,

Fa) =Y (S fla@)m = X ) = ¢ (o). (2227)

n!
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By varying p, we have:

( —syf) (2.2.2.8)
— (e syf) ) (2.2.2.9)
(esye tz, syf)( 1) (2.2.2.10)
( tz o5y, —te syf)( ) (2.2.2.11)

We already know that e®e®¥e~®e™%Y = 1 + st[z,y| + higher terms. Therefore f(q) — f(p) =
stlz, ylpf + O(s,t)3. O

2.2.3 Group actions

2.2.3.1 Proposition Let M be a manifold, G a Lie group, and G ~ M a Lie group action, i.e. a
smooth map p: G x M — M satisfying equations (1.1.1.6) and (1.1.1.7). Let v € TG, where e is
the identity element of the group G. The following descriptions of a vector field {x € Vect(M) are
equivalent:

1. Let x = [y] be the equivalence class of tangent paths, and let v : I — G be a representative
path. Define (£x)y, = [Y] where ¥(t) d:efp(’y(t)*l, m> On functions, x acts as:

def d

(gﬂf)mf = a 0

Fv()'m) (2.2.3.2)

2. Arbitrarily extend x to a vector field & on a neighborhood U C G of e, and lift this to x on
U x M to point only in the U-direction: fr(u’m) ef (Z4,0) € T,U x T,,M. Let lx act on
functions by:

def

(tx)f = —&(fop)

et (2.2.3.3)

3. (0x)m © —(dp) (e,my (2. 0) O

2.2.3.4 Proposition Let G be a Lie group, M and N manifolds, and G ~ M, G ~ N Lie
actions, and let f : M — N be G-equivariant. Given xz € T.G, define (Mx and ¢Nx vector fields
on M and N as in Proposition 2.2.3.1. Then for each m € M, we have:

(df ) (£ ) = (V) (1) O

2.2.3.5 Definition Let G ~ M be a Lie action. We define the adjoint action of G on Vect(M)

by 9y def dg(y)gm = (dg)m(ym). Equivalently, G ~ €y by g: f+— fog™', and given a vector field
thought of as a derivation y : € — Gar, we define 9y def gyg~ L.

2.2.3.6 Example Let G ~ G by right multiplication: p(g,h) def hg~!. Then G ~ T.G by the

adjoint action Ad(g) = d(g — g 1)e, i.e. if z = [7], then Ad(g)z = [g(t) g~']. O
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2.2.3.7 Definition Let p : G ~ M be a Lie action. For each g € G, we define IM to be the
manifold M with the action 9p : (h,m) — p(ghg™!,m).

2.2.3.8 Corollary For each g € G, the map g : M — IM is G-equivariant. We have:
I0x = dg(tz) = ('Mz = ((Ad(g)z) O

2.2.3.9 Proposition Let p: G ~ G by py : h — hg™t. Then { : T.G — Vect(G) is an isomor-
phism from T.G to left-invariant vector fields, such that ({x). = x.

Proof Let A : G ~ G be the action by left-multiplication: Aj(h) = gh. Then for each g, A4 is p-
equivariant. Thus d)\,(¢x) = 2 (¢z) = £z, so Lz is left-invariant, and (¢z). = = since p(g,e) = g~ L.
Conversely, a left-invariant field is determined by its value at a point:

(6x)y = (dAg)e(lze) = (dAg)e(x) (2.2.3.10)
O

2.2.4 Lie algebra of a Lie group

2.2.4.1 Lemma / Definition Let G ~ M be a Lie action. The subspace of Vect(M) of G-
invariant derivations is a Lie subalgebra of Vect(M).

Let G be a Lie group. The Lie algebra of G is the Lie subalgebra Lie(G) of Vect(G) consisting
of left-invariant vector fields, i.e. vector fields invariant under the action A : G ~ G given by

Ag i b gh.

We identify Lie(G) def TG as in Proposition 2.2.3.9. O
2.2.4.2 Lemma Given G ~ M a Lie action, x € Lie(G) represented by x = [y], and y € Vect(M),
we have: 1

" tzo”“)yf = [la,y]f (2.2.4.3)
Proof
S or e = S| A0 e (2.2.4.4)
Gl v =g Oy p
d
=gl 70y fO()p) (2.2.4.5)
t=0
d d
= |, YWy 00 +90) F| - vf(EP) (2.2.4.6)
d
=Llz(yf)p) +y o L f(v(H)p) (2.2.4.7)
— Lo(yf)(p) + y(—Lo )(p) (2.2.43)
= [z, y]f (p) (2.2.4.9)
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2.2.4.10 Corollary Let G ~ M be a Lie action. If z,y € Lie(G), where x = [7], then

EM(EAd(—(L') y> _ g

n 0(Ad(v(t)y) f = [bx, ty] f (2.2.4.11)

t=0

2.2.4.12 Lemma The Lie bracket defined on Lie(GL(n)) = gl(n) = T, GL(n) = M(n) defined in
Lemma/Definition 2.2.4.1 is the matrixz bracket [z,y] = vy — yx.

Proof We represent x € gl(n) by [e/*]. The adjoint action on GL(n) is given by Adg(g) h = ghg™!,
which is linear in h and fixes e, and so passes immediately to the action Ad : GL(n) ~ T, GL(n)
given by Ady(g9)y = gyg—'. Then

d
oyl = | eye " =ay —yz. (2.2.4.13)
t=0 0

2.2.4.14 Corollary If H is a closed linear group, then Lemma/Definitions 1.2.1.2 and 2.2.4.1
agree.

Exercises

1. (a) Show that the composition of two immersions is an immersion.

(b) Show that an immersed submanifold N C M is always a closed submanifold of an open
submanifold, but not necessarily an open submanifold of a closed submanifold.

2. Prove that if f : N — M is a smooth map, then (df), is surjective if and only if there are
open neighborhoods U of p and V' of f(p), and an isomorphism ¢ : V' x W — U, such that
f o is the projection on V.

In particular, deduce that the fibers of f meet a neighborhood of p in immersed closed
submanifolds of that neighborhood.

3. Prove the implicit function theorem: a map (of sets) f : M — N between manifolds is smooth
if and only if its graph is an immersed closed submanifold of M x N.

4. Prove that the curve y? = 2 in R? is not an immersed submanifold.

5. Let M be a complex holomorphic manifold, p a point of M, X a holomorphic vector field.
Show that X has a complex integral curve v defined on an open neighborhood U of 0 in
C, and unique on U if U is connected, which satisfies the usual defining equation but in a
complex instead of a real variable t.

Show that the restriction of v to U N R is a real integral curve of X, when M is regarded as
a real analytic manifold.
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6.

7.

Let SL(2,C) act on the Riemann sphere P! (C) by fractional linear transformations (2 4) z =
(az+b)/(cz+d). Determine explicitly the vector fields f(z)d, corresponding to the infinites-
imal action of the basis elements

() ()

of 51(2,C), and check that you have constructed a Lie algebra homomorphism by computing
the commutators of these vector fields.

(a) Describe the map gl(n,R) = Lie(GL(n,R)) = Mat(n,R) — Vect(R") given by the
infinitesimal action of GL(n,R).

(b) Show that so(n,R) is equal to the subalgebra of gl(n,RR) consisting of elements whose
infinitesimal action is a vector field tangential to the unit sphere in R™.

(a) Let X be an analytic vector field on M all of whose integral curves are unbounded (i.e.,
they are defined on all of R). Show that there exists an analytic action of R = (R, +)
on M such that X is the infinitesimal action of the generator 9d; of Lie(R).

(b) More generally, prove the corresponding result for a family of n commuting vector fields
X, and action of R".

(a) Show that the matrix (})“ Pb) belongs to the identity component of GL(2,R) for all
positive real numbers a, b.

(b) Prove that if a # b, the above matrix is not in the image exp(gl(2,R)) of the exponential
map.



18

CHAPTER 2. MINI-COURSE IN DIFFERENTIAL GEOMETRY



Chapter 3

General Theory of Lie groups

3.1 From Lie algebra to Lie group

3.1.1 The exponential map

We state the following results for Lie groups over R. When working with complex manifolds, we can

replace R by C throughout, whence the interval I C R is replaced by a connected open domain
open

I C C. As always, the word “smooth” may mean “infinitely differentiable” or “analytic” or ....
open

3.1.1.1 Lemma Let G be a Lie group and x € Lie(G). Then there exists a unique Lie group
homomorphism v, : R — G such that (dv,)o(0t) = x. It is given by v,(t) = ([, £x)(t).

Proof Let v : I — G be the maximal integral curve of fx passing through e. Since fx is left-
invariant, ¢gy(t) is an integral curve through ¢q. Let g = ~v(s) for s € I; then ~(t) and ~(s)y(t)
are integral curves through 7(s), to they must coincide: (s +t) = v(s)y(t), and v(—s) = y(s)~*

for s € I N (—I). So 7 is a groupoid homomorphism, and by defining (s + ¢) def ~v(s)y(t) for
s,te€l, s+t &I, weextend v to I + I. Since R is archimedean, this allows us to extend ~ to all
of R; it will continue to be an integral curve, so really I must have been R all along. O

3.1.1.2 Corollary There is a bijection between one-parameter subgroups of G (homomorphisms
R — G) and elements of the Lie algebra of G. O

3.1.1.3 Definition The exponential map exp : Lie(G) — G is given by expx def ~vz(1), where 7,
1$ as in Lemma 3.1.1.1.

3.1.1.4 Proposition Let () be a smooth family of vector fields on M parameterized by b € B a
manifold, i.e. the vector field ¥ on B x M given by T, = (o,a;ﬁ,‘;)) is smooth. Then (b,p,t)
(fp m(b)> (t) is a smooth map from an open neighborhood of B x M x {0} in Bx M xR to M. When

each £®) has infinite-time solutions, we can take the open neighborhood to be all of B x M x R.

19
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(2) 0= (-(f) )

So BxM xR — Bx M= M by (b,p,t) — (f(b,p) :Tc) (t) — (fp m(b)) (t) is a composition of smooth
functions, hence is smooth. ]

Proof Note that

3.1.1.5 Theorem (Exponential Map)

For each Lie group G, there is a unique smooth map exp : Lie(G) — G such that for x € Lie(G), the
map t — exp(tx) is the integral curve of Lx through e; t — exp(tx) is a Lie group homomorphism
R —G.

3.1.1.6 Example When G = GL(n), the map exp : gl(n) = GL(n) is the matrix exponential. ¢
3.1.1.7 Proposition The differential at the origin (dexp)q is the identity map lpie(q)-

Proof d(exptx)o(d;) = x. O
3.1.1.8 Corollary exp is a local homeomorphism. ]
3.1.1.9 Definition The local inverse of exp : Lie(G) — G is called “log”.

3.1.1.10 Proposition If G is connected, then exp(Lie(G)) generates G. O

3.1.1.11 Proposition If ¢ : H — G is a group homomorphism, then the following diagram com-
mutes:

H i G
exp‘ exp[
Lie(H) o) Lie(G)
If H is connected, then d¢ determines ¢. ]

3.1.2 The Fundamental Theorem

Like all good algebraists, we assume the Axiom of Choice.

3.1.2.1 Theorem (Fundamental Theorem of Lie Groups and Algebras)

1. The functor G — Lie(G) gives an equivalence of categories between the category SCLIEGP of
simply-connected Lie groups (over R or C) and the category LIEALG of finite-dimensional
Lie algebras (over R or C).

2. “The” inverse functor b — Grp(h) is left-adjoint to Lie : LIEGP — LIEALG.
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We outline the proof. Consider open neighborhood U and V so that the horizontal maps are a
homeomorphism:

Lie(G) G

Ul Ul
exp

U |4

W log W

0 e

Consider the restriction 1 : G x G — G to (V x V)Nu=t(V) — V, and use this to define a “partial
group law” b : open — U, where open C U x U, via

b(z,y) & log(exp z exp y)

We will show that the Lie algebra structure of Lie(G) determines b.

Moreover, given h a finite-dimensional Lie algebra, we will need to define b and build H as the
group freely generated by U modulo the relations xy = b(x,y) if x,y,b(z,y) € U. We will need to
prove that H is a Lie group, with U as an open submanifold.

3.1.2.2 Corollary FEvery Lie subalgebra b of Lie(G) is Lie(H) for a unique connected subgroup
H — G, up to equivalence. O

The standard proof of Theorem 3.1.2.1 is to first prove Corollary 3.1.2.2 and then use Theo-
rem 4.5.0.10. We will use Theorem 4.4.4.15 rather than Theorem 4.5.0.10.

3.1.2.3 Theorem (Baker-Campbell-Hausdorff Formula (second part only))

1. Let T(x,y) be the free tensor algebra generated by x and y, and T(x,y)[[s,t]] the (non-

commutative) ring of formal power series in two commuting variables s and t. Define b(tz, sy) def
log(exp(tx) exp(sy)) € T (x,y)[[s,t]], where exp and log are the usual formal power series.
Then

1 1 1
b(tx,sy) =tx + sy + stg[x, yl + st2ﬁ[x, [z, y]] + SQtE[y, [y, z]] + ... (3.1.2.4)

has coefficients all coefficients given by Lie bracket polynomials in x and y.

exp
2. Given a Lie group G, there exists a neighborhood U' 3 0 in Lie(G) such thatU' CU = V C G
log
and b(x,y) converges on U x U’ to log(expxexpy).

We need more machinery than we have developed so far to prove part 1. We work with analytic
manifolds; on ¥ manifolds, we can make an analogous argument using the language of differential
equations.

Proof (of part 2.) For a clearer exposition, we distinguish the maps exp : Lie(G) — G from
e’ € R[z]].
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We begin with a basic identity. exp(tz) is an integral curve to £z through e, so by left-invariance,
t — gexp(tx) is the integral curve of ¢z through g. Thus, for f analytic on G,

%[f (gexptz)] = ((€x)f)(gexp tx)

We iterate: L
(5) [fgesptn)] = ((t)"f)(gexpia)

If f is analytic, then for small ¢ the Taylor series converges:

0o d\" m
flgexptz) = ;::0 (g) [f(gexptz)] 'to = (3.1.2.5)

=2 ((tx)"f) (gexptaf)\tzog (3.1.2.6)
n=0 :

= i((fx)”f)(g):: (3.1.2.7)
n=0 :

=2 ((tfj)nf> (9) (3.1.2.8)
n=0 :

= (" f)(9) (3.1.2.9)

We repeat the trick:

flexptxexpsy) = (eSLyf)(exp tx) = (ethes Lyf) (e) = (etxesyf) (e)

The last equality is because we are evaluating the derivations at e, where fx = x.

We now let f = log : V — U, or rather a coordinate of log. Then the left-hand-side is just
log(exp tz exp sy), and the right hand side is (et“”esy log) (e) = (eb(m’sy) log) (e), where b is the formal
power series from part 1. — we have shown that the right hand side converges. But by interpreting
the calculations above as formal power series, and expanding log in Taylor series, we see that the
formal power series (eb(t‘”’sy) log>(e) agrees with the formal power series log<eb(m’sy)> = b(tzx, sy).
This completes the proof of part 2.

3.2 Universal enveloping algebras

3.2.1 The definition

3.2.1.1 Definition A representation of a Lie group is a homomorphism G — GL(n,R) (or C). A
representation of a Lie algebra is a homomorphism Lie(G) — gl(n) = End(V); the space End(V')
is a Lie algebra with the bracket given by [x,y] = vy — yx.

3.2.1.2 Definition Let V' be a vector space. The tensor algebra over V' is the free unital non-
commuting algebra TV generated by a basis of V. Equivalently:

TV L Pven

n>0
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The multiplication is given by @ : VEF x V& — yO&+) T s o functor, and is left-adjoint to
Forget : ALG — VECT.

3.2.1.3 Definition Let g be a Lie algebra. The universal enveloping algebra is
def
Ug = Ta/{[z,y] — (xy — yz))
U : LIEALG — ALG is a functor, and is left-adjoint to Forget : ALG — LIEALG.
3.2.1.4 Corollary The category of g-modules is equal to the category of Ug-modules. O

3.2.1.5 Example A Lie algebra g is abelian if the bracket is identically 0. If g is abelian, then
Ug = Sg, where SV is the symmetric algebra generated by the vector space V' (so that S is

left-adjoint to Forget : COMALG — VECT). O
3.2.1.6 Example Iffis the free Lie algebra on generators z1, ..., x4, defined in terms of a universal
property, then Uf = T (z1,...,xq). O

3.2.1.7 Definition A wvector space V is graded if it comes with a direct-sum decomposition V =
@Dn>0 Vn. A morphism of graded vector spaces preserves the grading. A graded algebra is an algebra
object in the category of graded vector spaces. 1.e. it is a vector space V- = @, >q along with a unital
associative multiplication V Q@ V. — V such that if v, € Vi, and v,, € Vi, then UnVUm € Vatm.-

A wvector space V is filtered if it comes with an increasing sequence of subspaces

{0} SV CVy C--CV

such that V' = Jn,>0 Va. A morphism of graded vector spaces preserves the filtration. A filtered
algebra is an algebra object in the category of filtered vector spaces. ILe. it is a filtered vector space
along with a unital associative multiplication V@ V. — V' such that if v, € V<, and vy, € V<p,
then vpvm € Ve (nim)-

Given a filtered vector space V', we define grV def @Dn>oer, V, where gr, V def Van/Ven—1y-
3.2.1.8 Lemma gr is a functor. If V is a filtered algebra, then grV is a graded algebra. g

3.2.1.9 Example Let g be a Lie algebra over K. Then Ug has a natural filtration inherited from
the filtration of Tg, since the ideal (zy — yz = [x,y]) preserves the filtration. Since Ug is generated
by g, so is gridg; since xy — yxr = [z,y] € U<y, gridg is commutative, and so there is a natural
projection Sg — grlifg. %

3.2.2 Poincaré-Birkhoff-Witt theorem

3.2.2.1 Theorem (Poincaré-Birkhoff-Witt)
The map Sg — grlidg is an isomorphism of algebras.

3.2.2.2 Corollary g — Ug. Thus every Lie algebra is isomorphic to a Lie subalgebra of some
End(V), namely V = Ug. O
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Proof (of Theorem 3.2.2.1) Pick an ordered basis {x,} of g; then the monomials z,, ...z, for
oy < --- < ay are an ordered basis of Sg, where we take the “deg-lex” ordering: a monomial of lower
degree is immediately smaller than a monomial of high degree, and for monomials of the same degree
we alphabetize. Since Sg — gri{g is an algebra homomorphism, the set {zq, ... %4, s.t. a1 <+ <
oy} spans grifg. It suffices to show that they are independent in gri/g. For this it suffices to show

that the set S %' {Zay - - Tq, st. oy <--- < ap,} is independent in Ug.

Let I = (xy — yx — [z,y]) be the ideal of Tg such that Ug = Tg/I. Define J C Tg to be the
span of expressions of the form

§=1Ta,  Tay (TTy — TyTR — (T8, Tx]) Tyy -+ - Ty, (3.2.2.3)

where a1 < -+ < ai < 8 > v, and there are no conditions on v;, so that J is a right ideal. We
take the deg-lex ordering in 7Tg. The leading monomial in equation (3.2.2.3) is zgxgzy2y. Thus S
is an independent set in 7g/J. We need only show that J = I.

The ideal I is generated by expressions of the form zgz, — 2,25 — [2g, ] as a two-sided ideal.
If B > ~ then (xgxy — TyTg — [m5,$7]) € J; by antisymmetry, if 8 < v we switch them and stay
in J. If 8 =, then (w5m7 — T T8 — [xg,xy]) = 0. Thus J is a right ideal contained in I, and the
two-sided ideal generated by J contains I. Thus the two-sided ideal generated by J is I, and it
suffices to show that J is a two-sided ideal.

We multiply xs¢. If £ > 0 and § < «y, then 256 € J. If 6 > oy, then x5 = x4, 2520, - +
[€5, Tay]Tay - -~ mod J. And both zsza, ... and [z5,Za,|Ta, ... are in J by induction on degree.
Then since o < §, Zo,TsTa, -+ € J by (transfinite) induction on 4.

So suffice to show that if £ = 0, then we’re still in J. Le. if a > 8 > v, then we want to show
that o (xgxy — 228 — [18,24]) € J. Well, since a > 3, we see that x5 — 28 — [Ta, 28] € J, and
same with § < v. So, working modulo J, we have

To (TpTy — TyT8 — [T8,74]) = (220 + [Ta, T4]) Ty — (Ty%a + [Ta, T4]) T3 — Talrg, T4
= 18 (T1Ta + [Ta, 4]) + [T, Tplay — Ty (370 + [Ta, Tp])
— [T, 74|75 — 2028, 24
= TyTpTa + (T8, Ty]Ta + TlTa, Ty] + [Ta, 1Ty — Ty (TpTa + [Ta, 7))
— [T, 73|15 — 202, 24
— 25,2 0 + 25las 03] + [0 25)y — 2[00 28] = 20,25 5 — el 2]
= —[za, [18, 24]] + 28, [Ta, 25]] — [2, [Ta, 24]]
= 0 by Jacobi. O
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3.2.3 Ug is a bialgebra

3.2.3.1 Definition An algebra over K is a vector space U along with a K-linear “multiplication”
map p: U QU — U which is associative, i.e. the following diagram commutes:
K

ly®p

UoUaU UeU
o1y " (3.2.3.2)
UaU " U

We demand that all our algebras be unital, meaning that there is a linear map e : K — U such that
the maps U = K®U6@>U UU B U andU =U® K tuge UU S U are the identity maps.
We will call the image of 1 € K under e simply 1 € U.

A coalgebra is an algebra in the opposite category. ILe. it is a vector space U along with a
“comultiplication” map A : U — U @ U so that the following commutes:

A

U UeU
A 1yeA (3.2.3.3)
A1y
UU UeUU

In elements, if Ax = " x(1) ® 7(9), then we demand that Y~ x(1) ® A(z(9)) = 3 A(z)) @ 2(1). We

demand that our coalgebras be counital, meaning that there is a linear map € : U — K such that
eR1y 1y ®e
the maps UBUQU K @U=U andUBURU U @K=U are the identity maps.

A bialgebra is an algebra in the category of coalgebras, or equivalently a coalgebra in the cat-
egory of algebras. Ie. it is a vector space U with maps p : U QU — U and A : U - URU
satisfying equations (3.2.3.2) and (3.2.8.3) such that A and € are (unital) algebra homomor-
phisms or equivalently such that p and e are (counital) coalgebra homomorphism. We have de-
fined the multiplication on U @ U by (z ® y)(2 ® w) = (vz) ® (yw), and the comultiplication by
Az ®@y) =22 21) Y1) @T(2) @ Y(2), where Ax = w1y @x(2) and Ay = 3" y) @ y(a); the unit
and counit are e ® e and € Q €.

3.2.3.4 Definition Let U be a bialgebra, and x € U. We say that x is primitive if Ax =z ® 1 +
1® x, and that x is grouplike if Az = x ® x. The set of primitive elements of U we denote by
primU.

3.2.3.5 Proposition Ug is a bialgebra with primUg = g.

Proof To define the comultiplication, it suffices to show that A : g — Ug ® Ug given by = —
r®1+1®z is a Lie algebra homomorphism, whence it uniquely extends to an algebra homomorphism
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by the universal property. We compute:

®1+10z,y@1+1Q0yueu =[r®@1Lyx1]|+[1®z,1R y (3.2.3.6)
=[z,yl®1+1 [z, (3.2.3.7)

To show that A thus defined is coassiciative, it suffices to check on the generating set g, where we
see that A2(2) =2 ®1®1+1201+1®1® .
By definition, g C Ug. To show equality, we use Theorem 3.2.2.1. We filter Ug ® Ug in the

obvious way, and since A is an algebra homomorphism, we see that A(Z/{gg) - (Z/lg QU g) <

whence A(Uggn) C (Z/{g ®Z/{g) < Thus A induces a map A on gri{g = Sg, and A makes Sg into
a bialgebra. B

Let £ € Ug<y,, be primitive, and define its image to be € € gr,, Ug; then £ must also be primitive.
But Sg ® Sg = K[ya, 24|, where {z,} is a basis of g (whence Sg = Klz,]), and we set yq = 7,4 ® 1
and z, = 1®x,]. We check that A7) = Yo+ 24, and so if f(z) € Sg, we see that Af(x) = f(y+2).
So f € Sg is primitive if and only if f(y + 2) = f(y) + f(2), i.e. iff f is homogenoues of degree 1.
Therefore prim grifg = gr, Ug, and so if £ € Ug is primitive, then & € gr; Ug so & = z + ¢ for some
x € g and some ¢ € K. Since x is primitive, ¢ must be also, and the only primitive constant is 0.0]

3.2.4 Geometry of the universal enveloping algebra

3.2.4.1 Definition Let X be a space and & a sheaf of functions on X. We define the sheaf 9 of
Grothendieck differential operators inductively. Given U C X, we define P<o(U) = #(U), and

open
P<n(U) ={z : L (U) = L(U) s.t. [z,f] € D<(—y(U)Vf € L (U)}, where L (U) ~ L (U) by
left-multiplication. Then 2(U) = Un>0 P<n(U) is a filtered sheaf; we say that x € P<,(U) is an
“nth-order differential operator on U”.

3.2.4.2 Lemma % is a sheaf of filtered algebras, with the multiplication on Z(U) inherited from
End(.#(U)). For each n, P<y, is a sheaf of Lie subalgebras of 7. O

3.2.4.3 Theorem (Grothendieck Differential Operators)

Let X be a manifold, € the sheaf of smooth functions on X, and & the sheaf of differential operators
on € as in Definition 3.2.4.1. Then Z(U) is generated as a noncommutative algebra by € (U) and
Vect(U), and P<1 = € (U) & Vect(U). O

3.2.4.4 Proposition Let G be a Lie group, and 2(G)€ the subalgebra of left-invariant differential
operators on G. The natural map Ug — 2(G)C generated by the identification of g with left-
twvariant vector fields is an isomorphism of algebras. O

We will revisit this algebraic notion of differential operator in Section 8.4.3.

3.3 The Baker-Campbell-Hausdorff Formula

3.3.0.1 Lemma Let U be a bialgebra with comultiplication A. Define A U[[s]] = (U U)[s]]
by linearity; then A is an s-adic-continuous algebra homomorphism, and so commutes with formal
POWeEr Series.
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Let o € U[[s]] with (0) = 0. Then ¢ is primitive term-by-term — AW) =9 @1+1® 1,
if and only if €¥ is “group-like” in the sense that A(e?) = e¥ ® e¥, where we have defined & :
Ullsf @ U[lsl] = (U@ U)[[s]] by s" @ s™ — s"™.

Proof eV @ e¥ = (1 ® e?)(e¥ ® 1) = e!®Ve¥®l = lOV+vol O

3.3.0.2 Lemma Let G be a Lie group, g = Lie(G), and identify Ug with the left-invariant differ-
ential operators on G, as in Proposition 3.2.4.4. Let € (G). be the stalk of smooth functions defined
in some open set around e (we write € for the sheaf of functions on G; when G is analytic, we
really mean the sheaf of analytic functions on G). Then if u € Ug satisfied uf(e) = 0 for each
f € €(G)e, then u=0.

Proof For g € G, we have uf(g) = u(A;-1f)(e) = Ag-1(uf)(e) = 0. O

3.3.0.3 Theorem (Baker-Campbell-Hausdorff Formula)
1. Let f be the free Lie algebra on two generators x,y; recall that Uf = T (x,y). Define the formal
power series b(tx, sy) € T (x,y)[[s,t]], where s and t are commuting variables, by

def
eb(tm,sy) et otz sy

Then b(tx, sy) € f[[s,t]], i.e. b is a series all of whose coefficients are Lie algebra polynomials
in the generators x and y.

2. If G is a Lie group (in the analytic category), then there are open neighborhoods 0 € U’ C

open

exp
U C Lie(G)=gand 0 € V' C V C G such that U = V and U = V' and such that

open open open log

b(z,y) converges on U' x U’ to log(expzexpy).
Proof 1. Let A : T(z,y)[[s, t] = U[s,t]] = (Uf @ Uf)[[s,t]] as in Lemma 3.3.0.1. Since e®es¥

is grouplike —
A(etwesy) — A(et:p) A(esy) — (et:p ® etz) (esy ® esy) — etacesy ® 6t:z:ety
— we see that b(tx, sy) is primitive term-by-term.

2. Let U,V be open neighborhoods of Lie(G) and G respectively, and pick V'’ so that pu: GXG —
G restricts to a map V' x V' — V; let U’ = log(V’). Define f(x,y) = log(exp zexpy); then
B is an analytic function U’ x U" — U’.

Let z,y € Lie(G) and f € €(G)e. Then (emesyf) (e) is the Taylor series expansion of
f(exptxexpsy), as in the proof of Theorem 3.1.2.3. Let B be the formal power series
that is the Taylor expansion of 3; then eBltz,sy) f(e) is also the Taylor series expansion of
f(exptrexpsy). This implies that for every f € € (G)e, eé(m’sy)f(e) and ee® f(e) have
the same coefficients. But the coefficients are left-invariant differential operators applied to
f, so by Lemma 3.3.0.2 the series e#(#5%) and e'*e¥ must agree. Upon applying the formal

logarithms, we see that b(tx, sy) = B(tz, sy).

But 3 is the Taylor series of the analytic function 3, so by shrinking U’ (and hence V') we
can assure that it converges. ]
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3.4 Lie subgroups

3.4.1 Relationship between Lie subgroups and Lie subalgebras

3.4.1.1 Definition Let G be a Lie group. A Lie subgroup of G is a subgroup H of G with its own
Lie group structure, so that the inclusion H — G is a local immersion. We will write “H < G”
when H is a Lie subgroup of G.

Just to emphasize the point, a subgroup H < G does not need to be a submanifold: the
manifold structures on H and G must be compatible in that H < G should be an immersion, but
the manifold structure on H is not necessarily the restriction of a manifold structure on G. The
issue is that a subgroup H < G might be dense.

3.4.1.2 Theorem (Identification of Lie subalgebras and Lie subgroups)
Every Lie subalgebra of Lie(G) is Lie(H) for a unique connected Lie subgroup H < G.

Proof We first prove uniqueness. If H is a Lie subgroup of G, with h = Lie(H) and g = Lie(G),
then the following diagram commutes:

H— G
exp] Texp
) g

—

This shows that expgs(h) C H, and so expg(h) = expy(h), and if H is connected, this generates H.
So H is uniquely determined by b as a group. Its manifold structure is also uniquely determined:
we pick U,V so that the vertical arrows are an isomorphism:

ecVC@E
exp H log (3.4.1.3)
0eUCyg

Then exp(U N b) 13 U N b is an immersion into g, and this defines a chart around e € H, which
og

we can push to any other point A € H by multiplication by h. This determines the topology and
manifold structure of H.

We turn now to the question of existence. We pick U and V as in equation (3.4.1.3), and then

choose V! C V and U' & log V' such that:

open
1. (VH)2CVand (V) L=V

2. b(x,y) converges on U’ x U’ to log(exp z expy)

3. WhtCViforheV’

4. ey converges on U’ x U’ to log((exp x)(expy)(exp ac)*l)

5. b(x,y) and e*d%y are elements of hNU for 2,y € hN U’
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Fach condition can be independently achieved on a small enough open set. In condition 4., we
consider extend the formal power series e! to operators, and remark that in a neighborhood of
0 €g,if h=expx, then Adh = 1%, Moreover, the following square always commutes:

g—hgh~1

G

expT Ad(h) Texp

g——9

Thus, we define W = exp(h N U’), which is certainly an immersed submanifold of G, as h N U’ is
an open subset of the immersed submanifold h — g. We define H to be the subgroup generated
by W. Then H and W satisfy the hypotheses of Proposition 3.4.1.4. g

3.4.1.4 Proposition We use the word “manifold” to mean “object in a particular chosen category
of sheaves of functions”. We use the word “smooth” to mean “morphism in this category”.

Let H be a group and U C H such that e € U and U has the structure of a manifold. Assume
further that the maps U x U — H, ~' : U — H, and (for each h in a generating set of H)
Ad(h) : U — H mapping u + huh™" have the following properties:

1. The preimage of U C H under each map is open in the domain.

2. The restriction of the map to this preimage is smooth.

Then H has a unique structure as a group manifold such that U is an open submanifold.

Proof The conditions 1. and 2. are preserved under compositions, so Ad(x) satisfies both conditions
for any z € H. Let e € U’ C U so that (U')3 CU and (U')" ! =U".

open
-

For x € H, view each coset zU’ as a manifold via U’ = zU’. For any U” C U’ and z,y € G,
open
consider yU"” NaU’; as a subset of 2U’, it is isomorphic to 2~ 'yU” NU’. If this set is empty, then it
is open. Otherwise, 2~ yus = uy for some us € U” and uy € U’, so y~ o = upuy * € (U’)? and so
y~lzU’ C U. In particular, the {y 12} x U’ C =1 (U)N(U xU). By the assumptions, U’ — y~ 12U
is smooth, and so z~'yU” NU’, the preimage of U”, is open in U’. Thus the topologies and smooth
structures on zU’ and yU’ agree on their overlap.

In this way, we can put a manifold structure on H by declaring that S C H if SNzU’ C z2U’

open open

for all x € H — the topology is locally the topology of U > e, and so is Hausdorff — , and that a

function f on S C H is smooth if its restriction to each S N xU’ is smooth.
open

If we were to repeat this story with right cosets rather than left cosets we would get the a similar
structure: all the left cosets #U’ are compatible, an all the right cosets U’z are compatible. To
show that a right coset is compatible with a left coset, it suffices to show that for each z € H, zU’
and U’z have compatible smooth structures. We consider zU’' N U’z C zU’, which we transport to
U'Nnz~'U'z C U'. Since we assumed that conjugation by x was a smooth map, we see that right
and left cosets are compatible.

We now need only check that the group structure is by smooth maps. We see that (zU’)~! =
(U)"'z=! = U'z7!, and multiplication is given by p : U’ x U'y — a2Uy. Left- and right-
multiplication maps are smooth with respect to the left- and right-coset structures, which are
compatible, and we assumed that p: U’ x U’ — U was smooth. O
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3.4.2 Review of algebraic topology

3.4.2.1 Definition A groupoid is a category all of whose morphisms are invertible.

3.4.2.2 Definition A space X is connected if the only subsets of X that are both open and closed
are ) and X.

3.4.2.3 Definition Let X be a space and x,y € X. A path from x to y, which we write as x ~> vy,
is a continuous function [0,1] — X such that 0 — x and 1 — y. Givenp:x ~y and q:y ~> z, we
define the concatenation p - g by

e (180

We write x ~ y if there is a path connecting x to y; ~ is an equivalence relation, and the equivalence
classes are path components of X. If X has only one path component, then it is path connected.

Let A be a distinguished subset of Y and f,g : Y — X two functions that agree on A. A
homotopy f 79 relative to A is a continuous map h :'Y x [0,1] — X such that h(0,y) = f(y),
h(l,y) = g(y), and h(t,a) = f(a) = g(a) fora € A. If f ~ g and g ~ h, then f ~ h by
concatenation. The fundamental groupoid m1(X) of X has objects the points of X and arrows
x — y the homotopy classes of paths x ~~ y. We write m1(X,x) for the set of morphisms x — x in
m1(X). The space X is simply connected if w1 (X, ) is trivial for each x € X.

3.4.2.4 Example A path connected space is connected, but a connected space is not necessarily
path connected. A path is a homotopy of constant maps {pt} — X, where A is empty. %

3.4.2.5 Definition Let X be a space. A covering space of X is a space E along with a “projection”
m: E — X such that there is a non-empty discrete space S and a covering of X by open sets such
that for each U in the covering, there exists an isomorphism =1 (U) = Sx U such that the following
diagram commutes:

~ SxU

= 1(U)
ﬂ'\ /project
U

3.4.2.6 Proposition Let g : E — X be a covering space.

1. Given any path x ~ y and a lift e € 71 (x), there is a unique path in E starting at e that
projects to x ~~ y.

2. Given a homotopy ot Y = X and a choice of a lift of the first arrow, there is a unique lift of
the homotopy, provided Y 1is locally compact.

Thus E induces a functor E : 71(X) — SET, sending =+ 75" (X). O
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3.4.2.7 Definition A space X is locally path connected if each x € X has arbitrarily small path
connected neighborhoods. A space X is locally simply connected if it has a covering by simply
connected open sets.

3.4.2.8 Proposition Assume that X is path connected, locally path connected, and locally simply
connected. Then:

1. X has a simply connected covering space 7@ : X — X.

2. X satisfies the following universal property: Given f : X — Y and a coveringm : E —Y,
and gwen a choice of x € X, an element of ¥ € 7 1(x), and an element e € 771 (f(x)), then
there exists a unique f : X — E sending & — e such that the following diagram commutes:

- f
X » B
f

X—Y

3. If X is a manifold, so is X. If f is smooth, so is f. O

3.4.2.9 Proposition 1. Let G be a connected Lie group, and G its simply-connected cover. Pick
a point € € G over the identity e € G. Then G in its given manifold structure is uniquely a
Lie group with identity € such that G — G is a homomorphism. This induces an isomorphism

of Lie algebras Lie(G) = Lie(G).

2. G satisfies the following universal property: Gwen any Lie algebra homomorphism  : Lie(G) —
Lie(H), there is a unique homomorphism ¢ : G — H inducing a.

Proof 1. If X and Y are simply-connected, then so is X x Y, and so by the universal property
G x G is the universal cover of G x G. We lift the functions pn: G x G — G and i : G — G
to G by declaring that fi(¢,é) = & and that i(é) = ¢&; the group axioms (equations (1.1.1.2)
to (1.1.1.4)) are automatic.

2. Write g = Lie(G) and h = Lie(H), and let o : g — bh be a Lie algebra homomorphism. Then
the graph §f C g x b is a Lie subalgebra. By Theorem 3.4.1.2, f corresponds to a subgroup
F < Gx H. We check that the map F' < G x H — G induces the map f — g on Lie algebras.

F is connected and simply connected, and so by the universal property, F' = G. Thus F is
the graph of a homomorphism ¢ : G — H. U

3.5 A dictionary between algebras and groups

We have completed the proof of Theorem 3.1.2.1, the equivalence between the category of finite-
dimensional Lie algebras and the category of simply-connected Lie groups, subject only to Theo-
rem 4.4.4.15. Thus a Lie algebra includes most of the information of a Lie group. We foreshadow
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a dictionary, most of which we will define and develop later:

Lie Algebra g Lie Group G (with g = Lie(G))

Subalgebra h < g Connected Lie subgroup H < G

Homomorphism h — g H — G provided H simply connected
Module/representation g — gl(V) Representation G — GL(V) (G simply connected)
Submodule W <V withg: W - W Invariant subspace G : W — W

Vel e Vst gu=0} Ve ={veV st Gu=uv}

ad : g ~ g via ad(z)y = [z, 9] Ad: G~ G via Ad(z)y = 2yz~!

An ideal a, i.e. [g,a] < a, i.e. sub-g-module A is a normal Lie subgroup, provided G is connected

g/a is a Lie algebra G /A is a Lie group only if A is closed in G
Center Z(g) = g° Zy(G) the identity component of center; this is closed
Derived subalgebra g’ def [g, 0], an ideal Should be commutator subgroup, but that’s not closed:

the closure also doesn’t work, although if G is compact,
then the commutator subgroup is closed.

Semidirect product g = b & a with If A and H are closed, then AN H is discrete, and
h ~ aand a an ideal G=HxA

3.5.1 Basic examples: one- and two-dimensional Lie algebras

We classify the one- and two-dimensional Lie algebras and describe their corresponding Lie groups.
We begin by working over R.

3.5.1.1 Example The only one-dimensional Lie algebra is abelian. Its connected Lie groups are
the line R and the circle S!. O

3.5.1.2 Example There is a unique abelian two-dimensional Lie algebra, given by a basis {z,y}
with relation [z,y] = 0. This integrates to three possible groups: R?, R x (R/Z), and (R/Z)2. ¢

3.5.1.3 Example There is a unique nonabelian Lie algebra up to isomorphism, which we call b.
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It has a basis {z,y} and defining relation [z,y] = y:

ad X

We can represent b as a subalgebra of gl(2) by z = ({ J) and y = 0100. Then b exponentiates
under exp : gl(2,R) — GL(2,R) to the group

B={(4%) st. acRy,beR}
We check that B =R x R, and B is connected and simply connected. %

3.5.1.4 Lemma A discrete normal subgroup A of a connected Lie group G is in the center. In
particular, any discrete normal subgroup is abelian. ]

3.5.1.5 Corollary The group B defined above is the only connected group with Lie algebra b.

Proof Any other must be a quotient of B by a discrete normal subgroup, but the center of B is
trivial. 0

We turn now to the classification of one- and two-dimensional Lie algebras and Lie groups over
C. Again, there is only the abelian one-dimensional algebra, and there are two two-dimensional
Lie algebras: the abelian one and the nonabelian one.

3.5.1.6 Example The simply connected abelian one-(complex-)dimensional Lie group is C under
+. Any quotient factors (up to isomorphism) through the cylinder C — C* : z + e®. For any
q € C* with |g| # 1, we have a discrete subgroup ¢% of C*, by which we can quotient out; we get
a torus E(q) = C*/q%. For each ¢, E(q) is isomorphic to (R/Z)? as a real Lie algebra, but the
holomorphic structure depends on ¢. This exhausts the one-dimensional complex Lie groups. ¢

3.5.1.7 Example The groups that integrate the abelian two-dimensional complex Lie algebra are
combinations of one-dimensional Lie groups: C?,C x E,C* x C*, etc.
In the non-abelian case, the Lie algebra b < gl(2,C) integrates to B¢ < GL(2,C) given by:

Be={(§%) st. aeC*beC}=C*xC
This is no longer simply connected. C ~ C by z-w = e®*w, and the simply-connected cover of B is
Be=CxC (wz2)(w, )% (w+ew, z+72)

This is an extension:
0—+%Z— Bc— Bc—0

with the generator of Z being 2mi. Other quotients are Be /nZ. %
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Exercises

1.

(a) Let S be a commutative K-algebra. Show that a linear operator d : S — S is a derivation
if and only if it annihilates 1 and its commutator with the operator of multiplication by
every function is the operator of multiplication by another function.

(b) Grothendieck’s inductive definition of differential operators on S goes as follows: the
differential operators of order zero are the operators of multiplication by functions; the
space D<,, of operators of order at most n is then defined inductively for n > 0 by
D<,, = {d s.t. [d, f] € D<,—; for all f € S}. Show that the differential operators of all
orders form a filtered algebra D, and that when S is the algebra of smooth functions on
an open set in R™ [or C"], D is a free left S-module with basis consisting of all monomials
in the coordinate derivations 9/0z°.

. Calculate all terms of degree < 4 in the Baker-Campbell-Hausdorff formula (equation (3.1.2.4)).

. Let F(d) be the free Lie algebra on generators zy, . .., z4. It has a natural N grading in which

F(d)x, ...k, is spanned by bracket monomials containing k; occurences of each generator X;.
Use the PBW theorem to prove the generating function identity

1 1

l—k[ (1— b by @ F@o kg~ T— (b4 + L)

. Words in the symbols z1,...,z4 form a monoid under concatentation, with identity the

empty word. Define a primitive word to be a non-empty word that is not a power of a shorter
word. A primitive necklace is an equivalence class of primitive words under rotation. Use the
generating function identity in Problem 3 to prove that the dimension of F'(d)g, .k, is equal
to the number of primitive necklaces in which each symbol z; appears k; times.

. A Lyndon word is a primitive word that is the lexicographically least representative of its

primitive necklace.

(a) Prove that w is a Lyndon word if and only if w is lexicographically less than v for every
factorization w = uv such that v and v are non-empty.

(b) Prove that if w = uwv is a Lyndon word of length > 1 and v is the longest proper
right factor of w which is itself a Lyndon word, then u is also a Lyndon word. This
factorization of w is called its right standard factorization.

(¢) To each Lyndon word w in symbols z1, ..., z4 associate the bracket polynomial p,, = x;
if w = x; has length 1, or, inductively, p,, = [pu, py], where w = wv is the right standard
factorization, if w has length > 1. Prove that the elements p,, form a basis of F'(d).

. Prove that if ¢ is a power of a prime, then the dimension of the subspace of total degree

ki+---+ kg =mnin F(q) is equal to the number of monic irreducible polynomials of degree
n over the field with ¢ elements.

This problem outlines an alternative proof of the PBW theorem (Theorem 3.2.2.1).
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(a) Let L(d) denote the Lie subalgebra of T (z1,...,x4) generated by z1,...,z4. Without
using the PBW theorem—in particular, without using F'(d) = L(d)—show that the value
given for dim F'(d)y, ... k) by the generating function in Problem 3 is a lower bound for
dim L(d) (klw-ykd) .

(b) Show directly that the Lyndon monomials in Problem 5(b) span F'(d).

(¢) Deduce from (a) and (b) that F'(d) = L(d) and that the PBW theorem holds for F'(d).

(d) Show that the PBW theorem for a Lie algebra g implies the PBW theorem for g/a,
where a is a Lie ideal, and so deduce PBW for all finitely generate Lie algebras from (c).

(e) Show that the PBW theorem for arbitrarty Lie algebras reduces to the finitely generated
case.

8. Let b(z,y) be the Baker-Campbell-Hausdorff series, i.e., e!@Y) = e%e¥ in noncommuting
variables z, y. Let F(z,y) be its linear term in y, that is, b(x, sy) = = + sF(z,y) + O(s?).

(a) Show that F(x,y) is characterized by the identity

kF l
3 w = ey (3.5.1.8)
Ay (14 1)!

(b) Let A, p denote the operators of left and right multiplication by x, and let f be the series
in two commuting variables such that F'(z,y) = f(A, p)(y). Show that

A—p
1 —epA

f()‘vp) =

(c) Deduce that
adz
F(z,y) = m(?ﬂ

9. Let G be a Lie group, g = Lie(G),0€ U’ CU Cgand e € V' CV C G open neighborhoods
such that exp is an isomorphism of U onto V, exp(U’) = V', and V'V’ C V. Define 3 :
U' x U — U by p(z,y) = log(exp(z) exp(y)), where log : V' — U is the inverse of exp.

(a) Show that S(z, (s + t)y) = B(B(x,ty), sy) whenever all arguments are in U’.

(b) Show that the series (ad z)/(1 —e~3%), regarded as a formal power series in the coordi-
nates of z with coefficients in the space of linear endomorphisms of g, converges for all
x in a neighborhood of 0 in g.

(c) Show that on some neighborhood of 0 in g, 5(z,ty) is the solution of the initial value
problem

B(z,0) == (3.5.1.9)

B, ty) = F(5(, 1), ), (3.5.1.10)

where F(x,y) = ((ad:n)/(l - e_adx)> (y).
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10.

11.

12.

13.

14.

15.

16.

17.
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Show that the Baker-Campbell-Hausdorff series b(x,y) also satises the identity in part
(a), as an identity of formal power series, and deduce that it is the formal power series
solution to the IVP in part (c), when F(z,y) is regarded as a formal series.

Deduce from the above an alternative proof that b(z,y) is given as the sum of a series
of Lie bracket polynomials in « and y, and that it converges to 3(x,y) when evaluated
on a suitable neighborhood of 0 in g.

Use part (c) to calculate explicitly the terms of b(z,y) of degree 2 in y.

Show that the Lie algebra so(3,C) is isomorphic to sl(2, C).

Construct a Lie group homomorphism SL(2,C) — SO(3,C) which realizes the isomor-
phism of Lie algebras in part (a), and calculate its kernel.

Show that the Lie algebra so(4, C) is isomorphic to s[(2,C) x s((2,C).

Construct a Lie group homomorphism SL(2,C) x SL(2,C) — SO(4,C) which realizes
the isomorphism of Lie algebras in part (a), and calculate its kernel.

Show that every closed subgroup H of a Lie group G is a Lie subgroup, so that the inclusion
H — (G is a closed immersion.

Let G be a Lie group and H a closed subgroup. Show that G/H has a unique manifold
structure such that the action of G on it is smooth.

Show that the intersection of two Lie subgroups Hi, Hs of a Lie group G can be given a
canonical structure of Lie subgroup so that its Lie algebra is Lie(H;) N Lie(H2) C Lie(G).

Find the dimension of the closed linear group SO(p, ¢, R) C SL(p+ ¢, R) consisting of elements
which preserve a non-degenerate symmetric bilinear form on RP*Y of signature (p,q). When
is this group connected?

Show that the kernel of a Lie group homomorphism G — H is a closed subgroup of G whose
Lie algebra is equal to the kernel of the induced map Lie(G) — Lie(H).

Show that if H is a normal Lie subgroup of G, then Lie(H) is a Lie ideal in Lie(G).



Chapter 4

General Theory of Lie algebras

4.1 Ug is a Hopf algebra

4.1.0.1 Definition A Hopf algebra over K is a (unital, counital) bialgebra (U, p,e, A €) along
with a bialgebra map S : U — U°P called the antipode, where U°P is U as a vector space, with
the opposite multiplication and the opposite comultiplication. I.e. we define u°? : U @ U — U by
pP(rRy) = p(y@c), and A% : U - URU by A%(x) = Y x5 @x(1), where A(z) = 3 21)@x(2).

The antipode S is required to make the following pentagons commute:

1a®S

UU UeU
e N
U - K - U (4.1.0.2)
AN A
UeU ——UU

4.1.0.3 Definition An algebra (U, p,e) is commutative if u°® = p. A coalgebra (U, A€) is co-
commutative if AP = A.

4.1.0.4 Example Let G be a finite group and € (G) the algebra of functions on it. Then €' (G) is
a commutative Hopf algebra with A(f)(z,y) = f(zy), where we have identified ¥(G) ® € (G) with
(G x G), and $(f)(x) = f(z).

Let G be an algebraic group, and %(G) the algebra of polynomial functions on it. Then
Then ¢ (G) is a commutative Hopf algebra with A(f)(z,y) = f(zy), where we have identified
€(G)® €(G) with €(G x G), and S(f)(z) = f(z71).

Let G be a group and K[G] the group algebra of G, with mutliplication defined by u(zx®vy) = zy
for x,4 € G. Then G is a cocommutative Hopf algebra with A(z) = z ® z and S(z) = 27! for
z €.

37
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Let g be a Lie algebra and Ug its universal enveloping algebra. We have seen already (Propo-
sition 3.2.3.5) that Ug is naturally a bialgebra with A(z) =2 ® 1+ 1 ® x for x € g; we make Ug
into a Hopf algebra by defining §(z) = —z for z € g. O

4.1.0.5 Lemma / Definition Let U be a cocommutative Hopf algebra. Then the antipode is an
involution. Moreover, the category of (algebra-) representations of U has naturally the struc-
ture of a symmetric monoidal category with duals. In particular, to each pair of representa-
tions V,W of U, there are natural ways to make V @g W and Homg(V, W) into U-modules.
Then any (di)natural functorial contruction of vector spaces — for example V@ W =2 W @ V,
Hom(U @ V, W) = Hom(U, Hom(V, W), and W : V — Hom(Hom(V, W), W) — in fact corresponds

to a homomorphism of U-modules.

Proof Proving the last part would require we go further into category theory than we would like.
We describe the U-action on V ®@g W and on Homg (V, W) when V and W are U-modules. For
u €U, let A(u) =Y un)@up) = u2) ®u(), and write the actions of w on v € V and on w € W
asu-v eV and u-w e W. Let ¢ € Homg(V,W). Then we define:

def
u-(vw) = Z(u(l) ) @ (ug) - w) (4.1.0.6)
def
u-¢ =D gy o doS(up)) (4.1.0.7)
Moreover, the counit map € : U — K makes K into U-module, and it is the unit of the monoidal
structure. I

4.1.0.8 Remark Equation (4.1.0.6) makes the category of U-modules into a monoidal category
for any bialgebra U. One can define duals via equation (4.1.0.7), but if U is not cocommutative,
then S may not be an involution, so a choices is required as to which variation of equation (4.1.0.7)
to take. Moreover, when U is not cocommutative, we do not, in general, have an isomorphism
VoW =W ®V. See [Res09] and references therein for more discussion of Hopf algebras. O

4.1.0.9 Example When U =Ug and z € g, then z actson VW by v Q@ w — zv @ w + v ® w,
and on Hom(V, W) by ¢ — xz0¢ — pox. ¢

4.1.0.10 Definition Let (U, p,e,€) be a “counital algebra” over K, i.e. an algebra along with an
algebra map € : U — K; thus € makes K into a U-module. Let V' be a U-module. An elementv € V
is U-invariant if the linear map K — V given by 1 — v is a U-module homomorphism. We write
VU for the vector space of U-invariant elements of V.

4.1.0.11 Lemma When U is a cocommutative Hopf algebra, the space Homg (V, W)V of U -invariant
linear maps is the same as the space Homy (V, W) of U-module homomorphisms. g

4.1.0.12 Example The Ug-invariant elements of a g-module V' is the set V9 = {v € V sit. z-v =
0Vx € g}. We shorten the word “Ug-invariant” to “g-invariant”. A linear map ¢ € Homg(V, W) is
g-invariant if and only if x 0 ¢ = ¢ o x for every x € g. %

4.1.0.13 Definition The center of a Lie algebra g is the space of g-invariant elements of g under

the adjoint action: Z(g) def g° ={r cg st [g,2] =0}
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4.2 Structure theory of Lie algebras

4.2.1 Many definitions

As always, we write “g-module” for “Ug-module”.

4.2.1.1 Definition A g-module V is simple or irreducible if there is no submodule W C V' with
04 W #£V. A Lie algebra is simple if it is simple as a g-module under the adjoint action. An
ideal of g is a g-submodule of g under the adjoint action.

4.2.1.2 Proposition If a and b are ideals in g, then so is [a, b].

4.2.1.3 Definition The upper central series of a Lie algebra g is the series g > g1 > go > ...
where go def g and gni1 def [g,0n]. The Lie algebra g is nilpotent if g, = 0 for some n.

4.2.1.4 Definition The derived subalgebra of a Lie algebra g is the algebra g def [g,0]. The

derived series of g is the series g > g > g” > ... gwen by g(© d:efg and gt def (g™, g™]. The

Lie algebra g is solvable if g™ = 0 for some n. An ideal ¢ in g is solvable if it is solvable as a
subalgebra. By Proposition 4.2.1.2, if v is an ideal of g, then so is t().

4.2.1.5 Example The Lie algebra of upper-triangular matrices in gl(n) is solvable. A converse
to this statement is Corollary 4.2.3.5. The Lie algebra of strictly upper triangular matrices is
nilpotent. %

4.2.1.6 Definition A Lie algebra g is semisimple if its only solvable ideal is 0.

4.2.1.7 Remark If t is a solvable ideal of g with (™ = 0, then t(*~1) is abelian. Conversely, any
abelian ideal of g is solvable. Thus it is equivalent to replace the word “solvable” in Definition 4.2.1.6
with the word “abelian”. O

4.2.1.8 Proposition Any nilpotent Lie algebra is solvable. A mon-zero nilpotent Lie algebra has
non-zero center. ]

4.2.1.9 Proposition A subquotient of a solvable Lie algebra is solvable. A subquotient of a nilpo-
tent algebra is nilpotent. If a is an ideal of g and if a and g/a are both solvable, then g is solvable.
If a is an ideal of g and a is nilpotent and if g ~ a nilpotently, then g is nilpotent. Thus a central
extension of a nilpotent Lie algebra is nilpotent.

Proof The derived and upper central series of subquotients are subquotients of the derived and
upper central series. For the second statement, we start taking the derived series of g, eventually
landing in a (since g/a — 0), which is solvable. The nilpotent claim is similar.

4.2.1.10 Example Let g = (z,y : [z,y] = y) be the two-dimensional nonabelian Lie algebra.
Then gV = (y) and g = 0, but go = [g, ()] = (y) so g is solvable but not nilpotent.
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4.2.1.11 Definition The lower central series of a Lie algebra g is the series 0 < Z(g) <32 < ...
defined by 30 =0 and 3541 = {xr € g s.t. [g,2] C 31}

4.2.1.12 Proposition For any of the derived series, the upper central series, and the lower central
series, quotients of consecutive terms are abelian. O

4.2.1.13 Proposition Let g be a Lie algebra and {31} its lower central series. Then 3, = g for
some n if and only if g is nilpotent. O

4.2.2 Nilpotency: Engel’s theorem and corollaries

4.2.2.1 Lemma / Definition A matriz x € End(V') is nilpotent if ™ = 0 for some n. A Lie
algebra g acts by nilpotents on a vector space V' if for each x € g, its image under g — End(V')
is nilpotent. If g ~ V,W by nilpotents, then g ~ V @ W and g ~ Hom(V, W) by nilpotents. If
v eV and g ~V, define the annihilator of v to be anng(v) = {x € g s.t. v =0}. For anyv €V,
ann(v) is a Lie subalgebra of g. O

4.2.2.2 Theorem (Engel’s Theorem)
If g is a finite-dimensional Lie algebra acting on V' (possibly infinite-dimensional) by nilpotent
endomorphisms, and V # 0, then there exists a non-zero vector v € V such that gv = 0.

Proof It suffices to look at the image of g in gl(V') = Hom(V, V). Then ad : g ~ g is by nilpotents.
Pick vg € V so that anng(vg) has maximal dimension and let h = anng(vg). It suffices to show
that h = g; suppose to the contrary that h C g. By induction on dimension, the theorem holds for

h. Consider the vector space g/b; then h ~ g/h by nilpotents, so we can find = € g/h nonzero with

hr = 0. Let & be a preimage of x in g. Then & € g~ b and [h,Z] C h. Then bh; def (Zy +hisa

subalgebra of g.

The space U def {u € V sit. bu = 0} is non-zero, since vy € U. We see that U is an b;-
submodule of h1 A V: hu =0 ¢€ U for h € b, and h(zu) = [h,Z]u+ Thu = 0u+ 30 =0 so Tu € U.
All of g acts on all of V' by nilpotents, so in particular z|y is nilpotent, and so there is some vector
vy € U with vy = 0. But then hjv; = 0, contradicting the maximality of h = ann(vg). O

4.2.2.3 Corollary 1. If g ~ V by nilpotents and V is finite dimension, then V has a basis in
which g is strictly upper triangular.

2. If ad x is nilpotent for all x € g finite-dimensional, then g is a nilpotent Lie algebra.

3. Let 'V be a simple g-module. If an ideal a < g acts nilpotently on V then a acts as 0 on V.[I

4.2.2.4 Lemma / Definition If V is a finite-dimensional g module, then there exists a Jordan-
Holder series 0 = My < Mj < My < --- <M(n) =V such that each M; is a g-submodule and each
M 11/M; is simple. O

4.2.2.5 Corollary Let V be a finite-dimensional g-module and 0 = My < My < My < -+ <
M(n) =V a Jordan-Holder series for V.. An ideal a < g acts by nilpotents on V' if and only if a
acts by 0 on each M;1/M;. Thus there is a largest ideal of g that acts by nilpotents on V. O
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4.2.2.6 Definition The largest ideal of g that acts by nilpotents on V is the nilpotency ideal of
the action g ~ V.

4.2.2.7 Proposition Any nilpotent ideal a < g acts nilpotently on g. ([l

4.2.2.8 Corollary Any finite-dimensional Lie algebra has a largest nilpotent ideal: the nilpotency
ideal of ad. O

4.2.2.9 Remark Not every ad-nilpotent element of a Lie algebra is necessarily in the nilpotency
ideal of ad. O

4.2.2.10 Definition Let g be a Lie algebra and V a finite-dimensional g-module. Then V' defines
a trace form By : a symmetric bilinear form on g given by Py (x,y) def try (z,y). The radical or
kernel of By is the set ker By def {zr €g st Py(x,g)=0}.

4.2.2.11 Remark The more standard notation seems to be rad 8 for what we call ker 3, c.f.
[Hai08]. We prefer the term “kernel” largely to avoid the conflict of notation with Lemma/Definition 4.2.3.1.
Any bilinear form $ on V defines two linear maps V' — V*, where V* is the dual vector space to
V, given by x — [B(z,—) and = — S(—,z). Of course, when f§ is symmetric, these are the same
map, and we can unambiguously call the map g :V — V*. Then ker By defined above is precisely
the kernel of the map Sy : g — g*. O

The following proposition follows from considering Jordan-Holder series:

4.2.2.12 Proposition If and ideal a < g of a finite-dimensional Lie algebra acts nilpotently on a
finite-dimensional vector space V', then a < ker By . g

4.2.3 Solvability: Lie’s theorem and corollaries

4.2.3.1 Lemma / Definition Let g be a finite-dimensional Lie algebra. Then g has a largest
solvable ideal, the radical rad g.

Proof If ideals a,b < g are solvable, then a + b is solvable, since we have an exact sequence of
g-modules
0—a—a+b—->(a+b)/a—0

which is also an extension of a solvable algebra (a quotient of b) by a solvable ideal. O

4.2.3.2 Theorem (Lie’s Theorem)

Let g be a finite-dimensional solvable Lie algebra over K of characteristic 0, and V' a non-zero
g-module. Assume that K contains eigenvalues of the actions of all x € g. Then V has a one-
dimensional g-submodule.

Proof Without loss of generality g # 0; then g’ # g by solvability. Pick any g > b > ¢’ a
codimension-1 subspace. Since h > ¢/, b is an ideal of g. Pick x € g \ b, whence g = (z) + b.
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Being a subalgebra of g, h is solvable, and by induction on dimension h ~ V has a one-
dimensional h-submodule (w). Thus there is some linear map A : h — K so that h-w = A(h)w
for each h € h. Let W = K[z]w for x € g \ b as above. Then W = U(g)w, as g = h + (x) and
hw C Kw.

By induction on m, each (1,z,...,2™)w is an h-submodule of W:
h(z™w) = 2™ hw + Z z*[h, z)zlw (4.2.3.3)
k+l=m—1
= A(h)z™w + 2*h'ztw (4.2.3.4)
where b/ = [h,z] € h. Thus h'z'w € (1,...,2")w by induction, and so zFh' zlw € (1,..., 2" Hw =
(1,..., 2™ Haw.

Moreover, we see that W is a generalized eigenspace with eigenvalue A(h) for all h € b, and
so tryy h = (dim W)A(h), by working in a basis where h is upper triangular. But for any a,b,
tr[a, b] = 0; thus try [k, 2] = 0 so A([h,z]) = 0. Then equations (4.2.3.3) to (4.2.3.4) and induction
on m show that W is an actual eigenspace.

Thus we can pick v € W an eigenvector of z, and then v generates a one-dimensional eigenspace
of x +bh =g, i.e. a one-dimensional g-submodule. ([l

4.2.3.5 Corollary Let g and V' satisfy the conditions of Theorem 4.2.3.2. Then V has a basis in
which g is upper-diagonal. ([l

4.2.3.6 Corollary Let g be a solvable finite-dimensional Lie algebra over an algebraically closed
field of characteristic 0. Then every simple finite-dimensional g-module is one-dimensional. ([l

4.2.3.7 Corollary Let g be a solvable finite-dimensional Lie algebra over a field of characteristic
0. Then g’ acts nilpotently on any finite-dimensional g-module. O

4.2.3.8 Remark In spite of the condition on the ground field in Theorem 4.2.3.2, Corollary 4.2.3.7
is true over any field of characteristic 0. Indeed, let g be a Lie algebra over K and K < I a field
extension. The upper central, lower central, and derived series are all preserved under L®g, so
L ®k g is solvable if and only if g is. Moreover, g ~ V nilpotently if and only if L®g g ~ L g V'
nilpotently. Thus we may as well “extend by scalars” to an algebraically closed field. O

4.2.3.9 Corollary Corollary 4.2.2.8 asserts that any Lie algebra g has a largest ideal that acts
nilpotently on g. When g is solvable, then any element of g’ is ad-nilpotent. Hence the set of
ad-nilpotent elements of g is an ideal. ([l

4.2.4 The Killing form

We recall Definition 4.2.2.10.

4.2.4.1 Proposition Let g be a Lie algebra and V a g-module. The trace form By : (z,y) —
try (zy) on g is invariant under the g-action:

ﬁV([zvl']ay) +5V(5L‘a [Zay]) =0 ]
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4.2.4.2 Definition Let g be a Lie algebra. The Killing form (£ def B(g,aq) on @ is the trace form of
the adjoint representation g M g.

4.2.4.3 Proposition Let g be a Lie algebra, V a g-module, and W C V a g-submodule. Then
Bv = Bw + Bvyw - O

4.2.4.4 Corollary Let g be a Lie algebra and a < g an ideal. Then B/ ad)laxg = 0, 80 Blaxg =
Balaxg- In particular, the Killing form of a is Blaxa. O

4.2.4.5 Proposition Let V be a g-module of a Lie algebra g. Then ker By is an ideal of g.

Proof The invariance of By implies that the map Sy : g — g* given by z — Sy (z, —) is a g-module
homomorphism, whence ker 8y is a submodule a.k.a. and ideal of g. ]

The following is a corollary to Theorem 4.2.2.2, using the Jordan-form decomposition of matri-
ces:

4.2.4.6 Proposition Let g be a Lie algebra, V' a g-module, and a an ideal of g that acts nilpotently
on V. Then a C ker By . O

4.2.4.7 Corollary If the Killing form B of a Lie algebra g is nondegenerate (i.e. if ker f = 0),
then g is semisimple. O

4.2.5 Jordan form

1

4.2.5.1 Theorem (Jordan decomposition)
Let V' be a finite-dimensional vector space over an algebraically closed field K. Then:

1. Every a € gl(V) has a unique Jordan decomposition a = s + n, where s is diagonalizable, n
is nilpotent, and they commute.

2. s,n € Klal, in the sense that they are linear combinations of powers of a; as a varies, s and
n need not depend polynomially on a.

!The statement of the Jordan decomposition in [Hai08, Proposition 20.3] is stronger than in [BRS06, Lemma 12.4]:
in the former, not only do we assert that s,n € K[z], but that they are in K[z]. This is probably equivalent, but I
haven’t thought about it enough to be sure. The two statements in this section are leading towards the statement
and proof of Proposition 4.2.6.1. It seems that this theorem requires an unmotivated piece of linear algebra; for us,
this is Lemma 4.2.5.2. [BRS06, Lemma 12.3] states this result differently; only by inspecting the proofs are they
obviously equivalent:

Lemma Let s be a diagonalizable linear operator on a vector space V' over K algebraically closed of characteristic 0.
If s = adiag(A1, ..., \n)a" "t for a an invertible matriz over V, and given f : K — K an arbitrary function, we define
f(x) as adiag(f(M\1),..., f(An))a™t. Suppose that tr(xzf(z)) = 0 for any Q-linear map f : K — K that restricts to
the identity on Q — K. Then s = 0.
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Proof We write a in Jordan form; since strictly-upper-triangular matrices are nilpotent, existence
of a Jordan decomposition of a is guaranteed. In particular, the diagonal part s clearly commutes
with a, and hence with n = a —s. We say this again more specifically, showing that s, n constructed
this way are polynomials in z:

Let the characteristic polynomial of a be [];(x—\;)™. In particular, (x— ;) are relatively prime,
so by the Chinese Remainder Theorem, there is a polynomial f such that f(z) = A; mod (x—\;)™.
Choose a basis of V' in which a is in Jordan form; since restricting to a Jordan block b of a is an
algebra homomorphism Kla] — K[b], we can compute f(a) block-by-block. Let b be a block of a
with eigenvalue ;. Then (b — \;)™ =0, so f(b) = A\;. Thus s = f(a) is diagonal in this basis, and
n =a — f(a) is nilpotent.

For uniqueness in part 1., let x = n’ 4+ s’ be any other Jordan decomposition of a. Then n’ and
s’ commut with a and hence with any polynomial in a, and in particular n’ commutes with n and
s’ commutes with s. But n’ +s =a =n+s,s0n’ —n = s —s. Since everything commutes, n’ —n
is nilpotent and s’ — s is diagonalizable, but the only nilpotent diagonal is 0. O

We now move to an entirely unmotivated piece of linear algebra:

4.2.5.2 Lemma Let V be a finite-dimensional vector space over an algebraically closed field K of
characteristic 0. Let B C A C gl(V) be any subspaces, and define T = {xz € gl(V) : [z, A] C B}.
Then if t € T satisfies try(tu) = 0 Yu € T, then t is nilpotent.

We can express this as follows: Let 8y be the trace form on gl(V)) ~ V. Then ker By |7« consists
of nilpotents.

Proof Let t = s+ n be the Jordan decomposition; we wish to show that s = 0. We fix a basis {e;}
in which s is diagonal: se; = A\je;. Let {e;;} be the corresponding basis of matrix units for gl(V').
Then (ad S)Gij == ()\z - )\j)ei]’.

Now let A = Q{\;} be the finite-dimensional Q-vector-subspace of K. We consider an arbitrary
Q-linear functional f : A — Q; we will show that f = 0, and hence that A = 0.

By Q-linearity, f(X;) — f(X;) = f(XAi — Aj), and we chose a polynomial p(xz) € K[z] so that
p(Ai — Aj) = f(Ni) — f(A)); in particular, p(0) = 0.

Now we define u € gl(V') by ue; = f(\;)e;, and then (adu)e;; = (f(Ni) — f(Aj))ei; = p(ad s)e;;.
So ad u = p(ad s).

Since ad : g — gl(g) is a Lie algebra homomorphism, ad ¢t = ad s+adn, and ad s,ad n commute,
and ad s is diagonalizable and ad n is nilpotent. So ad s 4+ ad n is the Jordan decomposition of ad ¢,
and hence ad s = ¢g(ad t) for some polynomial ¢ € K[z]. Then adu = (p o g)(adt), and since every
power of t takes A into B, we have (adu)A C B, sou € T.

But by construction u is diagonal in the {e;} basis and ¢ is upper-triangular, so tu is upper-
triangular with diagonal diag(\;f(\;)). Thus 0 = tr(tu) = Y. \if(N\;). We apply f to this: 0 =
S(F(N))2 €Q, s0 f(\;) =0 for each i. Thus f = 0. O

4.2.6 Cartan’s criteria

4.2.6.1 Proposition Let V be a finite-dimensional vector space over a field K of characteristic 0.
Then a subalgebra g < gl(V') is solvable if and only if By (g,9’) =0, i.e. g’ < ker By.
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Proof We can extend scalars and assume that K is algebraically closed, thus we can use Lemma 4.2.5.2.
The forward direction follows by Lie’s theorem (Theorem 4.2.3.2): we can find a basis of V' in
which g acts by upper-triangular matrices, and hence g’ acts by strictly upper-triangular matrices.
For the reverse, we’ll show that g’ acts nilpotently, and hence is nilpotent by Engel’s theorem
(Theorem 4.2.2.2). We use Lemma 4.2.5.2, taking V =V, A =g, and B=g¢. Then T = {t €
gl(V) s.t. [t,g] < ¢}, and in particular g < T, and so g’ < T.
So if [z,y] =t € ¢, then try(tu) = try([z,yJu) = try(y[z,u]) by invariance, and y € g and
[z,u] € ¢’ so try (y[z,u]) = 0. Hence ¢ is nilpotent. O

The following is a straightforward corollary:

4.2.6.2 Theorem (Cartan’s First Criterion)
Let g be a Lie algebra over a field of characteristic 0. Then g is solvable if and only if g’ < ker 3.

Proof We have not yet proven Theorem 4.5.0.10, so we cannot assume that g < gl(V') for some V.
Rather, we let V' =g and g = g/Z(g), whence g < gl(V') by the adjoint action. Then g is a central
extension of g, so by Proposition 4.2.1.9 g is solvable if and only if g is. By Proposition 4.2.6.1, g
is solvable if and only if 55(g,g") = 0. But f, facrots through 3;:

Z(g) -~ - B;
Bgz{gxg/ﬁ)gxgiK}
Moreover '/Z—(»g) g’. and N =B:(g.¢ O
. g ¢, and so fy(g,9") = B;(8.9).

4.2.6.3 Corollary For any Lie algebra g in characteristic zero with Killing form 3, we have that
ker 3 is solvable, i.e. ker § < radg.

The reverse direction of the following is true in any characteristic (Corollary 4.2.4.7). The
forward direction is an immediate corollary of Corollary 4.2.6.3.

4.2.6.4 Theorem (Cartan’s Second Criterion)
Let g be a Lie algebra over characteristic 0, and B its Killing form. Then g is semisimple if and
only if ker 8 = 0. U

4.2.6.5 Corollary Let g be a Lie algebra over characteristic 0. The g is semisimple if and only if
any extension by scalars of g is semisimple. ([l

4.2.6.6 Remark For any Lie algebra g, g/ rad g is semisimple. We will see latter (Theorem 4.4.4.12)
that in characteristic 0, rad g is a direct summand and g. %

4.3 Examples: three-dimensional Lie algebras

The classification of three-dimensional Lie algebras over R or C is long but can be done by hand
[Bia]. The classification of four-dimensional Lie algebras has been completed, but beyond this it is
hopeless: there are too many extensions of one algebra by another. In Chapter 5 we will classify
all semisimple Lie algebras. For now we list two important Lie algebras:
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4.3.0.1 Lemma / Definition The Heisenberg algebra is a three-dimensional Lie algebra with a
basis x,y, z, in which z is central and [x,y] = z. The Heisenberg algebra is nilpotent. ]

4.3.0.2 Lemma / Definition We define sl(2) to be the three-dimensional Lie algebra with a basis
e, h, f and relations |h,e] = 2e, [h, f] = —=2f, and [e, f] = h. So long as we are not working over
characteristic 2, sl(2) is semisimple; simplicity follows from Corollary 4.3.0.5.

Proof Just compute the Killing form Sy(g)- O

We conclude this section with two propositions and two corollaries; these will play an important
role in Chapter 5.

4.3.0.3 Proposition Let g be a Lie algebra such that every ideal a of g and every quotient g/a
of g is semisimple. Then g is semisimple. Conversely, let g be a semisimple Lie algebra over
characteristic 0. Then all ideals and all quotients of g are semisimple.

Proof We prove only the converse direction. Let g be semisimple, so that 5 is nondegenerate. Let
ot be the orthogonal subspace to a with respet to 8. Then a* = ker{z + §(—,z) : g — Hom(a, g)},
so at is an ideal. Then aNat = ker 8 |« < rada, and hence it’s solvable and hence is 0. So a is
semisimple, and also a' is. In particular, the projection at = g/a is an isomorphism of Lie

algebras, so g/a is semisimple. g

4.3.0.4 Corollary FEvery finite-dimensional semisimple Lie algebra g over characteristic 0 is a
direct product g = g1 X - -+ X g of simple nonabelian algebras.

Proof Let a be a minimal and hence simple idea. Then [a, aL] C anat = 0. Rinse and repeat.

4.3.0.5 Corollary sl(2) is simple. O

4.4 Some homological algebra

We will not need too much homological algebra; any standard textbook on the subject, e.g. [CE99,
GMO03, Wei94], will contain fancier versions of many of these constructions.

4.4.1 The Casimir

The following piece of linear algebra is a trivial exercise in definition-chasing, and is best checked
in either the physicists’ index notation or Penrose’s graphical language:

4.4.1.1 Proposition Let (,) be a nondegenerate not-necessarily-symmetric bilinear form on finite-
dimensional V. Let (x;) and (y;) be dual bases, so (zi,y;) = 0i;. Then 6 = >z, ®y; € VRV
depends only on the form (). If z € gl(V') leaves (,) invariant, then 0 is also invariant. O

4.4.1.2 Corollary Let 5 be a nondegenerate invariant (symmetric) form on a finite-dimensional
Lie algebra g, and define cg = Y x;y; to be the image of 6 in Proposition 4.4.1.1 under the multi-
plication map g ® g — Ug. Then cg is a central element of Ug. 0
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4.4.1.3 Lemma / Definition Let g be a finite-dimensional Lie algebra and V' a g-module so that
the trace form By is nondegenerate. Define the Casimir operator cy = cg,, as in Corollary 4.4.1.2.
Then cy has the following properties:

1. ¢y only depends on By .
2. cy € Z(U(g))

3. cy € U(g)g, i.e. it acts as 0 on K.

4. trv(CV) = Ztrv(a:iyi) =dimg.

In particular, cy distinguishes V' from the trivial representation. ]

4.4.2 Review of Ext

4.4.2.1 Definition Let C be an abelian category. A complex (with homological indexing) in C is
a sequence Aq = ... A % Ar_1 — ... of maps in C such that di o dgy1 = 0 for every k. The
homology of Ae are the objects Hy(As) def kerdy/Imdgy1. For each k, kerdy is the object of
k-cycles, and Im dy,1 is the object of k-boundaries.

We can write the same complex with cohomological indexing by writing A* def A_y, whence

k
the arrows go --- — AF! O AR = ... The cohomology of a complex is H*(A®) def H_;(A,) =
ker 6*+1/Tm 6*. The k-cocycles are ker 6**1 and the k-coboundaries are Tm 6%,
A complex is exact at k if Hr = 0. A long exact sequence is a complex, usually infinite, that

is exact everywhere. A short exact sequence is a three-term exact complex of the form 0 — A —
B — C — 0. In particular, A =ker(B — C) and C = A/B.

4.4.2.2 Definition Let U be an associative algebra and U-MOD its category of left modules. A
free module is a module U ~ F' that is isomorphic to a possibly-infinite direct sum of copies of
UnNnU. Let M be a U-module. A free resolution of M is a complex Fo = --- — F1 — Fy — 0 that
is exact everywhere except at k = 0, where Hi(Fes) = M. Equivalently, the augmented complex
Fe — M — 0 s exact.

4.4.2.3 Lemma Given any module M, a free resolution Fy of M exists.

Proof Let F_; def My 2 Af and My11q def ker(F), — Fj_1). Define Fj to be the free module on a

generating set of M. O

4.4.2.4 Lemma / Definition Let U be an associative algebra and M, N two left U modules. Let
F, be a free resolution of M, and construct the complex

Howy (Fa, N) = Homy (Fo, N) 25 Homy (F1, N) & ...

by applying the contravariant functor Homy(—, N) to the complex F,. Define Exti; (M, N) def
Hi(Homy (Fs, N)). Then ExtY,(M,N) = Hom(M, N). Moreover, Ext};(M, N) does not depend on

the choice of free resolution F,, and is functorial in M and N.
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Proof It’s clear that for each choice of a free-resolution of M, we get a functor Ext®(M, —).
Let M — M’ be a U-morphism, and F) a free resolution of M’. By freeness we can extend the
morphism M — M’ to a chain morphism, unique up to chain homotopy:

-HFlﬂFOHM

!

Chain homotopies induce isomorphisms on Hom, so Ext®(M, N) is functorial in M; in particular,
letting M’ = M with a different free resolution shows that Ext®(M, N) is well-defined. O

4.4.2.5 Lemma / Definition The functor Hom(—, N) is left-exact but not right-exact, i.e. if
0— A— B — C — 0is a short exact sequence then Hom(A, N) <~ Hom(B, N) < Hom(C,N) < 0
is exact, but 0 < Hom(A, N) < Hom(B, N) is not necessarily exact. Rather, we get a long exact
sequence in Ext:

C Ext’(A, N) —— Ext°(B, N) —— Ext(C, N)

C Ext!(A, N) —— Ext}(B,N) —— Ext!(C, N) D

Ext?(A, N) «—— Ext?(B, N) «—— Ext?(C, N) D

When N = A, the image of 14 € Hom(A, A) = Ext?(A, A) in Ext!(C, A) is the characteristic class
of the extension 0 — A — B — C — 0. The characteristic class determines B up to equivalence;
in particular, when 14— 0, then B=Z A® C. O

4.4.3 Complete reducibility

4.4.3.1 Lemma Let g be a Lie algebra over K, Ug its universal enveloping algebra, N a g-module,
and F' a free g-module. Then F Qg N is free.

Proof Let F = @PUg; then F @ N = (@Z/{g) ®x N = @Ug ®k N), so it suffices to show that

G dzeflxlg Rk N is free.

We understand the Ug-action on G: let x € gand u®n € G, then z-(u®n) = (zu)dn+u(x-n)
as Ax = ® 1+ 1 ® z. Here zu is the product in g and x - n is the action g ~ N.
We can put a filtration on G by G<,, = Ug<, @k N. This makes G into a filtered module:

U(g)<kG<i € G<p

Thus gr G is a grU/g-module, but grifg = Sg, and S(g) acts through the first term, so S(g) ® N is
a free S(g)-module, by picking any basis of N.

let {ng} be a basis of N and {x,} a basis of g. Then {xgng} is a basis of grG = S(g) ® N,
hence also a basis of U(g) ® N. Thus U(g) ® N is free. We have used Theorem 3.2.2.1 implicitly
multiple times. (|



4.4. SOME HOMOLOGICAL ALGEBRA 49

4.4.3.2 Corollary If M and N are finite-dimensional g-modules, then:
Ext!(M, N) = Ext!(Hom(N, M), K) = Ext'(K, Hom(M, N))

Proof It suffices to prove the first equality.
Let Fe — M be a free resolution. A U(g)-module homomorphism is exactly a g-invariant linear
map:

Homy,(g) (F, N)* = Homg (F, N)* (4.4.3.3)
= Homg (F, ®x N*,K)? (4.4.3.4)
= Ext®(M ® N*,K) (4.4.3.5)

Using the finite-dimensionality of N and the lemma that F'®* ® N* is a free resolution of M @ N*.[]

4.4.3.6 Lemma If M, N are finite-dimensional g-modules and ¢ € Z(Ug) such that the charac-
teristic polynomials f and g of ¢ on M and N are relatively prime, then Ext'(M,N) = 0 for all
i.

Proof By functoriality, c acts Ext!(M, N). By centrality, the action of c on Ext!(M, N') must satisfy
both the characteristic polynomials: f(c),g(c) annihilate Ext’(M, N). If f and g are relatively
prime, then 1 = af + bg for some polynomials a,b; thus 1 annihilates Exti(M ,N), which must
therefore be 0. I

4.4.3.7 Theorem (Schur’s Lemma)
Let U be an algebra and N a simple non-zero U-module, and let o : N — N a U-homomorphism;
then a = 0 or a is an isomorphism.

Proof The image of « is a submodule of N, hence either 0 or N. If Im a = 0, then we’re done. If
Ima = N, then ker a # 0, so ker &« = N by simplicity, and « is an isom. O

4.4.3.8 Corollary Let M, N be finite-dimensional simple U-modules such that ¢ € Z(U) annihi-
lates M but not N; then Ext'(M,N) =0 for every i.

Proof By Theorem 4.4.3.7, ¢ acts invertibly on N, so all its eigenvalues (over the algebraic closure)
are non-zero. But the eigenvalues of c on M are all 0, so the characteristic polynomials are relatively
prime. O

4.4.3.9 Theorem (Ext! vanishes over a semisimple Lie algebra)
Let g be a semisimple Lie algebra over a field K of characteristic 0, and let M and N be finite-
dimensional g-modules. Then Ext!(M, N) = 0.

Proof Using Corollary 4.4.3.2 we may assume that M = K. Assume that N is not a trivial module.
Then g = g1 X --- X g by Corollary 4.3.0.4 for g; simple, and some g; acts non-trivially on N. Then
BN does not vanish on g; by Theorem 4.2.6.4, and so kery, S = 0 by simplicity. Thus we can find
a Casimir ¢ € Z(Ug;) € Z(Ug). In particular, try(c) = dim g; # 0, but ¢ annihilates K, and so by
Corollary 4.4.3.8 Ext*(K, N) = 0.
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If N is a trivial module, then we use the fact that Ext!(K, N) classifies extensions 0 — N —
L — K — 0, which we will classify directly. (See Example 4.4.4.6 for a direct verification that
Ext! classifies extensions in the case of g-modules.) Writing L in block form (as a vector space,

8 ;} Then g acts by nilpotent matrices, but g is

semisimple, so g annihilates L. Thus the only extension is the trivial one, and Ext!(K, N) = 0. O

L = N @ K), we see that g acts on L like {

We list two corollaries, which are important enough to call theorems. We recall the following
definition:

4.4.3.10 Definition An object in an abelian category is simple if it has no non-zero proper sub-
objects. An object is completely reducible if it is a direct sum of simple objects.

4.4.3.11 Theorem (Weyl’s Complete Reducibility Theorem)
Every finite-dimensional representation of a semisimple Lie algebra over characteristic zero is com-
pletely reducible. O

4.4.3.12 Theorem (Whitehead’s Theorem)
If g is a semisimple Lie algebra over characteristic zero, and M and N are finite-dimensional
non-isomorphic simple g-modules, then Ext!(M, N) vanishes for all i. O

4.4.4 Computing Ext‘(K, M)

4.4.4.1 Proposition Let g be a Lie algebra over K, and K the trivial representation. Then K has
a free Ug resolution given by:

- = U(g) @k /\Qgﬁu(g) ®Kgﬂ»u(g)—e>K—>O (4.4.4.2)
The maps dy, : U(g) @ NFg — U(g) @ NF g for k <1 are given by:
dip(x1 N ANaxg) = Z(—l)’;la@i ® (X A Ty ANxg)

%
— Z(—l)i_j—HI X ([1'@, acj] NTL AT :(fj A xk) (4.4.4.3)
1<j

Proof That dj is well-defined requires only checking that it is antisymmetric. That di_1 odr =0
is more or less obvious: terms cancel either by being sufficiently separated to appear twice with
opposite signs (like in the free resolution of the symmetric polynomial ring), or by syzygy, or by
Jacobi.

For exactness, we quote a general principle: Let Fo(t) be a t-varying complex of vector spaces,
and choose a basis for each one. Assume that the vector spaces do not change with ¢, but that the
matrix coefficients of the differentials dj, depend algebraically on ¢t. Then the dimension of H* can
jump for special values of ¢, but does not fall at special values of ¢. In particular, exactness is a
Zariski open condition.
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Thus consider the complex with the vector spaces given by equation (4.4.4.2), but with the
differential given by

dg(zi A+ Axg) = Z(—l)i_lxi Q@ (T1 ATy ANag)

%
— tZ(—l)ifjJrll (%9 ([wz, xj] NTL AT ffj A wk) (4.4.4.4)
1<j

This corresponds to the Lie algebra g, = (g, [z, y]: def t[z,y]). When t # 0, g; = g, by = +— tz, but
when ¢t = 0, gg is abelian, and the complex consists of polynomial rings and is obviously exact.
Thus the t-varying complex is exact at ¢t = 0 and hence in an open neighborhood of 0. If K is
not finite, then an open neighborhood of 0 contains non-zero terms, and so the complex is exact
for some t # 0 and hence for all ¢. If K is finite, we replace it by its algebraic closure. O

4.4.4.5 Corollary Ext*(K, M) is the cohomology of the Chevalley complex with coefficients in M :

0 — M % Homy(g, M) 253 Hom(\2g, M) — ...
If g € Homg (\*~1g, M), then the differential 6*g is given by:

Fglxr A Aay) = Z(—l)iilxig(xl Ao ANxg)
%
—Z(—l)i_j+1g([:vi,xj]/\acl/\---aﬁi'--:fj---/\:vk) O
1<J

4.4.4.6 Example Let M and N be finite-dimensional g-modules. Then Ext’(M, N) is the coho-
mology of - - * Homg (A'g, M* @ N) L We compute Ext! (M, N).

If p € M*® N and x € g, then the action of z on ¢ is given by - ¢ = xyop—poxy = “[x,d]”.
A 1-cocycle isamap f : g — M*® N such that 0 = §' f(zAy) = f([x,9]) — ((:L'f)(y)—(yf)(x)) =
o, f)] = Ty, f(@)]7

Let 0 > N -V — M — 0 be a K-vector space, and choose a splitting ¢ : M — V as vector
rn  f(x)
0 T M
ways to put something in the upper right corner.

spaces. Then g actson M @ N by z — { } , and the cocycles f exactly classify the possible

The ways to change the splitting o — ¢’ = o + h correspond to K-linear maps h : M — N.
This changes f(z) by zy o h — hoxy = 51 (h).

We have seen that the 1-cocycles classify the splitting, and changing the 1-cocycle by a 1-
coboundary changes the splitting but not the extension. So Ext!(M, N) classifies extensions up to
isomorphism. O

4.4.4.7 Example Consider abelian extensions of Lie algebras 0 - m — § — g — 0 where m is an
abelian ideal of g. Since m is abelian, the action g ~ m factors through g = g/m. Conversely, we
can classify abelian extensions 0 - m — § — g — 0 given g and a g-module m.
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We pick a K-linear splitting o : g — @; then g = {o(x) + m} as x ranges over g and m over m,
and the bracket is
[O-(':C) +m, U(y) + TL] = O'([CL‘, y]) + [O’(CC),TL} - [U(y)vm] + g(x, y)

where ¢ is the error term measuring how far off ¢ is from being a splitting of g-modules. There is
no [m,n| term, because m is assumed to be an abelian ideal of g.
Then g is antisymmetric. The Jacobi identity on g is equivalent to g satisfying:
0=azg(yA =)
=xg(yA2)

yg(xAz)+zg(xny) —g(lz,yl A2) +g([x, 2] Ay) —g(ly, 2] Az)  (4.4.4.8)
g([x,y] A z) + cycle permutations (4.4.4.9)

Le. g is a 2-cocycle in Homg (g, m). In particular, the 2-cocycles classify extensions of g by m along
with a splitting. If we change the splitting by f : g — m, then g changes by (z- f)(y) — (v - f)(x) —

f([z,y]) = 6%(f). We have proved: O
4.4.4.10 Proposition Extz,g(K, m) classifies abelian extensions 0 — m — § — g — 0 up to
isomorphism. The element 0 € Ext? corresponds to the semidirect product § = g X m. [l
4.4.4.11 Corollary Abelian extensions of semisimple Lie groups are semidirect products. O

4.4.4.12 Theorem (Levi’s Theorem)
Let g be a finite-dimensional Lie algebra over characteristic 0, and let v = rad(g). Then g has a
Levi decomposition: semisimple Levi subalgebra s C g such that g = s X t.

Proof Without loss of generality, v # 0, as otherwise g is already semisimple.

Assume first that v is not a minimal non-zero ideal. In particular, let m # 0 be an ideal of g
with m C ¢v. Then t/m = rad(g/m) # 0, and by induction on dimension g/m has a Levi subalgebra.
Let § be the preimage of this subalgebra in g/m. Then s Nt =m and 5/m = (g/m)/(x/m) = g/t.
Hence m = rad(s). Again by induction on dimension, § has a Levi subalgebra s; then § = s @ m
and s Nt =0, s0s — g/t. Thus s is a Levi subalgebra of g.

We turn now to the case when v is minimal. Being a radical, v is solvable, so t/ # t, and

by minimality v = 0. So v is abelian. In particular, the action g ~ t factors through g/r,
and so 0 - vt — g — g/t — 0 is an abelian extension of g/v, and thus must be semidirect by
Corollary 4.4.4.11. O

4.4.4.13 Remark We always have Z(g) < t, and when t is minimal, Z(g) is either 0 or t. When
Z(g) = v, then 0 - v — g — g/t — 0 is in fact an extension of g/t-modules, and so is a direct
product by Example 4.4.4.6. O

We do not prove the following, given as an exercise in [Hai08]:

4.4.4.14 Theorem (Malcev-Harish-Chandra Theorem)

All Levi subalgebras of a given Lie algebra are conjugate under the action of the group expadn C
GL(V), where n is the largest nilpotent ideal of g. (In particular, ad : n ~ g is nilpotent, so the
power series for exp terminates.) ]
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We are now ready to complete the proof of Theorem 3.1.2.1, with a theorem of Cartan:

4.4.4.15 Theorem (Lie’s Third Theorem)
Let g be a Lie algebra over R. Then g = Lie(G) for some analytic Lie group G.

Proof Find a Levi decomposition g = s x v. If s = Lie(S) and v = Lie(R) where S and R are
connected and simply connected, then the action s ~ t lifts to an action S ~ R. Thus we can
construct G = S x R, and it is a direct computation that g = Lie(G) in this case.

So it suffices to find groups S and R with the desired Lie algebras. We need not even assure
that the groups we find are simply-connected; we can always take universal covers. In any case,
s is simply connected, so the action s — gl(s) is faithful, and thus we can find S C GL(s) with
Lie(S) = s.

On the other hand, v is solvable: the chain v > v/ > v/ > ... eventually gets to 0. We can
interpolate between t and t/ by one-co-dimensional vector spaces, which are all necessarily ideals of
some t(*)| and the quotients are one-dimensional and hence abelian. Thus any solvable Lie algebra
is an extension by one-dimensional algebras, and this extension also lifts to the level of groups. So
v = Lie(R) for some Lie group R. O

4.5 From Zassenhaus to Ado

Ado’s Theorem (Theorem 4.5.0.10) normally is not proven in a course in Lie Theory. For example,
[BRS06, page 8] mentions it only in a footnote, referring the reader to [FH91, Appendix E]. [Kna02]
also relegates Ado’s Theorem to an appendix (B.3). In fact, we will see that Ado’s Theorem is a
direct consequence of Theorem 4.4.4.12, although we will need to develop some preliminary facts.

4.5.0.1 Lemma / Definition A Lie derivation of a Lie algebra a is a linear map f : a — a such
that f([z,y]) = [f(x),y] + [z, f(y)]. Equivalently, a derivation is a one-cocycle in the Chevalley
complex with coefficients in a.

A derivation of an associative algebra A is a linear map f : A — A so that f(zy) = f(z)y +

The product (composition) of (Lie) derivations is not necessarily a (Lie) derivation, but the
commutator of derivations is a derivation. We write Der a for the Lie algebra of Lie derivations
of a, and Der A for the algebra of associative derivations of A. Henceforth, we drop the adjective
“Lie”, talking about simply derivations of a Lie algebra.

We say that h ~ a by derivations if the map h — gl(a) in fact lands in Der a. O

In very general language, let A and B be vector spaces, and a : A" — A and b : B®" — B
n-linear maps. Then a homomorphism from (A, a) to (B,b) is a linear map ¢ : A — B so that

poa = bo¢®" and a derivation from (A,a) to (B,b) is a linear map ¢ : A — B such that

poa=">bo (X1 @), where ¢; d:ef1®-~®¢>®---®1, with the ¢ in the ith spot. Then the

space Hom(A, B) of homomorphisms is not generally a vector space, but the space Der(A, B)
of derivations is. If (A,a) = (B,b), then Hom(A, A) is closed under composition and hence a
monoid, whereas Der(A, A) is closed under the commutator and hence a Lie algebra. The notions
of “derivation” and “homomorphism” agree for n = 1, whence the map ¢ must intertwine a with
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b. The difference between derivations and homomorphisms is the difference between grouplike and
primitive elements of a bialgebra.

4.5.0.2 Proposition Let a be a Lie algebra.
1. Ewvery derivation of a extends uniquely to a derivation of U(a).
2. Dera — DerlU(a) is a Lie algebra homomorphism.

3. If b ~ a by derivations, then h(U(a)) C U(a)-h(a)-U(a) the two-sided ideal of U(a) generated
by the image of the § action in a.
4. If N <U(a) is an h-stable two-sided ideal, so is N™.
Proof 1. Let d € Dera, and define a Y KRep a; then U(a) C U(a). The commutative [d, —]

preserves U(a) and is the required derivation. Uniqueness is immediate: once you've said how
something acts on the generators, you’ve defined it on the whole algebra.

2. This is an automatic consequence of the uniqueness: the commutator of two derivations is a
derivation, so if it’s unique, it must be the correct derivation.

3. Let ay,...,ar € aand h € h. Then h(ay---ax) = Sk a1 ---h(a;)---ax, € U(a) bha)U(a).

4. N™ is spanned by monomials a; - - - a,, where all a; € N. Assuming that h(a;) € N for each
h € b, we see that h(ay---ag) = % ar---h(a;)---ap € N™. O

4.5.0.3 Lemma / Definition Let h and a be Lie algebras and let h ~ a by derivations. The
semidirect product b x a is the vector space b @& a with the bracket given by [h1 + a1, he + ag] =
[h1, haly + [a1, a2)a + h1 - a2 — ha - a1, where be h - a we mean the action of h on a. Then hx a is a
Lie algebra, and 0 = a — h x a = h — 0 is a split short exact sequence in LIEALG. ]

4.5.0.4 Proposition Let h ~ a by derivations, and let g = h X a be the semidirect product. Then
the actions h ~ Ua by derivations and a ~ Ua by left-multiplication together make a g-action on
Ua.

Proof We need only check the commutator of h with a. Let v € U(a), h € b, and a € a. Then
(hoa)u = h(au) = h(a)u + ah(u) = [h,alu + ah(u). Thus [h,a] € g acts as the commutator of
operators h and a on U(a). O

4.5.0.5 Definition An algebra U is left-noetherian if left ideals of U satisfy the ascending chain
condition. ILe. if any chain of left ideals I < Is < ... of U stabilizes.

We refer the reader to any standard algebra textbook for a discussion of noetherian rings. For
noncommutative ring theory see [Lam01, MR0O1, GWO04].

4.5.0.6 Proposition Let U be a filtered algebra. If grU is left-noetherian, then so is U.
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In particular, U(a) is left-noetherian, since grif(a) is a polynomial ring on dim a generators.

Proof Let I < U be a left ideal. We define I<,, = I N U<y, and hence I = (JI<,. We define
grl =@ I<p/I<p—1, and this is a left ideal in grU. If I < J, then grI < grJ, using the fact that
U injects into gr U as vector spaces.

So if we have an ascending chain I; < Iy < ..., then the corresponding chain gr I} < grly < ...
eventually terminate by assumption: gr I, = gr I, for n > ng. But if gr I = gr J, then by induction
on n, I<, = J<,, and so I = J. Hence the original sequence terminates. O

4.5.0.7 Lemma Let j = h + n be a finite-dimensional Lie algebra, where § is a subalgebra of j
and n an ideal. Assume that g ~ W is a finite-dimensional representation such that h,n ~ W
nilpotently. Then g ~ W nilpotently.

Proof If W = 0 there is nothing to prove. Otherwise, by Theorem 4.2.2.2 there is some w € W",
where W" is the subspace of W annihilated by n. Let A € h and = € n. Then:

zhw = [z,h]w+ h 2w =0
—— ~~
en =0

Thus hw € V", and so w € V9. By modding out and iterating, we see that g ~ V nilpotently. [J

4.5.0.8 Theorem (Zassenhaus’s Extension Lemma)

Let b and a be finite-dimensional Lie algebras so that b ~ a by derivations, and let g = h X a.
Moreover, let V' be a finite-dimensional a-module, and let n be the nilpotency ideal of a ~ V.
If [b,a] < n, then there exists a finite-dimensional g-module W and a surjective a-module map
W — V', and so that the nilpotency ideal m of g ~ W contains n. If h ~ a by nilpotents, then we
can arrange for m C b as well.

Proof Consider a Jordan-Holder series 0 = My C M; C --- C M(n) = V. Thenn = N ker(M;/M;_1)
by Corollary 4.2.2.5. We define N = ﬂker(l/la — End(Mi/Mi,l)), an ideal of Ua. Then
N D n D [h,a], and so N is an h-stable ideal of Ua by the third part of Proposition 4.5.0.2,
and N¥ is h-stable by the fourth part.

Since Ua is left-noetherian (Proposition 4.5.0.6), N* is finitely generated for each k, and hence
N*/N*1 is a finitely generated Ua module. But the action Ua ~ (N*/N*¥*1) factors through
Ua/N, so in fact N¥/N¥*1 is a finitely generated (Ua/N)-module. But Ua/N = @Im(bla —
End(Mi/Mi,l)) C @ End(M;/M;_1), which is finite-dimensional. So Ua/N is finite-dimensional,
N¥/N*+1 a finitely-generated (/a/N)-module, and hence N*¥/N*+1 is finite-dimensional.

By construction, N(My) € My_1, so N™ annihilates V', where n is the length of the Jordan-
Holder series 0 = My C My C --- C M(n) =V. Let dimV = d, and define

d
W < Duta/N"
1=1

Then W is finite-dimensional since Ua/N"™ = Ua/N & N/N? & --- & N"1/N™ as a vector space,
and each summand is finite-dimensional. To construct the map W —» V, we pick a basis {v;}{_,
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of V, and send (0,...,1,...,0) — v;, where 1 is the image of 1 € Ua in Ua/N™, and it is in the
1th spot. By construction Ua<g acts as scalars, and so N does not contain Ua<p; thus the map
is well-defined. Moreover, g ~ Ua by Proposition 4.5.0.2, and N is h-stable and hence g-stable.
Thus g ~ W naturally, and the action da ~ V factors through N", and so W — V is a map of
g-modules.

By construction, N and hence n acts nilpotently on W. But n is an ideal of g: a general element
of g is of the form h+a for h € h and a € a, and [h+a,n] = [h,n]+[a,n] C [h,a]+[a,n] Cn+n=n.
So m D n, as m is the largest nilpotency ideal of g ~ W.

We finish by considering the case when § ~ a nilpotently. Then h ~ W nilpotently, and since
[h,a] Cn, h+nis anideal of g. By Lemma 4.5.0.7, h+n acts nilpotently on W, and so is a subideal
of m. O

4.5.0.9 Corollary Let v be a solvable Lie algebra over characteristic 0, and let n be its largest
nilpotent ideal. Then every derivation of v has image in n. In particular, if v is an ideal of some
larger Lie algebra g, then [g,t] C n.

Proof Let d be a derivation of v and h = Kd & t. Then b is solvable by Proposition 4.2.1.9, and
b’ ~ b nilpotently by Corollary 4.2.3.7. But d(r) C b’ and v is an ideal of h, and so d(r) acts
nilpotently on v, and is thus a subideal of n.

The second statement follows from the fact that [g, —] is a derivation; this follows ultimately
from the Jacobi identity. O

4.5.0.10 Theorem (Ado’s Theorem)

Let g be a finite-dimensional Lie algebra over characteristic 0. Then g has a faithful representation
g — gl(V), and this representation can be chosen so that the largest nilpotent ideal n < g acts
nilpotently on V.

Ado originally proved a weaker version of Theorem 4.5.0.10 over R. Harish-Chandra [HC49]
gave essentially the version we present. A year earlier, Iwasawa [Iwa48] removed the dependence
on characteristic, but without the nilpotency refinement. In fact, the theorem as stated holds over
an arbitrary field in arbitrary characteristic, although our proof requires characteristic zero — the
general theorem is due to Hochschild [Hoc66].

Proof We induct on dimg. The g = 0 case is trivial, and we break the induction step into cases:

Case I: g = n is nilpotent. Then g # g/, and so we choose a subspace a O g’ of codimensional 1
in g. This is automatically an ideal, and we pick =z ¢ a, and h = (x). Any one-dimensional
subspace is a subalgebra, and g = h x a. By induction, a has a faithful module V' and acts
nilpotently.

The hypotheses of Theorem 4.5.0.8 are satisfied, and we get an a-module homomorphism
W — V' with g ~ W nilpotently. As yet, this might not be a faithful representation of g:
certainly a acts faithfully on W because it does so on V', but z might kill W. We pick a

€ gl(2). Then V =W @ W is a

faithful nilpotent g/a = K-module W1, e.g. x — { 8 0

faithful nilpotent g representation.
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Case II: g is solvable but not nilpotent. Then g’ < n < g. We pick an ideal a of codimension

1 in g such that n C a, and x and h = Kz as before, so that g = x a. Then n(a) D n—if a
matrix acts nilpotently on g, then certainly it does so on a, and by construction n C a — and
we have a faithful module a ~ V' by induction, with n(a) ~ V’ nilpotently. Then [, a] ~ V'
nilpotently, since [h, a] C n(a) by Corollary 4.5.0.9, so we use Theorem 4.5.0.8 to get g ~ W
and an a-module map W — V', such that n ~ W nilpotently. We form V = W & W as
before so that g ~ V is faithful. Since n is contained in a and a acts as 0 on Wi, n acts
nilpotently on W.

Case III: general. By Theorem 4.4.4.12, there is a splitting g = s x v with s semisimple and

v solvable. By Case II, we have a faithful v-representation V’ with n(t) ~ V' nilpotently.
By Corollary 4.5.0.9 the conditions of Theorem 4.5.0.8 apply, so we have g ~ W and an
t-module map W — V' and since n < v we have n < n(tr) so n ~ W nilpotently. We want
to get a faithful representation, and we need to make sure it is faithful on s. But s = g/t is
semisimple, so has no center, so ad : § ~ s is faithful. So we let W} = s = g/t as g-modules,
and g~V =W & Wy is faithful with n acting as 0 on Wj and nilpotently on W. O

Exercises

1.

2.

Classify the 3-dimensional Lie algebras g over an algebraically closed field K of characteristic
zero by showing that if g is not a direct product of smaller Lie algebras, then either

o g =sl(2,K),

e g is isomorphic to the nilpotent Heisenberg Lie algebra h with basis X, Y, Z such that Z
is central and [X,Y] = Z, or

e g is isomorphic to a solvable algebra s which is the semidirect product of the abelian
algebra K? by an invertible derivation. In particular s has basis X,Y,Z such that
[Y,Z] =0, and ad X acts on KY + KZ by an invertible matrix, which, up to change of
basis in KY 4+ KZ and rescaling X, can be taken to be either (1) or (39) for some
nonzero A € K.

(a) Show that the Heisenberg Lie algebra b in Problem 1 has the property that Z acts nilpo-
tently in every finite-dimensional module, and as zero in every simple finite-dimensional
module.

(b) Construct a simple infinite-dimensional h-module in which Z acts as a non-zero scalar.
[Hint: take X and Y to be the operators d/dt and ¢ on K[t].]

. Construct a simple 2-dimensional module for the Heisenberg algebra h over any field K of

characteristic 2. In particular, if K = K, this gives a counterexample to Lie’s theorem in
non-zero characteristic.

. Let g be a finite-dimensional Lie algebra over K.
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(a) Show that the intersection n of the kernels of all finite-dimensional simple g-modules can
be characterized as the largest ideal of g which acts nilpotently in every finite-dimensional
g-module. It is called the nilradical of g.

(b) Show that the nilradical of g is contained in g’ N rad(g).

(c) Let h C g be a subalgebra and V' a g-module. Given a linear functional A : h — K|
define the associated weight space to be V\ = {v € V : Hv = A\(H)v for all H € b}.
Assuming char(K) = 0, adapt the proof of Lie’s theorem to show that if h is an ideal
and V is finite-dimensional, then V) is a g-submodule of V.

(d) Show that if char(K) = 0 then the nilradical of g is equal to g’ Nrad(g). [Hint: assume
without loss of generality that K = K and obtain from Lie’s theorem that any finite-
dimensional simple g-module V has a non-zero weight space for some weight A on g’ N
rad(g). Then use (c) to deduce that A = 0 if V' is simple.]

Let g be a finite-dimensional Lie algebra over K, char(K) = 0. Prove that the largest nilpotent
ideal of g is equal to the set of elements of t = rad g which act nilpotently in the adjoint action
on g, or equivalently on t. In particular, it is equal to the largest nilpotent ideal of t.

Prove that the Lie algebra s[(2,K) of 2 x 2 matrices with trace zero is simple, over a field K
of any characteristic # 2. In characteristic 2, show that it is nilpotent.

In this exercise, well deduce from the standard functorial properties of Ext groups and their
associated long exact sequences that Ext!(IV, M) bijectively classifies extensions 0 — M —
V — N — 0 up to isomorphism, for modules over any associative ring with unity.

(a) Let F' be a free module with a surjective homomorphism onto N, so we have an exact
sequence 0 - K — F — N — 0. Use the long exact sequence to produce an isomorphism
of Ext!(N, M) with the cokernel of Hom(F, M) — Hom(K, M).

(b) Given ¢ € Hom(K, M), construct V' as the quotient of F'@® M by the graph of —¢ (note
that this graph is a submodule of K ® M C F & M).

(¢) Use the functoriality of Ext and the long exact sequences to show that the characteristic
class in Ext!(V, M) of the extension constructed in (b) is the element represented by the
chosen ¢, and conversely, that if ¢ represents the characteristic class of a given extension,
then the extension constructed in (b) is isomorphic to the given one.

Calculate Ext’(KK,K) for all i for the trivial representation K of sl(2, K), where char(K) = 0.
Conclude that the theorem that Ext'(M,N) = 0 for ¢ = 1,2 and all finite-dimensional
representations M, N of a semi-simple Lie algebra g does not extend to i > 2.

Let g be a finite-dimensional Lie algebra. Show that Ext!(K,K) can be canonically identified
with the dual space of g/g’, and therefore also with the set of 1-dimensional g-modules, up
to isomorphism.

Let g be a finite-dimensional Lie algebra. Show that Ext!(K, g) can be canonically identified
with the quotient Der(g)/Inn(g), where Der(g) is the space of derivations of g, and Inn(g) is
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11.

the subspace of inner derivations, that is, those of the form d(x) = [y, z] for some y € g. Show
that this also classifies Lie algebra extensions g containing g as an ideal of codimension 1.

Let g be a finite-dimensional Lie algebra over K, char(K) = 0. The Malcev-Harish-Chandra
theorem says that all Levi subalgebras s C g are conjugate under the action of the group
exp adn, where n is the largest nilpotent ideal of g (note that n acts nilpotently on g, so the
power series expression for exp ad X reduces to a finite sum when X € n).

(a) Show that the reduction we used to prove Levi’s theorem by induction in the case where
the radical v = rad g is not a minimal ideal also works for the Malcev-Harish-Chandra
theorem. More precisely, show that if t is nilpotent, the reduction can be done using
any nonzero ideal m properly contained in t. If ¢ is not nilpotent, use Problem 4 to show
that [g,t] = ¢, then make the reduction by taking m to contain [g, t].

(b) In general, given a semidirect product g = b x m, where m is an abelian ideal, show that
Exti{(h)(K, m) classifies subalgebras complementary to m, up to conjugacy by the action

of expadm. Then use the vanishing of Ext!(M, N) for finite-dimensional modules over
a semi-simple Lie algebra to complete the proof of the Malcev-Harish-Chandra theorem.
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Chapter 5

Classification of Semisimple Lie
Algebras

5.1 Classical Lie algebras over C

5.1.1 Reductive Lie algebras

Henceforth every Lie algebra, except when otherwise marked, is finite-dimensional over a field of
characteristic 0.

5.1.1.1 Lemma / Definition A Lie algebra g is reductive if (g,ad) is completely reducible.
A Lie algebra is reductive if and only if it is of the form g = s x a where s is semisimple and a
is abelian. Moreover, a = Z(g) and s = ¢'.

Proof Let g be a reductive Lie algebra; then g = @ a; as g-modules, where each a; is an ideal of
g and [a;,a;] C a;Na; =0 for i # j. Thus g = [[a; as Lie algebras, and each a; is either simple
non-abelian or one-dimensional. g

5.1.1.2 Proposition Any x-closed subalgebra of gl(n,C) is reductive.

Proof We define a symmetric real-valued bilinear form (,) on gl(n,C) by (z,y) = real(tr(:vy*)).
Then (z,x) = 3 |z|%, so (,) is positive-definite. Moreover:

([Z7$]7y) - _(xv [Z*7y])

so [z*, —] is adjoint to [—, z].

Let g C gl(n,C) be any subalgebra and a < g an ideal. Then a* C g* by invariance, where g*
is the Lie algebra of Hermitian conjugates of elements of g. If g is *-closed, then g* = g and at is
an ideal of g. By positive-definiteness, g = a @ a', and we rinse and repeat to write g is a sum of

irreducibles. O

5.1.1.3 Example The classical Lie algebras sl(n, C) def {z € gl(n) s.t. trz =0}, so(n,C) def {z €

gl(n) s.t.  + 27 =0}, and sp(n, C) et {z € gl(2n) s.t. jo + 2T j = 0} are reductive. Indeed, since
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they have no center except in very low dimensions, they are all semisimple. We will see later that
they are all simple, except in a few low dimensions.

Since a real Lie algebra g is semisimple if g ®g C is, the real Lie algebras sl(n,R), so(n,R), and
sp(n,R) also are semisimple. O

5.1.2 Guiding examples: sl(n) and sp(n) over C

Let g = sl(n) or sp(n). We extract an abelian subalgebra h C g. For sl, we use the diagonal
traceless matrices:

[)d:ef s.t. Zzizo

Zn

For sp(n) def {x € gl(2n) s.t. jo + 275 = 0}, it will be helpful to redefine j. We can use any j
which defines a non-degenerate antisymmetric bilinear form, and we take:

.
Il
|
—

Let a? be the matrix a reflected across the antidiagonal. Then we can define sp(n) in block diagonal
form:

[

In this basis, we take as our abelian subalgebra

€ Mat(2n) = Mat(2, Mat(n)) s.t. d = —a’,b = b* ¢ = CR} (5.1.2.1)

<1

—Z1 J

5.1.2.2 Proposition Letg = sl(n) orsp(n). Forh < g defined above, the adjoint actionad : h ~ g
1s diagonal.

Proof We make explicit the basis of g. For g = sl(n), the natural basis is {e;;}i+; U {es —
e¢+1,i+1}?;11, where e;; is the matrix with a 1 in the (ij) spot and Os elsewhere. In particular,
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{ei — eir111 )17 is a basis of h. Let h € b be
Z1
h =
Zn

Then [h, e;;] = (zi — zj)eij, and [h, h'] =0 when A’ € b.
For g = sp(n), the natural basis suggested by equation (5.1.2.1) is

0y |G ¢ 0 ___. U by, 8 | Qi bl | < g
0 , T Cn+l-jnt+l—i

def 0 0 C
U<gj = |[-=---=--=-—--=-=--—- st.i+j<n+1
{ K { €ij + ent1—jmt1—i ' 0 } J }
(5.1.2.3)

Of course, when ¢ = j, then { { A
0 ' —enti—in+1—i

} is a basis of . Let h € h be given by

—Z1 J
Then [h, aij] = (ZZ' — zj)aij, [h, bl]] = (2’7; + Zj)bij, and [h, Cij] = (—Zi — Zj)cij. OJ

5.1.2.4 Definition Let i be a mazximal abelian subalgebra of a finite-dimensional Lie algebra g so
that ad : h ~ g is diagonalizable, so diagonal in an eigenbasis. Write b* for the vector space dual to
h. Each eigenbasis element of g defines an eigenvalue to each h € by, and this assignment is linear
in B; thus, the eigenbasis of g picks out a vector o € h*. The set of such vectors are the roots of

the pair (g,h).

We will refine this definition in Definition 5.4.1.1, and we will prove that the set of roots of a
semisimple Lie algebra g is determined up to isomorphism by g (in particular, it does not depend
on the subalgebra b).

5.1.2.5 Example When g = sl(n) and b is as above, the roots are {0} U {z; — 2;}iz;, where
{zi}I", are the natural linear functionals h — C. When g = sp(n) and b is as above, the roots are
{O} U {:|:2Zi} U {:I:zi + Zj}i;«éj- O
5.1.2.6 Lemma / Definition Let g and b < g as in Definition 5.1.2.4. Then the roots break g

mto eigenspaces:
9= P g=be P

« a Toot a#0 a root

In particular, since by is a maximal abelian subalgebra, the 0-eigenspace of h ~ g is precisely go = b.
Then the spaces g are the root spaces of the pair (g,h). By the Jacobi identity, [ga, 98] C ga+s-0
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5.1.2.7 Lemma When g = sl(n) or sp(n) and b is as above, then for a # 0 the root space go C g

1s one-dimensional. Let hg def [0, 9—a]- Then ho = bh_q is one-dimensional, and go ® g—o ® Ho s

a subalgebra of g isomorphic to s((2).

Proof For each root «a, pick a basis element g1, € g+o (in particular, we can use the eigenbasis

of h ~ g given above), and define h, def [9as 9—a]- Define a(hy) = a so that [ha, g+a] = Faga; one
can check directly that a # 0. For the isomorphism, we use the fact that C is algebraically closed.[]

5.1.2.8 Definition Let g and b < g as in Definition 5.1.2.4. The rank of g is the dimension of b,
or equivalently the dimension of the dual space h*.

5.1.2.9 Example The Lie algebras s[(3) and sp(2) are rank-two. For g = s[(3), the dual space
b* to bh spanned by the vectors z1 — zo and 29 — z3 naturally embeds in a three-dimensional vector
space spanned by {z1, 22, 23}, and we choose an inner product on this space in which {z;} is an
orthonormal basis. Let a; = 21 — 29, g = 29 — 23, and a3 = 21 — z3. Then the roots {0, £a;} form
a perfect hexagon:
o3
o e

[ ] [ ]
—Q [ ] —Q

For g = sp(2), we have h* spanned by {z1, 22}, and we choose an inner product in which this is
an orthonormal basis. Let ay = 21 — 29 and oy = 229. The roots form a diamond:

o2 + 207

[}

aq a9 + o

[ ] . [}
<1 o9

[ ] [} [}

0 22

[ ] [}
. o

5.1.2.10 Lemma Let g,h < g be as in Definition 5.1.2.4. Let v € b be chosen so that a(v) # 0
for every root a. Then v divides the roots into positive roots and negative roots according to the
sign of a(v). A simple root is any positive root that is not expressible as a sum of positive roots.[]

5.1.2.11 Example Let g = sl(n) or sp(n), and choose v € § so that z1(v) > 2z2(v) > -+ > z,(v) >
0. The positive roots of sl(n) are {2z — 2;}i<j, and the positive roots of sp(n) are {z; — 2z }icj U
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{2 + 2i} U{2z;}. The simple roots of sl(n) are {o; = z; — z;11}7~", and the simple roots of sp(n)
are {o; = 2 — zi+1}77 U {2z,}. In each case, the simple roots are a basis of h*. Moreover, the
roots are in the Z-span of the simple roots, i.e. the lattice generated by the simple roots, and the
positive roots are in the intersection of this lattice with the positive cone, so that the positive roots
are in the N-span of the simple roots.

We partially order the positive roots by saying that @ < § if 5 — « is a positive root. Under
this partial order there is a unique maximal positive root 6, the highest root; for sl(n) we have
0=z —z,=0a1+ -+ ay_1, and for sp(n) we have § = 221 = 2(a; + -+ + ap—1) + . We draw
these partial orders:

0=2(a1++an—1)+an

O=a1+-+an_1

To make this very clear, we draw the rank-three pictures fully labeled (edges by the difference
between consecutive nodes):

Nl = 21 — 22 Qo = 29 — Z3 3 = 23 — 24

s((4)
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0:221

222

] = 21 — 22 a9 = 29 — 23 a3:223

sp(3)
Using these pictures of sl(n) and sp(n), we can directly prove the following:

5.1.2.12 Proposition The Lie algebras sl(n,C) and sp(n,C) are simple.

Proof Let g = sl(n) or sp(n), and b, the systems of positive and simple roots, and 6 the highest
root as above. Recall that for each root o # 0, the root space g, is one-dimensional, and we pick
an eigenbasis {ga fazo U {hi }}23* for the action h ~ g.

Let x € g. It is a standard exercise from linear algebra that hz is the span of the eigenvectros
Ja, a # 0, for which the coefficient of x in the eigenbasis is non-zero. In particular, if x € g~ b,
then [h, z| includes some g,. By switching the roles of positive and negative roots if necessary, we
can assure that « is positive; thus [h, z] D g, for some positive a.

One can check directly that if o, 8, + § are all nonzero roots, then [go, 83 = gats. In

particular, for any positive root a, # — « is a positive root, and so [g,8a] 2 [§0—as8a) = go- In
particular, gy € [g, z].
But [go—a,90] = 8a, and so [g,gs] generates all g, for a a positive root. We saw already

(Lemma 5.1.2.7) that [ga, §—a] = ha is non-zero, and that [gia, ha] = g+a- Thus [g, ga] 2 g—a, and
in particular gy generates every g, for a # 0, and every h,. Then gy generates all of g.

Thus x generates all of g for any x € g~ h. If x € b, then a(z) # 0 for some «a, and then
[0, 2] = ga, and we repeat the proof with some nonzero element of g,. Hence g is simple. O

When g = sl(n), let ¢ refer to the matrix e;;, and when g = sp(n), let ¢; refer to the matrix
€ ‘ 0 . . . ~ . .
e . We construct a linear isomorphism h* = b by assigning an element o of
0 ' —enti—in+i—i
b to each simple root «; as follows: to a; = z; — zi41 for 1 <4 < n —1 we assign o = €¢; — €41,

and to o, = 22, a root of sp(n) we assign «,, = €,. In particular, ;(h;) = 2 for each simple root.

We define the Cartan matriz a by a;j def a;(hy).
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5.1.2.13 Example For sl(n), we have the following (n — 1) x (n — 1) matrix:

2 -1 0 0
-1 2 -1
a=1 0 -1 0
: L2 —1
| 0 0 -1 2 |

T2 -1 0 010 7
|
-1 2 -1 |
a=| 0 -1 0,
.2 -1 0
LUNRTTI 0 -1 2 -1
Lo ... ... 0 =212 | O
To each of the above matrices we associate a Dynkin diagram. This is a graph with a node
for each simple root, and edges assigned by: ¢ and j are not connected if a;; = 0; they are
2 - . . .
singly connected if a;; is a block | ~ 1 9 }; we put a double arrow from j to ¢ when the (3, j)-

block is { _22 _21 } So for sl(n) we get the graph ®——*— -+ —* and for sp(n) we get

5.1.2.14 Lemma / Definition The identification b* = b lets us construct reflections of hb* by
sita— a— (o, Ya, where (,) is the pairing h* @ h — C that we had earlier written as {a, 3) =
a(B). These reflections generated the Weyl group W.

For each of sl(n) and sp(n), let R C b* be the set of roots and W the Weyl group. Then
W ~ R~ {0}. In particular, for sl(n), we have W = S,, the symmetric group on n letters, where
the reflection (i,i41) acts as si; W ~ R~ {0} is transitive. For sp(n), we have W = S,, x (Z/2)",
the hyperoctahedral group, generated by the reflections s; = (i,i+ 1) € S,, and s, the sign change,
and the action W ~ R~ {0} has two orbits. O

We will spend the rest of this chapter showing that the picture of sl(n) and sp(n) in this section
is typical of simple Lie algebras over C.

5.2 Representation theory of sl((2)

Our hero for this section is the Lie algebra sl((2,C) o (e,h, f : [e,f] = h, [h,e] = 2e, [h, f] =
—2f) ={z € Mat(2,C) s.t. trz =0}.
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5.2.0.1 Example As a subalgebra of Mat(2,C), sl(2) has a tautological representation on C2,

givenbyEH{g é}’FH{(l) 8},andeﬁ{(1) _01}Letvoandv1bethebasisvectors

of C2. Then the representation s[(2) ~ C2 has the following picture:

This is the infinitesimal verion of the action SL(2) ~ C? given by
T 1 -t x
ot | 2= 5 7]
Tz —ty
= .2.0.2
{ ) } (5.2.0.2)
d _ x —y
i exp(—te) = {{ y } — { 0 }} (5.2.0.3)
d T 0
T . exp(—tf) = {{ y } — { _:E }} (5.2.0.45

5.2.0.5 Example Since SL(2) ~ C?, it acts also on the space of functions on C?; by the previous
calculations, we see that the action is:

e=—y0z, [f=—x0y, h=—20;+y0,

These operations are homogenous — they preserve the total degree of any polynomial — and so

the symmetric tensor product S™(C?) = {homogeneous polynomials of degree n in x and y} is a
ef

submodule of SL(2) ~ {functions}. Let v; & (")x'y™" be a basis vector in S*(Cz & Cy). Then
the action SL(2) ~ S§?(C?) has the following picture:

y”—voo h=n

e}

ney” l=v, e

1= )7
g

h=n—2
(5)z?y" 2 = vy h=n—4 (5.2.0.6)

)=
)=
)
: O
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Let us call this module V;,. Then V,, is irreducible, because applying e enough times to any non-zero
element results in a multiple of vy, and vy generated the module. %

5.2.0.7 Proposition Let V' be any (n + 1)-dimensional irreducible module over s{(2). Then V =
V.

Proof Suppose that v € V is an eigenvector of h, so that hv = Av. Then hev = [h,e]v + ehv =
2ev + Aew, so ev is an h-eigenvector with eigenvalue A + 2. Similarly, fv is an h-eigenvector with
eigenvalue A — 2. So the space spanned by h-eigenvectors of V is a submodule of V; by the
irreducibility of V', and using the fact that h has at least one eigenvector, this submodule must be
the whole of V', and so h acts diagonally.

By finite-dimensionality, there is an eigenvector vy of A with the highest eigenvalue, and so
evp = 0. By Theorem 3.2.2.1, {f*e'h™} spans Usl(2), and so {v; def fivo/i!} is a basis of V' (by
irreducibility, V' is generated by vg). In particular, v,, = f"vg/n!, the (n+ 1)st member of the basis,
has fv, =0, since V is (n + 1)-dimensional.

We compute the action of e by induction, using the fact that hvy = (Ao — 2k)vg:

evp = 0 (5.2.0.8)
evy = efuvg = [e, flvg + fevg = hvg = Aovy (5.2.0.9)
evy = efv1/2 = e, flui /2 + fevi/2 = hv1 /2 + fAovp/2

= (Ao —2)v1/24+ Av1/2 = (Ao — 1)1 (5.2.0.10)

evy = efvg_1/k = hvg_1/k + fevi_1/k = (Mo — 2k 4+ 2)vp_1/k + (Mo — k + 2) fug_o/k
= ((Mo—2k+2)/k+ (k—1)(Ao = k+2)/k)vp—1 = (Mo — k + L)vp—1 (5.2.0.11)

But fv, =0, and so:

0=-efuv, =le, flon + fev, = hv, + (Ao —n+ 1) fop,—1
= (Ao —2n)v, + (Ao —n+ 1)nv, = ((n + 1o — (n+ 1)n)vn (5.2.0.12)

Thus Ao = n and V is isomorphic to V,, defined in equation (5.2.0.6). O

5.3 Cartan subalgebras

5.3.1 Definition and existence

5.3.1.1 Lemma Let § be a nilpotent Lie algebra over a field K, and h ~ V a finite-dimensional
representation. For h € h and A € C, define Vyj, = {v € V s.t. In s.t. (h—X)"v =0}. Then Vi,
is an h-submodule of V.

Proof Let ad : h ~ b be the adjoint action; since b is nilpotent, adh € End(h) is a nilpotent

endomorphism. Define b, def ker((ad h)m); then b,,) = b for m large enough. We will show that
B(m)Van € Van by induction on m; when m = 0, ) = 0 and the statement is trivial.
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Let y € by, whence [h,y] € b(y,_1), and let v € V) . Then (h — \)"v = 0 for n large enough,
and so

(h—=XN)"yv =y(h —N)"v+[(h— )", ylv (5.3.1.2)
=04+ [(h—=X)",ylv (5.3.1.3)
= > (h=XF[hyl(h— N (5.3.1.4)

k+l1=n—1

since [A,y] = 0. By increasing n, we can assure that for each term in the sum at least one of the
following happens: [ is large enough that (h — A\)'v = 0, or k is large enough that (b — A\)*V, ;, = 0.
The large-1 terms vanish immediately; the large-k terms vanish upon realizing that (h—A)Vj, x C Vj, 5
by definition and [h, y]Vix € Bn—1)Vax € Vi by induction on m. O

5.3.1.5 Corollary Let b be a nilpotent Lie algebra over K, h ~ V a finite-dimensional represen-
tation, and X\ : h — K a linear map. Then V) def Nhep Van),n @5 an h-submodule of V. ([l

5.3.1.6 Proposition Letl be a finite-dimensional nilpotent Lie algebra over an algebraically closed
field K of characteristic 0, and V' a finite-dimensional h-module. For each A € b*, define Vy as in
Corollary 5.5.1.5. Then V = @xcp V-

Proof Let hy,...,h € b, and let Hx C b be the linear span of the h;. Let W def ﬂle Vi) i
It follows from Theorem 4.2.3.2 that W = e Va1, since we can choose a basis of V' in which
h ~ V by upper-triangular matrices.

We have seen already that W is a submodule of V. Let hyy1 € Hy; then we can decompose W
into generalized eigenspaces of hy1. We proceed by induction on k£ until we have a basis of . [

5.3.1.7 Definition For X\ € b*, the space Vy in Corollary 5.3.1.5 is a weight space of V, and
V = @xcp Vi the weight space decomposition.

5.3.1.8 Lemma Let § be a finite-dimensional nilpotent Lie algebra over an algebraically closed
field of characteristic 0, and let V' and W be two finite-dimensional h modules. Then the weight
spaces of V@ W are given by (V @ W)\ = Barp=r Va ® Ws.

Proof h(v @ w) =hv @ w+ v ® hw O

5.3.1.9 Corollary Let g be a finite-dimensional Lie algebra over an algebraically closed field of
characteristic 0, and h C g a nilpotent subalgebra. Then the weight spaces of ad : h ~ g satisfy

[8a,08] C Gats- 0

5.3.1.10 Proposition Let g be a finite-dimensional Lie algebra over an algebraically closed field
of characteristic 0, and let h C g be a nilpotent subalgebra. The following are equivalent:

1. h = N(b) def {z € g s.t. [x,h] C b}, the normalizer of b in g.

2. h = go is the 0-weight space of ad : h ~ g.
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Proof Define N {z € gst. (adh)z C h}. Then N = and NV = N(p), and N® C
NG+ By finite-dimensionality, the sequence N(© € N1 C ... must eventually stabilize. By
definition |JN® = go, so 2. implies 1. But N0+t = N(N®), and so 1. implies 2. O

5.3.1.11 Definition A subalgebra b of g satisfying the equivalent conditions of Proposition 5.3.1.10
is a Cartan subalgebra of g.

5.3.1.12 Theorem (Existence of a Cartan Subalgebra)
Every finite-dimensional Lie algebra over an algebraically closed field of characteristic 0 has a
Cartan subalgebra.

Before we prove this theorem, we will need some definitions and lemmas.

5.3.1.13 Definition Let K be a field; we say that X C K" is Zariski closed if X = {z €
K™ s.t. pi(x) = 0Yi} for some possibly infinite set {p;} of polynomials in K[z1,...,z,]. A sub-
set X C K" is Zariski open iof K™ \ X s Zariski closed.

5.3.1.14 Lemma If K is infinite and U,V C K" are two non-empty Zariski open subsets, then
UNV is non-empty.

Proof Let U & K \ U and similarly for V. Let v € U and v € V. If u = v we're done,
and otherwise consider the line L C K" passing through u and v, parameterized K = L by
t+ tu+ (1 —t)v. Then LNU and L NV are finite, as their preimages under K — L are loci of
polynomials. Since K is infinite, L contains infinitely many points in U N V. g

5.3.1.15 Lemma / Definition Let g be a finite-dimensional Lie algebra over an algebraically
closed field of characteristic 0. An element x € g is regular if go , has minimal dimension. If x is
regular, then go s a nilpotent subalgebra of g.

Proof We will write h for go,. That b is a subalgebra follows from Corollary 5.3.1.9. Sup-

pose that b is not nilpotent, and let U def {h € b s.t. adhly if not nilpotent} # 0. Then U = {h €

h s.t. (adhly)? # 0} is a Zariski-open subset of h. Moreover, V def {h € b s.t. h acts invertibly on g/h}
is also a non-empty Zariski-open subset of ), where V is the quotient of h-modules; it is non-empty
because x € V. By Lemma 5.3.1.14 (recall that any algebraically closed field is infinite), there
exists y € U N V. Then ady preserves g, , for every o, as y € h = go4, and y acts invertibly
on every ga,, for a # 0. Thengoy C gox = b, but y € U and so goy # b. This contradicts the
minimality of b. O

Proof (of Theorem 5.3.1.12) Welet g, z € g, and h = go, be as in Lemma/Definition 5.3.1.15.
Then b C gop because b is nilpotent, and gop € go. = b because x € h. Thus b is a Cartan
subalgebra of g. O

We mention one more fact about the Zariski topology:

5.3.1.16 Lemma Let U be a Zariski open set over C. Then U is path connected.
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Proof Let u,v € U and construct the line L as in the proof of Lemma 5.3.1.14. Then LN U is
isomorphic to C \ {finite}, and therefore is path connected. O

5.3.1.17 Proposition Let g be a finite-dimensional Lie algebra over C. Then all Cartan subalge-
bras of g are conjugate by automophisms of g.

Proof Consider ad : g — gl(g). Then adg C gl(g) is a Lie subalgebra, and so corresponds to
a connected Lie subgroup Intg C GL(g) generated by exp(adg). Since g ~ g be derivations,
exp(ad g) ~ g by automorphisms, and so Int g C Aut g.

Let b C g be a Cartan subalgebra, and g = € g, the corresponding weight-space decomposi-
tion. Since g is finite-dimensional, the set

Ry o {hebhst. ah)#0if a#0and gop # 0} ={h €bhs.t. gop=h}

is non-empty and open, since we can take a to range over a finite set (by finite-dimensionality).

Let o : Int g X g — g be the canonical action, and consider the restriction to o : Int g x Ry — g.
Pick y € Ry and let e € Int g be the identity element. We compute the image of the infinitesimal
action do (T(e,y) (Int g x Rb)> C Tyg = g. By construction, varying the first component yields an
action by conjugation: x +— [z,y]. Thus the image of T.Intg x {0 € TRy} is (ady)(g). Since y
acts invertibly, (ady)(g) 2 @ax0 8a,p- By varying the second coordinate (recall that Ry is open),
we see that do (T(eyy) (Int g x Rh)) DO b = go, also. Thus do (T(eyy) (Int g x Rb)> =g =Tyg, and so
the image (Int g)(Ry) contains a neighborhood of y and therefore is open.

For each y € g, consider the generalized nullspace goy; the dimension of go, depends on
the characteristic polynomial of y, and the coeflicients of the characteristic polynomial depend
polynomially on the matrix entries of ady. In particular, dimgg, > r if and only if the last r
coeflicients of the characteristic polynomial of ady are 0, and so {y € g s.t. dimgg, > r} is Zariski
closed. Therefore y — dimgg, is upper semi-continuous in the Zariski topology. In particular,
let » be the minimum value of dim gg,, which exists since dim go, takes values in integers. Then

Reg def {y € gs.t. dimgoy = r}, the set of regular elements, is Zariski open and therefore dense.
In particular, Reg intersects (Int g)(Ry).

But if y € (Int g)(Ry) then dim g, = dimbh. Therefore dimb is the minimal value of dim g,
and in particular Ry C Reg. Conversely, Reg = Uy a cartan Bty = U’ a Cartan (Int @) Ry

However, Int g is a connected group, Ry is connected being C" minus some hyperplanes, and
Reg is connected on account of being Zariski open. But the orbits of (Int g)Ry are disjoint, and
their union is all of Reg, so Reg must consist of a single orbit.

To review: h is Cartan and so contains regular elements of g, and any other regular element of g
is in the image under Int g of a regular element of h. Thus every Cartan subalgebra is in (Int g)h.0]

5.3.2 More on the Jordan decomposition and Schur’s lemma

Recall Theorem 4.2.5.1 that every € End(V'), where V is a finite-dimensional vector spce over
an algebraically closed field, has a unique decomposition x = x5 + x,, where x, is diagonalizable
and x, is nilpotent. We will strengthen this result in the case when x € g — End(V) and g is
semisimple.
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5.3.2.1 Lemma Let g be a finite-dimensional Lie algebra over an algebraically closed field, and
Derg C End g the algebra of derivations of g. If x € Derg, then xg,x, € Derg.

Proof For x € Derg, construct the weight-space decomposition g = @, gr. of generalized
eigenspaces of x. Since x is a derivation, the weight spaces add: (g2, 8v.2] C gpu+v,e- Let y € Endg
act as A on gy ,; then y is a derivation by the additive property. But y is diagonalizable and
commutes with x, and x — y is nilpotent because all its eigenvalues are 0 so y = xs. g

We have an immediate corollary:

5.3.2.2 Lemma / Definition If g is a semisimple finite-dimensional Lie algebra over an alge-
braically closed field K, then every x € g has a unique Jordan decomposition x = x5+ x,, such that
[xs,zn]) = 0, ad x5 is diagonalizable, and ad x,, is nilpotent.

Proof If g is semisimple then ad : g — Derg is injective as Z(g) = 0 and surjective because
Der g/ ad g = Ext!(g,K) = 0. O

5.3.2.3 Theorem (Schur’s Lemma over an algebraically closed field)
Let U be an algebra over K an algebraically closed field, and let V' be a finite-dimensional (over K)
irreducible U-module. Then Endy (V) = K.

Proof Let ¢ € Endy (V) and A € K an eigenvalue of ¢. Then ¢ — X is singular and hence 0 by
Theorem 4.4.3.7. ([

5.3.2.4 Proposition Let g be a finite-dimensional semisimple Lie algebra over an algebraically
closed field of characteristic 0, and let o : g ~ V be a finite-dimensional g module. For x € g, write
xs and xy, as in Lemma/Definition 5.3.2.2, and write o(z)s and o(x), for the diagonalizable and
nilpotent parts of o(x) € gl(g) as given by Theorem 4.2.5.1. Theno(x)s = o(xs) and o(x), = o(zy).

Proof We reduce to the case when V is an irreducible g-module using Theorem 4.4.3.11, and we
write g = [] g; a product of simples using Corollary 4.3.0.4. Then g; ~ V as 0 for every i except
one, for which the action g; ~ V' is faithful. We replace g by that g;, whence o : g — gl(V') with g
simple.

It suffices to show that o(z)s € o(g), since then o(zs) = o(s) for some s € g, o(x), =
o(x) —o(s) = o(x — s), and s and n = x — s commute, sum to z, and act diagonalizably and
nilpotently since the adjoint action ad : g ~ g is a submodule of g ~ gl(V'), so s = x5 and n = xy,.

By semisimplicity, g = g’ C sl(V). By Theorem 5.3.2.3, the centralizer of g in gl(V') consists
of scalars. In characteristic 0, the only scalar in sl(V is 0, so the centralizer of g in sl(V) is 0.
Define the normalizer N(g) = {z € sl(V) s.t. [z,g] C g}; then N(g) is a Lie subalgebra of sl(V)
containing g, and N(g) acts faithfully on g since the centralizer of g in s[(V') is 0, and this action
is by derivations. But all derivations are inner, as in the proof of Lemma/Definition 5.3.2.2, and
so N(g) m g factors through g ~ g, and hence N(g) = g.

So it suffices to show that o(x)s € N(g) for z € g. Since o(z),, is nilpotent, it’s traceless, and
hence in sl(V'); then o(z)s € sl(V) as well. We construct a generalized eigenspace decomposition of
V' with respect to o(z) : V = @ Vi . Then o(z), acts on V) , by the scalar \. We also construct
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a generalized eigenspace decomposition g = @ g, With respect to the adjoint action ad : g ~ g.
Since g C gl(V'), we have gq > = gNEndg (V)o = @ Homg (V) 2, Vata,z), by tracking the eigenvalues
of the right and left actions of g on V.

Moreover, ad(o(x)s) = ad(o(xs)) because both act by a on Homg (V) 4, Vita,») and hence on
go. Thus o(z)s fixes g since o(z,) does. Therefore o(x)s € N(g). O

5.3.3 Precise description of Cartan subalgebras

5.3.3.1 Lemma Let g be a semisimple Lie algebra over characteristic 0, h C g a nilpotent subal-
gebra, and g = @ go the root space decomposition with respect to . Then the Killing form [ pairs
0o with g_o nondegenerately, and 5(ga, 8ar) =0 if a + o’ # 0.

Proof Let x € g, and y € go. For any h € b, (adh — a(h))"z = 0 for some n. So
0=pB((adh — a(h)" z,y) = B(z, (—adh — a(h)"y)

but (—adh — «a(h))" is invertible on g, unless @’ = —a. Nondegeneracy follows from nondegener-
acy of 8 on all of g. O

5.3.3.2 Corollary If g is a finite-dimensional semisimple Lie algebra over characteristic 0, and
let h C g a nilpotent subalgebra, then the largest nilpotency ideal in go of the action ad : go ~ g is
the O ideal.

Proof The Killing form 3 pairs gg with itself nondegenerately. As [ is the trace form of ad : gg ~ g,
and ad(g)-nilpotent ideal of gg must be in ker 5 = 0. O

5.3.3.3 Proposition Let g be a finite-dimensional semisimple Lie algebra over an algebraically
closed field K of characteristic 0, and let h C g be a Cartan subalgebra. Then b is abelian and
ad : h ~ g is diagonalizable.

Proof By definition, h is nilpotent and hence solvable, and by Theorem 4.2.3.2 we can find a basis
of g in which h ~ g by upper triangular matrices. Thus ' = [h, b] acts by strictly upper triangular
matrices and hence nilpotently on g. But h = go, and so b’ = 0 by Corollary 5.3.3.2. This proves
that h is abelian.

Let x € h. Then adzs = (adx)s acts as a(z) on g, and in particular zs centralizes h. So
Ts € go = bhand so x, = x — x5 € h. But if n € h acts nilpotently on g, then Kn is an ideal
of B, since b is abelian, and acts nilpotently on g, so Kn = 0 by Corollary 5.3.3.2. Thus z, =0
and x = xs. In particular, x acts diagonalizably on g. To show that h acts diagonalizably, we use
finite-dimensionality and the classical fact that if n diagonalizable matrices commute, then they
can by simultaneously diagonalized. O

5.3.3.4 Corollary Let g be a finite-dimensional semisimple Lie algebra over an algebraically closed
field of characteristic 0. Then a subalgebra b C g is Cartan if and only if b is a maximal diagonal-
1zable abelian subalgebra.
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Proof We first show the maximality of a Cartan subalgebra. Let h be a Cartan subalgebra and
h1 D b abelian. Then h; C gg = b because it normalizes b.

Conversely, let b be a maximal diagonalizable abelian subalgebra of g, and write g = @ g, the
weight space decomposition of h ~ g. We want to show that h = gg, the centralizer of . Pick
x € go; then zg,x, € go, and so zg € h by maximality. In particular, gg is spanned by b and
ad-nilpotent elements. Thus gg is nilpotent by Theorem 4.2.2.2 and therefore solvable, so g{, acts
nilpotently on g. But gf is an ideal of gy that acts nilpotently, so gj = 0, so go is abelian. Then
any one-dimensional subspace of gg is an ideal of gg, and a subspace spanned by a nilpotent acts
nilpotently, so go doesn’t have any nilpotents. Therefore gg = b. O

5.4 Root systems

5.4.1 Motivation and a quick computation

In any semisimple Lie algebra over C we can choose a Cartan subalgebra, to which we assign
combinatorial data. Since all Cartan subalgebras are conjugate, this data, called a root system, will
not depend on our choice. Conversely, this data will uniquely describe the Lie algebra, based on
the representation theory of s((2).

5.4.1.1 Definition Let g be a semisimple Lie algebra over C, and h a Cartan subalgebra. The
root space decomposition of g is the weight decomposition § = @, 9o of ad : h ~ g; each gq is
a root space, and the set of weights o € b* that appear in the root space decomposition comprise
the roots of g. By Proposition 5.3.1.17 the structure of the set of roots depends up to isomorphism
only on g.

5.4.1.2 Lemma / Definition Let g be a semisimple Lie algebra over C with Killing form 3, b a
Cartan subalgebra, and xo, € go for a # 0. To xo we can associate Yo, € g—o With B(Ta, Ya) = —1
and to the root a we associate a coroot hy with B(he,—) = a. Then {xu, Yo, ha} span a subalgebra
sl(2)q of g isomorphic to sl(2).

Proof That h, and y, are well-defined follows from the nondegeneracy of 8. For any h € h, x € g,,
and y € g_q, we have

B(h, [z, y]) = B[z, hl,y) (5.4.1.3)
= —a(h) B(z,y) (5.4.1.4)
Thus [z,y] = —B(x,y)ha. Moreover, since o € ga, [PasTa] = a(ha)Za, and since Yy, € g_q,

[hayyoa] = _a(ha)ya-

Thus Zq,Ya, ha span a three-dimensional Lie subalgebra of g, which is isomorphic to either
5[(2) or or the Heisenberg algebra. But in every finite-dimensional representation the Heisenberg
algebra acts nilpotently, whereas ad(h,) € End(g) is diagonalizable. Therefore this subalgebra is
isomorphic to s((2), and a(hy) # 0. O

5.4.1.5 Corollary Let o be a root of g. Then +a are the only non-zero roots of g in Ca, and
dimg, = 1. In particular, sl(2)q = ga © g—a ® Chy,.
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Proof We consider j, def Parcca{0} 9ar © Chyj; it is a subalgebra of g and an s5l(2),-submodule,
since [ga, 0o’] C Gatars and heq = chy for ¢ € C. Let o € Ca \ {0} be a root; as a weight of the
s[(2), representation, we see that o/ € Za/2. If any half-integer multiple of a actually appears,
then «/2 appears, and by switching « to «/2 if necessary we can assure that j, contains only
representations Va,,. But each V5, has contributes a basis vector in weight 0, and the only part
of jo in weight 0 is Ch,. Therefore j, is irreducible as an sl(2), module, contains sl(2),, and so
equals s[(2),. O

5.4.1.6 Corollary The roots a span b*, and the coroots hy span b.

Proof We let a range over the non-zero roots. Then

() kera = Z(g) =0 (5.4.1.7)
a#0
> Choa=g'Nbh=h (5.4.1.8)
a#0

That 7! : o+ hg is a linear isomorphism h* — b completes the proof. ]

5.4.1.9 Proposition Let g be a finite-dimensional semisimple Lie algebra over C, and h C g a
Cartan subalgebra. Let R C b* be the set of nonzero roots and RV C § the set of nonzero coroots.
Then a — oV & QQ(ZZ) defines a bijection V : R — R, and the triple (R, RY,V) comprise a root

system n f.

We will define the words “root system” in the next section to generalize the data already computed.

5.4.2 The definition

5.4.2.1 Definition A root system is a complex vector space b, a finite subset R C h*, a subset
RY C b, a bijection V : R — RY, subject to

RS1 (a,BY) € Z

RS2 R=—-R and RV = —RY, with (—a)¥ = —(a)

RS3 (a,a") =2

RS4 If o, 5 € R are not proportional, then (8 + Ca) N R consists of a “string”:

<(ﬁ—f—(Coz)ﬂR,ozv> ={mm-—-2,...,—m+2,—m}

Nondeg R spans b* and R spans b
Reduced Can R = {+a} for a € R.

Two root systems are isomorphic if there is a linear isomorphism of the underlying vector spaces,
inducing an isomorphism on dual spaces, that carries each root system to the other. The rank of a
root system is the dimension of .
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5.4.2.2 Definition Given a root system (R, R") on a vector space by, the Weyl group W C GL(h*)
is the group generated by the reflections s : A — X — (A, @Y )a as a ranges over R.

5.4.2.3 Proposition 1. It follows from RS3 that s> = e € W for each root .

2. 1t follows from RS4 that WR = R. Thus W is finite. Moreover, W preserves bg, the R-span
of R.

3. The W -average of any positive-definite inner product on by is a W-invariant positive-definite

inner product. Let (,) be a W -invariant positive-definite inner product. Then s, is orthogonal
2(\)
(o)

with respect to (), and $0 Sq : A — A— «. This inner product establishes an isomorphism

h = b*, under which oV — 2a/(a, a).
4. Therefore Reduced holds with R replaced by RY if it holds at all.

5. Let W act on b dual to its action on h*. Then w(a") = (wa)¥ for w € W and o € R. Thus
1

Swa = WSqW ™.
6. If VC bh* is spanned by any subset of R, then RNV and its image under V form another
nondegenerate root system.

7. Two root systems with the same Weyl group and lattices are related by an isomorphism. [

5.4.2.4 Definition Let R be a root system in b*. Define the weight lattice to be P def {\ €

h* s.t. (\,aV) € ZVa" € RV} and the root lattice Q to be the Z-span of R. Then RS1 implies
that R C Q C P C h*; by Nondeg, both P and Q are of full rank and so the index P : Q) is finite.
We define the coweight lattice to be PV and the coroot lattice to be QV.

5.4.3 Classification of rank-two root systems

By Reduced, there is a unique rank-one root system up to isomorphism, the root system of sl(2).

Let R be a rank-two root system; then its Weyl group W is a finite subgroup W C GL(2,R)
generated by reflections. The only finite subgroups of GL(2,R) are the cyclic and dihedral groups;
only the dihedral groups are generated by reflections, and so W =2 Dy, for some m. Moreover, W
preserves the root lattice Q.

5.4.3.1 Lemma The only dihedral groups that preserve a lattice are Dy, Dg, Dg, and D1s.

Proof Let ¢ be a rotation by 6. Its eigenvalues are e, and so tr(rg) = 2cosf. If ry preserves

a lattice, its trace must be an integer, and so 2cosf € {1,0,—1,—2}, as 2cosf = 2 corresponds
to the identity rotation, and |cosf| < 1. Therefore 6 € {m, 27 /3,7/2,7/3}, i.e. 6 = 27w/m for
m € {2,3,4,6}, and the only valid dihedral groups are Ds,, for these values of m. ]

5.4.3.2 Corollary There are four rank-2 root systems, corresponding to the rectangular lattice,
the square lattice, and the hexagonal lattice twice:
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0= 0=m/2

For each dihedral group, we can pick two reflections «y, s with a maximally obtuse angle;
these generate W and the lattice. On the next page we list the four rank-two root systems with
comments on their corresponding Lie groups:
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corresponding to the Lie algbera s((2) x sl(2) = s0(4)

corresponding to s[(3) acting on the traceless diagonals

50(5) = sp(4). (When we get higher up, the Bs and C's will
separate, and we will have a new sequence of Ds.)

a new simple algebra of dimension 14 = number of roots plus
dimension of root space. We will see later that its smallest
representation has dimension 7. There are many descriptions
of this representation and the corresponding Lie algebra; the
seven-dimensional representation comes from the Octonians,
a non-associative, non-commutative “field”, and G is the
automorphism group of the pure-imaginary part of the Oc-
tonians.
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5.4.3.3 Lemma / Definition The azioms of a finite root system are symmetric under the inter-
change R <+ RY. This interchange assigns a dual to each root system.

Proof Only RS4 is not obviously symmetric. We did not use RS4 to classify the two-dimensional
root systems; we needed only a corollary:

RS4’ W(R) = R,

which is obviously symmetric. But RS4 describes only the two-dimensional subspaces of a root
system, and every rank-two root system with RS4’ replacing RS4 in fact satisfies RS4. This
suffices to show that RS4’ implies RS4 for finite root systems. O

We remark that the statement is false for infinite root systems, and we presented the definition
we did to accommodate the infinite case. We will not discuss infinite root systems further.

5.4.4 Positive roots

5.4.4.1 Definition A positive root system consists of a (finite) root system R C b and a vector
v € hr so that a(v) # 0 for every root « € R. A root a € R is positive if a(v) > 0, and negative
otherwise. Let Ry be the set of positive roots and R_ the set of negative ones; then R = R, U R_,
and by RS2, R, = —R_.

The R>q-span of Ry is a cone in by, and we let A be the set of extremal rays in this cone.
Since the root system is finite, extremal rays are generated by roots, and we use Reduced to identify
extremal rays with positive roots. Then A C R is the set of simple roots.

5.4.4.2 Lemma If o and 8 are two simple roots, then o — B is not a root. Moreover, (a,3) <0

for a £ B.

Proof If o — f3 is a positive root, then a = 5 + (o — ) is not simple; if & — 3 is negative then g
is not simple.

For the second statement, assume that o and [ are any two roots with (a, ) > 0. If o # 3,
then they cannot be proportional, and we assume without loss of generality that («,a) < (3, 3).

Then sg(a) = a — 2(%)‘:6/,3))5 = a — 3, because 2(a, 3)/(8,8) = (o, ) is a positive integer strictly
less than 2. Thus a — 3 is a root if («, 5) > 0. d

5.4.4.3 Lemma Let R™ have a positive definite inner product (,), and suppose that vy, . ..,v, € R"
satisfy (vi,vj) < 0 if i # j, and such that there exists vyg with (vo,v;) > 0 for every i. Then
{vi,...,vn} is an independent set.

Proof Suppose that 0 = cjv1+- - -+c¢,v,. Renumbering as necessary, we assume that cy,...,c; > 0,
and Cxi1,...,0p < 0. Let v = o1 + -+ + g = |Cht1|Vk1 + -+ + |cn|vn. Then 0 < (v,v) =
(XF CiViy > j—g41 —CkVE) = Djk|cicj|(vi,v;) < 0, which can happen only if v = 0. But then
0 = (v,v0) = Y% 1 ci(vi,v9) > 0 unless all ¢; are 0 for i < k. Similarly we must have ¢; = 0 for
j > k+1, and so {v;} is independent. O

5.4.4.4 Corollary In any positive root system, the set A of simple roots is a basis of h*.
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Proof By Lemma 5.4.4.2, A satisfies the conditions of Lemma 5.4.4.3 and so is independent. But
A generates Ry and hence R, and therefore spans h*. O

5.4.4.5 Lemma Let A = {ay,...,a,} be a set of vectors in R™ with inner product (, ), and assume
that av; are all on one side of a hyperplane: there exists v such that (o, v) > 0 Vi. Let W be the group
generated by reflections S,,. Let Ry be any subset of R>oA \ {0} such that s;(Ry ~ {a;}) C Ry
for each i, and such that the set of heights {(c,v)}aer, € Rx>q is well-ordered. Then Ry C W(A).

Proof Let 5 € Ry. We proceed by induction on its height.
There exists ¢ such that (a;, ) > 0, because if (3,«;) < 0 Vi, then (8,8) = 0 since ( is a
positive combination of the a;s. Thus s;(8) =  — (positive)q;; in particular, (v, si(ﬁ)) < (v, B).
If 8 # «, then s;(8) € Ry by hypothesis, so by induction s;(5) € W(A), and hence 5 =
si(si(B)) € W(A). If B = oy, it’s already in W(A). O

5.4.4.6 Corollary Let R be a finite root system, Ry a choice of positive roots, and A the corre-
sponding set of simple roots. Then R = W (A), and the set {sq,}a,en generates W. O

5.4.4.7 Corollary Let R be a finite root system, Ry a choice of positive roots, and A the corre-
sponding set of simple roots. Then R C ZA and Ry C Z>oA. O

5.4.4.8 Proposition Let R be a finite root system, and Ry and R!_ two choices of positive roots.
Then Ry and R!,_ are W -conjugate.

Proof Let A be the set of simple roots corresponding to R. If A C R/, then R, C R/_. Then
R_ C R’ by negating, and Ry D R/, by taking complements, so Ry = R/,.

Suppose «; € A but a; € R!,, and consider the new system of positive roots s;(R/_), where
8; = Sq, is the reflection corresponding to ;. Then s;(R) ) N Ry D s;(R/, N R), because a system
of roots that does not contain a; does not lose anything under s;. But a; € R, so —a; € R/, , and
so o € s;(R!) and hence in s;(R/.) N Ry. Therefore |s;(R/)N R+’ > ’R’Jr N R+‘.

If si(R!) # R, then we can find o € A\ s;(R/.). We repeat the argument, at each step

making the set ’w(R;) N R+‘ strictly bigger, where w = ---s;s; € W. Since R, is a finite set,
eventually we cannot get any bigger; this can only happen when A C w(R!,), and so R = w(R/,).00

5.5 Cartan matrices and Dynkin diagrams

5.5.1 Definitions

5.5.1.1 Definition A finite-type Cartan matrix of rank n is an n x n matriz a;; satisfying the
following:

e a; =2 and Qij € Zgo fO’r’i 7&]
e ¢ is symmetrizable: there exists an invertible diagonal matriz d with da symmetric.

e q is positive: all principle minors of a are positive.
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An isomorphism between Cartan matrices a;; and b;; is a permutation o € Sy, such that a;; = by o ;.

5.5.1.2 Lemma / Definition Let R be a finite root system, Ry a system of positive roots, and

A = {aq,...,a,} the corresponding simple roots. The Cartan matrix of R is the matriz a;; def
(o, o) = 2(ai, o5) / (v, ).

The Cartan matriz of a root system is a Cartan matriz. It depends (up to isomorphism) only on
the root system. Conversely, a root system is determined up to isomorphism by its Cartan matriz.

Proof That the Cartan matrix depends only on the root system follows from Proposition 5.4.4.8.

That the Cartan matrix determines the root system follows from Corollary 5.4.4.6.

Given a choice of root system and simple roots, let d; dlef (0, ;)/2, and let d;; def d;d;; be the

diagonal matrix with the d;s on the diagonal. Then d is invertible because d; > 0, and da = (o, o)
is obviously symmetric. Let I C {1,...,n}; then the I x I principle minor of da is just [[;er d;
times the corresponding principle minor of a. Since d; > 0 for each ¢ and da is the matrix of a
positive-definite symmetric bilinear form, we see that a is positive. O

5.5.2 Classification of finite-type Cartan matrices

We classify (finite-type) Cartan matrices by encoding their information in graph-theoretic form
(“Dynkin diagrams”) and then classifying (indecomposable) Dynkin diagrams.

5.5.2.1 Definition Let a be an integer matriz so that every principle 2 X 2 sub-matriz has the
k

form {—2l _2 } with k,l € Z>o and either both k and l are 0 or one of them is 1. Let us call such
a matriz generalized-Cartan.

5.5.2.2 Lemma A Cartan matriz is generalized-Cartan. A generalized-Cartan matriz is not Car-
tan if any entry is —4 or less.

Proof Consider a 2 x 2 sub-matrix {_QZ _Zﬂ . Then if one of k£ and [ is non-zero, the other must
also be non-zero by symmetrizability. Moreover, kl < 4 by positivity, and so one of k and [ must
be 1. O

5.5.2.3 Definition Let a be a rank-n generalized-Cartan matriz. Its diagram is a graph on n
vertices with (labeled, directed) edges determined as follows:

Let 1 < 4,5 < mn, and consider the {i,j} x {i,j} submatriz of a. By definition, either k and I
are both 0, or one of them is 1 and the other is a positive integer. We do not draw an edge between
vertices i and j if k =1 = 0. We connect i and j with a single undirected edge if k =1 = 1. For

. . . . .12 -1
k = 2,3, we draw an arrow with k edges from vertex i to vertex j if the {i,j} block is {—k‘ 9 } .

5.5.2.4 Definition A diagram is Dynkin if its corresponding generalized-Cartan matriz is in fact
Cartan.
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5.5.2.5 Lemma / Definition The diagram of a generalized-Cartan matriz a is disconnected if
and only if a is block diagonal, and connected components of the diagram correspond to the blocks
of a. A block diagonal matriz a is Cartan if and only if each block is. A connected diagram is
indecomposable. We write “x” for the disjoint union of Dynkian diagrams. (Il

5.5.2.6 Example There is a unique indecomposable rank-1 diagram, and it is Dynkin: A; = e.
The indecomposable rank-2 Dynkin diagrams are:

Ay = o—o By =(Cy = e)—2 G2:o%5. O

5.5.2.7 Lemma / Definition A subdiagram of a diagram is a subset of the vertices, with edges
induced from the parent diagram. Subdiagrams of a Dynkin diagram correspond to principle sub-

matrices of the corresponding Cartan matrixz. Any subdiagram of a Dynkin diagram is Dynkin.
O

m

By symmetrizability, if we have a triangle . C ; » then the multiplicities must be related:

m = kl. So k or [ is 1, and you can check that the three possibilities all have determinant < 0.
Moreover, a triple edge cannot attach to an edge, and two double edges cannot attach, again by
positivity. As such, we will never need to discuss the triple-edge again.

5.5.2.8 Example There are three indecomposable rank-3 Dynkin diagrams:

A3 = o—e—o B3 = e——e—)>—0 C3= o——e—4— O

5.5.2.9 Definition Let a be a generalized-Cartan rank-n matriz. We can specify a vector in R™
by assigning a “weight” to each vertex of the corresponding diagram. The neighbors of a vertex are
counted with multiplicity: an arrow leaving a vertex contributes only one meighbor to that verter,
but an arrow arriving contributes as many neighbors as the arrow has edges. Naturally, each vertex
of a weighted diagram has some number of “weighted neighbors”: each neighbor is counted with
multiplicity and multiplied by its weight, and these numbers are summed.

5.5.2.10 Lemma Let a be a generalized-Cartan matriz, and think of a vector ¥ as a weighting
of the corresponding diagram. With the weighted-neighbor conventions in Definition 5.5.2.9, the
multiplication ax can be achieved by subtracting the number of weighted neighbors of each vertex
from twice the weight of that vertex.

Thus, a generalized-Cartan matriz is singular if its corresponding diagram has a weighting such
that each vertex has twice as many (weighted) neighbors as its own weight. O

5.5.2.11 Corollary A ring of single edges, and hence any diagram with a ring as a subdiagram,
18 not Dynkin.
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Proof We assign weight 1 to each vertex; this shows that the determinant of the ring is O:

5.5.2.12 Corollary The following diagrams correspond to singular matrices and hence are not
Dynkin:

o o9 o

Proof For example, we can show the last two as singular with the following weightings:
l1—2=p=3—2—1

2—44=3—2—1 ]

5.5.2.13 Lemma The following diagrams are not Dynkin:

\ Z
> £
L[4 )
\
>
L4

h'd
| | h'd

det = —4 det = —4 det = —8 not symmetrizable 0
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5.5.2.14 Corollary The indecomposable Dynkin diagrams with double edges are the following:

Ch= o—eo— ... — oo
Fy= o—e—>—-29 o

Proof Any indecomposable Dynkin diagram with a double edge is a chain. The double edge must
come at the end of the chain, unless the diagram has rank 4. (|

5.5.2.15 Lemma Consider a Y -shaped indecomposable diagram. Let the lengths of the three arms,
including the middle vertex, be k,l,m. Then the diagram is Dynkin if and only Zf% + % + % > 1.

Proof One can show directly that the determinant of such a diagram is klm(3 + 7 + = — 1). We
present null-vectors for the three “Egyptian fraction” decompositions of 1 — triples k, I, m such
that 1+ + 7+ = = 1:

2—1 3—2—1
1—2—3—2—1 2—4—3—2—1
2—4—6—>H—4—3—2—1

5.5.2.16 Corollary The indecomposable Dynkin diagrams made entirely of single edges are:

A,=— e—eo— ... —o
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All together, we have proven:

5.5.2.17 Theorem (Classification of indecomposable Dynkin diagrams)
A diagram is Dynkin if and only if it is a disjoint union of indecomposable Dynkin diagrams. The
indecomposable Dynkin diagrams comprise four infinite families and five “sporadic” cases:

B,= e—e— ... —e—p>—» I
Ch= o—eo— ... — oo

E; =
D,= e—eo— --.

Fg =

Fi= o6—e)>2eo o
G2:Q%Eo

O

5.5.2.18 Example We mention the small-rank coindidences. We can continue the FE series for
smaller n: F5 = D5, Eq4 = Ay, and E3 is sometimes defined as the disjoint union A; x Ay (E1, E»
are never defined). The B, C, and D series make sense for n > 2, whence By = Cy and Dy = A X A;
and D3 = A3. Some diagrams have nontrivial symmetries: for n > 1, the symmetry group of 4,
has order 2, and similarly for D,, for n # 4. The diagram D4 has an unexpected symmetry: its
symmetry group is S3, with order 6. The symmetry group of Ejg is order-2. %

5.6 From Cartan matrix to Lie algebra

In Theorem 5.5.2.17, we classified indecomposable finite-type Cartan matrices, and therefore all
finite-type Cartan matrices. We can present generators and relations showing that each indecompos-
able Cartan matrix is the Cartan matrix of some simple Lie algebra — indeed, the infinite families
A, By, Cy, and D,, correspond respectively to the classical Lie algebras sl(n,C), so(2n + 1,C),
sp(n,C), and so(2n,C) — and it is straightforward to show that a disjoint union of Cartan matrices
corresponds to a direct product of Lie algebras.

In this section, we explain how to construct a semisimple Lie algebra for any finite-type Cartan
matrix, and we show that a semisimple Lie algebra is determined by its Cartan matrix. This
will complete the proof of the classification of semisimple Lie algebras. Most, but not all, of the
construction applies to generalized-Cartan matrices; the corresponding Lie algebras are Kac-Moody,
which are infinite-dimensional versions of semisimple Lie algebras. We will not discuss Kac-Moody
algebras here.

5.6.0.1 Lemma / Definition Let A be a rank-n Dynkin diagram with vertices labeled a basis
{a1,...,an} of a vector space b*, and let a;; be the corresponding Cartan matriz. Since a;; is
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nondegenerate, it defines a map V : §* — b by a;; = (o), ;). We define § = ga to be the Lie
algebra generated by {e;, fi, hi}I'_, subject to the relations

[hi, €5] = (5.6.0.2)
[hz,f]] = a”L]f] (5603)
e, f5] = (5.6.0.4)
[hi, hs] = (5.6.0.5)

For each i, we write sl(2); for the subalgebra spanned by {e;, fi, hi}; clearly s1(2); = s[(2).

Let QQ = ZA be the root lattice of A. Then the free Lie algebra generated by {e;, fi, hi}i—, has a
natural Q-grading, by dege; = oy, deg fi = —ay, and degh; = 0; under this grading, the relations
are homogeneous, so the grading passes to the quotient ga .

Let b C § be the subalgebra generated by {h;}?_, ; then it is abelian and spanned by {h;}?_,. The
adjoint action ad : h ~ g is diagonalized by the grading: h; acts on anything of degree ¢ € Q by

(q,07).
Let ny. be the subalgebra of g generated by {eZ ', and let n_ be the subalgebra of g generated
by {fi}i—; the algebras ny are called the “upper- and “lower-triangular” subalgebras. O

5.6.0.6 Proposition Let A, §,b, s be as in Lemma/Definition 5.6.0.1. Then g =n_ & by as
vector spaces; this is the “triangular decomposition” of g.

Proof That fi_, b, ng intersect trivially follows form the grading, so it suffices to show that g =
Ai_+bh+ ;. By inspecting the relations, we see that (ad fi)n- C n_, (ad f)b C (fi) Ca_, and
(ad fi)ny C b+ . Therefore ad f; preserves fi_ + b -+f, h does so obviously, and ad e; does so by
the obvious symmetry f; <+ ;. Therefore i_ 4+ b + iy is an ideal of § and therefore a subalgebra,
but it contains all the generators of g. O

5.6.0.7 Proposition Let A, g be as in Lemma/Definition 5.6.0.1, and let X € b*. Write C(f1,..., fn)

for the free algebra generated by noncommuting symbols f1,..., fn and M) def C(f1y--- fu)ux for
its free module generated by the symbol vy. Then there exists an action of g on My such that:

fi (H fjk'l))\> = (fz H f]k) U\ (5.6.0.8)
hi (H fjk”/\> = <)\(hi> - Zai,jk> (H fj,ﬂ&) (5.6.0.9)
k
€ (H fjk“>\> = Z VTR fjk—lhifjk+1 i oa (5.6.0.10)
k s.t. jr=t
Proof We have only to check that the action satisfies the relations equations (5.6.0.2) to (5.6.0.5).
The @Q)-grading verifies equations (5.6.0.2), (5.6.0.3), and (5.6.0.5); we need only to check equa-
tion (5.6.0.4). When i # j, the action by e; ignores any action by f;, and so we need only check

that [e;, f;] acts by h;. Write f for some monomial f;, --- f;,. Then e;fi(fvy) = ei(fifvn) =
hifux + fiei(fvy), clear by the construction. O
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5.6.0.11 Definition The g-module M)y defined in Proposition 5.6.0.7 is the Verma module of g
with weight .

5.6.0.12 Corollary The map h — b is an isomorphism, so h < b. The upper- and lower-
triangular algebras n_ and ny are free on {f;} and {e;} respectively. O

5.6.0.13 Proposition Assume that A is an indecomposable system of simple roots, in the sense
that the Dynkin diagram of the Cartan matrixz of A is connected. Construct g as in Lemma/Definition 5.6.0.1.
Then any proper ideal of g is graded, contained in n_ + ny, and does not contain any e; or f;.

Proof The grading on § is determined by the adjoint action of h = h. Let a be an ideal of § and
a € a. Let a = 3" ayg, where g, are homogeneous of degree ¢ € Q. Then [h;, a] = 3 (g, ' )aqg,, and
so [h, a] has the same dimension as the number of non-zero coefficients a4; in particular, g, € [b, al.
Thus a is graded.

Suppose that a has a degree-0 part, i.e. suppose that there is some h € hNa. Since the Cartan
matrix a is nonsingular, there exists o; € A with a;(h) # 0. Then [fi, h] = ai(h)f; # 0, and so
fi€a

Now let a be any ideal with f; € a for some i. Then h; = [e;, f;] € a and e; = —%[ei,hi} € a.
But let a; be any neighbor of «; in the Dynkin diagram. Then a;; # 0, and so [fj, hs| = a4 f; # 0;
then f; € a. Therefore, if the Dynkin diagram is connected, then any ideal of g that contains some
fi (or some e; by symmetry) contains every generator of g. ]

5.6.0.14 Corollary Under the conditions of Proposition 5.6.0.13, g has a unique mazximal proper
ideal.

Proof Let a and b be any two proper ideals of g. Then the ideal a + b does not contain § or any
e; or f;, and so is a proper ideal. ]

5.6.0.15 Definition Let A be a system of simple roots with connected Dynkin diagram, and let
g = ga be defined as in Lemma/Definition 5.6.0.1. We define g = ga as the quotient of g by its
unique mazximal proper ideal. Then (h;,e;, f;) < @, where by (hi,e;, f;) we mean the linear span of
the generators of g. Since we quotiented by a maximal ideal, g is simple.

5.6.0.16 Theorem (Serre Relations)
Let g be as in Definition 5.6.0.15, and e;, f; the images of the corresponding generators of g. Then:

(ade;) '~ %ie; = 0 (5.6.0.17)
(ad f5)' % f; =0 (5.6.0.18)

Proof We will check equation (5.6.0.18); equation (5.6.0.17) is exactly analogous. Let s be the
left-hand-side of equation (5.6.0.18), interpreted as an element of g. We will show that the ideal
generated by s is proper.

When i = j, s = 0, and when i # j, aj; < 0, and so the degree of s is —a; — (> 1)a;. In
particular, bracketing with f; and hj only moves the degree further from 0. Therefore, the claim
follows from the following equation:

lex, sl = 0 for any k (5.6.0.19)
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When k # 1,7, [ex, fi] = [ex, f;] = 0. So it suffices to check equation (5.6.0.19) when k = i, j.
Let m = —aj;. When k = j, we compute:

(adej)(ad f;)" " f; = [ad ey, (ad £;)7™] f; + (ad ;)T (ad ;) f; (5.6.0.20)
= [adej, (ad f;) ] fi + 0 (5.6.0.21)

= é(ad £)" Hadle;, £;]) (ad £5)" £ (5.6.0.22)

- lf;ad £ ad ) (ad £ f (5.6.0.23)

= 32 (=ay,a¥)) — (s, a¥)) (ad )" (5.6.0.24)

N
Il
o

(-2t + m)) (ad f;)™ f; (5.6.0.25)
=
m(m + 1)
2

\]

I
~ N -~/
INagE

+ (m+ 1)m> (ad f;)™fi =0 (5.6.0.26)

where equation (5.6.0.21) follows by [e;, fj] = 0, equation (5.6.0.22) by the fact that ad is a Lie
algebra homomorphism, and the rest is equations (5.6.0.3) and (5.6.0.4), that m = —aj;, and
arithmetic.

When k =1, ¢; and f; commute, and we have:

(ade;)(ad f;) 7™ fi = [ad ej, (ad £;)" "] f; + (ad ;)T (ad &) f; (5.6.0.27)
=0+ (ad f;)' T (ad &) f; (5.6.0.28)
= (ad f))"T"h; =0 (5.6.0.29)

provided that m > 1. When m = 0, we use the symmetrizability of the Cartan matrix: if a;; = 0
then a;; = 0. Therefore

(ade;)(ad f;)' 7% fi = (ad &;)[f;, fi] = —(ade;)(ad fi)' = f;
which vanishes by the first computation. ]
We have defined for each indecomposable Dynkin diagram A a simple Lie algebra ga. If
A = Ay x Ag is a disjoint union of Dynkin diagrams, we define ga def gA, X 9A,-

5.6.0.30 Definition Let V' be a (possibly-infinite-dimensional) g-module. An element v € V is
integrable if for each i, the sl(2);-submodule of V' generated by v is finite-dimensional. We write
I(V) for the set of integrable elements of V.

5.6.0.31 Lemma Let V be a g-module. Then I(V') is a g-submodule.
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Proof Let N C V be an (n + 1)-dimensional irreducible representation of s[(2);; then it is iso-
morphic to V,, defined in Example 5.2.0.5. It suffices to show that e; N is contained within some
finite-dimensional s[(2); submodule of V for i # j; the rest follows by switching e <> f and per-
muting the indices, using the fact that {e;, f;} generate g.

Then N is spanned by { fikvo}gzo where vy € N is the vector annihilated by e;; in particular,
fi" vy = 0. Since e; and f; commute, e;N is spanned by { fikejvo}zzo. It suffices to compute
the s[(2); module generated by e;vg, or at least to show that it is finite-dimensional. The action
of h; on ejug is hiejug = ([hi,e;] + ejhi)vo = (aij + n)ejug. For k # n+ 1, fFejug = e;fFvy = 0.
Moreover, by Theorem 5.6.0.16, e¥ejvg = [eF, e;]vo + ejefvg = (ad e;)¥(ej)vo + 0, which vanishes for
large enough k. Then the result follows by Theorem 3.2.2.1 and the fact that [e;, f;] = h;. d

5.6.0.32 Corollary Let A be a Dynkin diagram and define g as above. Then g is ad-integrable.

Proof Since {ex, fr} generate g, it suffices to show that e and f; are ad-integrable for each k.
But the sl(2);-module generated by fi has fi as its highest-weight vector, since [e;, fi] = 0, and is
finite-dimensional, since (ad f;)" fx = 0 for large enough n by Theorem 5.6.0.16. O

5.6.0.33 Corollary The non-zero weights R of ad : g ~ g form a root system.

Proof Axioms RS1, RS2, RS3, RS4, and Nondeg of Definition 5.4.2.1 follow from the ad-
integrability. Axiom Reduced and that R is finite follow from Lemma 5.4.4.5. (|

5.6.0.34 Theorem (Classification of finite-dimensional simple Lie algebras)
The list given in Theorem 5.5.2.17 classifies the finite-dimensional simple Lie algebras over C.

Proof A Lie algebra with an indecomposable root system is simple, because any such system has
a highest root, and linear combination of roots generates the highest root, and the highest root
generates the entire algebra. So it suffices to show that two simple Lie algebras with isomorphic
root systems are isomorphic.

Let A be an indecomposable root system, and define g and g as above. Let g; be a Lie algebra
with root system A. Then the relations defining g hold in g1, and so there is a surjection g — g1; if
g1 is simple, then the kernel of this surjection is a maximal ideal of g. But g has a unique maximal
ideal, and g is the quotient by this ideal; thus g; = g. O

5.6.0.35 Example The families ABC'D correspond to the classical Lie algebras: A,, <> sl(n+ 1),
B, < s0(2n+ 1), C,, <> sp(n), and D,, <> s0(2n). We recall that we have defined sp(n) as the Lie
algebra that fixes the nondegenerate antisymmetric 2n x 2n bilinear form: sp(n) C gl(2n). The
EFG Lie algebras are new.

The coincidences in Example 5.5.2.18 correspond to coincidences of classical Lie algebras:
50(6) = sl(4), so(5) = sp(2), and so0(4) = sl(2) x sl(2). The identity so(3) = sl(2) suggests
that we define By = A; = e, but s[(2) is not congruent to sp(1) or to s0(2), so we do not assign
meaning to Cy or D1, and justifying the name B; for e but not ' is ad hoc. %
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Exercises

1. (a)

(b)

(b)

Show that SL(2,R) is topologically the product of a circle and two copies of R, hence it
is not simply connected.

Let S be the simply connected cover of SL(2,R). Show that its finite-dimensional com-
plex representations, i.e., real Lie group homomorphisms S — GL(n, C), are determined
by corresponding complex representations of the Lie algebra Lie(S)® = sl(2,C), and
hence factor through SL(2,R). Thus S is a simply connected real Lie group with no
faithful finite-dimensional representation.

Let U be the group of 3 x 3 upper-unitriangular complex matrices. Let I' C U be the
cyclic subgroup of matrices

S O =
O = O

m

01,

1

where m € Z. Show that G = U/I" is a (non-simply-connected) complex Lie group that

has no faithful finite-dimensional representation.

Adapt the solution to Set 4, Problem 2(b) to construct a faithful, irreducible infinite-
dimensional linear representation V of G.

3. Following the outline below, prove that if h C gl(n,C) is a real Lie subalgebra with the
property that every X € b is diagonalizable and has purely imaginary eigenvalues, then the
corresponding connected Lie subgroup H C GL(n,C) has compact closure (this completes
the solution to Set 1, Problem 7).

(a)
(b)

()

(d)

Show that ad X is diagonalizable with imaginary eigenvalues for every X € b.

Show that the Killing form of b is negative semidefinite and its radical is the center of
h. Deduce that § is reductive and the Killing form of its semi-simple part is negative
definite. Hence the Lie subgroup corresponding to the semi-simple part is compact.

Show that the Lie subgroup corresponding to the center of h is a dense subgroup of a
compact torus. Deduce that the closure of H is compact.

Show that H is compact — that is, closed — if and only if it further holds that the
center of h is spanned by matrices whose eigenvalues are rational multiples of 7.

4. Let V,, = 8"(C?) be the (n + 1)-dimensional irreducible representation of sl(2, C).

(a)

(b)

Show that for m < n, Vi, ® Vi, 2 Ve @ Viemma2 @ -+ @ Viam, and deduce that the
decomposition into irreducibles is unique.

Show that in any decomposition of V1®" into irreducibles, the multiplicity of V,, is equal
to 1, the multiplicity of V;,_gy, is equal to (}) — (,”;) for k=1,...,|n/2], and all other
irreducibles V;,, have multiplicity zero.
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5. Let a be a symmetric Cartan matrix, i.e. a is symmetric with diagonal entries 2 and off-

diagonal entries 0 or —1. Let I' be a subgroup of the automorphism group of the Dynkin
diagram D of a, such that every edge of D has its endpoints in distinct I' orbits. Define the
folding D' of D to be the diagram with a node for every I' orbit I of nodes in D, with edge
weight k from I to J if each node of I is adjacent in D to k nodes of J. Denote by a’ the
Cartan matrix with diagram D’.

(a) Show that o’ is symmetrizable and that every symmetrizable generalized Cartan matrix
(not assumed to be of finite type) can be obtained by folding from a symmetric one.
(b) Show that every folding of a finite type symmetric Cartan matrix is of finite type.

(c) Verify that every non-symmetric finite type Cartan matrix is obtained by folding from
a unique symmetric finite type Cartan matrix.

. An indecomposable symmetrizable generalized Cartan matrix a is said to be of affine type if

det(a) = 0 and all the proper principal minors of a are positive.

(a) Classify the affine Cartan matrices.

(b) Show that every non-symmetric affine Cartan matrix is a folding, as in the previous
problem, of a symmetric one.

(c) Let b be a vector space, o; € h* and o, € h vectors such that a is the matrix (a;, o).
Assume that this realization is non-degenerate in the sense that the vectors «; are linearly
independent. Define the affine Weyl group W to be generated by the reflections s,,, as
usual. Show that W is isomorphic to the semidirect product Wy x Q where Q and W)
are the root lattice and Weyl group of a unique finite root system, and that every such
Wy x Q occurs as an affine Weyl group.

(d) Show that the affine and finite root systems related as in (c) have the property that the
affine Dynkin diagram is obtained by adding a node to the finite one, in a unique way if
the finite Cartan matrix is symmetric.

. Work out the root systems of the orthogonal Lie algebras so(m, C) explicitly, thereby verifying

that they correspond to the Dynkin diagrams B,, if m = 2n + 1, or D,, if m = 2n. Deduce
the isomorphisms so(4,C) = s[(2,C) x sl(2,C), so(5,C) = sp(4,C), and s0(6,C) = sl(4,C).

. Show that the Weyl group of type B, or C, (they are the same because these two root

systems are dual to each other) is the group S,, X (Z/2Z)™ of signed permutations, and that
the Weyl group of type D, is its subgroup of index two consisting of signed permutations
with an even number of sign changes, i.e., the semidirect factor (Z/27)" is replaced by the
kernel of S,-invariant summation homomorphism (Z/2Z)" — Z/27Z

. Let (b, R, RY) be a finite root system, A = {aq,...,a,} the set of simple roots with respect

to a choice of positive roots R, s; = s,, the corresponding generators of the Weyl group W.
Given w € W, let [(w) denote the minimum length of an expression for w as a product of the
generators s;.
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(a)

(e)

If w=s;...5, and w(a;) € R_, show that for some k we have a;, = s;,_, ...s; (q;),
and hence s;, si,, - .. 8i, = Si,, ---5i,8j. Deduce that l(ws;) = l(w) — 1 if w(ay;) € R_.
Using the fact that the conclusion of (a) also holds for v = ws;, deduce that l(ws;) =
l(w) +1if w(ey) € R—.

Conclude that I(w) = |w(R4+) U R_| for all w € W. Characterize {(w) in more explicit
terms in the case of the Weyl groups of type A and B/C.

Assuming that b is over R, show that the dominant cone X = {\ € b : (\, o)) >
0 for all i} is a fundamental domain for W, i.e., every vector in h has a unique element
of X in its W orbit.

Deduce that |[W| is equal to the number of connected regions into which b is separated
by the removal of all the root hyperplanes (A, a"), a¥ € RV.

10. Let hq,...,h, be linear forms in variables x1,..., 2, with integer coefficients. Let F, denote

11

12

13

14

(a)

the finite field with ¢ = p® elements. Prove that except in a finite number of “bad” charac-
teristics p, the number of vectors v € Fy such that hi(v) = 0 for all i is given for all ¢ by a
polynomial x(¢q) in ¢ with integer coefficients, and that (—1)"x(—1) is equal to the number
of connected regions into which R" is separated by the removal of all the hyperplanes h; = 0.

Pick your favorite finite root system and verify that in the case where the h; are the root
hyperplanes, the polynomial x(q) factors as (¢ —e1) ... (¢ — e,) for some positive integers e;
called the exponents of the root system. In particular, verify that the sum of the exponents
is the number of positive roots, and that (by Problem 9(e)) the order of the Weyl group is

[L(1+e:)

. The height of a positive root « is the sum of the coeflicients ¢; in its expansion o = Y ; ¢;c;
on the basis of simple roots.

Pick your favorite root system and verify that for each k > 1, the number of roots of height
k is equal to the number of the exponents e; in Problem 10 for which e; > k.

. Pick your favorite root system and verify that if A denotes the height of the highest root
plus one, then the number of roots is equal to h times the rank. This number h is called
the Cozeter number. Verify that, moreover, the multiset of exponents (see Problem 10) is
invariant with respect to the symmetry e; — h — e;.

. A Cozeter element in the Weyl group W is the product of all the simple reflections, once each,
in any order. Prove that a Coxeter element is unique up to conjugacy. Pick your favorite
root system and verify that the order of a Coxeter element is equal to the Coxeter number
(see Problem 12).

. The fundamental weights \; are defined to be the basis of the weight lattice P dual to the
basis of simple coroots in QV, i.e., (\;, a}/> = 0;j-

Prove that the stabilizer in W of \; is the Weyl group of the root system whose Dynkin
diagram is obtained by deleting node ¢ of the original Dynkin diagram.
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15.

16.

17.

18.
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(b) Show that each of the root systems Eg, E7, and Eg has the property that its highest root
is a fundamental weight. Deduce that the order of the Weyl group W (E}) in each case
is equal to the number of roots times the order of the Weyl group W (Ej_1), or W(Ds)
for k = 6. Use this to calculate the orders of these Weyl groups.

Let eq, ..., eg be the usual orthonormal basis of coordinate vectors in Euclidean space R®. The
root system of type Eg can be realized in R® with simple roots o;; = e; —e; 1 fori =1,...,7
and

B ( 1 1 11111 1)
w=\"g y ryrrya
Show that the root lattice @ is equal to the weight lattice P, and that in this realization, @
consists of all vectors 8 € Z® such that $°; §; is even and all vectors 3 € (%, %, %, %, %, %, %, %) +
78 such that 3; B; is odd. Show that the root system consists of all vectors of squared length
2 in @, namely, the vectors +e; £ ¢; for i < j, and all vectors with coordinates :t% and an

odd number of coordinates with each sign.

Show that the root system of type Fy has 24 long roots and 24 short roots, and that the roots
of each length form a root system of type D4. Show that the highest root and the highest
short root are the fundamental weights at the end nodes of the diagram. Then use Problem
14(a) to calculate the order of the Weyl group W (Fy). Show that W (Fjy) acts on the set of
short (resp. long roots) as the semidirect product Ss x W(Ds), where the symmetric group
S3 on three letters acts on W (D,) as the automorphism group of its Dynkin diagram.

Pick your favorite root system and verify that the generating function W (t) = S pew t') is
equal to [[; (1 + ¢+ --- +t%), where e; are the exponents as in Problem 10.

Let S be the subring of W-invariant elements in the ring of polynomial functions on §. Pick
your favorite root system and verify that S is a polynomial ring generated by homogeneous
generators of degrees e; + 1, where e; are the exponents as in Problem 10.



Chapter 6

Representation Theory of Semisimple
Lie Groups

6.1 Irreducible Lie-algebra representations

Any representation of a Lie group induces a representation of its Lie algebra, so we start our story
there. We recall Theorem 4.4.3.11: any finite-dimensional representation of a semisimple Lie algebra
is the direct sum of simple representations. In Section 5.2 we computed the finite-dimensional simple
representations of s[(2); we now generalize that theory to arbitrary finite-dimensional semisimple
Lie algebras.

6.1.0.1 Lemma / Definition Let g be a semisimple Lie algebra with Cartan subalgebra b and
root system R, and choose a system of positive roots Ry. Let ny = @ocpr, 9o be the upper- and
lower-triangular subalgebras; then g = n_ ® bh S ny as a a vector space. We define the Borel
subalgebra b = h @ ny, and ny is an ideal of b with h = b/n .

Pick X\ € b*; then b has a one-dimensional module Cvy, where hvy = A(h)vy for h € b and
Nypvy = 0.

As a subalgebra, b acts on g from the right, and so we define the Verma module of g with weight
A by:

M), df Ug Ry Coy (6.1.0.2)

As a vector space, My = Un_ ®c Cuy. It is generated as a g-module by vy with the relations
hvy = A(h)vy, nyvy =0, and no relations on the action of n_ except those from g.

Proof The explicit description of M) follows from Theorem 3.2.2.1: Ug = Un_ @ Uh ® Un, as
vector spaces. ]

6.1.0.3 Corollary Any module with highest weight X is a quotient of M. U

6.1.0.4 Lemma Let A = {aq,...,an} be the simple roots of g, and let Q L 7N be the root lattice
and Q4+ def Z>oA. Then the weight grading given by the action of b on the Verma module M) is:

My = @ (M)\),\_g (6.1.0.5)
BEQ+

95
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Moreover, let N C M) be a proper submodule. Then N C @peq, {0y (Mx)y_s-

Proof The description of the weight grading follows directly from the description of M) given in
Lemma/Definition 6.1.0.1. Any submodule is graded by the action of h. Since (M)y)) = Cuvy is
one-dimensional and generates M), a proper submodule cannot intersect (M)),. ]

6.1.0.6 Corollary For any A € h*, the Verma module M)y has a unique mazximal proper submodule.
The quotient My — Ly is an irreducible g-module. Conversely, any irreducible g-module with
highest weight X is isomorphic to Ly, since it must be a quotient of My by a maximal ideal. (Il

6.1.0.7 Definition Let g be a semisimple Lie algebra and A = {ay,...,an}. We recall the root

lattice Q ©f 7N and the weight lattice P def {Neb* st. (\,QV) CZ}. A dominant integral weight

is an element of Py € {\ e P s.t. (\,aY) > 0Vi}.

We recall Definition 5.6.0.30.

6.1.0.8 Proposition If A € P, then Ly consists of integrable elements.

Proof Since L) is irreducible, its submodule of integrable elements is either 0 or the whole module.
So it suffices to show that if A € Py, then vy is integrable. Pick a simple root a;. By construction,
e;vy = 0 and hyvy = (A, )vy. Since A € Py, (A, o)) = m > 0 is an integer. Consider the s[(2);-
submodule of M) generated by wy; if m is a nonnegative integer, from the representation theory
of s1(2) we know that eiff”rlv)\ = 0. But if j # 4, then ejfimﬂw = fZ”Hejv)\ = 0. Recalling the
grading, we see then that fzmﬂv,\ generates a submodule of M), and so fimHv,\ — 0in Ly. Hence
the sl(2);-submodule of Ly generated by vy is finite, and so v) is integrable. ]

6.1.0.9 Definition Let g be a semisimple Lie algebra. We define the category O to be a full
subcategory of the category g-MOD of (possibly-infinite-dimensional) g modules. The objects X € O
are required to satisfy the following conditions:

o The action h ~ X is diagonalizable.
o For each A € b*, the weight space X is finite-dimensional.

o There exists a finite set S C h* such that the weights of X lie in S + (—Q4).

6.1.0.10 Lemma The category O s closed under submodules, quotients, extensions, and tensor
products.

Proof The h-action grades subquotients of any graded module, and acts diagonally. An extension
of graded modules is graded, with graded components extensions of the corresponding graded
components. Since g is semisimple, any extension of finite-dimensional modules is a direct sum,
and so the h-action is diagonal on any extension of objects in O. Finally, tensor products are
handled by Lemma 5.3.1.8. O
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6.1.0.11 Definition Write the additive group b* multiplicatively: X — z*. The group algebra

Z[*] is the algebra of “polynomials” " c;x™i, with the obvious addition and multiplication. Le.
Z[b*] is the free abelian group @ ey Zax?, with multiplication given on a basis by x zt = zMH,
Let Z[—Q4] be the subalgebra of Z[h*] generated by {z* s.t. — X\ € Q4}. This has a natural

topology given by setting ||z~ || = ¢~ for «; a simple root and ¢ some real constant with ¢ > 1.
We let Z[[-Q+]] be the completion of Z]|—Q+] with respect to this topology. Equivalently, Z[[—Q+]]
1s the algebra of formal power series in the variables x=1, ..., x~ % with integer coefficients.

Then Z[—Q+] is a subalgebra of both Z[h*] and Z[[—Q+]]. We will write Z[h*,—Q+]] for the
algebra Z[h*] ®z1_q,) Z[[-Q+]].

The algebra Z[h*, —Q4]] is a formal gadget, consisting of formal fractional Laurant series. We use
it as a space of generating functions.

6.1.0.12 Definition Given X € O, its character is ch(X) € Z[h*, —Q.]] by:

ch(X) < 3 dim(Xy)a (6.1.0.13)
A a weight of X

We remark that every coefficient of ch(X) is a nonnegative integer, and if Y is a subquotient

6.1.0.14 Example Let M) be the Verma module with weight A, and let R4 be the set of positive

roots of g. Then
A 00
z def A —la
ch(M)y) = — =2 I | E x (6.1.0.15)
HaER+(1 -z a) a€R, 1=0

This follows from Theorem 3.2.2.1, the explicit description of M) = Un_®Cuvy, and some elementary
combinatorics. O

6.1.0.16 Proposition Let g be simple Lie algebra, Py the set of dominant integral weights, and
W the Weyl group. Let A € Py, and Ly the irreducible quotient of My given in Corollary 6.1.0.6.
Then:

1. ch(Ly) is W-invariant.
2. If p is a weight of Ly, then p € W(v) for somev € Py N(A—Q4).
3. Ly s finite-dimensional.

Conwversely, every finite-dimensional irreducible g-module is Ly for a unique \ € Py.

Proof 1. We use Proposition 6.1.0.8: L) consists of integrable elements. Let «; be a root of
g; then L) splits as an s((2); module: Ly = @ V,, where each V, is an irreducible s[(2);
submodule. In particular, V, = Cvg m ® Cvgm—2--- ® Cvq,—y, for some m depending on a,
where h; acts on Cv,y by I. But ch(Ly) = Y, ch(Va) = Y0 > je—m —m+2,...m h(Cvgm). Let
ch(@(va)l) = gtal; then (pg 1, o) = I by definition, and v, ;—9 € f;Cv,, and S0 Sifiq; = fia,—i-

This shows that ch(V) is fixed under the action of s;, and so ch(Ly) is also s;-invariant. But
the reflections s; generate W, and so ch(L)) is W-invariant.
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2. We partially order P: v < p if p — v € Q4. In particular, the weights of Ly are all less than
or equal to A.

Let A € P. Then s;(A) = A — (A, )y, and so W(A) C A+ Q. If A € Py then (\, ;) > 0 for
every i and so s; < \; if A € P~ Py then there is some i with (\, o) < 0, i.e. some i with
si(A) > A. But W is finite, so for any A\ € P, W(A) has a maximal element, which must be
in Py. This proves that P = W (Py).

Thus, if p is a weight of Ly, then u € W(v) for some v € P,. But by 1., v is a weight of Ly,
and so v < A. This proves statements 2.

Moreover, the W-invariance of ch(Ly) shows that if A € Py, then W(A) C A — Q4, and
moreover that P, is a fundamental domain of W.

3. The Weyl group W is finite. Consider the two cones R>oP; and —R>o(Q ;. Since the inner
product (the symmetrization of the Cartan matrix) is positive definite and by construction
the inner product of anything in R>¢ Py with anything in —R>0@ is negative, the two cones
intersect only at 0. Thus there is a hyperplane separating the cones: i.e. there exists a linear
functional n : b — R such that its value is positive on P, but negative on —@Q4. Then
A — Q4 is below the n = n(\) hyperplane. But —@Q is generated by —a;, each of which has
a negative value under 7, and so A — Q4 contains only finitely many points p with n(u) > 0.
Thus Py N (A — Q) is finite, and hence so is its image under W.

For the converse statement, let L be a finite-dimensional irreducible g-module, and let v € L
be any vector. Then consider nyv, the image of v under repeated application of various e;s. By
finite-dimensionality, n,v must contain a vector | € nyv so that e;l = 0 for every i. By the sl(2)
representation theory, I must be homogeneous, and indeed a top-weight vector of L, and by the
irreducibility [ generates L. Let the weight of [ be A; then the map vy — [ generates a map M) — L.
But M) has a unique maximal submodule, and since L is irreducible, this maximal submodule must
be the kernel of the map My — L. Thus L = L. O]

6.1.1 Weyl Character Formula

In this section we compute the characters of the irreducible representations of a semisimple Lie
algebra.

6.1.1.1 Lemma / Definition Let g be a semisimple Lie algebra, b its Cartan subalgebra, and
A ={aq,...,an} its simple root system. For each i = 1,...,n, we define a fundamental weight
A; € h* by <Az,a;/> = 51] Then P+ = ZZO{AM ceey An}

The following are equivalent, and define the Weyl vector p:

1Lop=31" M Le (p,af) =1 for every j.
2. p= %ZCMGRJr G.

Proof Let py = § Y aep, a. Since si(Ry~{os}) = Ry but s;(a;) = —ay, we see that s;(p) = p—au,
and so (p, ) =1 for every i. The rest is elementary linear algebra. O
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6.1.1.2 Theorem (Weyl Character Formula)
Let sign : W — {£1} be given by sign(w) = dety w; i.e. sign is the group homomorphism generated
by s; — —1 for each i. Let A\ € Py. Then:

Z sign(w) 2 e)—p Z sign(w) z+e)

ch(Ly) = “&¥ = weW 6.1.1.3
( )‘) H (1 _ x—a) H (:L‘a/2 _ l‘_a/2) ( )
acR acER L

The equality of fractions follows simply from the description p = %Zae R Q

6.1.1.4 Remark The sum in equation (6.1.1.3) is finite. Indeed, the numerator and denominator
on the right-hand-side fraction are obiously antisymmetric in W, and so the whole expression is
W-invariant. The numerator on the left-hand-side fraction is a polynomial, and each (1 — x~%) is
invertible as a power series: (1 — 2~ %)~! = $7%° (27" So the fraction is a W-invariant power
series, and hence a polynomial. O

To prove Theorem 6.1.1.2 we will need a number of lemmas. In Example 6.1.0.14 we computed
the character of the Verma module M. Then Theorem 6.1.1.2 asserts:

ch(Ly) = Z sign(w) Ch(Mw(Aer),p) (6.1.1.5)
weW
As such, we will begin by understanding M) better. We recall Lemma/Definition 4.4.1.3: Let (,)
be the Killing form on g, and {z;} any basis of g with dual basis {y;}, i.e. (z;,y;) = d;; for every
1,7; then ¢ =" z;y; € Ug is central, and does not depend on the choice of basis.

6.1.1.6 Lemma Let A € h* and M) the Verma module with weight \. Let ¢ € Ug be the Casimir,
corresponding to the Killing form on g. Then ¢ acts on M)y by multiplication by (A, X + 2p).

Proof Let g have rank n. Write R for the set of roots of g, R, for the positive roots, and A for
the simple roots, as we have previously.

Recall Lemma 5.3.3.1. We construct a basis of g as follows: we pick an orthonormal basis {u; }/* ;
of h. For each o a non-zero root of g, the space g, is one-dimensional; let x, be a basis vector in
go- Then the dual basis to {u;}}-; U{Za}acr{o} i {¢i}f=1 U {Yatacr {0}, Where yo = (x:,;:i@)‘
Then:

C—Zu + Z xaya—Zu + Z 7%@_ Zu + Z :L'ax_a—l-:r_)axa

a€R~{0} =1 aER~{0} aERL ZL’a, L
(6.1.1.7)

Since M) is generated by its highest weight vector vy, and c is central, to understand the action
of ¢ on M) it suffices to compute cvy. We use the fact that for « € Ry, z,v) = 0; then

TaT—aqUx = hoUx + T_aqxaUy = havy = A(hqa) vy (6.1.1.8)
where for each o € R we have defines hy € h by hy = [Tq, T—o|. Moreover, (,) is g-invariant, and
[has o] = a(ha)xq, where a(hy) # 0. So:

1

1 (ha, ha)
a(ha)

a(ha)

(Tay T—g) = ([ha,xa],x_a> = (ha, [:):a,:r_a]) = (6.1.1.9)

a(hq)
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We also have that u;vy = A(u;)vy, and since {u;} is an orthonormal basis, (A, \) = Z?Zl()\(ui))Q.
Thus:

cuy = Z()\(ui)>2w+ Z %w e ( (M A) + Z (ha h ) )) V) (6.1.1.10)

=1 acRy a(ha) acRy

We recall that h, is proportional to o, that (a, ) = 4/(a¥,a), and that A(a") = (A, a)/(«, ).
Then W = (A, ), and so:

ha)
Alha) a(ha)
2 1111
)\)\+Z hwh) =AM+ Y (Na) =\ A+2p) (6 )
acR acR L
Thus ¢ acts on M) by multiplication by (A, A + 2p). O

6.1.1.12 Lemma / Definition Let X be a g-module. We weight vector v € X is singular if
nyv = 0. In particular, any highest-weight vector is singular, and conversely any singular vector s
the highest weight vector in the submodule it generates. O

6.1.1.13 Corollary Let A € P, and M) the Verma module with weight A\. Then M) contains
finitely many singular vectors, in the sense that their span is finite-dimensional.

Proof Let C* be the set ¢ % {pePst. (u+p,p+p)=A+p, +p)}. Then C* is a sphere
in P centered at —p, and in particular it is a finite set. On the other hand, since (u + p, u + p) =
(1, o+ 2p) + (p, p), we see that:

= {p € Ps.t. cacts on M, by (\,A\+2p)} (6.1.1.14)

Recall that any module with highest weight ;1 is a quotient of M,. Let v € M), be a non-zero
singular vector with weight . Then on the one hand cv = (A, A\ + 2p)v, since v € M), and on the
other hand cv = (i, 1 + 2p), since v is in a quotient of M,,. In particular, p € C?. But the weight
spaces (M), of M)y are finite-dimensional, and so the dimension of the space of singular vectors is
at most Y, con dim((MA)M) < 0. O

6.1.1.15 Corollary Let A € P. Then there are nonnegative integers by, such that
ch My =) byuchL, (6.1.1.16)

and by, = 0 unless pp < X and p € C*. Moreover, by =0.

Proof We construct a filtration on M. Since M) has only finitely many non-zero singular vectors,
we choose w; a singular vector of minimal weight uq, and let F1 M) be the submodule of M)
generated by w;. Then Fy M), is irreducible with highest weight ;. We proceed by induction,
letting w; be a singular vector of minimal weight in M) /F;_1M,, and F;M, the primage of the
subrepresentation generated by w;. This filters Mjy:

0=FyMy, C F M, C ... (6.1.1.17)
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Moreover, since My has only finitely many weight vectors all together, the filtration must terminate:

0=FyMy CFi\M, C---C F, M= DM, (6.1.1.18)
By construction, the quotients are all irreducible: F;M)/F;_1M) = L,,, for some p; € c*, wi <A
We recall that ch is additive for extensions. Therefore

k k
ch My = ch(F;My/F;_1My) = chL, (6.1.1.19)
=1 =1

Then by , is the multiplicity of 1 appearing as the weight of a singular vector of M), and we have
equation (6.1.1.16). The conditions stated about by , are immediate: we saw that p can only appear
as a weight of M) if u € C* and pu < \; moreover, Ly appears as a subquotient of M)y exactly once,
SO b)\7 A= 1. O

6.1.1.20 Definition The coefficients by, in equation (6.1.1.16) are the Kazhdan-Luztig multi-
plicities.

6.1.1.21 Lemma [f A€ Py, pu <\, p € C*, and ju+ p > 0, then pn = .

Proof We have that (u+ p,pu+ p) = (A + p, A+ p) and that A — p = S ki, where all k; are
nonnegative. Then

=A+p,A+p)—(L+p,n+p)
(A +p) = (u+p),(A+p) + (u+p))
=A—p, A+ p+2p)

Zkl a, A+ 1+ 2p)
=1

But \,u+p > 0, and (g, p) > 0, so (o, A\ + p+ 2p) > 0, and so all k; = 0 since they are
nonnegative. O

Proof (of Theorem 6.1.1.2) We have shown (Corollary 6.1.1.15) that ch My = > by, chL,,
were by, is a lower-triangular matrix on C* = C* with ones on the diagonal. Thus it has a
lower-triangular inverse with ones on the diagonal:

chLy= > ceyuchM, (6.1.1.22)
pEAHECA

But by equation (6.1.1.8) statement 1., ch Ly is W-invariant, provided that A € Py, thus so is
> capuch M, We recall Example 6.1.0.14:

xt ot
Tocr (1= 7%~ Tlocw, G2 257

ch M, = (6.1.1.23)
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Therefore
cy . phtP
eh L = 2nAneC O (6.1.1.24)
HOCER+ (‘/Ea/Q - xia/Q)
But the denominator if W-antisymmetric, and so the numerator must be as well:
Z CAM:CW(“J”’) = Z sign(w)cy , 2" for every w € W (6.1.1.25)

p<X,peCH p<XueCH

This is equivalent to the condition that cy , = sign(w)ey w(utp)—p- By the proof of equation (6.1.1.8)
statement 2., we know that P, is a fundamental domain of W; since cy y = 1, if p+p € W(A+p),
then ¢y, = sign(w), and so:

S oot = 3" | a3 N gy et et) (6.1.1.26)
u<A,pneC weW p<A, ueCH
p+pePt
But the rightmost sum is empty by Lemma 6.1.1.21. O

6.1.1.27 Remark Specializing to the trivial representation Lg, Theorem 6.1.1.2 says that

S wew sign(w)z® )

1= Tocr, @ — 2077 (6.1.1.28)
So we can rewrite equation (6.1.1.3) as
: w(A+p)
= Zwew sign(w)a (6.1.1.29)
> wew sign(w)a ) 4

The following is an important corollary:

6.1.1.30 Theorem (Weyl Dimension Formula)
Let X € Py. Then dim Ly = [[acr, (o, A+ p)/(a, p).

> wew sien( yzwAte) L . .
Proof The formula ch(L)) = H“’€ a2 —g=ayzy 1S @ polynomial in z. In particular, it defines a
acR
real-valued function on Rsg x b given by z¢ — a®h) — when a = 1 or h = 0, the formula as written
is the indeterminate form %, but the function clearly returns )~ dim((LA) u) = dim L). We will
calculate this value of the function by taking a limit, using ’Hopital’s rule.

In particular, letting % +— et(@A+0) i equation (6.1.1.28) gives

H (et(a/2,>\+p) _ eft(a/27>\+p)) — Z sign(w)etWPIATP) — Z sign(w)et(PwA+e))
acR weWw weWw
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where the second equality comes from w +— w™! and (w™'x,y) = (z,wy). On the other hand, we
let 2% > €(*?) in equation (6.1.1.3). Then

ch Ly, = S wew sign(w)et(w(wrp)vﬂ) _

[Tacr, (ee/2p) —e=ta/2p))
[Tacr, (et(a/z’)‘“) - e*t(a/QvAJrP)) (et(a/2,A+p) _ e—t(a/z,mrp))
T Tlaer, (M0l — e=tla/20) i (Ha/20) — c—Ha/20))
Therefore:

<6t(a/2,k+p) _ e—t(a/27A+p)> (et(a/l)\—l-p) _ e—t(a/2,x+p))

: L _ . i
dlmL)\—}l_f}(l) eI_IR (Ha/2.0) — —t(a/2)) - g %I_IQ% (et@/2:p) — e=t(a/2:p)) =
[e% + @ +
] gy (O2AT AL 1 (020 ) BND) o wdtp)
wert, 10 ()2, p)et@/2:0) + (o /2, p)e=t(a/2p)) och, (@P)

6.1.1.31 Example Let us compute the dimensions of the irreducible representations of g = sl(n+
1). We work with the standard the simple roots be A = {ay,...,a,}, whence Ry = {a; +
Qi1 + -+ o bi<icj<n. Let us write A and p in terms of the fundamental weights A;, defined by
(A, ) = 0350 p=Y i1 Ajand A+ p =7 a;A;. Then:

dimLy = [[ At+pa) ait+aip+-+aata 1 11 ZJ a
AT (pa) H. J—i+1 ol OF
a€Ry ' 1<i<j<n

def

where we have defined n!! = n!(n — 1)!---3!211l. For example, the irrep of s[(3) with weight

A+ p=3A; + 2A5 has dimension 5;2-3- (2 + 3) = 15. O

6.1.2 Some applications of the Weyl Character Formula

Let A be a positive weight. Recall equation (6.1.1.5):

chL(\) = Z sign(w) chM(w()\ +p) — p)
weW

6.1.2.1 Definition The Kostant partition function measures the number of ways to write A as a
sum of positive roots:

P(A) = #{{ma} € Z>0 S.t. A= nen+ maa}

The continuous Kostant partition function is the following piecewise polynomial:

Peont(7) = Vol{ma € R>g s.t. v = Z maoz}
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Then the following is clear:
6.1.2.2 Lemma dim M (\), = P(A — p), so that ch M(\) =5, P(A — p)z*. O

6.1.2.3 Example The dimensions of the weight spaces for the Verma module for sl(3) are:

O

Then we can calculate the dimension at weight p in L(A) as the alternating sum of partition
functions:
M(A, p) =dim L(A), = ) sign(w) P(w()\ +p) —p— p)
weW
In particular, on the boundary all multiplicities are 1. Unfortunately, the formula is not very useful
in applications, because the order of the Weyl group is very big. See [FH91] for more details.

6.1.2.4 Remark Any alternating sum of dimensions ought to come from a complex, and equa-
tion (6.1.1.5) is no exception. In fact, in the category O there is a resolution of each irreducible
such that each term is a direct sum of Verma modules, the BGG resolution:

OHM(wO()\er)fp)%'--% @ M(w()\er)fp)H'--%
weW s.t. £(w)=k

— P M(si(A+p) = p) = M(X) = L(A) = 0

Here wy is the longest element of W; it maps positive roots to negative roots. By definition,
sign(w) = (—1)“™), so equation (6.1.1.5) has some nice algebra behind it. O

We will conclude this section with some applications to the tensor product in the category of
finite-dimensional g-modules. Since g is semisimple, there must be “fusion” coefficients I ’; ., such
that:

L(A\) @ L(p) = @ L(v)® (6.1.2.5)
v

The question is to find a formula for the s LS

Recall from the theory of finite groups that the characters are orthogonal. Similarly, we have
an orthogonality condition for formal characters. Let R denote the ring R = @\cp Z[z?]. It carries
a W-action, and we denote the W-invariant subring by R".

6.1.2.6 Proposition The characters ch L(\) form a basis in R™, which is orthonormal with re-
spect to the pairing (,) given by:
DD | -
(¢,v) = constant coefficient of ——1p

|w]
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where * = =, so that ch L(\) = ch L(\)*, and D e S sign(w) z ).

6.1.2.7 Remark We describe the geometric meaning of Proposition 6.1.2.6. We will discuss in
Section 7.2 the compact forms of semisimple groups, but for now let’s restrict to G = GL(n,C)
and K = U(n). Let T'= K N H be the maximal torus. Then we know from linear algebra that
every element of K is conjugate to something in 7. Let’s identify z* with h +— exp(\(h)). If we
scale things correctly, this depends only on exp(h) € H, and agrees with troon exp(h). Thus the
characters give class functions, and:

1

<¢,¢>=/K¢¢dg=|m

/ ¢p Vol; dt

T

Here Vol; is the volume of the conjugacy class of ¢ € T in K. The 1/|W| counts the redundancy of
how we diagonalize unitary matrices. So the idea is that DD(h) = Volexp - O

Proof (of Proposition 6.1.2.6) An improvement of the discussion in the previous remark ex-
plains why the ch L(\) are orthonormal. We will check that they are a basis. There is another ob-
vious basis of RW: each W-orbit intersects Pt once, so for each A € PT, set E\ = ¢, S wew ™),
where cy is some coefficient so that (Ey,E\) = 1. Let d, be coefficients so that ch(L(\)) =
> uduxky. Then it’s clear that d is a lower-triangular matrix with 1s on the diagonal, and hence
invertible. Therefore ch L(\) is a basis. O

We can now calculate the fusion coefficients I' in equation (6.1.2.5). We have:

¥ o= (chL(X) ch L(p),ch L(v)) =
1

1
= constant coef of WD ) UXU:EW sign(w) 2AHP) sign(u) 2" HP) sign(v) 27V W) =

1
= const coef of — Z sign(w) 2O +P) sign (o) 27~V FR) —
D
w,ceW
= Z sign(o) M()\, v+p—o(p+ p)) =
oceW

= > sign(ow)P(w(A+p) +o(u+p) —v—2p) (6.1.2.8)
ocweW

where we substituted ¢ = wv™!, and used various facts. This is the Steinberg formula. Unfor-
tunately, this is still not very effective for actual calculations. Much better is the Littlewood-
Richardson rule, but that only works for gl(n).

6.2 Algebraic Lie groups

We have classified the representations of any semisimple Lie algebra, and therefore the represen-
tations of its simply connected Lie group. But a Lie algebra corresponds to many Lie groups,
quotients of the simply connected group by (necessarily central) discrete subgroups, and a repre-
sentation of the Lie algebra is a representation of one of these groups only if the corresponding
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discrete normal subgroup acts trivially in the representation. We will see that the simply connected
Lie group of any semisimple Lie algebra is algebraic, and that its algebraic quotients are determined
by the finite-dimensional representation theory of the Lie algebra.

6.2.1 Guiding example: SL(n) and PSL(n)

Our primary example, as always, is the Lie algebra s[(2,C), consisting of traceless 2 x 2 complex
matrices. It is the Lie algebra of SL(2,C), the group of 2 x 2 complex matrices with determinant 1.

6.2.1.1 Lemma / Definition The group SL(2,C) has a non-trivial center: Z(SL(2,C)) = {£1}.

We define the projective special linear group to be PSL(2,C) ot SL(2,C)/{x1}. Equivalently,

PSL(2,C) = PGL(2,C) def GL(2,C)/{scalars}, the projective general linear group. O

6.2.1.2 Proposition The group SL(2,C) is connected and simply connected. The kernel of the
map ad : SL(2,C) — GL(sl(2,C)) is precisely the center, and so PSL(2,C) is the connected compo-
nent of the group of automorophisms of sl(2,C). The groups SL(2,C) and PSL(2,C) are the only
connected Lie groups with Lie algebra s((2,C).

Proof The only nontrivial statement is that SL(2,C) is simply connected. Consider the subgroup

g & {Ll) T € SL(Z,(C)}. Then U is the stabilizer of the vector B € C%? < {0}, and SL(2,C)
acts transitively on C2 \ {0}. Thus the space of left cosets SL(2,C)/U is isomorphic to the space

C2~{0} =2 R4\ {0} as a real manifold. But U = C, so SL(2, C) is connected and simply connected.]

6.2.1.3 Lemma The groups SL(2,C) and PSL(2,C) are algebraic.

Proof The determinant of a matrix is a polynomial in the coefficients, so {x € M(2,C) s.t. detz =
1} is an algebraic group. Any automorphism of sl(2, C) preserves the Killing form, a nondegenerate
symmetric pairing on the three-dimensional vector space sl(2,C). Thus PSL(2,C) is a subgroup
of O(3,C). It is connected, and so a subgroup of SO(3,C), and three-dimensional, and so is all of
SO(3,C). Moreover, SO(3,C) is algebraic: it consists of matrices x € M(3,C) that preserve the
nondegenerate form (a system of quadratic equations in the coefficients) and have unit determinant
(a cubic equation in the coefficients). O

Recall that any irreducible representation of sl(2,C) looks like a chain: e moves up the chain,
f down, and h acts diagonally with eigenvalues changing by 2 from m at the top to —m at the
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bottom:

V2 @ ) h=m-4 (6.2.1.4)

t
The exponential map exp : s[(2,C) — SL(2,C) acts on the Cartan by th = {t P {6 et}

Let T = exp(h); then the kernel of exp : h — T is 2miZh. On the other hand, when ¢t = =i,
exp(th) = —1, which maps to 1 under SL(2,C) — PSL(2, C); therefore the kernel of the exponential
map h — PSL(2,C) is just miZh.

In particular, the (m + 1)-dimensional representation V,, of sl(2,C) is a representation of
PSL(2,C) if and only if m is even, because —1 € SL(2,C) acts on V,,, as (—1)™. We remark
that ker{exp : h — SL(2,C)} is precisely 2miQ", where QV is the coroot lattice of s[(2), and
ker{exp : h — PSL(2,C)} is precisely the coweight lattice 2mi PV

6.2.1.5 Remark This will be the model for any semisimple Lie algebra g with Cartan subalgebra b.
We will understand the exponential map from b to the simply connected Lie group G corresponding
to g, and we will also understand the map to G/Z(G), the simplest quotient. Every group with
Lie algebra g is a quotient of GG, and hence lies between G and G/Z(G). The kernels of the maps
h — G and h — G/Z(G) will be precisely 2miQV and 2miPV, respectively, and every other group
will correspond to a lattice between these two. O

Let us consider one further example: SL(n,C). It is simply-connected, and its center is

Z(SL(n,C)) = {nth roots of unity}. We define the projective special linear group to be PSL(n, C) o

SL(n,C)/Z(SL(n,C)); the groups with Lie algebra sl(n,C) live between these two, and so corre-
spond to subgroups of Z(SL(n,C)) = Z/n, the cyclic group with n elements.

We now consider the Cartan h C sl(n, C), thought of as the space of traceless diagonal matrices:
h={(z1,...,2n) € C"s.t. Y z; = 0}. In particular, sl(n,C) is of A-type, and so we can identify

roots and coroots: o; = o = (0,...,0,1,—1,0,...,0), where the non-zero terms are in the (i,7 +
1)th spots. Then the coroot lattice Q" is the span of o: if 3~ 2; = 0, then we can write (z1,...,2,) €
Z" as zioq + (21 + z2)ag + -+ + (21 + -+ + zZp—1)n—1, since z, = —(21 + -+ + 2zp,—1). The

coweight lattice P, on the other hand, is the lattice of vectors (z1,. .., z,) with 3" z; = 0 and with
zi — zi+1 an integer for each i € {1,...,n — 1}. In particular, 3" z; = 21 + (zl + (22 — 21)> + .+
(z1 + (22 —21)+ -+ (20 — zn,l)) = nz; + integer. Therefore z; € Z%, and z; € z1 +Z. So
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PY=Q"u (... . H+@u-- ozt ., = + Q). In this way, PY/QV is precisely Z/n,

n
in agreement with the center of SL(n,C).

6.2.2 Definition and general properties of algebraic groups

We have mentioned already (Definition 1.1.2.1) the notion of an “algebraic group”, and we have
occasionally used some algebraic geometry (notably in the proof of Theorem 5.3.1.12), but we have
not developed that story. We do so now.

6.2.2.1 Definition A subset X C C" is an affine variety if it is the vanishing set of a set P C
Clxi, ..., zn] of polynomials:

X =V(P) ot {zr € C" s.t. p(z) =0Vp € P} (6.2.2.2)

Equivalently, X is Zariski closed (see Definition 5.3.1.13). To any affine variety X with associate

an ideal I(X) aef {p € Clx1,...,zy] s.t. p|lx = 0}. The coordinate ring of, or the ring of polynomial

functions on, X is the ring 0(X) d:ef(C[x]/I(X).

6.2.2.3 Lemma If X is an affine variety, then I(X) is a radical ideal. IfI C J, then V(I) D V(J),
and conversely if X CY then I(X) D I(Y). It is clear from the definition that if X is an affine
varienty, then V(I(X)) = X; more generally, we can define I(X) for any subset X O C", whence
V(I(X)) is the Zariski closure of X . O

6.2.2.4 Definition A morphism of affine varieties is a function f : X — Y such that the coordi-
nates on Y are polynomials in the coordinates of X. Equivalently, any function f : X — 'Y gives
a homomorphism of algebras f# : Fun(Y) — Fun(X), where Fun(X) is the space of all C-valued
functions on X. A function f : X — Y is a morphism of affine varieties if f7 restricts to a map

f7.0Y)— 0(X).

6.2.2.5 Lemma / Definition Any point a € C™ gives an evaluation map evy, : p — p(a) :
Clzi,...,zn] — C. If X is an affine variety, then a € X if and only if I(X) C kerev, if and
only if evy : O(X) — C is a morphism of affine varieties. O

6.2.2.6 Corollary The algebra €(X) determines the set of evaluation maps O0(X) — C, and if
O (X) is presented as a quotient of C[xy,..., x|, then it determines X C C™. A morphism f of
affine varieties is determined by the algebra homomorphism f# of coordinate rings, and conversely
any such algebra homomorphism determines a morphism of affine varieties. Thus the category of
affine varieties is precisely the opposite category to the category of finitely generated commutative
algebras over C. g

6.2.2.7 Lemma / Definition The category of affine varieties contains all finite products. The
product of affine varieties X C C™ andY C Cl is X xY C C™* with O(X xY) =2 0(X)®c O(Y).

Proof The maps 0(X),0(Y) — O0(X xY) are given by the projections X xY — X,Y. The map
OX)®0(Y) — O(X xY) is an isomorphism because all three algebras are finitely generated and
the evaluation maps separate functions. O
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We recall Definition 1.1.2.1:

6.2.2.8 Definition An affine algebraic group is a group object in the category of affine varieties.
We will henceforth drop the adjective “affine” from the term “algebraic group”, as we will never
consider non-affine algebraic groups.

Equivalently, an algebraic group is a finitely generated commutative algebra O(G) along with
algebra maps

comultiplication A : 0(G) — 0(G) ®c O(G) dual to the multiplication G x G — G
antipode §: 0(G) — O(G) dual to the inverse map G — G
counit e =ev.: O0(G) —» C

The group axioms equations (1.1.1.2) to (1.1.1.4) are equivalent to the azioms of a commutative
Hopf algebra (Definition 4.1.0.1).

6.2.2.9 Lemma / Definition Let A be a Hopf algebra. An algebra ideal B C A is a Hopf ideal if
A(B)CBRA+A®B CA®A. An ideal B C A is Hopf if and only if the Hopf algebra structure
on A makes the quotient B/A into a Hopf algebra. O

6.2.2.10 Definition A commutative but not necessarily reduced Hopf algebra is a group scheme.
6.2.2.11 Definition An affine variety X over C is smooth if X is a manifold.
6.2.2.12 Proposition An algebraic group is smooth.

Proof Let E = kere. Since e - e = e, we see that the following diagram commutes:

O(G) —2— 6(G) @ 6(G)

Je J@E (6.2.2.13)
C = CeC
In particular,
AECE®OG)+0(G)®E, (6.2.2.14)

and so E is a Hopf ideal, and 0(G)/E is a Hopf algebra. Moreover, equation (6.2.2.14) implies
that A(E"™) C Y pyi—n E¥ ® E', and so A and $ induce maps A and S on R = gry 0(G) def
@ren EF/EFL. In particular, R is a graded Hopf algebra, and is generated as an algebra by
Ry = E/E?. Moreover, if z € Ry, then x is primitive: Az =2®1+1® z.

Since Ry = E/FE? is finitely dimensional, R is finitely generated; let R = Cly1,...,yn]/J
where n = dimG and J is a Hopf ideal of the Hopf algebra Clyi,...,y,| with the generators
y; all primitive. We can take the y;s to be a basis of R;, and so J; = 0. We use the fact
that Clyi,...,yn] ® Cly1,...,yn] = Cly1,...,Yn,21,- .., 2n], and that the antipode A is given by
A : f(y) — f(y+ z). Then a minimal-degree homogeneous element of J must be primitive, so
fly+2) = f(y) + f(z), which in characteristic zero forces f to be homogeneous of degree 1. A
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similar calculation with the antipode forces the minimal-degree homogeneous elements f € J to
satisfy Sf = —f.

In particular, grp 0(G) is a polynomial ring. We leave out the fact from algebraic geometry
that this is equivalent to GG being smooth at e. But we have shown that the Hopf algebra maps are
smooth, whence G is smooth at every point. O

6.2.2.15 Corollary An algebraic group over C is a Lie group. U

Recall that if G is a Lie group with € (G) the algebra of smooth functions on G, and if g =
Lie(G), then Ug acts on € (G) by left-invariant differential operators, and indeed is isomorphic to
the algebra of left-invariant differential operators.

6.2.2.16 Definition Let G be a group. A subalgebra S C Fun(QG) is left-invariant if for any s € S
and any g € G, the function h + s(g~'h) is an element of S. Equivalently, we define the action
G ~ Fun(G) by gs = so g~!; then a subalgebra is left-invariant if it is fized by this action.

6.2.2.17 Lemma Let S C Fun(G) be a left-invariant subalgebra, and let s € S be a function such
that As = {(z,y) — s(zy)} C Fun(G x G) is in fact an element of S ® S C Fun(G) ® Fun(G) —
Fun(G x G). Then let As = Y s1 ® s2, where we suppress the indices of the sum. The action
G~ S is given by

g:s Z 51(g7")s2 (6.2.2.18)

6.2.2.19 Corollary Let u be a left-invariant differential operator and s € S as in Lemma 6.2.2.17,
where S C € (G) is a left-invariant algebra of smooth functions. Then us € S.

Proof The left-invariance of u implies that u(gs) = gu(s). Since s(¢~') € C, we have:
u(gs)(h) = u (D s1(97")s2) (B) =Y s1(g™") uls2)(h) (6.2.2.20)
Let h = e. Then Y s1(g~ 1) u(s2)(e) = u(gs)(e) = g(us)(e) = (us)(g~"). In particular:
(us)(g) =D _ s1(g) u(s2)(e) (6.2.2.21)
But (uss)(e) are numbers. Thus us € S. O

6.2.2.22 Corollary Let G be an algebraic group, with Lie algebra g = Lie(G). Then Ug acts on
O(G) by left-invariant differential operators.

Since a differential operator is determined by its action on polynomials, we have a natural
embedding Ug — O(G)* of vector spaces. O

6.2.2.23 Lemma Let u,v € Ug, where G is an algebraic group. Then uvs = > u(sy)v(s2)(e).
Proof This follows from equation (6.2.2.21). O

6.2.2.24 Corollary For each differential operator u € Ug, let A, € O(G)* be the map A\, : s —
u(s)(e). Then Auw(s) = Au(s1) Av(s2). O
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6.2.2.25 Lemma Let A be any (counital) coalgebra, for example a Hopf algebra. Then A* is

naturally an algebra: the map A* @ A* — A* is given by (uv,a) def (L®v,Aa), and e : A — C is

the unit e € A*. |

6.2.2.26 Remark The dual to an algebra is not necessarily a coalgebra; if A is an algebra, then it
defines a map A : A* — (A® A)*, but if A is infinite-dimensional, then (A ® A)* properly contains
A*® A*. O

6.2.2.27 Remark Following the historical precedent, we take the pairing (A* ® A*) ® (A® A) to
be (p®@v,a®b) = (u,a)(v,b). This is in some sense the wrong pairing — it corresponds to writing
(A® B)* = A* ® B* for finite-dimensional vector spaces A, B, whereas B* ® A* would be more
natural — and is “wrong” in exactly the same way that the “—1” in the definition of the left action
of G on Fun(G) is wrong. O

6.2.2.28 Proposition The embedding Ug — O(G)* is given by the map u — A, in Corol-
lary 6.2.2.24, and is an algebra homomorphism. O

6.2.2.29 Definition Let G be any group; then we define the group algebra C[G] of G to be the
free vector space on the set G, with the multiplication given on the basis by the multiplication in G.
The unit e € G becomes the unit 1-e € C[G].

6.2.2.30 Lemma If G is an algebraic group, then C[G] — O(G)* is an algebra homomorphism
gwen on the basis g — evg. O

6.2.3 Constructing G from g

A Lie algebra g does not determine the group G with g = Lie(G). We will see that the correct
extra data consists of prescribed representation theory. Throughout the discussion, we gloss the
details, merely waving at the proofs of various statements.

6.2.3.1 Lemma / Definition Let G be an algebraic group. A finite-dimensional module G ~ 'V
is algebraic if the map G — GL(V) is a morphism of affine varieties.

Any finite-dimensional algebraic (left) action G ~ V' of an algebraic group G gives rise to a
(left) coaction V* — O(G) @ V*:

coact

v 0(G) ® V*

coact comult ® id (6'2'3'2)

id ® coact

0G) @V — 22, 0(G)® O(G) ® V*

This in turn gives rise to a (left) action O(G)* ~ V, which specializes to the actions G ~V and
Ug ~V under G — C[G] — O(G)* andUg — O(G)*. O
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We will take the following definition, referring the reader to [EES02] for the connections between
rigid categories and Hopf algebras, and [BK01] and references therein for a thorough category-
theoretic discussion.

6.2.3.3 Definition A rigid category is an abelian category M with a (unital) monoidal product
and duals. We will write the monoidal product as .

A rigid subcategory of M is a full subcategory that is a tensor category with the induced abelian
and tensor structures. l.e. it is a full subcategory containing the zero object and the monoidal unit,
and closed under extensions, tensor products, and duals.

6.2.3.4 Definition A rigid category M is finitely generated if for some finite set of objects
Vi,..., Vi € M, any object is a subquotient of some tensor product of Vis (possibly with multi-
plicities). Of course, by letting Vo = V1 @ --- @ V,,, we see that any finitely generated rigid category
1s in fact generated by a single object.

6.2.3.5 Example For any Lie algebra g, the category g-MOD of finite-dimensional representations
of g is a tensor category; indeed, if U is any Hopf algebra, then U-MOD is a tensor category. O

6.2.3.6 Definition Let g be a finite-dimensional Lie algebra over C, and let M be a rigid subcate-
gory of g-MOD. By definition, for each V- € M, we have a linear map Ug — End V. Thus for each

linear map ¢ : EndV — C we can construct a map {Ug — EndV LA C} e Ug*; we let Ay C Ug*
be the set of all such maps. Then Anq is the set of matrix coefficients of M. Indeed, for each V,
the maps Ug — End V' — C are the matriz coefficients of the action g ~ V. In particular, for each
V € M, the space (End V')* is naturally a subspace of Ap, and Apq is the union of such subspaces.

6.2.3.7 Lemma If M is a rigid subcategory of g-MOD, then Aaq is a subalgebra of the commutative
algebra Ug*. Moreover, Axq is a Hopf algebra, with comultiplication dual to the multiplication in
UgUg — Ug.

Proof The algebra structure on A = A, is straightforward: the multiplication and addition stem
from the rigidity of M, the unit is € : g — C = C, and the subtraction is not obvious but is
straightforward; it relies on the fact that M is abelian, and so contains all subquotients.

We will explain where the Hopf structure on A comes from — since Ug is infinite-dimensional,
Ug" does not have a comultiplication in general. But M consists of finite-dimensional representa-
tions; if V' € M, then we send {{g — EndV % C} € A to {(EndV @ EndV) ™% Endv 4
C} € (EndV)* ® (EndV)* C A® A.

That this is dual to the multiplication in U/ g comes from the fact that /g — End V is an algebra
homomorphism. O

6.2.3.8 Corollary The map Ug — A* dual to A — Ug* is an algebra homomorphism. g

6.2.3.9 Proposition Let M be a finitely-generated rigid subcategory of g-MOD. Then Ay = O(G)
for some algebraic group G.
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Proof If M is finitely generated, then there is some finite-dimensional representation Vy € M so
that (End Vj)* generates Apq. Then Ay, is a finitely generated commutative Hopf algebra, and so
O(@) for some algebraic group G. O

6.2.3.10 Lemma Let g be a finite-dimensional Lie algebra, M a finitely-generated rigid subcate-
gory of g-MOD , and G the algebraic group corresponding to the algebra Aaq of matriz coefficients
of M. We will henceforth write O(G) for Ap. Then G acts naturally on each V- € M.

Proof Let {v!,...,v"} be a basis of V and {&,...,&,} the dual basis of V*. For each i, we
define \; : V. — O(G) by v = {u — (&,uv)} where v € V and v € EndV. Then we define
o:V = V®O0(G) aright coaction of @(G) on V by v+ S v* @ \;(v). It is a coaction because
uv = "7, v'\;(v)(u) by construction. In particular, it induces an action G ~ V. O

6.2.3.11 Proposition Let M be a finitely-generated rigid subcategory of g-MOD that contains a
faithful representation of g. Then the map Ug — A’y is an injection.

Proof Let 0 : G ~ V as in the proof of Lemma 6.2.3.10. Then the induced representation
Lie(G) ~ V is by contracting ¢ with point derivations. But g ~ V and the map Ug — O(G)*
maps & € g to a point derivation since z € g is primitive. Thus the following diagram commutes
for each V € M:

g o(G)*
J J (6.2.3.12)

Lie(G) —— gl(V)
The map g — Lie(G) does not depend on V. Thus, if M contains a faithful g-module, then
Ug — ULie(G) — O(G)*. O

6.2.3.13 Example Let g = C be one-dimensional, and let M be generated by one-dimensional
representations V;, and Vg, where the generator x € g acts on V,, by multiplication by «, and on Vg

5} Let a, 8 # 0,

and let o ¢ QB. Then Lie(G) will contain all diagonal matrices, since o/ € Q, but g — Lie(G) as
a one-dimensional subalgebra. The group G is the complex torus, and the subgroup corresponding
to g C Lie(G) is the irrational line. O

by 8. Then M is generated by V, ® V3, and z acts as the diagonal matrix {a

6.2.3.14 Proposition Let Vy be the generator of M satisfying the conditions of Proposition 6.2.3.9,
and let W be a neighborhood of 0 € g. Then the image of exp(W) is Zariski dense in G.

Proof Assume that M contains a faithful representation of g; otherwise, mod out g by the kernel
of the map g — Lie(G). Thus, we may consider g C Lie(G), and let H C G be a Lie subgroup with
g = Lie(H). Let f € 0(G) and u € Ug; then the pairing UgR O (G) — C sends u® f — u(f|g)(e). In
particular, the pairing depends only on a neighborhood of e € H, and hence only on a neighborhood
W 5 0 in g. But the pairing is nondegenerate; if the Zariski closure of exp W in G were not all of
G, then we could find f, g € O(G) that agree on exp W but that have different behaviors under the
pairing. ]
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6.2.3.15 Definition Let M be a finitely-generated rigid subcategory of g-MOD, and let G be the
corresponding algebraic group as in Proposition 6.2.3.9. Then g is algebraically integrable with
respect to M if the map g — Lie(G) is an isomorphism. In particular, M must contain a faithful
representation of g.

6.2.3.16 Example Let g be a finite-dimensional abelian Lie algebra over C, and let X C g* be a
lattice of full rank, so that X ®z C = g*. Let {{1,...,&,} be a Z-basis of X and hence a C-basis of
g*, and let M = {@C, s.t. A € X}, where g ~ Cy by z+— A(2)x. Then Vj = @ Cg, is a faithful
representation of g in M and generates M.

Then G C GL(Vp) is the Zariski closure if exp g, and for z € g, exp(z1,...,2,) is the diagonal
matrix whose (7,7)th entry is ¢%(*). Thus G is a torus T = (C*)", with O(T) = C[t£, ..., tF]. In
particular, g is algebraically integrable with respect to M, since X is a lattice. %

6.2.3.17 Proposition Let g be a finite-dimensional Lie algebra and M a finitely generated rigid
subcategory of g-MOD containing a faithful representation. Suppose that g = @i_, 9i as a vector
space, where each g; is a Lie subalgebra of g; then M embeds in g;-MOD for each i. If each g; is
algebraically integrable with respect to (the image of ) M, then so is g.

Proof Let G, G; be the algebraic groups corresponding to g ~ M and to g; ~ M. Then for each
i we have a map G; — G. Let H C G be the subgroup of G corresponding to g C Lie(G). Consider
the map m : Gy X -+ X G — G be the function that multiplies in the given order; it is not a group
homomorphism, but it is a morphism of affine varieties. Since each G; — G factors through H,
and since H is a subgroup of G, the map m factors through H. Indeed, the differential of m at the
identity is the sum map @ g; — 9.

Thus we have an algebraic map m, with Zariski dense image. But it is a general fact that any
such map (a dominant morphism) is dimension non-increasing. Therefore dim G < dim(G; x - - X

G,) = dimg, and so g = Lie(G). O

6.2.3.18 Theorem (Semisimple Lie algebras are algebraically integrable)

Let g be a semisimple finite-dimensional Lie algebra over C, and let h C g be its Cartan subalgebra
and Q@ and P the root and weight lattices. Let X be any lattice between these: Q C X C P. Let
M be the category of finite-dimensional g-modules with highest weights in X. Then M is finitely
generated rigid and contains a faithful representation of g, and g is algebraically integrable with
respect to M.

Proof Let V € M; then its highest weights are all in X, and so all its weights are in X since
X D Q. Moreover, the decomposition of V' into irreducible g-modules writes V' = @ Ly, where
each A € PL N X. This shows that M is rigid. It contains a faithful representation because the
representation of g corresponding to the highest root is the adjoint representation, and the highest
root is an element of () and hence of X. Moreover, M = {@Vys.t. A € Py N X} is finitely
generated: P N X is Z>o-generated by finitely many weights.

We recall the triangular decomposition (c.f. Proposition 5.6.0.6) of g: g =n_ @& bh®ny. Then
bh is abelian and acts on modules in M diagonally; in particular, § is algebraically integrable by
Example 6.2.3.16. On the other hand, on any g-module, ny and n_ act by strict upper- and strict
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lower-triangular matrices, and the matrix exponential restricted to strict upper- (lower-) triangular
matrices is a polynomial. In particular, by finding a faithful generator of M (for example, the sum
of the generators plus the adjoint representation), we see that ny are algebraically integrable. The
conclusion follows by Proposition 6.2.3.17. O

6.2.3.19 Theorem (Classification of Semisimple Lie Groups over C)

Let g be a finite-dimensional semisimple Lie algebra over C. Any connected Lie group G with
Lie(G) is semisimple; in particular, the algebraic groups constructed in Theorem 6.2.3.18 comprise
all integrals of g.

Proof Let G be the connected and simply connected Lie group with Lie(G) = g; then any integral
of g is a quotient of G be a discrete and hence central subgroup of G, and the integrals are classified
by the kernels of these quotients and hence by the subgroups of the center Z (é) Let Gx be the
algebraic group corresponding to X. Since Z(Gp) = P/Q, it suffices to show that G p is connected

and simply connected.

We show first that Gx is connected. It is an affine variety; Gx is connected if and only if
O(Gx) is an integral domain. Since Gx is the Zariski closure of exp W for a neighborhood W of
0 € g, and exp W is connected, so is Gx.

Let Uy be the image of exp(ny) in Gx, and let T' = exp(h). But exp : ny — Uy is the matrix
exponential on strict triangular matrices, and hence polynomial with polynomial inverse; thus Uy
are simply connected.

We quote a fact from algebraic geometry: the image of an algebraic map contains a set Zariski
open in its Zariski closure. In particular, since the image of U_ x T x U is Zariski dense, it contains
a Zariski open set, and so the complement of the image must live inside some closed subvariety of
Gx with complex codimension at least 1, and hence real codimension at least 2, since locally this
subvariety is the vanishing set of some polynomials in C". So in any one-complex-dimensional slice
transverse to this subvariety, the subvariety consists of just some points. Therefore any path in G x
can be moved off this subvariety and hence into the image of U_ x T x U,..

It suffices to consider paths in Gx from e to e, and by choosing for each such path a nearby path
in U_TU4, we get a map m(U_TU;) — m1(Gx). On the other hand, by the LU decomposition
(see any standard Linear Algebra textbook, e.g. [LU |), the map U_ x T'x Uy — U_TUy is an
isomorphism. Since Uy are isomorphic as affine varieties to ny, we have:

m(U_TUL) =m(U- x T x Uy) = m(T) (6.2.3.20)

And 71 (T) = X*, the co-lattice to X, i.e. the points in g on which all of X takes integral values.
Thus, it suffices to show that the map 71(T") — 71(Gp) collapses loops in T" when X = P. But
then m1(T) = P* = QV is generated by the simple coroots «;. For each generator o) = h;, we take
5[(2); C g and exponentiate to a map SL(2,C) — G. Then the loops in exp(Rh;), which generate
m1(T"), go to loops in SL(2,C) before going to G. But SL(2,C) is simply connected. This shows
that the map 71(T") — 71 (Gp) collapses all such loops, and Gp is simply connected. O
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Exercises

1. Show that the simple complex Lie algebra g with root system G2 has a 7-dimensional matrix
representation with the generators shown below.

0000000 0000000
0010000 0000000
0000000 0100000

e=]100000 00 A=]0000000
0000010 0000000
0000000 0000100
(000000 0] L 000000 O]

(6.2.3.21)
(010000 0] [0 00000 0]
0000000 1000000
0002000 0000000

e2=10 00010 0 fa=|0 01000 0
0000000 0002000
0000001 0000000
(000000 0] 0000010,

2. (a) Show that there is a unique Lie group G over C with Lie algebra of type G.

(b) Find explicit equations of G realized as the algebraic subgroup of GL(7,C) whose Lie
algebra is the image of the matrix representation in Problem 1.

3. Show that the simply connected complex Lie group with Lie algebra so(2n,C) is a double
cover Spin(2n,C) of SO(2n,C), whose center Z has order four. Show that if n is odd, then
Z is cyclic, and there are three connected Lie groups with this Lie algebra: Spin(2n,C),
SO(2n,C) and SO(2n, C)/{+I}. If n is even, then Z = (Z/27Z)?, and there are two more Lie
groups with the same Lie algebra.

4. If G is an affine algebraic group, and g its Lie algebra, show that the canonical algebra
homormorphism Ug — O(G)* identies Ug with the set of linear functionals on ¢(G) whose
kernel contains a power of the maximal ideal m = ker(eve).

5. Show that there is a unique Lie group over C with Lie algebra of type Eg. Find the dimension
of its smallest matrix representation.

6. Construct a finite dimensional Lie algebra over C which is not the Lie algebra of any algebraic
group over C. [Hint: the adjoint representation of an algebraic group on its Lie algebra is
algebraic.]



Chapter 7

Further Topics in Real Lie Groups

7.1 (Over/Re)view of Lie groups

7.1.1 Lie groups in general

In general, a Lie group G can be broken up into a number of pieces.

The connected component of the identity, Geonn € G, is a normal subgroup, and G/Geonn is a
discrete group.

1— C7Yc0nn -G — Gdiscrete —1

The maximal connected normal solvable subgroup of Geony is called Ggo1. Recall that a group
is solvable if there is a chain of subgroups Gg, 2 -+ - 2 1, where consecutive quotients are abelian.
The Lie algebra of a solvable group is solvable, so Lie’s theorem (Theorem 4.2.3.2) tells us that
G0l 18 isomorphic to (an extension by a discrete subgroup of) a subgroup of the group of upper
triangular matrices.

Every normal solvable subgroup of Geonn/Gsol is discrete, and therefore in the center (which is
itself discrete). We call the pre-image of the center G.. Then G/G, is a product of simple groups
(groups with no normal subgroups).

Define G ;1 def [Gsol, Gsol] to be the commutator subgroup. Since Gy is solvable, Gy is nilpotent:
there is a chain of subgroups Gpy 2 G1 2 --- O Gj = 1 such that G;/G;41 is in the center
of Gnii/Gi+1. In fact, Gy must be isomorphic to a subgroup of the group of upper triangular
matrices with ones on the diagonal. Such a group is called unipotent.

Gsol C - Gnil -

117
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All together, we have the following picture:

G
‘ }discrete; classification hopeless
( G1conn
| product of connected simples; classified
G

abelian discrete; classification trivial
connected< @G

Gnil
|

1 (7.1.1.1)

nilpotent; classification a mess

sol
| }abelian; classification trivial

\

The classification of connected simple Lie groups is quite long. There are many infinite series and
a lot of exceptional cases. Some infinite series are PSU(n), PSL(n,R), and PSL(n,C). The “P”
means “mod out by the center”.

There are many connected simple Lie groups, but the classification is made easier by the fol-
lowing observation: there is a unique connected simple group for each simple Lie algebra. We've
already classified complex semisimple Lie algebras, and it turns out that there a finite number of
real Lie algebras which complexify to any given complex semisimple Lie algebra — such a real Lie
algebra is a real form of the corresponding complex algebra. One warning is that tensoring with
C preserves semisimplicity, but not simplicity. For example, sl(C) is simple as a real Lie algebra,
but its complexification is sl3(C) @ sly(C), which is not simple.

7.1.1.2 Example Let G be the group of all “shape-preserving” transformations of R*: transla-
tions, reflections, rotations, scaling, etc. It is sometimes called R* - GO(4,R). The R* stands for
translations, the G means that you can multiply by scalars, and the O means that you can reflect
and rotate. The R?* is a normal subgroup. In this case, the picture in equation (7.1.1.1) is:

G =R' - GO(4,R)
‘ } G/Gconn = Z/QZ
Geonn = R‘* GOt (4,R)
Gconn/Gsol 4 } COHH/G - PSO( ) 80(37R) X SO(3,R)
= SO4(R) Gy = R R }
Gyl = R*-RT }

Gy /Gl = /27

‘ sol/ Gml
CTanl - R4

1

Here GO™(4,R) is the connected component of the identity of GO(4, R) (those transformations that
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preserve orientation), R* is scaling by something other than zero, and R* is scaling by something
positive. Note that SO(3,R) = PSO(3,R) is simple.

SO(4,R) is “almost” the product SO(3,R) x SO(3,R). To see this, consider the associative (but
not commutative) algebra of quaternions, H. Since ¢ = a® + b + ¢ + d? > 0 whenever ¢ # 0, any
non-zero quaternion has an inverse (namely, ¢/qq). Thus, H is a division algebra. Think of H as
R* and let S be the unit sphere, consisting of the quaternions such that ||q|| = g7 = 1. It is easy
to check that ||pg|| = ||p|| - ||q||, from which we get that left (right) multiplication by an element of
S3 is a norm-preserving transformation of R*. So we have a map S° x S — O(4,R). Since S3 x §3
is connected, the image must lie in SO(4,R). It is not hard to check that SO(4,R) is the image.
The kernel is {(1,1),(—1,—1)}. So we have S% x S$3/{(1,1), (-1, -1)} =2 SO(4,R).

Conjugating a purely imaginary quaternion by some ¢ € S® yields a purely imaginary quaternion
of the same norm as the original, so we have a homomorphism S® — O(3,R). Again, it is easy to
check that the image is SO(3,R) and that the kernel is +1, so $3/{%1} ~ SO(3,R).

So the universal cover of SO(4,R) (a double cover) is the cartesian square of the universal
cover of SO(3,R) (also a double cover). (One can also see the statement about universal covers
by considering the corresponding Lie algebras.) Orthogonal groups in dimension 4 have a strong
tendency to split up like this. Orthogonal groups in general tend to have these double covers, as
we shall see in Section 7.3. These double covers are important if you want to study fermions. ¢

7.1.2 Lie groups and Lie algebras

Let g be a Lie algebra. We set gso = rad g to be the maximal solvable ideal (normal subalgebra),
and gnil = [gsol, Usol]. Then we get the chain similar to the one in equation (7.1.1.1):

g
‘ }product of simples; classified

Jsol
‘ }abelian; classification trivial

Ynil
| }nilpotent; classification a mess

0

We have an equivalence of categories between simply connected Lie groups and Lie algebras.
The correspondence cannot detect:

e Non-trivial components of G. For example, SO,, and O,, have the same Lie algebra.

e Discrete normal (therefore central, Lemma 3.5.1.4) subgroups of G. If Z C G is any discrete
normal subgroup, then G and G/Z have the same Lie algebra. For example, SU(2) has the
same Lie algebra as PSU(2) = SO(3,R).

If G is a connected and simply connected Lie group with Lie algebra g, then any other connected
group G with Lie algebra g must be isomorphic to G /Z, where Z is some discrete subgroup of the
center. Thus, if you know all the discrete subgroups of the center of G, you can read off all the
connected Lie groups with the given Lie algebra.



120 CHAPTER 7. FURTHER TOPICS IN REAL LIE GROUPS

7.1.2.1 Example Let’s find all the connected groups with the algebra so(4,R). First let’s find
a simply connected group with this Lie algebra. You might guess SO(4,R), but that isn’t simply
connected. The simply connected one is S3 x S3 as we saw in Example 7.1.1.2 (it is a product of
two simply connected groups, so it is simply connected). The center of S? is generated by —1, so
the center of S3 x S3 is (Z/27)?, the Klein four group. There are three subgroups of order 2:

(Z)27,)? PSO(4,R)
(—1,1) (—1,-1) (1,-1) SO(3,R) x S3 SO(4,R) S3 % S0O(3)
\ l / 53 " S3

Therefore, there are five groups with Lie algebra s0(4,R). Note that we are counting these groups
“categorically”, or “with symmetries”. The automorphisms of so(4,R) induce automorphisms on
PSO(4,R), SO(4,R), and S3 x S3. The inner automorphisms of s0(4, R) induce automorphisms of
SO(3,R) x S? and S x SO(3,R), but the isomorphism relating these two corresponds to the outer
automorphism of so(4,R). O

7.1.3 Lie groups and finite groups

The classification of finite simple groups resembles the classification of connected simple Lie groups.
For example, PSL(n,R) is a simple Lie group, and PSL(n,F,) is a finite simple group except when
n=q=2orn =2 = 3. Simple finite groups form about 18 series similar to Lie groups,
and 26 or 27 exceptions, called sporadic groups, which don’t seem to have analogues among Lie
groups, although collectively one might compare “the sporadic simple groups” to “the exceptional
Lie groups”.

Moreover, finite groups and Lie groups are both built up from simple and abelian groups.
However, the way that finite groups are built is much more complicated than the way Lie groups
are built. Finite groups can contain simple subgroups in very complicated ways; not just as direct
factors.

7.1.3.1 Example Within the theory of finite groups there are wreath products. Let G and H be
finite simple groups with an action of H on a set of n points. Then H acts on G" by permuting
the factors. We can form the semi-direct product G™ x H, sometimes denoted G ¢ H. There is no
analogue for finite dimensional Lie groups, although there is an analogue for infinite dimensional
Lie groups, which is why the theory becomes hard in infinite dimensions. %

7.1.3.2 Remark One important difference between (connected) Lie groups and finite groups is
that the commutator subgroup of a solvable finite group need not be a nilpotent group. For
example, the symmetric group S4 has commutator subgroup A4, which is not nilpotent. Also,
nilpotent finite groups are almost never subgroups of upper triangular matrices (with ones on the
diagonal). O



7.1. (OVER/RE)VIEW OF LIE GROUPS 121

7.1.4 Lie groups and real algebraic groups

By “algebraic group”, we mean an affine algebraic variety which is also a group, such as GL(n,R).
Any algebraic group is a Lie group. Probably all the Lie groups you’ve come across have been
algebraic groups. Since they are so similar, we’ll list some differences. We will see in Section 7.2
that although in general the theories of Lie and algebraic groups are quite different, algebraic groups
behave very similarly to compact Lie groups.

7.1.4.1 Remark Unipotent and semisimple abelian algebraic groups are totally different, but for
Lie groups they are nearly the same. For example R ~ {(} 1)} is unipotent and R* ~ {(8 a91 )}
is semisimple. As Lie groups, they are closely related (nearly the same), but the Lie group homo-
morphism exp : R — R* is not algebraic (polynomial), so they look quite different as algebraic
groups. %

7.1.4.2 Remark Abelian varieties are different from affine algebraic groups. For example, consider
the (projective) elliptic curve y? = 23 + 2 with its usual group operation and the group of matrices
of the form (_“b 2) with a® + > = 1. Both are isomorphic to S' as Lie groups, but they are
completely different as algebraic groups; one is projective and the other is affine. %

Some Lie groups do not correspond to any algebraic group. We describe two such groups in
Examples 7.1.4.3 and 7.1.4.7.

7.1.4.3 Example The Heisenberg group is the subgroup of symmetries of L*(R, C) generated by
translations (f(t) — f(t + x)), multiplication by e*™ (f(t) s e?™ f(t)), and multiplication by
™% (f(t) » e2™2 f(t)), for x,y, z € R. The general element is of the form f(t) +— > Wi+2) f(t4-1).

This can also be modeled as
1 =z =z 1
01 y / 0
0 0 1 0

It has the property that in any finite dimensional representation, the center (elements with z =
y = 0) acts trivially, so it cannot be isomorphic to any algebraic group: by Proposition 8.1.5.3,
algebraic groups always have finite-dimensional representations. %

n ez

S = O
— o 3

For the second example, we quote without proof:

7.1.4.4 Theorem (Iwasawa decomposition)

If G is a (connected) semisimple Lie group, then there are closed subgroups K, A, and N, with
K compact, A abelian, and N unipotent, such that the multiplication map K x AXx N — G is a
surjective diffeomorphism. Moreover, A and N are simply connected. O

See also Proposition 7.5.4.1, where we give the proof for G = GL(n,R)**and Part II for the
general case**.

7.1.4.5 Example When G = SL(n,R), Theorem 7.1.4.4 says that any basis can be obtained
uniquely by taking an orthonormal basis (K = SO(n)), scaling by positive reals (A = (Rs)" is
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the group of diagonal matrices with positive real entries), and shearing (N is the group of upper
triangular matrices with ones on the diagonal). This is exactly the result of the Gram-Schmidt
process. O

7.1.4.6 Corollary As manifolds, G = K x A x N. In particular, 71(G) = m1(K). O

7.1.4.7 Example Let’s now try to find all connected groups with Lie algebra sl(2, R) = {(2 %) |a+
d = 0}. There are two obvious ones: SL(2,R) and PSL(2,R). There aren’t any other ones that can
be represented as groups of finite dimensional matrices. However, m;(SL(2,R)) = 71(SO(2,R)) =

711(S1) = Z, and so the universal cover m has center Z. Any finite dimensional representation

of SL(2,R) factors through SL(2,RR), so none of the covers of SL(2,R) can be written as a group of
finite dimensional matrices. Representing such groups is a pain.

The most important case is the metaplectic group Mp(2,R), which is the connected double
cover of SL(2,R). It turns up in the theory of modular forms of half-integral weight and has a
representation called the metaplectic representation. O

7.1.5 Important Lie groups
We now list some important Lie groups. See also Sections 1.3 and 4.3.

7.1.5.1 Example (Dimension 1) The only one-dimensional connected Lie groups are R and

S' =R/Z. 0

7.1.5.2 Example (Dimension 2) The abelian two-dimensional Lie groups are quotients of R?
by some discrete subgroup; there are three cases: R?, R?/Z = R x S!, and R?/Z? = S x St
There is also a non-abelian group, the group of all matrices of the form (8 aél ), where a > 0.
The Lie algebra is the subalgebra of 2 x 2 matrices of the form (’5 j‘h), which is generated by two
elements H and X, with [H, X] = 2X. O

7.1.5.3 Example (Dimension 3) There are some boring abelian and solvable groups, such as
R? x R, or the direct sum of R! with one of the two dimensional groups. As the dimension
increases, the number of boring solvable groups gets huge, and nobody can do anything about
them, so we ignore them from here on.

You also get the group SL(2,R), which is the most important Lie group of all. We saw in
Example 7.1.4.7 that SL(2,R) has fundamental group Z. The double cover Mp(2, R) is important.
The quotient PSL(2,R) is simple, and acts on the open upper half plane by linear fractional
transformations.

Closely related to SL(2, R) is the compact group SU(2). We know that SU(2) ~ S3, and it covers
SO(3,R), with kernel +1. After we learn about Spin groups, we will see that SU(2) = Spin(3, R).
The Lie algebra su(2) is generated by three elements X, Y, and Z with relations [X,Y] = 27,
[Y,Z] = 2X, and [Z,X] = 2Y. An explicit representation is given by X = (% {), Y = (9¢),
and Z = ({ Y). Another specific presentation is given by su(2) ~ R? with the standard cross-
product as the Lie bracket. The Lie algebras s[(2,R) and su(2) are non-isomorphic, but when you
complexify, they both become isomorphic to s[(2,C).
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There is another interesting three-dimensional algebra. The Heisenberg algebra is the Lie algebra
of the Heisenberg group. It is generated by XY, Z, with [X,Y] = Z and Z central. You can think
of this as strictly upper-triangular three-by-three matrices; c.f. Example 7.1.4.3. O

Nothing interesting happens in dimensions four and five. There are just lots of extensions of
previous groups. We mention just a few highlights in higher dimensions.
7.1.5.4 Example (Dimension 6) We get the group SL(2,C). Later, we will see that it is also
called Spin(1, 3; R). O

7.1.5.5 Example (Dimension 8) We have SU(3,R) and SL(3,R). This is the first time we get
a non-trivial root system. O

7.1.5.6 Example (Dimension 14) The first exceptional group G2 shows up. O

7.1.5.7 Example (Dimension 248) The last exceptional group Eg shows up. We will discuss
FEg in detail in Section 7.4. O

7.1.5.8 Example (Dimension oco) This class is mostly about finite-dimensional algebras, but
let’s mention some infinite dimensional Lie groups or Lie algebras.

1. Automorphisms of a Hilbert space form a Lie group.
2. Diffeomorphisms of a manifold form a Lie group. There is some physics stuff related to this.

3. Gauge groups are (continuous, smooth, analytic, or whatever) maps from a manifold M to a
group G.

4. The Virasoro algebra is generated by L,, for n € Z and ¢, with relations

n3—n

[L’m Lm] = (n - m)Ln+m + 5n+m,0ch

where ¢ is central (called the central charge). If you set ¢ = 0, you get (complexified) vector
fields on S', where we think of L,, as ieine%. Thus, the Virasoro algebra is a central extension

0 — C - ¢ — Virasoro — Vect(S') — 0.

5. Affine Kac-Moody algebras are more or less central extensions of certain gauge groups over
the circle. O
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7.2 Compact Lie groups

7.2.1 Basic properties

So far we classified semisimple Lie algebras over an algebraically closed field characteristic 0. Now
we will discuss the connection to compact groups. Representations of Lie groups are always taken
to be smooth.

7.2.1.1 Example SU(n) = {z € GL(n,C)|z*z = id and detz = 1} is a compact connected Lie
group over R. It is the group of linear transformations of C" preserving some hermitian form.
You may already know that SU(2) is topologically a 3-sphere. O

7.2.1.2 Lemma Let G be compact. Then there exists the G-invariant volume form (a nowhere-
vanishing top degree form) w satisfying:

1. The volume of G is one: [qw =1, and

2. w is left invariant: [, fw = [o L} fw for all h € G. Recall that Lj, f is defined by (Lj, f)(g) =
f(hg).

Proof To construct w pick we € A*P(T.G)* and define w, = L;,lwe. O

In fact, w is also right-invariant if G is connected. If G is not connected, the right translations
of w can disagree with w only by a sign, and in particular define the same measure |w|. See the
exercises.

7.2.1.3 Proposition If G is a compact group and V is a real representation of G, then there exists
a positive definite G-invariant inner product on V. That is, (gv, gw) = (v,w).

Proof Pick any positive definite inner product (,) on V, e.g. by picking a basis and declaring it to
be orthonormal. Define (,) by:

(v, w) :/G<gv,gw>w.

It is positive definite and invariant. ]

7.2.1.4 Corollary Any finite dimensional representation of a compact group G is completely re-
ducible — it splits into a direct sum of irreducibles.

Proof The orthogonal complement to a subrepresentation is a subrepresentation. O

In particular, the representation Ad : G — GL(g) is completely reducible. Thus, we can
decompose g into a direct sum of irreducible ideals: each is either simple or one-dimensional. We
dump all the one-dimensional ideals into the center a of g, and write g = g1 @ - -- ® gr ® a. Thus,
the Lie algebra of a compact group is the direct sum of its center and a semisimple Lie algebra.
Recall Lemma/Definition 5.1.1.1: such a Lie algebra is called reductive.

7.2.1.5 Proposition If G is simply connected and compact, then a is trivial.
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Proof It suffices to consider the case that GG is connected. Recall that Grp : LIEALG — SCLIEGP
is an equivalence of categories. In particular, G = Gs x A, where Lie(A) = a and A is sim-
ply connected. But the only simply connected abelian Lie groups are R™, and so a cannot be
nontrivial. ]

7.2.1.6 Proposition If the Lie group G of g is compact, then the Killing form B on g is negative
semi-definite. If the Killing form on g is negative definite, then there is some compact group G
with Lie algebra g.

In fact, by the proof of Proposition 7.2.2.12, in the latter case every Lie group G with Lie(G) =g
is compact.

Proof By Proposition 7.2.1.3, g has an ad-invariant positive definite product, so the map ad : g —
gl(g) has image in so(g). Then ad(x)” = —ad(z), and so all eigenvalues of  are imaginary and
trg(adz)? < 0.

Conversely, if § is negative definite, then it is non-degenerate, so g is semisimple by Theo-
rem 4.2.6.4. Moreover,

*B(ad(x)?ﬁ Z) = ﬁ(yv ad(x)z)

and so ad(x) = —ad(z)” with respect to this inner product. That is, the image of ad lies in so(g).
It follows that the image under Ad of the simply connected group G with Lie algebra g lies in
SO(g). Thus, the image is a closed subgroup of a compact group, so it is compact. Since Ad has a
discrete kernel, the image has the same Lie algebra. O

This motivates the following:
7.2.1.7 Definition A real Lie algebra is compact if its Killing form is negative definite.

How to classify compact Lie algebras? We know the classification of semisimple Lie algebras
over C, so we can always complexify: g ~~ gc def g ®r C, which is again semisimple. However, this
process might not be injective. For example, su(2) = {( G Z) s.t. a €iR,b € (C} and sl(2,R) both
complexify to sl(2,C).

If gc = gr ®r C, then gg is a real form of gc. The following is due to Cartan:

7.2.1.8 Theorem (Cartan’s classification of compact Lie algebras)
Every semisimple Lie algebra over C has exactly one (up to isomorphism) compact real form.

For example, the classical Lie groups SL(n,C), SO(n,C), and Sp(2n,C) have as their compact
real forms SU(n), SO(n,R), and Sp(2n) from Lemma/Definition 1.3.1.2.

Proof The idea of the proof is as follows. Recall that if gc = g ®r C = g & ig, then there is a
“complex conjugation” o : gc — gc that is an automorphism of real Lie algebras but a C-antilinear
involution, with g = g the fixed points. So classifying real forms amounts to classifying all anti-
linear involutions. Moreover, suppose that we have two C-antilinear involutions o1,09 : g — g. If

o1 = ¢oap~ ! for some ¢ € Aut g, then g”* < g?2. Conversely, any isomorphism g; — go of real Lie

algebras lifts to an isomorphism ¢ : g; ®r C = go @ C, and if g, = g for antilinear involutions
01,09, then ¢ conjugates o1 to os.
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Existence Let g be a semisimple Lie algebra over C, and let x1,...,xn, h1,...,hpn, Y1,-..,Yyn be
the Chevalley generators. We define the Cartan involution o : g — g to be the C-antilinear
automorphism extending o(z;) = —v;, o(y;) = —z;, and o(h;) = —h;. Let t = g° = {z €

g s.t. o(z) = x}. Then ¢ is an R-Lie subalgebra of g and g = ¢ @ i¢.

We claim that the Killing form on ¢ is negative definite. Suppose that h =77 a;h; € hNe.
Then all a; are pure-imaginary, and so the eigenvalues of h are imaginary and 3(h,h) < 0.
On the other hand, ¢ N (n~ & n*) = {37_(a;z; — a;y;)} for a € C, and the Weyl group
action shows that 3 is negative on all of the root space.

Uniqueness Let g be semisimple over C with Killing form 3, and let 6 : g — g be a C-antilinear
involution for which g? is compact. We can skew the Killing form to By(v,w) = B(8(v), w);
this is the unique g’-invariant Hermitian form on g.

Thus By determines a polar decomposition GL(g) = Up(g) x Hy (g), where Uy(g) = {¢ €
GL(g) s.t. ¢ = 0¢} are the unitary matrices with respect to 3y and H (g) are the symmetric
positive-definite matrices — by symmetric we mean that for ¢ € H,j (g) we have ¢f = 0¢~!.
If ¢ € HY (g), then it is of the form ¢ = exp(a) for some Hermitian matrix o € gl(g). Define
(Autg)f %" Autg N H} (g).

Choose an orthonormal basis {e1,...,en} for g and define the structure constants via [e;, e;] =
Zcfjeiej. Let « = Y «ae; € gl(g) be Hermitian. Then exp(a) € Autg if and only if
a; + o; = «y, whenever cf“'j # 0. In particular, if exp(a) € Aut g, then so is exp(ta) for any
t € R. For ¢ € (Autg),, by ¢', t € R, we will mean exp(ta), where ¢ = exp(a).

We now suppose that ¢ : g — g is any other C-antilinear involutive Lie automorphism. Let
w =060 € Autg. Then

B@(wxay) = B(QW'x:y) = 6("‘-)_10:671/) = /B(Qx7wy) = Bg(:n,wy)

as 02 = #? = 1. So w is symmetric, so p = w? € (Aut g);. By diagonalizing w, it is clear that
pt and w commute for all ¢+ € R. Moreover, p'0 = fp~t for any t € R, as p' € (Aut g)g. Then:

(p1/40g0_1/4)a — p 200 = p1/2w_1 — 2t =
— V227 = U2 2 g2 a(p1/49p1/4)
In particular, 0 is conjugate to some antilinear involution that commutes with o.

Moreover, if g? is compact, then so is g? for any conjugate of 8’ = ¢8¢~1. Now suppose that
g7 is also compact. We will prove that if g7, g? are both compact and o,0 commute, then
o=40.

Indeed, we decompose into eigenspaces g = g° @ig°. Then since 6, 0 commute, 0 preserves the
decomposition and we can write g% = (g”)? @ (g%)’, where the latter is (g°) = {z s.t. 6z =
—z}. But by skew-linearity, we have g = (g”)? +i(g”)".

However, if g% is compact, then ad z has pure-imaginary eigenvalues for all x € g, and in
particular for € (g?)’. On the other hand, since g% is compact, ad z has pure-imaginary

eigenvalues for z € i(g?)’. Thus adz = 0 for = € (g)’, and by semisimplicity (g7)" = 0.
Therefore o = 6. O
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7.2.2 Unitary representations

Unitary representations are very important, and for the last 50 years people have wanted to classify
unitary representations of specific groups. The whole subject was started by Hermann Weyl, and
is motivated by quantum mechanics. In fact, the unitary representation theory of real Lie groups
is an ongoing project.

7.2.2.1 Definition A Hilbert space V is a vector space over C with a positive-definite Hermitian

form (,), which induces a norm ||v|| = \/(v,v), and V is required to be complete with respect to

| -||. The operator norm of z € End(V) is |z| & sup{H“T"U|| st.v eV~ {0}} The bounded

llll
operators on V' are B(V) « {z € End(V) s.t. |z[ < oo}. The unitary operators are U(V') « {z €

End(V) s.t. ||zv] = ||v] Vv € V}.

7.2.2.2 Remark B(V) is an associative unital algebra over C whereas U(V) is a group. O

7.2.2.3 Definition Let G be a Lie group. A unitary representation of G is a homomorphism
G — U(V) such that (gz,y) is continuous in each variable.! V is (topologically) irreducible if any

closed invariant subspace is either 0 or V. Given a unitary representation G — U(V'), we define

Ba(V) def {r € B(V) s.t. zg = gx Vg € G}.

7.2.2.4 Theorem (Schur’s lemma for unitary representations)
If V is an irreducible unitary representation of G, then Bg(V) = C.

Proof Pick z € Bg(V), and think about @ =  + 2* and b = (x — 2*)/i. These are Hermetian and
commute with G. Then by some functional analysis:

a= / xdP(x)
Speca

The point is that if E C Speca is a Borel subset, then P(FE) is a projector and commutes with a
and also with G, and now the standard kernel-and-image argument works: ker P(E) is an invariant
closed subspace, so P(E) = Aid, and therefore a is scalar. A similar argument works for b, so
x = (a+1b)/2 € C. O

Let K be a compact Lie group.

7.2.2.5 Example L2(K ) is an example of a unitary representation, where the action is g¢(x) =

¢(g~"x). 0
7.2.2.6 Example Any finite-dimensional representation of K is unitary, by averaging to get the
invariant form. O

In fact, for a compact group K, any continuous representation on a Hilbert space can be made into
a unitary representation. But these don’t give more examples:

! Actually, this is a little subtle, because we have multiple topologies, but we don’t want to go into this.
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7.2.2.7 Proposition Any irreducible unitary representation of K is finite-dimensional.

Proof Pick up v € V with ||v|]| = 1. Then define a projection T': V' — V by T'(x) = (x,v)v. Then
take the average T = [ gT g~ 'dg. Then T is self-adjoint and compact, so T is as well. Moreover,
(Tx,z) >0, so (Tz,x) > 0. But T is compact and self-adjoint, and so has an eigenvalue. Then
ker(T — \id) is an invariant subspace. So T' = \id, but it is also compact, so this is only possible
if dimV < oo. O

This also proves:
7.2.2.8 Proposition Any unitary representation of K has an irreducible subrepresentation. [
By taking orthogonal complements we have:

7.2.2.9 Proposition FEvery unitary representation of K is the closure of the direct sum of its
wrreductble subrepresentations. ]

7.2.2.10 Remark Proposition 7.2.2.9 does not hold for K noncompact. O

7.2.2.11 Theorem (Ado’s theorem for compact groups)
Every compact group has a faithful finite-dimensional representation.

A statement similar to Theorem 7.2.2.11 holds also for algebraic groups: algebraic and compact
groups are very similar. Compare also Theorem 7.2.2.13 and ?77.

Proof The representation K ~ L?(K) is faithful. As t ranges over some indexing set, let V; C
L%(K) comprise all the irreducible subrepresentations of L?(K), and let m; : K — U(V;) be the
corresponding homomorphisms. Then Nkerm is trivial. But in a compact group, any set of

closed subgroups will eventually stop: we have ker m; O (ker m; Nkermg) O ... eventually stops at
kerm N---Nkermy = {1}. Sothen V=V, @ --- @V is a faithful finite-dimensional representation
of K. O

7.2.2.12 Proposition Let t be a semisimple compact Lie algebra and g = t¢c = ¢ @r C. Then g
and € have the same finite-dimensional complex representations, and by the Cartan classification we
know its finite-dimensional complex irreducible representations. In particular, we have fundamen-
tal weights w1, ...,wn, and the corresponding representations Vi, ..., V,, tensor-generate the full
finite-dimensional representation theory. Let V =V, &---®V,, , and construct an algebraic group
G C GL(V) with Lie(G) = g, and let K C G correspond to ¢ C g. Then K is simply connected.

Proof Let K — K be the simply-connected cover. So K = f(/I‘. If T is finite, set K’ = K, and
otherwise pick I'' C T" of finite index — it is an abelian discrete group — and K’ = K/T”. Then
we have a finite cover K/ — K. So K’ has a faithful representation, as it is compact, but all the
faithful representations are already there, so K’ = K. 0

We know that the center Z(K) = ker Ad. But also Z(K) = P/Q, the quotient of the weight
lattice by the root lattice: inside K we have the maximal torus T, whose group of characters is
P; in the adjoint form we have AdT C Ad K, and its characters are ); but then the center is the
quotient of one by the other.
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7.2.2.13 Theorem (Peter-Weyl theorem for compact groups)
If K is a compact group, then:

L’(K)= @ L) &L\
L(\)elrr(K)

The bar denotes closure.

Proof (Sketch) For semisimples, we use 7?7, and for arbitrary compacts we use that any compact
is a quotient of a torus times a semisimple by a discrete group. The only thing to prove is that
@Brcpt L(N) ® L(N)* is dense in L2(K). And this follows form the fact that polynomial functions
are dense in L2 0

7.3 Orthogonal groups and related topics

With Lie algebras of small dimensions, and especially with the orthogonal groups, there are acci-
dental isomorphisms. Almost all of these can be explained with Clifford algebras and Spin groups.
The motivational examples that we’d like to explain are:

SO(2,R) = S* can double cover itself.

w2

(

O(3,R) has a simply connected double cover S3.

SO(4,R) has a simply connected double cover S3 x S3.
(5,

SO(5,C): Look at Sp(4 C), which acts on C* and on A%(C*), which is 6 dimensional, and decom-
poses as 5&1. A2(C*) has a symmetric bilinear form given by A2(C*)®A%(C*) — A*(C*) ~C,
and Sp(4,C) preserves this form. You get that Sp(4,C) acts on C%, preserving a symmetric
bilinear form, so it maps to SO(5,C). You can check that the kernel is +1. So Sp(4,C) is a

double cover of SO(5,C).

SO(6,C): SL(4,C) acts on C*, and we still have our 6 dimensional A?(C?*), with a symmetric
bilinear form. So you get a homomorphism SL(4,C) — SO(6,C), which you can check is
surjective, with kernel 1.

So we have double covers S1, S3, 53 x §3, Sp(4, C), SL(4, C) of the orthogonal groups in dimensions
2,3,4,5, and 6, respectively. All of these look completely unrelated. In fact, we will put them all
into a coherent framework, and rename them Spin(2,R), Spin(3,R), Spin(4,R), Spin(5,C), and
Spin(6, C), respectively.

7.3.1 Clifford algebras

7.3.1.1 Example We have not yet defined Clifford algebras, but here are some motivational ex-
amples of Clifford algebras over R.

e C is generated by R, together with i, with 2 = —1
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e H is generated by R, together with 4, j, each squaring to —1, with ¢j + ji = 0.

e Dirac wanted a square root for the operator V = % + 8722 + % - 88—:2 (the wave operator in 4
dimensions). He supposed that the square root is of the form A = 716% + 728% + ’yg% + 74%
and compared coefficients in the equation A? = V. Doing this yields v? = 72 = 72 = 1,
2 = —1, and Yivj + v = 0 for 7 # 3.

Dirac solved this by taking the ~; to be 4 x 4 complex matrices. Then A operates on vector-
valued functions on space-time. %

Generalizing the examples, we might define a Clifford algebra over R to be an associative algebra
generated by some elements {71, ...,7v,} with relations prescribing %-2 € R and v;v; + vjv: = 0 for
i # j. A better definition is:

7.3.1.2 Definition Suppose that V is a vector space over a field K with some quadratic form —
i.e. a homogeneous degree-two polynomial — N : V — K function V' — K. The Clifford algebra
Cliff(V, N) is the K-algebra generated by V with relations v?> = N (v).

We define Cliff (m, n; R) to be the Clifford algebra over K = R for V.= R™" with N(z1,. .., Tmin) =
BT~y ——
7.3.1.3 Remark We know that N(\v) = A2N(v) and that the expression (a,b) & N(a+0b) —

N(a) — N(b) is bilinear. If the characteristic of K is not 2, we have N(a) = (aza). Thus, you can

work with symmetric bilinear forms instead of quadratic forms so long as the characteristic of K is
not 2. We’ll use quadratic forms so that everything works in characteristic 2. O
7.3.1.4 Remark A few authors (mainly in index theory) use the relations v?> = —N(v). Some
people add a factor of 2, which usually doesn’t matter, but is wrong in characteristic 2. O

7.3.1.5 Example Take V = R? with basis i,, and with N(zi + yj) = —22 — 2. Then the
relations are (xi+ yj)? = —2% — y? are exactly the relations for the quaternions: i2 = j2 = —1 and
(i+5)? =i +ij+ji+j2=-2,50ij+ji=0. O

7.3.1.6 Remark If the characteristic of K is not 2, a “completing the square” argument shows that
any quadratic form is isomorphic to c122 +- - -+ ¢, 22, and if one can be obtained from another other
by permuting the ¢; and multiplying each ¢; by a non-zero square, the two forms are isomorphic.

It follows that every quadratic form on a vector space over C is isomorphic to z? + - - -+ 2, and
that every quadratic form on a vector space over R is isomorphic to 23+ - -4x2, —z2 | — - —22
(m pluses and n minuses) for some m and n. One can check that these forms over R are non-
isomorphic.

We will always assume that N is non-degenerate (i.e. that the associated bilinear form is non-
degenerate), but one could study Clifford algebras arising from degenerate forms.

The reader should be warned, though, that the above criterion is not sufficient for classifying
quadratic forms. For example, over the field Fs, the forms z2 4+ y? and —z? — y? are isomorphic
via the isomorphism (% _11) : IE*‘% — FZ, but —1 is not a square in F3. Also, completing the square

doesn’t work in characteristic 2. O
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7.3.1.7 Remark The tensor algebra 7V has a natural Z-grading, and to form the Clifford algebra
Cliff(V, N), we quotient by the ideal in TV generated by the even elements v? — N (v). Thus, the
algebra Cliff(V) = Cliff(V)? @ Cliff(V)! is Z/2Z-graded. (The subspace Cliff(V))? consists of the
even elements, and Cliff(V)! the odd ones.) A Z/2Z-graded algebra is called a superalgebra. A
superalgebra is supercommutative if even elements commute with everything and the odd ones
anticummute, i.e. for x,y homogeneous with respect to the Z/2Z grading, we should have zy =
(—1)des@-degyy s The Clifford algebra Cliff(V, N) is supercommutative only if N = 0. O

7.3.1.8 Example
Cliff(0,0; R) = R.

Cliff(1,0;R) = R[e]/(e? — 1) = R(1 +¢) DR(1 — ¢) = R® R, with € odd. Note that in the given
basis, this is a direct sum of algebras over R. Note also that this basis is not homogeneous
with respect to the Z/27Z grading.

Cliff (0, 1;R) = R[i]/(i* + 1) = C, with i odd.

Cliff(2,0;R) = R[a, 8]/(a?® — 1,82 — 1,a8 + Ba). We get a homomorphism Cliff(2,0;R) —
Mat(2,R), given by v (§ %) and 8+ (§ ). The homomorphism is onto because the two
given matrices generate Mat(2,R) as an algebra. The dimension of Mat(2,R) is 4, and the
dimension of Cliff(2,0;R) is at most 4 because it is spanned by 1, a, , and af. So we have
that Cliff(2,0,R) ~ Mat(2, R).

Cliff (1, 1;R) = Ra, 8]/(a® — 1,82 + 1,a8 + Ba). Again, we get an isomorphism with Mat(2, R),
given by a > (3 %) and B (2 §)

Thus, we’ve computed the Clifford algebras:

m\n | 0 1 2
0 R C H
1 | ReR  Mat(2,R)
2 | Mat(2,R) O

7.3.1.9 Remark If {v;,...,v,} is a basis for V, then {v;, ---v; |i1 < --- < ix, k < n} spans
Cliff(V), so the dimension of Cliff(V) is less than or equal to 24™V. In fact, it is always equal,
although showing this can be tough. %

7.3.1.10 Remark What is Cliff (U @ V) in terms of Cliff U and Cliff V? One might guess Cliff (U @& V') =
Cliff UCIiff V. For the usual definition of tensor product, this is false: Mat(2,R) = Cliff(1, 1;R) #
Cliff(1,0; R) ® Cliff (0, 1; R) = C & C. However, for the superalgebra tensor product, this is correct.
The superalgebra tensor product is the regular tensor product of vector spaces, with the product
given by (a ® b)(c ® d) = (—1)48 98 ¢qc @ bd for homogeneous elements a, b, ¢, and d. O

Ignoring the previous remark and specializing to K = R, let’s try to compute Cliff(U & V')
when dimU = m is even. Let a1, ..., a,, be an orthogonal basis for U and let 31,..., 3, be an
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orthogonal basis for V. Then set v; = ajas - - - aunfB;. What are the relations between the «; and
the v;7 We have:
pYj = Q1 - am B = onag - o B = 504

We used that dim U is even and that «; anti-commutes with everything except itself. Then:

= a1 apar o BiBi = =i, 1# ]
~—~—

—BjBi

m(m—1)

V=01 amonamBifi = (<1)7 7 of op, 5

— (—1)™a} a2, 6 (m even)

So the v;’s commute with the a; and satisfy the relations of some Clifford algebra. Thus, we've
shown that CLff(U ¢ V') = Cliff(U) @ Cliff (W), where W is V with the quadratic form multiplied
by (—1)%dim Va2...a2, = (—1)%dimU - discriminant(U), and now we are using the usual tensor
product of algebras over R.

Taking dim U = 2, we find that
Cliff (m + 2,n; R) = Mat(2,R) ® Cliff (n, m; R)
Cliff(m + 1,n + 1;R) = Mat(2, R) ® Cliff (m, n; R)
Cliff(m,n + 2;R) = H® Cliff(n, m, R)

where the indices switch whenever the discriminant is positive. Using these formulas, we can reduce
any Clifford algebra to tensor products of things like R, C, H, and Mat(2, R).

Recall the rules for taking tensor products of matrix algebras (all tensor products are over R,
and are not super):

e R® X = X.

C ® H = Mat(2,C). This follows from the isomorphism C @ Cliff(m,n,R) = Cliff (m + n, C).

CeC=CeaC.

e H ® H = Mat(4,R). You can see by thinking of the action on H =2 R* given by (z ®y) - 2z =

azzy_l.

Mat <m, Matn(X)) =~ Mat(mn, X).

e Mat(m, X) ® Mat(n,Y) = Mat(mn, X ® Y).

Thus we can compute all Clifford algebras over R. We will write down the interesting ones.
Filling in the middle of the table is easy because you can move diagonally by tensoring with
Mat(2, R).
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0 1 2 3 4 5 6 7 8
M, (C) Mg(R) Mg(R) @ Mg(R) M;g(R)
~ ®Mi6(R)
Mg (C)
\81\?2(]13)
etc.

M16 (R) etc.

Mi6(R) & M;(R)

To fit it on the page, we have abbreviated Mat(n, K) = M,, (K).

It is easy to see that ClLff(8 +m,n) = Cliff(m,n + 8) = Cliff (m, n) ® Mat(16,R), which gives
the table a kind of mod 8 periodicity. There is a more precise way to state this: Cliff(m,n,R) and
Cliff(m/, n/,R) are super Morita equivalent if and only if m —n =m/ —n’ mod 8.

7.3.1.11 Remark This mod 8 periodicity turns up in several other places:

1. Real Clifford algebras Cliff (m,n;R) and Cliff(m/,n/;R) are super Morita equivalent if and
only if m —n=m' —n' mod 8.

2. Bott periodicity says that stable homotopy groups of orthogonal groups are periodic mod 8.
3. Real K-theory is periodic with a period of 8.

4. Even unimodular lattices (such as the Fg lattice) exist in R™" if and only if m —n = 0
mod 8.

5. The super Brauer group of R is Z/8Z. The super Brauer group is defined as follows. Take
all real superalgebras over R up to super Morita equivalence; this forms a monoid under the
super tensor product, and the super Brauer group is the group of invertible elements in this
monoid. It turns out that every element of the super Brauer group is represented by a super
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division algebra over R (a Z/2Z-graded algebra in which every non-zero homogeneous element
is invertible), c.f. [Tri05]). Writing e1 for an odd generator satisfying ¢2 = +1, and letting
i € C be odd? but 4, j, k € H even, this group is:

Cle4]

R[] Hle )
R H
Rle-] Hile ]
Cle-]

Note that the purely-even C is not invertible in the monoid of real superalgebras, because
C®r C = C® C and there is no way to tensor this to something with only one simple
representation. O

Recall that Cliff(V) = Cliff®(V)) @ Cliff'(V), where Cliff*(V) is the odd part and Cliff°(V) is
the even part. We will need to know the structure of Cliffo(m, n; R), which is, fortunately, easy to
compute in in terms of smaller Clifford algebras. Working over an arbitrary field K, let dimU =1
with  a basis vector and let v, . .., 7, an orthogonal basis for V. Then Cliff®(U @ V) is generated
by Y71, - - Y¥n. We compute the relations:

-y = 4 i # ]
i J (_,},2)%27 i=3j

So Cliff’(U @ V) is itself the (evenization of the) Clifford algebra Cliff (W), where W is V with the
quadratic form multiplied by —? = — discriminant(U). Over R, this tells us that:

Cliff(m + 1,n; R) = Cliff (n, m; R)

Cliff’(m,n + 1;R) = Cliff (m, n; R)
Mind the indices.

7.3.1.12 Remark For complex Clifford algebras, the situation is similar, but easier. One finds that
Cliff (2m, C) = Mat(2™,C) and Cliff(2m 4 1,C) = Mat(2™,C) @ Mat(2™, C), with Cliff’(n, C) =
Cliff(n — 1,C). You could figure these out by tensoring the real algebras with C if you wanted. We
see a mod 2 periodicity now. Bott periodicity for the unitary group is mod 2. O

7.3.2 Clifford groups, Spin groups, and Pin groups
In this section, we define Clifford groups, denoted CLG(V, N), and find an exact sequence

1 - KX <222 cLG(V, N) = O(V, N) — 1.

2One could make i even since R[i,e4] = R[Feri,ex], and R[Feyi] = C is entirely even.
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7.3.2.1 Remark A standard notation for the Clifford group is to write I'y K for what we call
CLG(V, N), highlighting the dependence on the field and suppressing the dependence on the norm.
(Similarly, sometimes you see CyK for our Cliff(V, N).) We prefer this rarer notation, as we overuse
the letter I" elsewhere in this text. O

7.3.2.2 Definition Let V' be a K-vector space and N : V — K a quadratic form on it. Let o :
Cliff(V, N) — Cliff(V, N) be the automorphism induced by —1 : V — V| i.e. it is the automorphism
that acts as +1 on CLff°(V, N) and as —1 on Cliff'(V, N'). The Clifford group is:

CLG(V,N) def {x € Cliff(V, N) homogeneous and invertible s.t. zVa(z)™t C V}

In particular, CLG(V, N) acts on V.

7.3.2.3 Remark We have included the condition that x € CLG(V,N) be homogeneous with
respect to the Z/27Z degree, but in fact homogeneity follows from the condition that zVa(z)™! C V.
**cite?** **Then in the proof of Lemma 7.3.2.5 we do not assume that all elements
are homogeneous. But in the proof of Proposition 7.3.2.8 we do.** O

7.3.2.4 Remark Many books leave out the «, which is a mistake, though not a serious one. They
use Va1 instead of zVa(x)~!. Our definition is better for the following reasons:

1. It is the correct superalgebra sign. The superalgebra convention says that whenever you
exchange two elements of odd degree, you pick up a minus sign, and V is odd.

2. Putting « in makes the theory much cleaner in odd dimensions. For example, we will see
that the described action gives a map CLG(V') — O(V') which is onto if we use «, but not if
we do not. (You get SO(V') without the «, which isn’t too bad, but is still annoying.) ¢

7.3.2.5 Lemma The elements of CLG(V) that act trivially on V' are precisely K* C CLG(V) C
ClLff (V).

We will give the proof when char K #£ 2. Lemma 7.3.2.5 and the rest of the results are also true
in characteristic 2, but you have to work harder: you can’t go around choosing orthogonal bases
because they may not exist.

Proof Suppose that a = ag + a1 € CLG(V) acts trivially on V, with ag even and a; odd. Then
(ap + a1)v = va(ag + a1) = v(ag — a1). Matching up even and odd parts, we get apv = vag and
a1v = —vaj. Choose an orthogonal basis 71, ...,v, for V. We may write

ap =T + My

where € CLG(V) and y € CLG!(V) and neither x nor y contain a factor of 71, so v1z = zv;
and y1y = —y7v1. Applying the relation agv = vag with v = 71, we see that y = 0, so ag contains
no monomials with a factor v;.

Repeat this procedure with v equal to the other basis elements to show that ag € L™ (since it
cannot have any +’s in it). Similarly, write a; = y + 712, with = and y not containing a factor of
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~1. Then the relation a;y; = —y1a; implies that £ = 0. Repeating with the other basis vectors, we
conclude that a; = 0, as y is odd but cannot have any factors.
Soa0+a1:ao€KﬂCLG(V):KX. ]

We will denote by (—)” the anti-automorphism of Cliff(V) induced by the identity on V'
(“anti” means that (ab)” = bTa’). Do not confuse a ++ a(a) (automorphism), a +— a’ (anti-
automorphism), and a +— a(a”) (anti-automorphism).

7.3.2.6 Definition The spinor norm of a € Cliff(V') is N(a) L gal € Cliff (V). The twisted

spinor norm is N%(a) def aa(a)T.

7.3.2.7 Remark On V C Cliff(V, N), the spinor norm N coincides with the quadratic form N.
Many authors seem not to have noticed this, and use different letters. Sometimes they use a sign
convention which makes them different. O

7.3.2.8 Proposition

1. The restriction of N to CLG(V) is a homomorphism whose image lies in K*. (N is a mess
on the rest of Cliff(V).)

2. The action of CLG(V) on V s orthogonal (with respect to N = N). That is, the map
CLG(V) — GL(V) factors through O(V,N).
Proof First we show that if a € CLG(V'), then N*(a) acts trivially on V:

Na(a)va(Na(a»i -

=aa(a)vie™)T ala)™?

—_——

=(a"1vTa(a))T
= aa 'va(a)a(a)™? (T|y = idy and atva(a) € V)
=v

So by Lemma 7.3.2.5, N*(a) € K*. This implies that N¢ is a homomorphism on CLG(V') because:

=aN°®(b)a(a)” (N“(b) is central)
= aba(b)T a(a)T
= (ab)x
After all this work with N, what we’re really interested is N. On the even elements of CLG(V),
N agrees with N, and on the odd elements, N = —N“. Since CLG(V') consists of homogeneous
elements, N is also a homomorphism from CLG(V') to K*. This proves the first statement.

Finally, since N is a homomorphism on CLG(V'), the action on V preserves the quadratic form
N|y. Thus, we have a homomorphism CLG(V) — O(V). O
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Now we analyze the homomorphism CLG(V) — O(V). Lemma 7.3.2.5 says exactly that the
kernel is K*. Next we will show that the image is all of O(V). Suppose that we have r € V' with
N(r) # 0. Then:

roo(r -1 —rvir =V — 7UT2 +ror
=Ny T T NG
- x(:ir (7.3.2.9)

—r fov=r

- {U o) — 0 (7.3.2.10)

Thus r € CLG(V), and it acts on V by a reflection through the hyperplane 7. One might
deduce that the homomorphism CLG(V) — O(V) is onto because O(V') is generated by reflections.
However, this would be incorrect: O(V) is not always generated by reflections!

7.3.2.11 Example Let K = Fy, H = K? with the quadratic form 2% +y?> + 2y, and V = H @ H.
Then O(V,K) is not generated by reflections. See Exercise 5. O

7.3.2.12 Remark It turns out that this is the only counterexample. For any other vector space
and/or any other non-degenerate quadratic form, O(V,K) is generated by reflections. The map
CLG(V) — O(V) is surjective even when V,K are as in Example 7.3.2.11. Also, in every case
except Example 7.3.2.11, CLG(V) is generated as a group by non-zero elements of V' (i.e. every
element of CLG(V) is a monomial). **cite?** O

7.3.2.13 Remark Equation (7.3.2.9) is the definition of the reflection of v through r. It is only
possible to reflect through vectors of non-zero norm. Reflections in characteristic 2 are strange;
strange enough that people don’t call them reflections, they call them transvections. %

We have proven that we have the following diagram:

1 K* CLG(V) —— O(V) 1
lN N (7.3.2.14)
x I2 v
1 —— {£1} K* 220 K* K*/{squares} —— 1

The rows are exact, K* is in the center of CLG(V') (this is obvious, since K* is in the center of
Cliff(V)), and N : O(V) — K* /{squares} is the unique homomorphism sending reflection through
r+ to N(r) modulo squares in K*.

7.3.2.15 Definition Given a K-vector space V' with a quadratic form N : V — K, the corre-

sponding pin and spin groups are Pin(V, N) def {r € CLG(V,N) s.t. N(x) =1} and its even part

Spin(V, N) &' Pin®(V, V).
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On K%, the spinor norm is given by x — z2, so the elements of spinor norm 1 are just £1. By

restricting the top row of (7.3.2.14) to elements of norm 1 and even elements of norm 1, respectively,
we get two exact sequences:

1 — {1} — Pin(V) — O(V) % K* /{squares}
1 — {£1} — Spin(V) — SO(V) 5 K* /{squares}

To see exactness of the top sequence, note that the kernel of Pin(V) — O(V) is K* NPin(V) =
{£1}, and that the image of Pin(V) in O(V) is exactly the elements of norm 1. The bottom
sequence is similar, except that the image of Spin(V') is not all of O(V), it is only SO(V); by
Remark 7.3.2.12, every element of CLG(V) is a product of elements of V, so every element of
Spin(V') is a product of an even number of elements of V. Thus, its image is a product of an even
number of reflections, so it is in SO(V).

7.3.2.16 Example Take V to be a positive-definite vector space over R. Then N maps to +1 in
R* /{squares} = {+1} (because N is positive definite). So the spinor norm on O(V,R) is trivial.
So if V = R" is equipped with a positive-definite metric, we get double covers:

1 — {£1} — Pin(n,R) — O(n,R) — 1
1 — {#£1} — Spin(n,R) — SO(n,R) — 1

This will account for the weird double covers we saw at the start of Section 7.3. O

7.3.2.17 Example What if the metric on V is negative-definite? Then every reflection maps to
—1 € R/{squares}, so the spinor norm N is the same as the determinant map O(V) — £1. In
particular, Pin(0,n;R) is a double cover of SO(0,n; R) = SO(n), rather than of O(n). ¢

So in order to find interesting examples of the spinor norm, you have to look at cases that are
neither positive definite nor negative definite.

7.3.2.18 Example Consider the Lorentz space R™3, i.e. R* with a metric with signature {+———1.

‘I norm<0

Reflection through a spacelike vector — a vector with norm < 0, also called a “parity reversal” P
— has spinor norm —1 and determinant —1, and reflection through a timelike vector — norm > 0,
“time revesral” T'— has spinor norm +1 and determinant —1. So O(1, 3; R) has four components
(it is not hard to check that these are all the components), usually called 1, P, T, and PT. %
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7.3.2.19 Remark We mention a few things for those who know Galois cohomology. We have an
exact sequence of algebraic groups:

1 = GL(1) - CLG(V) = O(V) = 1

“Algebraic group” means you don’t put in a field. You do not necessarily get an exact sequence at
any given field.

In general, if 1 -+ A - B — C — 1 is exact, then 1 - A(K) — B(K) — C(K) is exact, but
B(K) — C(K) need not be onto. What you actually get is a long exact sequence:

1 — H%(Gal(K/K), A) — H°(Gal(K/K), B) — H°(Gal(K/K), C) — H'(Gal(K/K), A) — ---

It turns out that H'(Gal(K/K), GL(1)) = 1. However, H!(Gal(K/K), {£1}) = K*/{squares}.
So from 1 — GL(1) - CLG(V) — O(V) — 1 we get:

1 — K* = CLG(V,K) = O(V,K) — 1 = H'(Gal(K/K) GL(1))
However, taking 1 — {+1} — Spin(V) — SO(V) — 1 we get:
1 — {£1} — Spin(V,K) — SO(V,K) 5 K* /{squares} = H! (Gal(K/K), {il})

So we see that the non-surjectivity of N is some kind of higher Galois cohomology.
It is important to remember that Spin(V) — SO(V) is an onto map of algebraic groups, but
Spin(V,K) — SO(V,K) need not be an onto map of groups. O

7.3.2.20 Example Since 3 is odd, O(3,R) =2 SO(3,R) x {£1}. So we do have an exact sequence:
1 — {£1} — Spin(3,R) — SO(3,R) — 1

Notice that Spin(3,R) C Cliff’(3,R) = H, so Spin(3,R) C H*, and in fact we saw that it is the
sphere S3. O

7.3.3 Examples of Spin and Pin groups and their representations

Notice that Pin(V,K) C Cliff(V,K)*, so any module over Cliff(V,K) gives a representation of
Pin(V,K). We already figured out that the Cliff(V,K)s are direct sums of matrix algebras over
R,C, and H when K = R, C.

What are the representations (modules) of complex Clifford algebras? Recall that Cliff(2n, C) =
Mat(2", C), which has a representations of dimension 2", which is called the spin representation
of Pin(2n, C); and Cliff (2n + 1,C) = Mat(2", C) @ Mat (2", C), which has 2 representations, called
the spin representations of Pin(2n + 1, C).

What happens if we restrict these to Spin(V,C) C Piny(C)? To do that, we have to recall
that Cliff®(2n,C) = Mat(2"!,C) x Mat(2"~!,C) and Cliff’(2n + 1,C) = Mat(2",C). So in even
dimensions Pin(2n, C) has one spin representation of dimension 2" splitting into two half spin rep-
resentations of dimension 2"~! and in odd dimensions, Pin(2n + 1,C) has two spin representations
of dimension 2" which stay the same upon restriction to Spin(V,C).
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Now we’ll give a second description of spin representations. We’ll just do the even dimensional
case (odd is similar). Say dimV = 2n, and say we’re over C. Choose an orthonormal basis
Y1y y2n for V, so that 42 = 1 and ;5 = —7;7; in Cliff (V). Now look at the group G generated
by Y1, - -, Y2n, which is finite, with order 2'*2" (you can write all its elements explicitly). Then
the representations of Cliff (V, C) correspond to those representations of G in which —1 € G acts as
—1 € C (as opposed to acting as 1 — it must square to 1). So another way to look at representations
of the Clifford algebra is by looking at representations of G.

Let’s look at the structure of G. First, the center is {#1}: this uses the fact that we are in
even dimensions, lest the product of all the generators also be central. Using this, we count the
conjugacy classes. There are two conjugacy classes of size 1 ({1} and {—1}) and 22" — 1 conjugacy
classes of size 2 ({x7i, - -7, } for nonempty subsets {i1,...,ir} € {1,...,2n}). So G has a total
of 22" 41 conjugacy classes, and hence 22" + 1 irreducible representations. By inspection, G /center
is abelian, isomorphic to (Z/27Z)?", and this gives us 22" one-dimensional representations. So there
is only one more representation left to find! We can figure out its dimension by recalling that the
sum of the squares of the dimensions of irreducible representations gives us the order of G, which
is 2271 So 227 x 11 4+ 1 x d? = 22"+, where d is the dimension of the mystery representation.
Thus, d = £2", so d = 2". So G, and therefore Cliff(2n,C), has an irreducible representation of
dimension 2" (as we found earlier in another way).

7.3.3.1 Example Consider O(2,1;R). As before, O(2,1;R) = SO(2,1;R) x {1}, and SO(2,1,R)
is not connected: it has two components, separated by the spinor norm N.

1 — {#1} = Spin(2, 1;R) = SO(2, 1;R) & {1}

Since Spin(2,1;R) C Cliff°(2,1;R) = Mat(2,R), Spin(2, 1;R) has one two-dimensional spin rep-
resentation. So there is a map Spin(2,1;R) — SL(2,R). By counting dimensions, the map is a
surjection, and we mentioned already that no nontrivial connected cover of SL(2,R) has a faithful
representation. So Spin(2, 1; R) = SL(2,R). ¢

Now let’s look at some 4 dimensional orthogonal groups

7.3.3.2 Example Look at SO(4,R), which is compact. It has a complex spin representation of
dimension 2%/2 = 4, which splits into two half spin representations of dimension 2. We have the
sequence

1 - +1 — Spin(4,R) — SO(4,R) — 1 (N=1)

Spin(4, R) is also compact, so the image in any complex representation is contained in some unitary
group. So we get two maps Spin(4,R) — SU(2) x SU(2), and both sides have dimension 6 and
centers of order 4. Thus, we find that Spin(4,R) = SU(2) x SU(2) = $3 x S3, which give you the
two half spin representations. O

7.3.3.3 Example What about SO(3,1;R)? Notice that O(3,1;R) has four components distin-
guished by the maps det, N : O(3,1;R) — +1. So we get:

1 — +1 — Spin(3, ;R) — SO(3, 1;R) & +1 — 1
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We expect two half spin representations, which give us two homomorphisms Spin(3,1;R) —
SL(2,C). This time, each of these homomorphisms is an isomorphism. The SL(2,C)s are dou-
ble covers of simple groups. Here, we don’t get the splitting into a product as in the positive
definite case. This isomorphism is heavily used in quantum field theory because Spin(3,1,R) is a
double cover of the connected component of the Lorentz group (and SL(2, C) is easy to work with).
Note also that the center of Spin(3,1;R) has order 2, not 4, as for Spin(4,0,R). Also note that the
group PSL(2,C) acts on the compactified CU {oo} by (¢4) (1) = Z:Ig Subgroups of this group
are called Kleinian groups. On the other hand, the group SO(3,1;R)* (identity component) acts
on H? (three dimensional hyperbolic space). To see this, look at the following picture:

«—— norm=-—1

Each sheet of norm —1 is a hyperboloid isomorphic to H? under the induced metric. In fact, we’ll
define hyperbolic space that way. If you're a topologist, you're very interested in hyperbolic 3-
manifolds, which are H?/(discrete subgroup of SO(3, 1;R)). If you use the fact that SO(3, 1;R) =
PSL(2,R), then you see that these discrete subgroups are in fact Klienian groups. %

There are lots of exceptional isomorphisms in small dimension, all of which are very interesting,
and almost all of them can be explained by spin groups.

7.3.3.4 Example O(2,2;R) has four components (given by det, N). Cliff%(2,2;R) = Mat(2,R) x
Mat(2, R), which induces an isomorphism Spin(2,2;R) — SL(2,R) x SL(2,R), which gives you the
two half spin representations. Both sides have dimension 6 with centers of order 4. So this time
we get two non-compact groups. Let’s look at the fundamental group of SL(2,R), which is Z, so
the fundamental group of Spin(2,2;R) is Z & Z. Recall, Spin(4,0; R) and Spin(3, 1; R) were both
simply connected. Spin(2,2;R) shows that spin groups need not be simply connected.

So we can take covers of Spin(2,2;R). What do these covers (e.g. the universal cover) look
like? This is hard to describe because for finite dimensional complex representations, you get finite
dimensional representations of the Lie algebra g = spin(2,2;R) = sl(2,R) @ s[(2,R), which corre-
spond to the finite dimensional representations of g ® C, which correspond to the finite dimensional
representations of spin(4,0;R) = Lie algebra of Spin(4, 0; R), which correspond to the finite dimen-
sional representations of Spin(4,0;R), since this group is simply connected. This means that any
finite dimensional representation of a cover of Spin(2,2;R) actually factors through Spin(2,2;R).
So there is no way you can talk about these things with finite matrices, and infinite dimensional
representations are hard.

To summarize, the algebraic group Spin(2, 2) is simply connected (as an algebraic group, i.e. as a
functor from rings to groups), which means that it has no algebraic central extensions. However, the
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Lie group Spin(2,2; R) is not simply connected; it has fundamental group Z@® Z. This problem does
not happen for compact Lie groups (where every finite cover is algebraic). We saw this phenomenon
already with SL(2). O

7.3.3.5 Example We’ve done O(4,0), O(3,1) and O(2,2), from which we can obviously get O(1, 3)
and O(0,4). Note that O(4,0;R) = 0(0,4;R), SO(4,0;R) = SO(0,4;R), and Spin(4,0;R) =
Spin(0,4;R). However, Pin(4,0;R) % Pin(0,4;R). **This is false as stated. Pin(n,0) and
Pin(0,n) are never equivalent as covers of O(n) by the argument below. But actually
Pin(n,0) = Pin(0,n) exactly when 4|n by [BDMGKO01]. In terms of real Clifford algebras,
there is an isomorphism Cliff (4m, 0; R) = Cliff(0,4m;R) given by sending v € V = R" to
v0, where 0 € Cliff’(0,n;R) is the product of all the generators, i.e. the volume form on
V. The dependence on n mod 4 is as follows: we want 6 to be an even element so as to
have an isomorphism of superalgebras; we want > = +1, but in general §> = (71)@)**
These two are hard to distinguish. We have:

Pin(4, 0; R) Pin(0, 4; R)

| J

0(4,0;R) = 0(0,4;R)

Take a reflection (of order 2) in O(4,0;R) = O(0,4;R), and lift it to the Pin groups. What is the
order of the lift? The reflection vector v, with v? = +1, lifts to the element v € CLG(V,R) C
Cliff!(V,R). Notice that v?> = 1 in the case V = R*Y and v? = —1 in the case of V = R%* so in
Pin(4,0;R), the reflection lifts to something of order 2, but in Pin(0,4;R), you get an element of
order 4. So these two groups are different.

Two groups are isoclinic if they are confusingly similar. A similar phenomenon is common for
groups of the form 2 - G - 2, which means it has a center of order 2, then some group G, and the
abelianization has order 2. Watch out. O

7.3.3.6 Example There is a special property of the eight-dimensional orthogonal groups called
triality. Recall that O(8,C) has Dynkin diagram Dy, which has a symmetry of order three:

T/
N

But O(8,C) and SO(8,C) do not have corresponding symmetries of order three. The thing that
does have the “extra” symmetry of order three is the spin group Spin(8, R)!

You can see it as follows. Look at the half spin representations of Spin(8,R). Since this is a
spin group in even dimension, there are two. ClLiff(8,0;R) = Mat(2%/2~1 R) x Mat(28/2~1 R) =
Mat(8,R) x Mat(8,R). So Spin(8,R) has two eight-dimensional real half spin representations. But
the spin group is compact, so it preserves some quadratic form, so you get two homomorphisms
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Spin(8,R) — SO(8,R). So Spin(8,R) has three eight-dimensional representations: the half spins,
and the one from the map to SO(8,R). These maps Spin(8,R) — SO(8,R) lift to the triality
automorphisms Spin(8,R) — Spin(8, R).

The center of Spin(8,R) is the Klein four-group (Z/27Z) ® (Z/27Z) because the center of the
Clifford group is {#1, +7; - - - vg}. There are three non-trivial elements of the center, and quotienting
by any of these gives you something isomorphic to SO(8,R). This is special to eight dimensions.{

7.3.3.7 Remark Is O(V,K) a simple group? No, for the following reasons:
1. There is a determinant map O(V,K) — 41, which is usually onto, so it can’t be simple.

2. There is a spinor norm map O(V,K) — K* /{squares}. Again this is often does not have
trivial image

3. —1 € center of O(V,K), and so the center is a nontrivial normal subgroup.

4. SO(V,K) tends to split if dim V' = 4, tends to be abelian if dim V' = 2, and tends to be trivial
if dimV = 1.

It turns out that the orthogonal groups are usually simple apart from these four reasons why they’re
not. Let’s mod out by the determinant, to get to SO, then look at Spin(V,K), then quotient by the
center, and assume that dim V' > 5. Then this is usually simple. The center tends to have order 1,
2, or 4. If K is a finite field, then this gives many of the finite simple groups. O

7.3.3.8 Remark SO(V,K) is not (best defined as) the subgroup of O(V,K) of elements of deter-
minant 1 in general. Rather it is the image of CLG?(V,K) C Cliff(V,K) — O(V,K), which is the
correct definition. Let’s look at why this is right and the definition you know is wrong. There is
a homomorphism, called the Dickson invariant, CLG(V, K) — Z/2Z, which takes CLG’(V,K) to
0 and CLG!(V,K) to 1. It is easy to check that det(v) = (—1)dickson(v) ~So if the characteristic of
K is not 2, det = 1 is equivalent to dickson = 0, but in characteristic 2, determinant is the wrong
invariant (because the determinant is always 1). O

7.3.3.9 Example Let us conclude by mentioning some special properties of O(1,n; R) and O(2, n; R).
First, O(1,n;R) acts on hyperbolic space H", which is a component of norm —1 in R™!.

Second, O(2,n;R) acts on the Hermitian symmetric space (where Hermitian means that is has
a complex structure, and symmetric means “really nice”). There are three ways to construct this
space:

1. It is the set of positive definite two-dimensional subspaces of R%™.
2. It is the norm-zero vectors w € PC>" with (w,®) = 0.

3. It is the vectors z +iy € RV~ ! with y € C, where the cone C is the interior of the norm-zero
cone., FH7H* O
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7.4 Fy

We introduce the following notation for vectors: we denote repetitions by exponents, so that
(1%) =(1,1,1,1,1,1,1,1) and (£(3)?,0°) = (+£3,+3,0,0,0,0,0,0).
Recall the Dynkin diagram for FEg:

(=% 3

€2 — €3 €4 — €5 €6 — €7
€1 — eo €3 — ey es — eg er — eg
Each vertex is a simple root r with (r,7) = 2; (r,s) = 0 when r and s are not joined, and (r,s) = —1
when r and s are joined. We choose an orthonormal basis eq, ..., eg, in which the simple roots are

as given.

7.4.0.1 Example We want to figure out what the root lattice L of Eg is (this is the lattice
generated by the roots). If you take {e; — e;41} U (—1°,13) (all the A; vectors plus twice the
strange vector), they generate the Dg lattice = {(x1,...,2g8) s.t. ; € Z and Y x; is even}. So
the Eg lattice consists of two cosets of this lattice, where the other coset is {(x1,...,zs) s.t. z; €
Z+ % and Y z; is odd}.

Alternative version: If you reflect this lattice through the hyperplane e, then you get the same
thing except that > x; is always even. We will freely use both characterizations, depending on
which is more convenient for the calculation at hand. O

7.4.0.2 Example We should also work out the weight lattice, which consists of the vectors s such
that (r,r)/2 divides (r,s) for all roots r. Notice that the weight lattice of Eg is contained in the
weight lattice of Ds, which is the union of four cosets of Dg: Dg, Dg + (1,07), Ds + ((3)®) and
Dg + (—3,(3)7). Which of these have integral inner product with the vector (—(3)?, (3)%)? They
are the first and the last, so the weight lattice of Es is Ds U Ds 4+ (—3, (3)7), which is equal to the

root lattice of Eg. O

7.4.0.3 Definition The dual of a lattice L € R™ is the lattice consisting of vectors having integral
inner product with all lattice vectors. A lattice is unimodular if it is equal to its dual. It is even if
the inner product of any vector with itself is always even.

So Examples 7.4.0.1 and 7.4.0.2 show that Eg is unimodular (as are Gy and Fjy but not general Lie
algebra lattices) and even.

7.4.0.4 Remark Even unimodular lattices in R™ only exist if 8|n (this 8 is the same 8 that shows
up in the periodicity of Clifford groups). The Ejg lattice is the only example in dimension equal
to 8 (up to isomorphism, of course). There are two in dimension 16 (one of which is L & L, the
other is DigU some coset). There are 24 in dimension 24, which are the Niemeier lattices. In 32
dimensions, there are more than a billion! O

The Weyl group 23(Eg) of Eg is generated by the reflections through st where s € L and
(s,s) =2 (these are called roots).
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7.4.0.5 Example First, let’s find all the roots: (1,...,xg) such that 3" z? = 2 with all 2; € Z or
allin Z + % and Y 2; even. If z; € Z, obviously the only solutions are permutations of (+1,+1,0°),
of which there are (g) x 22 = 112 choices. In the Z + % case, you can choose the first 7 places to be

:t%, and the last coordinate is forced, so there are 27 choices. Thus, you get 240 roots. %

7.4.0.6 Example Let’s find the orbits of the roots under the action of the Weyl group. We don’t
yet know what the Weyl group looks like, but we can find a large subgroup that is easy to work
with. Let’s use the 20(Dg) (the Weyl group of Dg), which consists of the following: we can apply
all permutations of the coordinates, or we can change the sign of an even number of coordinates:
e.g., reflection in (1,—1,00) swaps the first two coordinates, and reflection in (1,—1,0°) followed
by reflection in (1,1,0%) changes the sign of the first two coordinates.

Notice that under 20(Dg), the roots form two orbits: the set which is all permutations of
(£12,00), and the set (:l:(%)B). Do these become the same orbit under the Weyl group of Eg? Yes;
to show this, we just need one element of 2U(Eg) taking some element of the first orbit to the
second orbit. Take reflection in ((3)%)* and apply it to (12,0°): you get ((3)%, —(3)%), which is in
the second orbit. So there is just one orbit of roots under the Weyl group. O

What do orbits of 20(Eg) on other vectors look like? We're interested in this because we might
want to do representation theory. The character of a representation is a map from weights to
integers, and it is 20(Eg)-invariant.

7.4.0.7 Example Let’s look at vectors of norm 4. So Y. 2? = 4, S z; even, and all x; € Z or all
x; € Z+ 1. There are 8 x 2 possibilities which are permutations of (£2,07). There are (}) x 2*
permutations of (+£1%,0%), and there are 8 x 27 permutations of (+3,+(3)7). So there are a total
of 240 x 9 of these vectors. There are 3 orbits under 20(Ds), and as before, they are all one orbit

under the action of 20(Eg). To see this, just reflect (2,07) and (1%, —1,0%) through ((3)%). O

In Exercise 8 you will prove that there are 240 x 28 vectors of norm 6, and that they all form one
orbit. For norm 8 there are two orbits, because you have vectors that are twice a norm 2 vector,
and vectors that aren’t. As the norm gets bigger, you’ll get a large number of orbits.

7.4.0.8 Remark If you’ve seen a course on modular forms, you’ll know that the number of vectors
of norm 2n is given by 240 x } g, d3. If you call these c,, then 3" ¢,q" is a modular form of level
1 (Es is even and unimodular) and weight 4 (= dim Eg/2). O

What is the order of the Weyl group of Eg? We’ll do this by 4 different methods, which illustrate
the different techniques for this kind of thing:

7.4.0.9 Example (Order of 23(FEsg), method 1) This is a good one as a mnemonic. The order
of Fg is given by:

numbers on the ) Weight lattice of Fg

ol =TI
[2W(Es)| = 8! x H affine Fg diagram Root lattice of Eg

3
:8!X<0—0—0—0—0—I—0—0>X1
1 23 456 4 2

=214 %35 x52x7
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By “numbers on the affine diagram” we mean: take the corresponding affine diagram, and write
down the coefficients on it of the highest root. Notice that the “affine Fg” is the diagram Ey.
We can do the same thing for any other Lie algebra, for example:

[W(Fy)| =41 x (43 54 3)x1=2"x3 O

7.4.0.10 Example (Order of 283(Esg), method 2) The order of a reflection group is equal to
the products of degrees of the fundamental invariants. For Fg, the fundamental invariants are of
degrees 2, 8,12, 14, 18, 20, 24, 30. Incidentally, other than the 2, these are all one more than primes.{

7.4.0.11 Example (Order of 253(Es), method 3) This one is actually an honest method (with-
out quoting weird facts). The only fact we will use is the following: suppose G acts transitively on
a set X with H = the group fixing some point; then |G| = |H| - | X|.

This is a general purpose method for working out the orders of groups. First, we need a set
acted on by the Weyl group of Eg. Let’s take the root vectors (vectors of norm 2). This set has 240
elements, and the Weyl group of Eg acts transitively on it. So |20(Eg)| = 240 x [subgroup fixing
(1,—1,05)|. But what is the order of this subgroup (call it G1)? Let’s find a set acted on by this
group. It acts on the set of norm 2 vectors, but the action is not transitive. What are the orbits?
G fixes r = (1,—1,0%). For other roots s, G obviously fixes (r,s). So how many roots are there
with a given inner product with r?

(s,r) | number choices
2 1 r
1 56 | (1,0,+15),(0,—1,+1°),(3,-1,(3)%)
0 126 some list

-1 56 some list

-2 1 —r

So there are at least five orbits under GG;. In fact, each of these sets is a single orbit under G;. We
can see this by finding a large subgroup of Gy. Take 20(Dg), which is all permutations of the last
six coordinates and all even sign changes of the last six coordinates. It is generated by reflections
associated to the roots orthogonal to e; and ey (those that start with two 0s). The three cases with
inner product 1 are each orbits under 20(Dg). So to see that there is a single orbit under Gy, we
just need some reflections that mess up these orbits. If you take a vector (%, %, +( %)6) and reflect
norm-2 vectors through it, you will get exactly 5 orbits. So (G acts transitively on the sets of roots
with a prescribed inner product with r.

We'll use the orbit of vectors s with (r,s) = —1. Let G2 be the vectors fixing s and r: ¢ ¢ .
We have that |G| = |G2| - 56.

We will press on, although it get’s tedious. Our plan is to chose vectors acted on by G; and
fixed by G;+1 which give us the Dynkin diagram of Eg. So the next step is to try to find vectors ¢

that give us the picture 3§ & , which is to say they have inner product —1 with s and 0 with 7.

The possibilities for ¢ are (—1,—1,0,0%) (one of these), (0,0,1,41,0%) and permutations of its last

five coordinates (10 of these), and (—%,—3,%,£(3)5) (there are 16 of these), so we get 27 total.

Then we could check that they form one orbit, which is boring.
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Next find vectors which go next to ¢ in our picture s bt & ie. vectors whose inner
product is —1 with ¢ and zero with r, s. The possibilities are permutations of the last four coords of
(0,0,0,1,41,0%) (8 of these) and (—1,—3,—3, 3, +(3)?) (8 of these), so there are 16 total. Again
check transitivity.

Find a fifth vector: the possibilities are (0%,1,41,02) and perms of the last three coords (6 of
these), and (—($)*, 3, £(3)?) (4 of these) for a total of 10.

For the sixth vector, we can have (0%, 1, £1,0) or (0,1, 0, £1) (4 possibilites) or (—(3)?,
(2 possibilities), so we get 6 total.

The next case — finding the seventh vector — is tricky. The possibilities are (0%,1,+1) (2 of
these) and ((—1)5, 3, 3) (just 1). The proof of transitivity fails at this point. By now the group
we're using (2(Dg) and one more reflection) doesn’t even act transitively on the pair (you can’t
get between them by changing an even number of signs). What elements of 20(FEjg) fix all these

,£(3)%)

NI

first six points 3 o & o o o !

We want to find roots perpendicular to all of these vectors, and the only possibility is ((%)8)
How does reflection in this root act on the three possible seventh vectors? (09,12) — ((—3)5, (3)?)
and (0°,1,—1) maps to itself. Is this last vector in the same orbit? In fact they are in different

orbits. To see this, look for vectors that complete the Eg diagram:

?

T S t (0671711)

In the (0%, 1, 1) case, you can take the vector ((—3)°, 3, 3, —4). But in the other case, you can show

that there are no possibilities. So these really are different orbits.
Use the orbit with two elements, and you get

order of 2(Es)

95(Eg)| = 240 x 56 x 27 x 16 x 10 x 6 x 2 x 1
order of 2(FE7)

because the group fixing all 8 vectors must be trivial. You also get that

[2(A2x A1)
———
|20(“E5”)| =16 x 10 x 6 x 2 x 1
—_————
|2W(Ag)|

where “F5” is the algebra with diagram ._I_H , also known as Ds. Similarly, E4 = A4 and
E3 = A2 X Al.

We got some other information. We found that the Weyl group 20(F3) acts transitively on all
the configurations e, e eee e e oo o eoeee and eeeeee (A4 through Ag),
but not on A7 = e—e-e-e-eeo O
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7.4.0.12 Example (Order of 25(Es), method 4) Let L denote the Eg lattice. Look at L/2L,
which has 256 elements, as a set acted on by 20(Eg). There is an orbit of size one (represented by
0). There is an orbit of size 240/2 = 120, consisting of the roots (a root is congruent mod 2L to its
negative). Left over are 135 elements. Let’s look at norm-4 vectors. Each norm-4 vector r satisfies
r = —r mod 2, and there are 240 - 9 of them, which is a lot, so norm-4 vectors must be congruent
to a bunch of stuff. Let’s look at 7 = (2,07). Notice that it is congruent to vectors of the form
(0%, £2, Ob), of which there are sixteen. It is easy to check that these are the only norm-4 vectors
congruent to r mod 2. So we can partition the norm-4 vectors into 240 - 9/16 = 135 subsets of 16
elements. So L/2L has 1+ 120 + 135 elements, where 1 is the zero, each element among the 120 is
represented by two elements of norm 2, and each of the 135 is represented by sixteen elements of
norm 4. A set of sixteen elements of norm 4 which are all congruent is called a frame. It consists
of elements +v1,. .., dvs, where v? = 4 and (v;, vj) =1 for i # j, so up to sign it is an orthogonal
basis.
We know that 20(Eg) acts transitively on frames, and so:

|20(Eg)| = (# of frames) x |subgroup fixing a frame)|

So we need to know what are the automorphisms of a frame. A frame consists of eight subsets of
the form (r, —), and isometries of a frame form the group (Z/2Z)% - Ss, but these may not all be
in the Weyl group. In the Weyl group, we found a (Z/27Z)7 - Sg, where the first part is the group of
sign changes of an even number of coordinates. So the subgroup fixing a frame must be in between
(Z/27)7 - Sg and (Z/27)8 - Ss, and since these groups differ by a factor of 2, it must be one of them.
Observe that changing an odd number of signs doesn’t preserve the Eg lattice, so the subgroup
fixing a frame must be (Z/2Z)7 - Sg, which has order 27 - 8!. So the order of the Weyl group is

# norm-4 elements
2 x dim L O

135-27.8! = |27 - Sg| x

7.4.0.13 Remark Similarly, if A denotes the Leech lattice, you actually get the order of Conway’s
group is:
# norm-8 elements

2 x dim A

Here My, is the Mathieu group (one of the sporadic simple groups). The Leech lattice seems very
much to be trying to be the root lattice of the monster group, or something like that. There are a
lot of analogies, but nobody can make sense of it. %

‘212 ) M24'

7.4.0.14 Remark 20(Fg) acts on (Z/27)8, which is a vector space over Fy, with quadratic form
N(a) = % mod 2. Thus we get a map Q(Eg) — O (8,Fy) with kernel {41}, and it is surjective.
Here O™ (8,F3) denotes one of the 8-dimensional orthogonal groups over Fy. So 20(Es) is very close
to being an orthogonal group of a characteristic-2 vector space. %

What is inside the root lattice/Lie algebra/Lie group Eg? One obvious way to find things inside
is to cover nodes of the Eg diagram.
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R

If we remove the shown node, you see that Eg contains Ay X Ds. O

7.4.0.15 Example

We can do better by showing that we can embed the affine Eg root system into the Eg lattice.

—highest root

simple roots

Now you can remove nodes here and get some bigger sub-diagrams.

7.4.0.16 Example Work with Eg as above, and cover:

R I

We get that an Ay x E7 in Eg. The E7 consisted of 126 roots orthogonal to a given root. This
gives an easy construction of the F; root system as all the elements of the Eg lattice perpendicular
to (1,-1,0...). O

7.4.0.17 Example Alternately, we can cover:

N I

Then we get an Ay X Fg, where the Eg are all the vectors with the first 3 coordinates equal. So we
get the Fg lattice for free too. %

We see that there is a Dg in Ejg, which is all vectors of the Eg lattice with integer coordinates. We
sort of constructed the Fg lattice this way in the first place. O

7.4.0.18 Example
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We can ask questions like: What is the Eg Lie algebra as a representation of Dg? To answer
this, we look at the weights of the Eg algebra, considered as a module over Dg: the 112 roots
of the form (0%, +1,0° +1,0), the 128 roots of the form (+%,+3,...), and the vector 0 with
multiplicity 8. These give you the Lie algebra of Dg. Recall that Dy is the Lie algebra of SO(16).
The double cover has a half-spin representation of dimension 2'6/2-1 = 128. So Eg decomposes as a
representation of Dg as the adjoint representation (of dimension 120) plus a half-spin representation
of dimension 128. This is often used to construct the Lie algebra Fg. We’ll do a better construction
in Section 7.5.1.

7.4.0.19 Example We've found that the Lie algebra of Dg, which is the Lie algebra of SO(16), is
contained in the Lie algebra of Eg. Which group is contained in the the compact form of the Fg?
The simply-connected group with Lie algebra s0(16,R) is Spin(16,R), and so the full list of groups
corresponds to the list of subgroups of the center (Z/2Z)? (c.f. Example 7.1.2.1):

Spin(16,R)

1
(1,-1) (—1,-1) (-1,1)  Spin(16,R)/(Z/2Z) SO(16,R) Spin(16,R)/(Z/27)
(z/2z)? PSO(16,R)

We have a homomorphism Spin(16,R) — compact form of Eg. The kernel consists of those
elements that act trivially on the Lie algebra of FEg, which is equal to the Lie algebra of Dg plus
the half-spin representation. On the Lie algebra of Dg, everything in the center acts trivially, and
on the half-spin representation, one of the order-two elements is trivial and the other is not. So the
image of the homomorphism is a subgroup of Eg isomorphic to Spin(16,R)/(Z/2Z). O

7.5 From Dynkin diagram to Lie group, revisited

In Section 5.6 we described a construction that begins with a Dynkin diagram (i.e. Cartan matrix)
and constructed a Lie algebra — Lie algebra in hand, one can use Chapters 3 and 4 to construct
a real Lie group, and we gave a different construction of the complex algebraic group for a given
Dynkin diagram in Section 6.2.3. Our construction of the Lie algebra required the somewhat
unenlightening Serre relations. We will try now to explain the construction in more detail, with Fjg
as our primary example. (In the Fg case specifically, in the previous section we constructed the Lie
algebra as a sum of the Dg Lie algebra and a half-spin representation.) We will go on to describe
how to find real forms of a given complex semisimple Lie algebra, and conclude by describing all
simple real Lie groups.

7.5.1 Construction of the Lie algebra

In this section, we will try to find a natural map from root lattices to Lie algebras. Our construction
will apply, at the minimum, to the root lattices corresponding to simply-laced Dynkin diagrams.
The idea is simple: take as a basis the formal symbols e® for each root a, add in L ® K where L is
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the root lattice, and define the Lie bracket by setting [e®, e®] = e®T8. Except that this has a sign
problem, because [e®, e8] # —[ef, e®].

Is there some good way to resolve the sign problem? Not really. Suppose we had a nice functor
from root lattices to Lie algebras. Then we would get that the automorphism group of the lattice
has to be contained in the automorphism group of the Lie algebra (which is contained in the Lie
group), and the automorphism group of the lattice contains the Weyl group of the lattice. But the
Weyl group is not usually a subgroup of the Lie group.

7.5.1.1 Example We can see this going wrong even in the case of s[(2,R). Remember that the
Weyl group is N (T)/T where T = (8 a91 ) and its normalizer is N (T) = TU ( 4?_1 8). This second
part consists of stuff having order four, so you cannot possibly write this as a semi-direct product

of T" and the Weyl group. O

So the Weyl group 20 is not usually a subgroup of the normalizer of the torus A/ (T). The best we
can do is to find a group of the form 2™-20 C N (T') where n is the rank (the dimension of the torus).
For example, let’s do it for SL(n+1,R) Then T' = diag(ay, ..., a,) with a; - - - a,, = 1. Then we take
the normalizer of the torus is N'(T) = T - {permutation matrices with entries = +1 and det = 1},
and the second factor is a 2" - S;,, and it does not split. The problem we had earlier with signs can
be traced back to the fact that this group doesn’t split.

In fact, we can construct the Lie algebra from something acted on by 2™ - W, although not
from something acted on by W. Let’s take a central extension of the lattice by a group of order 2.
Notation is a pain because the lattice L is written additively and the extension will be nonabelian;
instead, we will write the lattice multiplicatively, by assigning « +— e®, and we will emphasize this
change by writing the abelian group L as e’. Then we write ¢~ for the central extension, and insist
that the kernel é& — el be {£1} (which is central in %, of course):

1= {+1} » el s el =1

We will take as our extension é* the one satisfying é*é” = (—1)(a"8)éﬁ e® for each «, 8, where +é%
are the two elements of ¢ mapping to e®.
What do the automorphisms of é* look like?

1 — (L/2L) — Aut(é’) — Aut(el)
———
(Z/2)rank(L)

For each a € L/2L, we get an (inner) automorphism é® — (—1)(®¢# and hence the map
(L/2L) — Aut(é"). For our extension this map makes the above sequence exact, and the extension
is (usually) non-split.

Now we define a Lie algebra on (L ® K) @ @a2—2 Ké¥, modulo the convention that —1 € &~
acts as —1 in the vector space. We now define a Lie algebra by the following “obvious” rules:

o [a, ] 20 for «, B € L, so that the Cartan subalgebra is abelian;

o [o,é"] def (o, B)€8, so that é° is in the 3 root space;
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o [6%,¢7] def pagB if (a, ) < 0 and a # —f — by this, we mean product in the group é, and
if that leaves @,2—-5 Ké*, then the bracket is 0;

o [, (M Ea.

Note that [é%,é%] = 0 if (a, B) > 0, since (o + §)? > 2. We also have [¢%,¢°] = 0 if (o, 8) < -2,
since then (a+ 8)2 = a? + 82 +2(a, 8) > 2+ 2 — 2(2) = 0 and so again « + 3 is not a root.

7.5.1.2 Proposition If (,): L x L — Z is positive-definite, then the bracket defined above defines
a Lie algebra (i.e. it is skew-symmetric and satisfies the Jacobi identity).

The proof is easy but tiresome, because there are lots of cases. We'll do (most of) them, to
show that it’s not as tiresome as you might think.

Proof Antisymmetry is almost immediate. The only condition that must be checked is [¢%,&7] =
¢*¢é? which is non-zero only if (o, 8) = —1.
For the Jacobi identity — [[a, b], c] + [[b, ¢], a] + [[¢, a], b] = 0 — we check many cases.

1. All of a,b,c are in L. The Jacobi identity is trivial because all brackets are zero.
2. Two of a, b, c are L, so say {a,b,c} = {«, 3,e¢7}. Then:

[, 8], €71+ [[B,€7], o] + [[€7,a], B] = 0+ (B,7)[€7, o] = (a,7)[€7, f] =
= —(B,7)(a,7)e” + (a,7)(B,7)é" =0

3. One of a,b,c in L, so {a,b,c} = {a,&?,&7}. Since é° has weight 3 and é” has weight ~, and

éPé7 has weight 5 + .

[, éﬁ]» e’ = (o, B) [éﬂv e’
[[é/87 é’y]v O‘} - _[av [éﬁﬂ éfy]] = —(CK, B+ 7)[@87 é’y]
(67, a), ] = ~[[@, 7], "] = (@, 7)[¢", "]

The sum is zero.

4. The really tiresome case is when none of a,b,c are in L. The really tiresome case is when
none of a,b,c are in L. Let the terms now be é%,é%, é7. By positive-definiteness, the dot
products («a, ), (a,7), and (B,7) lie in {—2,...,2}, and (o, f) = £2 iff a = +0.

(a) If two of these are values are zero, then all the [[x, %], %] are zero.

(b) Suppose that a = —f. By (a), v cannot be orthogonal to them. In one case, (a,v) =1
and (7, 8) = —1. Adjust signs so that é*é¢® =1 and then calculate:

[[€7,¢%],e%] — [[e*,8%],&7] + [[6*,¢7],é°] = e2¢P¢7 — (a,7)éT +0=¢" — &7 =0

(c) The case when o@ = —f3 = v is easy because [¢%,&7] = 0 and [[é, &°], 7] = —[[&7, é7],é°)].
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(d) So we have reduced to the case when each dot product is {—1,0, 1}, and at most one of
them is 0. If some (o, 3) = 1, then neither (a + v, ) nor (a, 5+ ) is —1, and so all
brackets are 0.

(e) Suppose that (a,8) = (B,7) = (v,a) = —1, in which case o + 8 + v = 0. Then
[[e2,é0],e7] = [e%éP,é7] = a + B. By symmetry, the other two terms are 3 + v and
v 4 a;the sum of all three terms is 2(a+ 8+ ) = 0.

(f) Suppose that (a,8) = (8,7) = —1, (a,7) = 0, in which case [é*,é7] = 0. We check

that [[6,éP],é%] = [e¥eP,e7] = e*éPéY (since (a + B,7) = —1). Similarly, we have
[[68,¢7], 6] = [é5¢7,é%] = éPere®. We notice that é%é = —éP¢é® and é7é* = é%¢" so
eePer = —ePere”; again, the sum of all three terms in the Jacobi identity is 0.

This concludes the verification of the Jacobi identity, so we have a Lie algebra. ([l

7.5.1.3 Remark Is there a proof avoiding case-by-case check? Good news: yes! Bad news: it’s
actually more work. We really have functors as follows:

elementary,

Dynkin Double but tedious .
. _ - Lie algebras
dlagrams cover L only for positive-
\ / Ymte lattices
Root lattice L Vertex algebras

these work for
any even lattice

The double cover L is not a lattice; it is generated as a group by symbols é% for simple roots «;,
with relations é%é% = (—1)(®®)¢% % and that —1 is central of order 2.

Unfortunately, you have to spend several weeks learning vertex algebras. In fact, the construc-
tion we did was the vertex algebra approach, with all the vertex algebras removed. Vertex algebras
provide a more general construction which gives a much larger class of infinite dimensional Lie
algebras. %

Now we should study the double cover I:, and in particular prove its existence. Given a Dynkin
diagram, we defined L as generated by the elements é* for a; simple roots with the given relations.
It is easy to check that we get a surjective homomorphism L — L with kernel generated by z with
2?2 = 1. What’s a little harder to show is that z # 1 (i.e., show that L # L). The easiest way to do
it is to use cohomology of groups, but since we have such an explicit case, we’ll do it bare hands.

Our challenge then is: Given Z, H groups with Z abelian, construct extensions 1 - 7 — G —

H — 1 where Z lands in the center of G. As a set, G consists of pairs (z, h), and we consider the

product (z1, h1)(22, he) def (21 z2 ¢(h1, hg), h1 hg) for some ¢: H x H — Z (which will end up being

a cocycle in group cohomology). There is an obvious homomorphism (z,h) — h, and we normalize
¢ so that ¢(1,h) = ¢(h,1) = 1, whence z — (z,1) is a homomorphism from Z to the center of G.
In particular, (1,1) is the identity. We'll leave it as an exercise to figure out what the inverses are.



154 CHAPTER 7. FURTHER TOPICS IN REAL LIE GROUPS

But when is the multiplication we’ve defined on G = Z x H even associative? Let’s just write
everything out:

(21, 71) (22, h2)) (23, h3) = (21 22 23 c(h, h2) c(hy ha, ), by ho hs)
(21,h1)((22, ha) (23, hs)) = (21 22 23 ¢(ha, ha h3) c(hg, hg), hy ha ha)

So we win only if ¢ satisfies the cocycle identity:
c(h1, ha) c(h1 ha, hg) = c(h1, ha h3) c(hs, h3).

This identity is immediate when ¢ is bimultiplicative: c¢(h1,hahs) = c(hy, ha2)c(h1, hs) and c¢(hiha, hs) =
c(hy, h3)c(ha, hs). Not all cocycles come from such maps, but this is the case we care about.

To construct the double cover, let Z = {£1} and H = L (free abelian). If we write H additively,
we want ¢ to be a bilinear map L x L — {£1}. It is really easy to construct bilinear maps on
free abelian groups. Just take any basis a1,...,a, of L, choose c(ai, a;) arbitrarily for each i, j
and extend ¢ via bilinearity to L x L. In our case, we want to find a double cover L satisfying
evéPl = (—1)(@Pefe where év is a lift of e*. This just means that c(a, 3) = (—1)(@P¢(B,a). To
satisfy this, just choose c(ay, ;) on the basis {a;} so that (e, ;) = (—1)(@%)c(ay;, a;). This
is trivial to do as (—1)(®»*) = 1, since the lattice is even. There is no canonical way to choose
this 2-cocycle (otherwise, the central extension would split as a product), but all the different
double covers are isomorphic because we can specify L by generators and relations. Thus, we have
constructed L (or rather, verified that the kernel of L — L has order 2, not 1).

7.5.1.4 Remark Let’s now look at lifts of automorphisms of L to L. There are two special cases:

1. Multiplication by —1 is an automorphism of L, and we want to lift it to L explicitly. As a
first attempt, try sending é* to 6~ := (é*)~!. This doesn’t work because a > a~! is not an
automorphism on non-abelian groups.

Instead, we define w : 6% — (—1)®*/2(é2)~!, which is an automorphism of L:

w(ew(@”) = (1) e )

w(ee?) = (1)@ e

—
D>

2. If 2 = 2, then reflection through r*, a + o — (a, r)r, is an automorphism of L. This lifts to
(c,m)
e 1 ()~ (@) (—1)( :”). This is a homomorphism, but usually of order 4, not 2!

So although automorphisms of L lift to automorphisms of L, the lift might have larger order. ¢

The construction given above works for the root lattices of A,, D,, Fg, Fv7, and FEg; these
lattices are all even, positive definite, and generated by vectors of norm 2 (in fact, any such lattices
is a sum of A,~Eg). What about B,,, C,, Fy and G2? The reason the construction doesn’t work
for these cases is because there are roots of different lengths. These all occur as fixed points of
diagram automorphisms of A,, D, and Eg. In fact, we presented a functor from simply-laced
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Dynkin diagrams to Lie algebras, so an automorphism of the diagram gives an automorphism of
the algebra.

Involution Fixed Points Involution Fixed Points
RS : Dy =4 > Gy — 30

= Aont1 )ﬁ: nH \+

= Dpt1 = By

Aoy, doesn’t give you a new algebra, but rather some superalgebra that we will not describe.

7.5.2 Construction of the Lie group

First, let’s work over R. We start with a simply-laced Dynkin diagram, and as in the previous
section construct L @ Ré*. Then we can form its Lie group by looking at those automorphisms
within generated by the elements exp(A Ad(é%)), where A is some real number, é* is one of the
basis elements of the Lie algebra corresponding to the root «, and Ad(é%)(a) = [é%,a]. In other
words:

2
exp(AAd(éY))(a) =1+ A\[é%, a] + %[éa, (%, al]

To see that Ad(é%)® = 0, note that if 3 is a root, then 3 + 3« is not a root (or 0).

7.5.2.1 Remark In general, the group generated by these automorphisms is not the whole auto-
morphism group of the Lie algebra. There might be extra diagram automorphisms, for example.$

7.5.2.2 Remark In fact, the construction of a Lie algebra above works over any commutative ring,
e.g. over Z — one way to say this is that it defines a “ over Z”. The only place we used division is in
exp(AAd(é%)), where we divided by 2 in the quadratic term. The only time this term is non-zero is
when we apply exp(A Ad(é%)) to €%, in which case we find that [é¥, [é¥, é~%]] = [é%, a] = —(a, a)é?,
and the fact that (o, a) = 2 cancels the division by 2. So we can in fact construct the Eg group,
for example, over any commutative ring. In particular, we have groups of type Eg over finite fields,
which are actually finite simple groups. These are called Chevalley groups; it takes work to show
that they are simple, c.f. [Car72]. O

7.5.3 Real forms

So far we’ve constructed a Lie algebra and a Lie group of type Eg. (Our construction works starting
with any simply-laced diagram, and over any ring, as we observed above.) But for a given field,



156 CHAPTER 7. FURTHER TOPICS IN REAL LIE GROUPS

there are in fact usually several different groups of type Eg. In particular, there is only one complex
Lie algebra of type FEg, which corresponds to several different real Lie algebras of type Fg. The
one we constructed in Proposition 7.5.1.2 is the split form of Eg. That a given Dynkin diagram
supports multiple Lie algebras is not special to Eg:

7.5.3.1 Example Recall the algebra sl(2,R) = (2Y) with a,b,c,d real a + d = 0; this does not
integrate to a compact group. On the other hand, su(2,R) = (‘é 2) with d = —a imaginary and

b = —¢, is compact. These have the same Lie algebra over C. O

Suppose that g is a Lie algebra with complexification g®C. How can we find another Lie algebra
b with the same complexification? On g ® C there is an anti-linear involution wy : g ® 2 — g ® Z.
Similarly, g ® C = h ® C has an anti-linear involution wy. Notice that wywy is a linear involution
of g® C. Conversely, if we know this (linear) involution, we can reconstruct b from it. Indeed,
given an involution w of g ® C, we can get b as the fixed points of the map a — wyw(a) “=7u(a).
Equivalently, break g into the &1 eigenspaces of w, so that g = g" ®g~. Then h = g™ ®ig~. Notice
that wy is a (real) Lie algebra automorphism of g ® C; that b is also a Lie algebra is equivalent to
w being a Lie algebra map (rather than just a linear involution).

Thus, to find other real forms, we have to study the involutions of the complexification of g.
The exact relation between involutions and is kind of subtle, but this is a good way to go. We used
a similar argument to construct the compact form of each simple Lie algebra in Theorem 7.2.1.8.

7.5.3.2 Example Let g = sl(R). It has an involution w(m) = —m’. By definition, su(2,R) is
the set of fixed points of the involution which is w times complex conjugation on sl(2,C). O

So to construct real forms of Eg, we want some involutions of the Lie algebra Eg which we
constructed. What involutions do we know about? There are two obvious ways to construct
involutions:

1. Lift —1 on the lattice L to w : & — (—1)**/2(é*)~1, which induces an involution on the Lie
algebra.

2. Take § € L/2L, and look at the involution é* — (—1)(@®ex,

It will turn out that 2. gives nothing new: we’ll get the Lie algebra we started with. On the
other hand, 1. only gives us one real form. To get all real forms, we’ll multiply these two kinds of
involutions together.

Recall that L/2L has 3 orbits under the action of the Weyl group, of size 1, 120, and 135.
These will correspond to the three real forms of Fs. How do we distinguish different real forms?
The answer was found by Cartan: look at the signature of an invariant quadratic form on the Lie
algebral

7.5.3.3 Definition A bilinear form (,) on a Lie algebra is called invariant if ([a, b, c)+ (b, [a, c]) =
0 for all a,b,c. Such a form is called “invariant” because it corresponds to the form being invariant
under the corresponding group action.

7.5.3.4 Lemma We construct an invariant bilinear form on the split form of Eg (the one con-
structed in Proposition 7.5.1.2) as follows:
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b (aa ﬁ)m the Lie algebra = (Oé, ﬂ)m the lattice
o (% (e*) =1
e (a,b) =0 ifa and b are in root spaces o and 8 with o+ B # 0.

This form is unique up to multiplication by a constant since Eg is simple. ]

Since invariant forms are unique up to scaling, the absolute values of their signatures are
invariants of the corresponding Lie algebras. For the split form of Eg, what is the signature of the
invariant bilinear form (the split form is the one we just constructed)? On the Cartan subalgebra
L, (,) is positive definite, so we get +8 contribution to the signature. On {e®, (e%)~!}, the form
is (9§), which contributes 0 - 120 to the signature. Thus, the signature is +8. So if we find any
real form with a different signature, we’ll have found a new Lie algebra.

7.5.3.5 Example Let’s first try involutions e® — (—1)(®f e, But this doesn’t change the signa-
ture. The lattice L is still positive definite, and you still have (§ (1)) or (Pl _01) on the other parts.
In fact, these Lie algebras actually turn out to be isomorphic to what we started with, though we

haven’t shown this. O

7.5.3.6 Example Now we'll try w : e — (—1)*/2(e®)™, a ~» —a. What is the signature of
the form? Let’s write down the 4+ and — eigenspaces of w. The + eigenspace will be spanned by
e* — e~ and these vectors have norm —2 and are orthogonal. The — eigenspace will be spanned
by e® + e~* and L, which have norm 2 and are orthogonal, and L is positive definite. What is the
Lie algebra corresponding to the involution w? It will be spanned by e® — e~® where a? = 2, so
these basis vectors have norm —2, and by i(e® 4+ e~%), which also have norm —2, and L, which
is negative definite. So the bilinear form is negative definite, with signature —248. In particular,
|—248| # |8], and so w gives a real form of Eg that is not the split real form! In particular, since
the bilinear form is negative definite, we have found the compact form of Eg. %

Finally, let’s look at involutions of the form é* — (—1)®fw(é*). Notice that w commutes
with 2+ (—1)(®5¢*. The s in (a, §) correspond to L/2L modulo the action of the Weyl group
2 (FEs). Remember this has three orbits, with one norm-0 vector, 120 norm-2 vectors, and 135
norm-4 vectors. The norm-0 vector gives us the compact form. Let’s look at the other cases and
see what we get.

First, suppose V has a negative definite symmetric inner product (,), and suppose o is an
involution of V' =V, @ V_ (eigenspaces of o). What is the signature of the invariant inner product
on Vi @iV_?7 On V,, it is negative definite, and on ¢V_ it is positive definite. Thus, the signature
is dimV_ — dim V. = —tr(o). So, letting V' be the compact form of Eg, we want to work out the
traces of the involutions é* — (—1)(@Fw ().

7.5.3.7 Example Given some € L/2L, what is tr(é® — (—=1)(®Peé)? If § = 0, the traces is
obviously 248, as the involution is the identity map. If 32 = 2, we need to figure how many roots
have a given inner product with 3. We counted these in Example 7.4.0.11:
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(a, B) | # of roots a with given inner product | eigenvalue
2 1 1
1 56 -1
0 126 1
-1 51§ -1
-2 1 1

Thus, the trace is 1 — 56 + 126 — 56 + 1 + 8 = 24 (the 8 is from the Cartan subalgebra). So the
signature of the corresponding form on the Lie algebra is —24. We’ve found a third Lie algebra. ¢

7.5.3.8 Example If we also look at the case when 32 = 4, what happens? How many o with
a? = 2 and with given (a, 3) are there? In this case, we have:

(a, B) | # of roots a with given inner product | eigenvalue
2 14 1
1 64 -1
0 84 1
-1 64 -1
-2 14 1
The trace will be 14 — 64 + 84 — 64 + 14 + 8 = —8. This is just the split form again. O

In summary, we’ve found three forms of Eg, corresponding to the three classes in L/2L, with
signatures 8, —24, and —248. In fact, these are the only real forms of Fg, but we won’t prove this.
In general, if g is the compact form of a simple Lie algebra, then Cartan showed that the other
forms correspond exactly to the conjugacy classes of involutions in the automorphism group of g.
Be warned, though, that this doesn’t work if you don’t start with the compact form.

7.5.4 Working with simple Lie groups

As an example of how to work with simple Lie groups, we will look at the general question: Given
a simple Lie group, what is its homotopy type?

7.5.4.1 Proposition Let G be a simple real Lie group. Then G has a unique conjugacy class of
mazimal compact subgroups K, and G is homotopy equivalent to K.

Proposition 7.5.4.1 essentially follows from Theorem 7.1.4.4. We will give the proof for G =
GL(n,R), in spite of the fact that GL(n,R) is not simple.

Proof (Proof for GL(n,R)) GL(n,R) an obvious compact subgroup: O(n,R). Suppose K is
any compact subgroup of GL(n,R). Choose any positive definite form (, ) on R™. This will probably
not be invariant under K, but since K is compact, we can average it over K: define a new form
(a,D)new = [ (ka, kb) dk. This gives an invariant positive definite bilinear form (since the integral of
something positive definite is positive definite, since the space of positive-definite forms is convex).
Thus, any compact subgroup preserves some positive definite form. But any subgroup fixing some
positive definite bilinear form is conjugate to some subgroup of O(n,R), since we can diagonalize
the form. So K is contained in a conjugate of O(n,R).
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Next we want to show that G = GL(n,R) is homotopy equivalent to O(n,R) = K. We will
show that GL(n) splits into a Iwasawa decomposition, as we asserted it did in Theorem 7.1.4.4: we
claim that G = K AN, where K = O(n), A = (R>()" consists of all diagonal matrices with positive
coefficients, and N = N(n) consists of matrices which are upper-triangular with 1s on the diagonal.
For arbitrary GG, you can always assure that K is compact, IV is unipotent, and A is abelian and
acts semisimply on all G-representations.

The proof of this you saw before was called the Gram-Schmidt process for orthonormalizing a
basis. Suppose {v1,...,v,} is any basis for R".

1. Make it orthogonal by subtracting some stuff. You’ll get a new basis with w, = v1, we =

253’2301, wg = v — *Vg — *vyq, ..., satisfying (w;,w;) =0 if i # j.

vy —

2. Normalize by multiplying each basis vector so that it has norm 1. Now we have an orthonormal
basis.

This is just another way to say that GL(n) = O(n) - (R>¢)™ - N(n). We made the basis orthogonal
by multiplying it by something in N = N(n), and we normalized it by multiplying it by something
in A = (R>0)". Then we end up with an orthonormal basis, i.e. an element of K = O(n). Tadal
This decomposition is just a topological one, not a decomposition as groups. Uniqueness is easy to
check: the pairwise intersections of K, A, N are trivial.

Now we can get at the homotopy type of GL(n). The groups N ~ R™"~1/2 and A = (R-)" are
contractible, and so GL(n,R) has the same homotopy type as K = O(n,R), its maximal compact
subgroup. O

7.5.4.2 Example If you wanted to know 7 (GL(3,R)), you could calculate 71 (O(3,R)) = Z/2Z, so
GL(3,R) has a double cover. Nobody has shown you this double cover because it is not algebraic.¢

7.5.4.3 Example Let’s go back to various forms of Eg and figure out (guess) the fundamental
groups. We need to know the maximal compact subgroups.

1. One of them is easy: the compact form is its own maximal compact subgroup. What is the
fundamental group? We quote the fact that for compact simple groups, m = %,

which is 1. So this form is simply connected.

2. We now consider the 32 = 2 case, with signature —24. Recall that there were 1, 56, 126,
56, and 1 roots o with («a, ) = 2, 1, 0, —1, and —2 respectively, and there are another 8
dimensions for the Cartan subalgebra. On the 1,126, 1,8 parts, the form is negative definite.
The sum of these root spaces gives a Lie algebra of type E7; x A; with a negative-definite
bilinear form (the 126 gives you the roots of an E7, and the 1s are the roots of an Aj;; the 8 is
7+1). So it a reasonable guess that the maximal compact subgroup has something to do with
E7 x Ay. E7 and A are not simply connected: the compact form of E; has m = Z/2 and
the compact form of A; also has m = Z/2. So the universal cover of E;A; has center (Z/2)2.
Which part of this acts trivially on Eg? We look at the Fg Lie algebra as a representation
of F7 x Ay, and read off how it splits from the picture above: Fg = E; & A1 & 56 ® 2,
where 56 and 2 are irreducible, and the centers of E7 and A; both act as —1 on them. So
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the maximal compact subgroup of this form of FEg is the simply connected compact form of
E; x A; modulo a Z/2 generated by (—1,—1). This means that m1(FEg) is the same as m of
the compact subgroup, which is (Z/2)?/(—1,—1) = Z/2. So this simple group has a nontrivial
double cover (which is non-algebraic).

3. For the split form of Eg with signature 8, the maximal compact subgroup is Spin,¢(R)/(Z/2),
and 7T1(E8) is Z/2

You can also compute other homotopy invariants with this method. %

7.5.4.4 Example Let’s look at the 56-dimensional representation of F; in more detail. Recall
that in Eg we had the picture:

(o, B) | # of s
2 1
1 51§
0 126
-1 96
-2 1

The Lie algebra F7 fixes these five spaces of dimensions 1,56,126 + 8,56,1. From this we can
get some representations of F7. The 126 + 8 splits as 1 @ 133. But we also get a 56-dimensional
representation of E7. Let’s show that this is actually an irreducible representation. Recall that
when we calculated 20(Eg) in Example 7.4.0.11, we showed that 20(E7) acts transitively on this
set of 56 roots of Fg, which we identify as weights of Ey.

A representation is called minuscule if the Weyl group acts transitively on the weights. Minus-
cule representations are particularly easy to work with. They are necessarily irreducible (provided
there is some weight with multiplicity one), since the weights of any summand would form a union
of Weyl orbits. And to calculate the character of a minuscule representation, we just translate the
1 at the highest weight around, so every weight has multiplicity 1.

So the 56-dimensional representation of F7 must actually be the irreducible representation with
whatever highest weight corresponds to one of the vectors. O

7.5.5 Every possible simple Lie group

We will construct all simple Lie groups as follows. Let g be the compact form, pick an involution o
splitting g = g™ @g~, and form g™ @®ig~. To construct the split form g for A,,, D,,, Eg, E7, we repeat
the procedure we used for Eg in Section 7.4; to construct the compact form, we use the involutions
of w:e* — (—1)a2/2é*a. To construct g for By, C,, Fy, G2, we look at fixed points of diagram
automorphisms. Thus, to list all simple Lie groups, we must understand the automorphisms of
compact Lie algebras. For this, we use without proof the following theorem due to Kac [Kac90]
(see also [HelO1]):

7.5.5.1 Theorem (Kac’s classification of compact simple Lie algebra automorphisms)

The inner automorphisms of order N of a compact simple Lie algebra are computed as follows.
Write down the corresponding affine Dynkin diagram with its numbering m;. Choose integers n; with
S~ nym; = N. Then the automorphism €% — ¢2mini /N 6% has order dividing N. Up to conjugation,



7.5. FROM DYNKIN DIAGRAM TO LIE GROUP, REVISITED 161

all inner automorphisms with order dividing N are obtained in this way, and two automorphism
obtained in this way conjugate if and only if they are conjugate by a diagram automorphism.

The outer automorphisms of a compact simple Lie algebra are constructed as follows: pick an
automorphisms of order r|N of the corresponding Dynkin diagram, and use it to form a “twisted
affine Dynkin diagram” for the corresponding folded diagram. Then play a similar number game:
choose integers n; for the numbered twisted affine Dynkin diagram satisfying > n;m; = N/r. O

7.5.5.2 Example Using Theorem 7.5.5.1, let’s list all the real forms of Fg. We’ve already found
three, and it took us a long time, whereas now we can do it fast. The affine Fg diagram is:

So we need to solve > n;m; = 2 where n; > 0; there are only a few possibilities:

S nym; =2 ‘ # of ways ‘ how to do it ‘ maximal compact subgroup K

2x1 one way XH—Q—O—I—H Es (compact form)
1x2 two ways kxa—o—O—I—o—o A x Er
0—0—0—0—0—I—k>< Dg (split form)

1x1+1x1 | noways

The points not crossed off form the Dynkin diagram of the maximal compact subgroup. So by just
looking at the diagram, we can see what all the real forms are! %

7.5.5.3 Example Let’s do E7. Write down the affine diagram:

We get four possibilities:

S ngm; =2 ‘ # of ways ‘ how to do it ‘ maximal compact subgroup K

2x1 one way* ><4+I+H E; (compact form)
1x2 two Ways* kX%—I—O—H A1 X D6

oo oo 0o | A (split form)**

1x1+1x1 ]| one way )(4—.—1—.—.—)( Eg R *F**
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Some remarks. First, when we count the number of ways, we are counting up to automorphisms
of the diagram.

Second, in the split real form, the maximal compact subgroup has dimension equal to half the
number of roots. The roots of A7 look like ; — ¢; for 4,5 < 8 and ¢ # j, so the dimension is
874+ 7=56= %

Third, the maximal compact subgroup of the last real form on our table is is Fg @ R, because
the fixed subalgebra contains the whole Cartan subalgebra whereas the visible Fg diagram only
accounts for 6 of the 7 dimensions. You can use this to construct the minuscule representations of
FEg, by asking: How does the algebra E7 decompose as a representation of the algebra Eg @ R?

We decompose E7 according to the eigenvalues of R. The Fg @R is precisely the zero eigenvalue
of R, since R is central in Fg @ R, and the rest of F; is 54-dimensional. The easy way to see the
decomposition is to look at the roots. Recall that in Example 7.4.0.11 we computed the Weyl group
we looked for vectors filling in the dotted line in e—e---@ or e..e—e  For each diagram there
were 27 possibilities, and they form the weights of a 27-dimensional representation of Eg. The
orthogonal complement of the two nodes is an Eg root system whose Weyl group acts transitively
on these 27 vectors, since we showed that these form a single orbit. The entire E; root system
consists of the vectors of the Eg root system plus these 27 vectors plus the other 27 vectors. This
splits up the Er explicitly. The two 27s form individual orbits, so the corresponding representations
are irreducible. Thus, as a representation of Eg, we have split 7y &£ Eg & R @ 27 ¢ 27, and the 27s
are minuscule. O

7.5.5.4 Definition A symmetric space is a (simply connected) Riemannian manifold M such that
for each point p € M, there is an automorphism fixing p and acting as —1 on the tangent space. It
is Hermitian if it has a complex structure.

7.5.5.5 Remark The condition to be a symmetric space looks weird, but it turns out that all
kinds of nice objects you know about are symmetric spaces. Typical examples you may have seen
include the spheres S™, the hyperbolic spaces H”, and the Euclidean spaces R™. Roughly speaking,
symmetric spaces generalize this list, and have the nice properties that S™ H" R" have. Cartan
classified all symmetric spaces: depending on the details of the simply-connectedness hypotheses,
the list consists of non-compact simple Lie groups modulo their maximal compact subgroups.
Historically, Cartan classified simple Lie groups, and then later classified symmetric spaces, and
was surprised to find the same result.

A standard example of a Hermitian symmetric space is the upper half plane {x + iy|ly > 0}. It

is acted on by SL(2,R), which acts by (25) 7 = ZZIZ 0

7.5.5.6 Example Let G denote the fourth real form of E7 in Example 7.5.5.3, and K its maximal
compact subgroup, with Lie(K) = R & Eg. We will explain how this G/K is a symmetric space,
although we’ll be rather sketchy. First of all, to make it a symmetric space, we have to find a nice
invariant Riemannian metric on it. It is sufficient to find a positive definite bilinear form on the
tangent space at p which is invariant under K, as we can then translate it around. We can do this
since K is compact (so you have the averaging trick).
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Now why is G/K Hermitian? We’ll show that there is an almost-complex structure: each tangent
space is a complex vector space. The factor of R in Lie(K) corresponds to a K-invariant S inside
K, and the stabilizer of each point is isomorphic to K. So the tangent space at each point has an
action of S, and by identifying this S! with the circle of complex numbers of unit norm we make
each tangent space into a C-vector space. This is the almost-complex structure on G/K, and it
turns out to be integral, so that it comes from an actual complex structure. Notice that it is a little
unexpected that G/K has a complex structure: in the case of G = E;7 and K = Fg @ R, each of
G, K is odd-dimensional, and so there is no hope of putting separate complex structures on each
and taking a quotient. %

7.5.5.7 Example Let’s look at Fg, with affine Dynkin diagram:

1
L
1 2 3 2 1

We get three possible inner involutions:

Snim; =2 ‘ # of ways ‘ how to do it ‘ maximal compact subgroup K

2x1 one way " E Es (compact form)
1x2 one way E A1As
e
1x1+1x1]| one way E Ds &R
X X

In the last one, the maximal compact subalgebra is D5 & R. Just as in Example 7.5.5.6, the
corresponding symmetric space G/K is Hermitian. Let’s compute its dimension (over C). The
dimension will be the dimension of Eg minus the dimension of D5 @ R, all divided by 2 (because
we want complex dimension), which is (78 — 46)/2 = 16.

So between Example 7.5.5.6 and here we have found two non-compact simply-connected Her-
mitian symmetric spaces of dimensions 16 and 27. These are the only “exceptional” cases; all the
others fall into infinite families!

There is also an outer automorphisms of Eg coming from the diagram automorphism:

SN
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The fixed point subalgebra has Dynkin diagram obtained by folding the Eg on itself: the Fy Dynkin
diagram. Thus the fixed points of Eg under the diagram automorphism form an Fj Lie algebra, and
we get a real form of Eg with maximal compact subgroup Fjy. This is probably the easiest way to
construct Fy, by the way. Moreover, we can decompose Fg as a representation of Fy: dim Eg = 78
and dim Fy = 52, so Eg = Fy @ 26, where 26 turns out to be irreducible (the smallest non-trivial
representation of Fj — the only one anybody actually works with). The roots of Fy look like
(02,41, £1) (24 of these, counting permutations), ((£3)%) (16 of these), and (03,£1) (8 of these);
the last two types are in the same orbit of the Weyl group.

The 26-dimensional representation has the following character: it has all norm-1 roots with
multiplicity one and the 0 root with multiplicity two. In particular, it is not minuscule.

There is one other real form of Eg. To get at it, we have to talk about Kac’s description of
outer automorphisms in Theorem 7.5.5.1. We use the involution of Eg above to form the twisted
affine Dynkian diagram for Fj:

1

Note that the folded diagram is the twisted affine Dynkin diagram for Fy; the affine Dynkin diagram
for Fy is }_%_ﬁjé_g — the arrow goes the other direction.

So now we need to find integers n; with >~ n;m; = 2/2 = 1, since we are looking for involutions
(N = 2). There are two ways to do this for Eg. Using e—e=¢e—e—Xx just gives us F back, which
is the involution we found more naively in the previous paragraph. Using xX—e=<$e—e—e gives a
real form of Fg with maximal compact subalgebra Cy. This is actually the split real form of Fg

X since dim Cy = #roots of Fy/2 = 24. O

7.5.5.8 Example The affine Dynkin of Fj is LLL&J . We can cross out one node of

weight 1, giving the compact form (which is also the split form), or a node of weight 2 (in two
ways), giving maximal compacts Ay x C3 and By. This gives us three real forms. %

7.5.5.9 Example We will conclude by listing the real forms of Go. This is one of the only root
systems we can actually draw — four-dimensional chalkboards are hard to come by. To construct
G2, we start with D4 and look at its fixed points under triality:

T
N

p
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We will completely explicitly find the fixed points.

First we look at the Cartan subalgebra. The automorphism p fixes a two-dimensional space,
and has one-dimensional eigenspaces corresponding to (,(, where ¢ is a primitive cube root of
unity. The two-dimensional fixed space will be the Cartan subalgebra of Gs.

We will now list all positive roots of D4 as linear combinations of simple roots (rather than
fundamental weights), grouped into orbits under p:

. . . .

1 0 0 0
/ / / /
0—0 1—0 0—0 0—1
\ \ \ \
0 0 1 0
. ; ; : .. : .
/ / / /
0—1 1—1 0—1 1—1
\ \ \ \
0 0 1 1
‘ 0 1 i 1
/ / /
1—1 0—1 1—1 : 1—2
\ \ \
1 1 0 : 1
T o -
~ ~
projections of norm 2/3 projections of norm 2

The picture for negative roots is almost the same. In the quotient, we have is a root system with
six roots of norm 2 and six roots of norm 2/3. Thus, the root system is Ga:

We will now work out the real forms. The affine Dynkin diagram is i_é,zg . We can delete

the node with weight one, giving the compact form: XA%EO . The only other option is to delete
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the node with weight two, giving a real form with compact subalgebra A; x A;: FX)E' . So this
second one must be the split form, because there is nothing else the split form can be.

We will say a bit more about the split form of G2. What does the split G5 Lie algebra look like
as a representation of its maximal compact Ay x A;7 The answer is small enough that we can just
draw a picture:

'S
1 1 1
[ ] [ ] [ )
B N
1 1 1 1 1 1 1 1 [1 1 1 1]
[} [ L] { ] [ ] [ ] ® (] [} [} L] L ]
1o . .1 D [1; *2 9‘1] ©® 1e 2 1@

. ) . . . ‘» . . . ° . °
1 1 1 1 1 1. 1 1 1 1 1 1
[ [ °
1 1 1

—/

In the left and middle, we have drawn the two orthogonal A;s. On the right, we have drawn
the tensor product of an irreducible four-dimensional A; representation (the horizontal row) and

an irreducible two-dimensional A; representation (the two rows). So as a representation of the
(horizontal)

compact A X Agvertical), we have decomposed into irreducibles Go =3® 14+ 1®34+4® 2.

All together, we can determine exactly what the maximal compact subgroup is. It is a quotient
of the simply-connected compact group SU(2) x SU(2), with Lie algebra A; x A;. Just as for Fj,
we need to identify which elements of the center Z/27Z x Z/27Z act trivially on G3. Since we’ve
decomposed G2, we can compute this easily. A non-trivial element of the center of SU(2) acts
as 1 on odd-dimensional representations and as —1 on even-dimensional representations. So the
element (—1,—1) € SU(2) x SU(2) acts trivially on 3®1+41®3+4 x 2. Thus the maximal compact
subgroup of the non-compact simple Gg is SU(2) x SU(2)/(—1,—1) = SO4(R). O

7.5.5.10 Remark We have constructed 3 +4 + 5+ 3 + 2 = 17 (from Es, E7, Eg, Fy, G2) real
forms of exceptional simple Lie groups.

There are another five exceptional real Lie groups. Take complex groups Eg(C), E7(C), Eg(C),
F4(C), and G3(C), and consider them as real Lie groups. As real Lie groups they are still simple,
of dimensions 248 x 2, 133 x 2, 78 x 2, 52 x 2, and 14 x 2. %

7.6 SL(2,R)

7.6.1 Finite dimensional representations

The finite-dimensional (complex) representations of the following are essentially the same: SL(2,R),
s[(2,R), SL(2,C) (as a complex Lie group), sl(2,C) (as a complex Lie algebra), SU(2,R), and
su(2,R). This is because finite dimensional representations of a simply connected Lie group are
in bijection with representations of the Lie algebra, and because complex representations of a real
Lie algebra g correspond to complex representations of its complexification g ® C considered as a
complex Lie algebra.
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7.6.1.1 Remark Representations of a complex Lie algebra g ® C are not the same as the repre-
sentations of the real Lie algebra g ® C = g @ g. The representations of g @ g correspond roughly
to (reps of g) ® (reps of g). O

7.6.1.2 Remark If SL(2,R) were simply connected, it would follow from Theorem 3.1.2.1 that
the finite-dimensional C- or R-representation theory of SL(2,R) matched the finite-dimensional
representation of theory of sl(2,R). Strictly speaking, SL(2,R) is not simply connected, but as we
saw in Example 7.1.4.7, the finite-dimensional representation theory cannot see that SL(2, R) is not
simply connected. %

The finite-dimensional representation theory of sl(2,R) is completely described in the following
theorem:

7.6.1.3 Theorem (Finite-dimensional representation theory of sl(2,R))
For each positive integer n, sl(2,R) has one irreducible complex representation of dimension n. All
finite-dimensional complex representations of sl(2,R) are completely reducible.

Proof (Sketch) One good proof of Theorem 7.6.1.3 is to prove the corresponding statements for
SU(2); in particular, complete reducibility follows from Remark 7.6.1.4. Another good proof is
essentially the one we gave in Proposition 5.2.0.7 for sl(2,C). Complete reducibility follows from
the existence of a Casimir: in the basis H = (§ %), E = (J}), and F = (99) for sl(2,R), one
choice of Casimir is 2EF + 2FE + H? € Usl(2,R). O

7.6.1.4 Remark Recall that a representation of a group G is irreducible if it has no proper subrep-
resentations, and completely reducible if it splits as a direct sum of irreducible G-representations.
Complete reducibility makes a representation theory much easier. Some theories with complete
reducibility include:

1. Complex representations of a finite group.

2. Unitary representations of any group G (you can take orthogonal complements: if U C V
then V=U o U"L).

3. Hence, representations of any compact group (by averaging, every representation is isomorphic
to a unitary one).

4. Finite-dimensional representations of a semisimple Lie group.

See Section 7.2.2 for the full story about unitary representations of compact groups. See Chapter 6
for the full story about complex semisimple Lie groups.
Some theories without complete reducibility include:

1. Representations of a finite group G over fields of characteristic dividing |G|].

2. Infinite-dimensional representations of non-compact Lie groups (even if they are semisimple).

O

In particular, the real Lie group SL(2,RR) is not compact. Hence its full representation theory
is much more complicated than that of SU(2).
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7.6.2 Background about infinite dimensional representations

What is an infinite-dimensional representation of a Lie group G?7 The most naive guess is that a
G-representation should be a Banach space with a (continuous) G action. But from a physical point
of view, the actions of R on L? functions, L', functions, etc., are all the same, whereas they are
complete different as Banach spaces. The second guess is to restrict from Banach spaces to Hilbert
spaces, which has the disadvantage that the finite-dimensional representations of SL(2,R) are not
Hilbert-space representations, so we would have to throw away some interesting representations.

The solution was found by Harish-Chandra. The point is that if G is a Lie group with Lie
algebra g = Lie(G), then g acts on any finite-dimensional G-representation, but not, usually, on the
infinite-dimensional ones — for example, the R action on L?(R) by left translation is infinitesimally
generated by % acting on L2(R), but % of an L? function is not in general L?. So to get a good
category of representations, we add the g-action back in:

7.6.2.1 Definition Let G be a Lie group, g = Lie(G), and K a maximal compact subgroup in G.
A (g, K)-module is a vector space V' along with actions by g and K such that:

1. They give the same representations of ¢ = Lie(K).
2. Ady(u)v = k(u(k~'v)) fork€e K,ucg, andveV.

We write (g, K)-MOD for the category of (g, K)-modules. A (g, K)-module is admissible if as a
K -representation, each K-irrep appears as a direct summand only a finite number of times.

7.6.2.2 Proposition Let V be a Hilbert space with a G-action. A K-finite vector v € V is an
element of some finite-dimensional sub-K -representation of V', and we set V,, to be the collection
of all K-finite vectors. Then V,, is a (g, K)-module, although in general it does not carry an action
by G. If V was an irreducible unitary G-module, then V,, is admissible. O

**How hard is it to prove all this?**
Our goal in the next section is to classify the unitary irreducibly representations of G = SL(2, R).
We will do this in several steps:

1. Classify all irreducible admissible (g, &K') modules. This was solved (for arbitrary simple G
**7#%) by Langlands, Harish-Chandra, et. al. **cite**

2. Figure out which ones have Hermitian inner products. This is easy.

3. Figure out which ones are positive definite. This is very hard, and we’ll only do it for SL(2, R).

7.6.3 The unitary representations of SL(2,R)

Let G = SL(2,R) with Lie algebra g = s[(2,R). A maximal compact subgroup is the rotation group
K = {<C059 _Sine)}, generated by (9 '). All representations will be complex, and hence the g

sinf cos6

action extends to a g ® C = sl(2,C) action. We take the basis H = —i (% §), E =1 (! %), and

)

F = %(fz j) These satisfy [H, E| = 2F, [H,F| = —2F, and [E, F] = H, and iH generates K.

We begin by studying the irreducible (g, K') modules.
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7.6.3.1 Remark The group SL(2,R) has two different classes of Cartan subgroups — the rotations
( f‘;isn% (S:géz > and the scalings (8 a91 ) — and the rotation Cartan is the maximal compact subgroup.
Non-compact abelian groups need not have eigenvectors in infinite-dimensional spaces, whereas
compact ones do, and our strategy, as always, is to study a representation by studying its eigenvalues

on the Cartan subalgebra. %

Given an irreducible V' € (g, K)-MOD, we can write it as a direct sum of eigenspaces of H =
—1 (91 (1)), as iH generates the compact group K = S'. Moreover, all eigenvalues of H are integers.
If V' were finite-dimensional, the highest eigenvalue would give us complete control. Instead, we
look at the Casimir Q = 2EF + 2FE + H?> +1 — we have added 1 to the usual Casimir so that
some numerology works out in integers later. Since 2 commutes with G and V is irreducible, 2

acts as a scalar on V; we set A def /|y to be the square root of this scalar.

Set V,, to be the subspace of V on which H has eigenvalue n € Z. A standard calculation
shows that HEv = (n + 2)Ev and HFv = (n — 2)Fv, so that E, F move V;, — V,,19. Since Q =
4FE+ H?+2H +1 (using [E, F] = H), and since Qv = \?v, we see that FEv = %()\2 —(n+ 1)2)1),
and in particular we have shown that any H-eigenvector in an irreducible (g, K)-module is also an
F E-eigenvector.

Moreover, if V is irreducible, then there cannot be more than one dimension at each weight n,
and V,, is spanned by the weight spaces. Notice that the weight spaces are linearly independent,
as they support different eigenvalues. The picture of any irreducible (g, K)-module is a chain:

/\/\/\/\/\/\

Un—4 Un—2 Un Un+2 Un+4

\/\/\_/\_/\/\/

FEach v, is an eigenvector of H with weight n, and a basis for the corresponding weight space.
The map E moves us up the chain n — n 4+ 2, and F moves us down, and we should pick a
normalization for bases so that F Ev, = %()\2 —(n+ 1)2)vn and EFv, = %()\2 —(n— 1)2)vn: for
example, supposing neither acts as 0, we could make F take basis vectors to basis vectors and F'
multiply by the correct eigenvalue.

There are four possible shapes for such a chain. It might be infinite in both directions (neither a
highest weight nor a lowest weight), infinite to only the left (a highest weight but no lowest weight),
infinite to only the right (a lowest weight but no highest weight), or finite (both a highest and a
lowest weight). We'll see that all these show up. We also see that an irreducible representation is
completely determined once we know A and some n for which V,, # 0. The remaining question is
to construct representations with all possible values of A € C and n € Z.

7.6.3.2 Example If n is even, it is easy to check that the following is a (g, K)-representation,
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although it might not be irreducible:

A5 A3 A1 Atl A+3 A+5
2 2 2 2 2 2
V_4 V-2 Vo V2 (2

A+5 A+3 Atl A1 A—3 A=5

2 2 2 2 2 2
I.e. our representation is spanned by basis vectors v, for n € 2Z, with Hv, = nv,, Fv, =
Ant1 A—n+1
#Un+2, and Fv, = ’2‘+ Up_9. O

How can a chain fail to be infinite? Alternately, how can an infinite chain fail to be irreducible?
These can only happen when some Ewv, or some F'v, vanishes — otherwise, from any vector you
can generate the whole space. E, F' can act as zero only when:

n is even and A an odd integer.
n is odd and A an even integer.

To illustrate what happens, we give two examples:

7.6.3.3 Example Take n even and A = 3. Then the chain from Example 7.6.3.2 looks like:

V. Vi
—2 g 0 1 2 3 g 5
P - .
V_6 V—4 V-2 Vo V9 V4 V6
NP P S S N N N
5 4 . 3 2 1 0 1 —2

The two rays V4 are irreducible subrepresentations, and V/(Vy @ V_) is a three-dimensional irre-
ducible representation. %

7.6.3.4 Example Take n even and A = —3. Then our picture is:

-5 —4 -3 —2 -1 0 1 2
P e T VT
V_¢ V_4 V-2 Vo V2 V4 Ve
A i S -G L N D N O Y
2 1 0 -1 —2 -3 —4 -5

So V has a three-dimensional irreducible subrepresentation, and the quotient is a direct sum of two
rays. O

All together, we have:

7.6.3.5 Proposition The irreducible (g, K)-representations consist of:



7.6. SL(2,R) 171

1. For each A € C . 7Z, modulo A = —X, we have two both-ways-infinite irreducible representa-
tions: one for even weights and one for odd weights. For A\ € 27 there is a both-ways-infinite
irreducible representation with even weights, and for X € 2Z + 1 there is a both-ways-infinite
irreducible representation with odd weights.

2. For each A\ € Z>, there are two half-infinite discrete series representations: one with highest
weight —\ — 1 and one with lowest weight A + 1.

3. For each A € Z<_1, we have a (—\)-dimensional irreducible representation, with weights in
{A+1,2+3,...,—A—1}. O

7.6.3.6 Remark One can index the two discrete series for A # 0 by calling one the “positive-\”
series and the other the “negative-\" series, thereby using numbers A € Z ~ {0}. Then the two
series for A = 0 are called “limits of discrete series”. O

Which of these can be made into unitary representations? Recall that we have been working
with the basis H = —i (%), E = 3(}1), and F = %(_12 j) for 5[(2,C). Recall that in a
unitary representation of GG, we must have z* = —z for « € g; hence if a (g, K)-module restricts
to a unitary representation of s[(2,R), then it must satisfy H* = H, E* = —F, and F* = —F.
Therefore if we have a Hermitian inner product (,) on an irreducible representation, it must satisfy:

2
E B )
A+tnt+l M arag1lm

(Unt2,Vnt2) = <

4
= 7= EmEn
()\—i-n—i-l)()\—i-n—i-l)( Un; Evn)
4
= 73 nv_FEn
Crntorns) on)
B 4 ; _(A—l—n—i—l)()\—n—l)v
A+ DA +n+1) UM 4 "
A—n—1
BRI R

Thus, if we are to have a unitary representation, we must have —(A —n — 1)(A+n + 1)~! € Ry,
or equivalently (n + 1)2 — A2 € R.q, for all weights n other than the top weight (if it exists).
Conversely, if (n + 1)2 — A2 € Rq for all non-top weights n, then the corresponding irreducible
(g, K)-module can be made unitary. Inspecting the list in Proposition 7.6.3.5, we find:

7.6.3.7 Proposition The irreducible unitary (g, K)-modules consist of:

1. Both-ways-infinite irreducible chains with \*> < 0. These are called the principal series repre-
sentations. (When X =0 and n is odd, the both-ways infinite chain splits as a direct sum of
two limits of discrete series representations; both are unitary.)

2. Both-ways-infinite chains with j even and 0 < X\ < 1. These are called complementary series
representations. They are annoying, and you spend a lot of time trying to show that they
don’t occur.
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3. The discrete series representations: half-infinite chains with X € Z>o (A and n must have
opposite parity). (When X\ = 0, the half-infinite chains are called “limits of discrete series”.)

4. The one-dimensional representation.

In particular, finite-dimensional representations that are not the trivial representation are not uni-
tary. ]

7.6.3.8 Remark The nice stuff that happened for SL(2,R) breaks down for more complicated Lie
groups. %

7.6.3.9 Remark Representations of finite covers of SL(2,R) are similar, except that the weights n
need not be integral. For example, for the metaplectic group Mp(2,R), the double cover of SL(2,R),
the weights (eigenvalues of H) must be half-integers. O

Exercises

1. Show that if G is an abelian compact connected Lie group, then it is a product of circles, so
it is T™.

2. If G is compact and connected, show that its left-invariant volume form w is also right
invariant. Even if G is not compact but not connected, show that the measure |w| obtained
from a left invariant form w € A\'*P TG agrees with the measure obtained from a right invariant
form.

Show that the left- and right-invariant volume forms on G do not agree for G a non-abelian
connected Lie group of dimension 2.

3. If you haven’t already, prove that the Lie algebra of a solvable group is solvable.

4. Find the structure of Cliff(m, n;R), the Clifford algebra over R™™™ with the form x% + - +

2 2 2
T = Tm+1 — "~ Tt

5. Let K = Fy, H = K? with the quadratic form z? 4+ 3% + zy, and V = H & H. Prove the
assertion in Example 7.3.2.11 that O(V,K) is not generated by reflections.

6. Prove that Spin(3,3;R) = SL(4,R).

7. Show that the three descriptions in Example 7.3.3.9 of the Hermitian symmetric space are
the same.

8. Show that the number of norm-6 vectors in the Ejg lattice is 240 x 28, and they form one orbit
under the 20(Eg) action.
9. (a) Show that SU(2) x E7(compact)/(—1,—1) is a subgroup of Eg(compact).
(b) Show that SU(9)/(Z/3Z) is also a subgroup of Eg(compact).
C.f. Example 7.4.0.19.
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10.

11.

12.

13.

14.

15.
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Let L be an even lattice and L as in the discussion following Re;nark 7.5.1.3. Prove that any
automorphism of L preserving (,) lifts to an automorphism of L.

Check that the asserted homomorphisms in Remark 7.5.1.4 are.

Check that the bilinear form defined in Lemma 7.5.3.4 is in fact invariant.

Check the assertion in Example 7.6.3.2, and find a similar representation for n odd.

Prove that when n is odd and A = 0, then the both-ways-infinite chain V' from the previous
exercise (corresponding to the one in Example 7.6.3.2) splits as a direct sum of a “negative
ray” and a “positive ray”.

Classify the irreducible unitary representations of Mp(2,R).
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Chapter 8

Further Topics in Algebraic Groups

8.1 Center of universal enveloping algebra

8.1.1 Harish-Chandra’s homomorphism

8.1.1.1 Theorem (Schur’s lemma for countable-dimensional algebras)
Let R be a countable-dimensional associative algebra over C, and M a simple R-module. Then
Endr(M) =C.

The corresponding statement is well known when dim R < oc.

Proof Any non-zero endomorphism is an isomorphism, because kernel and image are invariant
subspaces. So let’s pick up some endomorphism x # 0, and there are two cases: either z is
algebraic over C, or it’s transcendental.

1. z is transcendental. Then C(z) C Endg(M). But dimC(z) = 2N, because we can take
1/(x — a) for all @ € C. On the other hand, Endg(M) is countable dimensional: if we pick
upm € M, m # 0, and ¢ € Endg(M), then ¢ is determined by ¢(m), because m generates
M similarly, dim M is countable because R is countable-dimensional, and M = Rm. So this
was impossible.

2. X is algebraic over C. Then p(X) = (x — A1)...(z — A,) =0, so z = \; for some i. O

8.1.1.2 Remark Note that when z is transcendental, the action of C(x) on itself gives a coun-
terexample to Theorem 8.1.1.1 in dimension 2N, O

Let g be a finite-dimensional Lie algebra. We define Z(g) to be the center of Ug. Note that
as always, taking the center is not functorial. Let M be a simple representation of g. Then Zg
acts on M as scalars by Theorem 8.1.1.1. Recall that Spec Z(g) def Homyjgebras(Z(g), C); we have
defined a map Irr g — Spec Z(g) by sending M € Irr g to the algebra homomorphism ¢ : Z(g) — C
for which z|yr = ¢(z) id.

Recall Theorem 3.2.2.1: the canonical map Sg — gri{g is an isomorphism. Moreover, by
repeating all the constructions of the tensor, symmetric, and universal enveloping algebras in the

175
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category of g-modules, we see that this canonical map is a morphism of g-modules. In characteristic
0, we can in fact construct a g-module isomorphism Sg = Ug by symmetrizing:

Sg

Tg

!
Ug

All the arrows are morphisms of g-modules, and by Theorem 3.2.2.1 the diagonal is an isomorphism.

But Z(g) = (Ug)?, where for a g-module M we write M9 = {m € M s.t. zm = 0 Vz € g}
as the fixed points. We have thus exhibited a vector-space isomorphism Z(g) = (Sg)?, and so to
study Z(g) we will begin by studying (Sg)¢. Pick any Lie group G with Lie(G) = g. Then it acts
on g via the adjoint action, and hence on Sg,Ug, and we prefer to write the fixed points as fixed
points of this group action.

Henceforth we suppose that g is semisimple. The Killing form identifies g = g* as g-modules,
so (S(g*))¢ = (Sg)¥. We remark that (S(g*))“ is precisely the space of G-invariant polynomials
on g. We choose a triangular decomposition g =n~ @ h @ n™. Let H C G be the subgroup with
Lie(H) = bh. Let 7 : S(g*) — S(h*) denote the restriction map. We suppose moreover that we are
working over an algebraically closed field K of characteristic 0.

8.1.1.3 Lemma 1. Imr C S(6*)W, where W is the corresponding Weyl group.

2. r is injective.

Proof 1. We denote by Ng(h) the normalizer of h under Ad : G ~ g. As is well-known,
W = N(h)/H; H is commutative and so acts on h = Lie(H) trivially, and the action W ~ b
is precisely the action of Ad : N'(h) ~ b. If a polynomial on g is G-invariant, then in particular
its restriction to b is N (h)-invariant.

2. Any semisimple element is conjugate under the adjoint action to some element of . Denote
by gss the set of semisimple elements; it is dense in g. Let f be a G-invariant polynomial on
g. If f(h) =0, then f(gss) =0, so f(g) =0. So kerr = 0. O

8.1.1.4 Proposition The map r : S(g*)% — S(h*)V is an isomorphism.

Proof After Lemma 8.1.1.3, it suffices to show that r is surjective. We pick fundamental weights

a

Wi, . .. ,wy for g, and think of them as coordinate functions on h. Then S(h*) has a basis wi? - - - wir,

and S(h*)W is spanned by {ZweW w(w%l » w%“)} We claim that S(h*)" is generated as an
algebra by {ZweW w(w™) s.t. m € Zzo}-

To prove this claim, we use the following polarization formula. Let x1,...,x, be coordinate
functions on K", and K[z1, ..., x,] the corresponding ring of polynomials. Then I' = (Z/2)"~! acts
on Kfzy,...,z,] by pi : z; — (—1)5ijxj, where p1,...,pn_1 are the generators of I'. There is a
homomorphism sign : I' — (Z/2) = {£1} given by p; — —1. Then:

Z sign(y)y(z1 + -+ )" = 2" nlay -z, (8.1.1.5)
~yel'
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Indeed, the left-hand-side is homogeneous of degree n, but the only monomials that can appear
must be of odd degree in each variable x1,...,z,_1, by anti-symmetry under the I" action. To
prove the claim, we apply equation (8.1.1.5) to z; = w{", and thus obtain w{' ...w%".

Then to prove surjectivity, it suffices to show that for each m € Z>¢ and w; a fundamental weight,
Swew w(w!™) € Imr. But if V is a finite-dimensional representation of g, try (¢™) € S(g*)%, since

tr is ad-invariant. Let V = L(\) with A\ € P*, then:

trroy(h™) = > wAB)™) + Y durw(p(h)™)
weWw uepP+t
p<A

for some constants d,, ». Thus we can complete the proof by induction on P7 to conclude that each
S wew w()\(h)m> is in Im . O

8.1.1.6 Remark We proved S(g*)¢ = S(h*)", but we are actually interested in Z(g) = Ug”. We
proved that Z(g) = S(g*)“ as graded vector spaces, but not as rings. In fact, the arguments above
show that gr Z(g) = S(h*) as rings, but there are many commutative filtered rings that are not
isomorphic to their associated graded rings. O

8.1.1.7 Definition Let g be a semisimple Lie algebra over K an algebraically closed field of char-
acteristic 0. Pick a triangular decomposition g =n~ ® b & nt, and use PBW to write Ug = Un @
U U, as vector spaces and in fact as h-modules. Then Ug® = UHD (n_ (Un")RUH® (Un+)n_>.
The Harish-Chandra homomorphism 6 : Z(g) — Sb is:

Z(g) =Ug" > U" =Uh e (n~(Un") @UH® (UnT)n~) — Uh = Sh

The surjection simply forgets the second direct summand, and the final equality uses the commuta-
tivity of .

So far 6 is simply a homomorphism of filtered vector spaces.

8.1.1.8 Example Let g = sl(2), given by x, h, y, with the Killing form (h,h) = 8, (x,y) = 4. Then
Q= %hQ :r %(azy +yz) = %2 + % + 4. But when we apply the Harish-Chandra projection, we have:
) = b= L((h+ 12— 1), 0

Recall that Sh = K[h*], the algebra of polynomial functions on h*, and that max Spec C[h*] = b*.
Let 0* : h* — Spec(Z(g)) be the dual map on Spec to the Harish-Chandra homomorphism 6. ILe.
0*(A\) = Ao € Hom(Z(g),C). In particular, §*()) is some sort of character on g, and so we change

notation slightly writing xx def 0*(N).

8.1.1.9 Lemma If z € Z(g), then z[yn) = xa(2) id, where M(X) is the Verma module with
highest weight .

Proof We have z = 6(z) + yz, where y € Ug and = € n*, but if v is the highest vector of M(\),
then ntv = 0, so zv = 6(z)v. Let 6(z) = p(\) € C[h*]. The claim follows from the fact that
hv = A(h) v for all h € H. O
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8.1.1.10 Corollary 6 is a homomorphism of rings. ]
We will now describe the image of 6.

8.1.1.11 Definition The shifted action of W on h* is AV d:efw()\ +p) —p.

8.1.1.12 Lemma Define S, & {Neb* s.it. Mhi) € Z>o}. If X € Sy, and p = \%, then:

Hommg (M (1), M()) # 0.

Proof We have A(h;) = k; and (A + p)(hi) = ki + 1. Let v/ = yF ™', where v is the highest

weight vector of M(X). Then ntv' =0, and hv' = p(h)v'. It follows that 0 # Homg(C),, M (N)) =
Homyg(Ug @06 Cpiy M (X)), but Ug @y Cpp = M (). O

8.1.1.13 Proposition We have 0(Z(g)) C C[b*]"s», by which we mean the fived points of the
shifted action.

Proof Pick up a simple root «a;, and let s; € W be its reflection. Suppose that A € S,, as defined
in Lemma 8.1.1.12. Then x) = x»si, as by Lemma 8.1.1.9 each acts centrally on the corresponding
Verma module and there is a nontrivial homomorphism. So if f € Im @, then f(\) = f(\*) for all
A € S,,. But the set S,, is the union of countably many hyperplanes, so is Zariski dense in h*;
therefore f(A) = f(A%) for any A € h*. This checks it on the simple reflections, and so W-invariance
follows. ([l

8.1.1.14 Theorem (The Harish-Chandra isomorphism)
The Harish-Chandra map 0 : Z(g) — K[h*]"sr is an isomorphism.

Proof The proof goes by going from filtered rings to graded rings. Recall that if A is a filtered
K-algebra — A = |J72g A; with A;A; C A;1; and each A; is a vector space — then we define the
associated graded ring gr A = @;(A4;/Ai—1). Moreover, suppose that we have two filtered rings
A, B and a homomorphism 6 : A — B that preserves filtrations. Then we can define the map
gré:gr A — grB. Recall the following two fundamental facts:

1. gré is a homomorphism; i.e. gr is a functor from filtered algebra to graded algebras.

2. If gré is an isomorphism, then so was @, at least when all the graded components are finite-
dimensional.

Neither is hard to check. But by Proposition 8.1.1.4, r : (Sg*)¢ — (Sh*)W is an isomorphism, and
with the Killing form we have (Sg*)¢ = (Sg)¢ and (Sh*)" = (SH)". But gr(Ug)® = (Sg)“ and
gr(Sh)Wen = (SH)W, and gro = r.

Wg)? ===~ - (89)7 5 (50)°
0 T~
()% = (S s (517)"
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8.1.1.15 Remark The converse to statement 2. above is not true, in the following sense: You can
have a filtered homomorphism A — B that is an isomorphism of algebras but not an isomorphism
of filtered algebras, and it generally will not induce an isomorphism gr A — gr B. %

8.1.1.16 Remark A more general statement, the Duflo theorem, asserts that there is an isomor-
phism (Sg)¢ = Z(g) of rings. Bar-Natan proved this provided g has an invariant form (,). **Cite,
and provide more citations for the general case.** O

8.1.2 Exponents of a semisimple Lie algebra

We can now start to study Z(g) when g is semisimple in earnest. We recall the following fact from
the theory of geometric invariants; c.f. [Ser09, Spr77]:

8.1.2.1 Proposition Suppose that the action of a finite group W on some vector space § is gen-
erated by reflections. Then S(h)W is isomorphic to a polynomial ring K[f1, ..., fa], where each f;
is homogeneous within the grading on Sh, and n = dim b. U

8.1.2.2 Corollary Z(g) is isomorphic to a polynomial ring of n variables, where n = rankg. O

8.1.2.3 Lemma / Definition Let g be a semisz'mple Lie algebra. The degrees my, ..., my of ho-
mogeneous generators fi, ..., fn of Z(g) = (Sg)"s» are the exponents of g. They satzsfy

my----my = |W)| (8.1.2.4)
1
mi+ -+ my = §(dimg—|—n) (8.1.2.5)
We will always order the exponents by increasing degree: my < mg < -+ < my,.

8.1.2.6 Remark The isomorphism Z(g) = (Sh)"s» depended on choosing a triangular decom-
position for g — indeed, even defining h and Wy, require such a choice. But any two triangular
decompositions are conjugate, so the set of exponents is well-defined. O

Proof In S(h)"V we have:

o0 n 1
=Y dimS*(n)"F =] = (8.1.2.7)
=1

If V is a linear representation of W, then:

dim VW = Z try w (8.1.2.8)
wGW

It more or less follows that:

!W! Z det(1 _wt) (8.1.2.9)
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And comparing equations (8.1.2.7) and (8.1.2.9) gives:

noo 1 S (m; — 1)
1—¢mi 1) 2 Ly
il my...mu(l—1t") my...mp(l—1)
whereas
1 1 1 1 1
> - T e
W o det(l —wt) WA =8)» W] = 2(1-—1t)"
Thus, Y (m; — 1) = number of reflections. O

8.1.2.10 Example In G5 we have myms = 12 and m; +mo = %(14—%2) = 8. But we always have

m1 = 2, because we always have a Casimir element. So ms = 6. O
8.1.2.11 Example Insl(n) = A,,_; we have my ---mp_1 =nland mi+---+mp_1 = % =
"2% — 1. You can solve this. One solution is m; =2, mo =3, ..., m,—1 = n. One possible set of
generators of S(g*)“ is the traces tr a2, tra®,... tra™.

Of course the set of generators is not unique. A second option is to take the characteristic
polynomial det(X — ¢id) and take the coefficients. O

8.1.2.12 Example The groups B, and C, must have the same exponents, because the Weyl
groups are the same. We have B,, = O(2n + 1), and dimg = W = (2n + 1)n. What is the
order of the Weyl group? Well, W = S,, x Z5. So:

my---my =2"n! (8.1.2.13)
mi+---+mp=Mn+1)n (8.1.2.14)

So the obvious solution is 2,4, ..., 2n.
So what are they? We can still take the generators from sl,. But some of those vanish: the
traces of odd powers of skew-symmetric matrices are 0. So we have tr 22, ..., tr 22™. O

8.1.2.15 Example Finally, let’s look at D, = 0(2n) = {skew-symmetric matrices of size 2n}.
Then dimg = n(2n —1), and mq +-- - +m, = 3(dimg+n) = n® Also, my---m, = |W|=2""Inl
So when you start looking for the most reasonable solution, it is 2,4,...,2(n — 1) and one more:
n, somewhere in the middle.

So, think of z as a skew-symmetric matrix. Then f;,(z) = tr(z?*) are invariant as before. But
if we take 2k = 2n, then we might as well take the determinant, but the n is actually the Pfaffian
of z, which is a polynomial Pf(z) = vdet x.

Why is Pf(z) a polynomial? Think of z as a matrix of some skew-symmetric form on C?".
Then by linear algebra, if x is nondegenerate, then in some basis it has a canonical form (fin 1(? )

So in general, we have z = yT( _(in 16” )y, and so det z = (det y)?2. ¢

We now explain how to calculate the exponents of any semisimple Lie algbera.
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8.1.2.16 Lemma / Definition Let g be a semisimple Lie algebra with its standard generators
TlyeeesTp, R1yoo s hn, Y1,y Yn. Let x =21 4+ -+ - + 2. There exists a unique h € b such that the
a;(h) = 2 for all simple roots vy, ..., . Write h = c1hy+---+cphy, and let y = c1y1+- -+ CpYn.-
Then {x,h,y} is an sly triple, the principal s[(2) in g.

In the adjoint action of the principal sI(2) on g, a(h) is even, and so every irreducible s1(2)-
representation appearing in g has a one-dimensional 0-weight space. Since h is regular, g = b.
Therefore the number of sl(2)-irreducible components is exactly the rank of g. O

8.1.2.17 Example In sl3, we have x = (05(1)), h = (2072), and y = (%80)' So we see that

sly = sly @ Vy. O

Decompose g into irreducible representations of its principal sl(2): g =V, @ --- @V, with
p1 < -+ < py, where by definition dim V}, = p+1. Then >_1 ;(p;+1) = dim g, and so Z?zl(%—kl) =
%(dim g +n). So the numbers & + 1 satisfy the same relation as the exponents. In fact:

Di

8.1.2.18 Proposition m; = 5 +1

Therefore to compute the exponents of a semisimple Lie algebra g you need only to decompose
ad : s[(2) ~ g into irreducibles. This is a little bit of work, but you know all the weights, so you
know how to do it.

Proof Let vy,...,v, be the lowest weight vectors in the components Vj,,..., V.. These are
precisely the vectors that are killed by y € sl(2), and so g¥ = Kv; & - -- & Kv,,. We consider the
slightly bigger space M = Kz @ g¥. This is a linear subspace of g with dimension n + 1. Moreover,
M comes with specified coordinates tg,...,t, : M — K, so that any vector in M is of the form
tox + tivy + -+ + tpvn. So let ¢ : M — g be the injection, and we are going to study the map
¢ : K[g]® — Klg] — K[M] = K[to, 1, . . ,ts], where by K[V], of course, we mean the algebra SV*
of polynomial functions on V.

We claim that ¢* is injective. Consider the map v : G x M — g given by first embedding
and then acting: g x (to,...,t,) — (Ad g)(tox + tyv1 + - - - + t,v,). We first compute the image of
d¥le1,0,..0: 9 M — g, where e is the identity element in G:

Im d’Y’e,l,O,..-,O = gy S adg(x) = gy D [xvg} =g

Therefore ~ is locally a surjective map. If we are working over K = C, then it follows that Im~y
contains a topologically open subset of g, and hence is Zariski-dense in g. If we are working over
some other field K, we can use the fact that if an algebraic map between affine spaces has surjective
derivative, then the image is Zariski dense; see [FH91]. Either way, Imvy = G - M is Zariski
dense in g, and so if f € S(g*)%, then f|y; = 0 implies f|g.ar = 0 so f = 0. This proves that
¢* : K[g]® — K[M] is injective.

Actually, the above argument proves a bit more. Consider the map +' : G x g¥ — g given
by 7' (g,v) = v(g,x + v). Then dy/|eo : g ® g¥ — g is still a surjection, and so the composition

Klg¢ & K[M] %" K[g¥] = K[t1, .. ., t,] is an injection.
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Let fi,..., fn generate K[g]® = K[h]"; they are algebraically independent by Proposition 8.1.2.1.
By injectivity, ¢*(f1)(1,t1,.. . tn), ..., @*(fn)(1,t1,...,tn) € K[t1,...,t,] are also algebraically in-
dependent. It follows that we can set up a bijection between {t¢i,...,t,} and {f1,..., fn} so that
each ¢; appears with non-zero exponent in a non-zero monomial in the corresponding ¢*( f;).

On the other hand, adj, acts as some diagonal matrix on M, because x and all v;s are eigenvec-
tors. As a vector field, the action is:

0 n 0
dp =205~ — ) _piti- 8.1.2.19
ady, 0(%0 ;p ot ( )
where [h, v;] = —p;v; because v; is the lowest vector of V},,. So:
adp(¢"(f)) =0 VfeS(e)® (8.1.2.20)

So for each t;, take the corresponding ¢*(f;), and suppose that the monomial in which ¢; ap-
pears is ctgo .- t% By equation (8.1.2.19), all monomials are eigenvectors for ady,, and by equa-
tion (8.1.2.20), 2dg = Y_}_, prdr. However, ¢* is degree non-increasing: deg f; > Y}_gdip >
do+1>5% +1.

By assumption, we ordered our generators so that deg fi < --- < deg f,, and p1 < --- < p,.
Thus for each ¢ we have deg f; > £ + 1. However, Y deg f; = %(dimg +n) = Z(% + 1), and so we
must have equality deg f; = p;. O

8.1.2.21 Corollary We can choose f1,..., fn so that ¢*(f;) = tgi/Qti + poly(to,t1,. .. ti—1).

8.1.2.22 Corollary The differentials dfi,...,df, are linearly independent at x = (1,0,...,0).

8.1.3 The nilpotent cone

8.1.3.1 Lemma / Definition The nilpotent cone in a Lie algebra g is N & {z € g s.t. ad(z) is nilpotent}.
It is closed under scalar multiplication. If g is semisimple, then z € A if and only if z acts nilpo-
tently on any finite-dimensional representation. Then the traces of all powers are 0: for any
m:g— gl(V) we have try w(z)™ = 0 for all m. O

8.1.3.2 Definition The centralizer of z € g is Cg(2) = kerad(z) = Stabaq(z). Recall Lemma/Definition 5.3.1.15:
an element z € g is regular if its adjoint orbit has mazimal dimension, or equivalently if its cen-
tralizer has minimal dimension. When g is semisimple, this dimension is not less than the rank n.

We define N = {2z € N s.t. dimCy(z) = n}.

8.1.3.3 Lemma Let g be semisimple. If z € A, then G - z, the orbit under the adjoint action,
intersects n nontrivially.

For g = sl,,, this is more or less trivial, by Jordan form: for any nilpotent z, there is a flag so that
z moves along the flag. We essentially reproduce that argument in the general setting:
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Proof We claim that there is u € g such that [u, z] = z. For this, we need to show that z € Imad(z).

But we have the Killing form, so Imad(z) = (ker ad(z))L. Let g = Imad(z)*. Pick a € kerad(z);
then ad(a) commutes with ad(z), so [a, gx] C gi. So we have:

O] x* * | k| %
ad(z) = 0]0]x ad(a) = 0] x*|=x
0[{0|0 0]0]

But then tr(ad(a) ad(z)) = 0, which is to say a L z, an so z € (ker ad(z))L = Imad(z).

So pick u € g with [u, z] = z. Recall Lemma/Definition 5.3.2.2: we can write u = us + u,, with
ug semisimple, u, nilpotent, and ug,u,, € Clu]. Then in particular ad(u,) is some polynomial in
ad(u), and so acts on z by some scalar, but the only nilpotent scalar is 0. So we can pick u = us
to be semisimple.

But then u € b’ for some Cartan subalgebra b’. So there is g € G with Ad(g)u € h. But Ad(g)
is an automorphism of g, and so [Ad(g)u, Ad(g)z] = Ad(g)z, so we can pick g with Ad(g)z € n™,
by picking a triangular decomposition so that u is in the positive part of §’. O

8.1.3.4 Corollary All G-invariant functions are constant on A .

Proof Pick z € 4 and u € g such that [u,z] = 2. Then Ad(tu)z = e'z, and in particular

0 € {Ad(tu)z}tex € G - z. So a G-invariant function takes the same value at z as at 0. O

8.1.3.5 Proposition Let g be a semisimple Lie algebra, A its nilpotent cone, and I the ideal in
Clg] generated by the functions fi,..., fn of Lemma/Definition 8.1.2.3. Then:

1. AN is irreducible, with vanishing ideal I(N") = 1.
2. Nreg = G - x, where {z, h,y} is the principal sly from Lemma/Definition 8.1.2.16.
3. dim A =dimg—n

Proof Lemma 8.1.3.3 gives that .#* = G -nt. Let B = Ng(n") be the normalizer of n™ in G;
its Lie algebra is Lie(B) = b" = h @ n'. Then dim(B - z) = dim B — n = dimn™. Therefore,
B-z=n",and so G-z =.4. But G is a connected group, and so G - x is irreducible.

By Corollary 8.1.3.4, f1,..., fn € I(#), and so we only need to show that v/I = I. But this
follows from Corollary 8.1.2.22: if /T # I, then some df; would have to depend on the others at
some point. O

8.1.3.6 Example When g = sl,,, then ./ consists of the nilpotent n x n matrices. The SL(n)-orbit
of a matrix is determined by its Jordan form. So the SL(n)-orbits are in one-to-one correspondence
with unordered partitions of n. O

8.1.3.7 Theorem (Ug is free over its center)
Let g be a semisimple Ug is free as a module over its center Z(g).
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Proof We will prove this in three steps. Our strategy will be to show in Steps 1 and 2 that S(g*)
is free as an S(g*)“-module. Then in Step 3 we will conclude the result via the filtered-graded

yoga.
Step 1 Pick up qi,...,qm € S(g*) which are linearly independent on G - . Then we will show

that there exists Zariski-open U C g, U > «x such that qi, ..., ¢y are linearly independent on
G-z for any z € U.

This fact uses just a little algebraic geometry. In fact, for every z € g, define the obvious
map ¢, : G = G-z, g = Ady(z). Then there is a dual map. The linear independence is
equivalent to the statement that rank ¢%(qi,...,¢n) = m. But rank ¢3(q1,...,qm) = m is a
Zariski-open condition in z, as it is the statement that certain minors are non-zero.

Step 2 Let I be as in Proposition 8.1.3.5. It is a graded vector subspace of S(g*), and we pick
a splitting S(g*) = I @ Y of graded vector subspaces. We will prove that the multiplication
map : S(g")¢ ® Y — S(g*) is an isomoprhism.

We first prove that p is surjective. Let p : S(g*) — Y be the projection induced by the
splitting. Then for ¢ € S¥(g*), we have q-p(q) = fiq1 + - -+ + fnqn with degq; < k. So we
can proceed by induction.

To prove injectivity, we argue as follows: Any element of S(g*)“®Y is of the form -7, s;®¢;,
with s; € S(g*)” and ¢; € Y, and we can chose it so that g, ..., ¢, are linearly independent.
Then suppose that ;L(Zinll 8; ® qi) = Y"s;q; = 0. Since qi, ..., ¢y, are linearly independent
on G - x, they are linearly independent on G - z for z € U, by Step 1. On the other hand, the
s; are constant on any orbit, because they are invariant. So then s;|¢., = 0 because the g;
are linearly independent. But then s; = 0, because U is Zariski-open and hence dense.

Step 3 Let o : S(g*) = Sg — Tg — Ug, where the first map is the Killing form, the second is by
symmetrization, and the last is defining. This is a homomorphism of g-modules. Consider
the multiplication map fi : Z(g) ® o(Y) — U(g); then p = grfi. Since p is an isomorphism,
SO is f[i. O

8.1.3.8 Remark When we choose the orthogonal complement Y on Step 2 above, we can make it
g-invariant by induction on degree. If we do this, then Y = C[./] as G-modules. O

Our motivation for studying the geometry of the nilpotent cone is the following:

8.1.3.9 Lemma / Definition Let g be a Lie algebra over C, M € Irr g, and z € Z(g). Then z acts
on M as a scalar: M picks out an algebra homomorphism |y : Z(g) — C. Given x € Spec Z(g),
the category of irreducible representations M with |py = x is the block (Irrg)X. If M € (Irr g)¥X,

then (ker x)(M) =0 and so (Ug)(ker x)(M) = 0. We define Uy (g) d:efl/lg/(Ug ker x). O

8.1.3.10 Remark The Hilbert-Poincaré series of U, (g) is independent of the choice of x : Z(g) —
C. In fact, grify(g) = S(g%)/(f1,..-, fa) = C[A], and U, (g) and C[4#] are isomorphic as G-
modules. O

8.1.3.11 Remark As an algebra, U, (g) depends on x and is non-commutative. So each x €
Spec Z(g) gives a quantization of C[.#]. We will discuss quantizations in **Part 2**. O
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8.1.4 Peter-Weyl theorem

8.1.4.1 Remark Recall that any semisimple simply-connected Lie group over C is algebraic and
has a faithful finite-dimensional algebraic representation. However, this fails over R. For example,
it’s easy to see directly that m; SL(2,R) = Z, and so the simply-connected cover of SL(2,R) has
infinite discrete center, which in particular cannot be Zariski-closed. So the simply-connected cover
of SL(2,R) is not an algebraic group over R. O

8.1.4.2 Definition Let G be an algebraic group. The regular representation of G is the algebra of
functions C[G]. It is a G x G module: if f € C[G], then we set (g1,92)f|. = f(97 ' 2g2). Bach G

action centralizes the other.

8.1.4.3 Definition Suppose we have groups G, H and modules G ~ M and H ~ N. The exterior
tensor product M X N is the vector space M @ N with the obvious G x H action.

The following fact is well-known:

8.1.4.4 Theorem (Peter-Weyl theorem for finite groups)
Let G be a finite group. Then C[G] = @ipreps of ¢ V R V™ as G x G modules. O

Certainly any finite group is algebraic, and in fact the same statement holds for affine algebraic
groups. We will prove:

8.1.4.5 Theorem (Peter-Weyl theorem for algebraic groups)
Let G be a connected simply-connected semisimple Lie group over C. As G x G modules, we have:

ClGl= € LOYRLN*
Aept

8.1.4.6 Remark The statement and proof hold for reductive groups, but we haven’t defined
those. O

Before giving the proof, we recall the following;:

8.1.4.7 Lemma / Definition Let G be a semisimple Lie group over C with Lie algebra g, and let
b be a choice of Cartan subalgebra. The maximal torus is H = (Ng(h))o, the connected component
of the normalizer in G of . Then Lie(H) = b, and H is a torus: H = C* x --- x C*. The
exponential map exp : h — H s a homomorphism of abelian groups. We set I' = kerexp. It is a
lattice, or (discrete) free finite-rank abelian group.

We set H to be the set of all 1-dimensional (irreducible) representations of H. The set of irreps
of b is just h*. The map exp* : H < b* corresponds to the subset:

H={\eb*st (\\T)C7Z}

Moreover, H is an abelian group, because we can tensor representations. When G is simply-
connected, H=rP.

Any torus satisfies a Peter-Weyl theorem: C[H| = Doy CP. Suppose that G is simply-
connected, and let Cy be the one-dimensional representation of H corresponding to A € P. Then
C_\=C5 and C[H] = @Prep+ CA R C_y as H x H-modules. O
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Proof (of Theorem 8.1.4.5) Since G has a faithful algebraic representation G < End(V'), C|G]
is a quotient of C[End(V)] by some invariant ideal, and C[End(V)] = S(V ® V*) is a direct
sum of finite-dimensional G x G representations. So C[G] decomposes as a direct sum of finite-
dimensional irreducible representations. If G1,Go are semisimple Lie groups with weight lattices
Py, P,, then the weight lattice for G; x Gg is just P; x P», and the irreducible representations are
L(Ax p) = L(A) K L(u). So we are interested in HomGX(;(L()\) X L), (C[G]) for \,u € PT.

When L(p) = L(M)*, there is a distinguished map jy : L(A) X L(\)* — C[G], the matriz
coefficient, defined by:

v @) (9) = (g7 v, )

Then the sum of all matrix coefficients gives an injection @yep+ L(A) ¥ L(N\)* — C[G]. To show
that there are no other direct summands requires a bit more preparation.

Let g=n" @ h@nt, and let N* be the group with Lie algebra n*. Let H denote the maximal
torus of Lemma/Definition 8.1.4.7. Then multiplication gives an algebraic map N* x Hx N~ — G
with Zariski-dense image, the big Bruhat cell NTHN ™.

Pick \,p € Pt and ¢ € HomGXg(L()\) X L), (C[G]). Let v be a highest vector in L(\) and let
w be a lowest vector in L(p). Then NTv = v and N-w = w. Suppose that ¢(v ® w) = f € C[G].
Then for any ne € NT and any g € G we have f(nygn_) = f(g). But f is determined by its
values on any Zariski-dense set, e.g. NTHN ™, and so f is determined by its values on H.

Moreover, we know what happens to the vectors when we multiply them by elements of the
torus. Let i € h. Then (exph)v = My and (exp h)w = e Mw, where pi/ is the lowest weight of
L(p). So f((exp hi)h(exp hg)) = MM’ (h2) f(R) for h € H and hy, ho € h. On the other hand,

H is commutative, so we must have p/ = —\ and f|g € C\ XK C_,, which is one-dimensional. But
the irrep with lowest weight —\ is L(A)*.
Therefore:

1, L(p) = L),

dim Homg (L(A) ® L(p), C[G]) = {0 otherwise O

As a corollary, we return to our earlier discussion of g and the nilpotent cone:

8.1.4.8 Proposition As in Remark 8.1.3.8, choose the space Y in Step 2 of the proof of Theo-
rem 8.1.3.7 to be g-invariant. Then Y decomposes as:

Y =& L(n)o™

AepPt
where the multiplicities are my = dim L(\)g = dim L(\)".

For example, my # 0 implies that A € ). This is not surprising: only the root lattice appears
as weights of Ug.

8.1.4.9 Example When g = sl(2), each representation of even weight appears with multiplic-
ity 1. O

To prove Proposition 8.1.4.8, we first give a series of lemmas, many of which are of independent
interest. The idea of the proof is as follows: G - x is not closed, but we can deform it to G - h which
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is, where h is from the principal s[(2), and hence a semisimple element. Then we will prove that
Y = C[G - h]. This kind of approach that doesn’t always work; it’s rather specific to this situation.

8.1.4.10 Lemma If z € gy (the semisimple elements), then the adjoint orbit G - z is closed.

Proof Suppose 2’ € G -z. If p(t) is the minimum polynomial for ad(z), then it also annihilates
ad(z’). So the minimum polynomial of 2z’ can only have smaller degree. The characteristic poly-
nomials are the same: det(ad(z) —t) = det(ad(z’) — t), because the characteristic polynomial is
invariant, so constant on orbits, and one is in the closure of the orbit of the other. Therefore all
multiplicities of eigenvalues are the same, and in particular the multiplicities of the zero eigenvalue
are the same. Then dimkerad(z’) = dimkerad(z). So dimG-z = dim G -2/, and hence 2’ € G- z.00

8.1.4.11 Lemma Let h € g correspond to the principal sI(2), and let v : Clg] — C[G - h] be the
restriction map. Then r:Y — C[G - h] is an isomorphism.

Proof Surjectivity follows from the fact that on an orbit r(f;) are constants. Injectivity is the
interesting part. Remember that Y is graded; so pick up q1,...,¢n € Y homogeneous and linearly
independent. We want to show that their images 7(q1),...,7(¢mn) are also linearly independent.
So assume the opposite. We use the notation ¢ from Step 1 of the proof of Theorem 8.1.3.7; then
¢n : G — g* birationally. By the assumption dim ¢j(q1,...,¢m) < m. We can multiply h by any
constant: because each ¢; is homogeneous, we have for any ¢ € C* that dim ¢}, (q1,...,qm) < m.
On the other hand, you can check that th+x € G-th. So dim ¢}, , (g1, - -, ¢m) < m. But this rank
is a semicontinuous function, so we can take t = 0: dim ¢} (q1,...,qn) < m. But then ¢1,...,qn
are linearly dependent on G -z, and therefore on .#". But this is a contradiction: ¥ — C[4] is an
isomorphism. O

8.1.4.12 Remark This was a good trick. You see what happened: you have generic orbits, which
are closed, because they are maximal dimension. And then you have nongeneric orbits, but they
are still in the families. O

8.1.4.13 Lemma Stabg(h) = H.

Proof First of all, b is the centralizer of h in g. So Ng(h) C Stabg(h). But Ng(h)/H = W and
Staby h = {e} by regularity. O

Proof (of Proposition 8.1.4.8) The map ¢* : C[G - h] — C[G] dual to £ : G — G - h is a
homomorphism of (left) G-modules. By Lemma 8.1.4.13 we identify G/H = G - h, and Im&* =
{f € C[G] s.t. f(zg) = f(x) Vg € H}. Then:

cle) e = (@ L) B L)) = @ L) B L)Y,



188 CHAPTER 8. FURTHER TOPICS IN ALGEBRAIC GROUPS

8.1.5 General facts about algebraic groups

Strangely, there is no course about algebraic groups here. As we will see in the semisimple case,
compact groups and algebra groups are the same thing, but this does not cover the characteristic-p
case, or even nilpotent groups. Certain things are easier to do in the framework of algebraic groups,
and certain things are easier in the Lie framework.

We pick K algebraically closed and characteristic 0. An (affine) algebraic group is an algebraic
variety G with group structure m : G x G — G, i : G — G that are all morphisms of algebraic
varieties. Then it’s clear that the shift maps (left- and right-multiplication) are algebraic.

Some facts:

8.1.5.1 Proposition If f : G — H is a homomorphism of algebraic groups, then its image is
Zariski-closed.

Henceforth, “closed” means Zariski-closed.

Proof We will use the following fact from algebraic geometry. For any algebraic map of varieties
f: X =Y, the image f(X) contains an open dense set inside f(X).
So, let U C f(G) open with U = f(G). Then for y € f(G), we have yU N U non-empty, as it is

again Zariski-dense open. But then y € U - U, and so f(G) =U -U = f(G). O

Let m : GXG — G be the multiplication, and pull it back to A : K[G] — K[G xG] = K[G]|®K[G]
via Af = S5, f; ® £ where f(gx) = 325 fi(g)fi(x). But then the image of the action of the
group on K[G] lies in the span of finitely many functions: g - f(x) € span{f‘(z)}. Therefore:

8.1.5.2 Proposition Any finite-dimensional subspace W C K[G| (considered as a G-module with
respect to left translation) is contained in some G-invariant finite-dimensional subspace. g

8.1.5.3 Proposition If G is an algebraic group, then it has a finite-dimensional faithful represen-
tation.

Proof Use Proposition 8.1.5.2 to pick up regular functions that separate points — you can always
do this with finitely many of them — and consider the finite-dimensional invariant space containing
them. O

8.1.5.4 Proposition If H C G is a (Zariski-)closed subgroup, and both are algebraic, then H
has an ideal Iy in K[G]. Then Iy is clearly an H-invariant subspace. So we can ask about the
normalizer in G of Iy. In fact, H={g € G s.t. f(gx) € IgVf € Ix}. O

The following fact is true for semisimple Lie algebras (c.f. Lemma/Definition 5.3.2.2), but not
Lie algebras in general. Recall Theorem 4.2.5.1: if you pick any g € GL(V), then you can write
g = x5 + =, where x is semisimple and z,, is nilpotent, and [z, z,] = 0. In fact, these conditions
uniquely pick out x4, x,, and it turns out that there are polynomials p, ¢ depending on g so that
xs = p(g) and z, = q(g). Moreover, if g € GL(V), then z; is also invertible, although z,, never is.
So we write g = x4(1 + 25 '2,) = gsgn, and:
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8.1.5.5 Theorem (Group Jordan-Chevalley decomposition)
If g € GL(V), then it factors uniquely as g = gsgn where gs is semisimple and gs(gn—1) is nilpotent.
O

8.1.5.6 Proposition Pick an algebraic embedding G — GL(V), and pick g € G. Then it follows
from Theorem 8.1.5.5 that gs, g, € G. Indeed, you write G = {g € GL(V) s.t. f(gx) = Ig Vf €

Ig}. But then any polynomial of g leaves I invariant. The elements gs,gn € G do not depend on
the embedding G — GL(V). O

8.1.5.7 Proposition This also all works in Lie algebras, where you think in terms of the adjoint
action by derivations: a Lie algebra of an algebraic group is closed under Jordan-Chevalley decom-
positions. So if you can present a Lie algebra that’s not closed under the JC decomposition, then it

s not algebraic. O
1
8.1.5.8 Example Let G = {(8 ez xi ) s.t. x,y,z € C} The bottom corner is exp(”o“" i) so this is
e®
. . . . 0 000 0
a closed linear group. But its Lie algebra consists of matrices of the form (0 . ;) = (0 z 0 ) + ( 00 j:)
00z 00« 000

and so is not closed under the JC composition. So G is not an algebraic group.
8.1.5.9 Proposition Let G be semisimple and connected G C GL(V'). Then G is algebraic.

Proof Look at the G-action in End(V). Then End(V) = g @ m, and [g,m] C m, because any
representation of a semisimple group is completely reducible. So take the connected component
Nearv)(g)o of the normalizer:

NGL(V)(Q) = {g S GL(V) s.t. gl‘gi1 eEgVx € g}

Then Ngr,vy(g) acts on g by automorphisms, and G C Ngr,v(g)o as the inner automorphisms of
g. But it follows from Theorem 4.4.3.12 that the connected component of the Aut g consists of inner
automorphisms. So there is a projection ./\/GL(V) (g)o = G/center, and the kernel is the intersection
of the centralizer Zgy,v)(9) = {g € GL(V) s.t. gzg™! = z Va € g} with Ngr)(g)o. And since
G is connected, g € GL(V) centralizes g only if it commutes with G, and we have presented the
connected component of the normalizer as a product:

Navon(@)o = (G/center) x (21 (9) N Nar)(9)o)

Moreover, Zar,v)(8)o = Zarv)(8) N Narv)(8)o as a normal subgroup with quotient the center of
G, and again this is a product. All together, we can construct a surjection NGL(V) (g)o — ZGL(V)(g)O
with kernel G. But both Ngr,v)(9)o and Zgp,(v)(g) are algebraic subvarieties of GL(V'), and hence
so is the kernel. O

8.1.5.10 Proposition If V is any finite-dimensional representation of algebraic G, then we can
construct a canonical the map V@ V* — K[G] corresponding to the coaction V* — V*QKI[G]. It is
injective, and gives a homomorphism of left G-modules V. — K[G| ® V', where G acts on K[G] @V
by multiplication in K[G] and trivially in V: K[G] @ V = K[G]®dmV. O

8.1.5.11 Remark In general, if your group is not reductive, then you can get finite-dimensional
representations of arbitrary length in Jordan-Holder series. O
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8.2 Homogeneous spaces and the Bruhat decomposition

8.2.1 Homogeneous spaces

Suppose we have an algebraic group G and a Zariski-closed subgroup H C G. Then X = G/H
makes sense as a topological space, and even, upon realizing G, H as Lie groups, X makes sense as
a manifold. How about as an algebraic variety? The problem in the algebraic case is that even if
G, H are affine, then X is not affine generally, and so we cannot just write down X as the spectrum
of something. Instead, we will use a trick due to Chevellay.

For the remainder of this section, we will not write the word “Zariski”: “closed” means “Zariski-
closed.” By “algebraic group” we mean “affine algebraic group.”

8.2.1.1 Proposition Let G be an algebraic group and H C G a closed subgroup. Then there exists
a representation V of G and a line £ CV such that H = Stabg £.

Proof Recall Proposition 8.1.5.4: if Iy C K[G] is the ideal of functions vanishing on H, then
H = Stabg(Iy) is the stabilizer of the ideal. Since K[G] is Noetherian, any ideal is finitely
generated; we pick up generators fi,..., fn, of Ir, and by Proposition 8.1.5.2 there exists a finite-
dimensional G-invariant subspace V C K[G] containing fi,..., fs.

We set W = Iy NV. It is an easy exercise to show that H = Stabg(W): it contains all the
generators. If dim W = d, then to get a line we can take powers. Set V = VA and ¢ = W, Tt's
immediate that H C Stabg(¢), and the reverse inclusion is almost as immediate. O

As a corollary, we have:

8.2.1.2 Definition The quotient G/H can be defined as the algebraic space X = G - [£], where [{]
is the point in P(V') corresponding to the line ¢ in V in Proposition 8.2.1.1. It is locally closed —
the image of an algebraic map — in P(V'), and hence a quasiprojective variety — something that
can be embedded in a projective space.

Now we will discuss the special case that H is normal. Then X is a group, and the point is
that it’s affine algebraic:

8.2.1.3 Proposition If H C G is closed and normal, then there exists a representation m : G —
GL(V) such that H = kerm.

In particular, G/H — GL(V) will be closed, as any locally closed subgroup in a group is closed,
and so affine.

Proof We start with V' and ¢/ C V' a line such that H = Stabg(¢'), as in Proposition 8.2.1.1.
This choice defines a character x : H — K by hv = x(h)v, where v € £. Recall that the set H of
characters of a normal subgroup H of G carries a G-action by (g - x)(h) = x(g~'hg).

For each i € H we set |74 aef {v e V'st. hv=n(h)vVh € H}, and we set W ot Dyen V.
Then W is G-invariant, as G permutes the Vn’s. Similarly, we construct V' as a sum of matrix
algebras:

V < D Endgk(V})
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We let G act via conjugation to construct the representation 7 : G — GL(V), and it’s an easy
exercise to calculate the kernel kerm = H. O

This explains why we can quotient by any normal subgroup and get something affine. We
will not prove that the constructions above do not depend on the choice of representation — that
X = G/H as an algebraic space does not depend on the choice of V' — nor that G/H — GL(V) is
actually a morphism of algebraic groups, but both statements are true.

8.2.1.4 Proposition Suppose that G is an abelian connected affine algebraic group. Then its only
projective homogeneous space is a point.

Proof Since G/H is a group, it’s affine, but it is also projective, and the only connected affine
projective space is a point. ]

8.2.1.5 Example (Warning) The (real) torus T2 as a complex analytic space is a homogeneous
space for C, and it is (isomorphic to) a projective space, namely an elliptic curve. But the C
and C* actions are not algebraic: 72 = C*/T, but I', being an infinite discrete group, is not
Zariski-closed. O

So there ways that the algebraic category and in the Lie category are quite different.

8.2.2 Solvable groups
8.2.2.1 Proposition If G is algebraic, then G' =[G, G] is algebraic.

In Lie groups, this is not true: you need G to be simply-connected in order to give G’ a manifold
structure.

Proof Let Y, = gGg~'G; it is constructible — a disjoint union of locally closed sets. Then:

= U [[ Yo=Y Y,

finite subsets of G g€subset

The point is that, by the Noetherian condition, the union is finite: you order the elements, construct
a chain (you might as well assume that the subsets are growing), and chains are only finitely long.
Then you can take the top one. O

We mention an exercise: Lie G’ = [g, g] if G is connected.

8.2.2.2 Definition A group G is solvable if the chain:
G2G2G" D...
stops at G™ = {1}. (C.f. Definition 4.2.1.4.)

8.2.2.3 Example The fundamental example is the group N(n) of upper triangular matrices in

GL(n). O
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8.2.2.4 Proposition Let G be a connected solvable group acting on a projective variety X. Then
G has a fixed point on X.

Proof If G is abelian, then you pick up the closed orbit, which always exists, and it must be a
fixed point by Proposition 8.2.1.4.

Now we do induction on dimension. Let Y be the set of points fixed by G’ — it is an exercise to
show that if G connected then so is G’, and in particular Y is nonempty. Then since G’ is normal,
Y is G-invariant. So actually the G-action factors through G/G’, but this is abelian, and we are
done. O

This has many nice consequences:

8.2.2.5 Theorem (Lie-Kolchin)
If G is connected solvable and V' a representation of G, then there is a full flag fized by G. In other
words, G — N(V'). More precisely, we have 0 = Vo C Vi C --- C V,, =V invariant under G.

Proof Take the variety of all flags. This is a projective variety, and so we use Proposition 8.2.2.4.[]

This is the group version of Lie’s theorem (Theorem 4.2.3.2). It’s amazing how some things
become so easy in the algebraic category. The hard part is algebraic geometry.

8.2.2.6 Definition Let G be an affine algebraic group. A Borel subgroup is a mazximal solvable
connected closed subgroup. It is unclear whether it is unique or not, but we will see soon that it is
unique up to conjugation.

8.2.2.7 Proposition If B is a Borel subsgroup in G, then G/B is projective. Any two Borel
subgroups in G are conjugate.

Proof Pick a faithful representation G < GL(V'). By Theorem 8.2.2.5, there is a B-invariant flag
F € FI(V). The G-stabilizer of this flag is necessarily in N(V') = Stabgy,)(F), and in particular
it is solvable. Hence its connected component must be B, by maximality: B = Stabg(F')o. Then
G - F is closed, because if it is not, then we have an orbit of smaller dimension, which then has
stabilizer a larger group, but we picked B maximal. So G - F' = G/ Stabg(F) is a closed subset of
F1(V), and hence projective, and it is the quotient of G/B by m (Stabg(F)), a finite group. This
proves projectivity.

Let B’ be another Borel group. Then it acts on G/ B via the G action, and by Proposition 8.2.2.4
there is a B’-fixed point z € G/B. Picking g € G so that x = gB € G/B, we see that g conjugates
Stabg x to B. By maximality, B’ = Stabg . O

8.2.2.8 Lemma / Definition Let P be a closed subgroup in G. Then G/P is projective iff P
contains some Borel. Such a subgroup is called parabolic.

Proof In one direction it should be clear: we have a map G/B — G/P if B C P, and the image
of a projective variety is projective.

In the other direction, suppose that G/ P is projective. Let B be some Borel in G. Then by the
fixed point theorem, B has a fixed point x € G/P. Then Stabgz = gPg~' D B, so P D g 'Bg.00
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8.2.2.9 Lemma / Definition We define the nilradical of a group G as Nil(G) def (ﬂﬂem(g) ker 71)0.
It is normal and unipotent — all elements are unipotent — and maximal with respect to these prop-
erties. Let V be a faithful representation of G, and pick a Jordan-Holder series V 2 V43 2 --- D Vg
so that each V;/Viy1 is irreducible. Then with respect to this flag, Nil(G) consists of upper-
triangulars with 1s on the diagonal. The nilradical of the Lie algebra is nilg = Lie(NilG). (C.f.
Chapter 4, Exercise 4.) O

8.2.2.10 Lemma / Definition A group G is reductive if it is a quotient of Gss X T/ finite group,
where Ggg is semisimple and T is a torus. An algebraic group G is reductive iff Nil(G) = {1}.

Proof The “only if” direction is obvious. For “if,” let V be a faithful representation of G. Then
V=Vi®-- @&V, where each Vj is irreducible, and we can have V; = V;. Writing g = Lie(G), the
radical rad g acts as a scalar on each Vj; this is a standard fact **ref**. Then radg = Z(g), and
so g is a reductive Lie algebra. But we need to see that Z(G)g is an algebraic torus. Since Z(G)g
acts as a scalar on each V;, we see that it is a connected closed subgroup in K* x .-+ x K*. Then
the end of the proof is the not-difficult exercise that any closed connected subgroup of an algebraic
torus is a torus. g

8.2.2.11 Lemma / Definition Let p : G — G/Nil(G) be the projection. The radical of G is

Rad(G) def p‘l(Z(G/ Nil G)())O. It is a maximal normal connected solvable subgroup in G, and
hence algebraic. We have Lie(Rad G) = rad g, and G/ Rad G is semisimple.

8.2.2.12 Remark This is almost the Levi decomposition, which finds G built from a solvable and
a semisimple. But in the Levi decomposition, “built” means a semidirect product, whereas here we
only have an extension: It’s not true that you can write GL(n) as a semidirect product: you need
to take a quotient. %

8.2.2.13 Lemma FEvery parabolic subgroup of G contains Rad G.
Proof Rad G has a fixed point on G/ P, but since Rad G is normal it acts trivially on all of G/P.O]

So for the purpose of understanding projective homogeneous spaces, you can forget about Rad G
completely, since it doesn’t contribute to the action of G on any G/P. In particular, replacing G
by G/ Rad G gives:

8.2.2.14 Corollary Any projective homogeneous space for any group is isomorphic to G /P where
G is semisimple is P is some parabolic subgroup. O

Henceforth, we assume that G is connected. If we allow disconnected groups, then classifying
homogeneous spaces is as hard as classifying finite groups. In the next few sections we will classify
connected semisimple groups and their parabolic subgroups, and thereby classify all connected
projective homogeneous spaces.
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8.2.3 Parabolic Lie algebras

We let G be connected and semisimple.

Pick a parabolic subgroup P of G, and let p = Lie(P). Then p C b for some Borel, and they
are all conjugate, so let’s pick one: g =n" @ h @ nt with b = h @ n™", the standard Borel. We also
recall the generators hy, ..., A, T1,. s Tny Y1y -y Yn-

8.2.3.1 Lemma There exists a subset S C {1,...,n} such that p is generated by {h1,..., hp,z1,...,2n}
and y; for j €S.

Proof This follows from a very simple fact. If o, € AT, and [ya,ys] € p, then take z, € p,
and since yo, zo form an sl(2)-triple, then [zq, [Ya,ys]] = cyg for ¢ # 0, 50 ya,ys € p. Then do
induction. O

8.2.3.2 Example To represent a parabolic subalgebra, you draw the Dynkin diagram, and shade
a few of the nodes: the unshaded nodes are S. For example, for s[(6):

OOOOOH

@
°
°
O
)
T
OO OO o O

*
*
*
*

0 [0]

0 0 0

8.2.3.3 Lemma 1. Let V = L()\). Then P(V) has only one closed orbit: the orbit of the line
of the highest vector, which we will call £).

2. If V is not irreducible, then any closed orbit in P(V') is contained in P(W) for W some
irreducible tnvariant subspace of V.

Proof Any closed orbit is projective, and has a fixed point, i.e. a fixed line in V. But if V' = L()\)
then it has a unique fixed line, and in general a fixed line is a highest weight space. The only thing
that is not clear is if there are multiple isomorphic direct summands. But this part is a simple
exercise. g

8.2.3.4 Corollary P is the stabilizer of some £x C L(\). O

8.2.3.5 Example If P = B is the standard Borel, then X is the sum of all the fundamental weights.
For example, for sl(n -+ 1), this gives an embedding of the flag variety into C"*! @ A2C"M @ - ®
/\n Cn+1 . <>

8.2.3.6 Theorem (Classification of parabolic subgroups)
Suppose that G is connected and semisimple. Pick a system of simple roots T'.

1. Conjugacy classes of parabolic subgroups are in bijection with subsets of I'. For S C T', we
denote the corresponding parabolic subgroup containing the standard Borel by Pg.



8.2. HOMOGENEOUS SPACES AND THE BRUHAT DECOMPOSITION 195

2. If we pick X =Y ;cq miw;, with m; > 0, then Pg = Stabg(€y). Notice: it does not depend on
the coefficients, just that they are non-zero.

3. If P is parabolic, then it is connected and Ng(P) = P.

8.2.3.7 Example The biggest parabolic is the whole group, whence S is empty; the smallest is
the Borel, whence S =T %

Proof We proved last time that the conjugacy class of any parabolic contains P = Stabg(¢))
for some irreducible representation L(X). If A = p + v, then Stabg(£y) = Stabg(¢,) N Stabg(4,).
This is because L(p) ® L(v) contains a unique canonical component isomorphic to L(\), and
£y ={, ®{,. Sosomething stabilizes £, iff it stabilizes each of £,,,£,. Therefore, if A = ";cp m;w;,
then Stabg(€x) = i s.t. m,x0 Staba(£y;). So it depends only on the support of A: the i € I so that
m; # 0. This proves that 1. implies 2.

Statement 1. follows from Lemma 8.2.3.1 if we can show that every parabolic subgroup is
connected. Let P be a parabolic subgroup and Py the connected component of the identity. It is
also parabolic. Using Corollary 8.2.3.4, let A be a highest weight with P = Stab /), and Ag the
highest weight with Py = Stab¢,,. But Lie P = Lie Py, and Lie Stab £) determines A. This proves
statement 1. and the first part of statement 3.

To finish 3., suppose that P = Stabg(¢)), and take g € Ng(P). Then g(¢)) is fixed by P, but
P has only one fixed point, because P contains B, and B has only one fixed point, so g(£y) = £y,
so g € P. g

8.2.4 Flag manifolds for classical groups

In this section we discuss some of the classical flag manifolds. We will denote by G a classical
semisimple Lie group, B its standard Borel subgroup, and P any parabolic that includes the
standard Borel. Sometimes any G/ P is called a flag manifold, and sometimes only G/B is the flag
manifold and G/P are “partial flag manifolds”.

For S C T, the corresponding parabolic Ps has a Levi decomposition: Ps = Gg x Nil(Pg),
where Gg is reductive. The semisimple part (Gg)' of Gg can be read from the diagram for Psg,
simply by deleting the marked nodes from the diagram.

8.2.4.1 Example Let G = SL(n+1) = A,,. Pick k1 < --- < ks < n+ 1; the flag manifolds are all
of the form Fl(ky,...,ks,n+ 1). For example, consider SL(7) = Ag with the third and fifth nodes
marked:

O O ® O L O

Then (Gg)’ = SL(3) x SL(2) x SL(2), and we have the flag variety F1(3,5,7). O

8.2.4.2 Example Now let’s move to the types B,,, Cy,, which are SO(2n+1) and Sp(2n). Let’s work
over C. Then we have representations on C?"*! with symmetric form (,) or C** with antisymmetric
form (,). The possible flag manifolds are isotropic submanifolds, and so never get to dimension
past half the total:

-G Vest (Vi, V) =0}

OFl(ml, e ,’I?’Ls) = {V
ms) = { G Vst (Vi Vi) = 0}

1
SpFl(ma,...,my) V

N N
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For example, take C),, with the last node marked:
O O O Ce. 4():(:.
This is the Lagrangian Grassmanian, i.e. the set of Lagrangian subspaces in C?". O

8.2.4.3 Example Finally, D,,. Then G = SO(2n) acting on C?", (,). Then you have the same
as before, but OGr(n,2n), the Grassmanian of n-dimensional isotropic subspaces in C?" has two
connected components. The two components correspond to the last vertices of the Dynkin diagram:

How do you see that there are two components? For n = 2, it’s clear: there are two isotropic lines
x =iy and x = —iy. %

8.2.5 Bruhat decomposition

In this section we prove the Bruhat decomposition theorem. We first fix a bit of notation. We let
G denote a connected and semisimple complex Lie group. (In this section we will work over C, but
just about everything holds over an arbitrary field K.) Its chosen maximal torus is 7', the standard
Borel is B, and the positive and negative parts are N*. (Of course, B = T x NT.) The Weyl
group is W = Stabg(T)/T. In general, there does not exist a group embedding W — G, but we
can always find a set-theoretic map W — G so that the corresponding inner automorphisms act on
T as they ought. We will abuse notation, having fixed such an embedding: for w € W, the coset
wB does not depend on this choice.

8.2.5.1 Theorem (Bruhat decomposition)

Every connected semisimple complex Lie group decomposes as G = | |yew BwB = | |yew N~ wB.
Thus the flag variety G/B decomposes into Shubert cells: we set Uy, = N~ wB, thought of as the
N~ -orbit of wB € G/B, and G/B = | |yew Uw is a disjoint union of |W| many N~ orbits. Each
orbit is very simple as a topological space: Uy, = CHwo)=w) “where wy is the longest element of W,
and {(w) is the length of w € W.

In fact, there are four Bruhat decomposition theorems, where we can replace one or both Bs in
the first equality with the “negative” Borel B™: the longest element of the Weyl group, swapping
the positive roots for the negative ones, switches B <+ B~. We prefer the version G = | | B-wB, as
it allows us to talk about highest vectors rather than lowest vectors. The second equality is obvious,
using B=T x NT and B~ = N~ x T, and that Tw = wT. We will prove that G = N~wB. We
first give an example and then explain the proof for G = GL(n).

8.2.5.2 Example For G = SL(2,C), the flag variety G/B = P! is the Riemann sphere. There are
two cells: the north pole U,,,, which is fixed by N~, and the big Bruhat cell U,. O

In general, the Bruhat decomposition writes G and G/B as cell complexes. As the real dimensions
are all even, we know the homology: dim Ho;(G/B,Z) = {w € W s.t. {(w) = i}.
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Proof (of Theorem 8.2.5.1 for G = GL(n)) When G = GL(n), the Bruhat decomposition is
essentially an “LPU” decomposition (C.f. [LU ]), and follows from Gaussian elimination. The group
B consists of upper-triangular matrices, N~ of lower-triangulars with 1s on the diagonal, the Weyl
group is W = §,,, and we can inject W — G as permutation matrices. For each z € G, we want
to find a € N~ and b € B so that axb = w € W, and we want to know how many ways we can do
this.

When you think in terms of matrices, this is a very easy procedure. Multiplying on the left by
a lower-triangular matrix is some operation on the rows of the matrix: in particular, you can pick
any row and subtract from it any row above. Multiplying on the right by an upper-triangular is
a column operation, again with the restriction that to any column you can add or subtract only
columns to its left.

So we simply perform Gaussian elimination. Look at your matrix z, and look down the first
column until you come to the first non-zero element. By multiplying on the left, you can make 0s
all below it, and by multiplying on the right you can make zeros to the right of it and make that
entry into a 1. So your matrix now looks like:

0 * * =* 0 * * =
0 o % 0 * *x =
T £0 % % ~ 1000
* ok % ok 0 * * =%

Move over a column and repeat. At the end, you have your permutation matrix: this gives you one
of your double cosets.

Why don’t the double cosets intersect? The answer is that the procedure does not change which
minors are non-zero. Pick up the first non-zero minor from the first column, and then find the first
non-zero minor in the first two columns that contains the one you already picked up, etc. Doing
this determines the shape of the permutation matrix w.

Finally, let’s prove the claim made earlier that U, = CHw0)=¢®) Pjick a permutation matrix
w, and ask: “what conjugations by lower-triangulars don’t break it?” Then U, = N~/ Staby- w.
Remember these are nilpotent groups, so exp : Lie(N~/Staby- w) — N~/ Staby- w is an isomor-
phism, and so it suffices to count dimensions. But:

dim(N~/Staby- w) = #{i > w(1)} + #{i > w(2),i #i(1)} +--- =

(n—1)

= #{(i < j) st wli) <w(i} = " — fw) = two) — L(w) O

In fact, the general proof is even easier to write down, although less enlightening:

Proof (of Theorem 8.2.5.1 for general G) The outline of the proof is as follows. We use the
fact that Theorem 8.2.5.1 holds for SL(2), which follows from the analysis above for G = GL(n),
to conclude that N™W B = G. We then show that the double cosets are disjoint. Finally, we will
study the shape of the Shubert cells.

1. Recall that the Lie algebra g is generated by special s[(2)-subalgebras g; = (x;, hi, y;). These
lift to algebraic subgroups G; C G, which may be simply connected SL(2)s or adjoint-form



198

CHAPTER 8. FURTHER TOPICS IN ALGEBRAIC GROUPS

SO(3)s. G is generated by the G;s. So to prove that G = N~W B, it suffices to show that
the right-hand side is closed under multiplication by G;.

Since Theorem 8.2.5.1 holds for SL(2), we know that G; = N; B; U N, s;B; — the Weyl group
W,; for SL(2) consists of only the two elements {e, s;}, where s; € W; < W is the ith simple
reflection. We consider the parabolic subgroup P; def G;B = G; x Nil(P;), where Nil(FP;) C B.
Then P; = N; BUN, s;B. We denote the torus for G; by K; — it is K; = T'NG;. Then any
element g € G is either:

(a) g =exp(ay;) K; exp(bx;), or
(b) g = exp(ay;) s; K; exp(bz;)
where x;, y; are the generators of the ith sl(2) and a,b € C.

We wish to show that N"WBg = N"WB. We will work out case (a), and case (b) is
similar and an exercise. We first observe that K; exp(f8z;) € B, and so it suffices to show that
N~wBexp(ay;) C N“WB. But Bexp(ay;) C P;, and so:

N~ wBexp(ay;) C N"wN; B U N wN; s;B
The third factor, in N, , we denote by exp(a’y;) for some a’ € C: N wBexp(ay;) =
N-wexp(a'y;)B or N~ wexp(a'y;)s; B.
Let o; denote the ith simple root. Suppose that w(a;) € A¥1; then wexp(a'y;)w™! =
exp(ad’w(y;)) € N~ and exp(a'y;)s; = s;exp(a’z;), and so in either case N~ wBexp(ay;) C
N~WB. Alternately, suppose that w(a;) € A~. Then we must have w = os;7 for some
o,7 € W with o(a;) € A" and 7(q;) = ;. But then wexp(a'y;) = os; exp(a’y;)T, which is
either o exp(a”y;)s; exp(b'x;)T or oexp(a”y;) exp(t'x;)T for some a” b’ € C. Again in either
case, upon multiplying by N~ on the left and B on the right we land in N~W B.

Along with case (b), which is similar and left as an exercise, we have shown that the multi-
plication map N~ x W x B — G is onto: every element of GG is in some double coset.

. We next want to show that the double cosets are all disjoint. Of course, being cosets, they are

either disjoint or equal; what we want to show is that if N~wB = N~ o B for w,0 € W, then
o = w. To do this, we study N -orbits on G/B. Fix a regular dominant weight A (a weight
in the positive Weyl chamber off any wall). By Theorem 8.2.3.6, we have an embedding of
G-sets G/B < P(L()\)), given by eB + /), the line of highest weight vectors. Since A is
regular, the W-orbit of A has |[W| many elements.

Then Uy, = N7 ly), where £,y is the line of elements in L(A) of weight w(A). Since
N~ = exp(n~) can only move down, the weights of any element of U,, are all at most w(\).
So if Uy, = Uy, then we must have w(A\) < o(A) and w(\) > o(A), and hence o = w.

. Finally, we will show that U,, & Ctwo)—t(w)

As above, we think of U, as some N~ -orbit in PL()). Consider the extremal weight y =
w(A) and pick a weight vector v, € ¢,. The map exp : n=~ — G/B = P(G - {)) given by
exp(z) = exp(w)v, is algebraic, as n~ is nilpotent, and satisfies exp 1 (v,) = Stab,- (v,,).
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This subalgebra has a root decomposition:

Stab,- (v,) = @ Ja
acd
for ® = {a € A7 s.t. gov, = 0}, which we would like to describe in more detail. Recall that
p=w(A); we see that z4v, = 0 iff z,,yvx =0iff w(a) € AT. Te. @ = {a € A™ s.t. w(a) €
AT}, and the cardinality of this set is ¢(w). Thus dim(n~/Stab,- w,) = £(wy) — £(w), which
is what was to be shown. O

8.2.5.3 Remark The Shubert cells are ordered by closure. The Bruhat order on W is defined as
the opposite order: w < ¢ iff U, C U,. For example, for sl(3) with simple reflections s1, so, the
order is:

This leads to some nice combinatorics that we will not go into. The closures U, are Shubert
varieties, and are singular. O

8.2.5.4 Remark One can repeat everything we’ve done for arbitrary parabolic subalgebras. In
particular, Shubert-like cell decompositions are known for all projective homogeneous spaces G/ P
in addition to the full flag variety G/B. O

8.3 Frobenius Reciprocity

8.3.1 Geometric induction

We are working in the algebraic category, but we could instead work in some analytic category (e.g.
complex holomorphic functions), and everything works.

8.3.1.1 Definition Let G be an algebraic group acting on X, and suppose that L — X is a vector
bundle. It is a G-vector bundle if there is a G-action on the bundle that extends the action on X.
Le. for each g € G, there should be a map of bundles {L — X} 2 {L — X} that’s linear on fibers

and restricts to the map X 2 X.

We will study the case X = G/H where H is a closed subgroup. Then there is a standard
procedure for how you can construct G-vector bundles:

8.3.1.2 Lemma / Definition Let 7 : H — GL(V) be a representation of H. Define G xg V. =
G x V/ ~, where the equivalence relation is that (gh,h™'v) ~ (g,v) for each h € H, v € V, and
g € G. This gives a bundle G xg V. — G/H by forgetting the second part, and the fiber is clearly
identified with V. It is a G-vector bundle. This construction gives a functor:

L : {representations of H} — {G-vector bundles on G/H }
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The inverse functor takes the fiber over x = eH € G/H; it is an H-module since H = Stabg x.
This is an equivalence of categories. O

8.3.1.3 Lemma / Definition LetV be a representation of H and L(V') = Gx gV the correspond-
ing bundle on G/H. The space of global sections I'(G/H, L(V')) is a (possibly infinite-dimensional)
representation of G. It has a description as a space of functions:

Teoa(V)=T(G/H,L(V))={¢:G =V s.t ¢(gh)=h""¢(g)Vh € H,g € G}
This gives a functor Ind = I'g/g : H-MOD — G-MOD. [t is an embedding of categories, and is
exact on the left. O

8.3.1.4 Remark Since we are working in the algebraic setting, by I' we mean the algebraic sec-
tions. If you want unitary representations of real-analytic groups, you can do a similar construction
with L? sections, and the results are similar. In the smooth category, you can write down a similar
construction, but the end result is very different. %

8.3.1.5 Lemma If we have a chain G 2 K D H, then there is a canonical isomorphism of
functors:*

I'g/kol'k/g =Ta/n U

We will study this induction functor. As opposed to the finite case, we do not have complete
reducibility. For example, the Cartan is solvable. So it’s important to have the correct statement.

8.3.1.6 Proposition Let M be a G-module, and V an H-module. There is a canonical isomor-
phism:
Homg (M, T (V) = Homp (M, V)

So the induction functor is right-adjoint to the restriction functor.
Proof You write out the definitions.
Homg (M, T/ (V) = {¢: G — Homc (M, V) st. ¢(g " wh) = h ' ¢(z) g Va,g € G, h € H}

So pick ¢ € Homg(M,T'g/(V)), and send it to ¢(e) € Hompy (M, V). We claim this is a canonical
homomorphism, because we can go back: if we have a € Homy (M, V'), we can move it to ¢, : z —

az~t. (We leave for you to check if this should be z or 7 !. The point is that the value at any

point is determined by the value at e.) O
8.3.1.7 Corollary If V' was an injective H-module, then ' (V') is an injective G-module. [

8.3.1.8 Remark Let G be reductive (e.g. semisimple). Then C[G] = @ L(A) X L(A)* (Theo-
rem 8.1.4.5). Recall that we have actions both on the left and on the right. Then:

Taym(ClA) = P LN R (LN V)"
Thus the multiplicities are:

=PLIOK HomH(L()\),C[G]) 0

Moreover, this isomorphism is natural in G, H and dinatural in K, a notion we will not define.
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8.3.2 Induction for the universal enveloping algebra
8.3.2.1 Definition Let g O b be Lie algebras and V an h-module. We define:
Indg V = M(g) ®U(h) Vv

8.3.2.2 Remark In general, this is a very large g-module. Indeed, it is so large that the g action
does not integrate to a G action, even when G is simply-connected. When you move away form finite
groups, you have the group algebra, and the function algebra, but also the universal enveloping

algebra. %
8.3.2.3 Proposition The induction functor Indg is left-adjoint to restriction:

Homg (Ind§(V), M) = Homy(V, M) O
8.3.2.4 Remark We can replace Uh C Ug by any inclusion of associative rings. O

So the induction functor for Uh C Ug is on the opposite side as the induction functor for H C G.
We would like to have the ordering in the same direction as in Proposition 8.3.1.6. We can try:

8.3.2.5 Lemma / Definition Let h C g be Lie algebras. The coinduction functor is:
Coind(V) ot Homy, (Ug, V)

It is right-adjoint to restriction:

Homgy(M, Coind V') = Homy (M, V) O

8.3.2.6 Remark This is humongous. Assoon as you take the dual space to a countable-dimensional
space, you get something uncountable. So we need to cut it down. %

8.3.2.7 Definition Let M be any g-module. We define Z(M) = {m € M s.t. dim(Ug-m) < co}.

This is closely related to the “Zuckerman functor”.

8.3.2.8 Remark When G is reductive, the composition Z o Coind gets pretty close to the group
induction. O

8.3.3 The derived functor of induction

Being an adjoint, I'g/fr is exact on the left, but it is not exact. So we will study the derived functor.
For this, we need enough injective modules.

8.3.3.1 Proposition If H is an algebraic group, then C[H] is an injective H-module.

Proof In fact, Homy(V,C[H]) = V*. How do you see this? Think about it for a moment in a
different way. You have the functions in V*. And you think about the LHS as the algebraic maps
¢ : H — V* such that ¢(h~'x) = h¢(z). But such functions are completely determined by their
values at e. So this is very similar to what we did previously: if I know ¢(e) I know it everywhere.
So we constructed a map LHS—RHS.
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And now we need the inverse map, which is also very clear: it is just the Frobenius reciprocity
induced from the trivial subgroup. If we have £ € V*, we construct ¢(g) = g&.
Now, V +— V* is clearly an exact functor, so then C[H] is injective. O

Finally, we want to show that any V can be mapped to an injective representation. Recall:

8.3.3.2 Lemma / Definition A representation V' of an algebraic group G is actually a corepre-
sentation of C[G], i.e. a map p: V — C[G]®V such that the two natural maps V- — C[G]®C[G|QV
are the same:

v cgev
A®idl Jid@)p
ClG]® C[G]®V

Then p is a morphism of G-modules, where G acts on C|G] @V from the left on C[G] and trivially
onV. O

8.3.3.3 Corollary FEvery H-representation V' has an injective resolution
0—)[0—)[1—)[2—)...

and H(I,) = V. O

8.3.3.4 Lemma / Definition We set T (V) € RTg/u(V) € Hi(Tgy(l.)), where I, is

an injective resolution of V. — i.e. the right-derwed functor for U'g y. It satisfies FiG/H(V) =
HY(G/H,L(V)).

O

8.3.3.5 Remark If H is reductive, then I‘iG / y (V) =0 for i > 0, by complete reducibility. O

8.4 Borel-Weil-Bott theorem and corollaries

8.4.1 The main theorem

We are interested in the case H = B, but it is more straightforward to use B~ = wy(B). Then
G/B~ = G/B. As in Lemma/Definition 8.3.1.2, G-line bundles on G/B~ are in bijection with
one-dimensional representations of B~. But B~ =T x N~, where T is the maximal torus in G,
and on any one-dimensional representation, the nilpotent part acts trivially. So one-dimensional
representations of B~ are in bijection with one-dimensional representations — characters — of T.
The characters of T' are precisely the weight lattice P.?

The category of line bundles on a space X is a group Pic(X) under tensor product. We claim
without proof:

8.4.1.1 Proposition Pic(G/B~) = Picg(G/B~) = P as groups. O

2We switch notation from the italic P before, because we want to use “P” to mean a parabolic subgroup.
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8.4.1.2 Definition If A\ € P, we denote by C) the one-dimensional representation of B~ with
def

character \, and we set O(\) = G xg- Cly.
8.4.1.3 Example Let G = SL(2). Then G/B~ = P!, and O(—1) is the tautological line bundle.
When you tensor it, or take its dual, you get the other line bundles. %

8.4.1.4 Theorem (Borel-Weil-Bott)

Assume G is simply connected (there is a version without too). Let yu € P. If u+ p is not regular,
then HY(G/B~,0(u)) = 0 for all i. If u+ p is regular, then there is a unique w € W with
p+p=wA+p) for \ € Pt, and in this case:

0 i # l(w)

H(G/B™,0(n) = {m) )

So we see in the geometry the same shifted action as in the Weyl character formula.

Proof 1. If y1is not dominant, then I'(G/B~, O(u)) = 0. If p is dominant, then I'(G/B~, O(u)) =
L(p). Then:

Home (L(v), T/ 5 (Cu)) = {0 ks

C v=yp

2. Let G = SL(2), and pick n € Z. We set I(n) & I'p-7(Cr), where the maximal torus
T is just the circle S', and C,, is the one-dimensional module on which S' = T acts n-
fold (i.e. the nth tensor power of the defining module 7' — C). By Corollary 8.3.1.7, I(n)
is an injective B~-module, since C), is an injective T-module. Explicitly, b= = (h,y) and
I(n) = (t2%* st. k € Z>q), and h acts by Qt% and y by %:

v
h(emn+4
)y
h(Cen+2
)
h(Cen

Conversely, (), is the homology of:
0—=In)—I(n+2)—0

The middle map is the obvious one that kills the lowest spot and leaves everything else intact.

Then Homp- (L(m),I(n)) is easy to write down. It is zero unless m > n, and then it is just
the horizontal maps on weights. So, for positive n, we have:

Tg/p-(I(n) = @ Ln + 2k)
k=0
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and for negative n it is:

Tg/p-(I(n) = @ L(—n + 2k)
k=0

For n > 0, the homology that we must calculate is for:
[e.e] P o0
0— @ L(n+2k) > EPLn+2+2k)—0
k=0 k=0

The boundary map 0 is bijective except at L(n), and so:
H'(G/B~,0(n)) = {

When n < 0, we do not have sections, and so the map 0 must be injective:

0> EPL(-n+2k) S PL(-n+2k+2) -0
k=0 k=0

Then the result is that, for n < —1:

HI(G/B~,0(n)) = {0’ P=0

The picture is symmetric around —1.
And finally:

HY(G/B~,0(~1)) =0 for i = 0,1
This gives the proof in the case of SL(2).

3. For the general case, we need some properties of I’E JH-

(a) There is a long exact sequence. Suppose you have an exact sequences 0 - A — B —
C — 0 of H-modules. Then there is a long exact sequence:

0— F%’/H(A) — F(C)?/H(B) - F(C)?/H(C) - F%;/H(A) - F%}/H(B) - F%}/H(C) e

This is general: as soon as you have a right-derived functor, you have a long exact
sequence. The only thing to check is a little homology.

(b) Recall Lemma 8.3.1.5: I'g;y(I' (V) = gy (V) if G 2 H 2 K. It follows that if
Iy (V) = 0 for all 4, then I' (V) = 0 for all i. Indeed, we start with an injective
resolution, do the induction, and if we already have an exact sequence of injectives and
apply the functor, we get an exact sequence, because I' is exact on injective modules.
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(c¢) Let M be a finite-dimensional G-module and V' some H-module. We claim that FiG/H(V@)

M) = Fg/H(V) ® M. Why? First of all, the functor ® M, if M is finite-dimensional
representation, moves injective modules to injective modules — if I is injective, then
I ® M is injective — because ® M has an adjoint functor ® M*. So it suffices to prove
the statement for T'°, which is just I'. But, recalling Lemma/Definition 8.3.1.3, we
construct:

M@Tgu(V) = Leu(MeV)
via (m ® ¢)(g) def g 'm ® ¢(g). To construct the inverse, we use the following trick:
Toa(MeV)® M = TouMeM @V) S TemuV)
Then pulling the M* over to the right, we get the inverse map.

4. We are now ready to finish the proof of the theorem. We will prove the following lemma due
to Bott, although the proof we give is due to Demazure:

8.4.1.5 Lemma Let p € P, and «; a simple root, and assume that p(h;) > 0. Writing
v=ri(p+p) — p, we have H(G/B~,0(n)) = HY(G/B~,0(v)).

Before proving this, let’s explain why Lemma 8.4.1.5 implies the theorem. Choose wy =
73 © - o7rg,. Then in the middle we count to u: r;, o---or;(A+p) = p+ p. Then
O(wo(A+ p)) has cohomology only in the highest possible degree. And we can go back, using
the facts above, tracking where the cohomology goes. That the highest cohomology cannot
be bigger than the dimension of the flag is obvious form the geometric picture.

5. Proof (of Lemma 8.4.1.5) Recall the little s[(2) g; corresponding to the root «;, and let
p; = b~ +g; and P; C G the corresponding parabolic subgroup. Geometrically, we have a map
of homogeneous spaces G/B~ — G/P; with fiber P;/B~. But P;/ Nil(P;) = G; - T, where G;
is the SL(2) corresponding to g;, and we write - because the product isn’t direct: the groups
intersect. So P;/B~ = P!. So the irreducible representations of P; are the same as of G; - T,
namely the representations V(n) with n € P and n(h;) > 0.

Incidentally, O(—p) does not have cohomology — this follows from the SL(2) case — and so
HI(P;/B~,0(—p)) = 0. The trick is to take C_, a B~ module; then V =C_, @ V(u+ p) is
acyclic everywhere:

HI(P/B~,C_y @V (u+p)) =0
Hence the same is true for G in place of P;.
The module V(u + p) has a three-set filtration with C), on the top, C), on the bottom, and

V' =C_,@V(n+ p— ;) in the middle. So we have, for some X, two exact sequences:

0—-C, -V —->X-—=0
0=V =X —-C,—0



206 CHAPTER 8. FURTHER TOPICS IN ALGEBRAIC GROUPS

Since V, V' are acyclic, they drop out in the long exact sequences. All together, we have:
H'(G/B™,Z(X)) = H'(G/B~,0(n))
H(G/B™, 2(X)) = H*\(G/B~,0(v)) O

8.4.2 Differential operators and more on the nilpotent cone

Let’s think philosophically about what we did in the previous section. We gave a certain geomet-
ric construction of finite-dimensional representations: the Borel-Weil-Bott theorem allows you to
realize a finite-dimensional representation of G, a semisimple group, as the sections of some line
bundle. We want to push this farther. We would like to do something with infinite-dimensional
representations. Thus, we are led to the following question: is it possible to get some geometric
realization of the representations of the Lie algebra g?

The answer is yes. If a group G acts on a set X, then it acts on the space of sections of any bundle
over X. If we start with X = G/B~ and the line bundle O(\), then I'(O(A)) is a representation
of G, and hence also of g = Lie(G). But we can go further: pick an open set U C G/B~. Then
I'(U,O(A)) is not a G-module, because the G action would take your from inside U to outside it.
But it is a g-module.

8.4.2.1 Example Let G = SL(2). Then G/B~ = P! is the projective line. As our open subset
U C P!, we'll take the open Schubert cell — this is the sphere without the north pole, so isomorphic
to C, c.f. Example 8.2.5.2 — and we consider I'(U,O(n)). Since any line bundle over U = C
is trivializable, there is an isomorphism I'(U,O(n)) = C[z]. One such choice of trivialization
corresponds to the action of g = (y, h, z) on C[z] by:

y»—>2 hn—>22£—n xH—zQE—i-nz
0z 0z 0z
It should be noted that the action is not by vector fields, although it is an action by first-order
differential operators. O

8.4.2.2 Example Recall the Weyl algebra generated by z, %. It acts on C[z] in the usual way.
Let’s freely adjoint to C[z] a symbol &g, which we think of as 6(z — 0), subject to the constraint
z8p = 0, and try to extend the representation of the Weyl algebra. Of course, the best way to do
this is to freely define d(,d,... as the derivatives of &y, and the algebraic relationships between
these and the previously defined terms will follow from the product rule.

Let sl(2) act on C[z] as in Example 8.4.2.1. We can extend this to our module of “generalized
functions”, and an easy calculation shows that xdy = 0, hdg = (—n — 2)dp, and y acts freely. So
what we get is the Verma module M (—n — 2). O

8.4.2.3 Definition Let X be a non-singular algebraic variety, £ a line bundle over X, and U C X
and affine open set. The differential operators on U with coefficients in £ is the filtered infinite-
dimensional algebra (U, L) C End(I'(U, L)) defined inductively via:

P<o(U, L) = 0(U)
P<i(U, L) = {6 € End(I'(U, L)) s.t. [5,¢] € Z<i1(U,L) ¥ € D<o(U, L)}
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Here O(U) is the algebra of regular functions on U, acting linearly on fibers. Compare with Defi-
nition 3.2.4.1.

For example, upon trivializing I'(U, £) = ¢'(U), the condition for whether § € Z<;(U, L) is that
[0, —] be a derivation, so d —d(1) is a vector field. One can make a similar definition replacing &'(U)
with any algebra and I'(U, £) with any module.

8.4.2.4 Example If Y/ = C" and L is trivial, then Z(U) is nothing else but the Weyl algebra. If
our coordinates on C" are x1,..., Ty, then

.@(U) == T(.’L‘l, ey Ly, 81, e 8n)/<[l‘z, xj] = 0, [81,(93] = 0, [82, wj] = (523>
The filtration is given by degd; = 1, degx; = 0. O

8.4.2.5 Remark When U is not affine, I'(U, £) might have very few sections, and so Defini-
tion 8.4.2.3 will not in general give a sheaf as written. Rather, if X is affine, then Definition 8.4.2.3
defines a sheaf of algebras Z(—, £). When X is not affine, we instead cover it with affines X = | U;
and define (X, £) as the appropriate colimit in the category of algebras. O

By construction, gr Z(U, L) is a commutative algebra. As we will describe in **part IT** if A
is any filtered algebra so that gr A is commutative, then gr A is naturally Poisson with the bracket
of total degree —1. In brief: let € gr A,, and y € gr A,, be represented by = € A<,;, and y € A<,,.
Then [Z,9] € Apmin—1, as gr A is commutative, and [Z, §] represents {x,y} € gr Ay yn—1. The fact
is that, if gr A is commutative, then {x,y} does not depend on the choice of representatives z, 3.
In the case of A = 2(U, L), more can be said (c.f. Theorem 3.2.4.3):

8.4.2.6 Proposition If X is non-singular, then gr (X, L) =I'(X,S*(TX)). Here TX is the tan-
gent bundle, and S®*(TX) is the sheaf of symmetric polyvector fields. Geometrically, T'(X,S*(TX)) =
O(T*X), T*X is a Poisson manifold, and the isomorphism is actually of Poisson algebras.

**This is, more or less, what VS said originally, but moments later she suggests
that, whereas the algebra structure on gr Z(X, £) does not depend on L, the Poisson
structure does. So perhaps the theorem must be corrected.**

Proof (sketch) It suffices to consider the affine case. Let R = ¢(X) with X affine; then Z<;(X)
consists of the linear endomorphism § : R — R such that [0, R] C R and [§,—] : R — R. Thus
P<1(X)/R = Der R=T(X,TX). Any derivation factors through the de Rham differential d : R —
I'(T*X), and to get back to R you contract with your vector field

The proof repeats the above analysis with 1 replaced by n. If § € Z<,(X), then its image
in 2<,(X)/P<n-1(X) acts as a derivation R — I'(X,S8" (TX)), and hence factors through the
de Rham differential and then you contract with a polyvector field. What must be shown is that
this is exactly all there are. ([l

In our situation, we let X = G/B~ be the flag manifold and we let £ = O(\). The group
action determines a homomorphism g — D<1(X, O())); Example 8.4.2.1 gives the s[(2) case. By
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universality, this extends to an algebra homomorphism 0y : Ug — Z(X,O(A)). Recall from Def-
inition 8.1.1.7 the Harish-Chandra homomorphism 0 : Z(g) — S(h) = Pol(h*) and its dual map
6* : h* — Hom(Z(g),C). We denote the central character 6*()\) : Z(g) — C by x». It turns out
that the algebraic discussion of central characters matches the representations of the geometric
algebra 2(X,O(\)):

8.4.2.7 Proposition Let A be a weight. Then Oy(ker x») = 0 and so 0y factors through Uxg def
Ug/Ugker x»). Moreover, 0 : Uxg — 2(G/B~,0()\)) is an isomorphism.

8.4.2.8 Remark The notation g def Ug/(Ugker x,) is a mild change from Lemma/Definition 8.1.3.9.0

8.4.2.9 Remark In fact, A need not be an integral weight. Although we have not defined it,
2(G/B~,0(\)) makes sense geometrically for arbitrary A € h*, even though the line bundle O(\)
is not globally defined unless A is integral. We will discuss this further in Section 8.4.3. %

We will prove Proposition 8.4.2.7 in a series of lemmas.

8.4.2.10 Lemma If z € Z(g), then xx(z) = 0,(2).

Proof Pick x € X = G/B~ such that Stabg(z) = B~, and let U > x be an open set. Let
I, € O(\)|y be the 0(U)-submodule of sections vanishing at x; then B~ - I, = I,. For £ € b~ and
v € O(N)|y, by definition £ - ¢ = 05(§)[p]. But since I, is fixed by B~, this action descends to
the quotient O(\)|y /I, which is a line (or 0 if U is too big). In particular, the value of (£ - ¢)(z)
depends only on ¢(z).

Recall Definition 8.1.1.7: for z € Z(g), we have z = 0(z) mod n"U(g) for 6(z) € Sh. But
n"O(\) = I, and so (z - ¢)(x) = (0(2) - ¢)(x) = xa(2)¢(x). This proves that xi(z) = 0(z) with
respect to their actions at the point x, and so now we can do it at any point, because z is in the
center. Indeed, since z € Z(g), z commutes with the action of G, which is transitive, so we can
start with x and move it to any other point: z - ¢*(¢) = g*(z - ¢). O

8.4.2.11 Corollary 0, factors through Ug — Ug/Ugker xx.

To prove the last part of Proposition 8.4.2.7 — that 0 : Uxg = Ug/(Ugker x») = Z2(G/B~,0()\))
is an isomorphism —, we will look at the associated graded algebras on both sides. Each side is
naturally filtered, and 6 respects the filtrations, so we will then use the standard fact that we
discussed in the proof of Theorem 8.1.1.14 that lets us go back.

8.4.2.12 Lemma Let A be the cone of nilpotent elements in g. Then gr(Uyg) = C[.A], the ring
of reqular functions on A .

Proof Recall the following facts about this ring of functions: it is a polynomial algebra, and the
center acts freely. We identify g 22 g* via the Killing form. Then remember what we did in the proof
of Theorem 8.1.3.7: we took I(.#") the ideal of the cone, and then Sg = I(.4") @Y, where Y was a
homogeneous compliment. Then we proved that Sg© ® Y — Sg is an isomorphism. Moreover, we
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have the natural maps v : Sg — Tg — Ug, and so we have:

Sgf oY Sg

>

Z(g) @v(Y) —— Ug

0

In Proposition 8.4.2.6 we observed that for any X and any line bundle £, gr(Z(X, L)) =
O(T*X). Since G acts transitively by conjugation on Borel subalgebras in g and the stabilizer of
a given Borel is itself, we can identify G/B~ as the set of Borel subalgebras in g. We denote the
Borel corresponding to x € X = G/B~ by b,. Therefore T*X = {(x,¢) s.t. v € X, £ € (g/b)*},
because we identify T, X = g/b,. By the Killing form, (g/b,)* = n,, where n, = [b,, b,], because
(b;)* with respect to the Killing form is just n,. All together, we think of the elements of T*X as
pairs a Borel subalgebra b, and £ € n, = [b,, b,]. In particular, £ is nilpotent. We define the map
p: T*X — 4 that forgets the first factor, projecting (b,, &) — & € A". Since we have exhibitted
T*X as a subbundle of X x g, this is a “projection onto the fiber”.

8.4.2.13 Lemma 1. p 1s surjective.
2. If ¢ € N is regular, then p~1(€) is a single point.
3. p~1(€) is a connected projective variety.
4. p*: ClA] — O(T*X) is an isomorphism.
So in algebrogeometric language, p is proper, and is an isomorphism on open parts.

Proof 1. is by inspection. 2. Any regular  can be embedded in a principle SL(2) = {n, h,£}. Then
Stabg(§) C b for some Borel b, and we claim it is unique. Indeed, you pick up the regular piece,
look at the centralizer, and see that the centralizer of the pair (b, &) is the same as the centralizer
of &, and therefore there is only one b. The best way to see this is to pick up one particular b, and
then construct the centralizer and see that there are only positive weights. We explained 3. and 4.
already. ([l

Proof (of Proposition 8.4.2.7) We claim that gr 6, = p*. We have C[./] C Sg — S(TX). For
each £ € g we want to construct a vector field on X. To define the vector at z, we look at the image
of £ in g/b, =T, X. But p* : Sg — S(TX) is the associated graded for 0, : Ug — (X, L). O

8.4.3 Twisted differential operators and Beilinson-Bernstein

In the previous section we proved that Z(X,O(\)) = Uxg = Ug/(ker(XA)L{g) when A € P is an
integral weight. But the right-hand side makes sense for arbitrary weights A; we will now discuss
the generalization of the left-hand side.

8.4.3.1 Definition A system of twisted differential operators (a TDO) on a space X is a sheaf
of filtered algebras locally isomorphic to the sheaf of differential operators in Definitions 3.2.4.1
and 8.4.2.3 with trivial coefficients. We denote the space of TDOs on X by TDO(X).
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We denote the sheaf of differential operators with trivial coefficients by 2. To study TDOs
it is necessary to understand the automorphisms of Z(U), as these will give possible transition
maps. Since Z(U) is generated as a filtered algebra by Z<1(U) = I'(TU) & €(U) and since the
automorphisms must preserve the filtration, said automorphisms must fix the &(U) part and for
v € T(TU) be of the form v — v + {a,v) for some a € QL(U) = I['(T*U). Moreover, to get the
commutation relations we must have da = 0. We have proven:

8.4.3.2 Lemma There is a bijection TDO(X) < HY(X, Q4(X)). O
8.4.3.3 Example Let X = G/B. We have a short exact sequence of sheaves:
0-C—0x — (Q)x =0

Taking the long exact sequence in cohomology, we know that &'x has only nonzero cohomology in

dimension 1. Therefore:
HY(X, Q) x =2 H%*(X,0C)

The right-hand side gives Schubert cells. And if an element of the left-hand side gives a sheaf of
twisted differential operators on a line bundle, then the corresponding class on the right-hand side
is the Chern class. O

8.4.3.4 Definition A Lie algebroid on a space X is a sheaf a of Ox modules that is simultaneously
a sheaf of Lie algebras (same C action, but the bracket need not be Ox-linear). The Ox and
Lie algebra structures are required to satisfy a “Leibniz rule” compatibility condition, namely the
existence a an anchor map « : a — I'(—, TX) of sheaves of Ox-modules such that, for local sections
o€ O0x and &,n € a, [§,0n] = 0[&, ]+ Lae)(@)n. 1t follows that o is a Lie algebra homomorphism.

8.4.3.5 Remark When doing differential geometry, one often adds the requirement that the Ox-
module structure on a make a into the sheaf of sections of some vector bundle A — X, i.e. that a
be locally free as an Ox-module. O

8.4.3.6 Example Suppose that a Lie algebra g acts on a space X. Then the action algebroid g is,
as a sheaf of left &x-modules, the sheaf of g-valued functions on X: g = 0x ® g. The anchor map
is determined by the action, and the bracket on sections of g is:

[f@&gan =fog@[§n + fL(g)@n—gLy(f)®¢ O

8.4.3.7 Definition Let a be a Lie algebroid on X. The universal enveloping algebroid Ua is the
sheaf of algebras on X generated by Ox and a and subject to the relations that: the multiplication
Ox ® Ox — Ua is the multiplication in Oy ; the multiplication Ox ® a — Ua is the action by Ox
on a; the commutator in Ua between sections of a is given by the Lie bracket; the commutator in
Ua between a section of a and a section of Ox is given by the anchor map.

8.4.3.8 Example The tangent bundle TX defines a Lie algebroid I'(—, TX): the bracket is the
bracket of vector fields and the anchor map is the identity. Its universal enveloping algebra is the
sheaf Px of differential operators on X from Definitions 3.2.4.1 and 8.4.2.3.
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More generally, when £ is a line bundle on X, then Z<;(—, £) is a Lie algebroid containing 0.
Its universal enveloping algebroid is a bit too big to be Z(—, L), but upon identifying the Ox in
PD<1 with the Ox in UP<;, we arrive at the sheaf of differential operators with coefficients in £.

We now restrict our attention to X = G/B for G a semisimple connected simply-connected
algebraic group and B a Borel. It carries a G-action, and so we can form the action algebroid g on
X. Writing o : g — I'(TX) for the anchor map, we have:

b|ys ot ker(a)|ly ={¢: U — g s.t. (z) € by Ve € U}
6,0]| = {p:U — gs.t. o) en, VzeU}

Moreover, there are canonical isomorphisms b, /n, = b, /n, for all z,y € X, since the choice is up
to conjugation by B. But b, /n, = b.

We set U = Ox ® Ug, the sheaf of Ug-valued functions on X. Each A € h* gives a map
A by — C for each x € X, since by/n, = h. Let’s denote by Z, the ideal in U generated by

(¢ — M(g)) for ¢ € b. Then we define 23 e U/Ty.
8.4.3.9 Lemma 1. 9% is a TDO.

2. 9NX) L' T(X,2)) = Uyg.

Proof For the second statement, go to associated graded, same as before. For the first statement,

calculate: for U C X, 23(U) = 0(U), and:

27U) o0U)®g
@é‘(U) ~ kera LU, TX)

and so we are locally isomorphic to differential operators. O

8.4.3.10 Definition Let X be an algebraic variety with sheaf of functions Ox. An Ox-module M
is quasicoherent if for a small enough cover, for V-.C U, we have M(V) = M(U) x gy O(V).
For X affine, quasicoherent sheaves are the same as C[X]-modules, e.g. sections of vector bundles.
However, when X is projective, sheaves have too few global sections, so quasicoherence is a better
notion than “module over global sections”.

We have in front of us two interesting categories of modules. On the one hand, we have the
category Uyg-MOD of modules over the algebra 2*(X) = Uyg. On the other hand, we have the
category Z%-MOD of sheaves of Z%-modules that are quasicoherent as &x-modules. In fact, these
categories are sometimes the same:

8.4.3.11 Theorem (Beilinson-Bernstein)

Assume that X\ is dominant and X + p is reqular, but not necessarily integral. The global sections
functor T' sends F € P%-MoD to I'(X,F) € Upg-MOD. If F € Uyg-MOD, we define its localization
via (LF)(U) = _@’\(U)@)@A(X)F. These functors define an equivalence of categories L : Uyg-MOD =
P%-MoD : T.
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8.4.3.12 Remark When J is integral, Theorem 8.4.1.4 shows that dominance of A and regularity
of A\ + p are necessary. O

As usual, we prove Theorem 8.4.3.11 via a series of lemmas.

Let £, F be U-modules. Then £ ®p, F is again a U-module. For u € P, we set F(y) def

O(p) ®o F. Since we have an infinitesimal action on the fiber, the weights add. In particular, if F
is a Dy-module (i.e. if Ty C U acts as 0 on F), then F(u) is a D;‘(ﬂ‘—module.

Suppose now that u is dominant and integral, and consider V' = L(u). Its induced bundle Gx gV
has sections V = Ox ® V, and thus is a #-module. Being a finite-dimensional B-representation,
V has a b -invariant filtration 0 C V43 C Vo C --- C Vi, = V, such that the quotients are all
one-dimensional b~-representations — indeed, each quotient V;/V;_; is of the form C., for some
weight 7; of V' (we played a similary trick in the proof of Theorem 8.4.1.4). In particular, y; = v is
necessarily the lowest weight of V, and s = p is the highest weight. Moving to sheaves, we have
a similar story:

0CVMCWC - CV =V
This time Vi/Vi—l = O(’}/Z)

8.4.3.13 Lemma Pick F € .@}(—MOD. The maps C, =Vi =V andV — Vi /V,_1 = C,, determine
maps O(v) =V and V — O(n), and hence maps i : F — F(v)(—v) = F(—v)@V and j : FRV —
F(w). Then i has a right inverse and j has a left inverse.

Proof (of Lemma 8.4.3.13) The idea of the proof is as follows. F(y;) carries an action of D;‘(Jm.
We will prove:

1. If v # v, then Uy_, 4,8 # Urg.

2. If v; # p, then Uniy, 9 # Untu 8.

Fact 1. proves that ¢ has a right inverse, and 2. that j has a left inverse. **why?7**

The claims follow from Theorem 8.1.1.14: if two weights define the same central character, then
they are on the same orbit of the shifted Weyl group. For 1., we argue as follows. We must show
that A+v; —v # w(A+p) —p for any w € W. Assume the opposite. Then w(A+p) —(A+p) = vi—v.
But v is the lowest weight of V' = L(u), so v; — v > 0. On the other hand, w(A + p) — (A +p) <0
as \ is dominant, a contradiction.

For 2., we give a similar argument, this time using regularity of A+ p rather than dominance of
A. Assume that w(A +7; +p) = A+ u+ p; then A+ p —w(A+ p) = w(y;) — p. But w(y) — <0
as p is the highest weight, and A + p — w(\ + p) > 0 by regularity. O

8.4.3.14 Lemma For F € 9%-M0D, we have H(X,F) = 0 for i # 0, and H(X,F) # 0 for
F #0.

Proof (of Lemma 8.4.3.14) We will give the proof when F is coherent, i.e. finite-generated. For
general F one would then need to use the usual trick, which we will skip: a quasicoherent sheaf is
an inductive limit of coherent sheaves, and you must various maps.
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We will use but not prove Serre’s theorem: if X — P™ and F is a non-zero coherent sheaf
on X, then F ® O(m) does not have nonzero cohomology for large enough m. In our case, we
have m : X — P(L(k)) for some k, and Ox (k) = 7*Op(1). In particular, for i > 0 and —v
sufficiently large (a large integer multiple of k), H (X, F(—v)) = 0. Then HY(X, F(—v) ®0, V) =
HY(X,F(-v))®V = 0. By Lemma 8.4.3.13 (after tensoring with O(—v), F is a direct summand
of F(—v) ®o, V. Thus HY(X, F) =0 for i # 0.

The i = 0 case is similar. For sufficiently large p and non-zero F, HY(X, F(u)) # 0 by Serre’s
theorem. If we did have H?(X, F) = 0, then we would have H°(X, F ®0, V) = 0 by the argument
in the previous paragraph, and hence HY(X, F(u)) = 0 as by Lemma 8.4.3.13 F(u) is a direct
summand of F ®p, V. But this is a contradiction. ]

Proof (of Theorem 8.4.3.11) The functors L and I" form an adjoint pair:
Hom@?( (L F, .7:) = HOHI@A(X) (F, FF)

Lemma 8.4.3.9 shows that the canonical map Uyg — ' LU,g is an isomorphism, and hence
A — T'L A is an isomorphism whenever F' is free. Take F € U)g-MOD, and construct a free
resolution of it:

coi s Ay — A = Ag — 0 (8.4.3.15)
and apply L:
oo —>5LA LA — LA —0 (8.4.3.16)
and apply I':
-+ —>I'LA —-TLA; -TLA)—0 (8.4.3.17)

As equations (8.4.3.15) and (8.4.3.17) are isomorphic, the only cohomology is in the last spot. On
the other hand, Lemma 8.4.3.13 shows that I" : Qﬁ‘(-MOD — U\g-MOD is exact and faithful (being
an exact functor that does not take non-zero objects to zero). Therefore the only cohomology of
equation (8.4.3.16) is in the last spot. Since L is also exact, it follows that ' LF = F for any
F e U\g-MOD.

In particular, the canonical map LT'F — F gives rise to an isomorphism 'LT'F — I'F. We
claim that LT'/ — F is an isomorphism. Indeed, look at the corresponding exact sequence:

0-X—=LIF=>F—=Y—=0

Applying I" gives
0—TX 5TLTFSTF-STY—0

Since I' is exact, 'X = 0 = I'Y, and since I is faithful, this implies that LT'’F — F is an iso. [

We will give two applications of Theorem 8.4.3.11. It has many others, mostly via applying the
theory of D-modules to questions in representation theory.

8.4.3.18 Corollary Let € PT. Then the translation functors

©0
Dy -mop “28 DX o
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is an equivalence of categories. When X + p is reqular dominant, the corresponding equivalence
U\g-MOD — U y,,8-MOD
is the translation principle. O

8.4.3.19 Example If )\ is itself integral dominant, then there is an equivalence ® : U/ g-MOD —
Upg-MOD. We can construct @1 by hand, via M (M ® L(A))/(ker Xx)- Reading of its adjoint,

we have ¢ : M — (M ® L(A)*) /(ker xo). In particular, finite-dimensionality is preserved. O

Our final application explores the resolution of Bernstein, Gelfand, and Gelfand, which we
mentioned in Remark 6.1.2.4.

8.4.3.20 Example The following is a resolution of L(0):

0= M(=2p) > = P M(w(p)—p) = — M(0) =0
L(w)=k

Incidentally, w(p) — p = Y aea-nw(@a+ @
Take G/B 2 Uy = N~ - x, where Stabgz = B and N~ = n~, and consider the de-Rham

complex of Uy:
d

0— Q0Uo) 3 Q' (Uo) S ... 5 QLT = 0
In fact, QF(Up) = S*(n)* @ A¥(n™)* is an isomorphism of g-modules, and the g-action commutes
with the differential. So the cohomology groups are all g-modules. Taking the restricted dual, we
set M, def QF (Uy)* = Ug @y \F(n7), thereby building a complex

0—->My— -+ = My — My — My—0

Upon quotienting, we have M,/ (ker xo0) = @y(w)—= M (w(p) — p), so that the BGG resolution is a
dual to the de Rham complex. O

8.4.4 Kostant theorem

Let g be a semisimple Lie algebra over C with chosen triangular decomposition g =n~ & h D nT,
and let M be a finite-dimensional g-module. In this section we will describe H(n*, M). This is the
cohomology of the chain complex A’(n*)* ® M, which carries an b action via, on the first piece,
the adjoint action, and on the second piece the action by h < g, and this action commutes with
the differential. So H(n*, M) is an h-module.

For A € h*, we denote by C) the one-dimensional h-module with weight A.

8.4.4.1 Theorem (Kostant)
H' (0", L(N) = @ow)=i Co(rtp)—p

We will give two proofs. The first proof is based on the BGG resolution (Remark 6.1.2.4),
which is a pretty strong result in itself. The second proof uses the Borel-Weil-Bott theorem (The-
orem 8.4.1.4).
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Proof (1) Recall that the Killing form identifies (n™)* = n~. From this, it follows that the
homology H;(n~, L()\)) is the same as the cohomology H*(n", L(\)). By Example 8.4.3.20,

0—>My—>Mp_1—---— My—0

is a resolution of L(A), where M; = @)= M (w(X + p) — p). As an (h & n~)-module, M (u1) =
Un~ ® Cy, and in particular it is free over n= (the n™ action on C,, is trivial). Recall that a free
module has homology only in the first term **cite?**. Therefore:

Hi(n™, M()) = {OC i
e

Moreover, H;(n™, L(\)) = Ho(n™, M;), and the result follows. O

Proof (2) We define the category (b, H)-MOD of Harish-Chandra modules to be the full subcate-
gory of the category of b-modules whose objects are locally nilpotent over n* and semisimple over
h with weights in P the weight lattice of g. Then:

H'(n",L(\)), = Ethb,H)(Cu» L(N))

The left-hand side is the weight-p subspace, and the right-hand side is computed in this category
(b, H)-MOD. The point is that if you take a projective resolution, and take its semisimple part, and
its still projective.

Moreover, we claim that there is an equivalence of categories B-mM0oD <+ (b, H)-MOD; by B-MOD
we mean the category of algebraic representations of the affine algebraic group B, i.e. the category
of corepresentations of the algebra of polynomial functions (Lemma/Definition 8.3.3.2). In the
forward direction, every B-module is in (b, H)-MOD, and the other direction is exponentiation.
Thus:

H'(n", L(\)), = Ext(Cy, L(N)) = Extz(L(\)*,C_,,) (8.4.4.2)

We pick an injective resolution of C_,:

To compute the right-hand side of equation (8.4.4.2), we apply the functor Hompg(L(A)*, —) to each
term in equation (8.4.4.3). Then, using Frobenius reciprocity and dualizing:

Exti(nJr, L(X\)), = Homp(L(\)*, I;) = Homg(L()\)*,Indg(Mi)) =
= HomG(L()‘>*7 Hi(G/B> O(_M))) = HomG<L()‘)a Hi(G/B_7 O(:“’)))

The theorem follows from Theorem 8.4.1.4. O

8.4.4.4 Remark The second proof can be run in reverse to give Theorem 8.4.1.4 as a corollary
of Theorem 8.4.4.1: originally Kostant proved his theorem using spectral sequences. On the other
hand, the existence of a BGG resolution is stronger, because cohomology doesn’t know everything.

One can also use Theorem 8.4.4.1 to prove the Weyl character formula (Theorem 6.1.1.2). It is
not the quickest way to prove it, but it is not very difficult. O
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Exercises

Let g be a semisimple Lie algebra over C, G its connected simply-connected algebraic group, and
B a Borel.

1.

2.

10.

Show that the centralizer of any semisimple element in g is reductive.

Prove the Jacobson-Morozov Theorem: if x € g is a nilpotent element, then there exist h,y € g
such that {x, h,y} form an sl(2)-triple, i.e. [h,x] = 2z, [h,y] =72y, and [z, y] = h. (Note that
existence of h was proven in the notes.)

. Show that any two sl(2)-triples containing a given x are conjugate by the action of the adjoint

group.

. Show that the nilpotent cone in g has finitely many orbits with respect to the adjoint action.

. Let p be a parabolic subalgebra of g associated with a subset S of simple roots. Assume that

the nilpotent radical of p is abelian.

(a) Show that S = {«;} is a single element set and hence p is a maximal proper subalgebra
of g.

(b) Let g be simple. Show that if # is the highest weight of the adjoint representation and
0 => m;qa;, then m; = 1.

Let X denote the G-orbit of the B-invariant line in an irreducible representation L(\). Let €
denote the Casimir element in U(g). Show that any = € X satisfies the quadratic equations:

Az @) = (2\,2X + 2p)(z @ x)
This is an analogue of the Plucker relations. (Hint: z ® z € L(2X) C L(A) ® L(A).)
Let B C P C (. Show that if H(P/B, P x V) is not zero for one i only, then:

H™(G/B,G xg V)= H/ (G/P,G xp H(P x5 V))

. Use the previous exercise and the Borel-Weil-Bott theorem to calculate H (G/P,G x p V) for

an irreducible P-module V.

. For an arbitrary Lie algebra g show that the first cohomology group H!(g; g) with coefficients

in the adjoint module is isomorphic to the algebra Der(g)/ad(g), where Der(g) denotes the
algebra of derivations of g.

A Heisenberg algebra is a 3-dimensional Lie algebra with one-dimensional center that coincides
with the commutator of the algebra. Check that a Heisenberg algebra is isomorphic to the
subalgebra of strictly upper triangular matrices in s[(3) and calculate its cohomology with
trivial coefficients. (Hint: you can use the Kostant theorem.)
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