HYPERPLANE ARRANGEMENT
LECTURE NOTES

A hyperplane in R is the set of points (z,...,x4) satisfying the equation
ag+ a1y + - - 4+ agrg = 0.

An arrangement A is a finite set of hyperplanes in R%. A cut is by definition a non-
empty affine subspace u which can be obtained as the intersection of some hyperplanes
from A. By L(A) we denote the set of all cuts. For any u,v € L(A) define u < v
if v C u. Then L(A) is a poset with R? being 0. One can show easily that L (A)
is the lattice if and only if L (A) contains 1, that happens if the intersection of all
hyperplanes from A is non-empty. Furthermore, L (A) is graded with rank function

p(u) = codimu. Every interval [6, y} in L (A) is a geometric lattice, atoms are all

hyperplanes h € A which contain y.

The connected components of R — Upcah are called the regions of A. The set of
regions will be denoted by C (A), c(A4) = |C (A)|.

Let wu € L(A), h € A, and hNu # &, then either hNu = u or hNw is a hyperplane
in u. Thus, the arrangement A induces the hyperplane arrangement on u which is by
definition the collection of all hyperplanes h N u C u. We denote this arrangement
by AN wu. Check that L (A Nwu) is isomorphic to the subposet of all x € L (A) such
that z > w.

A face is a region in ¢ € C'(ANu), dimension of a face ¢ is by definition the
dimension of u. One can check that the closure of a face is a union of faces. The
set of all faces F'(A) is a poset with order o < (3 if « lies in the closure of 3. Two
arrangements A and B are combinatorially equivalent if F'(A) is isomorphic to F' (B).
Note that L (A) = L (B) does not imply that A and B are combinatorially equivalent.

Denote by pa the Moebius function in the poset L (A).

Theorem 0.1. For any hyperplane arrangement A
c(A) = Z ),uA (ﬁ,z))
z€L(A)
Example 0.2. Let A be an arrangement of n hyperplanes in generic position. Then
every interval [ﬁ, x} is a Boolean lattice and

c(A)=) ().

k=0
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Proof. Denote by AU h the arrangement obtained from A by adjoining a new hyper-
plane h. This new hyperplane h either does not cut a region a € C' (A) or divides
a into two regions. The number of regions which are cut by h equals the number of
regions on A N h. Therefore

c(AUh)=c(A)+c(ANh).
Now we are going to use the following

Lemma 0.3. Let L be a geometric lattice and {ay, . ..,a,} be the set of atoms. Let

L/:{I’EL|I:ai1\/"'vaik>ij7é0}‘
nr (6,/1\) = —Ur <GO>/1\) .
0 (6’1\) = WL (6,1\) — UL (a(]?i\) .

Proof. Corollary 3.9.4 in Stanley in the dual form implies
e (0.0) = 32 (-1 b

where M, is the number of k-tuples of atoms {by, ..., b} such that T=b V- Vb

~

If1¢ I/, then

If1 e L', then

Note that L' is geometric with atoms {ai,...,a,} and [ao,l} is geometric with

atoms {ag V a1,...,a0V a,}. Let M is the number of k-tuples of atoms such that
l1=a; V---Va; and all i; # 0, M} is the number of k£ — 1-tuples a;,, ..., a; _, such
that 1 =aogVa;, V---Va,;_,. Assume that M; # 0 at least for one k. Then

1 (ﬁ,T) =S (-0 M (aO,T) =3 (g

Since My = M] + M, one obtains
ML <6> T) = KL (@ T) — ML (%ﬁ) .

If M, =0 for all k, then
1227 (@ T) = —HL (ao,T) .

Now let

We will prove that
(0.1) f(AUh)=f(A)+ f(ANh).
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Let x € L(AU h). If z does not belong to h then [6, ZL} C L(A), hence
HAUR <67 I) = KA <67 I) .

If x belongs to h apply Lemma 0.3 with L = [6, ZL} CL(AUR), a9 =h,{a,...,a,}
being all hyperplanes in A containing . The lemma implies

HAUR (6, ZE) = Ha (6, ZE) — prarn (h, ).
Using

u(0.x) (~17 >0,
obtain
thﬂz<6>$)‘==‘MA.<6>I)‘-F|MAmh(h>$)P

To get (0.1) take the sum over all z € L (AU h).
Since f (A) = c¢(A) for |[A] =1 and A = @, theorem follows by induction on the
number of hyperplanes and d. 0J

Denote by Cyq (A) the set of bounded regions, put cpg (A) = |Cyq (A) |.
Theorem 0.4. Assume that the rank of an arrangement A in R? equals d. Then
c(A) = Z i (6,:17) :
z€L(A)
Example 0.5. Let A be an arrangement of n hyperplanes in generic position. Then

¢(A) = <—1>dg () ="

0

Proof. First, we are going to write recurrence relation for c,q (A).
Let h be a hyperplane in R? given by the equation

ag+ a1y + - - + agrg = 0.
By h denote the hyperplane in R%*! given by the equation
agTo + a1x1 + - - - + aqgrqg = 0.

If A is a hyperplane arrangement in R¢, set

Z:{ﬁcRﬂﬂheA}
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Clearly, L </T) is a geometric lattice. The assumption that A has rank d implies

1= {0}. By Ap we denote the arrangement AU 0o, where oo is the hyperplane in
R defined by the equation zo = 0. Let

Moo:{xeL</~1)|xCOo}.

Clearly if u € My, and > u(x C u), then x € M. Let a € C'(Ap). There exists
a unique face § € F (Ap Noo) such that @ N oo = G, here @ and ( are the closures
of a and (3. Such f is called the ideal face of «.

Lemma 0.6. Let  be the ideal face of some o € C' (Ap), then either f € C' (Ap N o0)
or 3 € C(ﬁﬂu) for some u € M.

Proof. Let o € C' (Ap), then either a € C (Z) or «v is cut by the hyperplane co from
some o € C' (/Af) In the former case the ideal face 8 should belong to some cut of

A, hence 3 C u € M. In the latter case (3 is a region of Ap N co. 0J

The above proof implies the following
Corollary 0.7. If 3 € C (Ap N oo), then ¢ (Ap) = 2.

Denote by C? (Ap) the set of a € C (Ap) whose ideal face is 3 and let ¢ (Ap) =
[C7 (Ap) |-

Lemma 0.8. ¢ (Ap) = 2¢(A), " (Ap) = 2cpq (A).
Proof. For every region o of Ap there exists a unique region v of A such that either
a={(t,txy,... ,txyg) | (z1,...,24) € v,t >0}

or
a={(t,txy,... ,txyg) | (z1,...,2q) € v,t <0}

Thus, there is two-to-one correspondence between the regions of A, and the regions
of A. One can see immediately that v is bounded iff « lies in the half space z¢o > 0
or zg < 0. Lemma follows. ]

Let u € My, A¥ = {h €A | u C h}, define the arrangement g/u in the quotient
space R4 /y as

Aju = {h/u | h € /T“}

By A/u we denote the arrangement induced by A /u on the image of the hyperplane
To = 1 in R4 /.
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Lemma 0.9. Let § € C (Zﬂ u) for some uw € M.,. Then
& (Ap) = ¢ (21) S (Zx/u) = 2,0 (A/u).

Proof. The first equality ¢® (Ap) = ¢? (/Af) follows from the proof of Lemma 0.6. To
prove c” (/Af) = (g/u) note that for any v € C? (/Af) there exists exactly one
aecC (Z“) such that v C « and the ideal face of a is . The natural projection
7 R — R+ /o maps « to the region in C (Z/u), whose ideal face is {0}. Thus,
7 induces the map C” (Z“) — (9 (ﬁ/u), (check that this map is injective and

surjective). Hence
’ (/Af) =’ (Z“) =" (/T/u) .
Finally, Lemma 0.8 implies ¢° (/T/u) = 2¢pq (A/u). O
Corollary 0.10.
c(Ap) =2c(ApNoo)+ Y 2c(ApNu)cu(Afu),

c(A) =c(ApNoo)+ > c(ApNu)cu(Afu).

We prove Theorem by induction on d assuming that

Cpa (AJu) = Z HA/u <6,[L’) = Z % <6,:E) .

z€L(A/u) mGL(Z),m<u,mZoo

Note that since

then
Chd (A/u) =

> ui(i)
oco<lz<u

To evaluate ¢ (A), c(ApNoo) and ¢ (Ap Nu) use Theorem 0.1

c(A):m;(A)),uA@,x)): > )M@,x)): 3 )uAP(ﬁ,x)),

zeL(A),zFoo zE€L(Ap),z¥o0

C(ApﬂOO): Z |:uAP (OO>$)|>

z€L(Ap),x>00
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c(ApNu) = Z [1ap (u, )]

x€L(Ap),x>u

Thus, to prove Theorem it suffices to verify the identity

02) 3 |par (0.2)] = D ap (o)l + 30 | 32 wx (02)] D Ipa (w1 .
z}oo £>00

UE Moo |co<z<u y>u
Rewrite
S wa (0) Y s )l = D0 (1P g (0,0) (<P (),
UE Moo |co<Lar<u y>u coLz<uly

The relations

> pap (uy) =0

z<u<y
if z # y and
Z HAp (u>y) =1
z<u<y
if x =y imply

1Y ux (6,:::)

UEM oo |00<z<u

Now (0.2) becomes

(03) S Jae (0.2)| = 3ty o0 + 30 |z (0.2)].

xF00 >00 r€Moso

>y )l = Y |ux (0.x)]

y>u €M

! Nm:{x€L</~l) |g;moo¢L(21)},0m={xeL(Z)|xmooeL(Z)}.

Check that if x € N, then the intervals [6, x} and [oo,z V oo| are isomorphic,
isomorphism is defined by y — y V co. Therefore (0.3) can be reduced to
(0.4 > Juar (0.2)| = D lnap (o) + 3 | (0.2) |

€00 €M r€EM

using

> o (1) = oo (35)] 32 s (0
xF00 €0 €N
Y lwap (00, @) = D iap (00,2)[ + Y ap (00,2 V o)

r>00 rEMoo € Noo
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Lemma 0.11.

S (0.0) = 3 Jiar (6.5

mGOoo IeMoo

Proof. Use formula (27) section 3.10 in Stanley for the lattice [6, I}, x € My. The
coatoms are oo and all y € O, such that y Voo =y N oo = x. Thus,

o (02) = 3 e (00)

YE€Ooo, YVoo=zx

for any x € M,. Now take the sum over all + € M, and obtain the desired
formula. O

Thus, (0.4) is equivalent to

> Juar (6.2))] = 2 e oo+ 3 s (0.2)].

IEGMoo IeMoo

But Lemma 0.3 implies

i (0.2)] = lpa (00, 2)] + |1 (5.))]

for every x € M. The proof of Theorem is complete. O

Let S C A and u = Npesh # . The nullity of S is the number n (S) = |S| —p (u).
Let di be the number of S C A such that n(5) = k.

Theorem 0.12.

Proof. For any x € L(A) let
Sm:{SgA|l’:ﬂhesh}.
Then By Corollary 3.9.4 in Stanley (in dual form)

p(00) =3 (=DM,

SESy

3 ’u (5’93)’: 3 (_1)p<m>u<5’gj): S (@ = ST (1))

zEL(A) zEL(A) x€L(A),SE€S, SCA

Let fx (A) denote the number of faces of dimension k and f2¢ (A) denote the number
of bounded faces of dimension k.
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Theorem 0.13. For any arrangement A

S0 ) = (17,
S0 A) =1

and

if rank of A is d.
Proof. Theorem 0.1 implies

fi (A) = > ltia (u, )]
u€L(A), p(u)=d—k,z>u

Hence

YD fA) =D (=1 (=) g (u,x) = (<)

r>u

Theorem 0.4 implies

A=y

u€L(A),p(u)=d—k

STED A =Y () = 1.

r>u

ZIUA (u> I)

r>u

= 0 ().

r>u

Therefore

Reference: Zaslavsky, Mem. Amer. Math. Society, no. 154.



