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25(3.2) Use the identity a+a = (a 4 a)® = a® +a®+a®>+a® = a+a+a+a, which
implies that a +a = O, or a = —a. Now write a+b = (a + b)* = a®>+ab+ba+b* =
a + ab+ ba + b. Hence ab + ba = O or ab = —ba = ba.

31(3.2) n-1=n # 0. Hence characteristic of Z is zero. In Z,n -1 =n = 0, and
for any m < n, m-1=m # 0, hence characteristic of Z,, is n. In Z, x Zg

n(l,1) =0

if and only if 4|n and 6|n. The smallest such n is 12. Hence the characteristic of
Z4 X ZG is 12.

32(3.2) If R is a finite set, then mlp = klg for some m # k. Therefore
(m — k)1g = Og. The smallest positive n such that nlp = Og is the characteris-
tic of R.

33 (3.2)

na =n(lga) = (nlg)a = O0ga = Og.
Assume that n is composite, let n = pq. Then ply # 0g, qlg # Og, but

(plr) (¢1r) = (pg) 1r = Or.
Hence R is not an integral domain. Contradiction.

17(3.3) One can describe S as the subset of Zsg of elements of the form 4k for
some k € Zos. Since 4k —4l = 4 (k — 1), and 4k4l = 4 (4kl), S is a subring of Zss. To
check that f is well defined note that x =y mod 7 implies 8z = 8y mod 28. Next
check that f : Z; — Zog preserves addition and multiplication

flalz + yly) = B2 + y)las = [Br + 8ylyg = [8]y5 + [Bylys = f ([2]7) + F ([y]7)

f (2l lz) = [8 (2y)lys = [828ylys = f ([2]7) [ ([W]7)
to show the second identity we use 8% = 8 mod 28. Finally, to check that f is an
isomorphism it is sufficient to show that Ker f = {0}. Indeed, let f ([z];) =0, then
8¢ =0 mod 28. In other words, 28|8z. Since (7,8) =1, 7|x. Hence [z], = 0.
23(3.3)

e ) =ava =)+ 5 (52)
f (3 ate) = aa' = £ G2) £ (2).
The map is surjective since a = f (43)for any a € R. The map is not injective, since
f (%9 =0 for all b and c.
33(3.3) (a) E does not have identity, but Z has one. (b) The first ring is commu-
tative. The second ring is not. (c) Different number of elements. (d) if there is an

isomorphism f : R — Q, then z = f (\/5) satisfies the equation 22 = 2. But such

equation does not have solutions in Q. (e) The second ring is an integral domain , the
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first ring is not. (f) If f: Zy x Zy — Z¢ is an isomorphism, then f ([1],,[1],) = [1],,
S ([0, 10]4) = [0];6- But
S ([0l [01y) = f (4([1]4, [1]4)) = 4f ([t]16) = [4]36 # O

40(3.3) Assume that (m,n) = d > 1. Let k = =*. Then m|k and n|k. Assume
that there is an isomorphism f : Z,, X Z, — Zu,. Then

S (100) = [
3(4.1) There are eight polynomials of degree 3 in Z [z] : 23, x® + 22, 23 +z, 2% +1,
P+, e+, B3+, o+l
There are 27 polynomials of degree less than 3 in Zs [x]. Here they are
0,1,2,z,z+ 1,2 +22x,20x + 1,20 + 2
2+ 1,42, e+ Lt e +2,00 4 20,02 + 20+ 1, 2% + 20+ 2
222 207 +1, 202 +2, 20 4, 20° 4w+ 1, 202 + £+ 2, 22% + 22, 20* + 20+ 1, 202 + 2242



