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Abstract. Let p be a prime number and f ∈ Zp[x] a polynomial over the

p-adic integers lifting the Frobenius in the sense that f(x) ≡ xp (mod p) and

deg(f) = p. Let Πf := {ζ ∈ Qalg
p : f◦n(ζ) = ζ for some n ∈ Z+} be the set

of f -periodic points. We show that an irreducible algebraic varieties X ⊆ Am

which meet Γ×m
f in a Zariski dense set only in the case that X is defined by

equations of the form xi = a for some f -periodic point a and xi = f◦n(xj) for

some natural number n.

1. Introduction

Recall that for f : X → X a function from a set back to itself a point x ∈
X is called periodic (respectively, pre-periodic) if f◦n(x) = x for some n ∈ Z+

(respectively, f◦(n+m)(x) = f◦m(x) for some n,m ∈ Z+). When X is an abelian
variety and f : X → X is given by multiplication by some integer m ≥ 2, then
f -periodic points are the torsion points of order prime to m while the pre-periodic
points are the torsion points without qualification. The Manin-Mumford conjecture
(Raynaud’s theorem) asserts that in this case an irreducible subvariety ofX contains
a dense set of periodic points just in case X is a translate of an abelian subvariety by
a torsion point. It is not hard to see that such varieties are precisely the f -periodic
varieties.

Zhang has conjectured that the same holds for more general rational dynamical
systems [9]. Specifically, he considers algebraic varieties X over C given together
with a morphism f : X → X which is polarizable in the sense that there is a
line bundle L on X for which f∗L ≈ Lq for some q > 1 and conjectures that an
irreducible subvariety Y ⊆ X contains a Zariski dense set of f -(pre-)periodic points
just in case Y is itself (pre-)periodic.

In this note we study a class of rational dynamical systems for which it is fairly
easy to verify that Zhang’s conjecture for the periodic points holds but unlike in
the case of abelian varieties substantial work is required to thoroughly describe the
periodic varieties. We consider the case that X = An is affine space over some
p-adic field K and f : X → X is given as (x1, . . . , xn) 7→ (g(x1), . . . , g(xn)) where
g ∈ Zp[x] lifts the Frobenius in the sense that g(x) induces the map x 7→ xp on the
residue field and deg(g) = p. For such functions, except in the case that g(x) is a
linear transform of either the monomial xp itself or the pth Chebyshev polynomial,
then an irreducible variety contains a dense set of f -periodic points only if it is
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defined by equations of the form xi = f◦n(xj) for n ≥ 0 and xi = a for a an
f -periodic point.

Our method of proof applies well beyond the simple case studied here, but we
shall return to this issue in a later paper.

2. Notation and conventions

In this section we establish the notation and basic definations to be used through-
out the rest of this paper.

Recall that a difference field is a field L given together with a distinguished field
automorphism σ : L → L. If f : X → Y is a morphism of varieties over L, then
fσ : Xσ → Y σ is the σ-transform of f from the σ-transform X to the σ-transform.
Concretely, the σ-transform is obtained by applying σ to the coëfficients of the
defining equations of the relevant objects. If one likes, Xσ is the fibre product of
X with Spec(L) over Spec(L) via the map σ∗ : Spec(L) → Spec(L).

If f : X → X is a morphism (in any category) and n ∈ N is a natural number,
then we define f◦n : X → X, the nth iterate of f by recursion with f◦0 := idX and
f◦(n+1) := f ◦ f◦n. If f : X → Xσ, then we define the nth skew iterate of f , f♦n

by f♦0 := idX and f♦(n+1) := fσn ◦ f♦n : X → Xσn+1
. In the special case that

f = fσ we have f♦n = f◦n. If we wish to consider the coördinate-wise action of f
on the nth Cartesian power of X we write f×n : Xn → (Xσ)n.

In what follows, (K, v) is a valued field with valuation ring R = OK,v := {x ∈
K : v(x) ≥ 0} having the maximal ideal m = mK,v := {x ∈ K : v(x) > 0} and
algebraically closed residue field k = R/m of characteristic p > 0. We assume that
K is maximally complete of characteristic zero. Maximal completeness is not a
serious restriction as most of the results we prove in this context could be deduced
for more general fields by first passing to a maximal completion and then restricting.
Much of what we say remains valid in positive characteristic, but there are nontrivial
complications involving additive polynomials. We fix an automorphism ρ : K → K
which preserves the valuation in the sense that v(ρ(x)) = v(x) for every x ∈ K×

and which lifts the Frobenius in the sense that ρ(x) ≡ xp mod m for x ∈ R.
The reader may wish to specialize to the case that k = Falg

p , K = Q̂unr
p , the

completion of the maximal unramified extension of the p-adics, and ρ being the
unique lifting of the Frobenius automorphism to K or perhaps to take for K the
maximal completion of the algebraic closure of Qp.

For a polynomial f ∈ R[x] we say that f lifts the Frobenius if f(x) ≡ xp mod m
and that f is a good lifting of the Frobenius if in addition deg(f) = p. One might
wish to generalize this notion to say that a morphism f : X → Y of schemes over
R lifts the Frobenius if on the special fibre Yk = X

(p)
k and fk = FXk

, the Frobenius
morphism on Xk and that f is a good lifting of the Frobenius if in addition the map
f is finite and deg(f) = deg(FXk

).

3. σ-varieties

In this section we recall some of the formalism of σ-varieties (see [7, 6]) and
express some of the results from the model theory of difference fields (see [3, 4]) in
terms of σ-varieties.

In this section, we fix a field L with a distinguished automorphism σ : L → L.
In our applications, L = K and ρ = σ. Moreover, we work over L so that, for
example, the word variety means variety over L.
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Definition 3.1. A σ-variety is a pair (X, f) where X is a variety and f : X → Xσ

is a morphism of varieties from X to its σ-transform. A morphism of σ-varieties
γ : (X, f) → (Y, g) is given by a morphism of varieties γ : X → Y for which the
following square commutes.

X
f−−−−→ Xσ

γ

y yγσ

Y
g−−−−→ Y σ

If (X, f) is a σ-variety and Y ⊆ X is a subvariety, we say that Y is a σ-subvariety
if f(Y ) ⊆ Y σ. That is, if the restriction of f to Y gives Y the structure of a σ-variety
and the inclusion map Y ↪→ X is a map of σ-varieties.

IfX is a variety over L, then σ : L→ L induces a function which we shall continue
to denote by σ from the L-rational points of X to the L-rational points of Xσ.
Given a σ-variety (X, f) we may consider its set of L-rational points (X, f)](L) =
(X, f)](L, σ) := {a ∈ X(L) : f(a) = σ(a)}. If Y ⊆ X is a subvariety for which
Y (L) ∩ (X, f)](L) is Zariski dense in Y , then Y is a σ-subvariety. (The converse
is true only under the hypothesis that (L, σ) is a difference closed field, or in the
language of model theory, a model of ACFA.)

Two contradictory versions of triviality for σ-varieties appear in the literature.
Sometimes, one says that a σ-variety of the form (X, idX) is trivial and a σ-variety
which admits a finite-to-finite correspondence (possibly after base change) with
such a σ-variety is isotrivial. Here, in saying that (X, f) and (Y, g) are in finite-to-
finite correspondence we mean that there is a third σ-variety (Z, h) and generically
finite dominant morphisms (Z, h) → (X, f) and (Z, h) → (Y, g).

For us, these so-called “trivial” or “iso-trivial” σ-varieties are as far from being
trivial as possible as their Cartesian powers have very rich families of σ-subvarieties.
Indeed, if X is defined over the fixed field of σ and Y ⊆ Xn is any subvariety of
the nth Cartesian power of X also defined over the fixed field of σ, then Y is
a σ-subvariety of (Xn, idXn). In some sense, most σ-varieties have very few σ-
subvarieties. So, we shall refer to a difference variety of the form (X, idX) as
constant and those which are in finite-to-finite correspondence with constant σ-
varieties as iso-constant.

It can happen that a σ-variety (X, f) is not iso-constant, but its structure still
comes from a fixed field. For example, if L has characteristic p, then the σ-variety
(A1, x 7→ xp) is not iso-constant, but (A1, x 7→ xp)](L, σ) = (A1, idA1)](L, η) where
η(x) := σ(x

1
p ). We refer to a σ-variety which becomes isoconstant after σ is replaced

by an automorphism of the form σnτm for some n ∈ Z+ andm ∈ Z where τ(x) = xp

as weakly iso-constant. We apologize for the imprecision of this definition, but as
weakly iso-constant σ-varieties do not play any rôle in this paper, we do not pursue
the matter.

The notion of the triviality of forking was isolated in the study of stable theories
though it has meaning well beyond that context. Even in the context of σ-varieties
one ought to consider more refined versions of triviality than what we describe with
the next definition, but this suffices for the purposes of this paper.

Definition 3.2. We say that the σ-variety (X, f) is trivial if for each natural
number n every irreducible σ-subvariety Z ⊆ Xn (over any difference field extension
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of (L, σ) is of the form
⋂

1≤i<j≤n π
−1
i,j Yi,j where Yi,j ⊆ X2 is a σ-subvariety of

(X2, f×2) and πi,j : Xn → X2 is the coördinate projection (x1, . . . , xn) 7→ (xi, xj).

While constant σ-varieties give an extreme version of nontrivial σ-varieties, an
intermediate class of σ-varieties is provided by modular groups. If G is a positive
dimensional connected commutative algebraic group over L and ψ : G→ Gσ is an
isogeny, then (G,ψ) is a nontrivial σ-variety, as, for instance, the graph of addition
is a σ-subvariety of G3 which cannot be obtained as an intersection of pullbacks of
subvarieties of G2. However, whenever the separable degree of ψ is greater than
one, (G,ψ) is not iso-constant. In fact, when dimG = 1 and the separable degree of
ψ is greater than one, then every irreducible σ-subvariety of any Cartesian power
of G is a translate of an algebraic subgroup (see [2]). Moreover, there are only
countably many σ-subgroup varieties. Such σ-algebraic groups are called modular.

Modular σ-varieties may leave a trace on σ-varieties which do not carry a group
structure. If (G,ψ) is a σ-variety for which ψ : G → Gσ is an isogeny of algebraic
groups and Γ ≤ GoAut(G) is a finite group of affine automorphisms of G for which
for every g ∈ G(Lalg) and γ ∈ Γ there is some γ′ ∈ Γσ for which ψ(γg) = γ′ψ(g),
then ψ descends to a rational map ψ : Γ\G → (Γ\G)σ. If (G,ψ) is modular, then
the irreducible σ-subvarieties of the Cartesian powers of (Γ\G,ψ) are simply the
quotients by Γ of the translates of certain algebraic subgroups.

The three classes of isoconstant, modular group, and trivial σ-varieties are mutu-
ally exclusive even to the point that there cannot be finite-to-finite correspondences
between σ-varieties from different classes. The main theorems of [3] and [4] give
a classification of “minimal sets” defined by difference equations in terms of these
three classes. When specialized to the case of σ-varieties of the form (C, f) where
C is a curve, their trichotomy theorem says precisely that such a σ-variety must
be isoconstant, trivial, or in finite-to-finite correspondence with a modular group.
The main theorem of Medvedev’s doctoral thesis [5] gives explicit criteria for de-
termining into which of these three classes a given σ-variety structure on a curve
belongs.

One sees easily that if C is a curve and f : C → Cσ has separable degree one,
then (C, f) is weakly iso-constant. In particular, if C is a curve of genus greater
than one, then every σ-variety structure on C is weakly isotrivial. If C has genus
one and f : C → Cσ has separable degree greater than one, then as we have already
discussed (C, f) is a modular group. As the trichotomy is insensitive to the choice
of points on the curve, this leaves the case of analyzing σ-varieties of the form
(P1, f).

Theorem 3.3 (Medvedev). Let f : P1 → P1 be a nonconstant rational function.
Unless there is a one-dimensional algebraic group G, an isogeny ψ : G → Gσ and
a nonconstant map of τ -varieties γ : (G,ψ) → (P1, g) representing P1 (generically)
as a quotient Γ\G of G by a finite group of affine automorphisms, the σ-variety
(P1, f) is trivial. Moreover, if the characteristic of L is zero and f is a polynomial,
then (P1, g) is only non-trivial in the cases where g is a linear transform of a
monomial or a Chebyshev polynomial, a nonconstant polynomial Tn(x) for which
Tn(x+ 1

x ) = xn + 1
xn for some integer n ≥ 2.

Knowing that the σ-variety (P1, f) is trivial allows one to describe σ-subvarieties
of ((P1)n, f×n) in terms of curves, but it leaves open the problem of describing
σ-subvarieties of P1 × P1. An old theorem of Ritt about the uniqueness of the
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decomposition of a polynomial as a compositional product of other polynomials
completes the picture [8].

If f(x) ∈ L[x] is a polynomial and we write f = f1 ◦ · · · ◦ fn as a composition of
polynomials all of which are compositionally indecomposable, then there are four
basic ways to transform this decomposition into another decomposition.

(1) If λ(x) = ax+ b is a linear polynomial with a 6= 0, we may replace fi with
fi ◦ λ and fi+1 with λ−1 ◦ fi+1.

(2) If fi(x) = xn and fi+1(x) = xm for integers n and m, we may interchange
fi and fi+1.

(3) If fi and fi+1 are both Chebyshev polynomials, we may interchange them.
(4) if fi(x) = xn and fi+1(x) = xmg(xn) for some polynomial g, then we

may replace fi with xmg(x)n and fi+1 with xn (and we may reverse this
process).

Ritt showed that when L has characteristic zero (to be honest, when L = C, but
the general characteristic zero case follows immediately) that if f has two different
compositional decompositions, then the first may be moved to the second by a finite
sequence of moves of the above form [8]. Using Ritt’s theorem, we can completely
describe the possible maps of σ-varieties between (A1, f) and (A1, g).

In what follows, we say that the polynomial g(x) ∈ L[x] is a linear transform
of the polynomial f(x) ∈ L[x] if there is a linear polynomials λ ∈ L[x] for which
g = λσ ◦ f ◦ λ−1.

Proposition 3.4. Suppose that the characteristic of L is zero and that g(x) ∈
L[x]rL is an indecomposable nonlinear polynomial which is not a linear transform
of a monomial, a Chebshev polynomial, or a polynomial of the form xnh(x)m or
xnh(xm) for positive integers m and n and a polynomial h. If f(x) ∈ L[x] r L
is any other nonconstant polynomial and γ : (A1, f) → (A1, g) is a nonconstant
map of σ-varieties, then g is a linear transform of fσn

for some n and γ is a
linear transform of f♦n. In fact, there is a linear µ for which g = µσfσn

µ−1

and γ = µ ◦ f♦n. Likewise, the same conclusion holds if we assume that f is an
indecomposable nonlinear polynomial which is not a linear transform of one of Ritt’s
special polynomials.

Proof. If γ is linear, then take µ = γ and n = 0. Write γ as γ = γ1 ◦ · · · ◦ γn

where each γi is indecomposable. We have the functional equation γσ
1 ◦ · · · γσ

n ◦ f =
γσ ◦ f = g ◦ γ = g ◦ γ1 ◦ · · · ◦ γn. It follows immediately from Ritt’s theorem on the
uniqueness of the number of indecomposable compositional factors that f is also
indecomposable. Using Ritt’s theorem again, Working by induction on i ≤ n we
see that the only allowable transformations from the decomposition γσ

1 ◦ · · · ◦γσ
n ◦ f

to the decomposition g ◦ γ1 ◦ · · · ◦ γn are of the first kind, namely, the insertion of
linear transformations. That is there are linear polynomials λi for which g ◦ λ1 =
γσ
1 , λ−1

i ◦ γi ◦ λi+1 for i < n, and f = λ−1
n ◦ γn. Solving iteratively, we have

γn−i = λn−i ◦λσ
n+1−i ◦ · · · ◦λσi

n ◦ fσi ◦λσi−1

n ◦ · · · ◦λ−1
n+1−i and g = µσfσn

µ−1 where
µ = λ1 ◦ λσ

2 ◦ · · · ◦ λσn−1

n .
The “likewise” clause is proven in precisely the same way. �

4. Main theorem

In this section we prove our main theorem on periodic points for a lifting of the
Frobenius.
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Proposition 4.1. If f ∈ R[x] lifts the Frobenius and n ∈ Z+ is any positive integer,
then the reduction map establishes a bijection between {a ∈ R : ρn(a) = f♦n(a)}
and the residue field k.

Proof. This follows immediately from the ρ-Hensel’s Lemma of [1]. As the argument
is elementary, we repeat it here.

Let us check injectivity first. If ρn(a) = f♦n(a) and ε ∈ m, then we have
ρn(a+ ε)− f♦n(a+ ε) = ρn(ε)− (f♦n)′(a)ε+ cε2 for some c ∈ R. As f♦n(x) ≡ xpn

mod m, we see that v((f♦n)′(a)) > 0. Hence, the ultrametric inequality yields
v(ρn(a+ ε)− f♦n(a+ ε)) = v(ε). So that we must have ε = 0 if we wish for a+ ε
to be a solution to the equation.

For sujectivity, we apply Newton’s method to the difference polynomial Q(x) :=
ρn(x) − f♦n(x). Let ā ∈ k be any element of the residue field. For any a ∈ R
lifting ā we have Q(a) ≡ 0 mod m. By maximal completeness of K, it suffices
to show that if a is not already a root of Q, we can find another b lifting ā with
v(Q(b)) > v(Q(a)). Let ε := Q(a), which as we have observed is in m. Then for
any Y ∈ R× we have Q(a+ εY ) = Q(a) + ρ(ε)ρ(Y ) + b for c ∈ R with v(c) > v(ε).
As k is perfect, we can find some Y ∈ R× for which Y pn ≡ −Q(a)

ρ(ε) mod m. Set
b := a+ εY . �

Corollary 4.2. If f(x) ∈ R[x] lifts the Frobenius, n ∈ Z+ is any positive integer
and a ∈ R, then ρn(a) = f♦n(a) if and only if ρ(a) = f(a).

Proof. If ρ(a) = f(a) then one sees by induction that ρn(a) = f♦n(a). Indeed,
ρ(a) = f(a) by hypothesis, and ρn+1(a) = ρ(ρn(a)) = ρ(f♦n(a)) = (f♦n)ρ(ρ(a)) =
fρn ◦ · · · ◦ fρ(f(a)) = f♦(n+1)(a).

Conversely, suppose that a ∈ R and that ρn(a) = f♦n(a). By Proposition 4.1,
there is a unique solution b to ρ(x) = f(x) and x ≡ a mod m. By the previous
paragraph, b is also a solution to ρn(x) = f♦n(x) and x ≡ a mod m to which a is
the unique solution. Hence, b = a. �

Remark 4.3. If we assume in addition that f ∈ R[x] is a good lifting of the Frobenius,
then every solution to ρn(x) = f♦n(x) in K actually belongs to R. Indeed, if
v(x) < 0, then v(f♦n(x)) = pnv(x) < v(x) = v(ρn(x)).

Proposition 4.4. If f(x) ∈ R[x] lifts the Frobenius and f = fρ, then any f-
periodic point in R is a solution to ρ(x) = f(x).

Proof. Let ζ ∈ R be an f -periodic point of order n ∈ Z+ meaning that f◦n(ζ) = ζ.
As ζ is a root of the nontrivial polynomial f◦n(X)−X which has coëfficients in the
fixed field of ρ, ζ itself is fixed by ρm for some m ∈ Z+. So, f♦mn(ζ) = f◦mn(ζ) =
ζ = ρmn(ζ). By Corollary 4.2, f(ζ) = ρ(ζ). �

Corollary 4.5. If f(x) ∈ R[x] lifts the Frobenius, f = fρ, and Z ⊆ Am is an
irreducible variety containing a dense set of R-rational f×m-periodic points, then
Z is f×m-periodic.

Proof. By Proposition 4.4, Z contains a dense set of points satisfying the difference
equation ρ(x) = f×m(x). Hence, f×m(Z) = Zρ. As Z contains a dense set of
points algebraic over the fixed field of ρ, Z itself is fixed by some power of ρ so that
(f◦n)×m(Z) = Z for some n ∈ Z+. �
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The Medvedev’s Theorem 3.3 applies directly to describe the ρ-variety (A1, f)
where f ∈ R[x] is a lifting of the Frobenius.

Proposition 4.6. If f(x) ∈ R[x] is a lifting of the Frobenius, then the difference
variety (A1, f) is trivial except in the cases that f is a linear transform of the
monomial xp or of the pth Chebyshev polynomial.

Remark 4.7. It bears noting that we have a complete description of the ρ-subvarieties
of (An, f×n) in the excluded cases as well. Applying the linear transformation, we
may take f to be xp or the pth Chebyschev polynomial. In the former case, af-
ter removing 0 from A1, every irreducible ρ-subvariety of a Cartesian power of
(Gm, x 7→ xp) is a multiplicative translate of a an algebraic subgroup. The dif-
ference variety (A1, Cp), where Cp is the pth Chebyschev polynomial, is the image
of the difference variety (Gm, x 7→ xp) under the morphism x 7→ x + 1

x and the
irreducible ρ-subvarieties for the Chebyshev polynomial are precisely the images of
the translates of algebaic tori.

Once we know that a ρ-variety is trivial to describe the possible ρ-subvarieties
of all Cartesian powers it suffices to describe those in the second Cartesian power.

Proposition 4.8. If f(x) ∈ R[x] lifts the Frobenius but is not a linear transform of
xp or of the pth Chebyshev polynomial and Z ⊆ A2 is an irreducible curve which is
a ρ-subvariety of (A2, f×2) which projects dominantly onto both coördinates, then
Z or its converse is a graph of some skew iterate of f .

Proof. Let g := f×2 � Z be the restriction of f×2 to Z. By hypothesis, g(Z) ⊆ Zρ.
As each of the projection maps restricted to Z give dominant finite-to-one maps
of ρ-varieties from (Z, g) to (A1, f) and the latter ρ-variety is trivial, (Z, g) must
itself be trivial. Hence, by the discussion preceeding Theorem 3.3, Z is a genus
zero curve. Hence, we have a rational function h : P1 → P1 and a degree one map
of ρ-varieties γ : (P1, h) → (Z, g) where Z is the closure of Z in P1 × P1 ⊇ A2.
Moreover, we may assume that γ−1(Z) ⊆ A1. Considering ramification at ∞, we
see that h and γ are both given by polynomials. Let δi = πi ◦ γ where πi : Z → P1

is the projection map to the ith coördinate for i = 1 or 2. We have functional
equations f ◦δi = δρ

i ◦g. By Proposition 3.4, applied to the equation f ◦δ1 = δρ
1 ◦g,

g is a linear transform of fσ−n

for some n ∈ Z+. applying this linear transform
on the domain, we may assume that g = fσ−n

and then Proposition 3.4 says that
δ1 = g♦n and that δ2 = g♦m for some other m ∈ Z+. If m ≥ n, then Z is the graph
of f♦m−n and if n > m, then Z is the converse relation of the graph of f♦n−m. �

Putting these results together we have our main theorem.

Theorem 4.9. If f(x) ∈ R[x] is a lifting of the Frobenius and f = fρ and X ⊆ An

is an irreducible variety containing a Zariski dense set of R-rational f-periodic
points, then X is defined by equations of the form xi = a for a an f-periodic point
and xi = f◦m(xj).

Proof. By Proposition 4.1 X is a ρ-subvariety of (An, f×n). By Theorem 3.3,
(A1, f) is trivial. Hence, X is an intersection of pullbacks by coördinate projections
of curves which are ρ-subvarieties of (A2, f×2). By Proposition 4.8, these are just
horizontal and vertical lines and graphs or converse graphs of iterates of f . �
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