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Abstract. We study the question of which torsion subgroups of commutative
algebraic groups over finite fields are contained in modular difference algebraic
groups for some choice of a field automorphism. We show that if G is a simple
commutative algebraic group over a finite field of characteristic p, ` is a prime
different from p, and for some difference closed field (K, σ) the `-primary torsion
of G(K) is contained in a modular group definable in (K, σ), then it is contained
in a group of the form {x ∈ G(K) : σ(x) = [a](x)} with a ∈ N \ pN. We show that
no such modular group can be found for many G of interest. In the cases that such
equations may be found, we recover an effective version of a theorem of Boxall.

1. Introduction

The work of Chatzidakis and Hrushovski [CH] on the model theory
of difference fields in characteristic zero showed that groups defined
by difference equations have a very restricted structure. For instance,
if G is a semi-abelian variety over a difference closed field (K,σ) of
characteristic zero and Γ ≤ G(K) is a definable finite rank subgroup
of “modular type,” then for any subvariety X ⊆ G, the set X(K)∩Γ
is a finite union of cosets of definable subgroups of Γ . Using such facts
one can resolve some diophantine questions about special subgroups
of G(K) (for instance, the torsion subgroup [Hr]). Recent work of
Chatzidakis, Hrushovski, and Peterzil extends the class of difference
fields for which this sort of result is known to positive characteristic.
In this note, we analyze which subgroups of the torsion points of
simple commutative algebraic groups over finite fields can be captured
by such equations. Surprisingly, we show that when the difference
equations exist, they may be taken to have a very simple form so
that while the Manin-Mumford style results follow from [CHP], direct
arguments in the style of [Bog] or [Hi] are available. Moreover, we
exhibit many cases where for a given simple abelian variety A over a
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finite field k and a prime ` it is not possible to find a difference closed
field (K, σ) and a modular definable group Γ ≤ G(K) containing the
`-power torsion. This contrasts sharply with the case where A has
generic moduli when one can find (K, σ) and Γ ≤ A(K) modular
so that Γ contains all the torsion of A [Sc2]. Under the assumption
of the `-adic four exponentials conjecture we give a precise criterion
for the existence of modular difference algebraic groups containing
the `-primary torsion of a simple abelian variety A depending on the
multiplicative group of End(A)⊗Q`.

In the cases where we establish the existence of modular differ-
ence algebraic groups containing the `-primary torsion of some given
algebraic group G, we recover part of a theorem of Boxall [Box] to-
gether with effective bounds (better than Boxall’s in one sense and
worse in another). Under the assumption of Artin’s conjecture on the
density of the set of primes p for which a given integer a is a genera-
tor of (Z/pZ)× and a related conjecture on the density of {p :prime
and ap−1 6≡ 1 (mod p2)} we show that modular difference algebraic
subgroups of the multiplicative group may contain a very large sub-
group of the roots of unity. For such groups we conclude a stronger
(qualitative as well as quantitative) theorem than does Boxall.

The authors would like to thank MSRI for the hospitality during
the period this work was carried out. The authors thank B. Conrad
and the referee for their detailed comments on earlier versions of
this paper. The first author is supported by an NSF Mathematical
Sciences Postdoctoral Research Fellowship. The second author would
like to thank the University of Texas’ URI for financial support.

2. General set up

A difference field is a field K given together with a field endomor-
phism σ : K → K. We define the fixed field of σ to be Fix(σ) :=
{x ∈ K : σ(x) = x}. If X is a scheme over K, then we define
Xσ := X ×Spec(K) Spec(K) where we take σ∗ : Spec(K) → Spec(K)
to form the fibre product. Concretely, if

X = Spec(K[x1, . . . , xn]/(f1(a1;x), . . . , fm(am;x))

where

fi(y1, . . . , yq;x1, . . . , xn) ∈ Z[y1, . . . , yq;x1, . . . , xn]

and ai ∈ Kq, then

Xσ = Spec(K[x1, . . . , xn]/(f1(σ(a1);x), . . . , fm(σ(am);x)))
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σ induces a map on points σ : X(R)→ Xσ(R) which we continue to
denote by σ. When X ⊆ An is given as a subscheme of affine space,
then the map σ : X(K) → Xσ(K) is induced by (x1, . . . , xn) 7→
(σ(x1), . . . , σ(xn)). When X is defined over Fix(σ), then we identify
X with Xσ.

By a difference closed field we mean an algebraically closed differ-
ence field (K, σ) in which σ is surjective and the following condition
holds: if X is an irreducible variety over K, Y ⊆ X ×Xσ is an irre-
ducible subvariety ofX×Xσ which dominates bothX andXσ via the
first and the second projections, respectively, and U ⊆ Y is a Zariski
open subset, then there is a point x ∈ X(K) with (x, σ(x)) ∈ U(K).
Such difference fields are also called models of ACFA.

If (K,σ) is a difference field and X a variety over K, then a dif-
ference subvariety Ỹ ⊆ X of X over K is given by a variety Y ⊆
X×Xσ×· · ·×XσN

for some N . The points of Ỹ are Ỹ (K,σ) := {x ∈
X(K) : (x, σ(x), . . . , σN (x)) ∈ Y (K)}. If G is an algebraic group over
K, then we say that the difference subvariety Γ ⊆ G is a difference al-
gebraic group if for all difference fields (L, ρ) extending (K, τ), Γ (L, ρ)
is a subgroup of G(L). This can be checked with (L, ρ) a difference
closed field. Note that if G is defined over Fix(σ), then σ : G(K) →
G(K) is a group homomorphism. If P (X) ∈ EndK(G)[X] is a poly-
nomial, of the form P (X) =

∑N
i=0 ψiX

i, then P (σ) : G(K)→ G(K)
defined by x 7→

∑N
i=0 ψi(σi(x)) is a group homomorphism. The ker-

nel of P (σ) is a difference algebraic subgroup of G where the corre-
sponding variety is {(x0, . . . , xN ) ∈ GN+1 :

∑N
i=0 ψi(xi) = 0}. For

the purposes of this note we say that a difference algebraic subgroup
Γ of an algebraic group G over a difference field (K,σ) is modular
if for all difference fields (L, ρ) extending (K, s) and all subvarieties
X ⊆ GN over L, the set X(L) ∩ Γ (L, ρ) is a finite union of cosets
of subgroups of Γ (L, ρ). The reader may notice that we have appro-
priated the word modular for a weaker property: for any difference
closed field (K, σ) extending (K,σ) the group Γ (K, σ) is weakly nor-
mal for the structure induced by quantifier free formulas in the pure
field language. The reader should consult [C] for a more thorough
discussion of modularity in this context.

For the rest of this paper k will denote a finite field of characteristic
p. τ ∈ Gal(k̄/k) denotes the Frobenius field automorphism relative
to k. That is, if k = Fq, then τ(x) = xq. Recall that Gal(k̄/k) is
topologically generated by τ and is isomorphic as a topological group
to Ẑ = lim←−Z/nZ with τ corresponding to 1 ∈ Ẑ. Ẑ is isomorphic to∏

` prime Z`. If a ∈ Ẑ then we denote its image in Z` by a`. If X is any
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variety over k, then F : X → X denotes the Frobenius endomorphism
of X (relative to k).

If G is a commutative algebraic group over k and Λ ∈ Endk(G)
is an endomorphism then G[Λ] denotes the kernel of Λ considered
as a subgroup scheme of G. TΛG denotes the Λ-Tate module of
G, lim←−G[Λn](k̄) where the transition maps are given by Λm−n :
G[Λm](k̄) → G[Λn](k̄). By Aut(TΛG) we mean the group of contin-
uous automorphisms of TΛG. Likewise, End(TΛG) denotes the ring
of continuous endomorphisms of TΛG. Gal(k̄/k) acts continuously on
TΛG. We denote the representation corresponding to this actions by
ρG,Λ : Gal(k̄/k)→ Aut(TΛG).

We regard Z as a subring of Endk(G). If S ⊆ Endk(G) is a
submonoid under composition, then we define GS :=

⋃
s∈S G[s](k̄).

Our main goal is to describe which groups of the form GS are sub-
groups of some modular difference algebraic group for some choice of
σ ∈ Gal(k̄/k). When S is generated by a single endomorphism Λ we
may write G[Λ∞] for GS .

Before proceeding to analyze particular commutative algebraic
groups, we observe that we may restrict our attention to difference
algebraic groups defined as kernels of endomorphisms of the form
P (σ) with P (X) ∈ EndK [X].

Proposition 1 If G is a simple commutative algebraic group over
k, (K, σ) is a difference closed field extending k̄, Ξ ≤ G(k̄) is an
infinite Gal(k̄/k)-stable subgroup, and Γ ≤ G is a modular difference
algebraic subgroup of G over L such that Ξ ≤ Γ (K, σ), then there
is some P (X) ∈ EndK(G) and ρ ∈ Gal(k̄/k) such that kerP (ρ) is a
modular group with Ξ ≤ kerP (ρ)(k̄).

Proof: Since k is finite, k ⊆ Fix(σm) for some m ≥ 1. If we let Υ
be the smallest difference algebraic group containing Γ definable in
(K, σm), then Υ is also modular. So we may assume that k ⊆ Fix(σ).

Since the algebraic groupG is not modular itself, ΓN := the Zariski
closure of {(x, σ(x), . . . , σN (x)} is not equal to GN+1 for some N .
Take N minimal. Then for some m ≤ N , Ξm := the Zariski closure
of {(x, . . . , σm(x)) : x ∈ Ξ} is not equal to Gm+1. Since Ξ is a group,
so is Ξm. As G is simple and m was chosen to be minimal so that
Gm+1 6= Ξm, we have Ξm = {(x0, . . . , xm) ∈ Gm+1 :

∑m
i=0 ψi(xi) =

0} for some ψi ∈ EndK(G). Since Ξ ⊆ G(k̄), {(x, . . . , σm(x)) : x ∈
Ξ} ⊆ Gm+1(k̄). Thus, each ψi is defined over k̄. Since Ξ is Gal(k̄/k)-
stable, so is Ξm. As k is perfect, this implies that Ξm, and hence each
ψi, is defined over k.
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Set P (X) :=
∑m

i=0 ψiX
i ∈ Endk(G)[X]. So the difference alge-

braic subgroup kerP (σ) = Ξ̃m defined by Ξm is a difference algebraic
subgroup of Γ (and is therefore modular) and Ξ̃m(k̄, σ) contains Ξ.
♦

3. The multiplicative group

In analyzing the case of the multiplicative group Gm(F̄p) we will see
that finding appropriate equations and automorphisms comes down
to solving exponential equations `-adically. These equations are easy
to solve in the case of Gm, but as the rank of the endomorphism ring
of the algebraic group grows, so does the difficulty in finding these
equations.

In this section k = Fp.

Theorem 2 For any prime ` 6= p there is some σ ∈ Gal(F̄p/Fp) and
a ∈ Z such that the difference algebraic group over (F̄p, σ) given as
kerP (σ) where P (X) = X−a ∈ EndGm[X] is modular and Gm[`∞] ≤
kerP (σ)(F̄p).

Proof: Let ρ := ρGm,` : Gal(F̄p/Fp) → Z×` = Aut(T`Gm) be the
Galois representation corresponding to the action of Gal(F̄p/Fp) on
T`Gm. ρ(τ) = p so that the image of ρ is the `-adic closure of the
group generated by p, which is an open subgroup of Z×` . As N \ pN is
dense in Z`, we may find a ∈ (N\pN)∩ρ(Gal(F̄p/Fp)). Let σ ∈ ρ−1(a).
Then, Gm[`∞] ≤ {x ∈ Gm(F̄p) : σ(x) = xa} by the choice of a and σ.
The criterion following Theorem 5.4 of [CH] together with the main
trichotomy theorem of [CHP] shows that the equation σ(x) = xa

defines a modular group. We give a direct proof of this fact in the
next proposition. ♦

As mentioned in the course of the last proof one can prove directly,
ie without recourse to the extensive theory of difference closed fields
developed in [CH] and [CHP], that a difference algebraic subgroup of
Gm defined by σ(x) = xa with a ∈ N \ pN is modular. Modularity of
this group implies effective bounds on the degree of the Zariski closure
of sets of the form {(x1, . . . , xm) ∈ X : σ(xi) = xa

i for 1 ≤ i ≤ m} with
X a variety (see section 2 of [Hr]). In the next proposition we show
how modularity may be deduced via a calculation of these bounds.

Proposition 3 Let a ∈ N \ pN. Let α := a
(a,p) . For n ∈ N define

dn :=
∑n

1 i2
i−1. Let (L, σ) be a difference closed field of characteristic
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p. Let X ⊆ Gm
g be a subvariety of Gm

g defined over L. Let Γa ≤
Gm be the difference algebraic group defined by σ(x) = xa. The set
Γa(L, σ)g ∩X(L) is a finite union of cosets of subgroups Gm

g(L). Its
Zariski closure has degree at most deg(X)2

dim(X)
αddim(X) where deg is

computed with respect to the usual inclusion of Gm
g in Pg.

Proof: To ease notation, we write X for X(L) and Γa for Γa(L, σ).
By X [a] we mean the image of X under the map (x1, . . . , xg) 7→
(xa

1, . . . , x
a
g).

We prove this proposition by Noetherian induction on X. When
dim(X) = 0, the result is trivial. So from now on we take dim(X) >
0. If X =

⋃m
i=1Xi is the decomposition of X into its irreducible

components and m > 1, then by induction we have

deg(X ∩ Γ g
a ) = deg(Γ g

a ∩
m⋃

i=1

Xi)

≤
m∑

i=1

deg(Xi ∩ Γ g
a )

≤
m∑

i=1

deg(Xi)2
dim(X)

αddim(X)

≤ (
m∑

i=1

deg(Xi))2
dim(X)

αddim(X)

= deg(X)2
dim(X)

αddim(X)

So, we are left with considering X irreducible and positive di-
mensional. If X is of the form ζT where T ≤ Gm

g is an algebraic
subgroup and ζ ∈ Γ g

a , then X = X ∩ Γ g
a so that the result is cer-

tainly true in this case. Otherwise, Xσ 6= X [a] (see Lemme 2 of [Hi] -
the lemma there is stated for abelian varieties and without σ but the
proof goes through for any isogeny of commutative algebraic groups
with nontrivial kernel). We compute now

deg(X ∩ Γ g
a ) = deg((Xσ ∩X [a])σ−1 ∩ Γ g

a )

≤ (deg((Xσ ∩X [a])σ−1
))2

dim(X)−1
αddim(X)−1

≤ (deg(X)2αdim(X))2
dim(X)−1

αddim(X)−1

≤ deg(X)2
dim(X)

αddim(X)

♦
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We observe that if `1, . . . , `s is a finite set of primes and S is the
submonoid of Z generated by these primes, then one may effectively
find a ∈ N \ pN such that there is some σ ∈ Gal(F̄p/Fp) with GmS ≤
{ζ ∈ Gm(F̄p) : σ(ζ) = ζa}. Let µ :=

∏s
i=1(`i − 1). Let q := pµ. Let

ω = τµ ∈ Gal(F̄p/Fp). Let ni be the `-adic valuation of q − 1. Let
a be the smallest natural number which is not a rational power of p
satisfying the congruences a ≡ 1 (mod `ni

i ). Let αi :=
log`i

(a)

log`i
(q) where

log`i
(x) is the `i-adic logarithm. Let σi ∈ Gal(Fp(Gm[`∞i ])/Fp) be

ωαi . Then σi acts as ζ 7→ ζa on Gm[`∞]. The various σi amalgamate
to give an element of Gal(Fp(GmS)/Fp) as they agree on generators of
each of the common subfields. Take σ ∈ Gal(F̄p/Fp) to be a common
extension of these σi’s.

The above method of finding a and σ does not necessarily minimize
a since we only looked for a close to 1 `i-adically. If, for instance, p
is a generator of F×`i

and we have p`i−1 6≡ 1 (mod `2i ) for each i, then
we can take a to be the least positive integer not equal to a power of
p and relatively prime to

∏m
i `i. This observation shows how under

the assumption of two widely believed conjectures we can find a non-
finitely generated submonoid S of N, a ∈ N \ pN, and σ ∈ Gal(F̄p/Fp)
such that GmS ≤ {ζ ∈ F̄×p : σ(ζ) = ζa}.

Theorem 4 Assume the following two conjectures:

Artin’s Conjecture: The set of primes {` : p generates F×` } has
positive density in the set of all primes.

Conjecture on the Zeros of the the Derivative of p: The set
of primes {` : p`−1 6≡ 1 (mod `2)} has density one in the set of all
primes.

Then there is a non-finitely generated submonoid S ⊆ N, natural
number a not equal to a power of p, and a field automorphism σ ∈
Gal(F̄p/Fp) such that GmS ≤ {ζ ∈ F̄×p : σ(ζ) = ζa}.

Proof: The conjunction of the two conjectures we assume implies
that S0 := {` : ` prime,p`−1 6≡ 1 (mod `2), and p generates F×` } has
positive density in the set of all primes. In particular, S0 is infinite.
Let S be the submonoid of N generated by S0. Let a be the least
natural number not equal to a power of p and relatively prime to all
` ∈ S0. (Note that there are natural numbers satisfying both of these
requirements as the complement of S0∪{p} in the set of all primes is
non-empty.) For each ` ∈ S0, we can find σ` ∈ Gal(Fp(Gm[`∞])/Fp)
which acts as ζ 7→ ζa on Gm[`∞]. As noted above in the case of a
finitely generated S, these automorphisms amalgamate and may be
extended to a common σ ∈ Gal(F̄p/Fp). ♦
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The conclusion of the previous theorem does not directly imply
either of the assumed conjectures, but it does imply weak forms of
each of them.

4. Simple abelian varieties

In this section, we revert to the notion of the set up where k denotes
an arbitrary finite field of characteristic p. Let ` be a rational prime
and A a simple abelian variety over k. Let ιA,` : Endk(A) ⊗ Z` →
End(T`A) be the natural map. Then ρA,`(τ) = ιA,`(F⊗1). We denote
this common image by f . Except in the case that ` = p and A has
p-rank zero, End(T`A) ⊗Z`

Q` is a central simple division algebra
of finite dimension over Q`, identified with ιA,`(idA ⊗ Z`) ⊗Z`

Q`.
(In the exceptional case this ring is the zero ring.) Assume for now
that A[`](k̄) 6= 0. Then let K` := Q`(f) ⊆ End(T`) ⊗Z`

Q`. Let
M` be a normal closure of K`. We define the multiplicative rank of
A at ` to be zero if ` = p and A[p](k̄) = 0 and the rank of the
multiplicative subgroup of M×

` generated by the conjugates of f over
Q` otherwise. Note that except in the case of ` = p and A[p](k̄) = 0,
the multiplicative rank is at least one since every eigenvalue of f has
absolute value a positive power of p for each Euclidean norm so that
f cannot be a root of unity.

Theorem 5 Let A be a simple abelian variety defined over a finite
field k of characteristic p. Let ` be a rational prime. Let r be the multi-
plicative rank of A at `. If r = 1, then there is some a ∈ N and a field
automorphism σ ∈ Gal(k̄/k) such that the equation σ(x) = [a]A(x)
defines a modular difference algebraic subgroup of A whose (k̄, σ)-
points contain A[`∞]. If r > 2, then there is no modular difference
algebraic subgroup of A whose points include A[`∞]. If the `-adic
four exponentials conjecture holds, there is no such modular difference
group in the case of r = 2 either.

Proof: If r = 1, then for any conjugate f ′ of f over Q` we have fn =
(f ′)m for some non-zero integers n and m, Since all the Euclidean
absolute values of f are equal, we must have n = m. Thus, fn ∈ Q`

for some n ∈ Z+. As f is integral over Z, and thus a fortiori over
Z`, actually fn ∈ Z`. Arguing as in the proof of Theorem 2 we can
find σ ∈ Gal(k̄/k) and a ∈ N \ p such that σ acts as x 7→ [a]A(x) on
A[`∞]. We deduce modularity of the group defined by σ(x) = [a]A(x)
either directly as in the proof of Proposition 3 replacing “α” in the
bounds with the separable degree of [a]A or by the criterion of [C]:
by the main theorem of [CHP] if this difference algebraic group were
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not modular then it would be non-orthogonal to some fixed field
of the form Fix(σατβ) with α > 0. The analysis of [C] shows that
for definable subgroups of abelian varieties this is only possible if
over a difference closed field (K, σ) the group {x ∈ A(K) : σ(x) =
[a]A(x) and σα(x) = τ−β(x)} is infinite. This group is contained in
A[F βaα−1](k̄) or A[aα−F−β](k̄) depending on whether or not β ≥ 0.
In either case, because a is not a power of p (and hence not a power
of F in Endk(A)), these groups are finite.

Now consider the case of r ≥ 2. If there were some σ ∈ Gal(k̄/k)
and difference algebraic subgroup Γ ≤ A over (k̄, σ) with A[`∞] ≤
Γ (k̄, σ), then by Proposition 1 we could find P (X) ∈ Endk(A)[X]
such that kerP (σ) is modular and A[`∞] ⊆ kerP (σ)(k̄, σ). This im-
plies that β := ρA,`(σ) would have all algebraic eigenvalues on T`A
and so would be an algebraic number when considered as an element
of M`. Write σ = τα for appropriate α ∈ Ẑ. Then β = fα` . Replacing
f, σ, β with fN , σN , and βN for an appropriate N ∈ Z+ we may
assume that f is `-adically close to 1. Let ω1, . . . , ωr ∈ Gal(M`/Q`)
such that ω1(f), . . . , ωr(f) are multiplicatively independent. Let xi :=
log`(ωi(f)). Let y1 = 1 and y2 := α`. y1 and y2 are linearly indepen-
dent over Q as long as α` /∈ Q and by the choice of the ωi’s the xi’s
are linearly independent over Q. When r > 2, the `-adic six exponen-
tials theorem asserts that at least one of exp`(xiyj) is transcendental
over Q [La]. When r = 2, this assertion is the as yet unproven `-
adic four exponentials conjecture. Note that exp`(xiy1) = ωi(f) is
algebraic and because each ωi is `-adically continuous exp`(xiy2) =
exp`(log`(ωi(f))α`) = ωi(exp`(log`(f)α`)) = ωi(β) is also algebraic.
So we must have α` ∈ Q (or r = 2 and the `-adic four exponen-
tials conjecture fails), say α` = c

d with c, d ∈ Z. Then the group
{x ∈ A(k̄) : σd(x) = F c(x)} = A(Fix(σdτ−c)) contains A[`∞]. As
noted in the proof of Theorem 2, the group of points of a positive
dimensional algebraic group over a fixed field can never be modu-
lar and a modular group can never have infinite intersection with a
non-modular group so the assertion that kerP (σ) defines a modular
group must be false. ♦

5. The additive group

While for semi-abelian varieties the torsion groups are all contained in
m-torsion groups for some rational integer m, on the additive group
Ga[m](k̄) = 0 or Ga(k̄) depending on whether or not (p,m) = 1.
However, Endk(Ga) is a very large ring being the ring of twisted
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polynomials in F : k{F} := {
∑n

i=0 aiF
i : ai ∈ k, n ∈ N} where Fa =

apF .

Theorem 6 Let k be a finite field of characteristic p. Let Λ be a
non-zero endomorphisms of Ga over k. For no field automorphism
σ ∈ Gal(k̄/k) and modular difference algebraic group Γ ≤ Ga over
(k̄, σ) does one have Ga[Λ∞] ≤ Γ (k̄, σ).

Proof: TΛGa is a finite rank module over Fp[[t]] where we allow t to
act as Λ. So Aut(TΛGa) may be regarded as a subgroup of GLr(Fp[[t]])
for r = rkFp[[t]](TΛGa). If σ ∈ Gal(k̄/k) and Γ ≤ Ga is a mod-
ular difference algebraic group whose (k̄, σ)-points contain Ga[Λ∞],
then σ satisfies a non-trivial equation on TΛGa with co-efficients from
EndkGa by Proposition 1. This implies that β := ρGa,Λ(σ) (and also
det(β) ∈ Fp[[t]]) would be algebraic over Fp[F ] and hence over Fp(t).
Write σ = τa for some a ∈ Ẑ. Then we have β = F ap . If ap ∈ Q, then
Γ cannot be modular and contain Ga[Λ∞] for as in the case of abelian
varieties some positive integral power, say c, of σ would agree with
a Frobenius, say F d, on Ga[Λ∞] so that Γ (k̄, σ) ∩ Ga(Fix(σcτ−d))
would be infinite contradicting modularity of Γ . However, if ap /∈ Q,
then by a theorem of Mendès France and van der Poorten [MFP],
det(β) is transcendental over Fp(t). ♦

6. Semi-abelian schemes over the Witt vectors

We wish to point out some consequences of our methods for semi-
abelian schemes over the Witt vectors. If K is a field of charac-
teristic p > 0, we denote by W (K) the ring of (infinite length p-)
Witt vectors over K, which has maximal ideal pW (K) and residue
field W (K)/pW (K) ∼= K. We write ā for the image in K of some
a ∈ W (K) under the quotient map. The group of continuous auto-
morphisms of W (K) is isomorphic to Aut(K) via the reduction map:
σ 7→ σ̄ := (x 7→ σ̄(x̃)) where x̃ is any lifting of x.

Theorem 7 Let K be algebraically closed field of characteristic p >
0. Let σ : W (K)→W (K) be a continuous automorphism. Let G be a
semi-abelian scheme over W (K). Let Ĝ denote the group of pW (K)-
points of the formal group of G. Let P (X) ∈ Z[X] be a non-zero
polynomial over Z. Let Ξ := kerP (σ)(W (K), σ) ≤ G(W (K)) and let
Ξ̂ := Ξ ∩ Ĝ. If Fix(σ̄) is finite, then Ξ is a finite rank Zp-module. If
P reduces to a monomial modulo p, then Ξ is discrete.
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Proof: Since every non-zero integer acts as an isogeny of G, replacing
P by P divided by the greatest common divisor of its co-efficients
does not change the truth value of the statement of the theorem. So
we assume from now on that the co-efficients of P have 1 as their
greatest common divisor.

Since Ξ̂ is p-adically closed, preserved by Z, and limn→∞[pn]G(x)
= 0 for any x ∈ Ξ̂, Ξ̂ is naturally a Zp-module. The issue is to
calculate its rank

Let logG : Ĝ→ Ĝa
g
(pW (K)) be the formal logarithm of G (which

converges on Ĝ) where g = dimG. Let Ĝn := log−1
G (pnW (K)). Then

{Ĝn}∞n=1 is an Aut(K)-invariant filtration of Ĝ and each quotient
Ĝn/Ĝn+1 is naturally isomorphic to Ga(K)g.

Write P (X) =
∑n

i=0 aiX
i. Then the equation P (σ)(x) ∈ Ĝn+1 on

Ĝn corresponds to the system of equations
∑n

i=0 āiσ̄
i(x1) = 0, . . . ,∑n

i=0 āiσ̄(xg) = 0 on Ga(K)g. Since p does not divide all the co-
efficients ai, the equations

∑n
i=0 āiσ̄

i(x) = 0 is a non-trivial linear
difference equation over K. As such, its set of solutions is a vector
space of dimension d := max{i : āi 6= 0} − min{i : āi 6= 0} ≤ n
over Fix(σ̄). In particular, if Fix(σ̄) is finite, then the set of solutions
to

∑n
i=0 āiσ̄

i(x) = 0 is a vector space over Fp of dimension r :=
d[Fix(σ̄) : Fp].

We can realize Ξ̂ as lim←−n→∞ Ξ̂/(Ξ̂ ∩ Ĝn) which by the above
considerations is an inverse limit of groups expressible as iterated
extensions of (Z/pZ)rg. From this it follows that Ξ̂ is a Zp module of
rank rg. ♦

We point out the special case when kerP (σ) is a modular group,
for in that case the methods of [Sc1] (notably, Theorem 2.3 - the
Hypotheses 1 and 3 there are included to ensure discreteness and
Hypothesis 2 is equivalent to modularity) show that if Υ ≤ Ξ is a
discrete subgroup, then for any subvariety X of G there is a constant
c > 0 such that for any ξ ∈ Υ either ξ ∈ X or the p-adic distance
from g to X is bounded below by c. Under the additional hypothesis
that P reduces to a monomial modulo p we may take Υ = Ξ.

References

[Bog] F. Bogomolov, Points of finite order on abelian varieties, Izvestiya
Akademii Nauk SSSR. Seriya Matematicheskaya 44 (1980), no. 4, 782
– 804.
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