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ABSTRACT. Fix an algebraically closed field K of characteristic zero with two
distinguished commuting automorphisms 7 and o. Our key technical result
is a characterization of the o-skew-invariant curves with respect to the action
of (P, P7) where P is a non-exceptional polynomial over K. This character-
ization is used to show that functions satisfying nonlinear Mahler equations
with respect to the substitutions ¢ — tPi for pairwise multiplicatively inde-
pendent positive rational numbers p1, ..., p, are, with a few easily identifiable
exceptions, algebraically independent over the field of rational functions.

1. INTRODUCTION

By a p-Mahler function of polynomial type we mean a function f(t) satisfying a
functional equation of the form f(¢?) = P(f(t)) for some polynomial P where p is a
positive rational number not equal to 1. When P is non-exceptional, meaning that
it is non-linear and is not conjugate E| to either a monomial nor to a scalar multiple
of a Chebyshev polynomial, then we say that f is p-Mahler of non-exceptional poly-
nomial type. Our work is motivated by the problem of showing that when p and
q are multiplicatively independent rational numbers, f and g are transcendental
functions which are p-Mahler (respectively, g-Mahler) of non-exceptional polyno-
mial type, then f and g are algebraically independent. However, while we are
motivated by problems around the algebraic independence of Mahler functions, the
reader will notice from both the title of this paper and the distribution of mate-
rial, that the preponderance of our technical results have to do with extending the
work of the first and third named authors characterizing skew-invariant curves for
twisted polynomial dynamical systems. In Section we describe our approach to
characterizing skew-invariant curves. We then follow this in Section[I.2 with an ac-
count of how that characterization will be used to prove theorems on the algebraic
independence of Mahler functions.

1.1. Characterizing skew-invariant curves through the combinatorics of
long decompositions of polynomials. We will reduce the study of algebraic

1Usua11y, for two polynomials P and @ we say that P and @ are conjugate if there is a
linear polynomial L with Po L = L o Q. For the questions treated in this paper we require
the notion of skew-conjugacy relative to a field automorphism o. The polynomials P and @ are
skew-conjugate if there is a linear polynomial L for which Po L = L o Q where if L(z) = az + b,
then L° = o(a)x + o(b). If o acts trivially, then the usual notion of conjugacy agrees with skew-
conjugacy. In testing whether a given polynomial is exceptional it may be necessary to extend
the difference field to find a skew-conjugacy with a power function or Chebyshev polynomial.
Fortunately, if we relax our search to finding a linear L so that LZ o Po L= = ACpy or AXY
for some scalar X, then we can find such an L over any algebraically closed field containing the
coefficients of P. See Definition for details.
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independence of Mahler functions to a characterization of skew-invariant curves for
certain polynomial dynamical systems. Let us introduce the necessary definitions
to state our theorem giving that characterization.

A difference field (K, o) is a field K given together with a distinguished field
automorphism o : K — K. For any object X defined over K, we write X for
the transform of X by o. For example, for a polynomial P € K[X], P° is the
polynomial obtained by applying o to the coefficients of P. Given an algebraic
variety X over K and a regular map f : X — X7, we say that the subvariety
Y C X is skew-invariant if the restriction of f to Y maps Y to Y°.

Given two one-variable polynomials P, Q € K[X], we say that Y C A% is a
skew-twist curve for (P, Q) if there are polynomials « and 8 and an integer n so

that P=foa, Q= ac" 03", and

e cither n > 0 and Y is defined by y = a”" o P 6. 0P%0 P(x)
eorn<—landY isdefined by z =37 0Q° " 0Q% " o--0Qy):
note that when n = —1, this simply means z = 6‘771 (y).

It is an easy exercise to check that a skew-twist curve for (P, Q) is itself skew-
invariant for (P, Q).

With these definitions in place we may state our theorem on skew-invariant
curves.

Theorem 1.1.1. Let (K, o) be a difference field of characteristic zero and 7 : K —
K be a field automorphism commuting with o. Let P € K[X] be a non-exceptional
polynomial. Then every skew-invariant curve for (P, PT) is either a horizontal or
vertical line or a skew-twist curve.

The general characterization of (P, Q)-skew-invariant curves [8, Theorem 6.22]
is quite cumbersome. While it easily yields broad conclusions such as there are at
most countably many, or in some cases even finitely many, skew-invariant curves
for a given pair of polynomials P and @), it can be difficult to derive a complete list
of such curves in particular cases. The proofs in [§] are also rather unwieldy, and,
in retrospect, unnecessarily so. Though the constructions around monoid actions
were inspired by corresponding notions on group actions, the connections were
insufficiently formalized and much of the basic theory was developed from scratch
through tedious calculations. In this paper the technical underbelly of [§] is cleaned
up through the use of partial group actions. This gives cleaner general results that
are more suitable to the task at hand: showing that the skew-invariant curves must
be skew-twists when ) = P7. The corresponding result in [§], namely Theorem
6.24, for the even more special case where ) = P was a fairly easy consequence of
the general Theorem 6.22. Thus, its proof in [§] is short on detail and long on appeal
to intuition. Here, we complete a detailed proof in the less special case at hand
where Q = P7. For example, the work in Section [3] culminating with Lemma
is the expansion of the phrase “irreparably damages in- and out-degrees of factors”
in the second paragraph of the proof of [8] Theorem 6.24].

Let us explain the main ideas behind the proof of Theorem[1.1.1l For any pair of
polynomials (P, Q), a skew-invariant curve C' C A? for (P, Q) may be parameterized
by another pair of polynomials (A, B) giving a map A! — C C A2. From the skew-
invariance of C, we find another polynomial R and a pair of compositional identities
PoA=A%0 R and Qo B= B? o R. Thus, describing the possible skew-invariant
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curves reduces to the problem of solving such systems of polynomial compositional
identities.

In [8] we worked with a formalism of decompositions and Ritt monoid actions
on these decompositions in order to encode and manipulate skew-invariant curves.
Starting with Subsection we modify that formalism in two crucial ways. First,
we replace the decompositions with what we call long decompositions. Second, we
replace the monoid actions with partial group actions.

A decomposition f = (fx,..., f1) of apolynomial f consists of a sequence of poly-
nomials for which we may express f as the composition f = fro---o f; and each f;
is indecomposable, meaning that it has degree at least two and cannot be expressed
as the composition of two polynomials of lower degree. A (k-)long decomposition
of f is a Z-indexed sequence (f;);cz of polynomials for which (fx,..., f1) is a de-
composition of f and the sequence is k-skew-periodic in the sense that fi1r = f7
for every i € Z.

One might wonder what the point is of replacing the simple notion of a decompo-
sition with that of a long decomposition when one can transparently pass between
the two. As we will see, long decompositions are better for encoding skew-twisting.

While every polynomial of degree at least two has a decomposition, these need
not be unique. One trivial way in which we may produce a new decomposition
from an old one would be by composing with linear polynomials. That is, if f =
fieo---o fi, L is a linear polynomial with compositional inverse L~!, then for
1 <i < k the sequence fy, ..., fiz1o L, L= 0 f;,..., f1 is also a decomposition of
f-

More substantial conversions of decompositions may be obtained by using three
basic compositional identities:

e 2P o x% = x7 0 xP for distinct prime numbers p and g,

o (), 0(C, = C40C), again, for distinct prime numbers p and g, where C), is
the Chebyshev polynomial of degree p characterized as the unique monic
polynomial satisfying Cp(x + 1) = z¥ + L, and

o 2Fu(x)P o 2P = 2P o xFu(xP), where p is prime, u(0) # 0, and z*u(x)? is
indecomposable.

Ritt proved in [I3] that for any two decompositions of a given polynomial over a
field of characteristic zero, one can transform the first decomposition to the second
by applying finitely many times these basic identities possibly after inserting linear
factors and their inverses appropriately. From now on, we will call an application
of one of these basic identities a Ritt swap.

In Subsection we define four partial group actions on the sets of (linear
equivalence classes) of k-long decompositions so that skew-invariant curves for some
pair of polynomlals (P, Q) are always encoded by identities of the form w*[P] Q]
where P is a k- long decomposition for P (respectively, Q is a k-long decomposition
for Q) and the identity says that up to linear equivalence, the k-long decomposition
P is transformed to Q via the operations described by the word w which is built out
of a finite sequence of Ritt swaps, certain monomial transformations related to Ritt
identities, and twisting operations ¢” (for r € Z ) given by (f;)jez — (fj+r)jez. In
the case under consideration here that () = P”, we may also take Cj to be ﬁT, SO
that the word w takes P to another decomposition which has essentially the same
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“shape”. Our charge is to show that the curve encoded by such a w may in fact be
encoded by a word that describes a skew-twist, that is, by ¢” for some r € Z.

We use the formalism of confluent rewriting systems and partial group actions
to convert this to a problem about finding canonical forms for such identities and
then look for combinatorial invariants of the k-long decompositions which must be
preserved. The proof of Theorem breaks into several cases based on how the
polynomial P decomposes.

Our easiest warm-up case is when P is itself indecomposable. In this case,
none of the operations coming from Ritt swaps can play any role. However, there
is still a nontrivial issue coming from the actions of linear polynomials. With
Proposition we treat this case and even here we need to break into various
subcases based on whether P is itself swappable (i.e. can participate in a basic Ritt
identity, possibly after composition with a linear polynomial) and whether it is of
type C (there are linear polynomials A and B so that Ao P o B is a Chebyshev
polynomial). Our arguments in this case that P is indecomposable mostly consist
of explicit computations starting from the compositional identities describing a
possible skew-invariant curve.

We then take on the case that P is decomposable and fix some (long) decom-
position P of P. Our first attempt to rigidify such a decomposition is to identify
what we call walls in the decomposition: indices at which no Ritt swap may be
performed. If P has a wall at some index, then so does PT. Tt should not be
surprising that if there is a wall in the decomposition, then we can then remove
Ritt swaps from the word expressing the transformation from Pto P" encoding a
skew-invariant curve ensuring that the curve is a skew-twist. This is achieved with
Proposition Note that if some component of P is itself unswappable, then P
has a wall. Thus, this case is the generic one.

It may happen that the decomposition P has no walls. In this case we need
to consider more sophisticated combinatorial data to pin down the structure of
the skew-invariant curves. In this case, when none of the components of P are
type C, then we prove Theorem with Proposition Here, we seek a
more canonical way to present a k-long decomposition for P. That is, we show
that if P admits a decomposition in which all of its components are swappable
but none of them are type C, then we can produce what we call a clean C-free
decomposition for P: one in which all of the components are either monomials
or one of the polynomials appearing in a basic Ritt identity, none of them are
type C, and at least one of the components is not a monomial itself. Such clean
C-free decompositions may be fruitfully analyzed using what we call nomodata
(non-monomial data) which record the sequence of non-monomials and their in-
and out-degrees. Here, if we write a polynomial @Q as z*u(z®)™ where u(0) # 0,
then its in-degree is £ and its out-degree is m.

The final case we have to consider is when the components of P consist entirely
of swappable polynomials and at least one of them has type C. For these we
develop a theory of clusterings. First, we consider preclusterings: partitions of Z
into intervals [a, b] for which the composition P, o P,_1 o --- 0 P, either has type C
of degree not a power of two or possibly after pre- and post-composing with linear
polynomials admits a decomposition in which each component is either a monomial
or a C-free polynomial appearing in a basic Ritt identity. We define clusterings
by asking that there be no “fake gates”, boundaries between the clusters which,
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morally, can be removed to form a coarser preclustering. See Definition [£.4.3]for the
details. Working with clusterings, we will see that either P has a wall (and we have
already dealt with this case) or the boundaries admit only what we call one-way
gates in the same direction, which are positions at which Ritt swaps involving a
quadratic polynomial are possible. We treat this last case making heavy use of this
asymmetry with Corollary and thus finish the proof of Theorem [I.1.1

1.2. Algebraic independence of Mahler functions. Mahler introduced the
class of functions which now bear his name in [6] with the aim of systematically
deducing transcendence, and more generally algebraic independence, of special val-
ues of certain transcendental functions satisfying functional equations. Specifi-
cally, for a positive rational number ¢ not equal to 1 we say that the formal
Puiseux series f € C((¢))*# is ¢-Mahler of polynomial type if there is a polyno-
mial P(X) € C(t)*8[X] of degree at least two for which f(t7) = P(f(t))ﬂ

We address the problem of determining the possible algebraic relations between
p-Mahler and g-Mahler functions for multiplicatively independent p and q. Versions
of this problem have been studied. For example, Zannier shows in [15] that a tran-
scendental function cannot be simultaneously p-Mahler and ¢g-Mahler of polynomial
type when p and ¢ are multiplicatively independent integers and the polynomials
have coefficients in C[t]. Adamczewski and Bell [I] prove analogous results when
“polynomial type” is replaced by “linear type”. Our main theorem is that if p
and ¢ are multiplicatively independent positive rational numbers and f and g are
p-Mahler and g-Mahler, respectively, of non-exceptional polynomial type, then f
and g are algebraically independent over C(t).

Our main theorem on Mahler functions takes the following form.

Theorem 1.2.1. Let p and q be two multiplicatively independent positive rational
numbers, f € C((t))* and g € C((t))%9 be two formal Puiseuz series over the
complex numbers, and suppose that f and g are p-Mahler and q-Mahler, respectively,
of non-exceptional polynomial type. Then f and g are algebraically independentﬂ
over C(t).

The hypotheses in Theorem are much stronger than we actually require and
the conclusion is much weaker than what we prove. Indeed, it suffices to assume
merely that f is p-Mahler of non-exceptional polynomial type and that g satisfies
some difference equation with respect to the substitution ¢ +— t9. In fact, our proof
of Theorem [1.2.1]is algebraic and applies in a much wider context.

The substitutions ¢ — tP and ¢ — t? induce commuting field automorphisms o
and 7 of the fields of algebraic functions C(¢)*# and of formal Puiseux series. More-
over, the multiplicative independence of p and ¢ imply that o and 7 are independent

2Mahler usually considers the case that ¢ is the reciprocal of a positive integer. The greater
generality adds no complexity to our arguments and permits us to make suitable reductions
throughout the course of our proof. Functions satisfying other functional equations appear in the
literature under the name of Mahler functions. Notably, often, as in [10], @ is allowed to be a
rational function in which case we might say that f is g-Mahler of rational type. In other works
(see, for instance [1 [14]) g-Mahler functions are those f for which f(¢9°) (for j € N) are linearly
dependent over C(t). In this case, we might say that f is g-Mahler of linear type.

3Here and throughout this paper we wuse the phrase “fi,...,fm is algebraically
independent from g1,...,9n over K” to mean that tr.degi K(fi,...,fm) =
tr.degx(gy,....9n) K(giy---y9n, f1,---,fm). In a degenerate case, if f is already algebraic

over K, then f is algebraically independent from gi,...,gn over K for any choice of g1,...,gn.
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in the sense that if h is a non-constant formal Puiseux series and (m,n) # (0,0),
then o™7™(h) # h. To say that f is p-Mahler of non-exceptional polynomial type
is simply to say that there is a non-exceptional polynomial P € C(t)*8[X] with
o(f) = P(f). Abstracting this situation, we formulate our more general theorem
on algebraic independence.

Theorem 1.2.2. Let C C K C L be a tower of algebraically closed fields of char-
acteristic zero. Suppose that o and T are commuting automorphisms of L which
preserve K and have C' as their common fized field. Suppose moreover that o and
7 are independent in the sense that if a € L~ C and (m,n) € Z* < {(0,0)}, then
o™ (a) # a.

We make two additional hypotheses about difference equations. First, for any
automorphism p in the group generated by o and T and any ¢ € C, there are
no nonconstant solutions to the equation p(x) = cx in L. Secondly, for p and p
independent automorphisms in the group generated by o and 7, M € Z a positive

integer, and a € L™ an element of L satisfying p(@) = (#)M, then a € K.
Suppose that f € L satisfies an equation of the form o(f) = P(f) for some
non-exceptional polynomial P € K[X]| and that g1,...,9, € L each satisfy non-
trivial T-difference equations over K. That is, for some r € N there are non-zero
polynomials Q;(Xo, X1, ..., Xy) € K[Xo,...,X,] so that Q;(g9i,7(gi), .-, 7(9:)) =

0 for 1 <i<mn. Then f is algebraically independent from g1, ..., g, over K.

Adamczewski, Dreyfus, Hardouin, and Wibmer [2] have proven a similar al-
gebraic independence statement under the hypothesis that f satisfies a linear o-
difference equation.

Our proof of Theorem makes use of the full strength of the characterization
of skew-invariant curves from Theorem [[L.T.1] rather than the weaker characteriza-
tion of invariant curves for dynamical systems of the form (z,y) — (P(z), P(y))
where P is non-exceptional from [§] while various earlier applications use only that
weaker form. For example, the second author of the present paper obtained in [9]
a result on the algebraic independence of the analytic conjugacies associated to
Mahler functions by using just the characterization of invariant varieties. For in-
variant varieties, the relevant description may also be obtained using the theory of
orbifolds as shown by Pakovich [II] and admits a generalization to the case where
P is a rational function [I2].

With Theorem [6.0.9| we generalize Theorem[1.2.1]in a different direction showing
that if f1,..., f,, are Mahler functions of non-exceptional polynomial type with re-
spect to pairwise independent automorphisms, then these functions are algebraically
independent.
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grants FRG DMS-1760413, DMS-1800492, DMS-2201045, and a Simons Fellowship
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2. SKEW-INVARIANT CURVES

There are two natural procedures for producing skew-invariant curves for (P, Q)
where P and () are univariate polynomials. First, we have the skew-twists. That

n+1 n
7 o % for some natural number n

is, if we decompose P = foa and Q = «
and polynomials o and 3, then the curve defined by y = a°" o P oo P(x),
which we call a skew-twist curve is (P, Q)-skew-invariant. Note that here we allow
for « or 8 to be linear and n = 0, so that this includes the case that @ is skew-
linearly conjugate to P. Another natural way to obtain a skew-invariant curve
would be have an identity of the form X" o P = @ o X™ for some positive integer
n in which case the curve defined by y = x™, which we call a monomial curve, is
(P, Q)-skew-invariant. Of course, we may swap the roles of P and @ to obtain skew-
invariant curves for (@, P). For example, if we have the identity Po X" = X™ 0 @,
then the curve defined by y™ = z is (P,Q)-skew-invariant. Likewise, we may
compose such skew-invariant curves to obtain new ones. That is, if C is (P, Q)-
skew-invariant and D is (@, R)-skew-invariant, then the (possibly reducible) Do C
is (P, R)-skew-invariant. The process of iterating these operations and possibly
taking components of the resulting reducible curves gives rise to all of the skew-
invariant curves. However, this fact on its own does not give a sufficiently clear
picture of the class of skew-invariant curves. The description is complicated, for
instance, by the fact that the composite of two skew-twists need not be a skew-
twist itself since a given polynomial may admit several different presentations as a
composite of other polynomials. Moreover, our two classes of basic skew-invariant
curves are not disjoint. If P = Ro X™ and Q = X" o R where R = R, then the
(P, Q)-skew-invariant curve defined by y = 2" is a skew-twist curve and is also a
monomial curve.

The skew-invariant curves for pairs (P, Q) of non-exceptional polynomials are
described in [8, Proposition 6.19] as components of curves encoded by equations of
the form w % f = ¢ where f is a decomposition of f, ¢ is a decomposition of g, and
w belongs to the augmented skew-twist monoid. With [8] Theorem 6.26], various
results on canonical forms for such actions are applied to convert the equation
w f = ¢ into a concise geometric form. In this section, which is dedicated to the
proof of Theorem [1.1.1] we modify the formalism of decompositions and monoid
actions to work with what we call long decompositions and will then specialize to
describe the skew-invariant curves appearing in Theorem [1.1.1

2.1. Long decompositions and partial group actions. In this subsection we
develop the formalism of long decompositions and partial group actions. With
this work we may prove Theorem [1.1.1] in two cases: when P is indecomposable
(Proposition2.2.22)) and then when P admits a decomposition with an unswappable
factor (Corollary [2.4.7)).

2.2. Long decompositions. While we recall some of the definitions and results
from [8], the reader is advised to consult that text for further details. Let us begin
by recalling and introducing our basic definitions.

Definition 2.2.1. A polynomial f € K[X] is indecomposable if deg(f) > 2 and
whenever f = AoB with A, B € K[X], then either A or B is linear. A decomposition
of the polynomial f is a finite sequence (fx, ..., f1) of indecomposable polynomials
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for which f = fro---0o fi. A k-long decomposition of f is a k-skew-periodic Z-
indexed sequence (f;);., of indecomposable polynomials (meaning that for every
i € Z we have fi1r, = f7) for which (fx,..., f1) is a decomposition of f.

Notation 2.2.2. Throughout the rest of this section we will fix the number k.
Generally, when working with a k-long decomposition , we shall write something
like f = (fi);,cz and may use the notation f when we wish to distinguish between
sequences and individual polynomials.

Remark 2.2.3. Every nonlinear polynomial admits a long decomposition. Part of
Ritt’s [I3] theorem on polynomial decompositions is that the number k depends
only on the polynomial. Of course, unless the polynomial is indecomposable, the
long decomposition itself is not an invariant, but the rest of Ritt’s theorem expresses
the extent to which it is and how one decomposition may be obtained from another.

Definition 2.2.4. A k-skew periodic sequence of linear polynomials is a Z-indexed
sequence L = (L;), ., of linear polynomials for which L;y; = L{ holds for all i € Z.

The k-long decomposition f is linearly equivalent to the k-long decomposition
g via the k-skew periodic sequence of linear polynomials L provided that g; =
L, _:1 o f; o L; for all i € Z. We write 2, for the set of equivalence classes of k-long
decompositions .

Remark 2.2.5. On one hand, Definition describes an operation which takes
as input f and L and returns g. On the other hand, the relation “f is linearly
equivalent to g via some k-skew periodic sequence of linear polynomials ” is an
equivalence relation on the set of k-long decompositions . This notion matches
the skew-linear equivalence of [§] rather than linear equivalence. For f a k-long
decomposition we write [f] for its equivalence class relative to linear equivalence.

Ritt’s theorems on polynomial decompositions [I3] express the extent to which
a polynomial admits a unique presentation as a composition of indecomposable
polynomials. Loosely speaking, if the polynomial P may be expressed in two dif-
ferent ways as P = Pyo---oP; and P = Qo ---0 Q1 where each P; and Q; is
indecomposable, then ¢ = k and the decomposition (Qy, ..., Q1) may be obtained
from the decomposition (Pg,...,P;) by transforming these sequences through a
finite number of what in [8] we call Ritt swaps. We encode this process of passing
from one decomposition to another via a sequence of Ritt swaps through a certain
partial monoid action and then take this further to encode all skew-invariant curves
through more general partial monoid actions.

Let us recall some of the formalism of Ritt identities and Ritt swaps. For more
details, consult [8, page 102].

Definition 2.2.6. The following identities are called basic Ritt identities.
e P ox? = x%0xP for distinct prime numbers p and ¢,
o C,0C, = C40C, for distinct odd primes p and ¢ where C, is the pth
Chebyshev polynomial, and
o ¥ u(x)PoxP = xPox® . u(zP) (and the identity with the left and right sides
reversed) where u(0) # 0, p is prime, and z* - u(zP?) is indecomposable.

Remark 2.2.7. Of course, for any polynomial h, h o h = h o h. However, we do not
consider such tautological identities to be basic Ritt identities. It is also the case
that for any prime p, Cy 0 C, = C}, 0 C5, but we do not treat this relation as a basic
Ritt identity.
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Definition 2.2.8. The polynomials appearing in basic Ritt identities are called
Ritt polynomials. An indecomposable polynomial P is swappable if there are linear
polynomials A and B for which A o P o B is a Ritt polynomial. A swappable
polynomial P is said to be of type C if there are linear polynomials A and B for
which Ao Po B is a Chebyshev polynomial of odd degree. Otherwise, the swappable
polynomial P is said to be C-free.

The distinction between type C and C-free swappable polynomials and the choice
of defining C5 to be C-free will become clear in our work on clusterings in Subsec-
tion [l

Remark 2.2.9. In [8, Definition 2.41] Ritt polynomials are required to be monic.
We do not impose that condition here. However, when we speak of monomials we
always mean expressions of the form z™ for some n > 2. Another difference between
the definition of Ritt polynomial here and in [§] is that for this paper we require
Ritt polynomials to be indecomposable, but this is not so in [§].

Definition 2.2.10. Fix a polynomial v with no initial nor terminal, compositional
nor multiplicative monomial factors. The in-degree and out-degree of a Ritt poly-

nomial g(z) = z*u(z*)" are

in-deg(g) := ¢ and out-deg(g) := n.

Definition 2.2.11. For i € Z, we consider the symbol t;. For k-long decompo-
sitions f and g. We say that g is obtained from f by a Ritt swap at i and write
t; % [f] = [g] if there are linear polynomials L, M, and N such that

gi=SoN "' g1 =LoR,gj=f; forj#ii+1 (mod k)
and (LYo fiyyoM)o(M™to fioN)= RoS is a basic Ritt identity.

Definition 2.2.12. For f and g two k-long decompositions , we say that g is
obtained from f via a Ritt swap in the strict sense at 7 if fiﬂ o ﬂ =3git104; s a
basic Ritt identity and fj =g, for j #iori+1 (mod k). In this case, we write
tie f=3.

Remark 2.2.13. For i # k, our definition of ¢; x [f] = [g] is exactly [8, Definition
2.43).

If t;  f = §, then taking L = M = N = id shows that ¢; x [f] = [§]. For k # 2,
the converse also holds: if ¢; x [f] = [g], then there are long decompositions f and §
such that t;e f = §. In this case, we say that (L, 1.3, M) is a witness of t; x[f] = [g]
when f and g are linearly equivalent to f and g via L and M.

Remark 2.2.14. Tt follows from skew-periodicity that if the k-long decompositions
f and g are Ritt swap related at i, then they are also Ritt swap related at j for
any j = ¢ (mod k). Thus, it is natural to index the generators ¢; by Z/kZ. So for
example, when we write an expression like f;1; we mean t;. To use the order on
the indices, we often choose to work with {¢; : a <i < a+ k} for some a, which
is not necessarily 0.

Remark 2.2.15. If the Ritt swap in Definition [2.2.11] involves an identity of one
of the first two kinds, then it really is a swap in that f;11 = ¢g; and f; = giy1-
However, for an identity of the third kind, a Ritt swap at ¢ will transform one of f;
or f;y1 into a different polynomial.
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We shall consider two other kinds of operations on Z). The symbol ¢ will be
used to encode skew-twist curves.

Definition 2.2.16. For f = (f;)icz a k-long decomposition , we define ¢ o f :=
(fizx1)icz and ¢~ @ f := (f;_1)icz. This gives an action of the symbol ¢ on Z
defined by ¢ [f] = [p o f] and of 6~ via &~ % [f] = [6~" » f].

Remark 2.2.17. Unlike the symbols ¢;, for any = € %, ¢ * z is defined. Moreover,
¢ x = (dx) 7"

Remark 2.2.18. What we call ¢~! corresponds to the symbol 3 of [§].

Finally, we define partial operations specifically connected to the third kind of
basic Ritt identity. These are used to encode monomial curves.

Definition 2.2.19. For each prime number p we have symbols €, and 6;1. If f
and g are k-long decompositions such that for all i € Z, fl = x"iu; (aP) where either

u;(0) # 0 and degu; > 0 or p # r; and §; = " u;(x)P, then we write ¢,  f = g and
-1

€, ® g = f. This relation induces a partial action of €p and of €, L on 9, given by

ep* [f] == ep o fl and €, x [g] := [, ! @ g]. If f and g are k-long decompositions

with [f] = [f] and l[9] = [g], and L and M are k-skew periodic sequences of linear
polynomials so that f is linearly equivalent to f via L and g is linearly equivalent
to g via M, then we say that (L, f,§, M) is a witness to €, x [f] = [g]. In this

context, (M~1, g, f, L) is a witness to et x g = [f]-
Remark 2.2.20. What we call here €, corresponds to the 4, of [§].

Remark 2.2.21. The condition that ﬂ is not a monomial of degree p is included to
disambiguate the monomial curves encoded by identities of the form €, x [f] = [g]
and the skew-twist curves encoded by relations of the form ¢ * [f] = [g].

With this notation in place, we may prove an easy case of Theorem [[.1.1]
Proposition 2.2.22. Theorem holds when P is indecomposable.
Our proof of Proposition [2.2.22] passes through several lemmas.

Lemma 2.2.23. Let P be an indecomposable non-exceptional polynomial and let C
be a skew-invariant curve for (P, PT). Then there exist non-constant polynomials
Q, A, B, Ay, By in K[X] and integers a,b, c,d with a,b > 0 and ¢,d > —1 satisfying
the following properties:
(i) C is parametrized by (A, B), i.e. the map A — A? given byt — (A(t), B(t))
is dominant onto C.
(ii) A and B have no shared nonlinear initial compositional factors.
(iii) PoA=A%0@Q and PToB =B 0Q.
(iv) A=P° "0+ 0P “0A4y0Q"  0--0Q and B=P™ o0---0P7 "o
BooQ"do-qu.
(v) Q"C+1 s not an initial compositional factor of Ag, P """ is not a terminal
compositional factor of Ay, Q"d+1 is not an initial compositional factor of
By, and P™ """ is not a terminal compositional fagitl)r of By.

(vi) P° "0 Ay =A50Q°" and P7" "o By=BoQ"""".
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—(a+c+1) c+1)

(vil) A= A3"0Q7" 0 Q=P "o oo P o ag N
Q° "0---Q=P7% o-..0P7° oB§ . Consequently, A§

—(d+1) L o »
and B§ do not have a nontrivial common initial compositional factor

and either (a,c) or (b,d) is (0,—1).

Proof. Let d := deg(P). If the lemma holds for the given data (P,C) then it holds
for (L7 o P o L™ (L,L)(C)) where L is any linear polynomial. Hence we may
assume that P is centered meaning that the coefficient of X% is 0.

From [8, Corollary 2.35], we know that C is parametrized by (A, B) and there
exists a polynomial @ such that (iii) holds since C is skew-invariant under (P, P7).
By choosing a pair (A, B) with minimal deg(A) +deg(B), we may assume that they
do not have a common nonlinear initial compositional factors.

We now express A and B as in (iv) with maximal a, b, ¢,d then (v) holds. Now
we establish Property (vi). From (iii) and (iv), we have:

(1) PoP° '0---0P° “0Ag=PoP’ o---0P°

andB:ngo

—(c+1)

—(a—1) OAO OQUC+1.
When a = 0, this identity means Po Ay = Ago Q"CH. From now on, assume a > 0.

First, assume the case when P does not have the form P; o X™ where m > 1.
Since P is centered, the only linear polynomial L such that PoL = P is the identity
polynomial L(X) = X. Consequently, whenever P o R = P o S for non-constant
polynomials R, S then we have R = S. Applying this observation repeatedly to
(1), we have:

P70 Ag=Ago QUCH.

Now suppose that P = P;(X™) where m > 1. Since P is indecomposable, we
must have that m = d is a prime and P; is linear. The polynomial P o P o0
Po 7" is centered and we write

(2) PoP” 'o---0P°
where /¢ is largest possible. We claim that ¢ = d. Suppose £ > d and we arrive at a

contradiction. Since d is a prime, £ is a power of d and hence d? | £. Identity
implies:

—(a—1)

=PyoX*

—(a—2) —a—1 2
oPf " =Pyo XY o x4,

PoP’ 'o0...0P°
This implies:
(3) pe

for some linear polynomial P;3. Since P is centered, implies that P; is a scaling
and hence P(X) = AX? for some constant A\, which is a contradiction. Therefore,
we must have ¢ = d. Identity implies:
—a c+1
P’ oAy =C-(AgoQ" )
where ¢ is a d-th root of unity. After replacing Ag by (Ag, we have that A is
unchanged (since @ > 0) and P7 "0 Ag = Ag o Q°""". By similar arguments, we

—(a—2)

oPf " = PyoX?

can also arrange for the identity P, By = Bf o Q"d+1. Property (vii) follows
from (iv) and repeated applications of (vi). Finally we have either (a,c) or (b,d) is
(0, —1) since otherwise ) would be a common initial factor of A and B. O

Lemma 2.2.24. Let P and C be as in Lemma[2.2.23 Let Q, A, B, ... satisfy the
conclusion of Lemma [2.2.23. If Ay and By are linear then C is a skew-invariant
curve for (P, P7).
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Proof. From Lemma [2.2.23] we have:
AZASGOQUG+CO-~-Q, BZngOQUHdO“-Q,
and without loss of generality, assume a = 0 and ¢ = —1. Then A = Ay is linear.
After replacing (B, Q, Bo) by (Bo A™1, A 0 Qo A~!, Byo (A~1)?"""), we may
assume that A = Ag = X. Then property (vi) gives that P = @ and P " 0By =
B§ o Q" = B§ o Po""" Therefore:
b+d

o (B =By "o Py o ((B71) )

b4+d+1

P =B op°

Put o = Bgid oP, B = (Bofl)‘fd, and n = b+ d, then we have P = B o qa,

o,n+1 n

PT =« o 87 . and the curve C is given by the equation:
y=Bx)=B§ oQ" "o Qz)=a" o P” " 0. 0 P(x)
fitting the definition of a skew-twist curve. O

Proof of Proposition when P is not swappable of type C. Let P be an inde-
composable non-exceptional polynomial and let C be a skew-invariant curve for
(P,P7). Let Q, A, B, ... be the data as in the conclusion of Lemma [2.2.23

Case 1: P is unswappable. From P? "o 4y = A o Q"CJr1 and the fact that
Ag does not have P° " as a terminal compositional factor, we conclude that Ag is
linear. Similarly, By is linear and C is a skew-twist curve thanks to Lemma [2:2.24]

Case 2: P is swappable and not of type C. If both Ag and By are linear then we
are done thanks to Lemma It remains to consider the following 2 cases.

Case 2.1: Ay is linear and N := deg(Bj) > 2. From properties (v) and (vi)
in Lemma [2.2.23| and [8, Corollary 5.24], there exist linear polynomials L; and Lo
such that: »

P =L5o X*UX)N oLt
Bo=ILyo XYoLt
Q""" =L{ o XFU(XM) o LT,

where U(X) is a non-constant polynomial such that U(0) # 0 and k& € N with
ged(k, N) = 1.

Put n = 771¢%% and p = 0°~¢ then the above identities yield:

P " = L1 o X*U(X)N o (L)' and
Q7" = Li7 o XPUM(XN) o (1)

Combining this with the identity P° "o Ay = Af o QUC+1 and the assumption that
deg(Ap) = 1, we have:

(4) L? o X*UN(X)N o L7 = XFUH(XY)

where L = Ag' o (L)~ o LY. Since P is not type C, identity (@) yields that L is a
scaling thanks to [8, Theorem 3.15]. This implies:

(5) Uy = (XN

for some ¢ € K*. Tt follows immediately that U(X) must be a monomial: otherwise
suppose X" and X° with r > s are the highest degree terms with a non-zero
coefficients in U, then the two such terms in U(X®) are X" and X¥¢ while the

ones for U"”_l(X)N are XN and X"W-D+s | contradicting (§). But when U is
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a monomial, we have a contradiction to the assumption that U(0) # 0. Therefore
the case deg(A4g) = 1 and deg(By) > 2 cannot happen. It remains to treat the
following case.

Case 2.2: M :=deg(Ap) > 2 and N := deg(By) > 2. We proceed as in the above
case. By [8, Corollary 5.24], there exist linear polynomials ¢y, ¢2, L1, Lo such that:

Po =050 XFV(X) Moyt P = L5 o X*U(X)N o Ly Y,
(6) Ag=rlyo XMoot By=LyoXNoLit,
Q" = o XM V(XMyout, Q7 = LT o XPU(XN) 0 LT,

where U(X),V(X) are non-constant polynomials such that U(0)V(0) # 0 and

k, k" € N with gcd(k’, M) = ged(k, N) = 1. As before, put n = 77 'o*~% and

= 0" we then have:

P7 =15 o XFV(X)M o4y, PT" = LI o XU (X)N o (LD) 7Y,
Q" = o XMV (XMyort, Q7 = LM o XFUM(XN) o (L)L
This implies:
XFV(XOM = (6517 0 L1 o XFUN(X)N o (L1) ' 0 4y,
XFV(XM) = (6717 0 L4 o XFUM(XNY o (LH) 1o ty.
The first identity together with the assumption that P is not type C imply that
5 Lo L] is a scaling thanks to [8, Theorem 3.15]. The second identity together
with the fact that X*' V(X™) and X*U"(XN) are centered imply that /7! o L* is
a scaling. Thanks to these extra properties, yields the following:
o k=1Fk.
e in-deg(V) = in-deg(U).
o M-in-deg(V) = in-deg(X* V(XM)) = in-deg(X*U*(XN)) = N-in-deg(U).
Therefore M = N.
The middle pair of equations in @ gives:

B =LhoXNo (L) olyolyt =LzoXN ot

(7)

for some linear Ly since (L})~! o/, is a scaling. This implies that X~ o ;' is a
common initial compositional factor of Ay and BY. After applying o~ (et we have
that Agf(HU and B§ ~“*Y have a nontrivial common initial compositional factor,
contradicting property (vii) in Lemma Therefore the case when deg(Ag) > 2
and deg(By) > 2 cannot happen either. O

Remark 2.2.25. To finish the proof of Proposition it remains to consider
the case when P is type C. We express P = Ro Cyo N where R and N are
linear and q = deg(P) is an odd prime. Since skew-invariant curves for one pair
of polynomials are transformed into skew-invariant curves for o-linear conjugates
of those polynomials, after replacing P by an appropriate o-linear conjugate, we
may assume that R = id. Hence P = Cqo N with N # *id. As in the above
proof, we let Q, A, B, ... be the data in the conclusion of Lemma then [8,
Corollary 5.14] implies that there exist linear polynomials Ly and Lo such that:

P = Lo X*U(X) 0 Ly,
By =LyoX°oL,
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Qod+1 _ Ltlj oXkU(Xé) OL;17
where 6 = deg(By), U(X) is a non-constant polynomial such that U(0) # 0 and
k € N with ged(k,d) = 1. Now since P is Cy o N, we have that 6 < 2. Hence
deg(By) < 2. Similarly deg(Ay) < 2.

Lemma 2.2.26. Let d > 3 be an odd integer. Suppose L1(x), La(x), and U(z) are
polynomials in K[x] such that deg(L1) = deg(L2) =1, U(0) # 0, and

LioCqgo Ly =xU(x)%
Then one of the following cases holds:

(i) Li(z) = a(x +2) and La(z) = bz — 2 for some a,b € K*.
(ii) Li(x) = a(z —2) and La(x) = bz + 2 for some a,b € K*.

Proof. Since 0 is a critical value of U (x)? while £2 are the only critical values of
Cy(z), we have that L;(2) =0 or L1(—2) = 0.

First, we consider the case L1(—2) = 0. From L;(Cy4(L2(0))) =0 and L;(—-2) =
0, we have Cy4(L2(0)) = —2. Henc Ly(0) is either —2 or one of the remaining
(d —1)/2 critical points lying above —2. But 0 is not a critical point of zU(z)?, we
must have Ly(0) = —2. This yields case (i). The case Lq(2) = 0 is similar and we
finish the proof. (I

Lemma 2.2.27. Let d > 3 be an odd integer and let Py(x) = x%. Suppose that
N, L, and Q are polynomials in K[xz| such that deg(N) = deg(L) = 1, L is a
translation, and:
(8) NoCygoLoPy=L°0P0Q.
Then one of the following cases holds:
(i) L(z) = 2 — 2, N(z) = Mz +2) — 2, and Q(z) = £V ACy(x) for some
A€ K"
(i) L(z) = x + 2, N(z) = Mz —2) + 2, and Q(z) = £V \Cy(z) for some
Ae K.

Proof. Write L(z) = x + ¢. By Ritt’s theorem, there exist linear polynomials
«, B,7,6 and polynomial U(x) in K|z] such that:

(9) aoNoCyopt =aU(x)?,
(10) BoLoPyory=a?
(11) aoLl’oPyod ! =22
(12) §0QoPyoy=axU(z?)
By Lemma [2.2.26] for (9), we have two cases. The first case is that:
(13) aoN =a(z +2)and ! = bx — 2 for some a,b € K*.
Since Py(x) = 22 and L(z) = z + ¢, from , we have:
(14) v(z) = cx, BOLZC%:E, Bzé(m—@) for some ¢ € K*.
From and , we have:
x+2 1

5 0—2(9:—6).
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This gives b = ¢? and £ = —2. We now have L(z) = x — 2 and the given
becomes:
N(Cy(2? - 2)) = Q(x)* — 2.
Combining this with the identity Cy(2? £ 2) = Cy4(z)? £ 2 and expressing N(x) =
Az + e, we have:
ACqy(7)? =2\ + e = Q(z)* — 2.
This implies ACy(2)? = Q(z)? and —2\ + e = —2. This yields case (i).
The remaining case when applying Lemma for @ is that:
(15) aoN =a(z — 2)and B! = bz + 2 for some a,b € K*.
This can be settled by similar arguments. O

Proof of Proposition 2.22. We apply the reduction and observation in Remark[2.2.25}
P = (C; o N where ¢q is an odd prime and N # =£id is linear, let Q, A, B,... be
the data in the conclusion of Lemma and we have deg(Ap),deg(By) < 2.
We prove by contradiction that the case (deg(Ap),deg(By)) # (1, 1) cannot happen
then Lemma [2:2:24] finishes the proof.

Case 1: deg(Ag) = deg(By) = 2. With Py(z) = 2%, we can express Ay =
LoPy,oM and By = Ly o Pyo My where L, L1, M, M are linear and L and L, are
translations. Then property (vi) in Lemma together with P = Cj o N yield:

(16) NgiaGCoLoPQ:LUOPZO(MUOQ”CHoMﬁl),
(17) NTU_bOCqOLloPQ :L‘fOPQO(MfOQ”d+1 o M ).
We apply Lemma to the above pair of equations.
Case 1.1: both data (N “, L, M°0Q° " o M~1) and (N7 ", L;, M7 0Q°""" o
MY satisfy the conclusion in case (i) of Lemma or both data satisfy the

conclusion in case (ii). This gives L = Ly = a2 —2 or L = Ly = x + 2 and there
exist a, a; € K* such that:

M@ oM =aC, and M7 0 Q""" o My = a,C,.
This implies:

Q‘Tc+1 = (M 1Yo (a)o CqoM and di+1 = (Mfl)o o (ag-) o Cyo M.
Together with the fact that if £; o Cy o f3 = C,; for some linear polynomials ¢; and
{5 then ¢; = {5 = +x, we have:

M

—(e+1) —(d+1)

=+M7
We now have:
Agi( =LoPyoM° =LioPyo MY

This contradicts property (vii) in Lemma [2.2.23]

Case 1.2: between the data (N° *, L, M°0Q° " oM~1) and (N7° ", Ly, Mo
Q""" o M), one satisfies (i) while the other one satisfies (i) in Lemma [2.2.27
Without loss of generality, assume the first data satisfies (i) and the second satisfies

(ii). Hence there exist «, 5 € K* such that:
N =ar+2a—2and N° = Bx — 28 + 2.

This gives 8 = o™ " and —28+2 = 227" —2 = 28 — 2. Hence 8 = 1 and
N(x) = z, contradicting the condition that N # +id.

ct1) —(c+1) —(d+1) —(d+1)
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Case 2: without loss of generality, the remaining case is that deg(Ap) = 2 and
deg(By) = 1. From property (vi) in Lemma [2.2.23] we have:
Q" =(B;) oP "oBy=(B;)? o N ' oC,o0By.
Applying ¢°% to both sides gives:

c+1

(18) Q7 =By

As in the earlier Case 1, we express Ag = Lo P o M where M is linear and L is
a translation. Then we get

(19) N7 “0CyoLoPy=L°0Pyo(M0Q% oM™,

from property (vi) in Lemma [2.2.23| as before. Applying Lemma [2.2.27| to (19),
there exists o € K* such that:

c—d+1

c—d—b c—d
oN"? oCyo0Bj .

1

(20) M7oQ" " oM™ =aC,.

Together with 7 we have:

(21) (MOBofl)"ON”’kdfb 0Cyo0Byo M~ =aC,.

This implies By o M~! = 4a, then (M o By ')? = 42, and hence
c—d—b

(22) NT° = tax.

Applying Lemma to again, there is § € K* such that N° * = fz+25—2
or N ° = Bz — 23 + 2. But in either case, implies that 8 = 1 and hence
N(z) = z contradicting the condition N # +id. (]

2.3. Partial group actions. We introduce partial actions and rewriting systems
to view the result of sequences of these partial operations on % as partial group
actions. From the intended actions of these generators of the groups to get a (usual)
group action, we would have to show that the relations given by a presentation
of the relevant group are respected. However, this is not the case here. To get
these desired partial group actions, asymmetric term-rewriting systems replace the
relations in a presentation.

All of the following definitions are standard, with the exception of the very simple
and natural notion of actionability. A standard reference for rewriting systems is [3]
and for partial group actions is [5]. However, we use somewhat different notation
from these other authors.

Definition 2.3.1. For a set X, let Mx be the monoid of partial injective functions
on X. That is, elements of Mx are injections m : Y — X for some Y C X, and
the operation is composition, with maximal possible domain.

For a set T, let T* be the free monoid generated by T', also known as the set of
words on T'. For a function o : T'— Mx, let o* : T* — Mx be the induced monoid
homomorphism.

For a monoid G and a set X, a partial action of G on X is a function 5 : G — Mx
such that for any a,b € G,

B(b) o B(a) € Blba).
Here, the subset relation is in the sense of the graphs of functions. In more func-
tional notation, m; C ms means that m; is the restriction of my to a possibly
smaller set. When S is clear, we write gxz instead of 8(g)(z) for g € G and x € X.
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The purpose of a rewriting system R is that whenever (u,v) € R, we are allowed
to replace a substring u in some big string aub by the string v to get avb. This is
the asymmetric analogue of the relations in a group presentation.

Definition 2.3.2. (See [3| Definition 2.1.1 and 2.1.%) A string rewriting system on
T is a subset R of T* x T*. The reduction relation
transitive closure of the relation

{(aub,avb) € T* x T* : a,b € T* and (u,v) € R}.

induced by R is the reflexive,

The equivalence relation generated by ﬁ is denoted by R. It is the monoid
congruence generated by R. The quotient monoid and the quotient map are denoted
by Ggr and 7 : T* — GRg, respectively.

The string rewriting system R is confluent if whenever (v,w) € R, there is
another word u with both (v,u) € R and (w,u) € R. That is, whenever two words
are R-equivalent, they are R-reducible to the same word.

A word w € T* is R-reduced if it is not R-equivalent to any shorter word.

Definition 2.3.3. Fix sets X and T, a function « : T — My, and a confluent
rewriting system R on T. The pair (o, R) is actionable if a*(u) C a*(v) for all
u,v € T* with (u,v) € R.

The next proposition demonstrates that the technical notion of “actionable”
from Definitions [2:3.3] exactly corresponds to the idea that an action defined on
generators is really “actionable” in that it may be made into a partial action.

Proposition 2.3.4. Fix sets X and T, a function o : T — Mx, and a confluent
rewriting system R on T. If the pair (o, R) is actionable, then

a(g) == U{a"(w) :w € T* and mr(w) = g}

defines a partial action x of Gg on X.
In functional notation, this union means that for g € G and xz,y € X,

gxx =y if and only if ™ (w)(z) =y for some w € T* with tr(w) =g .

Proof. It is clear that whenever (R, «) is actionable, so is (ﬁ, Q).

We first show that the union @(g) of functions is itself a function. Suppose that
gxx = y and gxx = 3; that is, there are words w, w’ € T* with rgr(w) = 7r(w’) = ¢
and o*(w)(z) = y and o*(w')(z) = y'. Since mr(w) = 7r(w’) = g, we must have
(w,w’) € R. Since R is confluent, there is a word u € T* with both (w,u) and
(w',u) in R. Since (ﬁ, «) is actionable, (w,u) € R and a*(w)(x) = y implies that
a*(u)(x) = y. The same reasoning with w’ and y’ shows that o*(u)(xz) = y'. So
y =1 as wanted.

We now show that & satisfies the definition of partial action. Fix a,b € Gg
and x,y,z € X, and suppose that a xx = y and b xy = 2. Then there are words
u,v € T* with mr(u) = a and wr(v) = b and a*(u)(z) = y and a*(v)(y) = z. Let
w = vu be the concatenation of the two words. Then mr(w) = mr(vu) = ba and
a*(w)(x) = z. So (ba) xx = z. O

The generators we are interested in are ¢ and its inverse; the €, for prime p, and
their inverses; and the t; for i = 1,2,... k.

Definition 2.3.5. For k£ > 3, here are the four groups we are interested in and
their rewriting systems.
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e Sym,, is generated by Tsym, := {t1,t2,...tr—1} and defined by the rewriting
system

RSymk = {(tzt“ ld)} U {(titj,tjti) : _] 7& 1+ ].} U {(titjti,tjtitj) : j =i+t 1} .

e ASym,, is generated by Tasym, := {t1,t2,...tx—1,tx} and defined by the
rewriting system

Rasym, = {(tits,id)} U{(tit;, t;t;) : j #i+£1 (mod k)}
U{(ﬁitjti,tjtitj) j=1=x1 (mod k‘)}
where addition of indices is modulo k, so including (txt1tx, t1txt1) and ex-
cluding (t1tx, trt1).

e ST}, is generated by Tst, := Tasym, U{¢, ¢~} and defined by the rewriting
system

RSTk = RASymk U {(¢¢_1a ld)v (¢_1¢7 ld), (ldv ¢_1¢)7 (lda ¢¢_1)}U

U{(¢ti, tit10) : 1 <t <k} U{(tiy10,0ti) : 1 <0 <k},
where addition of indices is again modulo k.
e ST} is generated by TST: = Tgr, U{ep, e;l : prime p} and defined by the
rewriting system

Rgp+ := Rsm, U {(epw,wep), (wep, €w) @ p prime ,w € TST:}

U{(epeljl,id), (eglep,id) : p prime } .
That is, €, commutes with everything and €, ! is its inverse.

When k = 2, we drop the braid relation t1tot; = tatita. So, ASym, is the infinite
dihedral group. We do not define these groups when k = 1.

Remark 2.3.6. Interpreting ¢; as the transposition switching ¢ and ¢ + 1 in the set
{1,2,...,k} identifies Sym,, with the usual symmetric group. For k > 3, the next
group ASym;, is well-known under many names including “affine symmetric group.”
It has several copies of Sym,, inside it, generated by Tj := {t; : i # j,1 < i < k}
for any fixed j < k. Even when k = 2, the group ASym, admits a surjective
homomorphism to Sym,, sending ¢; to the transposition switching ¢ and i+1 for i # k
and sending ¢y to the one switching 1 and k. This homomorphism restricts to an
isomorphism on each copy of Sym,, inside ASym;,,. The kernel of this homomorphism
is a copy of Z. In particular, ASym, is infinite. It is clear from the rewriting system
that ST}, is the semidirect product of ASym, ST and the infinite cyclic group
generated by ¢. It can be useful to think of STj; and ASym, as subgroups of
permutations of Z, where t; is the permutation that switches i + rk with i + 1+ rk
for all r € Z and ¢ is the shift by 1. We write 7 : ASym,, — Sym(Z) for this group
homomorphism.

Remark 2.3.7. The generating sets of Definition form a chain, and the groups
are a chain of groups Sym; < ASym,; < ST\ < ST;‘. We have presented STy
as a semidirect product of Z = (¢) with ASym,. The action of conjugation by
¢ on ASym,, is given by the automorphism n : ASym; — ASym,; induced by
t; — t;+1. Likewise, we have presented ST; as a product of STy with EBin 7 =
(¢p : paprime). Thus, any element of STﬁ may be written in the form
Hp €™ ¢"w where m, € Z, all but finitely many of which are zero, n € Z, and
w € ASym,.
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The first two groups, Sym;, and ASym,, are Coxeter groups (see [4]) with their
usual Coxeter rewriting systems. The first part of each, relations of the form
(t;t;,id), shorten the word they act on and are asymmetric; while the rest are
symmetric and do not change the length of the word they act on. Matsumoto’s
Theorem applies to Sym,, and ASym,,, with Rc.x consisting of the second and third
sets of rewriting rules, that is, not including the pairs (¢;t;,id), and Reox+ being
the whole rewriting system.

Fact 2.3.8 (Matsumoto’s Theorem [7]). Any two Reppt-equivalent, Reoqr-reduced
words are also R oz-equivalent; and every word is R oy -reducible to an Riopy-
reduced one. Since R,y is symmetric, any two Rcoz-equivalent words are R oq-
reducible to each other. In particular, it follows that R.oqp4 is confluent.

Recall that a word w € T* is R-reduced if it is not R-equivalent to any shorter
word. The next corollary follows easily from the hard result, Theorem below,
analogous to [8, Theorem 2.52] | that the braid relations (¢;t;11t;,t;+1t;t;+1) hold
for Ritt swaps.

Corollary 2.3.9. FEach of the four confluent rewriting systems of Definition |2.3.
together with the actions of its gemerators defined in Definitions [2.2.11
and 1s actionable, and the partial group action & s also given by

gxx =y if and only if o™ (w)(x) =y for every reduced w € T™ with nr(w) = g.

Proof. For k > 3, confluence of the first two rewriting systems Rsyn, and Rasym,
is a special case of Matsumoto’s Theorem. Confluence in the case of k = 2 is trivial.
By Remark confluence of Rgr, and of RST; follows.

For k < 3, braid relations are irrelevant. For k£ > 3, Theorem verifies the
braid relations that

tix (tipr * (8 % [f])) = tivr * (8 % (ti1 % [f]))
for any ¢ = 1,2,...k and any long decomposition f. That is, they are equal when
defined, and one is defined if and only if the other is. All other instances of the
definition of “actionable” are immediate.
We can replace “some w € T* with mr(w) = ¢” in the functional version of
Proposition with “any reduced w € T* with mg(w) = ¢g” because the conclu-
sion of Matsumoto’s theorem is this strong version of confluence. (Il

Remark 2.3.10. In [§] we worked with the language of monoid actions rather than
partial group actions and the space on which those monoids acted was the set
of equivalence classes up to skew-linear equivalence of decompositions of length
k. The actions of Sym;, STy, and STz given here correspond to the actions of
the Ritt Monoid RMy, the skew-twist monoid ST}, and the augmented skew-twist
monoid STz there. Our ST}, is generated as a monoid by t1, ..., tx_1, ¢, and ¢~*
because t = ¢t1¢~ L. The subgroup of ST}, generated by t1,%s,...tx_o along with
WY = ti_1¢ and v := ¢ 't;_, would be the analogue of the border guard monoid
BGy, from [8]; but the new intermediate group ASym;, turns out to be much more
convenient,.

The two canonical forms for words in Sym,, from [§] fit nicely with Matsumoto’s
theorem. We shall use them here, not only with the standard copy of Sym, in
ASym,,, but also with the other copies of Remark [2.3.6] The following are intuitive
explanations of analogues of [8, Definitions 5.6, 5.8, and 5.14].
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Definition 2.3.11. For b+ k > a > b, the word t,_1t,_o ...t in Tgymk is called a
right-to-left transit. In the action of Sym, on long decompositions, this drags the
factor f; left from its original position at b to its new position at a, across all the
intermediate factors. A left-to-right transit is defined symmetrically. A transit is
one of the two.

Remark 2.3.12. A sequence of Ritt swaps in the right-to-left first canonical form
is a sequence of right-to-left transits whose action resembles an insert-sort: having
arranged the factors fr through f;1; in the correct order, this sequence inserts
the next factor f; in the required place among fj through f;11; and then proceeds
to deal with f;_1, and so on, until all factors are arranged as wanted. We define
left-to-right first canonical form analogously.

Sometimes, there is a natural way to break a long decomposition into chunks.
Rooms of Section and clusters in the technical Section (4| are two examples.
Words in second canonical form (with respect to such a chunkification) first shuffle
factors within each chunk as much as necessary and only then move factors between
chunks. This is closely related, but not identical, to a merge-sort.

Given integers co + k = ¢, > ¢—1 > ... > ¢1 > ¢p, a word Tgymk is in second
canonical form with respect to ¢ if it is of the form vw,w,_1 ...w; where

e cach w; is a word in first canonical form, using only ¢; with c;11 > 7 > ¢;;
and

e v is a word in first canonical form that does not change the order of factors
originating within the same chunk.

We restate the key Propositions 5.11 and 5.15 from [§] in the language of rewrit-
ing systems and observe that they are immediate consequences of Matsumoto’s
theorem

Proposition 2.3.13. Fvery word in TS*ymk is Rgym, -reducible to a word in first
canonical form. For every ¢, every word in TS*ymk is Rsym, -reducible to a word in
second canonical form with respect to ¢.

Proof. This proof is really a template that can likely work for other canonical forms.

As should be clear, and is proven in detail in [8, Propositions 5.11 and 5.15], every
permutation in Sym, is represented by a word in Tékymk. in each of our canonical
forms. It is clear that words in these canonical forms are reduced: to write a
permutation ¢ as a product of adjacent transpositions requires at least one such
transposition for each pair a < b with o(b) < o(a), and these canonical forms use
exactly this many generators. So, for each word w in Ts*ymkv there is a reduced
word v in this canonical form, representing the same permutation as w. That is, v
and w are Rgym, -equivalent, and v is Rgym, -reduced; so by Matsumoto’s theorem,
w is Rgym, -reducible to v. [l

Remark 2.3.14. Words in first or second canonical form are themselves reduced
since we have shown that every word is not only equivalent to, but reducible to
such a word.

The following refined version of the second canonical form, needed very soon,
showcases how long decompositions make it easy to talk about a period that is
not (fx, fe—1,---f1). Instead, we focus on the behavior of w* on the substring
(fk+7;, Fraizoty ey o1y foy oo fi+1> separated into two chunks (fk—&-h frovizty- o, fk-i-l)
and (fk, ... fiy1)-
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Lemma 2.3.15. Fiz some i with 0 < ¢ < k. Suppose w f is defined for some long
decomposition f and some word w in {t; : j #i}. Then there are words uz, uE,
v, uy, and up so that

° uZuEvuZug*f =wx* f,
ul and uj are words in {t; : 1<j<i},
u}, and uy, are words in {t; : i < j <k},
for somem < min{i, k—i}, vx has the effect of swapping the block (fi, ..., fk—m+1)
with (frtms .-, fx+1)- In terms of our generators, v takes the form v =
Vkg1—m - Uk Where where v; = tyqj_1---1;.

Proof. Indeed, using the second canonical form of [8, Proposition 5.15], we may
find words u} , up, and W so that

wupugp * f=wx* f,

uy isawordin {¢t; : 1<j<i},

up is a word in {t; : i < j <k}, and

W is composed of nonoverlapping right-to-left transits across k: there are
numbers kK +¢ —1 >l > b1 > --- > {; > i so that we may write
W = ;W with w; = tgty, 1---t; if £; > j and w; is empty and
¢; = j — 1 otherwise.

We now further decompose w. Let n:=min{j : k> j>i & ;41 > k}.

If no such n exists, then w is the empty word, so that we may take ujg, uz, and
v to all be the empty word.

Otherwise, let u}% ‘= Wy, - - - W;. From the construction, uE isawordin {t; : i<
j <k} If n==k, then v = u;g and we finish by taking v and uzr to be the empty
word. So, we may assume that n < k. Let m := k — n. Consider the expanded
product

Wy - W = (t€n+1 .. 'tn+1) e (tb%l .. 'tk—l)(tek .. 'tk)
= (tenﬂ"'tk+1tk"'tn+1)"'
(tew_y - thrmth—14m - th—1)(te, - thtmt1thsm - - k)

The blocks tg—14+m - -tk—1 and tg, - tkym+1 commute. Hence, the word w is
equivalent to

(t£n+1 s tpanty e 'tn+1) R (tek,Q otk 1ambk_o4m - 'tk72)[tek,1 -
torm)[te, - Uomt | [Eorm—1 - T [tigm - - ]
Continuing in this way, if we set
up =t tenlfte s o trre] - [t el
then we obtain the requisite decomposition. ([

The following strong version of the braid relations will be useful in analyzing
wandering quadratics (see for example, the proof of Lemma [4.6.9)).

Lemma 2.3.16. Fiz b > a > b — k. Suppose thal s =t q) s a transit from b to
a, and w is a word in t; for b > 1 > a, and W is obtained from w by replacing every
t; by t;_1. Then sw = ws.

Proof. Apply the left-to-right first canonical form to maybe (sw)~! (see Remark[2.3.12)).
O
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An identity of the form w * | f] = [g] with w € ST} and long decompositions f
and g of f and g, respectively, encodes an (f, g)-skew-invariant curve [8, Definition
6.3]. Moreover, every such (f, g)-skew-invariant curve is encoded by such an iden-
tity [8, Proposition 6.19]. Let us explain how this relates our new formalism from

Remark 2.2.13]

Remark 2.3.17. When k # 2, Remark permits a more elegant characteriza-
tion of an encoded curve.

If fis a k-long decomposition and w = wy,---wyp € STZ‘ where each w; is
a generator not equal to ty, then a witnessing sequence for w * [f] consists of a

sequence (fo, ey f”) of k-long decompositions and a sequence (Ll, e ,L”) of k-
skew periodic sequences of linear polynomials so that
o f=/°

o if wj #ty, then w; e (pe LI)~ 1 fi=1[J = fi and A
o ifwj=¢orw; = ¢!, then every component of L7 is the polynomial z.
We say that A is a correspondence encoded by this witnessing sequence if A is
a composition of curves B, o - -- o B; where for each j

o if w; =t;, then Bj; is the curve defined by L{(xg) =11,

e if w; = ¢,, then B; is the curve defined by o = (L))~ (x1)?,
o if w; = €,', then B; is the curve defined by z; = (L2) = (z2)P,
o if w; = ¢, then B, is the curve defined by x5 = ff(ﬂﬁl)7 and

e if w; = ¢!, then Bj is the curve defined by x1 = f“(xg).

Remark 2.3.18. (See [8, Lemma 2.61(3)]) The correspondence A encoded by an
identity of the form w % [f] = [g] is well-defined up to pre- and post-composition
with linear functions corresponding to the choices of representative of the classes
[f] and of [g]. Even though A is defined in terms of sequences of generators, it is,
in fact, well-defined for elements of the group. The verification of this fact depends
on knowing that Ritt swaps satisfy the braid relations and will be proven with

Theorem 5.4

Remark 2.3.19. (See [8, Proposition 6.19]) For any pair of non-exceptional polyno-
mials f and g, for any (f,g)-skew-invariant curve 4 and all long decompositions
f and g of f and g, respectively, there is a word w € ST',: so that A is an irre-
ducible component of a curve encoded by the identity w x [f] = [§]. Recall from
Remark that we may assume that w has the form Hp p " ¢"u where m, € Z
and all but finitely many are zero, n € Z, and v € ASym,,.

If A is a skew-twist, then w may be taken to be ¢Nu for some N € Z and
u € Sym;. Conversely, any curve so encoded is a skew-twist. Indeed, any curve
encoded by voNu * f: g with v,u € Sym; and N € Z is a skew-twist because

v~ % 7 is another long decomposition of g and u % f is another long decomposition

of f.

2.4. Walls. Let us recall that we wish to characterize (f, f™)-skew-invariant curves
where f is a non-exceptional polynomial and 7 is another field automorphism which
commutes with 0. We know by Remark that any such curve will be a
component of a curve encoded by an identity of the form w x [f] = [f7], where we
have written f for a long decomposition of the polynomial f.
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Before we take on some of the combinatorial complexity of the theory of decom-
positions, let us pause to work out a simple case of Theorem [1.1.1| where one of the
t;’s cannot act.

Definition 2.4.1. For f a k-long decomposition and an integer ¢ we say that f
has a wall at 7 if

e for all words w € ASym,, the action ¢;w x f is not defined and
e for every prime number p neither €, x f nor €, L% f is defined.

The easiest way to have a wall in a decomposition is to have an unswappable
factor in the sense of Definition [2.2.8

Lemma 2.4.2. If f is k-long decomposition , i € Z, and f; is unswappable, then
f has walls at i — 1 and at 1.

Proof. Let us check that for no w € STy is t;w* f defined. We do this by showing by
induction on the length of a word in the generators representing w that, if defined,
w * f has an unswappable factor at 7. This is trivial for the empty word. By
induction, it suffices to consider the case that w = t; for some j. If j =4 or¢—1
(mod k), then t; x f is not defined because f; is unswappable. Otherwise, the i‘"
factor of ¢; x f is f;. From this we see that neither ¢;w  f nor t,_jw « f is defined.

For the second part of the definition of a wall, observe that whenever ef * [ is
defined, then every factor of f must be swappable (see Definition , which is
not the case for f;. O

Remark 2.4.3. In Subsection [ we will work with other classes of k-long decompo-
sitions with walls.

Definition 2.4.4. A wall set for a k-long decomposition f is a translate W of MZ
for an integer M dividing k such that f has a wall at i for all i € W.

A room of (W, f) consists of the M factors of f between consecutive elements
of W. For example, if k = 16 and M = 4 and W = 3 + 4Z, one room of (W, f) is
(f7, fo, [5, f4).

Two rooms are different if they are different modulo k. There are ﬁ different
rooms. Continuing the above example, (fa3, foo, fo1, f20) is not a different room

from (f7, fs, f5, f1), but (faz, fa6, fos, foa) is.

Proposition 2.4.5. If W is a wall set for a k-long decomposition f with R rooms
and w € ASym, with w f defined, then w may be represented as wg - - - waw
where each w; acts on factors in a different i room of (W, f). Moreover, W is
still a wall set for wx f.

Proof. If W is a wall set for f and the Ritt swap t; x f is defined, the two factors
swapped are in the same room.

If two Ritt swaps ¢; and t; act on factors in different rooms, the indices ¢ and j
cannot be adjacent modulo k, so the Ritt swaps commute.

To complete the proof, present w as a product of ¢;’s, use commutation to collect
all of the t;’s with ¢ in the j*® room in order to form wj.

That W is a wall set for w x f follows from the definition of a wall. (]

Recall from Remark that conjugation by ¢ induces the automorphism 7 of
ASym, given by t; — t;11.

If ig + MZ is a wall set of f and w; acts on the ith room of f, then /™ (w;) acts
on the (i + j)* room.
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Proposition 2.4.6. Suppose that P is a polynomial admzttmg the decomposition
P = P, o---0 Py with associated long decomposition P and that P has a wall at i.
Then any (P7 P7)-skew-invariant curve is a skew-twist.

Proof. From Remark |2 and the fact that no ' « P is defined, every (P PT7)-

skew-invariant curve is encoded by an identity of the form ¢Nw * P = P with
w € ASym; and N € Z. In fact, because we P has a wall at 1, w may be expressed
as a reduced word in {t; : j# i (mod k)}.

If © = k, then curve encoded by this identity is already a skew-twist and we are
done. So, from now on, we take 1 <1i < k.

We break into two cases depending on whether £ divides N or not.

Case N is not divisible by k: Write N = N'k+ L with 0 < L < k. Let
M :=ged(k, L), let R := M, and set u := 70 —N'_ We work instead with the identity
oL w* P = P*. From the hypothesis that we have a wall at 4, it follows that i+ MZ
is a wall set for P. Without loss of generality, 0 < ¢ < M. By Proposition we
may express w as a product wg - - - w; where each wy acts on the s room. Setting
r = nY(wg), we have ¢pLwg - --w; *xP = WrOFwr_1 - wy x P = PH, Taking u
to be the reverse word of wg, we have ¢pXwp_q - - - wy * P = uP* where now U, Wi,
, wr—1 are all words omitting ¢;. Such an equation encodes a skew-twist curve,

as required.

Case N is divisible by k: We will show in this case that w may be expressed
without tx. Write N = kN’. Then we have gka,w * P = P7 from which we

conclude that w P = (;S_kN/]BT = ﬁTU*Nl. Write p = TO'_N/, we would then have
w* P = P~
Let us focus on the behavior of wx on the substring (Pi"_l, co s P Py, Piga, R-).
By Lemma we may find words uz, uE, v, uy, and uz so that
ufu}%vuzug *x P =wx 137
uf and u; are words in {t; : 1<j <i},
u}, and uy are words in {t; : i < j <k},
for some m < min{i,k — i}, vx has the effect of swapping the block
(Pgy- oy Pr—ma1) with (Pk+m, cee Pg+1). In terms of our generators, v
takes the form v = vg41-m, - - - v Where where v; =t ;1 t;.

We will show that v must be trivial so that w may be expressed without tj.

Observe that because t; does not appear in uzuz, the result of applying this
word to P is another long decomposition of P, which we will temporarily call Cj
Unless v is trivial, for the action v x Q to be defined, it is necessary that (possibly
replacing @ by a linearly equivalent long decomposition) either

e the polynomial Qk1m 0 Qktm-10-:0Qk_m+1 is an odd degree Chebyshev
polynomial and for k —m < j < k < s < k+m deg(Q;) and deg(Qs) are
distinct prime numbers or

e the polynomial Qg4 0 -+ 0 Qky1 is a monomial of degree prime to every
monomial appearing amongst the set {Q; : k—m < j <k} or

e the polynomial Q00 Qk_m1 is a monomial of degree prime to every
monomial appearing amongst the set {Q; : k < j < k+m}.
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Each of these possibilities leads to a contradiction. Let now R:=uvx Q

In the first case, the degree of the polynomial Ry o ---o R; is different from that
of the polynomial Qo ---0Q,. However, deg(Qro---0Q;) = deg(Po---0P;) and
because PF = wx P = ufuf x R and u}; being a word in {t; : i < j < k} does
not affect the resulting polynomial obtained by composing the terms from i to k,
deg(Rpo---oR;) =deg(P} o---oP!")=deg(Pyo---0F).

The other two cases are handled similarly noting that the number of instances
of a given monomial appearing in the block from i to k is also invariant. With this,
we end the proof of the proposition in the case that k divides N. Notice that in
this case, the skew-twist is given by a skew-compositional power of P.

O

Corollary 2.4.7. If P is a polynomial having an unswappable compositional factor,
then Theorem holds for P.

Proof. By Lemma [2.:4.2] any decomposition of P has a wall. By Proposition [2.4.0]
any (P, P™)-skew-invariant curve is a skew-twist. O

3. IN AND OUT DEGREES

In this section, we focus on the use of the in-degree and out-degree functions as
a way to study compositional identities. A highlight of this section is the proof of
Theorem for the case when the polynomial P has a clean C-free long decom-
position f.

Definition 3.0.1. A long decomposition f is a clean C-free long decomposition
if all factors f; are monomials or Ritt polynomials, at least one factor is not a
monomial, and all of factors are C-free. (See Definition [2.2.8])

Let us record an easy and useful fact about linear equivalence between clean
C-free long decompositions.

Lemma 3.0.2. Linear equivalence between two clean C-free long decompositions is
always witnessed by scalings.

Proof. Suppose that f is a clean C-free long decomposition and L is a k-skew
periodic sequence of linear polynomials and g is a clean C-free long decomposition
linearly related to f via L. By definition of linear equivalence, we have g; =
L;&l o f; o L; for all i. By [8] Theorem 3.15], this forces L;+1 to be a scaling. O

As in the other cases of Theorem a (P, PT) skew-invariant curve C is
encoded by ux f = f7 for some u € STZ. To show that C is a skew-twist curve, we
show in Lemma that we may take u € STy so that pNw* f = f7 for some
w € ASym,. We will show that the curve C is also encoded by ui¢™us x f = f7
for some w1, uy € Symy,.

The key idea of the proof in this case is to associate certain combinatorial data,
which we call nomodata to f and then to find another long decomposition g of the
same polynomial for which this nomodata is e- periodic for a certain special e.

Definition 3.0.3. Let f be a clean C-free long decomposition, and let w € STy,
be such that w* f = f7 encodes a curve C parametrized by (A(¢), B(t)) for some
polynomials A and B.

Let na, np, and ny be the number of non-monomial factors in A, B, and one
k-period of f, respectively.
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The echo of wx f = f7 is e := ged(ny, (np —na)).

In Section we set up and analyze the nomodata that is used throughout this
section. In Section we find some v € ASym,, for which v * f has e-periodic
nomodata. Then in Section we show that the same can be accomplished with
some u € Sym,;. Then g := u« f is the desired other long decomposition of the
same polynomial, with e-periodic nomodata. The skew-invariant curve C is now
also encoded by ¢Nw’ x g = g7 for some w’ € ASym,. We observe (Lemma
that w’ cannot change the nomodata of g, and it will follow that all it can do is
permute adjacent monomials. The proof ends just like the proof in the “walls”
case, with “puddles” of monomials between non-monomials replacing the “rooms”
between walls.

3.1. Combinatorial data of long decompositions. In this subsection we iden-
tify and analyze the combinatorial data of a clean C-free long decomposition f in
full generality, that is, without assuming that f has anything to do with the Mahler
problem.

With the following definition, we recall the definitions of in-degree and out-degree
from Definition [2.2.10] and then decompose these into their prime components.

Definition 3.1.1. Fix a polynomial v with no initial nor terminal, compositional
nor multiplicative monomial factors. Recall that the in-degree and out-degree of a

Ritt polynomial g(x) = xFu(z*)" are

in-deg(g) := ¢ and out-deg(g) := n.

We decompose the in- and out-degrees into their prime components by the for-
mulae
in-deg(g) = [] p"™eslo?)

pEP

and
out-deg(g) = H pout-dee(g.p)

peEP

where the products are taken over the set P all of the prime numbers.

The condition on u just means that u has a non-zero constant coefficient, is not
a power of another polynomial, and cannot be written as u(xz) = v(zP) for any
polynomial v and any integer p > 2.

Each non-monomial Ritt polynomial has a unique representation of this form,
so in-degree and out-degree are indeed properties of the polynomial itself.

These integers k, £, n are the same for two scaling-related Ritt polynomials. Thus,
by Lemmathe “in-degree of f;” (respectively, “out-degree of f;”) is a property
of the linear-equivalence class of a clean C-free long decomposition f.

Definition 3.1.2. An increasing function « : Z — Z is a non-monomial listing
function for a clean C-free long decomposition f if

e for each j € Z, fu(j) is not a monomial, and

e for each i € Z, if f; is not a monomial, then ¢ is in the range of «.

A nomodata for a clean C-free long decomposition f is a quadruple (a, in, out, pud)

where

e « is a non-monomial listing function for f;

e in:Z x P — Nis defined by in(j,p) := in-deg(fo(jy,p);
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e out : Z x P — N is defined by out(j, p) := out-deg(fu(;),p); and
e pud: Z x P — N is defined by
pud(j,p) == #{i € (a(j — 1),a(j)) : fi =2"}.

Remark 3.1.3. The last part pud of the nomodata of f keeps track of the monomials
fiwith a(j — 1) <i < a(j):

a(i)-1 _
[ dests = ] oo,
i=a(j—1)+1 pEP

We informally say that these monomials are the jth puddle, viewing the long de-
composition f as a sequence of alternating non-monomials and puddles. These
puddles may be empty.

Remark 3.1.4. The components in, out, and pud of a nomodata are two-variable
functions of j, an integer, and p a prime. Sometimes, we will drop p from the
notation regarding them simply as functions of the variable j.

Remark 3.1.5. If (a(j),in(4, p), out(4, p), pud(j, p)) is a nomodata for f, then (a(j+
m),in(j + m,p),out(j + m,p), pud(j + m,p)) is another nomodata for the same f
for any m € Z. Conversely, any two non-monomial listing functions a and g for f
are related by a shift: 8(j) = a(j + m) for some m € Z. The nomodata for f is
determined by the non-monomial listing function.

If there are exactly m non-monomials in one k-period of f (that is, amongst
fis--+y fx), then a(j +m) = a(j) + k for all j; and the three degree functions are
m-periodic.

Remark 3.1.6. If (o, in, out, pud) is a nomodata for h, then (o — N, in, out, pud) is
a nomodata for ¢~ x h.

Remark 3.1.7. If 7 is a field automorphism, then f and f7 have the same nomodata.

Remark 3.1.8. The index j of a non-monomial factor f,; is often the more reliable
counter than the index i of the factor f;. For example, the periodicity of nomodata
is better stated in terms of j.

The key feature of the nomodata is that it completely determines whether ¢; x f
is defined and the nomodata of ¢;  f can be read off from the nomodata of f. The
following trace function keeps track of this.

Definition 3.1.9. Suppose that («,in,out,pud) is a nomodata for a k-long de-
composition f, m is the number of non-monomial factors in one k period of f, and
that ¢; x f is defined. The trace of t; on (f,a), traces, r.q, is the following function
AN ZXP—2Z.

e If i and ¢ + 1 are not in the range of «,

the trace A is the constant function zero.
e If i = a(j) and f; 41 is the monomial zP,

then A(z,p) =1 for 2 = j( mod m), and zero for all other inputs.
e If i+ 1 =a(j) and f; is the monomial z?,

then A\(x,p) = —1 for x = j( mod m), and zero for all other inputs.

If w is a word in ¢; with w* f defined, the trace of w on (f, @) is the recursive sum:

traceys,, f,o = tracey ¢;«f,g +traces, f.q,
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where 8 = a + Zpep trace,, .-
In general, we write wx(f, @) = (g, 8) when g = wxf and 8 = a+3_ p tracey, f,a-
This notation is justified by Lemma [3.1.11] below.

Remark 3.1.10. It is easy to see that the trace of w on (f,«a) is well-defined for
w € ASym,, independent of its representation as a product of generators.

Lemma 3.1.11. Suppose that (a,ing q, outfya,pudf’a) is a nomodata for a k-long
decomposition f; that w € ASym, with wx f defined; that A\ = tracey, s s the
trace of w on (f,«). Then a nomodata for g :== w* f can be computed as follows.
The function

B(j) == a(i) + Y_AGp)
P
identifies the non-monomials of g.

ing (j,p) = inf.o(4,2) — A4, p),
outy 3(j,p) = outs o (j,p) + A(j,p), and
pudg,ﬁ(jvp) = pudf,oz(j,p) + )‘(]ap) - )‘(] - ]-ap) .

Proof. This easy induction on the length of a word representing w is left to the
reader. d

Definition 3.1.12. The admissibility conditions for an m-periodic function A :
Z x P — Z to be a trace of a word acting on a k-long decomposition f with m
non-monomials per k-period and with nomodata («, in, out, pud) are

(1) —out(j,p) < A(j,p) < in(j,p) for all j and p;

(2) pud(j,p) + A(j,p) = A(j — 1,p) = 0 for all j and p;

(3) for each p, if pud(j,p) = 0 for all 7, then A(j,p) = 0 for all j.

The first two admissibility conditions are necessary because the functions iny o —A,
outy +A, and pud; ,(j,p) + A(j,p) — A(j — 1,p) are parts of the nomodata for
w * (f,a), so they must be non-negative. The last is also clearly necessary: if
a monomial zP is not available anywhere in f, actions by ASym, cannot change
the p-parts of in- and out-degrees of non-monomials in f. The main result of this
subsection is Theorem |3.1.18| showing that these admissibility conditions are also
sufficient: given f with nomodata («,in,out, pud) and a function X satisfying the
admissibility conditions, we shall produce a word w with wx f defined and with trace
A. We will build this word out of long-swaps, each of which moves its monomial
through a puddle and then swaps it with a non-monomial.

Definition 3.1.13. If s and i+ 1 are not in the range of «, then t; is a puddle-swap
for (f,a). A long-swap for (f,a) is a word of the form

ta)taG)+1 - - - ticiti for @ < a(j +1); or to)—1ta()—2---ti for i > a(j —1).

The first option above is a left-to-right transit (see Definition [2.3.11]) that brings a
monomial through the puddle to the left of a(j), followed by the Ritt swap of that
monomial with the non-monomial f, ;).

If 2P is a monomial that swaps with the non-monomial when a long-swap w acts,
we call w a p-long-swap.

Remark 3.1.14. (1) The concepts in Definition [3.1.13|only depend on the range
of a.. Thus, they are the same for different nomodata for the same f.
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(2) Puddle-swaps in different puddles commute.

(3) Suppose that w is a word in puddle-swaps for (f,«), and that f has r
puddles per period. Then w ~ w, ...w; where each w; is a word in puddle-
swaps in the jth puddle; and these w; commute with each other.

(4) If w is a word in puddle-swaps for (f, ), then trace,, s is identically zero.
Lemma provides a converse.

Lemma 3.1.15. Suppose that w is a reduced word for which w* f is defined and
tracey, .o is identically zero. Then w is a product of puddleswaps for (f,a).

Proof. Fix a non-monomial f, ;. If suffices to show that ¢, ;) and t(4(j)41) do not
occur in w.

Let w, be the initial segment of w of length x, so w, x (f, «) is an intermediate
decomposition that occurs as w % f is carried out generator by generator. Let I(x)
be the in-degree of the j'" non-monomial of w, * (f, ). If I(x) is constant in z,
we are done. Otherwise, there is some prime p for which the p-part of I changes at
some points. We work out the case that it increases at some point; the other case
is symmetric. Let y and z be such that the p-part of I(x) attains its maximal value
for y < < z but not at y or 2; and let u := wy, ;) be a middle subword of w.

Let us pause and regroup. We now work with (g,8) := wy—1 * (f,«) and the
word u, focusing on the non-monomial factor gg(;) and the monomial zP. Since
the first thing that happens as u % g is evaluated is the p-part of the in-degree of
9a(;) increasing, it follows that w, (the first letter of u) is t,(;)—1 and g4(;)—1 is the
monomial of degree p.

For z := y,y + 1,...,z, let N(z) and M(z) be the positions of the j** non-
monomial and this particular degree-p monomial in u, x f, where u; = w -
Because the p-part of the in-degree of the non-monomial does not change again,
forx =y+1,...,2—1 we always have M (z) > N(z), and there are no degree-p
monomials between these. Because at the end, the p-part of the in-degree of the
non-monomial decreases, we must have a degree-p monomial immediately to the
left of this non-monomial at the end, so M(z —1) = N(z — 1) + 1.

Case 1: If this degree-p monomial does not cross any other non-monomials as uxg
is carried out, then it stays in the (5+1)%* puddle of all intermediate decompositions.
We first rewrite u, keeping the same length, so that it stays at the right edge of that
puddle, except to let through other-degree monomials who cross our non-monomial.
We then rewrite u, decreasing its length by 2, so that this degree-p monomial stays
on the right, rather than on the left, of the non-monomial throughout. The decrease
in length is a contradiction.

Case 2: If this degree-p monomial does cross other non-monomials, it must in
particular cross g, (;j+1). Consider the middle subword v of u which begins with this
degree-p monomial crossing g j+1) right-to-left and ends with it crossing back. This
v is shorter than u, and satisfies the same hypotheses.

O

Lemma 3.1.16. Suppose that X : Z x P — 7Z looks like the trace of one Ritt swap
in the sense that there is exactly one pair (j,p) with A\(j,p) = £1 and A(j',p’) =0
for all other pairs. Suppose that A\ satisfies the admissibility conditions for some
(f,«). Then there is a long-swap v with trace A on (f,a).

Proof. We work out the case that A(j,p) = 1. The other case is handled symmet-
rically.
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By the second admissibility condition, there is a monomial z? in the puddle to
the left of fo(j), say =, = f; with a(j + 1) > i > a(j), and 4 is minimal such.
The transit w = t4(j)+1 - ti—1 is a word in puddle-swaps for (f,a). By the first
admissibility condition, in-deg(fa(;),p) > A(j,p) = 1. Thus, tyw x f is defined
and has trace A on (f,a). O

Lemma 3.1.17. Suppose that w;x f is defined fori = 1,2; that w; is a p;-longswap
for f; and that p1 # po. Then there is a word vo such that vowy * f is defined, and
Vo 1S a pa-longswap for wy x f, and the trace of vo on wyx f is the same as the trace
of wy on f.

Proof. If the factors moved by w; and ws are disjoint, then w; and w, already
commute. Let us consider a case where w; and ws affect the same puddle but
the non-monomials on opposite ends of that puddle. Here we treat the subcase
where w; is right-to-left and ws is left-to-right. The other subcase is handled
similarly. So, w1 = fo(j)—1 - tat1ta and wy = to_1) - tp—1tp for some j, and
a(j) >b+1>a>a(j—1). Set va :=tq—1)---tp—1 ; s0 that wo = vaty.

The other cases where w; and wy affect the same non-monomial are equally
tedious and straightforward. O

Theorem 3.1.18. Fiz (f, ) with m non-monomials per period, and suppose that
A:Z X P — Z is an m-periodic function satisfying the admissibility conditions (see
Definition . Then there is some w € ASym,, such that w* (f,«) is defined,
and the trace of w on (f,«a) is A.

Proof. The third condition in Definition [3.1.12| implies that A is supported on
finitely many primes p: those with f; = xP for some i. We first produce words
w), for each such prime p, and then put them together, via Lemma

Let N := Z;n:l [A(4,p)|- This is the total number of monomials 2P that need
to cross non-monomials, per period. The word w,, that will be a sequence of N p-
longswaps. We induct on N to build the word w,, adding a longswap to decrement
N. More precisely, we shall find a word u which is a p-longswap for f, with trace u
on (f, ), such that A — p has a smaller N. The only hard part is finding a starting
point where the monomial z? is available in the appropriate puddle.

Case 0. If A\(j,p) = 0 for all j, then N = 0 and the induction is over.

Case 1. If for some j we have A(j,p) < 0 and A(j — 1,p) > 0 and they are
not both zero, then pud; ,(j,p) + A(j,p) — A(j — 1,p) > 0 gives pud; ,(j,p) >
—A(4,p) + A(4 — 1,p) > 0. The hypothesis of this Case says that the j'" puddle
is not supposed to gain any monomials P on either side, and is supposed to lose
at least one monomial zP on at least one side; and we just showed that there is
at least one monomial 2P in this jth puddle. Lemma [3.1.16| now gives the desired
longswap wu.

Case 2 [resp. 3]. It A(j,p) > 0 for all j [resp., A\(j,p) < 0 for all 5 ], fix j such that
the j*" puddle contains at least one monomial 2P; this is possible by the assumption
of Step 2. Use Lemma to get a longswap u that takes this monomial out
of this puddle on the right, decreasing the positive A(j + 1,p) [resp.,on the left,
increasing the negative A(j, p)].

That covers all possible cases, by periodicity: A\ cannot force us to only remove
monomials z? from every puddle. [l
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3.2. Building the trace function. We now return to analyzing a clean C-free
long decomposition f that fits into the Mahler problem. Our goal for this section,
accomplished in Theorem [3.2.11] at the end, is to find some v € ASym,, for which
v * f is defined and has e-periodic nomodata. With Theorem [3.1.18] it suffices to
find the trace A\ of such a word, accomplished in Proposition right before the
main theorem.

We first need to connect the combinatorics from Section [33] to the echo e. Sup-
pose that wx f = f7 for some w € STy, that « is a non-monomial listing function for
f, and that A is the trace of w on (f, a). By Lemma3.1.11} 3(j) := a(j)+>_, A4, p)
is a nomodata for f7. Since « is also a non-monomial listing function for f7, we
must have 3(j) = a(j + r) for some integer r. The next lemma identifies this r
explicitly. A proof of Lemma [3.1.11| could follow this template.

Lemma 3.2.1. Let f be a clean C-free long decomposition, and let w € STz be such
that w* f = g encodes a curve parametrized by (A(t), B(t)) for some polynomials
A and B. Let ny and ng be the number of non-monomial factors in A and B,
respectively. Let o and (8 be increasing listings of the indices on non-monomial
factors of f and g, respectively. Suppose that a(0) and S(0) are the least positive
indices of non-monomials in the f and g, respectively. If the factor f; corresponds
to fo(jy viawx f =g, then b= B(j + (np —na4)).

Proof. We argue by induction on the length of a word representing w. As is our
wont, we will identify w with this word.

The base case where w is empty is trivial. The induction step where w is a single
generator is verified below. The conclusion is obviously additive, which concludes
the proof. We organize the detailed case analysis in order of increasing complexity
of the argument.

Let us start with the cases where 8 = a works. If w =€, or w = 6;17 one of A
and B is identity and the other is a monomial, so ng —n4 = 0. If w = ¢, and both
fr and fr41 are monomials, both A and B are monomials, so ng —n4 = 0. In both
cases, 3 := a works for g, and g,(;) comes from f,(;) via wx f = g for every j.

We next consider the cases where the non-monomials do move, but do not cross
between k and k + 1. If w = ¢; for some i # k, both A and B are identity, so
ng —nag = 0. Now 8 := m o« is the desired non-monomial listing function for g,
where 7 is the permutation of Z associated with ¢;, that is, swapping i + kn with
i+ 1+knforalln € Z. If w= ¢ and f; is a monomial, then A is identity and B a
monomial, so ng—n4s = 0. Now 5(j) := a(j)—1 is a non-monomial listing function
for g, and a(0) — 1 > 0 since «(0) # 1 since f; is a monomial. The argument for
¢~! and monomial fj, is symmetric.

Finally, we consider the cases when a non-monomial crosses between k and k4 1.
If w = ¢ and f; is not a monomial, then A is identity and B not a monomial, so
ng —na = 1. Now a(0) = 1, so while a(j) — 1 is a non-monomial listing function
for g, it does not satisfy our extra requirement; but 5(j) := a(j + 1) — 1 does. The
argument for ¢! is symmetric. If w = ¢, and f; is not a monomial, then A is a
monomial and B not a monomial, so ng —n4g = 1. Now «a(0) = 1, and g; (which
comes from fy) is a monomial, so $(0) must be greater than 1. In particular, ggo)
does not correspond to f (o), but to the next non-monomial to the left of it, namely
fa(1), as wanted. The case where fi rather than f; is not a monomial is symmetric.

O
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The special case of Lemma[3.2.T]where g = f7 is a key step in solving the Mahler
problem.

Corollary 3.2.2. Let f be a clean C-free long decomposition, and let w € STﬁ
be such that wx f = f7 encodes a curve parametrized by (A(t), B(t)) for some
polynomials A and B. Let na and np be the number of non-monomial factors in
A and B, respectively. Let o be non-monomial listing function for f.

If the factor f corresponds to fo(;) via wx f = f7, then b = a(j + (np —na)).

Proposition 3.2.3. Suppose that (a,in,out,pud) is a nomodata for f, that w €
ASymy, has trace i = tracey, s o, and that dNwxf = f7 encodes a curve parametrized
by (A(t), B(t)) for some polynomials A and B. Let na and np be the number of
non-monomial factors in A and B, respectively. Set r :=ng —na4.

Then for all 7,

in(j) — p(j) = in(j +r)
out(j) + p(j) = out(j +r)
pud(j) + p(j) — p(j — 1) =pud(j +r) .
Proof. Lemma gives a nomodata for (g, 3) := w* (f,«) as
B(j) == () + Y p(i,p);

g g =1i0fa —H,
outy 3 = outy o +pu,
pud, 5(j) = pudy ,(4) + p(j) —p( —1) .
By Remark a nomodata for ¢Nw * f is given by f — N with the same in,

out, and pud. Since ¢Nw « f = f7, this is also a nomodata for f7, and so it is
another nomodata for f. By Remark [3.1.5] we get some s with

a(i) + Y pGp) = N =a(j+s)

in(j) — p(j) = in(j + s)
out(j) + pu(j) = out(j + s)
pud(j) + p(j) — p(j — 1) = pud(j + s)
Corollary shows that s = 7. O

Remark 3.2.4. With the setup in Proposition it follows that the sum in(j) +
out(j) is r-periodic:
in(j +r) + out(j + r) = in(j) — p(j) + out(j) + p(j) = in(j) + out(j) .
For those primes p whose monomials zP do not appear in f, we must have
w(4,p) = 0 for all j, so in(j,p) and out(j,p) are also r-periodic.

Suppose that f has n; non-monomials per k-period. Amnything that is both
n¢-periodic and r-periodic is also e-periodic, where e is the echo ged(ny, ).

Lemma 3.2.5. Fiz some f with m non-monomials per k-period. Suppose that for
some integer v, a nomodata («,in,out, pud) for f satisfies in(j +r) +out(j +r) =
in(j)+out(y) for all j. Suppose that the trace of ux(f,a) =: (g, 5) is A := trace,, f,a
for some u € ASymy,. Then the following are equivalent:
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(1) ing g(j +r,p) =1ing g(j,p) for all j and prime p, that is, ing g is r-periodic
myg;
outy g(y + 7r,p) = outy g(g,p) for all j and prime p, that s, out 18 -
2 9.8 9,607 lWj and pri hat 4 9.8 1
periodic in j;
or each prime p there are constants C;(p) for i = 1,2,...d := ged(m,r
3 h pri th tants C, i =1,2,...d d
such that A(j,p) = in(j,p) + C;(p) for all j =i (mod d).

Proof. Ritt swaps do not change the sum of in- and out-degree, so these sums are
still r-periodic. That is,

ing 5(j +7) +outy 5(j + 1) =ing 5(j) + outy s5(5)

for all j. Tt follows that (1) and (2) are equivalent.

By Lemma ing g = in—A\, so (1) is equivalent to in —A being r-periodic.
Since it is already m-periodic, it is r-periodic if and only if it is d-periodic. The
constants C;(p) in (3) are the values of in(j, p) — A(j, p) for j € i + dZ. O

Lemma 3.2.6. Let f be a clean C-free long decomposition with nomodata (., in, out, pud).
Let e be the echo of w f = f7 for some w € STy. Let p be a prime for which

the monomial xP does not appear in f. Then the p-part of the nomodata for f is
e-periodic. That is, in(j,p), out(4,p), and pud(j,p) are e-periodic in j.

Proof. By Corollary , a non-monomial f, ;) corresponds to f;(j H(np—na)) via
w* f = f7. Since 2P does not occur in f, the p-part of the in-degree of this non-
monomial does not change as w x f is carried out. So in(j,p) = in-deg(fa(j),p) =
in'deg(f;(j+(n3_nA))7p) = in'deg(fa(j+(n3—nA))’p) = ln(] + (nB - nA)vp)' That
is, the function in(j,p) is (np — na)-periodic in j. Of course, it is also ns-periodic
in 7, so it is e-periodic. The exact same argument works for the out-degree. Since
2P does not appear in f, we get pud(j,p) = 0 for all j, and constant functions are
as periodic as it gets. O

Lemma 3.2.7. Let f be a clean C-free long decomposition with m non-monomials
per k-period and with nomodata (c,in,out,pud). Let e be the echo of w* f = f7
for some w € STy,. Suppose that we have numbers C;(p) for i € Z/eZ and p prime
satisfying
—(out(j,p) +in(j,p)) < Ci(p) <0
and
Ci(p) +in(j + zr,p) > Ci—1(p) +in(j — 1+ 27, p)

for some r and for all primes p, all i, and all j =i (mod e) and some z which may
depend on j. Suppose further that for primes p for which the monomials P do not
appear in f, we have C;(p) = —in(j,p) for alli and all j =i (mod e).

Then A defined by \(j,p) = in(4,p) + Ci(p) (for j = i (mod e)) satisfies the
admissibility conditions for (f,a) and all of the following functions are e-periodic:

a(j)+ Y _AGp), in=A, out+X, pud(j) + A@H) =A@ —1) .

p

Proof. The only interaction between different primes is the conclusion that a(j) +
>, A(J: p) is e-periodic. We return to this conclusion after proving the rest of the
lemma separately for each prime.

For primes p for which the monomials 2? do not appear in f, we get A(j,p) = 0 for
all j, immediately satisfying the admissibility conditions. The last three functions
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in the conclusion of this lemma are just the p-parts of the nomodata of f, shown
to be e-periodic in Lemma [3.2.6] The third admissibility condition only refers to
these primes, so it is now verified for all primes.

Proposition [3.2.3]is our main tool for verifying the second admissibility condition.
Let u € ASym,, be such that w = ¢™u for some integer N and let u be the trace
of u on (f, a). Solving one of the conclusions of Proposition for p in terms of
the function in(j, p) and substituting into the last conclusion of Proposition
gives

(23) [in(j, p) —in(j+r, p)]=[in(j -1, p)—in(j—1+4r,p)] = pud(j+r,p)—pud(j,p) .
Tterating Equation [23| z-times and adding the telescoping sums, we obtain
(24)

Rearranging gives
(25)
pud(j, p)+in(j, p) —in(j -1, p)+(in(j —1+2r, p) —in(j+zr, p)) = pud(j+=2r,p) > 0 .

When j =i (mod e)

(26) Ci(p) +in(j + zr,p) > Ci—1(p) +in(j — 1 + 21, p)
is one of our hypotheses for some z.
Equivalently,

Combining Equation 25 which we know for all z and Equation[27] which we know
for some z gives

(28) pud(j,p) +in(j,p) —in(j — 1,p) + (Ci(p) — Ci—1(p)) 2 0 .

Rearranging Equation [28 and recalling that A(j,p) = in(4,p) + Ci(p) for j = ¢
(mod e) produces

which is precisely the second admissibility condition for A.

The first admissibility condition — out(j,p) < A(J,p) < in(j,p) follows immedi-
ately from the hypothesis that —(out(j,p) + in(j,p)) < Ci(p) < 0.

Since \ satisfies the admissibility conditions for (f, ), by Theorem there
exists some v € ASym;, with trace A on (f,a). Let (g,8) := v« (f, ). The four
functions in the conclusion of this lemma are then a nomodata for for (g, 8).

By Remark (in+ out) is e-periodic, so Lemma applies, and condition
(3) there is satisfied. From the equivalent conditions (1) and (2) in that lemma, we
get that in —\ = ingy g and out +X = outy g are e-periodic in j. With Equation
this implies that pud(j) + A(j) — A(j — 1) = pud, 4 is e-periodic.

We know that pud 4 is e-periodic for all p, so their sum ZpE'P pud, 3 is e-
periodic. This sum is exactly the total number of monomials (of all degrees) in
the jth puddle, or more precisely, (8(5) — 5(j — 1)) — 1. It follows that S itself is
e-periodic. [l
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Lemma 3.2.8. Fix positive integers e and k with k being a multiple of e. For every
function w : Z/kZ — N there is a non-positive e-periodic function ¢ : Z/kZ — 7 so
that their sum X := w + ( takes values in N and satisfies that for every j € Z/kZ
there s some z € Z such that

(29) A(J+ze) > Aj+ze—1)
Proof. The desired Inequality 29| unwraps to
(30) @ (j+ze) + (0 +ze) 2 w(j +ze — 1) +((j + ze — 1).

Since ¢ will be e-periodic, Inequality [30]is equivalent to

(31) @(j+2e) +((j) 2 @w(i+2e—1)+(( - 1)

Take s € Z/kZ so that w attains its minimal value at s. We construct (s — x)
by recursion on z = 0,1,...e — 1; and then extend by e-periodicity. Throughout
this construction we verify that Inequality |31| holds for j = s — 2 (mod e) and will
maintain an additional property that

(W) A(s— x4+ ze) > A(s) for all z

We start by setting ((s) := 0. Condition [#] holds in this case by minimality of
w(s). For the recursive step, we are given ((s—x) and we need to choose {(s—xz—1).
We set ((s —z —1) :==0if

(32) w(s—ax+ze)+((s—xz)>w(s—xz+ze—1)

is satisfied for some z; in so doing Inequality [31| holds for this choice of (s —x —1).
Condition [#] is satisfied in this case because for j = s — 2 —1 (mod €), we get

AJ) =@ +¢s —2—1) =@(j) + 0= =(j) = @(s) = @(s) + 0 = Als).
Otherwise,
w(s—z+ze)—w(s—x+ze—1)+((s—x) <0

for all z. In this case, we let {(s —x — 1) be the largest (i.e. the least negative) of
all these possible values:

C(s—x—1) ::mzax(w(s—x—&—ze)—w(s—x—i—ze—1)—|—C(s—x)).
In particular, for some z we have
((s—xz—1)=w(s—x+ze) —w(s—z+ze—1)+((s—x)
0
w(s—z+ze—1)4+((s—x—1)=w(s—x+ ze) + ((s — x).
In particular, we conclude
w(s—z+ze)+((s—x)>w(s—xz+ze—1)+((s—z—1)

which verifies Inequality [31] for this value of z.
To obtain Condition [#} unwrap the maximum function to see that

((s—z-1)>w(s—z+ze)—w(s—z+ze—1)+((s—x)
for all z. Rearranging and unwrapping the definition of A\ gives

As—z+ze—1) = w(s—x+ze—1)+((s—z—1) > w(s—z+ze)+{(s—x) = A(s—x+ze)
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for all z. By the truth of Condition [#]for s — z,
A(s —x + ze) > A(s).

The recursive step and, therefore, the whole recursive construction, is now com-
plete. To verify the last remaining instance of the desired inequality, note that

A(s+1) > A(s)

is an instance of Condition [#]
Since A(s) = w@(s) > 0, Condition [#] also implies that A is nonnegative.
O

Proposition 3.2.9. Let f be a clean C-free long decomposition with m non-monomials
per k-period and with nomodata (c,in,out,pud). Let e be the echo of wx f = f7
for some w € STy. Then there exists an m-periodic function A\ satisfying the Ad-
missibility Conditions for f such that all of the following functions are e-periodic:

p
Proof. Applying Lemma to the function w(j) := in(l, p) and set C;(p) := {(7).
These values satisfy the hypotheses of Lemma thus completing the proof.
O

Remark 3.2.10. The )\ we obtained in |3.2.9| using Lemma [3.2.8] is necessarily non-
negative, but there may be (probably are) other functions satisfying the conclusion
of that proposition. The one we built is an upper bound on solutions of — out(j) <
A(j) < in(j) for all j; and for all j there is some z such that A(j+2zr) > A(j—1+2r).
The same reasoning starting with — out and adding positive constants on cosets to
obtain the desired inequality would produce a non-positive solution, which would be
a lower bound on other solutions. The trace of u € Sym;, obtained in Theorem|3.3.1
will be one of these other solutions.

The main result of this section is now an immediate consequence of Proposi-

tion 3.2.9] and Theorem B.1.18]

Theorem 3.2.11. Let f be a clean C-free long decomposition with m non-monomials
per k-period and with nomodata («,in, out, pud). Let e be the echo of wx f = f7
for some w € STy. Then there exists some v € ASym,, for which v * f is defined
and has e-periodic nomodata.

Proof. Applying Proposition we obtain a function A satisfying the Admissi-
bility conditions for (f,«). By Theorem there is some v € ASym,, for which
v* f is defined and has trace A on (f, ). The e-periodic functions in the conclusion
of Proposition [3.2.9 are exactly a nomodata for v f. O

3.3. From ASym,; to Symj. The main result of this Subsection is Theo-
rem in which Theorem [3.2.11]is upgraded replacing ASym; by Sym,,.

Theorem 3.3.1. Let N be an integer dividing k, and let f be a clean C-free long de-
composition, and suppose that vx f has N-periodic nomodata for some v € ASym,,.
Then ux f has N-periodic nomodata for some u € Sym,,.

Remark 3.3.2. Theorem [3.3.1] holds trivially when N = k. For the remainder of
this subsection we take N < k.
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We prove Theorem [3.3.1] through a series of reductions.

Proposition 3.3.3. Theorem follows from the special case where v = vgty,
for some vy € Symy,.

Proof. We induct on the number M of instances of ¢; in some presentation of v
as a word in {t1,...,t;}. When M = 0 and there are no instances of t; in v, let
u = v. For the induction step, take a word v = vgt,0 where ¥ has M instances of
tr. Let g := U * f. Now vgty * g has periodic nomodata, so by the special case,
there is some word @ with no t;’s for which @« ¢ has periodic nomodata. But then
uv * f = U * g has periodic nomodata. Now uv has only M instances of t; in it,
so by the induction hypothesis, there is some u € (¢1,...,%;—1) such that ux f has
periodic nomodata. (I

Let us consider how the expression v = wpt), in Proposition [3.3.3] acts on f.
First, ¢t swaps the boundary factors and then vy mixes everything else using Ritt
swaps. The next lemma expresses the sense in which it would have been possible to
first perform this kind of mixing before performing a swap at the boundary. That
is, one can arrange all of the factors in the correct order first, allow t; to swap
the boundard factors, and then bring the newly changed boundary factors into the
middle of the decomposition.

Lemma 3.3.4. For any vg € Sym,, there is some U € (ta,...,tk—2) such that
Vot = VUt where vy is a left-to-right transit toteyq ... tx—1 and v, is a right-to-
left transit tyty_1 ... t1.

Proof. First, put vg into first canonical form (See Remark [2.3.12)):

vy = U0
where v, is as above, and v’ € (ta,...,t,—1). Then put v’ into reverse first canonical
form:

v = v 0

where vy and © are as required. So,

Vot = VUL
Since non-adjacent Ritt swaps commute,

votr = VrUetED,

as wanted. O

Proposition 3.3.5. Theorem follows from the special case where v = v, vty
where vy is a left-to-right transit t,te11 ... tg—1 bringing the leftmost factor into the

middle and v, is a right-to-left transit tpty,_1 . .. t1 bringing the rightmost factor into
the middle.

Proof. From the Proposition we know it suffices to prove the special case
where v = vpty, and vy € Sym,,. Lemma [3.3.4| gives us v, and vy as in the statement
of this proposition and ¥ € Sym,;, such that vty = v,vetx0 in ASym,. As in the
proof of Proposition let g := v % f. Now v,vsty, *x g has periodic nomodata,
so for some u € Sym, we have that @ x ¢ has periodic nomodata. Thus, uv * f has
periodic nomodata. That is, u := uv works. ([l
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The next proposition says that the altered boundary factors cannot go very
far into the middle: they must stay within the first/last period of the periodic
nomodata of v,vety * f.

Proposition 3.3.6. Fiz a long decomposition f and a natural number N < k.
Suppose that v,.vety x f has N-periodic nomodata for some vy = toto41 ... .tg—1 and
v = tptp—1...t1. Thenb+1< N anda>k— N + 1.

Proof. We first show that b+1 < N. Leting h := vptpx f, we get that tpty_q ...t xh
has N-periodic nomodata. In evaluating tytp_1 ...t; x h, the rightmost factor h
of h has to swap with he and hs and so on until hyyq. If Ay is not a monomial,
this means that all of ke, hs, ..., hpy1 are monomials. If hy is a monomial xP, this
means none of ho, hs, ..., hyr1 are monomials of the same degree p. In particular,
whatever hy becomes after all these swaps cannot be the same shape as any of the
things that ho, hs, ..., hpt1 become after these swaps (recall Deﬁnition for the

notion of “becoming”) . However, if b+ 1 > N, this list ho, hs, ..., hpp1 contains a
full N-period of tyty_1...t1 x h, so hy has to have the same shape as one of them!
So we now know that v, does not touch the factors hy,...,hAn4o, hny1. Thus,

these are also the factors of v, x A which has N-periodic nomodata. Because N is
a proper divisor of k it is at most k/2. Thus, v, leaves fixed at least half of the
factors and, in particular, leaves fixed the whole left-most period.

Exactly the same reasoning applies to vy. Let g := tx x f, so that vy xg = h. If
a < k— N +1, then g, swaps across at least N factors of g which then become the
leftmost N factors Ay, hr—1,...,hk—n+1 of h, which are then untouched by v, and
become the leftmost period of v, x h which has N-periodic nomodata. Whatever
gr. has become after all these swaps has to have something like the shape of one
of these factors hy,hi—1,...,hx—n+1 that this very g swapped across, giving the
same contradiction. O

With the next proposition we extend the reduction of Proposition [3.3.5 arguing
that we may drop v,. The idea here is that v, acts on the rightmost N-period, and
we can instead undo its action on all other N-periods. Since these periods have
the same nomodata, and nomodata completely determine whether Ritt swaps are
defined, this action will necessarily be defined.

Proposition 3.3.7. Let f be a long decomposition and N a proper divisor of k.
Suppose that g := v,.vetr * f has N-periodic nomodata for some vy = totar1 - th—1
and v, = tpty_1...t1. Then wetru * f has N-periodic nomodata for some left-to-
right transit we = terte 41 - -tk—1 and some u € Sym;,.

Proof. From Proposition [3.3.6] we know that b < N — 1, so that v, acts on the
rightmost N-period. For j =1,2,3,...,k/N, let u; be the word that acts like v,
on the j* N-period. Formally, expressing v, as a word in t;s, u; is obtained from
v~ by adding (5 —1)N to the index of each Ritt swap ¢; in the word. So, u; = v, L.
Since v, ! * g is defined, and g has N-periodic nomodata, u; g is also defined for
each j. Since these u; act on disjoint parts of g, the composition uy/x ... ugu; x g
is also defined. Since uyy, - .. ugu; does the same thing to each N-period, the new

decomposition
U /N -+ UgU1 * § = Up/N - - - UU1VpVt x f = Up/N - - UVetg * f

also has N-periodic nomodata. For j = 2,3,...,k/N—1, the u; act on the “middle”
N-periods — not the first nor the last — so they commute with v, and with ¢;. Thus,
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we see that
Uk/N -+ - U Vgt * f = (uk/Nw)tk(uk/N_l .. .'U,g) * f

has N-periodic nomodata. Finally, putting uy,yv, into first canonical form weug
for some ug € (tx—n,...tg—2), acting on all but the leftmost of the factors of the
leftmost N-period, and and left-to-right transit wy = tg/ta 41 tk—1. Again, ug
commutes with t;. So we get

(upnve)ti (U n—1 - . - u2)* f = wouoty (Up/N—1 - - - U2)*f = wety(vour/N—1 ... u2)xf

to have N-periodic nomodata. Setting u := uoug/n—1-..u2 completes the proof.
|

Next, we drop v from Proposition [3.3.5] in the same way.

Proposition 3.3.8. Fiz a long decomposition f and a proper divisor N of k.
Suppose that g 1= veti, x f has N-periodic nomodata for some vy = totas1 .- - te—1-
Then trux f has N-periodic nomodata for some word uw € Symy,.

Proof. In Proposition [3.3.6| we proved that a > k — N + 1, from which it follows by
elementary arithmetic, using the fact that k, N, and k/N are all integers greater
than 1 that @ > k/N +1. Indeed, because (N —1)(k/N —1) > 1 (with equality only
if N=2and k =4), weseethat k—N+1=N(k/N—-1)+1> (k/N-1)+1+1=
k/N + 1, again, with equality only when N = 2 and k£ = 4. In fact, we always
have a > k/N + 1. As it is not any easier to fix N = 2 and k = 4, let us give
the argument in general. Suppose towards contradiction that a = k/N + 1. Then
the rightmost factor gj/n11 of the leftmost N-period in g = vty x f comes from
fi: first, t, moves f; to the k*" spot, and then v, moves it right to the end of the
period. Since g has N-periodic nomodata, this g,n,1 has the same combinatorial
shape as the rightmost factor g;, which came from f;. So, something that came
from f; and something that came from f; now have the same combinatorial shape,
but this contradicts the fact that f; and f Ritt-swapped when ¢, acted on f.

As in the proof of the Proposition for j = 1,2,...,k/N, let u; act on
the j*" N-period the same way that v, acts on the leftmost N-period. So u; is
obtained from v, ' by adding jN to (equivalently, subtracting N (k/N — j) from)
the index of each Ritt swap ¢; occurring in some presentation of v[l. As before,
Uiz - - UgyN * g is defined and has N-periodic nomodata. Thus we conclude that

ULU * - Up/N K G = ULUz U NVt * [ = uiug - Ug N1tk * f

is N-periodic. As before, u; with j =2,3,...,k/N — 1 commute with ¢;. We also
know that v, does not involve ¢;,n41, so u1 does not involve ¢; implying that
also commutes with t;. Thus,

urug U N1 te x f = tp(uiug o ugn—1) * f
has N-periodic nomodata. Setting u := ujus - - - up/ny—1 completes the proof. g
Finally, we get to drop t; in the same way.

Proposition 3.3.9. Fiz a long decomposition f and a proper divisor N of k.
Suppose that g := tx * f has N-periodic nomodata. Then u * f has N-periodic
nomodata for some u € Symy,.
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Proof. Instead of t; swapping across the boundary of the k-period to achieve peri-
odicity, swap across all the boundaries of N-periods that are not boundaries of the
k-periods. That is, let

u = tNtQN .. -t(k—N) .

The proof of Theorem [3.3.1] is now complete.

Corollary 3.3.10. Let f be a clean C-free long decomposition. Let e be the echo
of wx f = f7 for some w € STy. Then there exists some u € Sym,, for which ux f
is defined and has e-periodic nomodata.

Proof. Theorem [3.2.11] provides some v € ASym, for which v % f is defined and
has e-periodic nomodata. Theorem allows us to replace v € ASym,, by u €
Sym,,. O

Let us record the reduction of the proof of Theorem for clean C-free long
decompositions to the special case of e-periodic nomodata.

Proposition 3.3.11. Let f be a clean C-free long decomposition of a polynomial P,
let C be the (P, PT) skew-invariant curve encoded by w* f = f7 for some w € STy,
and let e be the echo of w* f = f7.

There exists another clean C-free long decomposition g of the polynomial P and
another w' € ST} with w' g = g7 encoding the same curve C with the additional
property that the nomodata of g is e-periodic.

Proof. Corollary [3.3.10] provides the new decomposition g := u = f of the same
polynomial P with e-periodic nomodata, for some u € Sym,.

Replacing f by u~! x g in the Mahler equation ¢Mw x f = f7 encoding the
skew-invariant curve C yields

and then
upNwu kg =g
and
¢N,w/ *xg= gT
where w’ = Gwu~! where 4 is defined by u¢® = ¢™N4. Since u € Sym,,, the curve
it encodes is the diagonal. Thus, all these equations encode the same curve C, with
the same echo e. O

In the remainder of this section we complete the proof of Theorem for
polynomials admitting long decompositions with sufficiently periodic nomodata.

Lemma 3.3.12. Let f be a clean C-free long decomposition of a polynomial P, let C
be the (P, PT) skew-invariant curve encoded by ¢ wf = f7 for some w € ASym,,,
and let e be the echo of wx f = f7. Fiz a non-monomial listing function o for f.
If f has e-periodic nomodata, then the trace of w on (f,«) is trivial.

Proof. Since f and f™ admit identical nomodata and w * f is defined, so is w* f7.
It follows from Corollary that there is a multiple 7 of e such that w* (f,a) =
(f7,B) where B(j) = a(j + r) for all j. Because « is e-periodic, 8 = «. Because
the in- and out-degrees of the corresponding factors of f and f” are the same, we
see that 0 = tracey, f,q- [l
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Lemma 3.3.13. If w € STZ satisfies wx f = f7 for some clean C-free long
decomposition f of some non-exceptional polynomial, then w € STy.

Proof. By Remark we may write w = ue where u € STy and € = HpeP " is
a product of powers of ¢, for various p. We may choose words @ and € representing
u and ¢, respectively, for which @€ is reduced. Since w x f is defined, so is u€ x f.
If my, > 0 (respectively, m, < 0) for some p, then €, x f (resp., e;l * f) is defined.
Thus, in particular, the monomial 2P does not occur in f.

Fix a non-monomial listing function « for f. Recall that « is also a non-monomial
listing function for f™ and for e ~' % f7. Note that because z” does not appear in f,
the tracey,, f.(j,p) = 0 for all j. Rewrite the equation eux f = f7 asuxf = e~ 1% f7
and compare the p-part of the nomodata for the two sides of the equation. On the
left, there is some r for which

inu*(f,a)(jvp) = lnf(l(] + T’,p) + traceu,f,oz(j7p) = inf,oz(j + Tap)
(see Lemma [3.1.11) and Remarks and [3.1.6). On the right, ing- o = ingq,

while in.-1, p- o(4,p) = ingr (j, p) +myp. If m,, # 0, this gives a contradiction since
inf (4,p) is bounded. O

We conclude this section by proving Theorem for clean C-free long decom-
positions.

Proposition 3.3.14. Theorem holds in the case that the polynomial P admits
a clean C-free long decomposition f.

Proof. Let C be a (P, P7)-skew-invariant curve encoded by f™ = w= f for some long
decomposition f of P and w € ST} . Fix a parameterization (A(t), B(t)) of C by
polynomials with no common nonlinear initial compositional factors. Recall from
Definition that ny (respectively, n4 and ng) is the number of non-monomials
appearing in one k-period of f (respectively, in a decomposition of A or B) and the
echo is e = ged(ny, (np —na)). Fix a a non-monomial listing function for f.

By Lemma w € STj. Write w = ¢Nw' for some N € Z and w' €
ASym,,. By Proposition [3.3.11) we may assume that f has e-periodic nomodata.
By Lemma[3.3.12] tracey,f,q is identically zero. Then Lemma [3.1.15shows that w’

may be expressed as w’ = uy,, - --uzu; , a commuting product of u;’s, where each

u; is a product of puddleswaps in the 4t puddle. In particular, the part of the
curve encoded by w’ consists of monomials. Thus, ny = 0 and np is the number
of non-monomials among fy, ... f2, f1.

As noted in Remark it suffices to show that w = u¢Nv for some u,v €
Symy,.

If ¢ is not a puddle-swap, it does not occur in w’ so that we may take u = id
and v = w'.

From now on, at the cost of replacing «, we may take u; to act on the puddle
containing fr and fr41.

If ns does not divide (np —n4), then ¢ moves the puddle containing f and
fra1 to another puddle. Thus, pNw' = ﬂ](ﬁNunf ... up with both wy,, - - ug and uy
in Symy,,.

Otherwise, if ny does divide (np — n4), then the puddle containing f and
Jr+1 in f corresponds to the “same” puddle containing f7 and f7,, in f7 via
¢Nw' « f = f7. In particular, u; must be empty, so again we may take v = id and
v=w" € Sym,,. O
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4. CLUSTERINGS

In this section, we adapt the technology of clusterings from [§] to long decom-
positions to identify more sophisticated combinatorial invariants, beyond wall sets
and nomodata. This allows us to identify several ways for walls to appear in decom-
positions all of whose compositional factors are swappable (see Propositions
and and Lemma . The same technology characterizes and then handles
the last remaining case of decompositions with type C factors but without walls
(see Proposition . The key difference from [g] is that the boundary between
the k' and (k + 1) entries is now treated just like all the others.

4.1. Preclusterings. The following definition is closely related to [8, Definitions 4.2
and 6.10].

Definition 4.1.1. A preclustering A of a k-long decomposition f is a k-periodic
subset of Z such that for any integers b > a in A with no elements of A between
them,

f[b,a) = (fb7 fbfh ) fa+1)
is a cluster in the sense of [8 Definition 4.2]. That is, either one of the two following
conditions holds.

e There are linear polynomials F and B so that Bo fyo---0 foy10E =C), is
a Chebyshev polynomial of degree n not a power of two. In this case, f, 4
is called a C-cluster.

e There are linear polynomials £ and B so that Bo fyo---0 foy1 0 E =
hpo---0hgy where each h; is a monomial or a Ritt polynomial which is
not type C for all ¢ € (a,b]. In this case, fj,q) is called a C-free cluster.

Such fip.q) is a cluster of (f, A).
The empty set is a preclustering of f if fj q) is a cluster for any integers b > a + k.

Remark 4.1.2. Let us translate parts (1), (2), and (3) of [8, Remark 4.5] to this
context.

(1) If some factor of f is unswappable, f has no preclusterings.

(2) If all factors of a k-long decomposition f are swappable, then Z is a preclus-
tering of f.

(3) Linearly-equivalent long decompositions have the same preclusterings.

Let us expand the less trivial [8 Remark 4.5(4)]. It concerns the requirement
that the degree of a C-cluster must not be a power of 2. Because of it, we cannot
drop the hypothesis that a,b € A from the definition of “preclustering”. This is also
the reason for b > a + k instead of b > a in the definition of empty preclustering.

With the following remark we record how a piece of a cluster may fail to be a
cluster itself.

Remark 4.1.3. A piece of a cluster is usually a cluster: if d > ¢ > b > a and figq)
is a cluster, then f. ;) is a cluster unless f[g 4) is a C-cluster, and all factors of f. )
are quadratic, and f|. ;) has at least two factors. Here are some useful ways to avoid
the exception.

(1) Any piece of a C-free cluster is a C-free cluster.
(2) Any piece of a C-cluster is one of the following;:
e contains an odd-degree factor and is a C-cluster;
e contains exactly one factor, which is quadratic; and is a C-free cluster;
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e contains multiple quadratic factors and no odd-degree factors; and is
not a cluster.

(3) Removing a quadratic factor from a cluster is harmless: if f} o) is a cluster
and foy1 (respectively, f) is quadratic, then fi, 441 (vespectively, fi—1.4))
is a cluster of the same kind, C or C-free.

(4) A piece of a C-cluster that contains a big-enough cluster is itself a C-cluster.
That is, if b > 0> b' > a’ > a > a”, and fipr 4y is a C-cluster, and fi 41
is a cluster, but is not a single quadratic, then fj o) is also a C-cluster.

(5) In (4), the inner cluster fi .y being big enough is equivalent to it being a
C-cluster.

Suppose that A is a preclustering of f and B D A is also k-periodic. This B is
also a preclustering of the same f if and only if for every C-cluster of (A4, f), the
degrees of its pieces in (B, f) are either 2 or not powers of 2.

With the next remark we correlate our notion of preclustering on long decom-
positions with the corresponding version in [8] for decompositions.

Remark 4.1.4. The first two observations are related to parts of [8, Lemma 6.11]
and the third is related to [8, Lemma 6.14].

(1) If Ais a preclustering of f, and 0 € A, then AN{0,1,...k} is a preclustering
of (fx,...f1) in the sense of [8 Definition 4.2]. The assumption 0 € A is
not cosmetic, because of Remark [1.1.3]

(2) More generally, for any a € A, the tuple AN{a,a+1,...a+k} is a preclus-
tering of the decomposition (fu1,--. fa+1), in the sense of [8, Definition
4.2].

(3) If the empty set is a preclustering of f, then the polynomial fyo---o f; is
linearly related to a (possibly decomposable) Ritt polynomial in the sense
of [8, Definition 2.41]. In Proposition below, we almost drop “linearly
related” from that statement.

The next definition is very close to [8, Definition 4.3] and to the cleanup in [8]
Lemma 6.11(6)]. When at least one of the clusters is a C cluster, this literally
translates the old definition into the new notation because a linear factor which is
both a translation and a scaling is identity. When all clusters are C-free, we no
longer have a canonical place to put scalings.

Definition 4.1.5. Fix a preclustering A of a k-long decomposition f.
A precleanup of (A, f) is a pair (h, L), where h is a k-long decomposition , L is
a k-skew periodic sequence of linear polynomials , and the following hold.
(1) The k-long decomposition L o h is linearly equivalent to f.
(2) For i ¢ A, the linear L; is identity.
(3) If fip,a) is a C-cluster of (A, f), and b > i > a, then h; is a Chebyshev
polynomial;
(4) If fp,q) is a C-free cluster of (4, f), and b > i > a, then h; is a monic Ritt
polynomial;
The precleanup is a cleanup if, furthermore,
(5a) if there is a C-cluster, whenever fp, 4y is a C-free cluster, L, is a translation,
and
(5b) whenever ff 4) is a C-free cluster and h,y1 0 L, is also a Ritt polynomial,
L, is a scaling.
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All these notions — preclusterings, precleanups, and cleanups — are invariant un-
der linear-equivalence. In particular, if (h, L) is a (pre)cleanup of the preclustering
A for some f, then is is also a (pre)cleanup of the same preclustering A of the long
decomposition Loh. We now work towards existence and something like uniqueness
of precleanups of a fixed preclustering.

Lemma 4.1.6. FEvery non-empty preclustering admits a precleanup.

Proof. Take the ordered sequence a, > a,_1 > ... > a1 > ag = a,—k of consecutive
elements of A in one period, including both endponits of the period. For each
j=0,1,...,7 — 1, unwrap the definition of “fi, ., 4,) is a cluster” to get h; for
ap < i < ar, and linear B; and E;. Let La]. = FEjoB;_; for j >0, and L, :=
Eg oo~ Y(Byg). For all other i with ay < i < a,, define L; to be identity. These k-
tuples h and L extend uniquely to a k-long decomposition i and a k-skew periodic
sequence of linear polynomials L, and the pair (h, L) is a precleanup of f. O

4.2. C-free decompositions. As long as odd-degree Chebyshev polynomials do
not enter the picture, the preclusterings suffice for the Mahler problem. We now
work towards Proposition which shows that in this situation we may either
reduce to an analysis of walls (and thus Proposition or to an analysis of
in-out-degrees (and thus Proposition [3.3.14).

Definition 4.2.1. A long decomposition f is C-free if all factors f; are swappable
and C-free.

As noted in Remark Z is a preclustering of any C-free long decomposition.
The following is an easy special case of Proposition below.

Lemma 4.2.2. The preclustering Z of a C-free long decomposition admits a cleanup.

Proof. Start with a precleanup (h, L) of (Z, f) obtained in Lemma m

To satisfy requirement (5b) from the definition of cleanup, just absorb the trans-
lation part of L, into the Ritt polynomial h,41 whenever possible.

Because a C-free long decomposition has no C-clusters, the remaining require-
ment (5a) is vacuously satisfied. O

Lemma 4.2.3. Suppose that (g, M) and (h,L) are both cleanups of the same
preclustering Z. of the same C-free long decomposition. Then for each i, M; is
a scaling if and only if L; is a scaling.

Proof. Here, we pay the price of lining up the indices of linear factors with the
indices of Ritt swaps, but not with the indices of the factors they naturally go
with. First, replace the long decomposition L o h (respectively, M o g) by the one
whose factors are h; o L; 1 (respectively, g; o M;_1). Each new one is linearly
equivalent to the corresponding old one, via L and M, respectively. Thus, if the
old ones were linearly related, then so are the new ones. Let N witness the linear
equivalence of the new ones.

We first show that all V; are scalings. From the definition of linearly equivalence,

hioL;—1 = Ni:_l1 ogioM;_10N; .

Since g; and h; are C-free Ritt polynomials, Ni:_ll must be a scaling by [8, Theorem
3.15].
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If M;_; is a scaling, the right-hand side of the displayed equation is a (not
necessarily monic) Ritt polynomial. Condition (5b) in the definition of cleanup
then forces L;_1 to also be a scaling. O

The “clean C-free long decompositions” of Section |3| are precisely those C-free
long decompositions that admit a cleanup where all linear factors are scalings. We
now work towards showing that every other C-free long decomposition has a wall.

A C-free long decomposition f has a prewall at ¢ if L; is not a scaling in
some/every cleanup (h, L) of (Z, f).

This terminology is only used in the next three lemmas, where we show that a
prewall is in fact a wall.

Lemma 4.2.4. If a C-free long decomposition f has a prewall at i, then t; x f is
not defined.

Proof. Suppose toward contradiction that (h, L) is a cleanup of the clustering Z
of f, t; x (L o h) is defined, and L; is not a scaling. Then there must be linear
polynomials A, B, and E for which (Ao h;y1 0 L; o B™',B o h; o E) is one side
of a basic Ritt identity. Since both h; and B o h; o ¥ are C-free Ritt polynomials,
B is a scaling by [8, Theorem 3.15]. Since both h; 41 and Ao h;1q 0 L; 0 B~! are
C-free Ritt polynomials A is a scaling by [8, Theorem 3.15]. So now h;4q 0 L; is a
not necessarily monic Ritt polynomial, and by definition of “cleanup”, L; must be
a scaling. O

Lemma 4.2.5. Suppose that t; x f is defined for a C-free long decomposition f.
Then t; x f has a prewall at j if and only if f does.

Proof. Lemma [£:2.4] shows that neither f nor ¢; x f has a prewall at i. All cleanups
in this proof are for the preclustering Z.

We first show that f admits a cleanup (h, L) with L; = id. By Lemma [4.2.4] L;
is a scaling in any cleanup. Replacing L;(x) =: Az by the identity, h; 11 by A% h;yq,
and L;11(x) by Liyi (A~ 98(i+1)2) produces the desired cleanup.

Since t; x f is defined, there are linear polynomials A, B, and E for which
(Aohit10B™Y, Boh;oFE) is one side of a basic Ritt identity. By [8, Lemma 3.37],
there are Ritt polynomials g; 11 and g; for which (h;41 0 h; = gi11 © g;) is a basic
Ritt identity.

We finally show that setting g, := hy for all other indices ¢ produces a cleanup
(g,L) of t; x f, which obviously has prewalls in exactly the same places as (h, L).
The only part of the definition of “cleanup” that does not obviously hold is part (5b)
at (i —1): could it be that L;_; is not a scaling, but g; o L;_; is a Ritt polynomial?
We noted in [8, Remark 3.33] that this is not possible. O

Lemma 4.2.6. If a C-free long decomposition f has a prewall at i, then e, x f and
e;l * [ are not defined for any p.

Proof. The hypothesis on fin the definition of the action e?l*f (Definition|2.2.19))
produces a cleanup of f with only scaling linear factors. Hence, for e;)t * f to be
defined, f can have no prewalls. ([l

Proposition 4.2.7. FEvery C-free long decomposition f either has a wall, or admits
a cleanup (h, L) where all L; are scalings.
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Proof. Since f is C-free, each f; is of the form A; o h; o B; where h; is a monic C-free
Ritt polynomial and A; and B; are linear. Let L; := B;11 o A;. Then (h,L) is a
precleanup of the preclustering Z of f. To satisfy requirement (5b) of the definition
of cleanup, just absorb the translation part of L; into the Ritt polynomial h;
whenever possible, obtaining a cleanup (g, M) of f.

If all M; are scalings, we are done. Otherwise, some M; is not a scaling, and

Lemmas [{.2.4] [£.2.5] and [.2.6] show that f has a wall at 3. O

This completes the proof of Theorem for polynomials admitting C-free
long decompositions: the two cases identified in Proposition are handled by

Propositions and

4.3. Clustering with type C. In this subsection, we analyze the relations between
different cleanups of the same long decomposition with a C cluster since we already
have a complete solution to the Mahler problem for C free long decompositions
and the assumption that we have a C cluster permits us to to match our present
definition of cleanup and what appears in [§].

We first work with different cleanups of the same preclustering and then analyze
the effect of removing unnecessary boundaries.

The operation on cleanups in the following definition is the main way to obtain
one cleanup from another.

Definition 4.3.1. Given a k-long decomposition f, its degree sequence deg(f) is
the k-periodic Z-indexed sequence (deg(f;))icz-

By a k-scalar we mean a k-skew-periodic Z-indexed sequence A = (\;);cz.

For a k-long decomposition f and a k-scalar A we define A * f to be the k-long

decomposition whose i*! component is

A f)i= A;degfifi()\ix) .

For a k-periodic Z-indexed sequence d = (d;);ez of positive integers and a k-scalar

\, we define the residue of X at d to be the k-scalar yu whose i*" component is given
by
_ d;
i =, +11)\1- .

Remark 4.3.2. An easy computation verifies that for any k-skew periodic sequence
of linear polynomials L, k-scalar A, and k-long decomposition f with degree sequence
d = deg(f),

(Ax(hoL))=(Axh)o(AxL)
and

()\*(Loh)):(Ad*L)o()\*h).

Remark 4.3.3. If 1 is the residue of the k-scalar A at the degree sequence d = deg(f)
of the k-long decomposition f, then p - (A * f) is linearly equivalent to f via the
k-skew periodic sequence of linear polynomials L of scalings by A (i.e., L;(z) = A\;x).

Remark 4.3.4. We may use these operations to get new (pre)cleanups of the same
f- Indeed,

e for a translation L;, the resulting \; * L; is also a translation;

e for a monic Ritt polynomial h;, the resulting A; * h; is also a monic Ritt
polynomial; and

e for a Chebyshev polynomial h;, the resulting \; x h; is the same Chebyshev
polynomial if and only if A\; = +1.
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Our next Lemma on the relation between (h, L) and \  (h, L) produces a
cleanup from a precleanup. Corollary [£.3.6] then shows how this operation could
connect two cleanups. Proposition [.3.10] proves that any cleanup can be obtained
(almost) from any other by this operation.

Lemma 4.3.5. Suppose that (h, L) is a precleanup of a preclustering A of f := Loh.
We assume that (f, A) has a C cluster.
Fiz a k-scalar A and let u be the residue of \ at the degree sequence d of h.
Let A% be the k-scalar defined by (A\?); := )\f" ;let g := Axh; and let M := p- (A% L).
Then (g, M) is also a precleanup of f if and only if p; =1 fori & A and \; = +1
for i inside C clusters (that is, when fp, 4y is a C cluster of (f,A), and b>1i > a).

When (A, f) has a C cluster, then condition (5a) in the definition of cleanup
is satisfied by (g, M) if and only if Lo(x) = pg'x + C whenever fi, 4y is a C-free
cluster of (f, A).

In particular, p, =1 for all such a if both (h,L) and (g, M) satisfy (5a).

Condition (5b) is satisfied by (h, L) if and only if that condition is satisfied by
(9, M).
Proof. Let us work through the definition of a precleanup of (L o h).
(1) Unwrapping definitions, we get
Mog=yp-(AxL)yo(A*xh)=p-Ax(Loh),

which is linearly equivalent to (L o h) by Remark

(2) Fori ¢ A, we know that L; is the identity, and we need M; = p; - ()\f) x L;
to be the identity. Since p; - (a*id) = p;-id for any «, we must have p; = 1.

(3) For i inside C-clusters, we know that h; is a Chebyshev polynomial, and we
need g; := A; * h; to be a Chebyshev polynomial. This forces \; = +1.

(4) For i inside C-free clusters, we get no extra requirements since a * P is a
monic Ritt polynomial whenever P is.

We up the stakes asking for (g, M) to be a cleanup, without requiring (h, L) to

be one.

(5a) When a is the right boundary of a C-free cluster, we need M, = p,-(Ag*Ly)
to be a translation. If L,(x) = Bx + C, then (A, *x L,)(z) = Bx + C’, so
we need j, = B~1. If (h, L) also satisfies (5a) so that L, is a translation,
this forces p, = 1.

(5b) Still at the right boundary a of a C-free cluster, suppose that g,+1 0 M, is
a Ritt polynomial. Unwrapping the definitions of ¢ and M gives

Ga+1 © M, = ()\a+1 * ha+1) O [bg * ()\Za *La)

Jat10 Mg = (')‘;f(fﬂ) ohgy10 (')‘aJrl) © ('Na) © (')‘;da) oL,o0 (')‘Za)
By definition of residue, the whole middle scaling by (Aat1ptaA; %) is the
identity, so

(a1 © Ma)(@) = \gL1™ - (hasr © La)(Nge ).

Now hg41 0 L, is linearly-related via scalings to the Ritt polynomial g,41 ©
My, 80 hqiq 0 L, is itself a Ritt polynomial.

On the other hand, in order to have M, = p, - (A% x L,) be a scaling,
we need L, to be a scaling. So, if (h, L) is a cleanup, and (g, M) satisfies
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(5a), then (g, M) automatically satisfies (5b). And if (h, L) satisfies (5a)
but not (5b), and (g, M) satisfies (5a), then (g, M) cannot satisfy (5b).

O

The following corollary is a precise version of [8, Remark 4.9]. When all clusters
are C-free, Corollary [£.3.6] does not apply. This non-uniqueness is the price of
working with skew-linear-equivalence rather than linear equivalence (in the sense
of [8, Definitions 2.39 and 2.58]). This issue comes up informally in the proof of [8]
Lemma 6.11(6)].

Corollary 4.3.6. With the setup in Lemma suppose further that both (h, L)
and (g, M) are cleanups of (A, f). Then, \; = 1 for all i, and p; = 1 unless f; ;)
is a C cluster of (A, f) for some j € A.

Proof. Suppose toward contradiction that Aj;1 # £1. From condition (3) of the
definition of preclustering, it follows that f;; is in a C-free cluster of (A, f). Take
the largest b € A with b < j such that f} o is a C-cluster of (4, f) for some a € A.
Now, for every @ = b,b+1,...7, either i« ¢ A or i € A is the right boundary of
a C-free cluster; either way, u; = 1 for all these i. To show that \; = +1 for
i=0b,b+1,...541, induct on ¢ — b. The base case i = b follows from condition (3)
because f3 is inside a C-cluster. For the induction step, assume that A\; = £1; recall
that A\jy1 = A% ;! by definition of “residue”; and that we have already shown that
pi=1fori=>b0b+1,...5. So, \ix1 = (£1)%(1)~! = £1. The last induction step
we can carry out is from j to j + 1, obtaining the desired contradiction. (I

Proposition 4.3.7. Every non-empty preclustering admits a cleanup.

The following proof translates the explanation from [8, Remark 4.4] and the
details from the proofs of [8, Lemmas 4.6, 4.8, and 6.11(6)] to our new setting with
long decompositions.

Proof. Fix a non-empty preclustering A of a k-long decomposition f. Start with a
precleanup (h, L) of (A4, f) obtained in Lemma To satisfy requirement (5b)
from the definition of cleanup, just absorb the translation part of L, into the Ritt
polynomial h,1 whenever possible.

Because the remaining requirement (5a) is relevant only when (A, f) has a C-
cluster, for the rest of this proof, we now assume that it does. We will show how
to use Lemma to satisfy this requirement.

Here are all the conditions on p and A that we need.

e For i & A, we need p; = 1.

e For ¢ inside C-clusters, we also need \; = £1.

e When a is the right boundary of a C-free cluster and L,(z) = Bz + C, we
need p, = B~

For each C-cluster f[ ), we have very tight requirements on \; for a < i < b,
but no requirements on p,. So we can let p, absorb the unwanted scalings coming
from \,, set all those tightly controlled \; := 1, and restart the process at b. This
is where the “non-empty” assumption is used.

|

Empty preclusterings are important as clusterings of long decompositions of
certain polynomials. However, these polynomials do not require the clustering
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analysis for the solution of our Mahler problem. The following proposition shows
such polynomials are either subject to Proposition [4.2.7| or essentially Chebyshev
polynomials and thus exceptional.

Proposition 4.3.8. If the empty set is a preclustering of f, then one of the fol-
lowing alternatives holds.

e [ is linearly equivalent to a k-long decomposition all of whose factors are
Ritt polynomials or

o f is linearly equivalent to a k-long decomposition all of whose factors are
plus or minus Chebyshev polynomials.

Proof. If the empty set is a preclustering of f, then so is A := kZ. Applying
Proposition [4:3.7] to it produces h and L with no non-trivial linear factors except
for Lg,. Since the empty set is a preclustering of f, the concatenation of two
periods is also a cluster. For a C-free cluster, [8, Lemma 4.13] shows that L is a
scaling, and we are done. For a C-cluster, [8, Lemma 4.14] shows that Lg is the
identity or the scaling by —1. O

Remark 4.3.9. According to Proposition if (@, f) has a C cluster, then f is a
long decomposition of an exceptional polynomial.

Proposition 4.3.10. Suppose that two pairs of sequences, (h,L) and (g, M), are
both cleanups of the same non-empty preclustering A of the same k-long decompo-
sition f. As is standard in this subsection, we assume that (A, f) has a C cluster.
Then (h, L) may be obtained from (g, M) by first forming Ax(g, M) for some k-scalar
A and then inserting translations to the right of type A Ritt polynomials in Ax(g, M).

More precisely, there is a k-scalar A such that (h,L) comes from (g, ]T/f) = A%
(9, M) in the following way. For each a € A where §,41 is a type A Ritt polynomial
(see Definition 5.8 in [§]) and M, is not a scaling, there is a translation T, such that
hat1 = gar10T, and Ly = T;lﬁa. Since both gq11 and he11 are Ritt polynomials,
there are only finitely many such translations for each fized a.

Furthermore, X satisfies the conclusion of Corollary[.3-6: \; = £1 for all i and
w; = 1 inside clusters of A and to the right of C-free clusters. Here, u is the residue
of X at the degree sequence h.

Proof. Since f only appears in these definitions up to linear-equivalence, we may
assume that f = L oh. Fix b,a € A such that fj; o) is a C cluster of (A, f).

Since (g, M) is also a cleanup of L o h, some k-skew periodic sequence of linear
polynomials N witnesses that M o g is linearly equivalent to L o h, and then

(Latk © hatk, Latk—1© hatk—1,-- > Lat2 © hat2, Lay1 © hat1)
and
-1
(Na+k+1 o at+k © Ga+k, MaJrkfl OGat+k—1y--+» Ma+2 O© Ja+2, Ma+1 O Jda+1 © NaJrl)

are linearly equivalent in the sense of [8, Definition 2.49], and we have two almost-
cleanups of them, again in the sense of [§, Definition 4.3]:

(ha-t,-k, N ha+1; La—‘,—k, e ,La+1, ld))

and

-1
(ga—i-ka c . Ga+1; (Na+k+1 o Ma+k)7 Ma—i—k—lv ey Ma+27 Ma+1; Na+1)~
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Since fjp,q) is a C cluster, there are no further requirements on the linear factors
at k and at 0 in [8] Definition 4.3], so these are actual cleanups in the sense of [8]
Definition 4.3]. By [8, Lemma 4.10], these can only differ by scalings of +1 and by
translations to the right of C-free clusters. In particular, since N,y is not to the
right of a C-free cluster, it must be a scaling by +1; and so Nyyr+1 = 0(Ngt1) is
also a scaling by 1. So, the original long cleanups (h, L) and (g, M) can only differ
by scalings of +1 and by translations to the right of C-free clusters, as required. [

We now move on to comparing cleanups of different preclusterings. Lemmal[4.3.11]
builds on Remark tracking what happens to cleanups when a preclustering is
refined to have more, smaller clusters per period. The following two lemmas are
partial converses of Lemma [£.3.11] used to recognize when a given preclustering is
a refinement of another. Lemma [4.3.12]is essentially [8] Lemma 4.13] about fusing
two adjacent C-free clusters. Le is a better version of [8] Lemma 4.14]
made possible by our Corollary which is a better version of [8 Remark 4.9].

Lemma 4.3.11. Suppose that (h, L) is a precleanup of a preclustering A of a k-long
decomposition f, and B D A is also a preclustering of the same f. Then (h,L) is
not a precleanup of (B, f) if and only if
(f) there are some b > i > a for which fi q) is a C cluster of (A, f), and f; is
quadratic, and both i and (i — 1) are in B.

If (h, L) is a cleanup of (A, f) and (f) does not hold, then (h, L) is also a cleanup
of (B, ).

Proof. Part (1) of the definition cleanup only depends on h, L, and f, not on B.
Part (2) of that definition is strictly easier to satisfy for a bigger B. For parts (3)
and (4), it is necessary and sufficient to have each factor f; in the same type of
cluster in (A, f) and (B, f). By part (2) of Remark this fails if and only if
B rips a single quadratic factor off a C cluster of A, which is exactly the situation
that (1) describes more precisely. Parts (5a) and (5b) of the definition of cleanup
are again strictly easier: without (1), every “cluster boundary of (B, f) to the right
of a C-free cluster” is also a “cluster boundary of (A, f) to the right of a C-free
cluster.” |

Lemma 4.3.12. Suppose that (h,L) is a cleanup of a non-empty preclustering A
of f :== Loh with a C cluster. Suppose that ¢ > b > a are consecutive elements
of A; that f.py and fipq) are C-free clusters; and that their concatenation f. o) is
also a cluster. Then Ly is the identity, and B := A~ {b+ kn : n € Z} is also a
preclustering of Lo h, and (h,L) is also a cleanup of (B, Lo h).

Proof. To show that Ly is the identity, we apply [8, Lemma 4.13] to a suitable finite
chunk of these infinite objects. One period is not a long enough chunk, as it might
not contain all three of a, b, and ¢. Since A is k-periodic, b<a+ k and ¢ < b+ k,
so ¢ < a + 2k, so two periods is enough.

Let A/ :={2—a:2z € A and a <z < a+2k}. Now ((hat2ks- -, hat1), (Lat2k, - - -
is a cleanup in the sense of [8, Definition 4.3] of the preclustering, again in the sense
of [§], A’ of the decomposition (fat2k,-- - fat1)-

Applying [8, Lemma 4.13] from to these shows that L; is the identity. Since A
is k-periodic, it follows that Ly, are all the identity. The rest of the lemma now
follows easily. Note that B is non-empty because (A, f) has both a C cluster and a
C-free cluster. Writing out the definition verifies that it is a preclustering. O
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Lemma 4.3.13. Suppose that (h,L) is a cleanup of a non-empty preclustering A
of f:= Loh. Suppose that ¢ > b > a are consecutive elements of A; that fi.p) and
Jib,a) are C clusters; and that their concatenation f.q is also a cluster.

Then Ly(x) = £ and B := A~ {b+kn :n € Z} is also a preclustering of Loh.
Now (h, L) is also a cleanup of (B, f) if and only if Ly, is the identity.

In any case, any cleanup of (B, f) is also a cleanup of (A4, f); and one can be
obtained from (h, L) via Lemma as long as (B, f) admits any cleanups.

Proof. Exactly as in the proof of the last lemma, we apply [8, Lemma 4.14] to two
periods of (A4, f) to see that Ly(z) = +=.

Case 1: Suppose that B is empty.

If Ly is the identity, we have that all h; are Chebyshevs with at least one of odd
degree, and all L; being the identity, so for any e > d+k, we have fic q) = hjc,q) is a
Chebyshev polynomial whose degree is not a power of two. So B is a preclustering
and (h, L) is a cleanup of it.

If Ly is not the identity and some f; has degree 2, let d > b be the least such 1.
Let A\j:=—1fori=0b,b+1,...d (mod k) and A\; = 1 for other i. Use this A to get
a cleanup (g, M) of (A, f) via Lemma [4.3.5 with M, the identity, so all M; being
the identity. Again, B is a preclustering and (g, M) is a cleanup of it.

If Ly is not the identity and all f; have odd degree, it is easy to see that fl. 4
is linearly related to an odd-degree Chebyshev polynomial for any e > d, so B is a
preclustering, but it is the exception in Proposition admitting no cleanup.

Case 2: Suppose that B is not empty.

If Ly is the identity, writing out definitions verifies that B is a preclustering and
(h, L) is a cleanup of it.

Otherwise, Lemma with an appropriate k-scalar A will produce another
cleanup (g, M) of (A, f) with M, the identity, reducing to the previous sentence.

More precisely, let d be the degree sequence of h and define A by starting with
Ay = —1, proceeding inductively with \;11 = /\fi until A\ is defined, and filling
the rest of the period with A; = 1. This makes sense because b < a + k because B
is non-empty. The residue of this A at the degree sequence of h is —1 at b+nk and
+1 at a + k + nk and 1 everywhere else. The first assures that M, is the identity,
and the second holds because a + nk are right boundaries of C clusters. O

4.4. Gates and clusterings. Cluster boundaries give rise to the combinatorial
invariants we use to solve the Mahler problem for polynomials all of whose factors
are swappable but not all of whose factors are C-free. However, cluster bound-
aries of a preclustering are very far from an invariant, as we can introduce extra
boundaries almost at will. In this subsection, we show that a preclustering with a
minimal number of clusters, called a clustering, is almost an invariant of the long
decompositions.

In Lemma we show that two such clusterings only differ by assigning
what we call “wandering quadratic” factors (see Definition [4.6.3) to different clus-
ters. With that result, the boundary set (Definition omes the desired
combinatorial invariant (Theorem |4.4.20)).

The intuitive definition of clustering in terms of the minimal number of clusters
turns out to be equivalent to two more useful but less intuitive definitions, one in
terms of the linear factors in a cleanup and the other in terms of two particular
ways to reduce the number of clusters. We take the first one as our definition
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(Definition [4.4.3), and obtain the second (Lemma [4.4.6) as a consequence. In Lem-
mas |4.4.8/and we describe the only way to obtain one clustering from another
by moving a wandering quadratic; we then define the combinatorial invariant (Def-
inition that we use in our proofs. The rest of the section consists of the
tedious verification that it is indeed invariant: that any two clusterings come from
each other via the operations described in Lemmas [£.4.8| and [£.4.9]

Much of the technical work of this section is closely related to [8, Section 4],
but the overall approach is substantially improved. With long decompositions, we
avoid the artificial cluster boundary at k that unnecessarily complicated [8]. With
Definition we explicitly identify the combinatorial invariant that remained
implicit in [8].

Definition 4.4.1. Fix a cleanup (h, L) of a non-empty preclustering A of f, and
fix consecutive elements ¢ > b > a of A. For the duration of this definition,

- the left cluster is f.p); and
- the right cluster is fp 4); and
- the linear factor L is L.

We define “(h,L,A) has a gate at b’ exactly as in [8, Definition 4.15],
where the blank is one of “left-to-right”, “right-to-left”, “one-way”, or
“two-way” .

More formally, ((he, - .., hat1), (id, Le—1, ..., Lg)) is a cleanup in the sense of [8]
Definition 4.2] of the preclustering (¢ — a,b — a,a — a) in the sense of [§] of the
decomposition (heoLe—1,...,hqet10L,). Whenever this has a left-to-right (respec-
tively, right-to-left, one-way, two-way) gate at 1 in the sense of [§, Definition 4.15],
we now say that (h, L, A) has a left-to-right (respectively, right-to-left, one-way,
two-way) gate at b.

The next lemma justifies the terminology “(A, f) has a gate at b”, explains the
purpose of gates, and notes that two-way gates are superfluous.

Lemma 4.4.2. Two cleanups of the same preclustering of the same decomposi-
tion have the same kinds of gates in the same places. (Compare with [8, Lemma
4.17(1)].)

The concatenation of a cluster fi, 4y of (A, f) and an adjacent quadratic factor
fa (respectively, fuy1) is a cluster if and only if (A, f) has a right-to-left gate at a
(respectively, left-to-right gate at b). The clusters fiq) and fip.a—1) (respectively,
fib,a) and fii1.q)) are of the same kind, C or C-free. (Compare with [8, Remark
4.20].)

If ¢ > b > a are consecutive elements of A and (A, f) has a two-way gate at b,
then the two clusters ficp) and fp ) are of the same kind (both C or both C-free),
and their concatenation fi. q) is also a cluster. (Compare with [8, Lemma 4.16].)

Proof. The first statement follows immediately from comparing [8, Remark 3.14]
with Proposition here. The second and third statements are immediate
consequences of [8 Remark 3.14]. O

Beware that when the preclustering has only one cluster per period, the concate-
nations in the last lemma are not contained in one period, and so are not clusters
of any nonempty preclustering of f.
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With the following definition we introduce the notion a fake gate. Morally, these
identify cluster boundaries which can be removed. Parts (2) and (3) below are
closely related to the fake wandering quadratics from [8, Definition 4.19].

Definition 4.4.3. Fix a non-empty preclustering A of f, and fix consecutive el-
ements ¢ > b > a of A. The gate of (A, f) at b is fake if one of the following

holds:
(1) The gate is two-way.
(2) The gate is left-to-right, c = b+ 1, and f, 41 is quadratic.

(3) The gate is right-to-left, b = a + 1, and f,41 is quadratic.

(4) The gate is left-to-right, ¢ = b+ 2, both fy12 and fy41 are quadratic, and
(A, f) has a right-to-left gate at c.

(5) The gate is right-to-left, b = a + 2, both f,12 and f,4; are quadratic and
(4, f) has a left-to-right gate at a.

A clustering is a preclustering with no fake gates.

Fakeness of gates is defined entirely in terms of the degrees of the factors f; and
gates. The degrees of factors are a property of the k-long decomposition alone,
independent of the preclustering A and cleanup. The gates are a property of the
k-long decomposition and the preclustering, still independent of cleanup, by the
first part of Lemma So the fakeness of gates again only depends on f and
A and does not depend on the choice of cleanup; and so being a clustering is a
property of (A, f), independent of cleanup.

Lemma 4.4.4. If a preclustering A of f has a fake gate, then f admits another
preclustering B with fewer cluster boundaries per period, that is,

with [BN{1,2,...,k} < |[AN{1,2,....,k}|.

Proof. Suppose ¢ > b > a are consecutive elements of A and (A, f) has a fake gate
at b.

For (1), by the last part of Lemma and one of Lemmas or
B:= A~ {b+nk:n €Z} is another preclustering of f.

For (2) and (3), by the second part of Lemma [4.4.2] the same B obviously works
as long as it is not empty. If B is empty, then £k =1 and A = Z and all factors of f
are quadratic. Then all clusters of (A, f) are C-free, so a gate between two of them
must be a two-way gate, so f is linearly equivalent to h where every h;(x) = u;x?
for some scalar u;. The empty set is obviously a preclustering of h, and so also of

f

For (4), consider
B:=(AN[{b+nk:neZlU{c+nk:neZ}])U{b+1+nk:ncZ}.

By the second part of Lemma this B is another preclustering of f. As long
as b and ¢ = b + 2 are not the same modulo k, this B has fewer cluster boundaries
per period than A: two were removed and one added back. Otherwise, kK = 2 and
each cluster of (A, f) consists of two quadratic factors, so all clusters of (A, f) are
C-free clusters, so the gate at b must be a two-way gate, and just as for (2) and (3)
above, the empty set is a preclustering of f.

The proof for (5) is identical to the one for (4). O

The next Corollary is the analogue of [8, Lemma 6.11(4)].
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Corollary 4.4.5. If all factors of a k-long decomposition f are swappable, then f
admits a clustering.

Proof. Start with the preclustering Z of f from Remark and induct on the
number of cluster boundaries per period, using Lemma [£.4.4] to decrease it as long
as there are fake gates. O

We can now complete what we started with Lemmas [4.3.12] and [£.3.13]

Lemma 4.4.6. The concatenation of two adjacent clusters of a clustering is never
a cluster.

More precisely, fix consecutive elements ¢ > b > a of a preclustering A of f, and
suppose that the concatenation fi. . of the two adjacent clusters fi.p) and fip ) is
itself a cluster. Then A has a gate at b, and this gate satisfies one of Conditions

(1), (2), or (3) in Definition of “fake gates”.

Proof. 1f the clusters fi. ;) and f] ) are of the same kind (C or C-free), then Lem-
mas [£.3.12 and [£.3.13] show that A has a two-way gate at b.

Consider now the case that these clusters are of different kinds. Since one of
Jiepy and fp4) is a C cluster, one of the factors f; is an odd-degree Chebyshev

polynomial, so the whole f|. ,) must be a C cluster. By Remark the other
cluster must consist of a single quadratic factor. The second part of Lemma [4.4.2)
now verifies condition (2) or (3) in the definition of “fake gates”. O

We can now connect our clusterings with those in [8]. The following looks much
like Remark except that “pre” is gone from “preclusterings”.

Remark 4.4.7. These observations are again related to parts of [§ Lemma 6.11].

(1) If A is a clustering of f, and 0 € A, then AN{0,1,...k} is a clustering of
(fx, ... f1) in the sense of [8 Definition 4.26]. Lemma [£.4.6] verifies the first
part of the definition; and [8, Remark 4.27] connects the second part of the
definition to parts (4) and (5) in our definition of “fake gates”.

(2) More generally, for any a € A, the tuple AN{a,a+1,...a+k} is a clustering
of the decomposition (f, 1k, ... fa+1), in the sense of [8, Definition 4.26].

(3) Converses of these may fail: the cluster boundary at 0 and k required in [8],
Definition 4.26] may not be right for the long decomposition.

So far in this section we have identified two ways of getting a new preclustering
from an old one: fusing two clusters (in each period) and removing the boundary
between them from A; and moving a quadratic factor from one cluster to the
next, through a gate in the correct direction. The next two results examine this
second operation. Each time, we have to separately consider the special case of one
cluster boundary per period. Empty preclusterings are irrelevant to this story. The
extreme case k = 1 is also irrelevant to this story.

The next two results characterize the essential non-uniqueness of clusterings: a
quadratic factor can cross through a gate from one cluster to another. The rest of
this section is devoted to showing that this is all that can happen, and that this
can only happen once at any particular gate.

Lemma 4.4.8. Fiz a non-empty preclustering A of f and consecutive elements
c>b>a of A.
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Part 1. Suppose that b+ 1 ¢ A, and (A, f) has a one-way left-to-right gate at
b, and fp+1 is quadratic. Let a1 A — Z be defined by

a(i):_{i—kl ifi=b (mod k)

1 otherwise.

Then B :=range(«) is another preclustering of f.

Furthermore, for all adjacent d > e in A, the cluster fiqc) of (A, f) and the
cluster fla(a),a(e)) of (B, f) are of the same kind (C or C-free).

Further yet, for all e € A with e £ b (mod k), the gate of (4, f) at e and the
gate of (B, f) at a(e) are of the same kind (none, one-way left-to-right, one-way
right-to-left, or two-way).

Finally, the direction of the moved gate is changed: B has a one-way right-to-left
gate at b+ 1 = «a(b).

Part 2. The reverse is also true: If b—1 ¢ A, and (A, f) has a one-way
right-to-left gate at b, and f, is quadratic; then o : A — 7 defined by

oli) = {i—l ifi=b (mod k)

7 otherwise

produces another preclustering B := range(a) of f.

Again, the direction of the moved gate is changed: B has a one-way left-to-right
gate at b—1 = «(b).

Again, all other gates, and all cluster types are unchanged, exactly as in the two
“furthermore”s in Part 1.

Our proof of this lemma is rather long, but routine.

Proof. We prove Part 1; the proof of Part 2 is identical and left to the reader.
Since b+1 ¢ A, this a respects order and k-periodicity. Since b € A and b+1 ¢ A
and A is k-periodic, it follows that k # 1. Setting

C:=A~N (b+kZ)

we get
A=CU((b+kZ)and B=CU (b+ 1+ kZ).

To show that B is a preclustering and that « respects cluster types, we only
need to consider alleged clusters of B with the new boundary b+ 1.

Case 1. If A has more than one cluster boundary per period, these new clusters
are ficp4+1) and fly41,q), corresponding to the clusters fi.;) and fp.q) of A. Since
c€ Aand b+1 ¢ A, we know that ¢ # b+1, 50 f. p+1) is not empty. By the second
statement in Lemma Jib+1,a) 18 a cluster. Now f. ;11 is the result of removing
the quadratic factor fy,1 from the cluster fi.;), so by part (3) of Rema it
is a cluster, of the same kind as fi.;). By the same part (3) of Remark the
cluster fJ 4) is of the same kind as fjp11,q)-

Case 2. If A has one cluster boundary per period, A = b+ kZ and a = b— k and
B = b+ 1+ kZ. By the second statement in Lemma, fiv+1,0) 1s a cluster; by
part (3) of Remark applied at its left end b, it is of the same kind as f}, 4). By
part (3) of Remark applied at the right end a of fj41,q), we get that fip41,qa41)
is a cluster of the same kind as f{p41,4)- SO flp41,a41), the only alleged cluster per
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period of B, is indeed a cluster, of the same kind as f; ), the only cluster per
period of A.

It remains to show that « respects the gates as described. We fix a cleanup
(h, L) of (4, f) and build a cleanup (g, M) of (B, f) with

gi=h;fori£b (mod k) and M; =L; fori,i+1#b (mod k) .

We verify that the new gate at (b + 1) is one-way right-to-left as we build the
cleanup. The types of all other gates remain the same: the linear factors M; = L;
in the cleanups are the same, and we already showed that the types of clusters are
the same.

To lighten notation, we talk about adjusting Ly4+; and Ly and hp41; correspond-
ing entries in other periods are correspondingly adjusted. Since k # 1, the linear
Lp+1 and L are not corresponding factors from different periods, and can be ad-
justed independently. Since b+ 1 ¢ A, the old linear factor Ly1q is the identity.
Since b ¢ B, the new linear factor M}, must be the identity.

Case 1. 1If both fi.;) and f ,) are C-free clusters, the gate at b cannot be
one-way, so the hypotheses of this Lemma cannot be satisfied.

Case 2. If both f.p) and fj, q) are C clusters, then hyiq(z) = 22 —2 and Ly(z) =
A~ txz. We can keep hyyq1, but need a new linear My, such that My 1 0 hyyq =
hpt1 o Lp. This is exactly the defining property of Mp;1 = Ay from [8, Remark
3.14] So get M from L by replacing Lpy; = id by My = Ay, and replacing
Ly(x) = Az by M, = id; and propagating through k-periodicity. Now (h, M)
is a cleanup of (B, f) with a right-to-left gate at b + 1, as wanted. If this gate is
two-way, Mpy1 = A, must also be a scaling, forcing A = +1, forcing the original
gate of (A, f) at b to be two-way, which we assumed it is not.

Case 3. Suppose that fi.;) is a C-free cluster, so hyy1(z) = 22, and fb,a) I8 @
C cluster. For (A, f) to have a left-to-right gate at b, we must have L, = id. For the
new cleanup, we need g,+1(z) = 2 —2. Let the new linear factor M1 (x) := z+2.
Clearly, Mpi1 0 gp+1 = hpy1 © Ly. Now (g, M), obtained from (h, L) by replacing
hy+1 by gpr1 and Lyy1 by Myyq, is a cleanup of (B, f). It has a right-to-left gate
at b+ 1 as long as hyy2 o Mppq o (—2) is a Ritt polynomial; which it is, since
Myy10(—2) =id and hy, 2 is the rightmost of the non-empty C-free cluster fi.,11)
of (B, f). Since this gate is between clusters of different kinds, it must be one-way
by the third part of Lemma

Case 4. Suppose that fi. ;) is a C cluster, so hyq1(z) = 22—2, and Jib,a) 18 a C-free
cluster. For (4, f) to have a left-to-right gate at b, we must have Ly(z) = A\~ laz.
For the new cleanup, we need gp11(z) = 2?2 and a new linear My, such that
Mpyi10gp+1 = hpg10 Ly, which is exactly the defining property of M1 = B). Now
(9, M), obtained from (h, L) by replacing hp41 by gp+1 and Lyq = id by My and
Ly by M, = id, is a cleanup of (B, f), with a right-to-left gate at b+ 1, as desired.
Again, since this gate is between clusters of different kinds, it must be one-way by
the third part of Lemma [4.4.2 (Il

We now verify that when a clustering is fed to Lemma a clustering is
produced.

Lemma 4.4.9. (Compare with [8, Lemma 4.32])
Fix a non-empty clustering A of f and consecutive elements ¢ > b > a of A.
Suppose that (A, f) has a one-way left-to-right (respectively, right-to-left) gate at
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be A and that fyr1 (resp., fv) is quadratic. Let
B:=(ANb+EkZ)Ub+1+kZ
(respectively, B:= (AN b+ kZ)U{b—1+nk:necZ} ).
Then B is also a clustering of f.

Proof. Again, we leave the “respectively” part to the reader.

Since A is a clustering, the gate at b must fail parts (2) and (3) of Definition [£.4.3]
of “fake gate”, so b+ 1 is not in A. Now all hypotheses of Lemma [4.4.8] are
satisfied, so we get its conclusions: B is another preclustering of f, with the same
number of clusters per period as A, and with a one-way right-to-left gate at b+ 1.
Corresponding clusters of B and A are of the same kind, C or C-free; and all the
“other” cluster boundaries have gates in the same direction(s). As in that lemma,
let

C:=A~b+kZtoget A=CUb+kZand B=CUb+1+kZ .

Let us verify that B has no fake gates.

(1) Since A is a clustering, it has no two-way gates. The new gate of B at
b+ 1 is one way, and all other gates of B are in the same direction(s) as
the corresponding gates of A. So B also has no two-way gates.

(2) Where could B have a left-to-right gate at d with a quadratic f44; and a
cluster boundary at d + 17 If d,d + 1 € C, then this contradicts A being a
clustering. Since B has a one-way gate in the other direction at b+ 1, we
cannot have d = b+ 1 (mod k). Sod+1 = b+ 1 (mod k); without loss
of generality, d+1 =0+ 1. But then b = d is a cluster boundary of B, a
contradiction.

(3) Where could B have a right-to-left gate at d with a quadratic f; and a clus-
ter boundary at d—17 Again, d,d—1 € C contradicts A being a clustering.
Again, (d—1,d) = (b,b+ 1) (mod k) contradicts b ¢ B. So we must have
d—1=b+1 (mod k).

Then d = b+ 2 (mod k) is in B; since k # 1, this means that b+2 € C,
and A also has a right-to-left gate at b + 2 = d (mod k). Together with
A’s original left-to-right gate at b and quadratics fp+1 and fg = fp12, this
makes A’s gates at b and b+ 2 fake by parts (4) and (5) of Definition [4.4.3]

(4,5) Finally, where could (B, f) have quadratic factors fy and fq11 with a right-
to-left gate at d + 2 and a left-to-right gate at d? Again, d,d +2 € C
immediately contradicts A being a clustering. Again, since B has a one-
way right-to-left gate at b+ 1, we cannot have d = b+ 1 (mod k). So we
must have d+2 =b+1 (mod k). Now d=b—1 (mod k) isin C, so A also
has a left-to-right gate at d = b—1 (mod k). However, b = d+1 (mod k) is
also a cluster boundary of A, and fg41 is a quadratic, making the A’s gate
at d fake by part (2) of Definition contradicting A being a clustering.

O
We introduce the boundary set, a slight variant of a clustering, replacing each

ambiguous boundary, at b or b + 1, with the half-integer b + % lying between the
two options for the boundary.

Definition 4.4.10. For a clustering A of a k-long decomposition f, the boundary
set is the subset B of %Z such that, for any integer 1,
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(1) i— % € B if and only if the factor f; is quadratic, and Lemma applies:
either i € A and (A4, f) has a right-to-left gate at ¢;
ori—1¢€ A and (4, f) has a left-to-right gate at ¢ — 1.

(2) i € Bif and only if ¢ € A and Lemma does not apply.

A boundary list « of a k-long decomposition f is an increasing bijection from Z
to a boundary set B C %Z of some clustering (4, f).

Remark 4.4.11. When a new clustering is obtained from another one by moving
a quadratic factor from one cluster to another as in Lemma the original
clustering and the new one have the same boundary set. We will show with Theo-
rem [4£:4:20] that this only way to produce new clusterings from old so that ultimately
the boundary set is an invariant of the long decomposition independent of a choice
of clustering.

Remark 4.4.12. The boundary list will help us to keep track of how the gates
move as ST}, acts on long decompositions. Annoyingly, this introduces a new non-
uniqueness: the starting point «/(0).

To prove our Theorem [£:4.20] that the boundary set is an invariant of a long
decomposition we require several technical lemmas describing how clusters may
overlap. These results are analogous to the work in [8, Lemmas 4.23, 4.24, and
4.25].

The next lemma says that a cluster can bite off a factor from an adjacent clus-
ter, either the two clusters can fuse (so this cannot happen in a clustering), or

Lemma [£.4.8] applies.

Lemma 4.4.13. Fix consecutive elements ¢ > b > a of a preclustering A of a k-
long decomposition f. Suppose that the concatenation fi,41,q) of this cluster f, 4
with an adjacent factor fy11 is a cluster. Then exactly one of the following holds

(1) (A, f) has a two-way gate at b;

(2) c=b+1 and fyy1 is quadratic;

(3) b+1¢ A and fy41 is quadratic and (A, f) has a one-way left-to-right gate
at b.

The same is true on the other side: if fip o—1) is a cluster, (A, f) has a two-way
gate at a; or f, is a quadratic and a single cluster; or f, is quadratic and a—1 ¢ A
and (A, f) has a right-to-left gate at a.

Proof. Again, we only prove one side. Case 1. If f,,1 is not quadratic, then the
two clusters fi.) and f}, 4) are of the same kind, C or C-free.

Case 1.1. If fi. 4 is a C-free cluster, then (by Lemmal4.3.11) A" := AU(b+1+kZ)
is also a preclustering of f, and any cleanup of (A, f) is also a cleanup of (4’ f).
Now Lemma applies to the concatenation f,1q 4 of the clusters fi, 415 and
fiv,a) of (A',f). So (A', f) has a two-way gate at b, and so (4, f) has a two-way
gate at b.

Case 1.2. If fiop is a C cluster, and (L, h) is a cleanup of (4, f), then all h; with
¢ > 1 > a are Chebyshev polynomials. In order to have linear M and N for which

(Mohehe1,...,hpq1,LpohyoN)

is linearly equivalent to
(hca hc—la sy hb—i—la Ohb),
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we must have Ly(x) = tx, since Chebyshev polynomials are not otherwise linearly
related to themselves (see [8 Section 3] for details of this well-known fact). So
again, (A, f) has a two-way gate at b.

Case 2. 1f fy41 is quadratic, by the second part of Lemma (4, f) has a
left-to-right gate at b. If this gate is two-way, we get conclusion (1) of the lemma.
If b+ 1 € A, we get conclusion (2) in the lemma. If neither of these holds, we get
conclusion (3) of the lemma. O

It follows that a cluster cannot bite off more than one factor from an adjacent
cluster, unless the two clusters fuse. In particular, this cannot happen in a cluster-
ing.

Lemma 4.4.14. Fiz consecutive elements ¢ > b > a of a preclustering A of a
k-long decomposition f, and suppose that ¢ > b+ 2. Suppose that the concatenation
Jib+2,a) of this cluster fi, ) with two adjacent factors fyyo and fyi1 is a cluster.
Then the whole f. q) is a cluster. Furthermore, (A, f) has a two-way gate at b, or
Jiep) @8 a C cluster and b = a + 1 and f, is quadratic.

The same is true on the other side: if b —2 > a and f 4—2) is a cluster, and
d < a is the next element of A, then the concatenation fi, qy of two clusters is a
cluster; and (A, f) has a two-way gate at b, unless fiq.q) is a C cluster, and b = a+1
and fy is quadratic.

Proof. Case 1. If fiy41,q) is also a cluster, then Lemma applies, and conclu-
sion (2) cannot hold, and conclusion (1) is what we want. Suppose toward contra-
diction that conclusion (3) holds. Now Lemma applies, providing us with a
new preclustering B of f, with a cluster boundary at (b + 1) instead of b, with a
one-way gate the wrong way at that gate. Since fj,12 ) is a cluster, Lemma
also applies to this new preclustering B. But conclusion (1) needs a two-way gate
where we have a one-way gate; and, by the second part of Lemma[f.4.2] conclusions
(2) and (3) need a one-way gate in the other direction at (b+ 1).

Case 2. It flp41,q) 18 not a cluster, then Remark applies, since fy11,q) is
contained in the cluster fj,42 ), and contains the cluster fj ). This means that
Jb+2,a) must be a C cluster, and all factors of fj,41 ) must be quadratic, and f q)
must be a C-free cluster consisting of a single quadratic factor.

So we have: b = a + 1, and f, and fp41 are quadratic, and fp42 is linearly
related to an odd-degree Chebyshev polynomial. In particular, f. ;) is a C cluster.
Fix a cleanup (h, L) of (A, f). Then hpso is an odd-degree Chebyshev polynomial,
hyy1(x) = 22 — 2 is the Chebyshev polynomial of degree 2, and hy(z) = 22. We are
interested in the linear factor Ly. For f,424) to be a cluster, we must have linear
M and N with

(M o hpya,2* —2,Lyoz? o N)
is linearly equivalent to
(oo, — 2,27 = 2).
By [8, Remark 3.14] about the linear relations between x? and 22 — 2, this exactly
corresponds to the definition of “(A, f) has a right-to-left gate at »”. Now the
second part of Lemma shows that the concatenation of the cluster f[c,b) and

the adjacent quadratic factor f; is a cluster. Since the whole cluster f, ) consists
of this one factor, we have shown that f|. ) is a cluster.
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With the next lemma we show that two overlapping C-clusters for which the
intersection contains all the odd degree factors fuse into a single C-cluster. This
result provides some necessary details for the proof of [§, Lemma 4.25].

Lemma 4.4.15. Fiz a k-long decomposition f and integers d > ¢ > b > a. Suppose
that flap) and fcq) are both C clusters, and all factors of both flq.c) and fjpq) are
quadratic. Then the whole flq,4) is a C cluster.

Proof. We first replace k by a sufficiently big multiple to ensure that k> d — a.

The proof proceeds by induction on (b — a). In the base case b — a = 0, the
desired cluster flq,q) in the conclusion is one of the clusters flq) in the hypothesis.

We consider three preclusterings A, B, and D of f. All clusters of A, B, and D
consist of one factor each, except for f. q) for A, fi.s) for B, and fiq) for D.

We build two cleanups (h, L) and (g, M) of (B, f).

To build (h, L), we start with a cleanup (ﬁ,ﬁ) of (4, f). So, h; are Chebyshev
polynomials when ¢ > i > a; and L; = id when ¢ > i > a. Let hi(x) := 22 and
Li(z) :==x — 2 for i with b >4 > a; and let h; = h; and L; = L; for other (modulo

Similarly, to build (g, M), start with a cleanup (g, M) of (D, f) and take M;(z) =
x — 2 and g;(z) = 22 for i where d > i > ¢, as in the previous case. Because we
do not know anything about the factor fy41, it may be necessary to further adjust
ga+1 and My to satisfy part (5b) of the definition of “cleanup”.

We know (h, L) has a one-way right-to-left gate at b. By part (1) of Lemma[4.4.2]
it follows that so does (g, M). Since M, = M, it also follows that the cleanup
(g, M ) of the preclustering D of f has a one-way right-to-left gate at b. By part
(2) of Lemma we know that fiz,—1) is a cluster. The induction step is now
complete. O

We come now to the main technical lemma explaining exactly under what con-
ditions two clusters may overlap. We will use this result repeatedly to compare
clusterings of the same k-long decomposition and then employ it later to under-
stand the action of Ritt swaps.

Lemma 4.4.16. Fiz a k-long decomposition f and integers d > ¢ > b > a. Suppose
that flapy and fieq) are both clusters. Then either the whole fiq.4) is a cluster; or
c=b+1 and fy1 is quadratic and at least one of flapy and fic.qy s a C cluster.

Proof. The three small pieces fi4.) and fi.p) and fj 4, are almost always clusters
themselves. We first deal with this general case, and then use Remark [1.1.3] to
analyze situations where some of the pieces are not clusters.

Case 1. All three fig ) and fi.p) and fj ) are clusters.

To apply our previous Lemmas [4.4.13| and [4.4.14] we need a preclustering A of f
for which these d > ¢ > b > a are consecutive elements of A. We can always do this,
possibly at the expense of replacing k& by a suitably big multiple: the conclusion of
this lemma is completely local, so this is not a problem.

Now Lemma [4.4.6| applies at each of the two boundaries ¢ and b. If both gates
are two-way, the whole f|q ,) is a cluster. If the outer clusters are single quadratics
that join the middle cluster via one-way gates, they can both join, again making the
whole fi4,q) a cluster. The only other option is that the middle cluster is the single
quadratic, and at least one of the gates is one-way. Since there are no one-way
gates between C-free clusters, at least one of the clusters must be a C cluster.
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Case 2. If the middle piece fl. ;) is not a cluster, then both fi4,) and f. ) are
C clusters and the overlap f.p) consists of quadratic factors, so the outer pieces
Jid,e) and fp 4) still have odd-degree factors, and so they are clusters. In fact, fiq4)
and f|; o) are clusters for any ¢ with ¢ > 4 > b, since they are contained in a cluster
and contain an odd-degree factor. If ¢ = b+ 1, we are done. Otherwise, we can use
Lemma as soon as we have a preclustering A of f for which these d > b > a
are consecutive elements. As in Case 1, we can always find such A. We now have
two adjacent clusters fiqp) and fjp.q), and the fip42.4) is also a cluster. Since we
know that f; 4) contains an odd-degree factor, the whole fi4,) must be a cluster
by Lemma

Case 3. If one of the outer pieces, fig.c) Or fiy,q), is not a cluster, it means
that the corresponding big cluster, figp) or fi..q), respectively, is a C cluster whose
odd-degree factors are inside the middle piece fi.p). Then both fig5) and f. ) are
C clusters.

If fi,a) is a cluster, we can apply the reasoning in Case 2 again: fig5) and fp, 4
are adjacent clusters, and f; o) is a cluster for any i with b > i > a. Applying
Lemmas {4.4.13| and [4.4.14] again, and noting that the middle piece fi.p) is not a
single quadratic, we get that the whole fi4,) must be a cluster. The same reasoning
applies if fi4.) is a cluster.

The last remaining possibility that both fig.) and fj q) consist of nothing but
quadratics is handled by Lemma

]

The following (surprisingly useful) technical lemma shows that a one-quadratic
cluster of a clustering cannot be contained in a C cluster.

Lemma 4.4.17. If

o A is a preclustering of a k-long decomposition f; and

e a,a— 1€ A and f, is quadratic; and

® fle,a) is a C cluster for some e,d with e > a and a —1 > d;
then A is not a clustering.

Proof. Let z be the index of an odd-degree factor f, in the C cluster fi q), closest
to a on the left or to a — 1 on the right. We write out the details of the first case;
the second is identical. Let y > x be the boundaries of the cluster f, ,) of (4, f)
that contains the factor f,. So now

y>z>x>aande>zand a—12>d; implying that x — 1 > d .

Since we assumed that f, is the closest odd-degree factor, all f; with z > i > a
are quadratic. Remark then forces every such i to be a cluster boundary of
A.

We will show that the concatenation f, ,_1) of adjacent clusters fj, ,) and
Jiz,z—1) of (A, f) is itself a cluster, contradicting Lemma Since fly,.—1) con-
tains the odd-degree factor f., by Remark [£.1.3]it suffices to show that fj, , 1) is
contained in a cluster.

If e > y, then f, , 1) is contained in fi 4. If y > e, then the clusters
Jly,e) and fle gy overlap, and the overlap includes the odd-degree factor f.. So

by Lemma [1.4.16] the whole fi, 4) is a cluster, again containing ff, »1). O

We now return to proving Theorem [1.4:20] that the boundary set of a k-long
decomposition (see Definition [4.4.10)) is unique. It is easy to see that whenever the
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empty set is a preclustering of f, it is the unique clustering of f. So, we compare two
a priori unrelated non-empty clusterings A and D of the same k-long decomposition
I

The first Lemma, in this series deals with one mismatched cluster boundary.
Options (2) and (3) in its conclusion do not produce a mismatch of boundary sets;
option (1) is sorted out in the following Lemma [4.4.19

Lemma 4.4.18. Suppose that A and D are non-empty clusterings of the same
k-long decomposition f and b € A~ D. Then one of the following is true.

(1) Both fy and fy41 are quadratic; and b+ 1 and b—1 are both in D.
(2) A has a one-way left-to-right gate at b, and fy11 is quadratic,
and b+1 € D, and Lemmal[{.4.9 gives another clustering

B=(Ab+kZ)Ub+1+kZ

of f which shares the cluster boundary b+ 1 with D.

(3) A has a one-way right-to-left gate at b, and fy is quadratic, b—1 € D, so
Lemma gives another clustering B = (ANb+ kZ)Ub— 1+ kZ of f
which shares the cluster boundary b — 1 with D.

Proof. Fix consecutive elements ¢ > b > a of A.

Since b ¢ D, there are consecutive elements e > d of D with e > b > d.
Comparing e to ¢ and d to a breaks this proof into four cases. In each case, we get a
contradiction (via Remark Lemma [£.4.17} Lemma [£.4.16] and Lemma
or one of the desired conclusions (via Lemma [4.4.2] and Lemma |4.4.9).

Case 1. If e > c and a > d, then the concatenation f. q) of two clusters of (4, f)
is contained in the cluster fi q4) of (D, f). By Lemma this concatenation
fie,a) cannot be a cluster itself. Remark @ then shows that c=b+1=a + 2,
and f, and fp41 are quadratic, and fle gy is a C cluster, and Lemma provides
the contradiction.

Case 2. If e > c and b > d > a, then Lemma [1.4.16 applies to the clusters fi. q)
and f[b,a)~

If the whole f. ,) is a cluster, then f. 4 is contained in a cluster, and contains
the cluster fp, ,) with at least two factors: b > d > a implies that b > a + 2.
Remark then shows that fl.q) is a cluster, contradicting Lemma

Thus b = d+ 1 and f; is quadratic. We want to show that the concatenation
Jie,b—1) of the cluster f. ;) of (A, f) and the adjacent quadratic fy is a cluster. This
Jie,p—1) is contained in the cluster fio.q) = fle,p—1), and contains the cluster fi. ).
Remark [£.1.3] gives what we want, unless ¢ = b+ 1 and f, is quadratic and fj 4 is
a C cluster. In that case, Lemma [4.4.17| provides the contradiction.

Case 3. The situation where ¢ > e but a > d works exactly like Case 2.

Case 4. Finally, suppose that ¢ > e > b > d > a. Lemma now ap-
plies to fle.q) with fj 4y, and to fi. ) with flo 4. Each of these two instances of
Lemma produces one of two conclusions, breaking this case into four sub-
cases.

Subcase 4.1. Suppose that both concatenations fi q) and fi.q) are clusters.
Their overlap fle 4y contains at least two factors, so another application of Lemma
shows that the whole f. ,) is a cluster, contradicting Lemma 4.4.6]

Subcase 4.2. Suppose that b= d+1 and f; is quadratic, but the overlap fi. ;) of
Jie,py With fle gy is not a single quadratic and f[. q) is a cluster. Since the concatena-
tion fi. q) of the cluster f|. ;) and the adjacent quadratic f; is a cluster, Lemmam
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shows that (A, f) has a right-to-left gate at b. As in Case 2 above, Lemma [£.4.9]
now gives us another clustering B = (AN b+ kZ)Ub — 1+ kZ of f which shares
the cluster boundary d = b — 1 with D.

Subcase 4.3. The reasoning is exactly the same for the symmetric situation where
e =>b+1and fyy1 is a quadratic, but the overlap fj 4) of fle.q) and fjp.q) is not a
single quadratic.

Subcase 4.4. Finally, we arrive at the first option in the conclusion of this lemma:
fo and fpy1 are both quadratic, and e=b+1and d=5b—1. O

The last lemma was the induction step for the proof of Theorem [£:4.20] and the
next lemma is the base case, sorting out option (1) in the conclusion of the last
lemma.

Lemma 4.4.19. Fiz two clusterings A and D of the same k-long decomposition f.
Suppose that for every b € A~ D, both f, and fy11 are quadratic; and b+ 1 and
b— 1 are both in D. Suppose symmetrically that for every b € D \ A, both f, and
fo+1 are quadratic; and b+ 1 and b — 1 are both in A. Then A = D.

Proof. Fix cleanups (g, M) of (A, f), and (h, L) of (D, f).

Observe first that for every b € A\ D, the cluster fj41,-1) of D broken by b is
a C-free cluster, since it has degree 4. By Lemma this means that AU D is
another preclustering of f, and (g, M) is a cleanup of it. Symmetrically, (h, L) is
also a cleanup of (AU D, f).

For any d € D ~ A, the cleanup (g, M) of (A4, f) must have My = id. So the
cleanup (g, M) of (AU D, f) has a two-way gate at such d. So every cleanup of
(AU D, f), including (h, L), has a two-way gate at such d. So Lg = id. So the
cleanup (h, L) of (D, f) has a two-way gate at d. But this fake gate of (D, f)
contradicts the definition of “clustering”.

The same contradiction arises symmetrically from any b € A~ D. (Il

We come now to our Theorem [£:4.20] showing that the boundary set is an invari-
ant of a long decomposition, as are the types of clusters and the gates appearing
in a clustering. We prove the theorem by showing that any two clusterings may be
converted one to the other through a finite sequence of applications of Lemma

Theorem 4.4.20. Any two non-empty clusterings A and D of the same k-long
decomposition f give rise to the same boundary set B for f.

Corresponding clusters of (A, f) and (D, f) are of the same kind (C or C-free).

For each b € AND D BNZ, the gates of (A, f) at b and (D, f) at b are of the
same kind (none, one-way left-to-right, one-way right-to-left).

For each half-integer b — % € B withbe A andb—1€ D or vice versa, A and
D have one-way gates in opposite direction at this cluster boundary.

Proof. We build a finite sequence (A;, D;) for i = 0,1,2,...,n of pairs of clusterings
of f such that Ag = A and Dy = D and A,, = D,; and for each i, either A, is
obtained from A; via Lemma and D; 1 = D;; or vice versa. All the conclusions
of this theorem follow from the corresponding conclusions of Lemma [4.4.8] For
example, at each step, A; and A;y; will give rise to the same the boundary set;
and D; and D;,; will also give rise to the same the boundary set. Thus, A = Ag
will have the same boundary set as A,, = D,, which has the same boundary set as
D = Dy.
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To build the sequence, we induct on
[(A; A D;))n{L,2,...,k},

the number of cluster boundary disputes between D; and A;, in one period.

When this number is zero, A; = D; and we are done.

Otherwise, if some b € A; \ D, satisfies condition (2) or (3) in Lemma
with A = A; and D = D;, that lemma provides B =: A;;; that has one fewer
disputes with D, := D;.

Otherwise, if some b € D; \ A; satisfies condition (2) or (3) in Lemma
with A = D; and D = A;, that lemma provides B =: D;;; that has one fewer
disputes with A; 11 := A;.

Finally, the case that every b € A; A D; satisfies condition (1) in Lemma
is ruled out by Lemma O

The point of this theorem is that now the number of clusters per period and the
kinds (C or C-free) of corresponding clusters are properties of the k-long decompo-
sition alone, independent of the clustering. The existence of one-way gates between
corresponding clusters is also a property of the k-long decomposition ; and if we
distinguish three kinds of such gates instead of two, separating out the gates occu-
pied by quadratic that correspond to half-integers in the boundary set, the kinds
of one-way gates are also a property of the k-long decomposition , independent of
the clustering.

4.5. Clusterings and the action of STj. In this subsection we focus on the
interaction between the action of STy and clusterings. Our key result will be that
while clusterings themselves are not invariant under this partial group action, the
number of clusters, the kind (i.e. type C or C-free), and the presence or absence
(but not the direction) of one-way gates between the are all invariant under the
action of ASym,.

We now collect some easy results from [8] about the interactions between the
partial functions ¢;x and clusters, explaining how they fit with our new context of
long decompositions.

Proposition 4.5.1. (Compare with [8, Remark 4.5(5), Proposition 4.11, Lemma
4.17(2), and Lemma 4.31]) Suppose that t; = [f] = [g]. That is, t; x [f] is defined
and [f] and [g] are Ritt-swap-related at i.

(1) Then (fit1, fi) is a cluster.

(2) Moreover, f admits a clustering A with i ¢ A.

(3) Any (pre)clustering A of f with i ¢ A is also a (pre)clustering of g, with
the same gates in the same places.

Proof. The first statement is an immediate consequence of the definitions.

For the second statement, fix a clustering A of f. If i ¢ A, we are done; so suppose
that ¢ € A, and let b > i > a be consecutive elements of A. Since tautological Ritt
swaps are not allowed, at least one of f;1; and f; is not quadratic; without loss of
generality, suppose that f; is not quadratic. Then by Lemma Jii+1,0) is a
cluster. By Lemma[4.4.2] it follows that f; 11 is quadratic and A has a left-to-right
gate at 9. By Lemma[4.4.9) B := (AN i+ kZ)Ui+ 1+ kZ is another clustering of
f,and i ¢ B.
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To prove (3), we start by showing that a preclustering A of f with i ¢ A is also
a preclustering of ¢; x [f]. Fix a cleanup (h, L) of (A, f). Since i ¢ A, f; and f;11
are in the same cluster.

If this is a C cluster, then h; and h;41 are Chebyshev polynomials and h;oh; 11 =
hi+1 o h; is a basic Ritt swap. Let

h; = hit1 and BZ-H = h; and ﬁj i=hj for j#i,i+1 (modk) .

It is straightforward to verify that (k, L) is a cleanup of § := Loh. This § is clearly
Ritt-swap-related to f at ¢, so it is linearly equivalent to g. Thus, (/~z, L) is also a
cleanup of g, and A is also a preclustering of g. This argument works exactly the
same way when both h; and h;;; are monomials inside a C-free cluster.

In general, inside a C-free cluster we need [§8, Lemma 3.37] to conclude that
there are polynomials h and hz+l such that h; o hH_l = hH_l o h is a basic Ritt
swap. It is now slightly less trivial to verify that (h, L) is also a cleanup of g¢: if
(i —1) € A and h; is not a monomial, one might worry about condition [5b] in the
definition of cleanup. This is actually not an issue because the Ritt swap forces h;
to have non-trivial 1n—degree (see Deﬁmtlon Thus, h; cannot be a type A Ritt
polynomial; so h; and h; o L;_1 cannot both be Ritt polynomials for a non-trivial
translation L;_1.

Since the types of clusters and the linear factors did not change, the two cleanups
have the same gates in the same places. Thus, one is a clustering if and only if the

other is.
O

The next two lemmas are used in the proof of Theorem an analogue of [8,
Theorem 2.52], that the action of the generators ¢; of ASym,, on linear equivalence
classes of k-long decompositions satisfy the braid relations.

Lemma 4.5.2. (Compare with [8, Lemma 4.38]) If t; x [f] and t;y1 % [f] are both
defined, then (fit2, fiv1, fi) is a cluster or fi11 is quadratic.

Proof. By Proposmon 1 (fit1, fi) and (fit2, fi+1) are both clusters. Lemmald.4.16
with d =i+ 2 andc-z—i—l and b =i and a = 7 — 1 finishes the proof. O

Lemma 4.5.3. (Compare with [8, Lemma 4.39]) If one of t; x (tiy1 * (t; % [f])) or
tiv1 * (t;i % (tiv1 * [f])) is defined, then (fit2, fiv1, fi) s a cluster.

Proof. Suppose that t; x (t;41 * (t; x [f])) is defined; the other case is completely
analogous. Let g be a representative of ¢; x [f], and let h be a representative of
tiv1x (t; x[f]). Since t; 11 [g] = [h] and tautological Ritt swaps are not permitted,
at most one of g; 11 and h;y; can be quadratic. Lemma applies to both g and
h, so at least one of (g;t2, gi+1,9:) and (hit2, hit1, hi) is a cluster. So

A=Z~1+kZ)Ui+1+kZ
is a preclustering of g or h. Therefore, by Proposition applied once or twice,

A is also a preclustering of f, and, in particular, (fiy2, fix1, fi) is a cluster. O

This next theorem is the key step in proving Corollary [2:3.9] that our partial
action of the generators of ASym, on % is actionable, thus giving a partial group
action of ASym,, itself on Zj.
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Theorem 4.5.4. Suppose that k > 3 and f is a k-long decomposition and i is an
integer. Then

ti % (tipr * (L % [f])) = tiva * (L * (tiga < [f])) -
That is, they are equal when defined, and one is defined if and only if the other is.

Proof. By Lemma (fi+2, fi+1, fi) is a cluster, so
A=(Z~i+kZ)Ui+1+EkZ

is a preclustering of f. Let (h, L) be a cleanup of (f, A).

The rest of the proof is almost a repeat of the proof of Proposition

If this is happening inside a C cluster, all three of h;42, h;y1, and h; are Cheby-
shev polynomials, which commute with each other. Setting

iLi = hi+2 and iLi+2 = hl and }Nlj = hj fOI‘j 7_é Z', 1+ 2 (mod k)

gives a cleanup (h, L) of both t; % (t;11 * (t; * [f])) and tipq * (t; * (ti41 * [f])). This
argument works exactly the same way when all three of h;, h;+1, and h;yo are
monomials inside a C-free cluster.

Since each of the three factors h;, h;11, and h; o swaps with each of the others
in evaluating either t; x (t;4+1 * (¢; x [f])) or t;41 * (t; * (ti+1 * [f])), at most one of
them can be non-monomial. Applying [8, Lemma 3.37] repeatedly, as in the proof
of Proposition [£.5.1] finishes this proof. a

Another consequence of Proposition is an analogue of Theorem [£.4.20} the
number of clusters per period, the kind of clusters, and the presence of gates at
cluster boundaries are invariant under the partial action of ASym,;. The exact
location of the gate changes if and only if the direction of the gate changes. Action
by powers of ¢ shifts the whole picture.

Proposition 4.5.5. Fiz f € 9, and w € ASym,, with w f =: g defined. Then
there are boundary lists o and B for f and g, respectively, such that for all j,

(1) {a(5),B()} C{i+1,i+ 3,1} for some i;

(2) the j™ clusters of f and g are of the same kind, C or C-free;

(3) f has a gate at a(j) if and only if g has a gate at B(j);

(4) if a(j) =i+ 1 and B(j) =i, then [ has a right-to-left gate at a(j) and g

has a right-to-left gate at B(j); and vice versa.
If h = ¢™ % f for some n € Z, there are boundary lists a and 5 for f and h,

respectively, such that 8(j) = a(j + n) for all j; and corresponding clusters and
cluster boundaries are exactly the same.

Proof. To prove the first part, we apply Theorem [£:4.20] and Proposition [£.5.1] and
induct on the length of a word in the generators representing w. The way the
direction of gates changes in Theorem [4.4.20| and Proposition [4.5.1| prevents the
cluster boundaries from drifting by more than 1.

The second part about ¢™ x f is immediate. O

Definition 4.5.6. With the setup in Proposition we say that the cluster
boundary B(j) comes from the cluster boundary «(j) via w* f. When f and w are
clear from context, we simply say that a(j) becomes B(j), or that «(j) and B(j)
are corresponding boundaries.
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Remark 4.5.7. It is possible for the same ¢ to be a cluster boundary of both f and
g = w* f, but not correspond to itself: if f has a one-factor cluster f; with gates
in the same direction on both sides, after a quadratic passes through these gates,
both boundaries a(j) =i and a(j + 1) = i + 1 move one step to, say, S(j) =i+ 1
and B(j+1) =i+ 2; but a(j +1) =i+ 1 and B(j) = ¢ + 1 are not corresponding
boundaries!

Proposition 4.5.8. In a clustering, a cluster boundary without a gate is a wall.

Proof. Proposition [4.5.5] shows that if f has a cluster boundary at ¢ with no gate,
then for every w € ASym,, if defined, w * f has a cluster boundary at ¢ with no
gate. By Lemma t; x (w* f) is never defined.

To finish verifying that f has a wall at i, we must show that €, x f and €, Lx f
are not defined (see Definition [2.2.19).

Suppose toward contradiction that €, x f (respectively, €p L% f) is defined, so,
up to linear equivalence, we may assume that each f; is a Ritt polynomial with
in-degree (respectively, out-degree) at least p.

If none of the f; are type C, this gives a cleanup of the empty (pre)clustering of
f. In particular, f has no cluster boundaries.

Otherwise, p must be 2, because type C Ritt polynomials do not have other
in-degrees or out-degrees. To build a cleanup for f, we must convert those f; which
are type C into actual Chebyshev polynomials. The linear factors used for this are
exactly the ones giving one-way gates at cluster boundaries. For more details see
[8, Remark 3.14 and Theorem 3.15]. O

It follows from Propositions and that Theorem holds when there
is gateless cluster boundary.

Corollary 4.5.9. Theorem hold for any polynomial P whose long decompo-
sition has a cluster boundary with no gate.

4.6. Wandering quadratics. We have already shown that if a long decomposition
has no walls, then every cluster boundary has a one-way gate. In this subsection
we will show that each of these one-way gates is “owned by” a unique “wander-
ing quadratic”. This precise characterization will give us enough control to prove
Theorem [[L1.1]in the absence of walls.

We now return to a more detailed analysis of the interaction of the action of
ASym, with boundaries and gates. We begin by keeping track of corresponding
factors of f and w*f the same way that Definition [.5.6] keeps track of corresponding
gates.

Definition 4.6.1. Suppose that wx f = g for some k-long decompositions f and g
and some w € ASym,. We say that a factor g, comes from the factor f, viawxf = g
if the permutation 7(w) of Remark takes the integer a to b. Alternatively, we
say that the factor f, becomes gy via w % f, or that f, and g, are corresponding
factors.

A computationally useful equivalent to Definition [1.6.1| may be given inductively.

Remark 4.6.2. For k-long decompositions f and g = t; x f, a factor g, comes from
the factor f, viat;x fif b=a ¢ {i,i+ 1} or {a,b} = {i,i+ 1}.

For an element w € ASym,, for which wx f = g, a factor g, come from the factor
fa via w* f = g if there are
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e a sequences (w;);_, of generators, {t; : 1<j <k},
e a sequence of k-long decompositions (H (i));-, and
e a sequence of factors (h(i))!_,

so that
® W= Wp " WaW1,
e H(0)=f,
e Him+ 1) = w1 x H(m),
® 1(0) = fa,
e h(m+1) is the factor of H(m+1) which comes from h(m) via wy,+1+H (m) =
H(m +1), and
e h(n) = gp.

With the next definition we introduce wandering and loitering quadratics, the
key notions of this section. The word “wandering quadratic” is used in [§] for a
related, though quite different, notion.

Definition 4.6.3. Fix a k-long decomposition f with a non-empty clustering, and
let B be the boundary set of f. A quadratic factor f, is a loitering quadratic of f
ifa—4%eB.

A quadratic factor f, is a wandering quadratic of f if f, becomes a loitering
quadratic g, via w* f = g for some w € ASym;,.

Let b’ be the boundary of f corresponding to the boundary b — % of g via w f
in the sense of Definition [£.5.6] We say that the wandering quadratic f, owns the
gate that f has at b’.

Lemma 4.6.4. Let f be a long decomposition with at least one quadratic factor
and at least one type-C factor. If some some clustering of f has an unowned gate
at a, then f has a wall at a.

Proof. Since f has a quadratic factor, e;ﬂ * f is not defined. Likewise, because
f has a type-C factor, egﬂ * f is not defined for odd p. Because f has a cluster
boundary with an unowned gate at a, t, * f is not defined. (See the first paragraph
of the proof of Proposition for more details.) That is, f has a wall at a. O

Remark 4.6.5. When f, is a loitering quadratic of f, that cluster boundary of f is
ambiguous: some clusterings of f have a one-way gate at a and others at (a — 1),
so this quadratic could join either of the two clusters.

We shall soon vindicate the last notion by showing that each gate is owned by
at most one wandering quadratic.

Lemma 4.6.6. Fix a k-long decomposition [ and a word w in the affine permuta-
tion group such that wx f = g is defined. Suppose that g, is a loitering quadratic of
g, and that it comes from f, via wx f. Then f; is not quadratic for any i between
a and b, including a.

The intuitive idea of the proof is quite simple: one quadratic is near a gate, and
the other is further. As the far quadratic moves to the gate, it will bump into the
near quadratic and stop (since tautological Ritt swaps are not allowed). The only
possible exception would be when the near quadratic crosses the gate and stops
being between the gate and the far quadratic. However, in that case, when the
far quadratic arrives at the gate, the gate will be one-way the wrong way and the
quadratic will not be able to enter the gate.
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Proof. What we need to show that if b > a, f; is not quadratic fori =b—1,...a+
1,a; and if b < a, f; is not quadratic for i = b+ 1,...a — 1,a. The proofs of these
two statements are identical; we prove the first.

Toward contradiction, let (f,w,b > ¢ > a) be a counterexample with w expressed
as a product of generators w = w,. ...w; with the least possible . That is, f; and
fe are quadratic, and the loitering quadratic g, of g comes from f, via w * f.

For s = 0,1,...r, let B(s) and C(s) be the places where f;, and f. land via
Ws ... w1 * f. So B(0) = b and C(0) = ¢ and B(r) = a. Two quadratic factors
cannot Ritt-swap with each other and B(0) > C(0), so B(s) > C(s) for all s. In
particular, a = B(r) > C(r) while C(0) = ¢ > a. Thus, C(s) = a for some s < r.

Let f' := ws...wy * f, let w' := w,...wsq1, and let b’ := B(s). Now w’
f' = wx f = g and the loitering quadratic g, of g comes from fj, via w’' * f’;
and b = B(s) > C(s) = a. So (f',w',a,V') is another counterexample. So the
presentation of w’ in this counterexample cannot be shorter than that of w, so we
must have s = 0 and w’ = w and ¢ = a. Thus, we have

b=B(0) > C(0)=a=DB(r)>C(r) .
Claim 4.6.6.1. The factors fq are not quadratic for anyd=5b—-1,...a+ 1.

Proof of Claim: Suppose not, and let d be an index such that f; is quadratic and
b—12>d>a+ 1. Let D(s) be the place where f; lands via ws...w; x f. So
D(0) = d, so B(0) > D(0) > C(0) = a = B(r) > D(r). Thus, for some s # 0, r,
we have B(s) > D(s) = a. Again, let f' :=w,... w1 x f, let w’' := w, ... ws41, and
let ' := B(s). As before, (f',w’, b, a) is another counterexample. But since s # 0,
the presentation of w’ is strictly shorter than that of w, which is a contradiction.

e

Claim 4.6.6.2. For all s > 0, we have a > C(s); for all s < r, we have B(s) > a.

Proof of Claim: Since a > C(r), if C(s) > a for some s > 0, then C(s’) = a for
some s’ with s < &' < r. Again, ' == wy ... w; x f and W' := w, ... wy11 and
b := B(s') give a counterexample, with w’ having a shorter presentation than that
of w, a contradiction.

Similarly, if a > B(s) for some s < r, then a = B(s’) for some s’ < s because
B(0) > a. Now (f,u,b,a) is another counterexample, with u = wy ... w; having a
strictly shorter presentation than that of w, which is a contradiction. BY

Claim implies that wy, = t,_1 and w, = t,.
Claim 4.6.6.3. For all s # 0,r, the factor of hg of h := ws... w1 *x f is not

quadratic.

Proof of Claim: From Claim [4.6.6.2] we have B(s) > a > C(s). Let fq be the
factor of f that becomes h, via ws...w;* f. Then B(0) > d > C(0), contradicting
Claim {6,611 X

Claim 4.6.6.4. For all s with 0 < s < r, the k-long decomposition h := w; ... wj *
[ =wsy1...wr*xg admits a clustering with a left-to-right gate at (a — 1).

Proof of Claim: We induct backwards on s, from r — 1 to 1. For the base case
s =r — 1, we are looking at t, x g and g, is a loitering quadratic of g. There is a
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clustering of g with a cluster boundary at (a — 1) and a left-to-right gate at that
boundary. For that clustering, ¢, x ¢ is an intra-cluster swap that does not change
the locations and directions of gates.

For the inductive step, we are looking at ws x h for h = wsy1 ... w, % g. By the
inductive hypothesis, some clustering of h has a cluster boundary at (¢ — 1) and a
left-to-right gate at that boundary. By Claim [£.6.6.3] %, is not quadratic; so every
clustering of h has a cluster boundary at (a — 1) and a left-to-right gate at that
boundary. By Proposition this means that t,_1 x h is not defined, so ws = ¢;
for some i # a. By the same Proposition [4.5.1] it follows that ws x h also admits a
clustering with a left-to-right gate at (a — 1).

Claim [£:6.6.4) is now proved. B4

So for s = 1 we have that h = t,_1 x f has a left-to-right gate at (¢ — 1) and no
quadratic at a. But then t,_1 x h is not defined, contradicting t,_1 xh = f.
O

Corollary 4.6.7. Each gate is owned by at most one wandering quadratic.

Proof. Suppose that quadratic factors f, and f;, of f both own the gate at c. So
there is some u € ASym,, and a gate at o’ of g := u* f corresponding to the gate
of f at ¢ such that g,/ comes from f, via u* f. Similarly, there is some v € ASym,,
and a gate at " of h := v x f corresponding to the gate of f at ¢ such that hgy-
comes from f, via v * f.

Now for w := vu~! we have wx g = h and the gate of h at b’ corresponds to the
gate of g at @’ via wx g. Both gates are occupied, so Proposition tells us that
a ="

Let b’ be the index for which g, comes from f, via ux f. Now hy» comes from g,
via w % g, but gy = go is quadratic. This contradicts Lemma unless a’ = b';
in which case a = b, and the two owners of the same gate turn out to be the same
person as wanted. ([

Corollary 4.6.8. If a wandering quadratic f, owns the gate at b, then |b—a| < k.

Proof. If b > a+ k, the factor f, %, which is quadratic because of the k-periodicity
of f, contradicts Lemma O

We next show that a wandering quadratic can always move to a gate it owns as
directly as possible, that is, via a single transit in the sense of Definition [2.3.11

Lemma 4.6.9. Suppose that a wandering quadratic f, of a long decomposition f
owns the gate at b. Then there is a transit u with gy a loitering quadratic coming

from f, viaux f =g.

Proof. We work out the case where a < b; the case where a > b is identical; and
the empty word u works for the case a = b.

Let w be a reduced word witnessing that f, owns the gate at b, shortest among
such words. That is, w x f = h is defined and h;, is a loitering quadratic of h that
comes from f, via w* f; and whenever the same happens for some other w’ and h’
(with the same b!), w’ is no shorter than w.

We first show that t; does not occur in w. Suppose toward contradiction that
w = vtyw’ for some words v and w’ with w’ not containing t,. Let h' := w’ x f.
Now ¢, » b’ is defined, so hj, must be a quadratic. Since only one quadratic owns
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this gate at b, hj corresponds to f, via w’x f = b’ contradicting minimality of the
length of w.

The subgroup of ASym, generated by {¢; : i # b} is an isomorphic copy of
Sym,,. Thus, we may present w in second canonical form with respect to b > a+1 >
a>b—k (see Remark as w = uswszwow, where

e w; is a reduced word in ¢; with b — k < ¢ < a — 1, permuting factors in the
“right chunk” f, p—r);

e ws is empty: it permutes factors in the one-factor middle chunk;

e w3 is a reduced word in ¢; with a < i < b, permuting factors in the “left
chunk” f[b,a);

® 5 =t(c,q is the transit moving the wandering quadratic as we want; and

e 1 is the rest of the word v in the second canonical form, moving factors
from the right chunk leftward.

Since u does not move the wandering quadratic, s must get it all the way to the
gate at b where it ends up in w« f; so we have ¢ = b. Now swzwsw; already moves
the wandering quadratic f, to the gate at b. Thus, by the minimality of the length
of w, the word u is empty. So now we have w = sw3w;. Since sws and w; act on
disjoint chunks of factors, they commute. So, w = wisws. By the minimality of
the length of w, the word w; is empty and w = sws. Using Lemma we get
w = w3s, which, by the minimality of the length of w, gives w = s as wanted. [

We get the following immediate corollary.

Corollary 4.6.10. If a wandering quadratic f, owns the gate at b, then all gates
of f between a and b are in the direction from a to b.

Lemma 4.6.11. Fiz a reduced word u and long decompositions f and g with u x
f = g. If both f, and gy are loitering quadratics, then hy is a loitering quadratic
whenever u = usuy as words, and h = uy x f.

Proof. We induct on the length of u. The base cases where the length of u is 0 or
1 are trivial. Assuming that the length of u is at least 2, we may write u = t,vt,
for some x,y € Z and some, possibly empty, word v.

Suppose that u is the shortest counterexample; then it is a counterexample in
the strongest sense possible:

(#) for every way of writing u as usuq with non-empty vy and ug, the bth factor

of uy * f is not a loitering quadratic.
Otherwise, one of us and u; is a shorter counterexample. In particular, ¢, must

move the loitering quadratic f,. We work out the case where & = b; the other case
where z = b — 1 is symmetric.

Claim 4.6.11.1. For any words vi, vo with v = wvavy, the long decomposition
vit, * [ has a one-way, left-to-right, unoccupied gate at (b —1).

Proof of Claim: If the gate of v1t,* f corresponding to the gate of f at b is occupied,
we contradict (#). Before the gate can move or change direction, it must have been
occupied. BY

So vt; x f has a one-way, left-to-right, unoccupied gate at (b — 1); but u* f =
ty * (vty * f) has a loitering quadratic at b. It follows that y = b, and u = t,vt,, and

(&) the (b+ 1)t factor of vty x f is a wandering quadratic.
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The Claim also implies that ¢,_1 * (v1t, * f) is not defined for any such v, and
so tp_1 does not occur in v.

Thus, v lies in a copy of Sym,, so we may replace v by its first canonical form
v = spsow where w is a word in ¢; with ¢ # b — 1,b,b + 1, permuting the factors
in the big chunk on the left that consists of all the factors except the b*" and the
(b+ 1)%; and sq is a right-to-left transit move the wandering quadratic from its
starting (b+ 1) spot; and sq is a right-to-left transit moving the b'" factor of ¢, « f
left. But we know from (&) that the quadratic ends up back in the (b + 1)%* spot!
So, there are only two possibilities for sy and sq.

Case 1: If sg is empty, then sp must also be empty. Since w commutes with t,
we now have

u = tyvty = tpSoSqwty = tywty =~ wiyly
where ~ means “reducible to each other” so same length. This contradicts v being
reduced.

Case 2: If sg is non-empty, it still can only move the wandering quadratic one
step, so sg = tp11. Now 59 must move its factor past the quadratic, so at least two
steps: sg = s1tp1tp. SO now

u = tyvty = tpsoSQuity = tb(sltb+1tb)tb+1wtb ~ tps1tpth+1trwiy = tps1tplp+1Wtpty

again, contradicting u being reduced. (In the displayed equations, the two boldface
expressions come from the braid relation tpy1tytp+1 =~ tptp41tp and the commutation
of w with ¢.)

In both cases, we have obtained the desired contradiction. ([l

From Lemma we immediately obtain the following useful corollary.

Corollary 4.6.12. Fiz a reduced word u and long decompositions f and g with
ux f = g. If both f, and gy are loitering quadratics, then t, and t,_1 do not occur
mu.

Definition 4.6.13. A long decomposition f is lazy is all wandering quadratics of
f are loitering.

Lemma 4.6.14. If g and u * g are both lazy and the same gates are occupied by
wandering quadratics in both, then u = u, ...u; where u; permutes factors in the
ith cluster (with respect to some listing of the clusters) and does mot move any
wandering quadratic in that cluster.

Proof. Fix a reduced presentation w of u. By Corollary whenever ¢ has an
occupied gate at b, neither ¢, nor #,_; occur in w. Furthermore, by Lemma
and Corollary [£.6.12] whenever g has an unoccupied gate at a, the gate remains
unoccupied, so t, does not occur in w. Intracluster swaps in different clusters
commute with each other, and so they can be collected as described. O

Proposition 4.6.15. Let f be a lazy long decomposition with r clusters and p
wandering quadratics per period, and suppose that w * f is also lazy, for some
w € ASymy,. Then w* f may be expressed as

Wk f =58p...581Up. .. UgU1 % f

where
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o u; permutes factors in the jth cluster (with respect to some listing of the
clusters) and

e s; is a transit that moves the ith wandering quadratic (again with respect
to some listing of the wandering quadratics) from one gate to another.

Proof. We are actually going to obtain a slightly different form u, ... usu1sp ... s251
where transits happen first and intracluster swaps happen second. The stated result
follows from Lemma or by applying the proved result to w=!.

We induct on the number of loitering quadratics of f moved to a different gate
by w f. The base case where none are moved is Lemma [£.6.14} with all s; empty.

Now suppose that a wandering quadratic f, of f is moved to g, via w* f = g.
Applying Lemma m produces a transit s, a word w’ := ws~!, and a decompo-
sition f’:= s« f with the factor f] being a loitering quadratic of f’, and all other
loitering quadratics of f unmoved.

Now w’ x f" = g, both f’ and g are lazy, and one more loitering quadratic stays
put in w’ x f/ = ¢g as compared to w* f = g. Thus, by inductive hypothesis, we
may express w’ as desired; and then w = sw’ is also of the requisite form.

O

Proposition 4.6.16. For a long decomposition f with r clusters and p wandering
quadratics per period, and for any w € ASym,,, w* f may be expressed as

W f = VinSp...5251Uyp ... UoU1Voyt * f
where

® vyt moves all wandering quadratics to a nearest owned gate, via transits,
80 that vous x f is lazy,

o u; permutes factors in the jth cluster (with respect to some listing of the
clusters),

e s; is a transit that moves the ith wandering quadratic (again with respect
to some listing of the wandering quadratics) from one gate to another, and

e v;,, moves some wandering quadratics from a gate into clusters, via transits.

Proof. Lemma, gives the transits making up vy, and vy:. Apply Proposi-
tion |4.6.15|to the long decomposition vy, x f and v;, 'wv,,), € ASym,, to obtain the
u;’s and s;’s. O

Remark 4.6.17. (1) s; and u; can be done in any order. See Lemma [2.3.16]
(2) All intermediate decompositions between s, ...S251Uy . .. UgU1Voys * f and
Vout * [ are lazy.
(3) In constructing the transits in ve,: and v;y,, if a particular wandering qua-
dratic f; owns the gates at both sides of the cluster it is in, we are free to
choose to move this f; to either one of those gates.

We proceed to complete the proof of Theorem under the hypothesis that a
long decomposition of the polynomial P admits a non-empty clustering. With the
results we have already proven, this reduces to proving Theorem [I.1.1] under much
stronger hypotheses on such a clustering.

Proposition 4.6.18. Let f be a long decomposition admitting a non-empty clus-
tering with at least one C cluster and only one-way gates all of which are owned by
some wandering quadratic. If for some v € ST:, we have v * f = f7, then there
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are o and 3 in Sym,, such that B¢Na x f = f7 encodes the same skew-invariant
curve. Thus, that curve is a skew-twist.

Proof. Since we have at least on type C factor, e;tl * f is not defined for any odd p.
Since gates are owns, f must have at least one quadratic factor; so, eéﬂ * f is also
undefined. Thus, v € ST} and may be expressed as v = ¢V w for some N € Z and
w € ASym,. We now have ¢V w « f = f7

The following claim identifies the two cases we will consider.

Claim 4.6.18.1. One of the following holds

& Applying Proposition[§.6.16 to w * f, we may take voys € Symy,.

& The long decomposition f does not have a cluster boundary at k and fi11
and fr are not loitering quadratics. The cluster Cypaq of f containing fir41
and fi also contains a wandering quadratic f, which owns exactly one of
the gates on the sides of this cluster. If f, owns the gate on the left of this
cluster, k > a; and if f, owns the gate on the right of this cluster, a > k+1.

Proof of Claim: The only reason that & would fail is that v,,; contains t;. This
cannot happen if either fiy1 or fi is a loitering quadratic of f, because such a
loitering quadratic is not moved by vyy¢.

Consider the situation were the transit s in v,,; containing ¢y is left-to-right; the
other one is analogous. At some stage, this transit s takes the wandering quadratic
from the (k 4+ 1)t position to the &' one. If f had a cluster boundary at k, the
wandering quadratic would already be loitering when it is in the (k + 1) spot,
contradicting the fact that v,,; moves each wandering quadratic to a nearest gate.

Thus, “the cluster Cpoq of f containing fr1 and fi” is well-defined. The wan-
dering quadratic moved by the transit s must be inside this cluster when ¢; moves
it from the (k + 1) position to the k' position. So, it starts out in Cpaq. Since s
contains ty, it starts out at the (k + 1) spot or further left, and moves to the gate
on the right side of Cpaq. If it also owns the gate on the left side of Cpuq, it could
have moved there instead, giving us a different vy, with no t. ¢

We consider now the two cases identified in the claim.

Case &: Replacing f and f7 by veur * f and vy * f7, it suffices to solve the
Mahler problem for a lazy decomposition. Fix a representation of w as given by
Proposition 4.6.15] We argue just like the case with walls: in

N
@ Sp ... 5251Uyp ... UUT

at most one s, and at most one u; contains ¢,. We move those left via commutation
to get ¢™Vujspv where v € Symy,.

We consider the special case where C7, , corresponds to Chaq via ¢Nw* f = f7.
Then for each b, if there is a gate of f7 at b, it corresponds to a gate of f at b via
¢"w x f = f7. This implies that w does not move any loitering quadratics, so that
all s;’s are empty. The following shows that the u;s act trivially.

Claim 4.6.18.2. Fiz a cluster f(, q) of some clustering of a long decomposition f,
and a word w in {t; : b > i > a}. If the degree sequence of u* f is the same as
the degree sequence of f and positions of the monomials are also preserved, then u
represents the identity of ASym,,.
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Proof of Claim: 1f f(, 4) is a C cluster, then the degrees completely determine the
factors fj. Because tautological swaps are not allowed, the order of factors of the
same degree cannot change.

If f(p,q) is a C-free cluster, then the degrees completely determine the monomial
factors and again because tautological swaps are not allowed, the order of monomial
factors of the same degree cannot change. Since every swap in a C-free cluster must
involve a monomial, the action of u is trivial. Y

From now on we may assume that Cy,; does not correspond to Cpq via oNwxf =
I
Claim 4.6.18.3. The transit s; which contains t, does not contain ty_n. Thus, §
defined by (szj = 50" does not contain t.

Proof of Claim: We work out the case that s; is right-to-left. So, each gate it
crosses starts right-to-left and ends left-to-right. Consider the gates on the sides of
the cluster X of f containing fi, and the cluster Y of f for which X7 corresponds
to Y via pNw* f = f7. Since s; contains ¢, it crosses X. Thus, X has right-to-left
gates on both sides in f. So X7 also has right-to-left gates on both sides in f7. If
s; also contains t;_y, then it crosses Y. So, the corresponding clusters Z’ and Z
in s; % f and in w * f, respectively, have left-to-right gates at both ends. But X7
corresponds to Z via ¢V x (w * f) = f7, so it also must have left-to-right gates at
both ends, contradicting that X™ must have right-to-left gates at both ends. "X

We now have the ingredients to complete the proof in this case. Let s, be the
transit containing t; and let u; be the one acting on Cjpaq, and let 4; and §; be
defined by d)Nujsh = uAjé}LqSN. Because s does not contain t;_n, we know that
55, does not contain t;. Because Cpqq gets moved to a different cluster by ¢%, we
know that @; does not contain t. Thus, ¢"w = ;3¢ v with v € Sym, and
u;sp € Symy, and we are done with Case .

Case #: Throughout the proof in this case we shall refer to the wandering quadratic
fa and any factor it becomes via v f for any v € STy as Qpaqd-

As in Case &, we may assume that all other wandering quadratics of f are
loitering. Suppose that Qp.q owns the gate on the left of Cpaq, which then must
be right-to-left. The other direction is symmetric. The gate on the right of Cpyq is
either occupied or right-to-left, because its owner is at a gate somewhere.

We first consider the special case where this gate is owned by f,_;. Under this
hypothesis, Corollary gives that all gates in f are right-to-left and all gates
in wx f, and therefore in f™ = ¢Nw * f are left-to-right. This is a contradiction.

So, we may assume that this gate is owned by some wandering quadratic f, with
a > b > a— k. We shall refer to any wandering quadratic f, may become as Qoun-

Gates on both sides of Cp,q have right-to-left gates in f (one might be occupied).
Consider the cluster Y of f corresponding to Cy,, via dNwx f = f7, and the cluster
Z of w* f corresponding to Y.

The wandering quadratic Qoyr in Z corresponding to Q7 via ¢~ (w * f) = f7
does not correspond to Qpeq via w x f: because @}, does not own the gate to the
right of Cpaq, but the wandering quadratic in w * f corresponding to Qpeq via w* f
owns the gate on its right, since s; that brought Qp.q there is a right-to-left transit.

Furthermore, s; cannot go all the way across Y, as that would leave no wandering
quadratic there. So, moving s; across o™ gets rid of . Moving uy, across ¢V also
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removes tj, because we have already ruled out the special case that Cp,q corresponds
to CF 4 via pNwx f = f7. Thus, pNw = @;5,¢N v with v € Sym,, and @;§), € Symy,
concluding the proof of Case #.

|

Corollary 4.6.19. Suppose that a polynomial P admits a long decomposition f
having a non-empty clustering with at least one C cluster and only one-way gates
all of which are owned by some wandering quadratic. Then every (P, PT)-skew
invariant curve is a skew-twist.

Proof. Consider a (P, P™)-skew-invariant curve C encoded by v x f = f7 for some
v € STZ. By Proposition |4.6.18] C is a skew-twist. g

5. PROOF OF THEOREM [L.1.1]
We now complete the proof of Theorem [T.1.1]

Proof. We are given a non-exceptional polynomial P. We need to show that every
skew-invariant curve for (P, P7) is a skew-twist.

We have shown with Proposition that Theorem holds when P is
indecomposable. For the remainder of this proof we assume that P is decomposable.
Fix a long decomposition f of the polynomial P. We break into three cases.

Case 1: Unswappable factor If some factor f; of f is not swappable in the sense
of Definition then by Lemma the long decomposition f has a wall at i.
Proposition is Theorem for this f.

Case 2: All factors swappable, C-free Suppose that all factors of f are swappable
but no factor is of type C. Proposition [£:2.7] breaks this into two subcases. In
one subcase, the long decomposition f has a wall and then Proposition [2.4.6] is
Theorem for this f. The other subcase is exactly Proposition [3.3.14

Case 3: All factors swappable with at least one type C factor Suppose now that
all factors of f are swappable and at least one of them is type C.

By Remark [£1.2] such decompositions always admit preclusterings. If the
empty set is a preclustering of such a decomposition, Proposition shows that
P is an exceptional polynomial (Chebyshev or negative Chebyshev, up to skew-
conjugation), which is explicitly excluded by the hypotheses of Theorem m
Otherwise, by Corollary f admits a nonempty clustering A.

If some cluster boundary a € A has no gate, then f has a wall at a by Propo-
sition [4.5.8} and again Proposition is Theorem for this f. By Defini-
tion no gates of (4, f) are two-way. Thus, we may assume that all cluster
boundaries of (A, f) have one-way gates.

If some gate of (A, f) is not owned by any wandering quadratic and f has a
quadratic factor, Lemma[4.6.4] shows that f has a wall, and again Proposition [2.4.0]
is Theorem [I.1.1] for this f.

It remains to prove Theorem for long decompositions f with all of the
following properties:

all factors of f are swappable;

at least one factor of f is type C;

f admits a non-empty clustering A;

all cluster boundaries of (A, f) have one-way gates; and
every gate of (A4, f) is owned by some wandering quadratic.
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This is done in Corollary [4.6.19]

6. INDEPENDENCE FOR NON-EXCEPTIONAL POLYNOMIAL TYPE

In this section we complete the proof of Theorem As we noted in the
introduction, this is achieved by showing a much stronger algebraic independence
result for Mahler functions of non-exceptional polynomial type to the effect that if f
is a transcendental g-Mahler function of non-exceptional polynomial type, p € Q4
is multiplicatively independent from ¢, and g¢1,..., ¢, is a sequence of functions
each satisfying some algebraic difference equation with respect to the substitution
t — tP then f is algebraically independent from gy, ..., g, over C(¢).

We prove this theorem as an instance of a general result about solutions to differ-
ence equations. With the following Convention we outline the conditions required
for our general theorem.

Convention 6.0.1. Throughout the remainder of this section we work with a
quintuple (C, K, L, 0, T) satisfying the following.
(1) C C K C L is a tower of algebraically closed fields of characteristic zero.
(2) o and 7 are commuting automorphisms of L.
(3) o(K)=K and 7(K) = K.
(4) C = Fix(o) = Fix(7) is the common fixed field of ¢ and 7.
(5) o and 7 are independent in the sense that for a € L ~ C and (m,n) €
2 {(0,0)} one has o™7"(a) # a.
(6) For p any element of the group generated by o and 7 and ¢ € C ~\ {0,1}
a nonzero constant distinct from one, there are no nonzero solutions to
py) = cy.
(7) For p and p independent elements of (o, 7), the group of automorphisms
generated by o and 7, M € Z a positive integer, and a € L™, if p( (a))

(@)M7 then a € K*.
‘We note now that our intended structures fit Convention [6.0.1

Proposition 6.0.2. Let p and q be multiplicatively independent positive rational
numbers. Let C :=C, K := C(t)™, and L := C((t))*9. Let o : L — L be defined
by > at" — > apt"? and T : L — L be defined by > at" — > a.t". Then
(C,K, L,o,7) meets the conditions of Convention .

Proof. Conditions (1) and (2) are obvious. For condition (3), note that o and 7
preserve the subfield C({¢t" : r € Q}) of K, and hence, its algebraic closure,
K, itself. For condition (4), we express a € L\ C as a = > a,t" and let s # 0
be minimal such that as # 0. Then among the terms in o(a) with a non-zero
coefficient, tP* is the non-constant term of minimal degree. Since ps # s, we have
o(a) # a. Applying the same reasoning to 7 and ¢™7™ gives conditions (4) and
(5). .
For condition (6), the automorphism p is given by the substitution  — t?"¢" for
some (a,b) € Z2. Suppose that p(y) = cy and y is not zero. If (a,b) = (0,0), then
p(y) = y which is not cy unless y = 0. So, we may assume that (a,b) # (0,0).
Express y = y— + yo + y+ where yo € C, y_ is a Puiseux series supported with
only negative exponents, and yy is a Puiseux series supported with only positive
exponents. From the additivity of the equation and the preservation of the three
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cases (exponent zero, all exponents negative, or all exponents positive), we see that
we must have p(y.) = cy. for x € {0,—,+}. Since p is the identity function on C
and ¢ # 1, we must have yo = 0. Since the order of p(y.) is (ap + bq) times the
order of y, and ap + bq # 1, unless y, = 0 (for x = + or —), the equality p(y) = cy
cannot hold.

For condition (7), notationally it suffices to consider u = o and p = 7. Write
our solution a as a = ct"(1 + €) where ¢ € C*, r € Q, and € € C((t))*® has
strictly positive order. We have T(#) = tQ(p_l)’“T(%)), while (@)M =

t(p_l)M’“(%)M. Thus, for a to be a solution we must have gr = Mr (so that
r=0orq= M) and 7'(‘7(11;6)) = (‘7(11:;))”]. If e =0, then a = ct” € K, as

required. If € # 0, then we may express € = dt® + n where d € C* and the order
of n is strictly greater than s. Depending on whether p < 1 or p > 1, we have

”(117:;) = 1+ dt*? + higher order (or 1 — dt® + higher order, respectively). Thus,

7_(0(117::)) = 14 dt*??+ higher order (or, 1 —dt*?+ higher order, respectively) and

(U(llijee))M = 14 Mdt*P 4+ higher order (or 1 — Mdt® + higher order, respectively).
In either case, because p and ¢ are multiplicatively independent, we cannot have

such identities. Thus, e =0 and a € K. O
Let us reformulate Theorem [.2.2] in the language of Convention [6.0.1]

Theorem 6.0.3. Let (C,K,L,0,7) be a quintuple satisfying Convention m
Suppose that f € L, g1,...,9n € L is a sequence of elements of L, P € K[X] is a
non-exceptional polynomial over K, and that f satisfies o(f) = P(f) while each g;
satisfies a nontrivial T-algebraic difference equation over K. Then f is algebraically
independent from gi,..., g, over K.

We will deduce Theorem [6.0.3] from the following theorem about a single solution
to a difference equation of non-exceptional polynomial type.

Theorem 6.0.4. Let (C,K,L,0,7) be a quintuple meeting Convention|[6.0.1, P €
K[X] a non-exceptional polynomial, and f € L a solution to o(f) = P(f). Then f
and 7(f) are algebraically independent over K.

Remark 6.0.5. [t follows from the main theorem of [8] that Theorem may
be strengthened to the conclusion that {T7(f) : j € Z} are algebraically in-
dependent over K. Indeed, in Theorem [6.0.3 we could strengthen the conclu-

sion to the conclusion that {T7(f) : j € Z} is algebraically independent over
K({o'r7(gr) @ i,j €Z,1 <k <n}).

Lemma 6.0.6. Theorem [6.0.]] implies Theorem [6.0.3,

Proof. Consider (C,K,L,o,7), f, P, g1,...,9, as in the hypotheses of Theo-
rem We may take f ¢ K as the theorem holds trivially when f € K. If f is
algebraically dependent on gy, ..., g, over K, then f € K(gi,...,gm)*®. Applying
7 repeatedly, we see that for each j € N that 77(f) € K(77(g1),...,7(gm))™e.
Thus, K(f); := K{r(f) : j € N}) C K{g1,...,9m)28. By our hypothe-
sis on the g;’s, tr.degy (K(g1,...,9m)r) < o0o. Thus, there must be a nontriv-
ial algebraic dependence over K amongst {77(f) : j € N}. Take N so that
{T7(f) : 0 <j < N} are algebraically dependent over K. Because o and 7 com-
mute, we see that o(r/(f)) = T9(o(f)) = T9(P(f)) = P (rI(f)). That is, 77(f)
satisfies the difference equation o(y) = P™ (y). Since P is non-exceptional, so is
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each ™' P. The variety V given as the locus of (f,7(f),...,7V(f)) over K is then
o-skew-invariant variety for (P, P7,.. .,PTN) which projects dominantly to each
coordinate. By Proposition 2.21 of [§], for some pair ¢ < j the projection of V' to
ith and j*" coordinates is a o-skew-invariant curve for (P™", P™"). Applying 7%, we
obtain a nontrivial algebraic dependence between f and 777%(f). This contradicts
Theorem in the case of the quintuple (C, K, L,o,77%), f, and P. O

The rest of this section is devoted to the proof of Theorem

By moving to another quintuple satisfying Convention [6.0.1] we may arrange
that from a counterexample to Theorem [6.0.4] that we may produce one in which
f and 7(f) are related by a linear relation.

Lemma 6.0.7. If Theorem fails, then there is some quintuple (C, K, L,o,T)
satisfying Convention a non-exceptional P € K[X], a linear polynomial \ €
K[X], and f € L\ K satisfying o(f) = P(f) and 7(f) = A(f).

Proof. Consider a possible counterexample to Theorem So we have a quin-
tuple (C, K, L, 0, T) satisfying Convention a non-exceptional polynomial P €
K[X] and some f € L~ K with o(f) = P(f) and f and 7(f) algebraically depen-
dent over K. Throughout this proof, we will successively replace each part of these
data until we arrive at a situation as described in the conclusion of the Lemma.

Let Y = loc(f,7(f)/K) be the locus of (f,7(f)) over K. Then Y is o-skew-
invariant for (P, P7). By Theorem Y is a skew-twist. Thus, there are «,
B and n so that either P = Soa, PT = a° o, and Y is defined by y =
a0 P 0...PPoPor PT = Boa, P=a’ oB°", and Y is defined by
z=a""oP™" ' 0...P™ 0o P7(y). In the former case, we make no changes yet.
In the latter case, we replace 7 by 77!, P by P7, and f by 7(f). In so doing, we
may assume that o(f) = P(f) and that we are in the first case.

Let 7:=a° o P°" ' o...0P% o P. That is, Y is defined by y = m(z) and we
have the compositional identity 77 o P = P7 o w. Note, in particular, this means
that 7(f) = 7(f).

Let k£ be the number of indecomposable factors in a complete decomposition
of P. The curve Z defined by y = o nT o m(x) is o-skew-invariant for
(P, Pt ). Hence, by Theorem there is some polynomial A which is a proper
initial compositional factor of P and a natural number m so that o T o
7 =X"0P"" " o...0P% 0 P. The number of indecomposable compositional
factors of the lefthand side of this equation is k times the number of compositional
factors of 7 while on the righthand side it is km plus the number of factors of .
As X is a proper initial factor of P, it has fewer than k indecomposable factors.
As k divides the lefthand side, and thus also the righthand side, namely, km +

number of indecomposable factors of A, it must be that A has no indecomposable
factors. That is, A is linear.

We compute that A(o™(f)) = A(P°" 'o---0P?0P(f)) =" o---on"on(f) =
™ oonT(r(f) = - = 7R (f) = o7k (o™ (f)). Thus, if we replace T with
o~™mrk f with 0™ (f) and P with ¢™(P), then we have our desired solution.

O

With the next lemma we show that the situation described in the conclusion of
Lemma [6.0.7] cannot occur.
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Lemma 6.0.8. If (C, K, L,o,7) satisfies Convention feLNK,PeK[X]
is non-exceptional, A € K[X] is linear, then it is not possible to have o(f) = P(f)

and 7(f) = A(f).

Proof. Using the fact that 7 and o commute, we have P7 o A(f) = 7(P(f)) =
T(o(f)) = a(r(f)) = a(A(f)) = A7 o P(f). Since f € L~ K, we have the functional
identity

(33) AN oP=P ol\.
We make two reductions before completing this proof.
Write P(X) = Y0 piX? where d = deg(P).
Claim 6.0.8.1. We may assume that pg_1 = 0.
Proof of Claim: Let u(X) := X — %. Set f := u(f), P:= (u")o Pop~", and
A= /[oéo,u_l. Then o(f) = P(f), 7(f) = A(f), f € L~ K, and the coefficient of

X?=1in P is zero. Replacing f by J?, P by ]5, and A by X, the claim is established.
M

‘We continue with the reductions.
Claim 6.0.8.2. We may assume that pg € C*.

Proof of Claim: From Equation and Claim [6.0.8.1] we see that there is some
A € K* with A(X) = AX. Thus, reading Equation degree-by-degree for any

index 7, we have

(34) A%p; = AipiT

Since d = deg(P), pq # 0. Since P is not conjugate to a monomial, there is some
positive m with pg_,, # 0. Dividing the instances of Equation for i = d and
i = d — m, we obtain

(35) Pa/Pi—m = A" T(pa/Pd—m)
Take g € L with ¢, then from Equation we see that
(36) A=(q/7(q)

for some m™ root of unity (. Combining Equation [34]in the case of i = d and
Equation [36] we obtain

(37) pa¢ta?/m(q?) = Co(a)pa/oT(a)
which implies

Pao(q) —aPac(q)
(38) 7( p )=¢1 4
Since (C, K, L, o, ) satisfies Convention the only solutions to the difference

equation 7(y) = ¢!~y are constant. Thus, there is some ¢ € C' with pg = c%.

Let u(X) = %X, then replacing P with u” o P o u~t, f with u(f), and A with
1 we arrange that the leading coefficient of P may be taken to be c. "X

proAopu”
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With our reductions, because p}; = pq, from Equation@ in the case of i = d, we
conclude that A% = A, Because 7(f) = Af, we see that 0(%) = (%)d, which

implies that f € K by Convention [6.0.1| contrary to our hypotheses.
O

In connection with considerations from [I] and a question posed by Boris Adam-
czewski to the present authors, we can upgrade Theorem to a result about
algebraic independence from a sequence of functions satisfying difference equations
with respect to several different commuting difference operators.

Theorem 6.0.9. Let C C K C L be a tower of algebraically closed fields, o : L — L
a field automorphism of L and 7; : L — L a field automorphism of L for 1 <i <n.
We presume that (C, K, L,o0,7;) satisfies Conventionfor 1 <i<n. Suppose
that f € L, g1,1,- -y 91,m1>-+->9n,1s-++>9n,m, € L is an array of elements of L,
P € K[X] is a non-exceptional polynomial over K, and that f satisfies o(f) = P(f)
while each g; ; satisfies a nontrivial 7;-algebraic difference equation over K. Then
f is algebraically independent from g1, ..., Gn,m, over K.

Proof. We argue by induction on n with the case of n = 0 being trivial. Consider
the inductive case of n+ 1. Let K" := K{(g1,1, -, Gnmn )28 = K({o'7) 1 (gre) :

O, Tn+1
i,j €Z,1 <k <n,1</l<my})*® be the algebraic closure in L of the (o, 7,41)-
inversive difference field generated by gi11,...,9n.m,. Convention [6.0.1] holds of
(C,K’',L,0,7p4+1). Thus, by Theorem f is algebraically independent from
In41,15+ -+ Gntlmp,, OVEr K’'. The field K’ is algebraic over a field generated
by elements satisfying nontrivial difference equations with respect to 7; for some
¢ with 1 < ¢ < n. Thus, by induction, f is algebraically independent from K’
over K. Hence, f is algebraically independent from g11,...,9n+1,m,,, Over K, as
required. ([

Theorem applies in particular to the case where C = C, K = C(t)s,
L =C((t))™e, o(f) = f(aP), and 7;(f) = f(x%) are Mahler operators with p and
q; multiplicatively independent for 1 <1i < n.
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