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General Information

These notes are based on a course in Metamathematics taught by Professor Thomas
Scanlon at UC Berkeley in the Autumn of 2013. The course will focus on Model
Theory and the course book is Hodges’ a shorter model theory.

As with any such notes, these may contain errors and typos. I take full respon-
sibility for such occurences. If you find any errors or typos (no matter how trivial!)
please let me know at mps@berkeley.edu.

Lecture 20

Heirs and Coheirs

Notation. Recall that Sy, (A) denotes the space of n-types over A. The union J; ; Sn(A)
is written simply as S(A).

Definition. Let 9t be a 7-structure and A C B C dom(9M). Given p € S(A)
and ¢ € S(B) with p C ¢ (as sets), then ¢ is an heir of p if, for each formula
o(z,y) € ZL(7a), if there exists b from B such that ¢(x,b) € ¢, then there exists
some b’ from A such that ¢(z,b') € p.

Roughly, ¢ is an heir of p if every formula represented in ¢ is already represented
in p.
A related but different notion is that of coheir.

Definition. Given p and ¢ as above, we say that ¢ is a coheir of p if, for each
formula 6(z) from q there exists a € A such that 9 = 0(a).

Remark (equivalent definition of coheir). ¢ is a coheir of p if, for each formula
o(x,y) € ZL(1a) if b € B and ¢(z,b) € ¢ then there is some a € A such that

M = (a,b).
Notation. Given a set A and a tuple b we denote by Ab the set AU {b; : b; from b}.

Remark (In what sense is the notion of coheir “co” to the notion of heir?). Given
A C dom(9M) and a,b tuples, then

tp(a/Ab) is an heir of tp(a/A)

if and only if
tp(b/Aa) is a coheir of tp(b/A).

Proof.



- To say that tp(a/Ab) is an heir of tp(a/A) is to say that for each p(z,y) € £ (74)
with ¢(z,b) € tp(a/Ab) there exists b’ from A such that p(z,V') € tp(a/A),

- which is to say that for each p(z,y) € Z(74) we have, M = ¢(a, b) if and only
if there is some b’ from A such that M = p(a,d’),

- which is to say that, for each ¢(z,y) € £(74) then ¢(a,y) € tp(b/Ab) if and
only if there exists ' from A such that M = p(a,b’),

- which is to say that tp(b/Ab) is a coheir of tp(b/A).

O

We will now show that heirs and coheirs always exist (if A is the domain of a
model).

Proposition. If M < N and B O M and p € S(M) then there exist q,r € S(B)

such that q is an heir of p and r is a coheir of p.

Proof. We shall write down “what we don’t want”. To get ¢ we want an extension
of p such that no formulas are represented which are not already represented by p.
Thus consider the theory

Q:=p U {-0(x,b) : 0(x,y) € ZL(7ar) not represented in p, and with b from B}
We claim: @) is consistent.

Proof. (of claim) If not then there exists a finite list 61 (x,b1), ..., 0,(x,by,) of formu-
lae where 6;(z,y) is not represented in p, and some formula ¢(z) € p such that

Fp(z) — \/9i(x, bi).

)

In particular, by generalization,

Np = Jyi, ..., ynVe <cp(9:) — \/OZ(x,yl)> .

2

But now Jy1,...,ynVx (p(z) —— V, 0i(x,vs)) is a T4 sentence, so since M < N we
have that 9 p also satisfies this sentence. Thus there exists b, ..., b/, from M such
that

Mp |= Vo <<P(37) — \/Qi(%,yi)) :
i
Since each 60;(z,b}) is a Tp-formula, either 0;(z, b)) € p or =0;(z,b]) € p (since p is
complete). Now since ¢ € p there must indeed be some ¢ such that 0;(z, b)) € p. But
this means that 6;(z,y) is represented in p, which is a contradiction. O



Now by compactness @ is consistent. Letting (9, a) = @ (where a is meant
to be substituted into the tuple x in the definition of Q) and ¢ := tp(a/B) we have
q 2 p and ¢ is an heir of p.

Now to get the coheir, consider

R:=pU{=0(z,b) : O(z,y) € Z(ra) and there does not exist a’ from M s.t. M = 0(a’,b)}.
Once again we claim: R is consistent.

Proof. (of claim) If not, then there exists some ¢(z) € p and 0;(x,b1),...,0,(x,by)
such that

- p(z) — \/9,-(:6, b;)

and such that each 6;(x,b;) is not realized in 9.
Since ¢ is in p and p extends Th(Mys) and p is consistent, so

My | Fap(a)

so let a be a witness, i.e. Mys = ¢(a). Since M < N and since

Fo(x) — \/ iz, b))
it follows that there is some 4 such that 9 = 0;(a, b;), i.e. 8;(z,b;) is realized in M,
which is a contradiction, thus the claim holds. O

Let (M, a) = R. Then r = tp(a/B) is the desired coheir for p. O

So given p as in the theorem, we can extend it to get an heir (¢) and a coheir
(r).
Example. Let MM = ((0, 1), <) thought of as an elementary substructure of B = (R, <)
and let p be the type generated by the formula {z > a : a € (0,1)}. What do the
heirs and coheirs of p look like?

Suppose ¢ € S(R) is an heir of p, and suppose r € S(R) is a coheir of p. Is
x> 2inr or g7

It cannot be in r since > 2 then there would have to be some a € (0, 1) such
that a > 2 was satisfied by B. Of course there isn’t. In general r is (generated by)
{a<z:a<1}.

Now z > 2 is in ¢ since the formula ¢ (z,y) = =(z > y) is not represented in
p. In general ¢ is (generated by) {x > a:a € R}.

Note that the heirs and coheirs of p are different.



Ezxample. In many cases it is in fact the case that there are at most two distinct
coheirs. We can modify the above example slightly to get an example where p has
two coheirs.

Let p € S(R) be {x >a:a<i}U{x <a:a> 3} Which says of « that is is
Ly
of a model, 2, which has infinitesimals, then there are two coheirs

“infinitesimally greater than Then considering R as an elementary substructure

1 1
q+:{x>a:a§§,aEM}U{x<a:aZ§}

and
1
q_:{x>a:a€MsuchthatVr€Rif'r>5, then a < r}.

Preservation Theorems

Earlier in the course we observed that theories which have certain simple syntactic
characterizations are also preserved under certain semantic operations. For instance
if T admits a universal (i.e. V1) axiomatization, then the class of models of T is
closed under substructures. We now turn to proving converses of these statements.

Theorem 1. (Los-Tarski) If T is a theory in some language £ (7) then the following
are equivalent.

1) If A CB with B =T, then A = T.
2) There is a set U of universal sentences such that T and U have ezactly the
same models.

We have already seen that the second condition implies the first. We shall
prove the converse implication shortly.

Notation. (As in Hodges) Given 7-structures 2 and B, we write A = B, for a set
of T-sentences, if for all § € A we have

AEI — BE=o

The case where A is the set of existential (i.e. 3;) sentences is written A =3 B.

We now prove that if 2 =3 B then 2 is a substructure of (an elementary
extension of) B.

Notation. In the following we shall use the notation Diag(2(), for the atomic diagram.
Unlike the old notion (diag(2)) this will contain all quantifier-free formulas, i.e. it
is closed under conjunction and disjunction. This slightly expands the notion used
previously, but no extra information is used.

Proposition. The following are equivalent.



1) A =5 B.
2) There exists € such that B < € and A embeds into €.

Proof. 2) = 1). We have € = B, so in particular, Thy(€) = Thy(B). We know that
if 2 is (isomorphic to) a substructure of € then Thy(€) C Thy(2A). In other words

Tha() € Tha(€) = Tha(B)

which is to say 2 =3 B.
1) = 2). Consider the theory

T := eldiag(B) U diag(2A)

(making sure that the new constant symbols for A and B don’t overlap). We claim
that T is consistent. If not then, by compactness, there exists some ¢(b) € eldiag(B)
and 1 (a) € diag(2) such that b and a are new constant symbols and such that

= (b)) —— —¢(a).

In particular
B = Valp() — ().
Since p(b) € eldiag(B) the above implication shows that B E Vz—)(z). But

A =3B and A | Jx(z), which is a contradiction. Thus T is consistent. Let-
ting € = T, we have that €|, is the desired structure. O

Example. In the proof above we used the fact that Thy(€) C Thy(A) whenever 2 is
a substructure of €. We give an example where the containment is strict. Consider
Z C R where they are considered 7-structures for 7 = {<,0,1}. Then Z satisfies
Ve[zr =1Vax=0Vaz <0Vzx>1] which R does not.

We can now prove Theorem 1.

Proof. (of Los-Tarski, Theorem 1) We have already seen 1) = 2).

2) = 1). Let U := Ty the set of all universal consequences of T. We must show
that Mod(T) = Mod(U). If 2 = T then clearly 2 = U. So Mod(T) € Mod(U).

Now suppose 2 = U. Let S := T UDiag(2). We claim that S is consistent. If
not then there exists p(a) € Diag(2() such that T F —¢(a). Thus T F Vz—p(z) (since
a was a new variable). Since ¢ is quantifier-free we now see that Vz—p(z) € Ty.
But sine 2 = Ty and since A = Jxp(zr) we have a contradiction. So S is indeed
consistent. Let € be a model of S. Then 2 embeds into € and we have € = T. By
condition 1) we have that 20 = T. This completes the proof. O

There are many similar kinds of preservation theorems for different types of
syntactic classes. Many examples can be found in Chang and Keisler’s book.



