R.K. Sachs ’ home page: https://math.berkeley. edu/~sachs

Radiation Damage to a Dynamic Cell Population P. Hahnfeldt, Joint Center for Radiation Therapy , Harvard; R.K. Sachs, Dept. Math and Dept Physics, UC Berkeley

Abstract. Models for ionizing radiation damage to cells are survey ed. Examples are given for how radiation damage models can be combined with those standa rd cell population dynam ics models which have, in the absence of radiation, a time devel opment governed by a semi-group of non-negati ve operators . Such combi ned models are useful in analyzing observe d radiation dose-rate ef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ects:

direct dose-rate ef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ects when protracting a given dose leads to less damage, typically because of sublethal dama ge repair; or inverse dose-rate ef when protraction increa ses the amo unt of damage. Inverse dose-rate ef are usually due to cell cycle redistribution, i.e. to change s in the age-struct ure of a cycling cell population. Some recent results on combined models are surveyed: numerical methods; applic ations; and rather general analytic theorems on inverse dose-rate ef due to redistribu tion.

In the case of two acute doses separat ed by an adjustable time, ef caused by redistribution involve a tendency of the population age-structu re for cells surviving the first dose to shift away from its immediate post- irrad iation form, which itself is altered from the original due to the preferential elimination by the first dose of cells in more sensitive phases. Given time between the doses, what results is a generally restorative, thou gh not neccessarily monotonic , "drift" of the age structure back towards the pre-irradia tion form. The populat ion resensitizes, compared to the popu - lation immediately following the first dose, which has an excess of resistant cells. Under suitable mathematical and biological restricitions, we correspondingly prove that for any mitosis rate, any dose-rate as a function of time, and any age-dependent radiation sensitivity function, an initially log-phase cell population is killed more ef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ectively by any protracted dose, vs. an acute dose of the same magnitude. This con cept of population resensitizati on is also applied to a model where cell transformation is cor related to cell killing and shows an inverse dose-rate ef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ect.

Resensitization driven by biological processes other than cycling (e.g. by reox ygena tion) can also be incorporated into the models.

Key Words. Ionizing radiation; Liner-quad ratic model; Cell cycle kinetics; Age-structure redistribution; Radiation resensitization.

- 2 -

1. Introduc tion. When a cell population is subjected to ionizi ng radiation, the resulting damage depends not only on the total dose but also on the time course of dose delivery, i.e. one has doserate ef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ects.

The re are variou s reasons for the occur rence of dose-rate ef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ec ts. One reason , of particular interest here, is that the cell pop ulation is dynamic. To model the situation one needs to com bine models for popula tion dyn amics with models for radiation damage , much as in analyses of chemotherapy [Swan 1984; Cojocaru & Agur 1992; Webb 1996] . 1.1. Popula tion Dynamics. The population dynam ics models we shall here consi der are of a familiar type; all have, in the absence of radiation, a time development governed by a semi-group of eventually positive oper ators. An example is the linear, discrete-time formalism for a structured population governed by a non-negative, primitive k×k matrix M (i.e. all compo nents of M are non-negati ve, M ≥0, and there is a positive integer s such that all components of M s are positive, M s>0). For example M could be an appro priate Leslie matrix [Tuljapurk ar 1990] or Usher matrix. The time developmen t is given by

pn+1=M pn, n =0,1,2, ..., where p0∈R k, and p0≥0. (1.1.1 )

In this example, there is a well defined asymptotic growth rate, determined by the Perron-Frobenius root r of M , and there is an asymptotically stable population structure s>0, defined up to scale by M s=r s [Minc 1988]. The ultimate size of the populatio n is determined by ω(p0)∈(0,∞ ), where ω>0 is the corresponding normalized eigen-form, i.e.

r−npn n→ ∞ → ω(p0) s ≡ i=1 ∑ k ωip0i s, where ωM=rω and ω(s)=1. (1.1.2)

This result follows from the standard asymptotic estimate that r−nMn → s⊗ω , i.e. that r−n(Mn)ij→ siωj for all components. Other relevant linear population dynamics models use a continuous time formalism, e.g. compartmental models [Yakovlev & Zorin 1988], or generalizations of the McKendrick/von-Foerster model (Sections 3 & 4), or dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath usion-typ e models (Sections 4 & 5). Each of these models also has well defined asymptotic growth rate and asymptotically stable population structure. Non-linear models [Webb 1985; Tucker & Zimmerman 1988] are also important. 1.2. Preview. The radiation damage models which can be combined with such population dynamic models are presumably much less familiar here. In Section 2 we therefore discuss in detail a representative one, the incomplete repair LQ model. Section 3 briefly surveys combined models and the results that have been obtained using them. Sections 4 and 5 are devoted to some data and recent theorems on situations where prolonging a given dose results in more damage, in contrast to the situation, more typical for ionizing radiation, where prolongation results in sparing. 2. Ionizing Radiation. 2.1. Damage Mechanisms and Endpoints. Ionizing radiation consists of high-energy particles whose tracks deposit energy in a cell [Goodhead 1987]. Dose, D, is measured in energy per unit mass. Cells are exquisitely sensitive to ionizing radiation; a dose of 1 Gray (≡ 1 Joule/kilogram) is not enough to raise the temperature of a cell 1/1000 of a degree, but it makes many thousands of ionizations in the cell’s nucleus, of which a small minority, ≈40 in a human cell, quickly induce DNA double strand breaks. The DNA double strand breaks are repaired, misrepaired, or left as hopelessly unrepaired during the next half hour or so. At a dose of

- 3 -

1 Gray there often remain several misrepaired or hopelessly unrepaired DNA double strand breaks, enough to kill the cell at the next mitosis. For sparsely ionizing radiation, such as x-ray or γ-ray photons, the kind of radiation usually used in tumor radiation therapy, there are many high energy particle tracks per Gray; the resulting DNA double-strand breaks are approximately Poisson distributed from cell to cell. For densely ionizing radiations, such as α particles or neutrons, which are of more concern in epidemiology and carcinogenesis, each track makes a cylinder of heavy damage and the number of tracks per Gray is small [Goodhead 1987].

There are many radiation damage endpoints. For brevity we shall here emphasize cell killing in the sense of clonogenic inactivation. Other cell-level endpoints and some molecular-level ones will also be discussed; we shall say very little about endpoints which are higher-level (e.g. concern organs, people, or human populations). 2.2. Dose and Dose-Rate. To describe the models for ionizing radiation damage in their simplest form, suppose, temporarily, that we have an unstructured population of N biologically identical cells, with dN/dt=0 in the absence of radiation (i.e., for the time being, no population dynamics). Situations where N must be regarded as a stochastic quantity are of some interest [e.g. Yakovlev & Yanev 1988; Tucker 1996]. But in the present analysis it will always be supposed that N>>1 and N(t) will always be regarded as a deterministic function, not as a random one (on the other hand, certain other quantities, such as the number of misrepaired DNA double strand breaks per cell, are in principle regarded as stochastic, as described below). We shall always suppose irradiation occurs within the finite time interval [0,T]. D(t) denotes accumulated dose at time t. Thus Ḋ(t)≡dD /dt is radiation dose rate, D≡D (T) is total dose and Ḋ/D(T) may be regarded as a probability density specifying the time course of dose delivery. In certain applications it is convenient to consider acute doses, corresponding to atoms in the cumulative distribution function D(t)/D, and then appropriate precautions are taken. 2.3. The LQ (Linear-Quadrat ic) Model. For cell killing (and for many other radiation damage endpoints), part of the damage can usefully be approximated by the familiar "linear" model, as follows. Suppose dN/dt=−α ḊN, where α is a constant (which depends on cell-type, radiation type, experimental conditions, etc.). This model is appropriate for radiation killing which is due to "1-track action" (e.g. does not involve interaction of DNA double strand breaks made by two dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath erent radiation tracks). The log surviving fraction assayed at large times is then:

lnS ≡ ln∀∃N(∞)/ N(0)#%= −αD , where D=D(T)= 0 ∫ T Ḋdt.

Thus for this "1-track" damage component, damage is linear in dose and the time course of dose delivery is irrelevant (no dose-rate ef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ects).

However, a very distinctive feature of radiation damage is that often part of the damage: (a) is super-linear in dose; and (b) shows a direct dose-rate ef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath e ct, i.e. decreases in severity the more a dose is spread out in time. The detailed properties of this additional damage component have long been controversial [Hanin et al. 1994]. Very many models, phenomenological and molecular, have been proposed. During the last decade, a strong consensus has emerged on the venerable LQ

- 4 -

(linear-quadratic) model as the appropriate zeroth approximation. The LQ model comes in both phenomenological and molecular versions, but it is the phenomenological version which has the wider acceptance and is more useful for present purposes. Therefore we state this phenomenological version next, followed by a number of remarks about the history of the model, intuitive interpretations, molecular interpretations, mathematical reformulations, present status in the field of radiobiology, etc.

Phenomenologically, suppose radiation causes "sublethal lesions" which can be repaired or can combine pairwise to produce lethal lesions. Then one might guess that there is a damage component quadratic in dose which exhibits the direct dose-rate ef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ect, as specified by the following equations.

lnS=−αD −βGD 2, where β =constant. (2.3.1)

Here Gacute=1, but for prolonged irradiation G<1 due to repair. Specifically we shall here always take G as the generalized Lea-Catcheside function G_λ [L ea 1955; Brenn er et al. 1991]

G = G λ = 2 0 ∫ T f (t )dt 0 ∫ t e −λ (t−t ′) f (t ′)dt ′, where f (t )= Ḋ (t )/D. (2.3.2 )

Here λ >0 is a constant repair rate, and, typically, 1 min ≤ 1/λ ≤ several hours. Some comments

on these equations are needed. (2.3.3) History. The LQ model, in approximately the above form, is more than a half-century old; many of the early experimental and theoretical results are due to the great English radiobiologist Douglas Lea and his coworkers. The particular version that uses Eq. (2.3.2) is essentially the incomplete repair LQ model [Thames & Hendry 1987]. The (incomplete repair) LQ model is now heavily used, worldwide, in radiobiology, radiotherapy planning, cancer epidemiology, investigation of radioactive accidents, etc. Some of the main contributions to its present formulation and applications are surveyed and referenced by Barendsen [1982], Dale [1985], Thames and Hendry [1987], Fowler [1989], Tucker and Travis [1991], and Brenner et al. [1991; 1995]. (2.3.4) Interpretation. Eq. (2.3.2) can be interpreted intuitively by saying that near time t′some sublethal lesions are added by radiation, the average per-cell number being proportional to Ḋ(t′)dt′; these sublethal lesions may be repaired at rate λ during a time interval t−t ′,but those that remain at time t can interact pairwise with sublethal lesions made near time t, with average per-cell number ∝ Ḋ(t)dt. Thus the model (like many other models of radiation damage) ascribes the direct dose-rate ef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ect to repair which can occur in the time between arrival of two radiation tracks. One main alternative to such models involves the possibility that repair mechanisms could saturate if dose is delivered very rapidly [survey and references in Hanin et al. 1994]; such saturation can lead to a direct dose-rate ef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ec t even if pairwise misrepair of sublethal lesions is not significant. (2.3.5) Acute Irradiation. In applications of (2.3.2), including some variational calculations [Brenner et al. 1994], it is convenient to consider acute doses. Then one must be careful because G_λ is a bilinear function al of f , and w e shall here always mean the app ropriate limi t of a very

large constant f during a very short time. The formalism seems to cry out for replacing f by the

correspon ding measure [compare Diekmann et al. 1994], but this has not to o ur knowledge been

- 5 -

carr ied through systemat ically. (2.3.6) Mo lecular Obse rvations and Models. Experimenta lly, one often find s molecular damage due to pairwise misrepair of repairable, radiation induced DNA doubl e strand breaks. For example, this is seen in chromosome aberrations assayed using fluorescent in situ hybridizati on [overvie ws and re fe re nces in Simpson and Savage 199 5 o r A. Chen et al. 199 5]. Mathematical models of such processes invo lve stochastic mass-action chemical kinetics [o verviews and references in Sachs et al. 1992]. One analyze s the time develop ment of integ er -valued rand om v ar iables, e.g. the per-cell number of "sublethal lesions" (presumably, unprocessed DN A doubl e strand breaks) and the numb er of lethal misrepairs (putatively, certain illegitimate DNA recomb ination events). (2.3.7) Kinetic Reformulation. Eq. (2.3.2) can be rewritten in dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath erential e quation form. One method is to no te that, for the case of sparsely ionizing radiation, unp r ocessed DNA dou ble strand breaks and hopelessly mis repair ed ones remain very nearly Poisson distributed from cell to cell dur - ing the entire repair-misrepair process [Sachs et al. 1992]. I n this Poisson distributed case, one can average the stochastic mass-action equa tions (discussed above) to g et ODEs. Specifically, let u (t ) denote the average per-cel l number of unpr ocessed DNA dou ble strand breaks, w ith u (0 )=0, and let N (t ) denote the number of cells which have no t yet suf

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ered an irremediably fatal pairwise misrepair event. Then [Al bri ght 198 9, Sachs et al. 1992] there are const ant positive rates c ,λ ,κ

such that (A) u̇=cḊ−λu −2κu 2, (B) Ṅ=−^1⁄2κu2N. (2.3.8) Eq. (2.3.8A) has often been motivated from ordinary chemical kinetics, without reference to stochastic processes [e.g. Curtis 1986]. The following connection between Eqs. (2.3.8) and (2.3.2) is well known [e.g. Thames and Hendry 1987]. (2.3.9) Proposition. Suppose the term −2 κu2 in (2.3.8A) is negligible, and regard the surviving fraction S as S=N(∞)/N (0). Then (2.3.8) implies lnS=−βGD 2, where β =(κc2/4λ ) and G is given by (2.3.2). Proof. Neglecting the indicated term and integrating (2.3.8A) gives

u(t) = c 0 ∫ t Ḋ(t′)e− λ (t−t ′)_{dt ′.}

Inserting into (2.3.8B), integrating, and rearrangin g integ ra ls to derive the identity

0 ∫ ∞ dt ∀ ! ∃ 0 ∫ t Ḋ (t ′)e −λ (t−t ′)dt ′ # ! %

2 = 2λ 1... G_λ (2. 3.10 )

gives lnS =βGD 2•

In practice, the error made by neglecting −2κu 2 in (2.3.8A) is often very small [Thames and Hendry 1987], and then either (2.3.2) or (2.3.8) is used, as convenient. (2.3.11) Current Status of the LQ Model. The LQ model is an intentional oversimplification of a complex situation. Provided they are not taken too literally, such intentional oversimplifications can have profound utility and unifying power. For example, for many years the oversimplification that a solid is an assembly of harmonic oscillators has greatly clarified much of solid state physics,

- 6 -

and the oversimplification of a spatially homogeneous and isotropic universe has been the basic starting point for cosmology. At worst, the LQ model summarizes, in approximate but quantitative form, a truly enormous body of radiobiological data and clinical experience. We shall use it throughout, as a representative radiation damage model. 3. Combin ed Models. 3.1. Examples. Combining models of population dynamics with models of radiation damage typically involves considering ef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ects during short time intervals and using dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath erential or dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath erence equations (rather than, e.g., Volterra integral equations [compare Webb 1985; Diekmann et al. 1994]). The method can be illustrated by assuming a cell population structured according to age, a, whose time evolution in the absence of radiation is governed by the McKendrick/von-Foerster equations [Webb 1985]. If the quadratic killing term, corresponding to βGD 2in Eq. (2.3.1) is negligible, then the appropriate combined model is

(A) ∂n/∂t + ∂n/∂a = −γn − α Ḋ(t)n , (B) n(0,t)=2 0 ∫ ∞ γn(a ,t)da, (3.1.1)

with n(a ,t) the density, and γ(a ), α (a ) age-dependent mitosis rate and radiation sensitivity respectively.

This approach can be generalized. For example, suppose we wish to take into account the following additional biological ef and results: (a) the quadratic killing term in Eq. (2.3.1); (b) the fact that, even in the absence of radiation, the most variable part of the cell cycle is G1; (c) radiatively produced sublethal damage which causes perturbations of the vital parameters, such as cell cycle delays at the G1/S border and during M, or homeostatic mechanisms, or apoptosis [Meyn et al. 1994]; (d) a natural apoptosis rate. Then we may introduce the average number of sublethal lesions, u, as an additional structure variable, and introduce two densities ni(a ,u,t) (i=1,2) for the G1 phase and the remaining phases (S+G2+M) respectively, subject to the following equations. ∂ni/∂t + ∂(vini)/∂a + ∂∀∃(ciḊ−λ iu−2κ iu2)ni#%/∂u = −(γi+αiḊ+^1⁄2κiu2)ni. (3.1.3) n2(0,u,t)=∫du′da′K1(u,u′,a′)n1(a′,u′,t), (3.1.4)

n1(0,u,t)=∫du′da′K2(u,u′,a′)n2(a′,u′,t). (3.1.5)

Here the various coef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath c ients depend on a; vi and γi can also depend on u; the time development (2.3.8A) is incorporated via the characteristic equations [Tucker & Zimmerman 1988]. Eq. (3.1.4) describes cells "graduating" from G1 to the start of S and Eq. (3.1.5) describes mitosis. The use of two subpopulations in Eqs. (3.1.3)-(3.1.5) is analogous to the approach sometimes used to analyze how grandchildren’s demographics are influenced by those of their grandparents [K. Wachter, private communication]. 3.2. Results: Overview. A number of results have been obtained using such combined models. The most straightforward approach, and probably in the long run the most powerful, is computer-based. One carries out Monte-Carlo simulations for the time development of an age-structured cell population, or uses numerical approximations to equations like those in Subsection 3.1 [Yakovlev & Zorin 1988; King et al. 1988; Dillehay 1990; Zaider & Wuu 1995]. As is very typical, a numerical approach is highly flexible, and allows incorporation of a number of radiobiological ef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ects, including those discussed in the previous Subsection. However, as is also typical, the number of

- 7 -

adjustable parameters in such an approach is usually very large, as indicated, e.g., by the plethora of adjustable functions in (3.1.3-5). At present, the data, though very extensive, are not of suf

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ciently high precision to really determine more than a few parameters.

It is thus important to supplement numerical approaches with analytic theorems, valid for all__ relevant choices of the adjustable parameters or functions. General theorems provide guides and overviews. We next give samples of such comprehensive results. 4. Resensitization Models. 4.1. Biology. One application of the combined models is that they can be used to quantify the phenomenon of resensitization [Hlatky et al. 1994], which in some circumstances tends to make protracted irradiation of a diverse cell population kill more ef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ectively than an acute dose. Elkind and coworkers [e.g. Elkind et al. 1965] originally gave experimental results for a particular kind of resensitization, due to cell-cycle redistribution. The intuitive picture was, roughly, as follows. Acute irradiation of a cycling cell population preferentially kills cells in radiosensitive age brackets and spares cells in radioresistant age brackets. Assuming sublethal damage is negligible, the average radiosensitivity of the cell population is consequently decreased, and a second radiation dose immediately after the first is less ef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ective.

But, with time, the cycling alters the population age-structure and on balance tends to restore a higher average radiosensitivity, i.e the population gradually resensitizes due to cell cycle redistribution. Generalizing to an arbitrary time-pattern of dose delivery, one may find inverse dose-rate ef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ects, i.e. more killing when a radiation interval is prolonged.

A number of subsequent experiments verified the phenomenon, though it often tends to be masked by the classic (direct) dose-rate ef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ect attributable to sublethal damage repair (Subsection 2.3).

Elkind’s picture was subsequently generalized [Thames & Hendry 1987; Hlatky et al. 1994] to include other types of cellular diversity and include resensitization induced by biological processes other than cycling (such as reoxygenation). 4.2. Theorems on Resensitization. Recently, some analytic theorems on resensitization have been proved [Hlatky et al. 1994; P-L Chen et al. 1995; Hahnfeldt & Hlatky 1995]. The details of the theorems can get quite lengthy, but the most essential features of both the phenomenon and the proofs can be illustrated with a simple example. Use the linear, discrete-time, discrete-structure-space model of Subsection 1.1 and assume the LQ model with negligible quadratic term. Then we may introduce a k×k matrix A for age-dependent radiation sensitivity, with positive diagonal entries αii and zero of

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath -diagon al terms, such that an acute radiation dose Dn delivered just after the nth time step carries the population vector pn into p̂n=[exp(−D nA)]pn, where the matrix exponential is used. Now suppose that p0=s, the asymptotically stable age distribution, and compare an acute dose D given after the 0th step with 2 doses D/2, one given after the 0th step and one given after the nth. In any case the ultimate size of the population is determined by ω(p̂n), where ω is again the eigen-form (1.1.2) to Perron-Frobenius root r. Thus we must compare the two quantities of the following

Theorem: ω∀∃e−DA/2Mne−DA/2p0#%≤ω∀∃Mne−DAp0#%. (4.2.1)

Proof. By convexity of the exponential function

exp[−^1⁄2(αjj+αii)D]≤^1⁄2∀∃exp(−α iiD)+exp(−α jjD)#%. (4.2.2)

- 8 -

Consequently: ω(e−^1⁄^2DAMne−^1⁄^2DAs)≡Σωie−^1⁄^{2αiiD}(M^n)_{ij}e^{− 1⁄2αjjD}s_j ≤ 2 1.. ∀ ∃ω(e−DAMns) + ω(Mne−DAs) # %= 2 1.. ×2rnω(e−DAs) = ω(Mne−DAs) •

The inequality is strict unless there is no fluctuation at all in radiosensitivity, i.e. unless A∝Identity Matrix. Assuming henceforth that A is not ∝Identity Matrix, the two separated doses will always lead to more killing than a single combined dose, regardless of details on agedependent radiosensitivity. This general inequality is the essential feature of the inverse dose-rate ef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ect caused by resensitization through cell-cycle redistribution.

(4.2.3) Remarks. (a) The assumption, p0=s, that prior to irradiation the cells were "exponentially cycling", i.e. had the stable age-pattern, is essential to the result. (b) Eq. (4.2.2) can be interpreted in terms of "overkill" (aka "saturation"), roughly, that the dose wasted in trying to kill the same cell twice is less if sensitive and resistant subpopulations are exchanged half-way through dose administration. This interpretation catches an essential feature of resensitization; for example if D is suf

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ciently small that the matrix exp[−DA ] can be replaced by 1−DA , then there is no overkill and there is also no resensitization, since the inequality (4.2.1) then becomes an equality. (c) Resensitiztion need not be monotonic; i.e. increasing n above need not always mean decreasing ultimate size, although the case n=0 always gives the largest ultimate size. (d) Examining the proof shows that the timing of the acute dose of magnitude D is not relevant; one has the same ultimate amplitude whether it is administered after the 0th step or after any other step. 4.3 Some Generalizations. Theorem (4.2.1) can be generalized in a number of ways. The fact that we had two equal dose fractions is irrelevant; the same result holds for any number of fractions with any apportionment of dose. For example, if a+b+c=1, then by essentially the same argument as above,

ω(e−aDAMn−ie−bDAMie−cDAs) ≤ ω(Mne−DAs). Thus, for the population model (1.1) and 1-track killing, survival for an acute dose is always larger than for any split dose pattern, again regardless of how radiation sensitivity varies with age. Moreover, the only essential features of the population model used were linearity, time-translation invariance when there is no radiation, existence of an asymptotic growth rate, and existence of an asymptotically stable population structure. For example, consider a continuous time population dynamics model which has these properties and suppose there is a continuous structure variable u (or several, collectively designated u). Then Theorem (4.2.1) and its proof can be generalized, for an arbitrary function α (u), allowing any sequence of acute doses and/or continuous dose rates. Conceptually, all one needs to do is replace everywhere the action Mip by the action

∫du′P(u,u′;t−t ′)n(u′,t′),where t−t ′⇔i and P is the appropriate semi-group element (i.e., the Green’s function or propagator). This generalization is far reaching; for example it allows (linear) models in which one has a subpopulation of quiescent cells [Gyllenberg & Webb 1990] and allows diverse cell populations composed of subpopulations. Of course technicalities arise in the case of continuous structure variables due to the fact that the space of possible population functions is infinite dimensional. But for the

- 9 -

McKendrick/von-Foerster formalism 3.1.1 the appropriate generalization of theorem 4.2.1 has been carried out in detail [P-L Chen et al. 1995; Hahnfeldt & Hlatky 1995]. 5. Compa ring Direct and Inverse Dose-Rate Ef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ects.

5.1. Sublethal Damage Repair vs. Resensitization. Because the quadratic, βGD 2, cell killing term of Subsection 2.3 was neglected in the models of the preceding Section, these models do not adequately exhibit the competing ef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ects, found experimentally, of sublethal damage repair and resensitization. We now give a model [Hlatky et al. 1994] which has been used to quantify both ef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ects simultaneously and has suf

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ciently few adjustable parameters to make some numerical estimates possible in specific experiments. The model is also more general than the one given in Section 4 for the folowing reasons: it applies when all or part of the radiobiological diversity is due to dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath erences other than dif in cell age (e.g. is due to microenvironmental, epigenetic or genetic dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath eren ces); and it also applies if some resensitization is due to biological changes not directly determined by changing cell-cycle phase. The model will be applied first to cell killing and then to another cell-level endpoint. It is designated the LQR model because it incorporates some resensitization ef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath e cts into the LQ model, and can be used [Brenner et al. 1995] as a unified approximation for all of Withers’ famous "4-R’s of radiotherapy": repair, repopulation, redistribution and reoxygenation [e.g. Withers 1992]. However the model is limited to cases where the variance in radiosensitivity and the dose delivered are both "small", in the sense made precise by Eq. (5.2.5) below. 5.2. The LQR Model. The model uses a structured cell population with the structure variable being radiosensitivity α itself; denote the density by n(α ,t). In the absence of irradiation, the density n is taken to follow an Ornstein-Uhlenbeck dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath usion process, which tends to create a Gaussian population structure [Bhattacharaya & Waymire 1990]. It will be useful to denote by g(α ;.α ) the Gaussian distribution having variance σ 2 and mean .α , and denote by h(α ,t) the value of g when σ is fixed but .α is a time-dependent function .α (t), i.e. g(α ;.α ) = σ 0− −2π 1...... exp ∀ ∃− (α − .α )2/2σ 2# %, h(α ,t)=g(α ,

.α (t)). (5.2.1)

Let L be the Ornstein-Uhlenbeck dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath usion operator with parameters ν, α 0and σ 2, i.e.

Ln ≡ (∂/∂t)n(t,α ) − ν(∂/∂α )[(α −α 0)n+σ 2(∂n/∂α )]. (5.2.2)

In the absence of irradiation we assume the Ornstein-Uhlenbeck PDE Ln=0, which implies that

total number of cells, N= −∞ ∫ ∞ ndα , is constant in the absence of irradiation; thus proliferation is here

being neglected (though, by a minor extension [Hlatky et al. 1994], it can be included without complicating the following proofs significantly). Ln=0 also implies that there is an asymptotically stable, time-independent population structure, proportional to a Gaussian with mean α 0 and variance σ 2, i.e., for t suf large and no irradiation, n→ Ng(α ;α 0). In Eq. (5.2.2) ν is a resensitization rate; roughly speaking, this means that if the average population radiosensitivity at one instant deviates from the value, α 0, for the asymptotically stable population structure g(α ;.α ) there is a tendency (modulated by dif ef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ects) to return to this average value at rate ν. The idea is that detailed models, such as that of the preceding Section, do show an overall tendency to restore the average sensitivity after a perturbation, so in a general population which has many kinds of

- 10 -

diversity it may be useful to approximate this restoring tendency by simple exponential decay. Now suppose the population is irradiated with dose-rate Ḋ, where Supp Ḋ⊆[0,T ]. Combining with the LQ radiation damage model by the method of Section 3, and assuming that prior to irradiation the population structure is the asymptotically stable one, one has as the LQR model’s underlying equations

(A) du/dt=cḊ−λu −2κu 2, (B) Ln=−F (α ,t)n, (C) n(α ,0)=N(0)g(α ;.α ); (5.2.3)

where F (α ,t) = α Ḋ(t)+(1/2)κu2(t). (5.2.4)

If Ḋ describes a single acute dose, the LQR model is equivalent to a special case of the Gaussian diversity model of Schultheiss et al. [1987]. Formally, one allows negative values of α in such Gaussian models, but the negative values are not realistic, so the whole formalism applies only when n(α ,t) is negligibly small for α negative and any t, which is a self-consistent assumption in many specific applications [Hlatky et al. 1994]. Suf

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cient conditions for self-consistency are the small-variance/small-dose restrictions

α 02>>σ 2, α 0>>σ 2D. (5.2.5) In general, non-Gaussian distributions of α would have to be introduced, much as in corresponding situations for quantitative genetics [Karlin 1987]. However, when the restrictions (5.2.5) hold, even non-Gaussian models can be approximated using Eq. (5.2.9) below [Brenner et al. 1995]. While the implications of the LQR model were originally obtained by integrating the PDE (5.2.3B) [Hlatky et al. 1994], it subsequently turned out [Brenner et al. 1995] that the initial condition (5.2.3C) enables one to replace the PDE (5.2.3B) by ODEs, as shown by the following results. We start with some formal properties of L, obtained by direct computation, which will be useful several times. Let h(α ,t) be as in (5.2.1). Suppose .α (t), a(t), and H(α ,t) are smooth functions. (5.2.6) Lemma. (A) Lh=(h/σ 2)∀∃(d.α /dt)+ν(α −α 0)#%(α − .α ); (B) L(aH )=(da/dt)H+aLH; (C) L(αh )=αLh + (α +α 0−2 .α )h.

(5.2.7) Lemma. Eqs. (5.2.3BC) and (5.2.4) imply that for t≥0, n(α ,t)= a(t)g(α ;.α (t)), where g is given by (5.2.1), .α (0)=α 0, a (0)=N(0), and

d.α /dt=−ν (.α −α 0)−σ 2Ḋ(t), da/dt=[− .α (t)Ḋ(t)−(1/2)κu 2]a. (5.2.8) Proof. Substituting n=ah into (5.2.3B) and using (5.2.6AB), together with (5.2.8) gives an identity. The Lemma thus follows by uniqueness of solutions to the initial value problem • Of course (5.2.8) can be integrated. The case of main interest is, as discussed above, when the term 2κu2 in (5.2.3A) is negligible. Assuming that case, and again identifying S with N(∞)/N (0), integration gives the following

(5.2.9) Theorem. lnS = −α 0D − βG_λ D^2 +^1⁄2σ 2G_νD^2.

Here β and G are given by (2.3.9) and (2.3.2). Proof. Integrate (5.2.8) and use (2.3.10) •

- 11 -

Generally speaking, G decreases when a given dose is protracted. For example suppose D is fixed and Ḋ is the constant D/T, with irradiation time T adjustable. Then regarding G=G_λ as a fun c-

tion of T we have

G (T )=2(λ T)−2 ∀ ∃λT −1−e − λT^#_{%,} dT dG... <0, G

T→ 0

→ 1, G T→ ∞ → 2/λT , (5.2.10)

and similarly for G_ν. With G_λ , G_ν decreasing functions of T , the opposite signs in Th eorem

(5.2.9) show very directly both the direct and inverse dose-r ate ef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ec ts. To disentangl e the ef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ects

[Brenner et al. 1995 ] , one must rely on the fact that typ ically ν−1 is of the order of a cell-cycle

time, and thus considerably larger than λ −1 (Subsection 2.3 above). 5.3 Transformati on Models. Experimentally, the most convincing examples of inverse dose rate ef are not for cell killing but for cell transformation (roughly: an in vitro surrogate for carcinogenesis). the examples usually occur for densely ionizing irradiation, where the quadratic sublethal damage repair term is so small the resensitization ef are not masked. Possible inverse doserate ef for carcinogenesis by densely ionizing radiation are of some concern [Brenner 1994b, Elkind 1994b]. Biological models of inverse dose-rate ef in this case [Rossi and Kellerer 1985;

Brenner & Hall 1990; Elkind 1991; Brenner et al. 1993; Elkind 1994a] invoke resensitization due to cell cycle redistribution as the underlying phenomenon. We give here a quantification of such models.

The notation of Subsection 5.2 will be used throughout the following. Suppose there is a cell population modeled by n(α ,t) obeying Eqs. (5.2.3) and (5.2.4). Suppose in addition there is a transformed cell population, modeled by m(α ,t), having the same intrinsic kinetics and radiosensitivity as the untransformed population, and made by transforming some of the untransformed cells at a rate proportional to cell killing, i.e.

Lm=−Fm +εFn; m(α ,0)=0, (5.3.1)

Here ε<<1 is a parameter, assumed constant everywhere in structure-space, giving the ratio (transformation)/(killing + transformation). The most essential feature of this model is an assumed correlation between killing and transformation [Elkind 1994a], which is plausible on a molecular level since both are presumably due to misrepaired or unrepaired DNA double strand breaks.

(5.3.2) Lemma. (m/ε)=αb (t)n+c(t)n, where ḃ+νb=Ḋ, ċ=νb(2.α −α 0)+^1⁄2κu2.

Proof. Use (5.2.6ABC) and proceed as in the proof of Lemma (5.2.7) • An empirically observed quantity is the fraction, at large times, of surviving cells which are transformed. (5.3.2) gives for this quantity

(5.3.3) Theorem: N(∞) 1...... −∞ ∫ ∞ m(α ,∞)dα = ε[α 0D + βG_λ D^2−σ 2G_νD^2].

Proof. Integrate Eq. (5.3 .2) and proceed as in the proo f of Theor em (5.2 .9) •

Remarks. (a) The negati ve term in Eq. (5.3.3) corresponds to the inverse dose-rate ef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ect.

The theorem, togethe r with explicit examples such as (5.2.1 0), again show very explicitly the competing ef of the direct and inverse dose-rate ef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ects, due to sublethal damage repair and resensitization

re spectively. (b) The missing factor^1⁄2 in (5.3.3) compar ed to (5.2.9) is not a misprint. (c) The

- 1 2 -

fa ct that formally (5.3.3 ) could be negative for βGλ < σ 2Gν and large D is related to the Gaussian idealization d iscussed above (compare Eq. 5.2.5).

6. Discussio n. Qualitative models of radiation damage to dynamic cell populations, stated biolo gically and analyzed via detailed experiments, h ave bee n very heavily pursued for a long time. Quantitative modeling involving an ything more than simple algebra still, for the most part, involves a disagreeable choice between over simplific a tion and overparamet r ization. This caveat ap plies to our example of the comp etition between subletha l dam age repair and resensitization as well as to man y other ef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ec ts. However, quantitative model s are essential for the understand ing the underlying phenomena. The relevant mathematics is very rich and interesting, as are the experimental and clinical results. Confr onting the mathematics with the observ ations is a formidabl e, often discouraging, ch allenge but th e ef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ort has helped uncov er essential mechanisms of practical importance, and will continue to d o so . 7. Acknowledgements . W e are grateful to D. Brenner, L . Hlatk y, S. Tucker, G. Webb and A. Yakovlev fo r discussions. Work supported b y N SF grant DMS-930-2704 and by NIH grant R44 CA63897-02.

8. Bibliography Albright N. A Markov formulation of the repair-misrepa ir model of cell survival. Radiation Research 118, 1-20 (1989). Arno ld L; Dem etrius L ; Gundlach M. Evolution ary Formalism f or Pr oducts of Positive Random Matrices. Annals Appl. Prob. 4, 859-90 1 (1994). Barendsen GW. Dose fract ionation, dose rate and iso-ef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ect relationships for normal tissue re sponses. International Journal of Radiation On cology, Biology, Ph ysics 8, 1981-97 (1982). Bhattacharya RN; Waymire EC. Sto chastic processes with applications. New York : Wiley, 1990. Brenner DJ; Hall EJ. The inverse dose-r ate ef for onco genic tran sformation by neutron s and charged particles: a plausible interpretation consi stent with published data. Intern ational Journ al of Radia tion Biology 58, 745-58 (1990). Brenner DJ; Huang Y; Hall EJ. Fractionated high dose-rate versus low dose-rate re gimens for intracavit ar y brachytherapy of the cervix: equivalent regimens for combined brachytherapy and external irradiation. International Journal of Radiation Oncology, Biology, Physics 21, 1415-23 (1991).

Brenner D J; Hall EJ; Randers-Peh r son G; Mill e r RC. Mechan istic considerations on the dos era te/LET dependence of oncogen ic transformation by ionizing radiations, Radiation Research 133, 365-9 (1993).

Brenner DJ; Ward J; Sachs RK. Track structure, chromosome geometry and chromosome aberr ations. Book chapter in Proceedings of the DOE conferen ce on Monte-Carlo methods in molecular radiation biology, A Chatterjee and M Varma eds., Elsevier NY, (19 94a). Brenner DJ; Hall EJ; Huang Y; Sachs RK . Optimizing the time course of brachytherapy and oth er accelerated radiotherap eutic protocols. Int. J. Radiation Oncolo gy, Biol. Phys. 29, 893-901 (1994b ).

- 1 3 -

Brenner DJ. The significance o f dose rate in assessing the ha zards of domestic rad on exposure. Health Physics 67, 76-9 (1994). Brenner DJ; Sachs RK . Chromosomal ’Fingerprints’ of Prior Exposu r e to Densel y-Ionizing Radi ation. Radiation Res. 140, 134-1 42 (1994). Brenner DJ; Hlatky LR; Hahnfeldt PJ; Hall EJ; Sachs RK. A Convenient Extension of the Lin ear- Quadr atic Model to Includ e Redistribution and Reoxy genation. Int. J. Radiation Oncology, Biol., Phys. 32, 379-39 0 (1995). Charlesworth D. Evolution in age-s tructured populati ons. Cambridge Universi ty Press, Cambridge Studies in Mathematical Biology, Vol. 1, 1 980.

Chen, AM; Lucas, JN; Hill, FS; and Sachs, RK. Chromoso mal abe rrations produced by ionizing ra diation: Monte Carlo simulations and chromosome pai nting data . Computer Applica tions in the Biosciences (CABIOS). Accepted for publication, Feb. 1995. Chen P-L; Brenner DJ; Sachs RK. Ionizing radi ation damage to cells: ef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ects of cell cycle redistribution. Mathema tical Biosciences 126, 147-17 0 (1995). Cojoca ru L; Agur Z. A theoretical analysis of interval drug dosing for cell-cycle-p hase-specific drugs. Mathema tical Biosciences 109, 85-97 (1992). Curtis SB. Lethal and poten tially lethal lesions induced by radiation--a unified repair model. Ra diation Research 106, 252-7 0 (1986). Curtis SB. Mechanistic models, Phy sical a nd chemical mechan isms. In Molecular radiation bi ology, Glass WA & Varma MN eds. , New York: Plenum Press, 1991, pp. 367--3 86. Dale RG. The appli cation of the linear-quadratic dose-ef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ect equation to fractionated and protracted ra diotherapy . British Journal of Radiology 58, 515 -28 (1985). Demetrius L. Growth rate, population entropy and evolutionary dynamics. Theoretical P opulation Biology 41, 208-236 (1992). Diekmann O; Gy llenberg M; Metz JAJ, Thieme H R. The "cumulative" form ulation of (physiolo gically) structured populati on models. In Evolution equations, con trol theory, and biomathematics : proceedings of the Han-sur-Lesse conference P Clement & G Lumer eds. N ew York: Marcel Dekker, 1994 .

Dillehay LE . A model of cell killing by low-do se-rate radiation including repair of sublethal damage, G2 block, and cell division. Radiati on Research 124, 201 -7 (19 90). Elkind MM; Sutton- Gilbert H; Moses WB; Alescio T; Swain RW. Radiation response of mammalian cells gro wn in c ulture. Radiation Resea rch 25, 359-376 (1965). Elkind MM. Enhanced neoplastic transformation d ue to protracted exp osures of fission-spectrum neutrons: biophysical model [letter]. Interna tional Journal of Radiation Biology 59, 146 7-75, 1477-8 2 (1991).

Elkind MM. Enhan ced tumorigenesis by small , protracted doses of densely ionizing radiation. Chinese Medical Journal 10 7, 414-9 (1994a). Elkind MM. Radon-induced cancer: a cell-based model of tumorigenesis due to protracted expo - sures. International Journal of Radiation Biology 66, 649 -53 (1994b).

- 1 4 -

Fowl er JF. The linear-quadratic formula and progress in fractionated radiotherapy. British Journal of Radiology 62, 679-94 (1989). Goo dhead D T. Relationship of microdosime tric techniques to ap plications in biological systems. In: Kase, K., Bjarngard, B., Attix, F. (eds.) The Dosimetry of ionizing radiation vol. II. Academic Press, Orland o FA, pp. 1-89, 1987.

Greiner G; Nagel, Gr owth of cell po pulations via one-prameter semigroups of positive operators, In: Mathematics Applied to Science, Goldstein J; Rosencran s S; Sod G eds. Boston : Academic Press, 1988, pp. 79--105 Gyllenberg M; Webb GF. A nonlin ear structured population model of tumor growth with quiescence. Journal of Math ematical Biolog y 28, 671-94 (1990). Hahnf eldt P; Sachs RK; Hlatky LR. Evolution of DNA d amage in irradiat ed cells. Journal of Mathema tical Biology 30, 493-5 11 (1992). Hahnf eldt P; Hearst JE; Brenner DJ; Sachs RK; H latky LR. Polymer models f or inter phase chro - mosomes. Proc. Nat. Aca d. Sci. U.S. 90, 7854-7858 (1 993). Hahnf eldt P; Hlatky R. Resensitization due to Cell Cycle Redistribution During Arbitrary Radiation Protocols. Rad iation Research 000, 000-000, accepted for publi cation (1 995). Hanin L ; Pavlova LV; Yakovlev AY. Biomathemati cal pr oblems in optimization of cancer radio therapy Boc a Raton: CRC Press (1994). Hlatky L ; Sachs RK; Hahnfeldt P. Reaction kinetics for the deve lopm ent of radiation-induced chro - mosome aberrations. Int J Radiat Biol 59, 1147-1 172 (1991). Hlatky L; Hahnfeldt P; Sachs RK. The influ ence of time-dependent, stochastic heterogeneit y on the ra diation response of a cell population. Mathemat ical Bios ciences 122, 201-220 (199 4). Karlin S. Non-Gaussian Phenoty pic models of quant itative traits. In: Second in ternational conference on quantitative genetics. BS Weir, MM Goddman, G Namkoong & EJ Eisen eds., Sinau er Ass.: Sunderland MA, 123-144 (198 70. King CR; Nath R; Rockwell S. Ef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ects of continuou s low dose-rate irradiation: com puter sim ul ations. Cell and Tissue Kinetics 21, 339-51 (198 8). Lea DE. Ac tions of radiati ons on living cells, Second edition, Cambridge at the University Press, (1955).

Meyn RE; Milas L; Stephen s LC. Prog r ammed cell death in norm al development and disease. Cancer Bulletin 46, 120-12 4 (1994). Minc H. Nonneg ative matrices. New York: Wiley (1988). Rossi HH; Kellerer AM. The dose rate dependence o f oncogen ic transformation by neu trons may be due to v ar iation of response during the c ell cycle. International Jou rnal of Radiation Biology and Related Studie s in Physics, Chem istry and Medicine 50, 353-61 (1986 ). Rotenberg M. Biomathem atics and cell kinetics New York: Elsev ier/North-H olland Biomedical Press (1 981). Rotenberg M. Theory of distributed quiescent state in the cell cy cle. Journ al of Theoretical Bi ology 96, 495-509 (1 982).

- 1 5 -

Rotenberg M. Transport theory for growing cell p opulations. Journal of Theoretical Biology 103, 181-99 (1983).

Sachs RK; Chen P-L; Hahn fe ldt PL; Hlatky LR. D NA damage caused by ionizing radiation. Mathema tical Biosciences 112, 271-303 (1992 ). Savage JR. Update on target theory as applied to chr omosomal aberrations. Environmental and Molec ular Mutagenesis 22, 198-2 07 (1993 a). Savage JR. Intercha nge and intra-nuclear architecture. Environmenta l and Molecular Mutagenesis 22, 234-44 (1993b ). Simpson PJ; Savage JR. Estimating the true freq uency of X-ray-indu ced complex chromos ome exchan ges using fluor escence in situ hybridizati on. Internationa l Jour nal of Radiation Biology, 67, 37-45 (1995).

Schultheiss TE; Zagars GK; Peters LJ. An explanatory hypothesis f or early- and late-ef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ect parameter values in the LQ model. Radiotherapy and Onc ology 9, 241-8 (1987). Swa n GW. Applications of optimal control theory in bio medicine . Marcel Dekker, NY (198 4). Thames HD; Hendry JH. Fractionation in radi otherapy. Taylor & Francis: London (1987 ). Tuck er SL; Taylor JMG. Improved mo dels of tumour cure. Internationa l Journal of Radiation Biology 70, 539-553 (1996). Tuck er SL; Zimmerman SO. A n on-linear model of populati on dynamics containing an a rbi trary number of cont inuous structure variables. SIAM J. Appl. Math. 48, 549-591 (19 88). Tuck er SL; Travis EL. Comments on a time-dependent version of the linear-quadratic model. Radio therapy and Oncolog y 18, 155-63 (1990). Tuck er S. 1996. This volume. Tuljapurk ar S. Population dyna mics in variable environments. New York: Springer- Verlag, 1990. We bb GF. Theory of nonlin ear age-depe ndent population dynamics. Marcel Dekk er, 1985. We bb GF. 199 6. T his volume. Withers HR. Biological basis of radiation therapy for c ancer, Lancet 18, 156-9 (1992) . Yaes RJ. A quantit ative descrtiption of cell cycle redistribu tion during fraction ated radiotherapy: can synchroni zation improv e the tolerance of ea rly reacting normal tissue? Preprint 199 5. Yakovlev AY; Z ori n AV. Computer simulation in cell radiobi ology Berlin: Springer-Verlag, 1988. Yakovlev AY; Yanev NM. Transient processes in cell proliferation kinetics (translator, B.I. Grudinko) Berlin: Springer-Verl ag, 198 9. Zaider M; Wuu CS. The ef

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ects of suble thal damage recovery and cell cycle progression on the survival probability of c ells exposed to radioactiv e sources. British Journ al of Radiology 68, 58-63 (1995).