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6 CONTENTS

Preface

Complex analysis is a highly integrative subject. It draws on ideas from real analysis, abstract alge-
bra, linear algebra, and differential equations, and it recombines them into a theory that is at once elegant
and surprisingly powerful. Beyond its classical applications, complex analysis also serves as a gateway
to modern mathematics: many themes that recur throughout contemporary research—symmetry, singu-
larities, geometry, and topology—first emerge here in a particularly transparent and workable form.

In this book, we try to write in a language that is accessible to undergraduates but still rigorous,
and to use the most effective and powerful examples to let ideas and objects from modern mathematical
research gradually permeate the text. For instance, we include homotopy, and we give complex-analytic
proofs of results in algebraic topology about the fundamental group and covering spaces. Compared
with the general formulations in algebraic topology, what we want to emphasize is the origin of these
questions in complex analysis and the important role complex analysis plays in entering and shaping their
solutions. As another example, we introduce Riemann surfaces in a natural way, and we aim to prepare
students so that they can transition smoothly into Riemann surface theory. In our teaching experience,
we have found that, when introduced in the right way, these ideas are entirely accessible to undergraduate
students.

(more to be added .. )



CHAPTER 1

Complex numbers

1. The complex field
A complex number is an ordered pair (x, y) € R?. We write (x, y) as
zZ=x+1y,

where i is the imaginary unit satisfying i> = —1. For the moment, you may regard i simply as a formal
symbol used to record the second coordinate. We call x = Rz the real part and y = 3z the imaginary
part of z. The set of all complex numbers is denoted by C.

Each real number x € R can be identified with the complex number x +i0 € C. In this way, we may
view R as a subset of C.

There are two binary operations on C:
» Addition:
(xl + lyl) + (x2 + lyz) = (xl + xZ) + l(yl + yz),

» Multiplication:
ey +iy)(xg +iyy) = (XX — y1¥2) +i(x1 ¥, + x2)7).
The additive identity is 0 = 0 + i0, and the multiplicative identity is 1 = 1 + i0. In particular,
i“=i-i=-1.

Under the identification C 2 R2, addition in C agrees with the usual vector addition in R2. However,
the multiplication on C is not the coordinatewise multiplication on R?. For instance, the coordinatewise
product

(X1, y1) * (X2, ¥2) = (X1 X2, ¥1)2)
has zero divisors (e.g. (1,0) * (0, 1) = (0, 0)), whereas the multiplication on C defined above has no zero
divisors.

In fact, we have the following fundamental result, which serves as the foundation of complex analy-

Sis.
THEOREM 1.1. (C,+, ) is a field.

REMARK 1.2. (1) From the point of view of modern algebra, C is a degree 2 algebraic exten-
sion of R. Concretely,
C = R[x]/(x*>+1).

(2) C is not an ordered field: there is no total order on C that is compatible with the ring structure
(equivalently, with addition and multiplication).

(3) We will prove in this course that C is algebraically closed; that is, every nonconstant poly-
nomial with complex coefficients has a zero in C. This result is known as the Fundamental
Theorem of Algebra.



8 1. COMPLEX NUMBERS

EXAMPLE 1.3. Letz = x + iy € C,x,y € R with z # 0. Express z~! in terms of x and y.
SOLUTION. Suppose z~! = a + ib, where a, b € R. Then
zz7' = (x + iy)(a + ib) = (xa — yb) + i(xb + ya) = 1
implies
xa—yb=1, xb+ya=0.
Solving this system, we obtain
g=_—x _ p___Y
x2 4 y?’ x2 4+ y?’
and
Z_l _ X — ly
X242

This motivates the following definitions.

For z = x + iy with x, y € R, we define the complex conjugate of z by
Z=x—iy.

We also define the modulus (or absolute value) of z by
|z] = Vx2 + )2

With this notation, if z # 0 then its inverse can be written as

-1 _ Z

|22
The following properties are straightforward to verify and we leave details to the reader.
PROPOSITION 1.4. Forall z,z,z, € C, there are:
(D) zy£2, =2 %2,
(2) z)z3 =21 2y,
(3) 2z = |z|*
) |z| = |zl.

2. Geometry of C

A complex number z = x + iy corresponds to the point (x,y) € R?, where x = Rz and y = Jz.
Through this identification, the Euclidean geometry of R? is naturally encoded in C.

For z; = x, + iy, and z, = x, + iy,, the Euclidean distance between the corresponding points in R?
is

d((xb)ﬁ), (xz’)b)) =|z; — z,|.
In particular, the triangle inequality of d is equivalent to
|2y + 25| < zy| + [z,].

In fact, complex conjugation allows us to recover both the dot product and the oriented area in R2.

Indeed,
212y = (X1 + iy — iyp) = (x1X3 + ¥1¥2) — i(x1y5 — y1X)).

Therefore,

R(z,2;) = x1% + y1 ¥, = (X1, 1), (X2, 12))
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which is the inner product, and

~ . — X1 X2
—3(z12y) = X1y, — y1 X, = det
yi »

which is the signed area of the parallelogram spanned by (x;, y;) and (x5, ,).

EXERCISE 2.1. Let z;, z, # 0. Show that

m(le_z) .
—_— sinf = s
|z1|]25] |2y 11251

where 6 is the oriented angle from z; to z,.

—3(2,2,)
cosf = _ =

REMARK 2.2 (The standard Hermitian form on C (*)). Consider C as a 1-dimensional vector space

over C. Define
h . CXC—)C, h(zl,22)=212_2.

Then A is a Hermitian form: it is C-linear in the first variable, conjugate-linear in the second variable,

and satisfies
h(zy,z1) = h(z;, z5).

p X
z:x+[y(—)l)= .

Xk
Vi

Now identify C with R? via

For z; = x; + iy, corresponding to v; = < > € R?, define the standard Euclidean inner product by

g(vy, 0)) = X1 X3 + y1 Y2,
and define the standard symplectic form by

(U], 0y) = XYy — V1 Xs.
Then

h(zy, z,) = g(vy, Up) — i w(vy, Vy).

Moreover, we may write

1 -
h(zy,2y) = v|[h] vy, [h] = (i 1l> = [g] — i[w],

(10 w01
8=\o 1) “\21 o)

Here [g] is the matrix of the Euclidean inner product g, namely

where

gy, 0y) = U-lr[g]Uz,
and similarly [w] represents the symplectic form w via
(v, 0y) = UI[CO]UZ.

This viewpoint generalizes to higher dimensions in Kéhler geometry, where complex geometry arises

from the compatibility between a Riemannian geometry and a symplectic geometry.
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3. Polar coordinates
Let z = x + iy € C be a nonzero complex number. Its modulus is
r=lzl=Vx2+ 2> 0.

Geometrically, r is the Euclidean distance from z to the origin.
Since (x, y) # (0, 0), there exists an angle # € R such that

X =rcosé, y=rsind.
Thus we may write
z=x+iy=r(cosf +isinf).
We call this the polar form of z. Any such € is called an argument of z, and we write 8 € arg(z). The

argument is NOT unique: if 8 € arg(z), then 6 + 2zk € arg(z) for every k € Z.

REMARK 3.1 (Geometric vs. analytic definitions of sin and cos). In this section we view sin 8 and
cos 0 geometrically, as the coordinates of the point on the unit circle at oriented angle # (measured in

radians). Alternatively, one may define sin and cos analytically by the power series

b 92n ) hd 92n+1
0= —-1)"'——, 0= 1)
cos Z})( ) ! sin };}( ) 2t 1)

These two definitions agree. One way to justify this is to note that both satisfy the same initial value

problem
u = —v, vV =u, ul =1, v0)=0,

and hence must coincide by the existence and uniqueness theorem for ODEs.

THEOREM 3.2 (Euler’s formula). For every 6 € R,
e =cos +isind.
PRrROOF. This follows immediately from the power series expansions of e, sin z, and cos z. O
REMARK 3.3. Euler’s formula holds for all complex numbers too.
Using Euler’s formula, the polar form can be written more compactly as
z =r(cos 0 + isinf) = re'.
We call re? the exponential form of z.
THEOREM 3.4 (De Moivre’s formula). For everyn € Z and 6 € R,
(cos @ + isin 0)" = cos(nb) + i sin(nh).
Equivalently,
(e0)" = ¢"0
PROOF. By Euler’s formula,

(cos @ +isin0)" = (') = e = cos(nd) + i sin(nh).
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EXAMPLE 3.5. Using De Moivre’s formula, we can express cos(nf) and sin(n8) in terms of cos
and sin 8. For example,
(cos 0 + i sin §)* = cos(26) + i sin(26)

implies, by expanding the left-hand side,
cos(20) = cos® 0 — sin® 0, sin(26) = 2sin 0 cos 6.

PROPOSITION 3.6. Let z; = r1e'%1 and z, = r,e!% be nonzero complex numbers. Then

) z ry o
lez = rlrzel(61+92)7 _1 = _lel(el_GZ)'
2y I
In particular,
1z125] = |z 2,], arg(z,z;) =60, + 0, (mod 2x).

EXAMPLE 3.7. Multiplication by i is the rotation counterclockwise by 90°, since i = e/%/2.

EXERCISE 3.8. Find r and @ such that z = re’® for each of the following complex numbers.

(1) z=1. Solution: r = 1 and = 2kx, k € Z. In exponential form, z = ¢/,

(2) z=i. Solution: r=1and @ = % + 2kx, k € Z. In exponential form, z = ¢/"/2.

(3) z=—-1. Solution: r =1and 8 = 7 + 2kx, k € Z. In exponential form, z = e'”.

(4) z=—i. Solution: r=1and 8 = —% + 2kx (equivalently 37” + 2kr), k € Z. In exponential
form, z = e~7/2,

(5) z=1+i. Solution: r = \/2 and 6 = % + 2kn, k € Z. In exponential form, z = V2 eir/4,

(6) z=—1+i. Solution: r = \/Eand 0= %” +2kr, k € Z. In exponential form, z = \/5ei3”/4.

4. Roots of unity
Let n be a positive integer. A complex number z satisfying
z" =1

is called an nth root of unity. Equivalently, the nth roots of unity are the complex solutions of the
polynomial equation
z"—-1=0.
Using the polar form, we can explicitly determine all nth roots of unity. Write z = re’?, where r > 0
and 6 € R. Then

=1, nd =0 (mod 2x).

Hencer =1 and 6 = ZkT” for some k € Z.
Although 6 has infinitely many choices, the values e’ produce only n distinct solutions. Therefore
the nth roots of unity are

. 2km

e, k=0,1,...,n—1.

Denote by R, the set of nth roots of unity. Then R, is closed under complex multiplication, and

hence forms a cyclic group of order n. In fact,

(Z/n,+)= R,
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via the isomorphism k ~ e2%k/",

An element { € R, is called a primitive nth root of unity if it generates R,, i.e. if
R, ={L¢.0%....¢"1).
There are exactly @(n) primitive nth roots of unity, where ¢ denotes Euler’s totient function.
EXAMPLE 4.1. Find all primitive 12th roots of unity.

SOLUTION. The 12th roots of unity are ¢k = e27mik/12 for k = 0,1, ..., 11. Such aroot ckis primitive
if and only if ged(k, 12) = 1. Therefore the primitive 12th roots of unity correspond to

ke {l1,57,11}.
Hence the primitive 12th roots of unity are

Q2i/12 10mi/12  ldmi/12 22mi/12

equivalently,
em’/é’ eSlri/6’ 677”/6, ellm’/é‘

O
)
A
% 18 .
3 g,
9 S0
0 7

% 2™ (ovts o} wnchy

o \D(-‘m;h‘vw_ {oots

Although it is difficult—and in general impossible—to find explicit formulas for all roots of an

arbitrary polynomial equation, many special equations can still be solved directly.

4=

EXAMPLE 4.2. Solve the equation z

SOLUTION. Write z in polar form z = re with » > 0 and # € R. Then

Z4 — r4ei40.

Since i = €7/2+27K) for some k € Z, the equation z* = i is equivalent to

r4ei4€ — ei(ﬂ.’/2+2ﬂ'k)'

Therefore,

Hence r =1 and
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So the solutions are
i7r/8’ eiSn’/S, ei97z/8’ ei137r/8.

z=e
]
EXAMPLE 4.3. Solve the equation 1 + z + z> 4+ z> = 0.
SOLUTION. Factor the left-hand side as a geometric sum:
1+z+zz+z3=z4_1, (z#1).
z—1
Therefore
l+z+22+2°=0 < z*-1=0 and z# 1.
Hence z is a 4th root of unity other than 1, so the solutions are
ze {-1, i, —i}.
]
5. Euclidean geometry of R? via C
5.1. Lines and line segments. Let a, § € C with a # f.
» The line segment joining « and f is
{(1 —ta+1p|t €[0,1]}.
» The perpendicular bisector of the segment joining a and g is
{zelllz—a| =1z-p]}.
Equivalently, it is the locus of points that are equidistant from « and S.
EXERCISE 5.1. Describe the real axis and the imaginary axis using distances.
SOLUTION. The real axis consists of points equidistant from i and —i, hence it is
{zeCllz—i|=|z+il}.
Similarly, the imaginary axis consists of points equidistant from 1 and —1, hence it is
{zeCllz-1]=|z+1]}.
O

5.2. Circles. A circle with center z, € C and radius r > 0 is given by
|z —zg| = 7.
We now give another useful description.

PROPOSITION 5.2 (Apollonius circles). Let a, p € C with a # f, and let A > 0 with A # 1. Then

the locus
|z —a| = A|z — B|

is a circle. Conversely, every circle can be written in this form for suitable a, f, A.



14 1. COMPLEX NUMBERS

PROOF. Squaring both sides gives
|z = al* = 2|z - pI*.

Writing z = x+iy, @« = a+ib, f = c+id and expanding, then completing squares, we obtain an equation

of the form
|z —zo| =1,
where
L _a=#p Aa—p|
= , F= —.
0T -2 11— A2

This is a circle.
Conversely, given a circle |z — zy| = r with r > 0, choose any 4 > 0 with 4 # 1. Pick any f € C
satisfying |f — z,| = % and define

a=(1-A)zy+ A%p.
Then

lz—a|=Alz—f] <= |z—2z4l=r

6. Topology of C
By identifying C with R?, it becomes a metric space with the metric
d(z,w) = |z —w|.

With this metric, C is isometric to the Euclidean space R2.

In this section, we review some basic topology of C. Most of the proofs will be skipped in our
lectures, but they can be found in any standard text on mathematical analysis (for instance, Principles of
Mathematical Analysis by Rudin is a great reference). You may safely skip the details of these proofs for

the purpose of this course.

6.1. Open setsin C. For z, € C and r > 0, we denote the open disk centered at z, with radius r by
D(zy;r) ={z € C|lz—zy| < r}.

DEFINITION 6.1. Let .S € C. A point z, € S is called an interior point of S if there exists r > 0
such that

D(zy;r) € S.

The set of all interior points of ' is called the interior of .S, and is denoted by S°.

DEFINITION 6.2. A subset S C C is called open if either .S = @, or every point of .S is an interior
point of S (equivalently, S = 5°).

In particular, an open disk is open.
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6.2. Closed sets in C. There are two equivalent ways to define closed sets.
DEFINITION 6.3. A subset .S C C is called closed if its complement C \ S is open.

From this definition, both @ and C are closed, since their complements are open.

For z, € C and r > 0, we denote the closed disk centered at z, with radius r by
D(zg;r)={z€C| |z—z| <1}

It is an exercise to show that D(z; r) is a closed set in C.
Another way to define closed sets is via sequences. Recall that a sequence (z,),c7z+ 1S convergent to
apoint w € Cif

lim |z, — w| = 0.
n—00

Equivalently, writing z, = x,, + iy, and w = x + iy, we have z, — w in C if and only if

X, = X and y, =Yy asn— oo.

DEFINITION 6.4. A subset .S C C is called closed if it contains the limits of all convergent sequences

in §; that is, any sequence (z,),cz+ in S with z, = w in C, we must have w € S.
It is left as an exercise to the reader to prove that these two definitions are equivalent.
6.3. Compact sets in C. We first recall the general definition of compactness in a metric space.

DEFINITION 6.5 (Compactness). Let (X, d) be a metric space. A subset K C X is called compact
if every open cover of K admits a finite subcover. That is, if K C |, 4 U, Where each U, is open in X,

then there exist a, ..., ay € A such that
KcU, u--uU,, .

DEFINITION 6.6 (Sequential compactness). Let (X, d) be a metric space. A subset K C X is called
sequentially compact if every sequence (x,) in K has a convergent subsequence, whose limit lies in K.

THEOREM 6.7. In any metric space, a subset is compact if and only if it is sequentially compact.

The proof is omitted here.

In the special case X = C, there is a particularly simple characterization of compact sets.

THEOREM 6.8 (Heine—Borel theorem in C). A subset K C C is compact if and only if it is closed
and bounded.

6.4. C is complete.

DEFINITION 6.9 (Cauchy sequence). A sequence (z,,) in C is called a Cauchy sequence if for every
€ > 0, there exists N € Z* such that

|z, — z,,| <€ forallm,n > N.

Clearly, every convergent sequence is Cauchy.

Writing z, = x,, + iy,, we have
|zn - Zml2 = (xn - xm)2 + (yn - ym)z-

It follows that (z,,) is a Cauchy sequence in C if and only if (x,) and (y,) are Cauchy sequences in R.
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DEFINITION 6.10 (Completeness). A metric space (X, d) is called complete if every Cauchy se-
quence in X converges to a limit in X.

THEOREM 6.11. C is complete.

PROOF. Let z, = x,, + iy, be a Cauchy sequence in C. Then (x,) and (y,) are Cauchy sequences in
R. Since R is complete, there exist x, y € R such that x, - xand y, - y. Let z=x+iy. Thenz, — z

in C, so C is complete. (Il

6.5. Connected sets. For a metric space (in particular, for C), there are two common notions of
connectedness: connected sets and path-connected sets. They are closely related but not always the

same.

DEFINITION 6.12 (Connected set). A subset S C C is called disconnected if there exist two
nonempty open sets U, V' C C such that

ScuUuv, SnU #40, SNV #0, and SNnU)NSNYV)=40.

Equivalently, S is disconnected if it can be written as a union of two nonempty disjoint sets that are open

in the subspace topology on .S. A set S is called connected if it is not disconnected.

DEFINITION 6.13 (Path-connected set). A subset .S C C is called path-connected if for any z, w €
S, there exists a continuous map
y . [0,1] = S
such that y(0) = zand y(1) = w.

PROPOSITION 6.14. Every path-connected set is connected.

We omit the proof.
In general, the converse is false: there exist sets in R? (hence also in C) that are connected but not
path-connected. A classical example is the fopologist’s sine curve.

However, for open sets the two notions coincide.

THEOREM 6.15. Let U C C be open. Then U is connected if and only if U is path-connected.
We omit the proof.

DEFINITION 6.16 (Domain). An open and connected subset 2 C C is called a domain.

Both descriptions (connectedness and path-connectedness) will be useful in this course.

6.6. C-valued functions. In this course, we will mostly consider complex-valued functions defined

on a domain in C. That is, let Q C C be a domain (an open and connected set), and let
f:Q->C

be a function.
A C-valued function is equivalent to a pair of R-valued functions, namely its real part and imaginary

part. Concretely, for each z € €, we may write

f(2) = u(z) +iv(z),

where
u=R(): Q- R, v=S(f): Q- R.
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Under the identification C & R?, the function f can be viewed as a map
fIQCRP SR, (x,p) P (ulx, ), v(x, ).

Many basic properties of f (such as limits and continuity) can be studied by analyzing u and v.
We briefly recall the notion of continuity for complex-valued functions.

Let Q be a nonempty open set in C and f : Q — C is a function.

DEFINITION 6.17 (Continuity via limits). The function f is continuous at z, € Q if
lim £(2) = f(zo).
z—2
We say that f is continuous on Q if it is continuous at every point of Q.
PROPOSITION 6.18 (Continuity via open sets). A function f : Q — C is continuous if for every
open set U C C, the preimage
7)) ={zeQlf(z) €U}
is open in Q.

As an immediate consequence, the composition of continuous functions is continuous.

Now write f = u+ iv, where u,v : Q - R.

PROPOSITION 6.19. The function f is continuous at z, € Q if and only if u and v are continuous at

zo. In particular, f is continuous on Q if and only if u and v are continuous on Q.

EXAMPLE 6.20. Both functions f(z) = z and g(z) = z are continuous on C. More generally, let
@ € C[x, y] be a polynomial in two variables. Then the function

f(2) = ®(z,2)

is continuous on C.

EXAMPLE 6.21. Define f : C\ {0} — C by

Then f is continuous on C \ {0}. Moreover, f admits a continuous extension to C by setting f(0) = 0.
On the other hand, the function g : C\ {0} —» C defined by

g(z) = 2|
V4

cannot be continuously extended to z = 0, hence it is discontinuous at 0.

PROOF. For z # 0, we have

1zI>  zz

L e

z 4

>

so f(z) =z on C\ {0}, and therefore
li =1limz = 0.
ln @) = liny
Thus defining f(0) = 0 makes f continuous on all of C.

For g, write z = re’? with r > 0. Then

Z r .
g(Z)=u=—. =e .
z rei?
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Along the positive real axis (8 = 0), g(z) — 1, while along the positive imaginary axis (8 = %),

g(z) — —i. Hence lim,_, g(z) does not exist. O
The following properties of continuous functions are useful.

THEOREM 6.22. The image of a (sequentially) compact set under a continuous function is (sequen-

tially) compact.
It has the following consequence.

COROLLARY 6.23. A real valued continuous function f on a compact set K C C attains its maxi-

mum and minimum on K.
THEOREM 6.24. The image of a (path-)connected set under a continuous function is (path-)connected.

For real-valued functions, this implies the Intermediate Value Theorem.



CHAPTER 2

Holomorphic Functions

1. Definition of holomorphic functions

DEFINITION 1.1. Assume Q is an open subset in C. A function f : Q — C is called complex

differentiable at z, € Q, if the limit
. J(2) = f(zp)
lim ———
zZ—2Z zZ — ZO
exists. The limit, denoted by f'(z;), is called the derivative of f at z,,.
If f/(zy) exists for every z, € Q, then we say the function f is a holomorphic function over
€. A holomorphic function is also called a complex differentiable function. (We will see later that
holomorphic functions are analytic, so it is also called analytic functions.)

A holomorphic function over C is called an entire function.
For an open set Q, we will use (L) to denote the set of holomorphic functions on €2.

EXAMPLE 1.2. (1) Constant functions are holomorphic functions.
(2) f(z) = zis an entire function with f’(z) = 1. (Check by definition.)
(3) f(z) = z* is an entire function with f’(z) = 2z. (Check by definition.)
(4) Any polynomial f(z) = ay+ a;z + -+ + a,z" € C[z], where gy, a;,--.,a, € C,a, # 0, is an
entire function with

f(z) = a; +2a,z + - + na,z"".

O) flz)= é is holomorphic over C* := C \ {0} with

1

’ [ —

f@=-=.

(6) NEITHER f(z) = R(z) nor f(z) = J(z) is complex differentiable at any point z, € C.
(7) f(z) = zis NOT complex differentiable at any point z, € C.

Assume f is holomorphic at z, € €. Then we can write

(@)= f(20) = f'(20)(z = 20) + w(z = 20)(z  20).

where y(h) — 0 as h — 0. In particular, f is continuous at z,.

Similar to real functions, derivatives of complex functions have the following properties.

PROPOSITION 1.3. (1) Assume f and g are complex differentiable at z, € Q. Then f + g
and f - g are complex differentiable at z,. Moreover, if g(zy) # 0, then f /g is also complex
differentiable at z,. In each case,

(@) (f +8)(z0) = f'(z0) + &' (29);

(b) (f - g)’(Zo) = f,,(ZO)g(zO)+f(zo)g,/(zo);
© (f/2) (z) = L Z08E) = [Z)E'(Zo)

g(Zo)2
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(2) (Chain rule) Assume f is complex differentiable at zy, € Q. Let U C C be an open set con-
taining f(zq) such that f(z) € U for all z in a neighborhood of z. If g : U — C is complex
differentiable at f(z), then go f is complex differentiable at z, and

(g0f) (z0) = &'(f(z0)) f'(z0)

EXAMPLE 1.4. Calculate f'(z) for f(z) = ZHZtL,

z—i

REMARK 1.5. The set of holomorphic functions on an open set €2, denoted by O(£2), is a (commu-
tative) algebra over C: if f,g € O(Q) and ¢ € C, then f + g, fg, and ¢ f are in O(Q), and the constant
function 1 is in O() which is the unity of the algebra.

2. Cauchy-Riemann equations

We now relate complex differentiability to conditions on the real and imaginary parts of f. We
will see that complex differentiability imposes a system of partial differential equations on these two
functions.

Write

f(2) = u(z) +iv(z),
where u and v are real-valued functions. Write
z=x+1iy, zZy = Xg +iYg-

Then

f(2) = f(z9) () = u(zg)) +i(v(2) — v(z0))
z—z5 z— 1z '

Multiplying the numerator and denominator by z — z,, we obtain

f(2)— f(zg) (u(z) — u(zy) ) (z — zo) + i (v(2) = v(z))(z — z¢)

Z—zg |z — zy|2

Since (z — zy) = (x — xg) — i(y — ), separating the real and imaginary parts gives

m(f(Z) - f(zo)> (u(2) — u(zg) ) (x = xo) + (v(z) — v(20)) (¥ = ¥p)

Z—ZO IZ—Zolz

’

—(u(z) = u(zp)) (y — yo) + (v(2) — v(z0)) (x = x()

|z — zp|?

,(f(z) - f(zo)>
)

zZ— 2z
In particular, if f/(z,) exists, then the above expressions must have a limit as z — z,,, which is the
same as
X = Xq, Yy = Yo

Now we consider two paths:

Approaching along the real axis. Let z — z;, with y = y,. Then

f(2) = f(zy) _ u(x, yo) — u(xq, yo) Iy v(x, o) — U(Xgs ¥o)
z—zy X — X X = X '

Letting x — x, shows that the partial derivatives u,(x,, o) and v,.(x, y,) exist and

fI(ZO) = le(xO, yo) +1i Ux(xo, yo)
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Approaching along the imaginary axis. Let z — z; with x = x,. Then

f(z) - f(zo) _ U(xo, y) — u(x()s J’o) yi U(Xo, y) — U(Xo, yO) _ U(Xo, y)— U(xo, J’o) _i ”(Xo, y)— U(xo, yO)
z-z, i(y = yo) i(y—yp) Y=Y Y=Y '

Letting y — y, shows that the partial derivatives u (xy, yy) and v,(x(, y,) exist and

f’(Zo) = 0,(Xq, ¥o) — i u,(Xq, ¥p)-

Comparing the two expressions for f’(z), we conclude that

(2.1 uy(xp, o) = Uy(x07 Yo)s uy(xo, Yo) = — Ux(x, ¥p)-

The system (2.1) is called the Cauchy—Riemann equations.
The above arguments show that if f”(z) exists, then the partial derivatives of u and v exist at (x, yp),
and the Cauchy—Riemann equations hold at (x,, y;).

In fact, we have a stronger result.

THEOREM 2.1. Assume Q is an open subset of C, where we also regard it as an open set R>. The
function f = u + iv is complex differentiable at zy, = x, + iy, € Q if and only if F = (u,v)" is
differentiable at (x, y,) € L and the partial derivatives

ou du ov 0v

aa a_ya 57 a_y
satisfy the Cauchy—Riemann equation at (x,, yy), i.e.,
ou _dv ou _odv
al(xovyo) - a_yl(xo,yo)’ a_yl(xo,yo) - _al(xovyo)'

Recall from real analysis (e.g., Rudin Definition 9.11) that, the function F is differentiable at
(xg, ¥p) € &, if there is a 2 X 2 matrix J so that

X — Xq
|F(an’)_F(x0,J’0)_J |
. Y=Y
lim =0
BRGLeatt Vx = x0)? + (v = y)?

By taking y = y, and x == X respectively, one get the matrix J must be of the form

Eloom 5o
J(F)l(x(),yo) 1= [g_;fl 00 gl 070 ]
ax '(xo.¥0) 9y ' (xo.0)
if it exists. (This is left as an exercise for the reader).
The matrix J(F) is called the Jacobian matrix of the map F.

The differentiability of F at (x,, y) is stronger than the existence of partial derivatives at this point.

EXAMPLE 2.2. Consider the complex valued function f(z) = \/W , z € C. Direct calcu-
lation shows that all partial derivatives of u = \/W exist at (0,0) and are zero. Hence the Cauchy—
Riemann equation holds at (0, 0). However, the function f is not holomorphic at 0 € C.

Correspondingly, the vector valued function F with respect f to is not real differentiable at (0, 0)

though partial derivatives exist.

Now let’s prove Theorem 2.1.
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PROOF. (1) "=". Since we have derived above that partial derivatives of u, v at (x;, ;) exist
and satisfy the Cauchy—Riemann equation, we only need to show F = (u, v)” is differentiable
at (xq, yo). For this, notice that when f is holomorphic at zy, denote by

there follows

Jdv
R(f(zg)h) = ER(( |(x0 o) +l |(x0 y))(hy +ihy)) = |(x0 L ox ~~lxpan 2
and by the Cauchy—Rlemann equatlon, this is
du du

al(xo,yo) 1t a_yl(xo,yo)hZ

h
which is exactly the first row of J(F )l(xwo) [hll .
2

Similarly, S(f”(zy)h) can be written as
ov

o o F yh

|(Xo Yo

h
which is exactly the second row of J(F )l(x(),yo) [hll .
2

This shows that in fact

h
| F(xg + his Yo + hy) = F(xg,¥0) = I (Bl ) [h1] |
2

| Al
(2.2) _ o+ h) - /|’ 2|z0) — f(zp)h| ’

and hence F is differentiable at (x,, y;).

"<". Assuming F is differentiable at (x, y,) and satisfies the Cauchy—Riemann equation

at (xg, yp), then we can write

9 .0 )
()| (x.30) | _ m((a" lixguve) + laZ ey (11 + iR2))
X0-Y0 h,2 e'(( “ |(x0 Yo) + léx |(x0 yo))(hl + lhz))

Using the Cauchy—Riemann equations, we can express the limit as

ou . ov
lim fGo+ R~ flzo) - (al(xo%)) + Lox |(xov)’o))h =
h—0 h

S (zo+h)—f(zp)
h

. . 9
exists and is —

which is equivalent to lim,_,, oo T i% -

This proves f is holomorphic at zO and in fact,

.0v
f (ZO) = |(x0 Yo) t1 |(x0 Yo)*

O
Since every C! function (i.e., a function whose partial derivatives are continuous) is automatically

real differentiable, to check whether a function f : Q — C is holomorphic it suffices to verify that it

satisfies the Cauchy—Riemann equations.

EXAMPLE 2.3. Consider the following functions f = u+iv, where u and v are real-valued functions.

We use the Cauchy—Riemann equations to determine whether f is holomorphic.
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(1) u(X,Y)zxz_yza U(xe.V)z_zx)’-
Here

=-2y, v,=-2x.

u., = 2)(:7 uy = —2y, v y

x x
Thus u, = v, forces 2x = —2x, which only holds when x = 0. Hence the Cauchy-Riemann
equations do not hold on any open set, so f is not holomorphic anywhere. (Notice: We say that
f is holomorphic at a point z, only if f is complex differentiable at every point in some open
neighborhood of z.)

(2) u(x,y) = x> =%, v(x,y) = 2xy.

Here
u, =2x, u, = =2y, v, =2y, vy, = 2x,

so the Cauchy—Riemann equations hold everywhere. Therefore f is entire. In fact,
f@ == +iQxy) = (x+iy)? =2 flz)=2z

3) u(x,y) = %ln(x2 +3%), u(x,y) = arctan %, where x > 0.
On the domain {x > 0} one finds

X y y X

U= ———, = = =
x2 +y?

u, = , U= ———, U, = ——,
x y x2+y2 % x2+y2 y x2+y2

Hence the Cauchy—Riemann equations hold on {x > 0}, and f is holomorphic there. This is
the principal branch of the logarithm that we will explain more in later chapters.
_ X - Yy
(4) u(x’y)_ x2+y29 U(x’y)_ x2+y2'
On C\ {0},

2

y: —x _ 2xy _ 2xy A x2 —y?

u,=—————  u,=-— , L\=———"+—, v, =——
X (xz + y2)2 y (xz + y2)2 2 (xz + y2)2 y (xz + y2)2
Thus u, # v, in general, so the Cauchy—Riemann equations do not hold on any open set.

Therefore f is not holomorphic anywhere. (Indeed u + iv = %.)
(5) u(x,y) =e*cosy, uv(x,y)=e*siny.
Here

u,=ecosy, u,=-esiny, v,=e"siny, v,=e" cosy,
so the Cauchy—Riemann equations hold everywhere. Therefore f is entire. In fact,
f(z) =e (cosy+isiny) = e = ¢?, f'(z) = €.

3. Complex notation of partial derivatives

Assume f is a C! function on an open set in C. We introduce the operators

i:l<i_ii), i=l<i+ii>.

dz 2 \dx Ody 0z 2 \ox 0y

Then 5 5z 5 5z
6—2:1, a-i:o, a-é:o, 6—2:1.

Moreover, among all operators of the form A% + Baiy with A, B € C, the operator % is uniquely

determined by the first two identities, and % is uniquely determined by the last two identities.
Using this notation, the Cauchy—Riemann equations can be written compactly as
af

0.
0z
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Indeed, write f = u + iv with u, v real-valued. Then

%_1(0 ii>(u+iv)=

9z = 5 a - ()y (ux + Uy + i(Ux - uy)>,

| —

of 1,0 ,.0 ) 1 .
9z <a_ +’a> et iv) = 5 (1 =0, +ilo + 1))
Therefore % = 0 is equivalent to
Uy = 0y, U, = =0y,

which are exactly the Cauchy—Riemann equations. Moreover, when the Cauchy—Riemann equations
hold, we have
af

£=ux+wx=vy—luy,

SO % agrees with the complex derivative f’(z).
As a corollary, we have the following consequence: Let @ € C[z, w] be a polynomial in two vari-
ables, and define
f(z) = ®(z,2), z € C.
Then f is holomorphic on C if and only if ® is independent of w, i.e. ®(z, w) = P(z) for some P € C[z].
Equivalently, the expression ®(z, Z) contains no z-term.
A similar statement holds for rational functions (on any open set where the expression is defined).

In particular, linear fractional maps provide an important class of holomorphic rational functions.

EXAMPLE 3.1 (Linear fractional maps). Let

a,b,c,d € C, ad-—bc #0.

Then T is holomorphic on its domain C \ {—d/c} (if ¢ # 0), and on all of C if ¢ = 0. A direct
computation gives
(az+b)(cz+d)—(az+b)(cz+d) alcz+d)—claz+b)  ad — bc

(cz +d)? N (cz+d)? C(cz+d)?

In particular, T'(z) # 0 everywhere on its domain.

T'(z) =

Such a map is determined by the matrix

A=<ab>eGQ@L
c d

and we write T' =T 4. Note that scaling A by a nonzero complex number does not change the map:
T,4(z) =Ty(2) (A e ).

Therefore linear fractional maps are naturally parametrized by equivalence classes of matrices in G L,(C)

modulo scalar multiples. Restricting to matrices with determinant 1, this gives the group
PSLy(C) = SLy(©)/ {1},
which acts on the extended complex plane C=cu {oo} by
<a b> L, azth
c d cz+d

A linear fractional map is also called a Mobius transformation.

The following proposition is left to the reader as an exercise using the Cauchy—Riemann equations.
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PROPOSITION 3.2. Assume f = u+iv is complex differentiable at zy = xy+iy,. Then the Jacobian

u u
J(xp, ¥9) = < * y>
Ux Uy (Xo»Y())

has nonnegative determinant. In fact,

matrix

2
| =o.

det J(xg, yo) = U0y, —u U, =

4. Harmonic functions
Let Q C R? ~ C be an open set. For a C? function u € C*(Q), we define the Laplacian
Au = Uy +uy,.
DEFINITION 4.1. A function u € C%(Q) is called harmonic on Q if

Au=0 onQ.

EXAMPLE 4.2. (1) Consider f(z) = z2. Writing z = x + iy, we have
22 = (x +iy)? = (x* = y?) + i2xy).

Thus
u(-xay)zxz_yze U(xey)=2xy‘
A direct computation shows Au = 0 and Av = 0.
(2) Consider f(z) = z>. Writing z = x + iy, we have
23 = (x+ iy)3 = (x3 — 3xy2) + i(3x2y— y3).
Thus
ux,y) = x* =3xy%,  ux,y) =3x"y -y,

and again one checks that Au = 0 and Av = 0.

THEOREM 4.3. Let f be holomorphic on Q and write f = u + iv, where u and v are real-valued.

Then u and v are harmonic on .

We are not yet ready to give a complete proof of this result. However, assuming u and v are C2, the

conclusion follows easily.

A PARTIAL PROOF. Assume u and v have continuous second partial derivatives. The Cauchy—

Riemann equations

imply

Since mixed partials agree (v, = v,,), we get
Au=uy, +u,, =v, —0v,,=0.

Similarly, Av = 0. ]
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REMARK 4.4. In real analysis, differentiability does not guarantee higher regularity. Even if a real-
valued function f is differentiable at every point, its derivative f’ need not be continuous, and the second

derivative f''(x,) may fail to exist. For example, consider the function

fx) =

The first order derivative f” is not continuous at 0, and so f'(0) does not exist.
In complex analysis, we will prove a remarkable regularity result: if f is holomorphic on an open
set Q (i.e., f'(z) exists for every z € Q), then f”'(z) also exists on Q. In fact, all higher-order complex

derivatives f("(z) exist on Q for every n > 1.

We now ask the following question: Given a harmonic function « on €, can we find a function v such
that f = u + iv is holomorphic? If so, is v unique? Such a function v, if it exists, is called a harmonic

conjugate of u.

THEOREM 4.5. Let D C C be an open disk, and let u € C*(D) be harmonic on D. Then there exists
a harmonic conjugate v on D such that f = u + iv is holomorphic on D. Moreover, v is unique up to an

additive real constant.
Before we prove this theorem, we illustrate the idea with an example.

EXAMPLE 4.6. Let u(x, y) = x>—y?. We have seen u is harmonic on C. If f = u+iv is holomorphic,

the Cauchy—Riemann equations require

v, = —u, =2y, v, =u, =2x.

Integrating v, = 2y with respect to x gives v(x, y) = 2xy + C(y). Differentiating with respect to y yields
v, =2x+ C’(y), and comparing with v, = 2x gives C’(y) = 0. Hence C(y) is constant, and we may take
v(x,y) = 2xy.

Therefore f(z) = u + iv = (x> — y*) + i(2xy) = z* is holomorphic, and v is a harmonic conjugate of u

(unique up to an additive constant).

PROOF OF THEOREM 4.5. Assume u € C?(D) is harmonic on an opendisk DCC. If f =u+iv
is holomorphic, then u and v must satisfy the Cauchy—Riemann equations

equivalently,
4.1 v, = —u
So we are led to solve (4.1) for v.
Define a vector field on D by
F(x,y) = (-u,(x, ), u(x, y)).

Since u € C?, F is C'. Moreover, its (scalar) curl is

0 0 0 0
ax 127 gyt = gx ) T gyt = by = Au =00
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Thus F is curl-free on D. Because D is a disk (hence simply connected), a curl-free C! vector field on

D admits a potential function: there exists a function v on D such that
Vvo=F, ie. v

Therefore (4.1) holds, so the Cauchy—Riemann equations are satisfied and f = u + iv is holomorphic on
D.
For uniqueness, if v and & both satisfy (4.1), then

V(v -17) =(0,0),
so v — D is constant on the connected set D. Hence v is unique up to an additive real constant. (I

The disk D can be replaced by any simply-connected domain: Roughly, that is a domain without any
hole.

EXAMPLE 4.7 (Failure on a non-simply connected domain). Let Q = C* = C \ {0}, and define
u(z) =Injz| = %ln(x2 + y2).

A direct computation shows Au = 0 on Q, so u is harmonic on €.
If u had a harmonic conjugate v on €, then the function f = u+ iv would be holomorphic on €, and
the Cauchy—Riemann equations would give
sz—uyz—%, Uy=ux=%.
xX“+y x“+y

Consider the unit circle y(f) = e, 0 < t < 2x. Along y we have x = cost, y = sint, so

dv dx dy y x x>+
— =0+, = (- | (0 + x= = 1.
dt “dt Vdt ( x2 + )2 (=) X2 + 2 X2+ y2

Integrating from O to 27 yields

2z
dv
v(y(2x)) — v(y(0)) = / I dt =2r.
0 t
But y(0) = y(2x) = 1, so the left-hand side must be 0, a contradiction. Therefore u(z) = In |z| does not
admit a harmonic conjugate on C*.

On the other hand, if we remove a ray to make the domain simply connected, e.g.
Q' =C\ (—0,0],
then u does admit a harmonic conjugate v = arg(z) on Q/, and u + iv is holomorphic then.

REMARK 4.8. This example is directly related to the fact that the complex logarithm cannot be

defined globally as a single-valued holomorphic function on C*. We will return to this topic later.

5. Power series

A power series (centered at 0) is an infinite series of the form

(o]

n
Z a,z", a, €C.
n=0

It can be viewed as a generalization of polynomials (which correspond to the case a,, = 0 for all suffi-

ciently large n).
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In this section, we will show that a power series defines a holomorphic function inside its disk of
convergence, and that its derivative can be computed term-by-term. In a later chapter, we will prove the
converse: every holomorphic function admits a local power series expansion.

Before studying power series, we briefly recall some basic results about series in C. We will skip

most details here; Walter Rudin, Principles of Mathematical Analysis, is a good reference.
5.1. Basic results for series. In this section we recall some basic facts about infinite series in C.

DEFINITION 5.1. Let Z:o:o ¢, be a series with ¢, € C, and define the partial sums

N

Sy=D¢n N=012,...
n=0

We say that the series ), ¢, converges (in C) if the sequence (Sy)y—q,. . converges in C. In this
case we define

o0
Y ¢, := lim Sy.
n=0

[o0]

DEFINITION 5.2. A series )~ c, is called absolutely convergent if the series

(o]
D el
n=0

converges (as a series of nonnegative real numbers).

o]

PROPOSITION 5.3 (A necessary condition). If }7° ¢, converges, then ¢, — 0 as n — oo.
PROOF. If Sy — S, thenfor N > 1,
cy=Sy—Sy_;1 —S-5=0.
O

PROPOSITION 5.4 (Cauchy criterion). A series E:o:O ¢, converges in C if and only if its sequence of
partial sums (Sy)n-o,12.... is a Cauchy sequence, i.e. for every € > O there exists N such that for all
m>n>N,

m

5«

k=n+1

=S, -5, <e.

PROOF. This follows from the fact that C is complete: a sequence in C converges if and only if it is

Cauchy. O
THEOREM 5.5 (Absolute convergence implies convergence). If Z:io |c,| converges, then Zf;o ¢,
converges.
PROOF. Let Sy = Zf’io ¢,. For m > n, by the triangle inequality,
m m
1S, = Sul=| X, el < Y el
k=n+1 k=n+1
Apply Cauchy criterion, Zf;o ¢, converges. U

PROPOSITION 5.6 (Comparison test). Let {c,} be a sequence of complex numbers.
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(1) If there exists a sequence of nonnegative real numbers {a,} such that
lc,| <a, foralln,

and Y a, converges, then Y ¢, absolutely converges.

(2) If c, > 0 for all n and there exists a sequence of nonnegative real numbers {a,} such that

¢, >a, foralln,

n—"=n

and 3, a, diverges, then Y, c, diverges.

PROOEF. (1) Since )’ a, converges, for every € > 0 there exists N such that forallm > n > N,

m

Y a<e

k=n+1

Then by |c,| < a;,

m

2 o

k=n+1
By the Cauchy criterion, ) ¢, absolutely converges.
Q) LetCy = YN c,and Ay = YN a,. Ifc, > a, >0, then Cy > Ay forall N. Since ¥ a,

diverges, (A ) is unbounded, hence so is (Cy), so Y, ¢, diverges. U

m m
< 2 leg | < Z a, <Ee.

k=n+1 k=n+1

5.2. An example: Geometric series. The series

)
S
n=0

is called the geometric series.
Let Sy denote the partial sum, i.e.,

N
SN=ZZ”=1+Z+"'+ZN.
n=0

They can be calculated out explicitly as follows.

Multiply both sides by 1 — z, we get

1-2Sy=0-2)A+z++2zV)=1-2"

soif z # 1,
l_ZN+1
S =
N 11—z
If |z] < 1, then [zN*!| = |z]N*! - 0as N — oo, hence
< 1
Y"=——  (lzl<D.
1-z
n=0

If |z] > 1, then |z"| = |z|" which doesn’t converge to zero. This shows the series diverges.

As a conclusion,
1

s _— |z| <1,
Z 2 = 1-2z
n= diverges, |z| > 1.

EXAMPLE 5.7. Write down a power series expansion for the rational function f(z) = t, and

specify where the expansion is valid, i.e., where the series converges to the given function.
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SOLUTION: Rewrite

111
—; 4 1_z
4—-z 4 1 1
Using the geometric series ﬁ = Yo W" for Jw| < 1, with w = £, we obtain
1 1 oo(z)”_oo z"
4—z"4Zt 4 _Z4n+1'
n=0 n=0

z

This expansion is valid for 3

< 1, 1.e. for |z| < 4, and on this disk the series converges to 4le‘ [l

5.3. Radius of convergence. Given a general power series centered at 0: Z:’:O a,z", define
1

lim sup {/|a,,| ’

n—oo

R

with the conventions:

R = oo if limsup {/|a,| =0, R = 0if limsup {/|a,| = 0.

n—-oo

THEOREM 5.8 (Radius of convergence). Let 2;‘;0 a,z" be a power series with radius of convergence

R as above. Then:

(1) If |z]| < R, the series converges absolutely.
(2) If |z| > R, the series diverges.
PROOF. (1) Fix z, with |z,| < R. By definition of R,
|zo| - limsup {/]a,| < 1.
n—oo

Choose a number r such that

|zo| - limsup {/|a,| < r < 1.

h—0o0

Further, there is some small € > 0 so that

|zo| - dimsup {/|a,| +€) <r < 1.

n—0oo0

By the definition of lim sup, there exists N such that for alln > N,

\"/m < lim sup \"/m+e.
k=00
It follows
1zol /1, < r.
Hence foralln > N,
la,llzol" < r".

Since Y, r" converges for 0 < r < 1, by comparison ; |a,||z|" converges; i.e. X, a,z; converges
absolutely.
(2) If |zy| > R, then

|zo| - limsup {/|a,| > 1.
n—-oo

Therefore there exists a subsequence n;, — oo such that

1200 %/lay, | > 1,
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equivalently,

n
|ankzo"| > 1.

In particular, a,z; » 0, so the series > a,z, diverges. 0

What happens on the boundary |z| = R? In general there is no theorem that decides convergence

when |z| = R; the answer depends on the coefficients. Here are some examples.

EXAMPLE 5.9. The radius of convergence of each of the following power series is R = 1.
(1) On |z| = 1, we have seen that Zf;o z" diverges.
(2) On |z| =1, Z:":l nz" diverges since |nz"| =n » 0.

3)On|z|=1,Y% z converges absolutely, since

n=1 ,2
(o] (o]
YE=2
n? n?
n=1 n=1
converges.
(4) The situation for 2;11 % is more delicate. In fact, it converges for |z| = 1 and z # 1, but

diverges at z = 1. We explain this below.
To explain the last example, we recall the following test.

PROPOSITION 5.10 (Dirichlet test). Let (a,) be a sequence of complex numbers and let

N

AN=Zak

k=0
be its partial sums. Assume:
(1) the partial sums (Ay)n=o,1 ... are uniformly bounded, i.e. |Ay| < M for all N;
(2) (b,) is a real sequence with b, > 0 and b, \, 0.

Then the series Z:’:O a,b, converges.

PROOF. Fix m < n. Using a; = A, — A;_; (with the convention A_; = 0), we have

n

Z apby = Z(Ak = Ag_1)by

k=m k=m

n n
= Z Apby — Z Ap_1by
k=m k=m
n n—1
= Z Apby — Z Agbiesr
k=m

k=m—1

n—1

= Anbn - Am—lbm + Z Ak(bk - bk+l)'

k=m
Taking absolute values and using |4, | < M,
n n—1
D aghy| < 14,15, + 1A,y 1by + D 1Ay = byyy)
k=m k=m
n—1

< Mb, + Mb,, + M Y (b = by).

k=m
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Since (b,) is decreasing, b, — b, ; > 0, and the telescoping sum gives

n—1

E(bk = byy1) = by = by
k=m

Therefore,
n
Y a;b,| < Mb, + Mb,, + M(b, —b,) <2Mb,,.
k=m
Because b,, — 0 as m — oo, the tail sums ZZ:m a, b, can be made arbitrarily small uniformly in n > m.
By the Cauchy criterion, }*  a,b, converges. ]

Now return to the series Zf;l zn_" on|z|=1.If|z|=1and z # 1, seta, = z"and b, = % Then

N
z(1 = zN) 2
Ay = b2 = 2 Ayl L A
N ZZ -2 by | N|_|1_ZI

hence (A ) is uniformly bounded. Since b, \, 0, Dirichlet’s test implies that
n=1 n
converges for [z] = 1 and z # 1. At z = 1, it becomes ZZ":] % which diverges.

5.4. Power series are holomorphic on the disk of convergence. Let

[o0]

f(@) =) a,z"

n=0
be a power series with radius of convergence R > 0, so f is a complex valued function defined on the
disk D(0; R) = {z € C : |z|] < R}. Define a new power series

[o0]

g(z) = Z nanz"_l.

n=1
The series defining g is obtained by differentiating the series for f term-by-term. Notice that g has

the same radius of convergence as f.

THEOREM 5.11. The function f is holomorphic on D(0; R), and

[e]

fl@)=gz)= Y na,2"', |z <R

n=1
PROOF. We prove the case 0 < R < oo0; the case R = oo is similar (and easier).
Fix zy € D(0; R). Choose a number r such that

|zl <7 < R.

For N > 0, denote the partial sums and tails by

N 00
Sy(z) = Z a,z", Ey(z) = Z a,z",
n=0 n=N+1
so that f = S + Ep. Similarly, define
N 00
Sy(z) = Z na,z"!, Ey(z) = Z na,z"!,
n=1 n=N+1

so that g = §N +EN.
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Let h — 0 be such that z, + h € D(0; r) (hence |z, + h| < r for |h| small). Consider

f(zo+h) — f(20)
h

— g(z).

Using f =Sy + Eyand g = §N + EN, we decompose it as

f(zo+ h}z - f(zp) _ (zy) = <SN(ZO + h; - Sy(zg) B §N(Zo)>
A

ot h; “ENG) (LB y(y).

\. ~ - H—/
@ @

For each fixed N, the function S is a polynomial, hence differentiable everywhere, with
Sh(@) = Sy (2).

Therefore, for each fixed N,
(1) — 0 as h — 0.

Next, since |zy| < r < R and g has radius of convergence R, we have

(]

2 nla,| r" < .

n=1

In particular,

(o] (o] (o]
GO =| Y na,z < D nlg,llz"t < Y nlan|r"_1NT> 0.
n=N+1 n=N+1 n=N+1 ©

It remains to estimate (2). Write

had (zog+H)" — zg had (zog+ M) — zg
@=|Y 4———2< Y la||——
n=N+1 n=N+1

Using the factorization
(zo+h)' — 2 = h((zo + R4 (2 + h)' 22y + e+ zg—l),

we obtain

(zg+h)" — zg
h

for |h| sufficiently small (so that |z, + | < r). Hence

<lzg+ A" 4 zg + A" z] + o 4 29"t < 7l

(0]
2) < 2 nlanlr”_1—> 0.
N-oo
n=N+1

Now let € > 0. Choose N large so that both (2) < £/3 and (3) < £/3 (uniformly for all sufficiently
small A as above). With this N fixed, choose 6 > 0 so that |h| < § implies (1) < £/3. Then for || < 6,

‘f(zo‘*'h)—f(zo)
h

—g(zg)| <e.

Therefore the limit exists and equals g(z;), i.e. f'(zy) = g(z). Since z, was arbitrary, f is holomorphic
on D(0; R) and f' = g there. O
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COROLLARY 5.12 (Term-by-term differentiation to all orders). Let

[e]

f@) =Y az

n=0
be a power series with radius of convergence R > 0. Then f is holomorphic on D(0; R), and for every

integer k > 1, the k-th derivative f® exists on D(0; R) and can be computed term-by-term:

fP@ =Y a,nn—1-m-k+1)z"* |z <R
n=k

Moreover, each series defining f* has the same radius of convergence R.

PROOF. Apply Theorem 5.11 to f to obtain f' = 37 ., na,z"~! on D(0; R), and note that the
derivative series has the same radius of convergence as f. Repeating the argument inductively gives the

formula for £®) and shows the radius of convergence remains R. U

EXAMPLE 5.13 (The exponential function). Define

The ratio test shows this series converges absolutely for every z € C:

2™/ + Dz
|z|"/n! n+1

_)0’

so its radius of convergence is R = . By term-by-term differentiation,

m

0 n—1 Q n—1 o0
d of = nz" z zZm
- 1 2 — 1) Z 1
dz = n —= (n—1)! = m!

EXAMPLE 5.14 (Sine and cosine). Define

2n+1

cosz := Z( (2 W Z(— )"(2n+ oI

Both series converge absolutely for all z € C (again by the ratio test), hence R = oo0. Term-by-term

differentiation gives the familiar identities
(cosz) = —sinz, (sinz)’ = cos z.

REMARK 5.15 (Euler’s identity). Using the power series definitions, one can prove that for every
zeC,

e'* = cosz+isinz.

Notice, unlike the real-variable case, the functions cos z and sin z are not bounded on C. Indeed,

using Euler’s identity e’* = cos z + i sin z (and e™* = cos z — i sin z), we have

_l iz —iz : _i iz _ =iz
cosz—z(e +e ), San_Zi(e e )
Take z =iy with y € R. Then iz = —y and —iz = y, so
cos(iy) = %(e'y +e’), sin(iy) = %(e'y —e’),
i

and both expressions are unbounded as |y| — 0.
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REMARK 5.16. There are analogous functions, the hyperbolic sine and cosine:
sinh z, cosh z.

Their power-series definitions and basic identities are completely parallel to those of sin z and cos z. You

will see more details in this week’s homework assignment.

EXAMPLE 5.17 (A basic geometric-series expansion). For |z| < 1, we have

= = (— l)n Zn .
1+z 1-(-2) =~
This expansion is valid precisely on the disk |z| < 1 (it fails on |z| > 1 since the singularity is at z = —1).

EXAMPLE 5.18 (Differentiating the geometric series). Differentiating the previous series term-by-

term (valid for |z| < 1), we obtain
1Y w |
_ 1\, N
() = Zvrme
n=1
!/
Since <L> = ——L_ we conclude that for |z| < 1,
1+z (1+42)?

Z( 1)'nz"~ Z(—l)’”(m+ Dz" =1=2z+32% —4z° + -

n=1 m=0

(1+ a+27






CHAPTER 3

Integration in the Complex Plane

1. Definition of Complex Integration
1.1. C! regular curves. By a parametrized curve, we mean a map
z :[a,b] - C, t - z(2).
Writing z(f) = x(t) + iy(t), this is equivalent to a pair of real-valued maps
x,y : [a,b] - R, x=NRz, y=Sz.
DEFINITION 1.1. A parametrized curve z : [a,b] — C is called C' regular if
z€ CY([a,b];C) and Z'(t) #0 Vt € [a, b].
Equivalently, x, y € C'([a, b]; R) and (x'(¢), ¥ (1)) # (0, 0) for all 7.

DEFINITION 1.2. A parametrized curve z : [a, b] — C is called

o piecewise C! regular if there exists a partition
a=ay<a; <-<a,=b

such that each restriction z|p, , ;is C! regular;
« simple if z is injective on (a, b);

 aloop if z(a) = z(b).
DEFINITION 1.3 (Reparametrization). Let
Zy . [ak’bk] g C, k= 1,2,

be C! regular parametrized curves.

o They are called orientation-preservingly equivalent if there exists a C! bijection
¢ : la;,b] = [ay, by]
such that ¢ is strictly increasing (equivalently, ¢'(r) > 0 on (a;, b;)) and
zZ| = z,0¢.

» They are called geometrically equivalent if the same holds with ¢ either strictly increasing or

strictly decreasing.

DEFINITION 1.4. An oriented C' regular curve is an orientation-preserving equivalence class of

C! regular parametrized curves.
A (non-oriented) C'! regular curve is a geometric equivalence class.

37
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EXAMPLE 1.5. The circle centered at z, with radius R can be parametrized by
z, : [0,27] = C, z,(t) = zg + Re",
also by
z, : [0,7] = C, z,(t) = zy + Re*",

and by
zy 1 [0,27] - C, z4(f) = zy + Re™".

The parametrizations z; and z, are orientation-preservingly equivalent, while z; and z; are not. (They

represent opposite orientations.)

For a C! regular curve y, define its length by

b b
Length(y) := / |Z/(t)| dt = / xX'(6)2 + y'(1)* dt,

where z : [a,b] — Cis any C! regular parametrization of y. We leave it to the reader to check this is

independent of parametrization and of orientation.

1.2. Complex integral along a curve. Now let y C C be an oriented C! regular curve, and let
f iy — C. We say f is continuous on y if for one (equivalently, every) orientation-compatible C'

regular parametrization

z . [a,b]l -y,

the composition
foz :[a,b] > C

1s continuous.

DEFINITION 1.6. The complex integral of f over y is
b
/f(Z)dz :=/ fz@) 2 @) dt,
y a

where z : [a, b] — ¥ is any orientation-compatible C! regular parametrization.

LEMMA 1.7. The value fy f(2)dz is independent of the choice of orientation-compatible C' regular

parametrization.

PROOF. Assume z : [a,b] — y and Z := zo¢ : [c,d] — y are two orientation-compatible

parametrizations, where ¢ : [c,d] — [a, b] is C!, bijective, and strictly increasing. Then

d d
/ fE(s)Z (s)ds = / f(z(P()) 2/ (P(s)) P (s) ds
P(d)
= fz(0) 2 (1) dt (= ¢(s))
d(c)
b
= / fz(0) 2 (1) dt.
So the definition is well-defined. O

EXAMPLE 1.8. Let C; be the counterclockwise oriented circle centered at O with radius R.
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(1) For f(z) = z, using z(t) = Re",t € [0,2x]:

2r 2z ) )
/ zdz = / z()Z' (1) dt = / Re" - (iRe'™) dt
ct 0 0

2r )
= iR? / At dr = 0.
0

(2) For f(z) = 1/z, again with z(f) = Re':

1 2 1 ) 2
/ —a’z:/ it-iRe”dtzi/ dt = 27i.
C; Z 0 Re 0

In fact,

L. ldz=1,
2ri ct Z

which equals the winding number of C}‘; about 0.

1.3. Basic properties of complex integrals. Complex integration of continuous functions along

oriented C! regular curves has the following basic properties.

PROPOSITION 1.9. Assume y is an oriented C' regular curve, and f, g are continuous on y. Then:

(1) Forany a,p € C,
/(af(z)+ﬁg(z))dz=a/f(z)dz+ﬂ/g(z)dz.
Y ¥ Y

2

/ f(Z)dZ=—/f(Z)dz,
v 14

where y~ denotes y with reversed orientation.

3)
/f(Z)dz < sup|f(z)| - Length(y).
Y ZEJ/
PROOF. (1) Let z : [a, b] — y be an orientation-compatible parametrization. Then

b
/(af +pg)dz = / (af (z()) + pe(z())z' (1) dt
4 a

b b
=a / fz®)z' @) dt + p / g(z)z' (t) dt

=a/f(z)dz+/3/g(z)dz.
Y 4
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(2) If z : [a,b] — y,define z7(¢) := z(a + b —t), a parametrization of y~. Then
b
/_ f(z)dz = / fE @)z (1) dt
' b
= / fzia+b-1)zZ'(@a+b—1)(=1)dt
=/ fz(s)Z'(s)ds (s=a+b-1)
b

b
= —/ fz(s)Z'(s)ds

= —/f(z)dz.
¥

(3) Using the triangle inequality and the definition of length:

/f(z)dz
Y

b
/ fz@)Z (1) dt

b
< / L GOIZ 0] di

b
<sup|f(z)| [ 1Z@|dt

zey a
= sup | f(2)| - Length(y).
zEy

Here, the first inequality is obtained by applying the triangle inequality to the Riemann sums
and then taking limits.
O

If y is oriented piecewise C! regular, define

/f(z)dz
Y

as the sum of integrals over smooth pieces. This is independent of the chosen piecewise decomposition

and of the chosen compatible parametrizations on each piece.

PROPOSITION 1.10. Assume y is an oriented piecewise C' regular curve, and f, g are continuous

ony. Then all three statements in Proposition 1.9 remain valid.

2. Primitives

In real-variable calculus, definite integrals can be computed using antiderivatives via the Fundamen-

tal Theorem of Calculus. In complex analysis, there is an analogous statement.

DEFINITION 2.1. Let f : Q — C be a complex-valued function on an open set Q C C. A primitive
of f on Q is a holomorphic function F on  such that

Fl2)=f(z) (z€9Q).

EXAMPLE 2.2. (1) The function f(z) = z has a primitive F(z) = %zz on C. More generally,
if ¢ € C, then F(z) + c is also a primitive of f.
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(2) A polynomial
f)=ay+az+--+a,2" (a,#0)

has a primitive

alZ a, 1
F(z)=apz+ —2z°+ - + Zt
(2)=dpz+ 5 n+1

For any constant ¢ € C, F(z) + c is also a primitive.

(3) A power series

f(z) = Z a,z"
n=0
with radius of convergence R > 0 has a primitive on D(0; R), namely

o0
a
F(z)=c+ n_gntl c eC.
@) ’;)n+1

(4) Inreal calculus, % Inx = % on (0, c0). In complex analysis, this remains true only locally: one
cannot define a single-valued holomorphic logarithm on all of C* = C \ {0}. Equivalently, i

has no primitive on C*.

PROPOSITION 2.3. Assume f is continuous on an open set Q C C, and f has a primitive F on Q.

Let y be an oriented piecewise C' regular curve in Q, starting at z, and ending at z,. Then

/f(Z)dz = F(z)) — F(z).
Y

In particular, if y is a loop, then fy f(z)dz =0.

PROOF. The key ingredient is the Fundamental Theorem of Calculus.

First assume y is C! regular, and let

z : la,b] - Q

be a C! regular parametrization of y, with z(a) = Zg, z(b) = z;. Then

b
/f(Z)dZ=/ f(z(0) 2 (1) dt
V4 a

b
= / F'(z() Z () dt.

By the chain rule,

% F(z(0) = F'(z(0) 2 0).

Hence

b b d
/ F'(z(t)) Z/(t) dt =/ EF(z(t))alt
= F(z(b)) — F(z(a))
= F(z)) — F(z),

by the Fundamental Theorem of Calculus.

Now assume y is piecewise C! regular. Take a partition

a=ty<t;<-<t,=b
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such that each restriction Zl[t»,t-H] is C! regular. Applying the C! case on each subinterval,

n—1

/f(Z)dz = Z(F(Z(t,~+1)) — F(z(t;))) = F(z(b)) — F(2(a)) = F(z;) = F(z).
14

i=0

This completes the proof. U

EXAMPLE 2.4. Now we can apply Proposition 2.3 to see the function f(z) = i has no primitive on

Q=C" Takey = C1+ , counterclockwise unit circle, then

/ ldz=2m';é0.
crz

Now let’s prove the result that all primitives of a given function f on a domain Q can be obtained

from one primitive by shifting constants.

COROLLARY 2.5. Assume f is a complex valued function on a domain (i.e., a connected open set)

Q. If F is a primitive of f, then every primitive of f is
F +c, withsome constant ¢ € C.
In particular, all primitives of the zero function are constant functions.

PROOF. If F}, F, are both primitives of f, we consider the function
F=F —F,.

Notice F' = f — f =0, It is enough to show primitives of the zero function are constant functions.

To see this, take an arbitrary point z, € Q and consider the set
A ={z€Q|F(z) = F(zy)}.

Obviously A is not empty since z,; € A.

The set A is closed in Q because A is the preimage of the closed set { I'(z)} in C for the continuous
function F : Q — C.

Now let’s use Proposition 2.3 to show A is also open in Q, by showing every w, € A is an interior
point of A.

First because Q is open, there is r > 0 so that the disk

D(wy;r) C Q.

Then for any point w in the disk, consider the complex integral of F” over the oriented line segment wyw

(check rigorously this line segment stays inside D(wy; r)):
/ F'(z)dz = F(w) — F(wy).
wow

Since F' = 0, it follows F(w) = F(w), which proves D(w;r) C A.
Now since € is assumed to be connected, a nonempty open and closed subset in €2 must be Q itself.
Thus A = Q. Equivalently, for any z € Q, F(z) = F(z,), i.e., a constant. [l

REMARK 2.6. It is a general topological result (see Theorem 6.15) that for open sets in C, connect-

edness and path-connectedness are exactly the same.
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Given any point z € Q, if there is an oriented piecewise C! regular curve in Q joining z,, and z, then

F(z) — F(zy) = /F’(w)dw =0,

4
and this will also finish the proof.

However, path-connectedness only gives continuous paths. To apply complex integration, we need
piecewise C! regular curves; obtaining them from continuous paths is standard but technical (via com-

pactness), so we omit it and use the much simpler argument via connectedness here.

3. Cauchy’s theorem

The central result in complex function theory is Cauchy’s theorem. Roughly speaking, it says that
on a domain with no holes (this is the intuitive meaning of simply connectedness), the integral of a
holomorphic function along any closed piecewise C! curve is zero.

In this section we introduce this theorem, and first explain why such a statement is natural to expect.

3.1. A revisit of Green’s theorem. Let QQ C C be open, and let D C C be a bounded domain with
no holes (i.e. simply connected), such that D c Q. Assume 9D is piecewise C'.

The boundary 0D carries a canonical orientation induced by D: namely, the positive orientation for
which D always lies on the left as one traverses 0 D.

Let f be holomorphic on €. Write

f=u+iv, u,v: Q- R.

For the moment, assume that u and v are C! on ©, which will allow us to apply Green’s theorem.

We now compute fa p J(2)dz in terms of u and v. Let z(f) = x(#) + iy(7). Then

f@z@)Z' (@) = (u(z(®) + iv(z))(' @) + iy (1))
= (u(z)x' (1) — v(z®)Y' @) + i (u(z@©)Y @) + v(zE)X' (1)),

on each C! regular piece.

Hence,

b
/f(Z)dz=/ fz()Z'(t) dt
oD a

b b
= / (u(z())x' (@) — v(z@)y' (1)) dt + i / (u(z()y' @) + v(z()x' (1)) dt

=/ (udx—vdy)+i/ (vdx +udy).
oD oD

Applying Green’s theorem to the two real line integrals, we get

/ (udx—vdy)=—//(vx+uy) dxdy,
oD D
/(de+udy)=//(ux—vy) dxdy.
oD D

/ f(z)dz=—//(Ux+uy)dxdy+i//(ux—Uy)dxdy.
oD D D

Now the Cauchy—Riemann equations u, = v,, u,, = —v, imply both integrands vanish, so

/ f(z)dz=0.
oD

Therefore
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In summary, under the additional assumption that u, v € C!, Green’s theorem shows that the integral
of a holomorphic function over 0D is zero whenever f is holomorphic on a neighborhood of D.

This already gives a very powerful computational consequence: many contour integrals of concrete
holomorphic functions vanish immediately. However, as a foundational method it has a limitation: at
this stage we have not yet proved that, for a general holomorphic f, the functions u, v are C'.

This motivates Cauchy’s integral theorem in full generality: it proves the same vanishing result for
holomorphic functions without requiring an a priori C!-assumption on u and v, and without relying on

Green’s theorem.

3.2. Cauchy’s theorem in star shaped domain and Goursat’s theorem. We recall the following

definitions.
DEFINITION 3.1. A subset D C C is called convex if for any two points z,, z; € D, the line segment
{1=0zy+1z;, : 0511}

is contained in D.
A subset D C C is called star-shaped if there exists a point z, € D such that for every z € D, the

line segment
{l-tz,+1tz: 0<t <1}

is contained in D.

Every disk is convex. Any convex set is star-shaped. The converse is false. For example, a five-point

star region is star-shaped but not convex.

THEOREM 3.2. [Cauchy’s theorem for star-shaped domains] Let D C C be an open star-shaped

domain, and let f € O(D). Then f admits a primitive on D. Consequently, for every oriented piecewise

/f(z)dz:O.
Y

The key step in the proof is the following theorem of Goursat.

C! regular loop y in D,

THEOREM 3.3 (Goursat’s theorem). Let & C C be open, and let T C Q be a closed triangle (i.e. the
union of the triangle and its boundary 0T ). If f € O(Q), then

/ f(z)dz=0.
oT

We postpone the proof of Goursat’s theorem to the next subsection, and now explain how it implies

Cauchy’s theorem on a star-shaped domain.

PROOF OF CAUCHY’S THEOREM USING GOURSAT’S THEOREM. Since D is star-shaped, there is
a point z; € D so that each z € D the line segment from z, to z, denoted by v, ., lies in D.

Motivated by Proposition 2.3, define

F(z):=/ f(w)dw, z€D.
Y

Z(),2

We show F'(z) = f(z) for every z € D.
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Take z € D, and let h € C be small enough so that z + A € D. Then

Y

7 Y f(w)dw).

z(,z+h yZQ.Z

Let 6, be the line segment from z to z + h. The closed path

r,:= yz_o,Z+h Uyz,z Yo,

is the boundary of a triangle contained in D. Hence, by Goursat’s theorem,

/f(w)dw=0 = f(w)dw—/ f(w)ydw = fw)dw.
Iy 14 Op

yzo,z+h z(,2
Therefore
F(z+ h)— F(z) 1
=— dw.
7 n s, fw)dw

Now subtract f(z):

F(z+ h)— F(2) _l _l
Y —f(Z)—h 5hf(LU)dw A 5hf(2)dw

= / (fw) = £(2)) dw.
51’!

Using the estimate for contour integrals,

g

. < % sup |£(w) — £(2)| - Length(s,)

| WEG,

: (f(w) = f(2))dw

= sup |f(w) = f(2)I.

WEDy,

As h — 0, the segment &, shrinks to {z}, and continuity of f at z gives

sup | f(w) — f(2)] = 0.

WES,

Hence

lim
h—0

F(z+ h)— F(z)
h

- f(Z)> =0,

so F'(z) = f(z). Since z € D was arbitrary, F is a primitive of f on D.
By Proposition 2.3, for every oriented piecewise C' regular loop y C D,

/f(z)dz=0.
Y

REMARK 3.4. In the construction of the primitive F(z) = fy f(w) dw and the proof that F’(z) =
ZO,Z

O

f(z), the only inputs are the continuity of f and the vanishing of /()T f(z)dz for the triangular loops
that appear in the argument. In particular, once the triangular-loop integrals are known to be zero, the
holomorphicity of f is not used further in this step.

Of course, holomorphicity is essential is Cauchy’s theorem, through Goursat’s theorem, to guarantee

that these triangular integrals vanish in the first place, as we will see next.
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3.3. Proof of Goursat’s theorem.

PROOF OF THEOREM 3.3. Let T C Q be a closed triangle, and orient 9T counterclockwise.

Bisect each side of T'. This decomposes T into four closed subtriangles
T,,1,,T5, Ty,

each with the induced counterclockwise boundary orientation. Interior edges cancel in pairs, so

4
dz = dz.
an(Z) z j;/aij(Z) z

Hence there exists n; € {1,2,3,4} such that

’

f(z)dz| = max f(z)dz
1<j<4 oT;

o}
and therefore

f(z)dz

oT

<4 f(z)dz|.
oT,}

Repeat this constructionon 7' nll : divide it into four subtriangles and pick T’ ni with maximal boundary-

integral modulus. Iterating, we obtain nested closed triangles
1 2 k
T, 2T 22T, D
such that

<4| [ f)dz|. diam(Tn’Z ) — 2~k diam(T),
oT
Ny

/ f(z)dz
oT

where diam(T') 1= max; . 7 |2) — 2,

We now use the following general lemma to understand the intersection of the nested triangles.
LEMMA 3.5 (Nested compact sets). Let
KiDK,D>--DK; D

be a nested sequence of nonempty compact subsets of C, then

(K #0.
k=1
If further,
diam(K,) :=sup{lz—w| : zzw € K} — 0 (k - ).

Then there exists a unique z, € C such that

o0
k=1
In fact, for the first conclusion

(o)
ﬂ K, # @,
k=1

there is a purely topological proof using compactness (via the finite intersection property): if every
finite intersection is nonempty, then the whole intersection is nonempty. We leave this standard proof to

interested readers.
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Here we present a direct metric proof for both results under the additional assumption diam(K;) — 0,

using sequences and completeness of C.

PROOF. Since each K, # @, choose z;, € K| for each k > 1.
Step 1: (z;) is Cauchy. Let € > 0. Since diam(K;) — 0, there exists N such that

diam(Ky) < €.

For any m,n > N, by nestedness we have K,, C K and K, C K, hence z € K. Therefore

m? Z}’l

|z,, — z,| < diam(Ky) < e.

So (z,) is Cauchy in C.

Because C is complete, there exists z, € C such that

Step 2: z, € [, K,. Fix j € N. For every k > j, nestedness gives K, C K;,so z; € K;. Hence
the tail (z;);; lies in K. Since K is compact (thus closed) and z, — z,, we conclude z, € K.

As j is arbitrary, z, € K for all j, so

(o]
Z( (S ﬂ Kk'
k=1

In particular, the intersection is nonempty.

Step 3: Uniqueness. Let w € [, K. Then for every k, both zy, w € K;, hence
|zg — w| £ diam(K).

Let k — oo. Since diam(K;) — 0, we get |z —w| =0, 1i.e. w = z.

Therefore

ﬂ Ky = {zp}.
k=1

Apply this lemma to the nested triangles, we have

©
(17 = (=)
k=1

for some z € T C L.
Since f is complex differentiable at z,, define

f(2) = f(zy)
nz) .= zZ—2zy

0, zZ =z,

- f’(ZO)> z # Z()7

then n(z) — 0 as z — z,, and

f2) = f(zg) + f1(20)(z = 29) + (z = zp)n(2).
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Thus

f(z)dz = / f(zp)dz + flzo)(z —zp)dz
oTk oT %

+ / (z—=2zyn(z)dz.
otk

The first two integrals vanish, since their integrands admit primitives. It follows

oT K
nic

f(z)dz| < 4k

oT

. (z=2zym(z)dz
Tk

Using the third property in Proposition 1.9, we have

f(z)dz

<4* sup |(z - zp)n(2)| Length(dTn];)
oT

zedTn’I‘(

<4k sup |;1(z)|diam(Tn'Z)Length(aTnIZ).

z€dT
Now
diam(Tn’Z) = 2 kdiam(T), Length(dT”]Z) = 2"*Length(oT),
hence
; f(z)dz| < diam(T) Length(dT) sup |n(z)|.
T

zedT k
"Ik

Because diam(Tn’: ) = Oand ), Tn'Z = {z,}, the boundaries aTn’Z lie arbitrarily close to z; therefore

sup [n(z)] — 0.
zeaTn’/‘C

Letting k — oo, we get

/ f(z)dz = 0.
oT

This proves Goursat’s theorem. ]

3.4. First applications of Cauchy’s theorem. We now see an immediate consequence of Cauchy’s

theorem.

EXAMPLE 3.6. Compute

/ (e + z% + sin z)dz.
aD(i3)

f(z) = e + 2% +sinz.

SOLUTION. Let

Then f is entire, hence holomorphic on C. The curve 0D(i; 3) is an oriented piecewise C' regular loop

in C. Since C is star-shaped (in particular, a domain to which Cauchy’s theorem applies), we get

/ f(z)dz =0.
0D(i:3)

EXAMPLE 3.7. Compute

/ z"dz, neZzZ.
aD(i:3)

SOLUTION. We distinguish two cases.
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(1) Casen=0,1,2,....

Then z" is entire on C. Since dD(i; 3) is a piecewise C! loop in C, Cauchy’s theorem gives
/ zZ"dz =0.
aD(i;3)
(2) Casen=-1,-2,....

Fix r > 0 (for example r = 1) such that
D(0; r) C D(i; 3).

Let
A := D(i;3) \ D(;r).

Choose € > 0 small and define four open half-planes
H, :={z:Rz>¢€}, H,:={z:Jz>¢}, Hy:={z:Rz<—-¢}, H, :={z:8z<—¢€}.

Each H ; is open and convex, and 0 ¢ H s hence z" is holomorphic on each H It

Now cut A by the two lines Sz = Rz and Jz = —Rz, obtaining four regions
A=A UA,UA3UA,, A; CH;(j=1234),

where each A; has piecewise C' boundary. Therefore, by Cauchy’s theorem on each H s

/ 72"dz =0, j=1,2,3,4.
0A;

Summing over j, all interior cut-edges cancel in opposite orientations, So

4
Z'dz = / zZ"dz=0.
/0A Z{ dA;

With the boundary orientation of A, this is

/ z”dz—/ Z2"dz =0,
aD(i:3) aD(0;r)
/ Z"dz = / z2"dz.
0D(i;3) dD(0;r)

Now evaluate the inner circle as we have seen

e If n = —1, then
/ l dz = 2ri,
oD(0;r) Z

/ 2z Vdz =2ni.
aD(i;3)

e If n < -2, since z" has primitive,

/ Z2"dz =0,

0D(0;r)

/ z"dz =0.
aD(i;3)

hence

SO

and therefore
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2ri, n=-1,
/ Z"dz =
oD(i:3) 0, n#—1.

So in summary:

]

The Jordan curve theorem states that a simple loop in C =~ R? separates the plane into exactly
two connected components: a bounded component (called the interior) and an unbounded component
(called the exterior), and the curve is the common boundary of these two components. This theorem is
surprisingly difficult to prove; we refer the reader to Munkres’ Topology for a proof.

Now the above example can be generalized.

PROPOSITION 3.8 (Same integral on two nested loops). Let y,,y, be positively oriented piecewise

C! regular simple loops in C, and assume

Int(y;) C Int(y,).

Define
A =1Int(y,) \ Int(y)).

If f is holomorphic on an open neighborhood of A, then

/f(z)dz=/f(z)dz.
72 71

/ f(z)dz =0,
oA

where 0 A carries the boundary orientation induced from A.

Equivalently,

We omit the details of the proof. The figure below illustrates a proof by choosing an inner circle and

an outer circle, and then mimicking the decomposition argument in the previous example.

= 12
I\ \1\

REMARK 3.9. The proposition above is a first geometric form of deformation invariance. Later we
will extend it further: the assumption that the curves are simple can be removed. More generally, for
a holomorphic function on a domain, the integral over a closed piecewise C! loop depends only on its

homotopy class (with fixed domain). In particular, homotopic loops have the same integral.
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/ > 1 dz.
oD(i3) 2 — 3z

R e VA
f(Z)_zz—Sz_z(z—3)_3<z—3 z>'

The poles are at z = 0 and z = 3. Now

EXAMPLE 3.10. Compute

SOLUTION. Set

0-il=1<3, [3—il=110>3,

so 0 € D(i; 3) while 3 ¢ D(i; 3).
Hence ZIT3 is holomorphic on a neighborhood of D(i; 3), so by Cauchy’s theorem,

/ ! dz =0.
D) Z—3

/ l dz =2ri
aD(i;3) £

(since the loop winds once counterclockwise around 0).

/ 21 dz=1/ 1 dz—l/ ldz
oD(i:3) 2° — 32 3 Jopiz) 2 —3 3 Japi3) 2

Also, as in the previous example,

Therefore

- %(27ri) \ —%.
O
EXAMPLE 3.11. Let ©
@)= a,z-z)"
n=0

have radius of convergence R > 0, and let y be a positively oriented piecewise C! regular simple loop
with
Int(y) C D(zq; R), zo € Int(y).

f(2)
1, =[] ———dz.
m 4/3,(Z—Zo)m z

If m = 0, then f is holomorphic on a neighborhood of Int(y), so by Cauchy’s theorem

Form € Z,, set

Now let m > 1. Split
m—2 0
f(z)= Z a,(z = zp)" + a,_;(z — zo)" ' + Z a,(z — zy)",
n=0 n=m
hence
-2 o0
() nem , Gmei nem
— = a,(z—z +—+ a,(z-z .
T 22;) (2= 2" ;ﬂ W(Z = 29)
H‘l?z) H,(z)
So

Im=/H1(z)dz+am_1/ dz +/H2(z)dz.
4 y 2720 Y
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Here fy H,(z)dz = 0 (each term has a primitive on C \ {z,}), and /y H,(z) dz = 0 (holomorphic near

/ dz = 27i.
y 2= Zg

I,=2zia,; (m>1).

Int(y), Cauchy theorem). Also

Therefore

S D(zp)

( DI , we obtain
m — !

Notice a,,_; =

" (zp)
IO = O, Im = 2xi W

This example motivates Cauchy’s integral formula which we will study in later chapters.

(m>1).



CHAPTER 4

Homotopy of paths and multivalued functions

1. Homotopy in topology

Homotopy is a topological notion that will play a useful role in complex analysis, perhaps a bit

unexpectedly.

DEFINITION 1.1 (Homotopy rel. A). Let X, Y be topological spaces and let A C X. We say that

two continuous maps y,,y; : X — Y are homotopic relative to A if there exists a continuous map
H:Xx[0,1]-Y

such that

H(x,0) = yy(x), H(x,1) =7(x) (Vx € X),
and moreover

H(a, s) = yy(a) = y,(a) Ya e A, Vs € [0,1)).

We write y, =~ y, rel A.
When A = J, we simply say y, and y; are homotopic and write y, =~ 7,.

For our purposes in complex analysis, we will take X = [a, b] with the subspace topology from R,
and Y = Q C C (typically Q is open) with the subspace topology from C. We will usually take

A={a,b}.
Then yy, 7, : [a, b] = Q are two continuous paths in € with the same endpoints:

V()(a) = J’1(a)’ J’o(b) = 71(17)-

53
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EXAMPLE 1.2. Let Q = C and consider the two loops
ro@) =1, y (@) 1= eI, 0<t<l.

Define
H(,s) := (1 —s)+ se™, (t,s) € [0,1] X [0, 1].

Clearly H is a homotopy between ¥, and y,, with
H@,s)=H(1,s)=1 (Vs € [0, 1]).

Hence y; ~ ygrel. {0,1} in C via H.
Now let Q = C* and consider the same loops viewed as maps into C*. Intuitively, any continuous
homotopy deforming y, to y; would have to “pass through the puncture at the origin” which is impossible.
We will prove later, using a complex-analytic method, that y, and y, are not homotopic in C* relative

to the basepoint; this reflects the fact that C* is not simply connected.

PROPOSITION 1.3 (Homotopy rel. endpoints is an equivalence relation). Let Q C C be an open set
and let z(y, z; € Q. Consider

P(zg,z1;8) :={y : [0,1] = Q continuous : y(0) = z,, y(1) = z;}.
Define a relation on P(z, z,; Q) by declaring y, ~ vy, if
7o = 11 rel {0,1}.

Then ~ is an equivalence relation on P(z, z1; ).

The proof is left to the reader.
A special case is z; = z; (so the paths are loops based at z;). For this case, the set of homotopy
classes (relative to {0, 1}) is denoted by
71 (825 zg).

REMARK 1.4 (The fundamental group). m,(€2; zy) catries a natural group structure given by concate-
nation of loops (well-defined on homotopy classes rel. endpoints). This group is called the fundamental
group of Q based at z,, and it is a central object in algebraic topology.

The following short exercises regarding the fundamental group are left to the interested reader:

(1) Describe the group operation on 7;(£2; z) explicitly (concatenation of based loops), and check
that it defines a group structure on homotopy classes (associativity, identity, inverses).

(2) Prove that if Q is path-connected, then for any two basepoints z,,z; € €, the fundamental
groups ;(£2; zy) and &, (L2; z;) are isomorphic. One often omits the basepoint and writes simply
().

(3) Compute (or at least develop a clear intuition for) the fundamental group of the circle:
m (S Y~ 7,  the additive group of integers

where S is the unit circle in C. A more challenging task is to compute the fundamental group

of the figure-eight (in topological term, the wedge sum S' v S!)in C.

DEFINITION 1.5 (Simply-connected domain). A domain & C C (i.e. a connected open set) is called

simply-connected if its fundamental group is trivial:

m(Q; zy) = {e} for some (equivalently, any) z, € Q.
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Equivalently, every based loop in Q is homotopic (rel. endpoints) to the constant loop. In other words,

any two paths in € with the same endpoints are homotopic relative to the endpoints.

PROPOSITION 1.6 (Star-shaped = simply-connected). Let D C C be star-shaped with star center
z, € D. Then D is path-connected and simply-connected. As a corollary. any two path in a star-shaped

domain with the same endpoints are homotopic relative to endpoints.

PROOF. Step 1: D is path-connected. Given z € D, the line segment
r.@® (=1 -Hz+1z, 0<r<1,

lies in D by star-shapedness, so every point can be joined to z, by a path in D.
Step 2: Every loop is homotopic to a constant loop. Let y : [0,1] — D be any loop based at z,, i.e.
y(0) = y(1) = z,. Define

H(t,s) =1 -s)y@®) + sz, (t,s) €[0,1] x [0, 1].

For each fixed ¢, H(¢, s) runs along the line segment from y(¢) to z,, hence stays in D. Thus H is a
homotopy in D with

H(,0) = y(®, H@1) = z,,
and it fixes the basepoint:
H@QO,s)=H(,s) =z, Vs € [0, 1]).
Therefore y is homotopic (rel. endpoints) to the constant loop at z,. Hence z;(D; z,,) is trivial and D is

simply-connected. (Il

In particular, a convex domain, for example an open disk, is path-connected and simply-connected.

2. Homotopy invariance of holomorphic integrals

Now let us come back to complex analysis. We begin with the following lemma, which shows that
working with homotopy classes of continuous paths does not lose any information relevant to complex
integration: every homotopy class contains a piecewise C' regular representative to which we can apply

line integrals.

LEMMA 2.1 (Smoothing a path). Let Q C C be open and y . [0,1] — Q be continuous. Then y is
homotopic rel. {0,1} to a polygonal path in Q (hence to a piecewise C' regular path).

PROOF. Let K := y([0, 1]), which is compact in Q since [0, 1] is compact and ¥ is continuous.
Since Q is open, for each z € K choose r, > 0 such that D(z;r,) C Q. Then {D(z;r,/2)},cx 1S an

open cover of K, hence admits a finite subcover: there exist z;, ..., zy € K such that
K ) Dz,
C U Zrs 7 .
k=1
Set
. Zy
g:= mn — >0
I<k<N 2

Since y is uniformly continuous on [0, 1], there exists 6 > 0 such that

[t=s] <6 = |y(®)—v(s)| <e Vt,s € [0,1)).
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Choose a partition 0 = 7, < «-- < 1, = 1 witht,,; —t, < 6. Fix #. Choose k such that y(t,) €
D(zy;r; [2), 1e.
rs,
l7(te) = 24l < =

2
Then for any s € [t,, 1,41,

ly(s) — z; | < [y(s) —y@ )| + |y(t,) — z;]

e
e+ —< Ly ZX=p |
2 2 2 Zk

soy([ts,tp4q]) C D(zk;rzk .
Let o be the polygonal path joining the points y(%y), ..., y(t,,) by straight line segments. On each
interval [7,,7,,,], the segment from y(t,) to y(t,,) lies in D(z;;r_, ) since the disk is convex. Define

the linear homotopy on [7,,7,,] by
H,1,5) ;=1 -5y +so(), s €[0,1].

Then H,(t,s) € D(z;;r; ) C Qforallt € [1,,1,,,], and it fixes the endpoints. Gluing these finitely

many homotopies together gives a homotopy in Q from y to o rel. {0, 1}. O

Now we are ready to present the main theorem of this section.

THEOREM 2.2 (Homotopy invariance of holomorphic integrals). Let Q C C be open and let f &€
OQ). Let yy, 7, : [0, 1] = Q be oriented piecewise C' regular paths with the same endpoints

Y0(0) = 71(0) = z(, Yo(h) =r(1) = z,.

Assume yy and y, are homotopic in £ relative to the endpoints {0, 1}. Then

f(z)dz = f(z)dz.

Yo 14!

PrROOF. Let H : [0,1] X [0, 1] — € be a homotopy rel. endpoints from y, to y;, and set
¥s(1) 1= H(t,s) (t,s € [0, 1]).
Note that y,(0) = z, and y,(1) = z; for all s.

Step 1: choose a uniform partition and a uniform disk cover. Since H is continuous on the compact

square [0, 112, it is uniformly continuous. Also, the image
K :=H(0,11) cQ
is compact, hence has positive distance to C \ Q; equivalently, there exists p > 0 such that
D(z;p) C Q (Vz € K).
By uniform continuity, choose é§ > 0 such that
t,s)—(',sH| <6 = |H(ts)—H(, )| <p/4.
Fix a partition 0 =1, < t; < -+ <t, = 1 witht, | — 1, < forall k.
Then for every s € [0, 1] and every t € [#;, ;1]
lys(®) — v, = [H(@, s) — H(1y, s)| < p/4,

hence
Ys([tis teg1])) € D(y(t); p/4) C D(y(t,); p) C Q.
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Step 2: define the integrals for all s via polygonal approximation. For each s, let o, be the polygonal
path obtained by joining y(ty), 7,(t1), ..., ¥,(t,,) by straight line segments (on each interval [7,,7, ], o
is the affine parametrization of the segment [y,(7,), ¥,(f;,;)]). This polygonal approximation is exactly
the construction in Lemma 2.1, applied to the path # — H (¢, s) (with the same partition 0 = 75 < - <
t,=1).

Each segment of o, lies in D(y,(#,); p/4), hence o, is piecewise C! regular. Define

J(s) = / f(z)dz.

(So J(0) = fy . fdzand J(1) = fy 1 f dz, because y,, y, are already piecewise C !"and homotopic rel.
endpoints to ¢, o; by Lemma 2.1.)

Step 3: J(s) is locally constant (open—closed argument). Fix s, € [0, 1]. We claim that J(s) = J(s()
for all s sufficiently close to s. Indeed, if |s — s,| < 6, then for every k,

lys(t) — J/so(tk)| = |H(ty,s) — H(t;,so)| < p/4.

Consider the closed piecewise C! loop I, (s) obtained by concatenating:

o the segment [y (t,), v,(#;,1)] (traversed along o,);

[
« the segment [y,(t;, ), }’so(’k+1)];
o the segment [V, (Frr1)s 75, (1)) (traversed backward along o5,);

o the segment [y, (#;), 7,(t,)].

All four edges lie in the disk D(ySO(tk); p) C Q: for example, y,(t;) € D(ySO(tk); p/4), and the segment
75, 75t )] lies in D(y(t,); p/4) C D(ySO(tk); p/2), etc. Hence I'j(s) is contained in a convex disk
where f is holomorphic. By Cauchy’s theorem,

f(z)dz = 0.
Ly (s)

Expanding this identity gives

/ fdz—/ fdz:—/ fdz
[J’s(tk)» }’S(tk.;.] )] [750 (tk )s y“() (tk+1 )] [J’S(Ik+1 ) 750 (tk+1 )]

+ / fdz.
[75(tp)s 7so ()]

Now sum over k =0, 1, ..., m — 1. The right-hand side telescopes: all intermediate terms cancel, leaving

only the endpoint segments [y,(0), ySO(O)] and [y,(1), Y5, (D1, which are trivial because the homotopy is

/fdz=/ fdz,

i.e. J(s) = J(sg) whenever |s — sy| < 6. Hence J is locally constant on [0, 1].
Let

rel. endpoints. Therefore

A:={se[0,1]: J(s)=J(O)}.

Then A is nonempty and open (by local constancy), and also closed in [0, 1]. Since [0, 1] is connected,
we conclude A = [0, 1], so J(1) = J(0).
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Step 4: return to y,,y,. By Lemma 2.1, each y, is homotopic rel. endpoints to o, and this homotopy
can be chosen inside the same disks used above; applying Cauchy’s theorem to the resulting small loops

shows

fdz:/fdz (Vs).
yx O-S

/fdz=/fdz=J(O)=J(1)=/fdz=/fdz.
Y0 ) o1 71

This proves the theorem. O

In particular,

REMARK 2.3. A key advantage of homotopy invariance is that we do not require paths (or loops) to

be simple, i.e., self-intersections of the curves are allowed.

EXAMPLE 2.4. We now give a complex-analytic proof that C* is not simply-connected. Since %
is holomorphic on C*, if C* were simply-connected then every based loop would be homotopic (rel.

endpoints) to the constant loop at 1, hence would have integral 0. But for y,(r) = **",

E=271:i;r50.

71
Therefore C* is not simply-connected.

Similarly, one can show that the based loops
ya @) =2 (0<t<1)
lie in distinct homotopy classes in C*. We leave the details to the reader to fill.
We end this section with the following remark.

REMARK 2.5 (Periods). Fix an open set £ C C and a basepoint z; € Q. For each f € O(Q2), define
D, 1 m(Q;z5) — (C, +), O ([y]D) = /f(Z)dz,
14

where [y] denotes the homotopy class (rel. endpoints) of a based loop at z,. Homotopy-invariance implies
@, is well-defined.
Moreover, @ is additive in loops:

® (71 - 721) = D ([, ]) + D (72,
and additive in f:
Dyripe=a@;+ O, (a,p € C).
Thus we get a linear map
® : O(Q) — Hom(m(Q:;2(),C),  f+r— @,
Its kernel consists precisely of those holomorphic functions admitting a primitive on :
ker(®) ={ f € O(Q) : f has a primitive on Q }.

(Indeed, if f = F’ then fy fdz = 0 for every loop y; conversely, if all loop integrals vanish then
F(z) := fy f(w) dw is well-defined and satisfies F' = f.)
ZO’Z
We will return to this viewpoint when we study residues: residues measure the nontrivial periods

coming from punctures.
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3. The complex logarithm

For the real exponential function
exp : R —» RT,
the map is one-to-one, hence it has an inverse function, the real logarithm In x.

If we try to define a complex logarithm in the same way, we immediately meet a difficulty:
exp : C— C", exp(z) = €*

is not one-to-one on C.

In this section we will see that the obstruction to defining a single-valued holomorphic logarithm on
an open set Q C C* is exactly the same as the obstruction to finding a primitive of 1/z on Q. From a
topological viewpoint, this is closely related to the fact that exp : C — C* is the universal covering map

and that z,(C*) is nontrivial (via deck transformations). We will make these connections precise as we

go.

3.1. Branches of complex logarithm. Recall the exponential map

o0
zn
exp : C — C¥, exp(z) =e* 1= ) =.
n!
n=0
It is an entire function. Using Euler’s identity,
et = ¢*(cos y + i sin y), x,y € R.

In particular,
|ex+iy| =X > 0,
soexp(z) # 0 forall z € C.

Given any w € C*, write w in polar form
w = |wle”,

where @ is an argument of w (i.e. ¢ = w/|w|). To solve e* = w with z = x + iy, we compare moduli

and arguments:
e’ = |w|, eV =
Hence
x =In|w|, y=0+2znk (ke€2),

so every w € C* has infinitely many preimages under exp, indexed by Z. In particular, exp : C - C* is
surjective but not injective.
It is convenient to regard the logarithm as a multivalued function. We write [log(w)] for the full set

of solutions of e* = w, namely
[log(w)] = {m lw| +i(0 +27k) : ke Z},
where 6 is any fixed argument of w (different choices of 6 give the same set).

Convention (principal argument). The unique argument in (—z, ] is called the principal argument
and is denoted by Arg(w). The corresponding single-valued logarithm

Log(w) :=1n|w| + i Arg(w)

is called the principal logarithm.
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EXAMPLE 3.1. Compute the multivalued logarithms [log 1], [logi], [log(—1)], [log(—i)], and their
principal logarithms.

SOLUTION. Recall
[logw] = {In|w| + i@ +27k) : k € Z},
where 0 is any argument of w, and the principal logarithm is
Log(w) = In |w| + i Arg(w), Arg(w) € (—=, ).
In all four cases below, |w| =1, so In |w| = 0.
(1) w=1. An argument is 8 = 0, so
[logl]l={2zik : ke Z}, Log(1) =0.
(2) w =i. An argument is 6 = %, SO
[log ] = { i<%+2ﬂk> L keZ } Log(i) = %
(3) w=—1. An argument is 8 = x, so
[log(—=D] ={i(x+2zk) : ke Z}, Log(—1) = zi.
(4) w = —i. An argument is 8 = —% (equivalently 37”), SO

i

[log(—i)] = { i (—% +27rk) L keZ } Log(~i) = -,
0

The multivalued logarithm [log w] is not a complex-valued function. To obtain a genuine single-

valued logarithm, we introduce the following definition.

DEFINITION 3.2 (Branch of the logarithm). Let Q C C* be open. A branch of the logarithm on Q
is a holomorphic function
Logg : Q- C
such that
ekt = (Yw € Q).

Equivalently, Logg, is a holomorphic inverse of exp on Q.

REMARK 3.3. (1) If Logg is a branch on Q, then so is Logg + 27ik for any k € Z. In
particular, a branch is never unique.

(2) Itis possible that Logg does not exist.

The principal logarithm Log(w) = In |w| +iArg(w) is well-defined as a function on C*, but it cannot
be continuous (hence not holomorphic) everywhere: crossing the negative real axis, the value of Arg
jumps by 2z. To fix this, we remove a curve from C* so that the argument can be chosen continuously

(and then holomorphically).
DEFINITION 3.4 (Principal branch cut). Let
Q) :=C\ (—,0]
(the complex plane with the nonpositive real axis removed). On €, there is a unique continuous function

Arg : Q) - (—x, 7]
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such that w = |w|e/A™8®) for all w € €. The corresponding logarithm
Logw :=In|w| + iArg(w) (w € Q)

is called the principal branch of the logarithm.

PROPOSITION 3.5. The principal branch Log : Q, = C \ (—0,0] — C is holomorphic, and

(Logw)' = l, Logl = 0.
w
PROOF. This can be seen from direct calculation: Write w = x + iy and then
uvy) = Inlwl = 203+, o) = Arg(w),

On Q, we have u, v € C!, and a direct computation gives

X y

u, = ————, u, = ———,
x2+y2 y x2+y2

X

and (using 6 = Arg(w) so that tan § = y/x locally on Q)

X x2 + y2 ’ y x2 + y2 ’
Hence u, = v, and u, = —v,, so Log = u + iv is holomorphic on £,. Moreover,
X .y x—iy 1 1

L I = +i = — = = = .
(Loguw)’ =t + iv 24y Rty Pt x+iy w
Finally, Logl =In1 4 iArg(l) = 0. |

In fact, there is the following more general theorem.

THEOREM 3.6. Let Q C C* be a domain. The following are equivalent:

(1) There exists a branch of the logarithm on Q, i.e. a holomorphic function
Logg : Q- C

such that e"°22® = z for all z € Q.
(ii) The function — admits a primitive on Q, i.e. there exists a holomorphic function F . Q — C
z
such that

F'(z) = 1 (Vz € Q).
z
Moreover, whenever these conditions hold, we have:

(a) Every branch Log, satisfies
(Logg)(z) = % (Vz € Q).
(b) IfLog, and Log, are two branches on Q, then
Log, —Log, =2rik

for some k € Z. In particular, fixing one value determines the branch uniquely: if Log,(z,) =

Log,(zy) for some zy € Q, then Log; = Log, on .
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PROOF. (i)=(ii) and (a). If e'°2(® = z on Q, then differentiating and using the chain rule gives
eH°2a®(Logg) (2) = 1.
Since eM°%2(?) = z_ we obtain (Logg,) (z) = 1/z, so Log, is a primitive of 1/z.
(ii)=(i). Assume F'(z) = 1/z on Q. Consider G(z) := ef @ Then
1

'@ 1
G @)=z

Hence

0
z z2 ’

(m@)szn—amz

so G(z)/z is constant on the connected set Q. Thus G(z) = cz for some ¢ € C*. Choose any a € C so

that e? = ¢, and define
Logg(z) 1= F(z) —a.

Then 022 = () /e = G(z)/c = z, so Logg, is a branch of the logarithm on Q.
(b) (uniqueness up to 2ziZ). Let Log,, Log, be two branches on . Then by (a),
(Log, - Log,)’ = = — — =0,

N =
N =

so Log; — Log, = c is constant on . Moreover,

L elog1(2) — ologi(D-Logy(2) _ e
elogx(2) ’
soc € 2xi Z. If Log,(zy) = Log,(z,) for some z,, then ¢ = 0 and Log; = Log,. |

3.2. A topological view. Now we reconsider the exponential function
exp : C - C*.

We have already seen that exp is holomorphic and surjective.
Fix z; € C* and choose r > 0 such that D(z,;r) C C*. Then % is holomorphic on D(zy; r), hence
admits a primitive there. By Theorem 3.6, there exists a branch of the logarithm on D(zy; r). We choose

the branch Log ;..  D(zg;r) — C normalized by
LogD(Zo;r)(zo) =In|zy| + iArg(zy).
Let
U = LOgD(ZO;I‘)(D(ZO; r)) C C,

which is an open set in C. Since any two branches on the disk differ by an additive constant 2zik, it
follows that

exp_1 (D(zo; r)) = |_| (U + 27rik),
kezZ
a disjoint (why?) union of open sets, and for each k € Z the restriction

exp : U+ 2xik — D(z;71)

is a homeomorphism (indeed a biholomorphism).
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REMARK 3.7 (Covering maps, deck transformations). A continuous surjective map p : ¥ — X is
called a covering map if every x € X has an open neighborhood D such that p~!(D) is a disjoint union
of open sets on which p restricts to homeomorphisms onto D. Such a D is said to be evenly covered.
The discussion above shows that exp : C — C* is a covering map.

Since C is simply-connected, exp : C — C* is in fact the universal covering of C*: The term
universal means any connected covering of C* factors through this covering. We will return to this

viewpoint later when we consider branches of nth roots.
EXAMPLE 3.8 (The fundamental group of C* is Z). We sketch a complex-analytic proof that
7 (C* 1) = Z.

Lety : [0,1] — C* be a based loop at 1. Cover the compact set y([0, 1]) by finitely many small
disks D; C C*, so that on each D; the function 1/z is holomorphic and hence admits a branch of the
logarithm Log;. Using that two branches on an overlap differ by 2zik, we may adjust constants so that

the branches match at the junction points. In this way we obtain a continuous lift
7:00,11-C,  JdP=y@, 70 =0.
Since y(1) = 1, we have ¢/ = 1, hence
Y(1) =2zin forauniquen € Z.

In C (which is simply-connected), the path 7 is homotopic rel. endpoints to the straight path 7 — 2xint.
Composing this homotopy with exp shows that y is homotopic in C* (rel. basepoint) to the standard loop
7/,,(1) — e27z'int‘

Finally, if y, ~ y,, in C* rel. basepoint, then by homotopy invariance of holomorphic integrals,

2ﬂin=/g=/ g:Zm’m,
e % tm %

so n = m. Therefore the based homotopy classes are indexed by Z, and z;(C*; 1) = Z.

3.3. nth roots and their branches. Next we discuss nth roots, in parallel with the logarithm. Fix
an integer n > 2. Consider the map

p, . C" - C*, p,(z) =z2".

For each w € C*, the equation z" = w has exactly n distinct solutions in C*. It is therefore natural to

regard the nth root as a multivalued function and write
(w'/" :={zeC": 2"=w}.

The map p,, is an n-sheeted covering of C*, which is not universal, and it is related to the universal

covering exp : C — C* by the factorization

exp = p, o7, r,: C->C% n,(z)= eZ/",
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since (/)" = €=,

exp C*
/
g
C*

Let Q C C* be open. A branch of the nth root on Q is a holomorphic function
Rootg, : Q - C*

such that
Rooto(w)" = w Vw € Q).

The following exercise is left to the reader.

EXERCISE 3.9. Let Q C C* be a domain and fix an integer n > 2. Assume there exists a branch of
the nth root on Q. Prove that there are exactly » distinct branches of the nth root on Q, and determine all

of them.
In particular, if a branch Logg, of the logarithm exists on €2, then

Rooto(w) 1= exp(lLogQ(w))
n
defines a branch of the nth root on Q. We will see in a moment that all branches of roots over a domain

in C* can be constructed using a branch of logarithm.

EXAMPLE 3.10. Let
Q) :=C\ (—0,0]
and let Log : €, — C be the principal branch of the logarithm.
Define a branch of the square root as

Rootgo(z) = exp(% Logz) , z € Q.
Then Root;“20 is holomorphic on €, and satisfies

(Roots‘;o(z))2 = exp(Logz) = z, Rootgo(l) =1.
A second branch is obtained by shifting the logarithm by 2i:
_ L 1 ) 1 _ +
RootQO(z) i= exp(z (Logz + 2m)> = exp( > Logz) = Rootgo(z).
Again,
— 2 —
(Rootgo(z)) =z, but RootQO(l) =-1.
It is customary to denote
Vz 1= Root], (2),

and then Rootg_zo (2) = —\/E.

Notice, although Q, admits infinitely many logarithm branches (they differ by 2zik, k € Z), shifting

by 2rzik changes exp(%Logz) only by the factor e*’¥ = (—1)*. Hence there are exactly two square-root
branches on €, namely i\/Z.
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Equivalently, we can describe these branches in polar form. Write z = re® with r = |z| > 0 and

0 = Arg(z) € (—x, z]. Then
Vz = \re?,

Vi=1l, V1= =i

An exercise for the reader is to generalize this example to nth roots and show that there are in fact

In particular,

exactly n branches on €.

4. Logarithm and nth roots of a holomorphic function

We now generalize the previous discussion to holomorphic functions.
Let Q C C be a domain and let f € O(€2) be nowhere zero. Equivalently, f is a holomorphic map

f:Q— C".

We ask whether f admits a holomorphic logarithm on €, namely whether there exists a holomorphic
function L : Q — C such that

expoL = f, equivalently el = f(z) Vz € Q).

In the special case where f is the inclusion map Q < C*, such an L is precisely a branch of the complex
logarithm on Q.
Similarly, for a fixed integer n > 2, we ask whether f admits a holomorphic nth root on Q, namely

whether there exists a holomorphic function g : Q — C* such that
pog=f, equivalently g(2)" = f(2) Vz € Q),

where p, : C* — C* is given by p,(w) = w". Again, when f is the inclusion map Q < C*, such a g is
precisely a branch of the nth root on Q.

In fact, these questions naturally fit into the covering-map viewpoint: they ask whether the holomor-
phic map f : Q — C* can be lifted through the coverings

exp : C - C", p, : C" - C"

In other words, we ask whether the following diagrams can be completed by a holomorphic lift:

C c*
L//\’( J/exp g//\’( J/n
olly ¢ ol s ¢

We have already answered the first question in the special case where f is the inclusion map Q <

C*. By Theorem 3.6, a branch of the logarithm on Q exists if and only if 1 admits a primitive on Q.
z

/ldz=0
v Z

for every oriented piecewise C! regular loop y in Q (see Proposition 2.3, the path-independence argument

Equivalently, this holds if and only if

in the proof of Cauchy’s theorem, and Remark 2.5).

We now generalize this criterion to an arbitrary nowhere-vanishing holomorphic function f € O(Q),
assuming for the moment that f’ is continuous. (In fact, this extra assumption will be redundant: in
later chapters we will prove that the derivative of a holomorphic function is again holomorphic, hence

automatically continuous.)
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THEOREM 4.1 (Criterion for a holomorphic logarithm). Let Q C C be a domain and let f € O(Q) be
nowhere zero and f' is continuous in Q (this continuity assumption can be removed). Then the following

are equivalent:
(i) There exists L € O(Q) such that e = f on Q.
(i) The function 7/ has a primitive on Q.
(iii) For every oriented piecewise C' regular loop y in Q,
/')
y (2
Moreover, when these conditions hold, any such L satisfies

f(2)

and L is unique up to addition of a constant 2rik (k € Z) if we view et = f. (Equivalently, fixing one

dz=0.

L'(z) (Vz € Q),

value L(zy) determines L uniquely.)

PROOF. (i)=(ii). If e& = £, differentiate to get e/ L’ = f', hence L' = f'/f.
(i) (iii). This is exactly the primitive criterion: a continuous function has a primitive on € if and
only if its integral over every loop is 0. (See the proof of Cauchy’s theorem and also Remark 3.4.)
/
(i)=(@). If F' = f7 on Q, set G := el /f. Then
G =F' — f_’ =
G f
so G is constant on the connected set Q, say G = ¢ € C*. Thus e/’ = ¢f. Choose any a € C so that
e =c,and define L := F —a. Thene! = f.
Finally, if L, L, both satisfy ey = f, then e/1712 = 1, hence L, — L, € 2zi Z. Since L, — L, is

holomorphic, it must be constant, so L, — L, = 2xik. |

09

Next, we state the parallel theorem for nth root.

THEOREM 4.2 (Criterion for a holomorphic nth root). Let  C C be a domain and let f € O(Q)
be nowhere zero. Further assume f' is continuous in Q (this extra assumption can be removed), and fix
n > 2. Then the following are equivalent:

(1) There exists g € O(QQ) such that g" = f on Q.
(ii) For every oriented piecewise C' regular loop y in Q,

/f’(z) dz € 2rin”.
y f(2)

PROOF. (i)=(ii). Assume g" = f on Q with g € O(L2). Then g nowhere vanishes since f nowhere

vanishes. Differentiating gives

Since g"~! = f/g, we obtain
g _f
n—==.
g f
Lety : [0,1] — Q be an oriented piecewise C! regular loop, then goy : [0,1] — C* is an oriented

piecewise C! regular loop in C*.
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Choose a partition 0 = 5 < -+ < t,y = 1 and disks D, C C* such that goy([t,_;,#;]) C D;. On
each disk Dy we can choose a holomorphic logarithm, say Log, such that the matching conditions

Logp, (8(r(t)) = Logp,_ (8(r(t))  (k=1,....N—1)

hold.

Notice,
/

4
(Longg)’ = E,

so by this way, we have constructed a local primitive of ggl in an open neighborhood of y([t,_;,#,]1).
It follows

/ Gy (Logp, &) (r(1) — (Logp, &) (r(ti-p))-
rl; . g(z)

-1k

Summing over k gives a telescoping sum by the matching conditions, hence

/y i((.:)) dz = Logp, (gor(1)) —Logp, (g07(0)).

Since y(0) = y(1) and then goy(0) = goy(1), two branches of logarithms at the same point differ by an

element of 2xi Z, it follows that

/
/g (2) 4z emiz.
y 8(2)
Therefore,
! !/
/f(z) dz=n/g(z) dz €2rin”,
y f(2) y 8(2)
as desired.

(i1)=(i). Fix a basepoint z, € € and choose ¢ € C* such that ¢" = f(z;). Set

_1/'®
K

Then A is continuous on £, so line integrals fa h(z) dz along oriented piecewise C' curves are well-

h(z)

defined. Moreover, (ii) says that for every oriented piecewise C' regular loop y in Q,

/h(z)a’z E2ri”.

4

For each z € Q, choose an oriented piecewise C! path a;, - from z, to z and define

g(z) := cexp(/ h(w)dw).

20,2

We claim that g is independent of the choice of the path. Indeed, if @ and f are two paths from z; to z,

/h—/h=/ helri”.
a p a*ﬁ

Exponentiating gives exp(/, h) = exp(/, ;). hence g(z) is well-defined.

then a = fis a loop, so

Now we prove g is holomorphic in Q. Fix z € Q and choose a disk D := D(z;r) C Q. Let 5 be any
oriented piecewise C! regular loop in D. Since D is convex, we can shrink # continuously to a constant
loop inside D by the family

ny(0) 1=z, + s(n®) - z,), 0<s<l,
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where z,, € D is fixed. For each s, 7, is again a loop in €, so by (ii),

I(s) := / h(z)dz € 27i Z.
n

On the other hand, since A is continuous and (¢, s) + #,(f) is continuous, the integral I(s) depends

continuously on s. As 2xi Z is a discrete subset of C, I(s) must be constant. Since I(0) = 0, we obtain

I1(1)=0,i.e.
/h(z) dz=0.
n

Therefore fn hdz = 0 for every loop n C D, and by the primitive criterion A admits a holomorphic
primitive H on D with H' = h.

Now fix once and for all a piecewise C! path « from z to z. For { € D, let B be the straight line
segment from z to ¢ (which lies in D since D is convex), and define the path

ar :=a*ﬂz’§

(concatenation: first follow a from z, to z, then follow f, . from z to {). By path-independence, we may
compute g(¢) using this particular path a;.

Since H' = h on D, the function H is a primitive of 4 on D, hence

/ h(w)ydw = H() — H(z).
B

2.

/h:/h+/ h=/h+H(é’)—H(z),

X7 a ﬂz( a

g) = CeXp</ h> = (C ol h—H(z)) MO —: O,
18

where C := (c elah=H @) ) is a constant. Since H is holomorphic on D, this shows that g is holomorphic
on D. As z is arbitrary, g € O(€2).

Therefore

and so

Finally, we verify that g” = f on Q. By definition,

g(z)" = ¢" exp< . j;’((:j)) dw> .

Cover the path foa_ by finitely many small disks Dy, ---, D on which a branch of logarithm exists,

and choose these branches to match on overlaps. As the telescoping argument we used in previous proofs,

all intermediate terms cancel, leaving

o, jj:((;lj)) dw =Logp f(z)—Logp f(20),
SO
0@ _
g =" 5 =S

since ¢ = f(zg).

We are done.
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/
The logarithm condition requires all periods—that is, all loop integrals of ——to vanish, whereas

the nth-root condition only requires these periods to vanish modulo 2zin. Thus it may happen that f
admits a holomorphic branch of an nth root on € even though f admits no holomorphic logarithm on Q.

Here is an example.

EXAMPLE 4.3 (A square root may exist even when a logarithm does not). Let
Q:=C\I0,1], f(z) :=z(z—-1).
Then f has no zeros on Q, so f : Q — C* is holomorphic. Moreover,

f’(z)_l+ 1

f(z) z z-1

Let y be a counterclockwise oriented piecewise C! regular simple loop in Q whose interior contains

(z € Q).

the segment [0, 1]. Then y winds once around both 0 and 1, hence

F@ Ll N
yf(z)dz—/y<z+z_l>dz—27n+2m—4m.

This implies two things:

(1) By Theorem 4.1, f admits no holomorphic logarithm on € since condition (iii) fails for this
loop.
(2) By Theorem 4.2 with n = 2, f admits a holomorphic square root on Q (since 4rzi € 2xi - 27
and 7,(Q;2) = Z).
Concretely, one can write down the two branches as follows. For z € Q, write

0o 0,
bl 9

z=rye' z—1=r

where ry = |z| > 0,r; = |z—1| > 0, and 6,0, € (—x, 7].
Define

£.(2) = frr €300,

It is holomorphic in Q, even though 6, 8, are NOT continuous in z!
The other branch is

g_(2) 1= —g,(2) € O(Q),

and they both satisfy g(z)? = f(2).

The next example shows that this phenomenon does not occur for the inclusion map f(z) = z. In
other words, for a domain Q C C*, if Q admits a branch of the nth root, then it also admits a branch of

the logarithm.

EXAMPLE 4.4 (A branch of z!/” forbids winding around 0). Let Q C C* be a domain and fix n > 2.
Assume there exists a holomorphic branch of the nth root on €2, i.e. a holomorphic function

Rootg : Q - C¥, Root,(z)" = z.
Apply Theorem 4.2 to the inclusion map f(z) = z. Since f'/f = 1/z, we obtain

/E € 2rinZ for every loop y in Q.
z
v
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Now, if Q contains a loop y which is not homotopic in C* to a constant loop, then one can find a
piecewise C! simple loop # C Q, built from subarcs of y, which encloses 0. (See the remark below for

the proof of this fact using complex analysis.) Hence

/ﬂ = +27i,
¥ Z

which is not in 2zi nZ for n > 2. Therefore, if a branch of the nth root exists on €, then every loop in Q

must be homotopic in C* to the constant loop, and consequently

/ dz _ 0 for every loop y C Q.
z
v

Therefore €2 admits a branch of the logarithm Logg. This branch then determines all branches of the nth
root. (See Exercise: 3.9.)

REMARK 4.5. Suppose © C C* contains a loop y which is not homotopic in C* to a constant loop.

Then
/ldz¢0.
"z

Since € is open, we may perturb y slightly inside € and assume (without changing the value of the
integral) that y is a piecewise C'! regular loop with only finitely many transverse self-intersections.

Let P be the (finite) set of self-intersection points of y. Transversality implies that each p € P has
exactly two distinct preimages in S! = [0, 1]/{0, 1}; denote them by r, t;. Let

T:=Jtr. 1 cs!
peEP
be the corresponding finite set of marked parameter values.

We now extract simple loops from y. Choose #, € S' \ T and traverse S! in the positive direction.
Let b be the first time at which the image meets a previously visited point, i.e. there exists a < b with
y(a) = y(b), and b is minimal with this property. By minimality and transversality, the subpath y|, ;, has
no self-intersections except at its endpoints, hence it forms a piecewise C! simple loop; denote it by #,,
oriented as y. Remove the parameter interval (a, b) and repeat the same construction on the remaining
parts of the parameter circle. Since T is finite, this procedure terminates after finitely many steps and

yields simple loops
’71 9 ey ﬂm,

each obtained by concatenating subarcs of y and each inheriting the orientation of y. Moreover, the
chosen intervals cover S in cyclic order, so after a reparametrization we may view y as the concatenation
y =mn; * -+ * n,,. Therefore, by additivity of contour integrals under concatenation,

m
/ldz= Z/ldz.
}'Z "IjZ

j=1

Since the left-hand side is nonzero, we must have /n _ é dz #0forsome j. Lety :=p9 e Then 7 C Q
J

is a piecewise C! simple loop built from subarcs of y and

/ldzaéo.
}A,Z

In particular, 7 encloses 0. This proves the fact we used above.
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CHAPTER 5

Cauchy’s integral formula and its applications

1. Cauchy’s integral formula and Cauchy’s inequality

We first see a motivating example.

EXAMPLE 1.1. Suppose

@)= az-z)"
n=0
is a power series centered at z, with radius of convergence R > 0. Let D = D(zq;r) be a disk with
0 < r < R and let 9D carry the positive (counterclockwise) orientation. We compute the following
integrals over dD.

(1) Since f € O(D(zy; R)), Cauchy’s theorem gives

/ f(z)dz = 0.
oD

[ __ag

z2—2y zZ=2

(2) Write

+a;+ay(z—zp) + .

The tail a; + a,(z — z() + +++ is holomorphic on a neighborhood of D, hence admits a primitive

on D, so its integral over d D is 0. Therefore

a
/@) dz=/ 0 4z =ay 2xi=2mi f(z,).
oD 2~ Zg aD 2~ 29

(3) Similarly,
fz) a4 a,

= +
(z—2zp* (z—2zg)*> z—2

+ a, + 03(2 - Zo) + .-,
and all terms except % have primitives on D. Hence
—40

/ &d2=2ﬂ'1a1=%f,(zo)
a .

p (z = zp)?
(4) Likewise,
f(z) . 27,y
————dz=2ria, = — Zp).
/3D(Z—Zo)3 2 2!f(o)
In general, for m > 0,

/ Dy 2 2 gy,
9 m!

D (Z — Zo)m+1

We will show that this formula holds for all holomorphic functions f € O(L2).

THEOREM 1.2 (Cauchy’s integral formula). Let Q C C be open and let f € O(Q). Let D be a disk

with D C Q and zg € D. Then

f =5 [ T2

2ri oD 2 — 2

dz.

73
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PROOF. We write

1 f@ 4.1 f(zo)+(f(Z)—f(Zo))d

2ri oD Z — Z B 2mi oD Z—Z
L EACON L L AU IS
2ri z—zo 27r1 oD Z—Zp
= /) + 5 / f(2) - (Zo) .
Z— 2z

: dz _ .
since /‘0D Z—_ZO = 27xi.

It remains to show

/ Q-1
zZ -z

Choose € > 0 so small that D(zo, e) C D. Set
f(z) = f(zp)

Z— Z

g(z) 1= z € D\ {zy}.

Then g is holomorphic on Q \ {z,}.
By the homotopy invariance of holomorphic integral (or by Cauchy’s theorem on a region with two

/ g(z)dz = / g(z)dz.
oD 0D(z(3€)

In particular, the RHS is independent of € > 0.

boundary components), we have

Now use complex differentiability of f at z,: write

8(2) = f'(zg) + P(2), Zlgglo #(2) =

It follows
L IO SE),, L g(2)dz
271'1 oD I ZO 27” 0D(zg:€)
1 /
— f(zp) + ¢(2)) dz
" 2ai aD(zo;e>( ’ )
=L $(2)dz,

2ri 0D(z;€)
since faD(zO;e) f(zg)dz=0
Now we estimate
1
— P(z)dz
2mi 0D(zy:€)

This tends to 0 as e — 0%, hence

< o Length(@D(z:€) sup (2] =& sup [$(=)].

|z—zp|=¢ |z—zp|=¢

L. f(Z)—f(Zo)deo,
2ri oD Z—ZO

and the desired identity follows:
1 f(2)

2ri aDZ_ZO

z 2
/Mdz,
y z—2

dz = f(zy).

EXAMPLE 1.3. Evaluate
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(1) If y = 0D(0; 3) (counterclockwise), then 2 € D(0; 3), so by Cauchy’s integral formula,

z 2

[EEE dz = 2mi(e 422 43) = 201 (@ 4 ).

=
14

(2) If y = dD(0; 1) (counterclockwise), then 2 ¢ D(0; 1), and the integrand is holomorphic on a
neighborhood of D(0; 1). Hence by Cauchy’s theorem,

z 2
/Mdzzo_
v z—2

EXAMPLE 1.4. We can redo the integral

/ L dz, y = ()D(l; l) (counterclockwise),
y 2(z=1) 2

using Cauchy’s integral formula.
Since D(1; l) contains 1 but not 0, the function f(z) = é is holomorphic on a neighborhood of

D(1; %). Write
1 _ /)
zZ(z=1) z-1
Then by Cauchy’s integral formula (with z, = 1),

f(Z) \
/z(z — 1) / =2ri f(1) = 2xi.

Next, we improve Cauchy’s integral formula to arbitrary order derivatives.

THEOREM 1.5 (Cauchy’s integral formula for derivatives). Let Q C C be open and let f € O(Q).
Then f has derivatives of all orders on Q. Moreover, if D is a disk with D Cc Qand zg € D, then for

everyn € 729,
(n) f(2)
[ (zg) = i /D —(z—zo)”“ dz.

PROOF. For n = 0 this is exactly Cauchy’s integral formula:

1 (2)
=55 ), 35
Assume the result holds for some » = k > 0, and we prove it for the case n = k + 1.
For any z, € D, we can take a disk D that contains z, and the closure D C Q.
Now for & sufficiently small so that z, + & € D, by the induction hypothesis we have f*) exists for

every point in Q, and

f(k)(z() + ]’l) k' / f(Z) dZ f(k)(z ) / f(Z)
aD 27i Jop

27i (z = (zg + h))k+! (z — zy)k+!
Hence
f®OGzy+h) - f (k)(zo) k! 1 1
h / 1 )_<(z—<z0+h>>k+1_(z—zo)kﬂ)dz

/ f( ) (Z _ z0)k+1 _ (Z _ (ZO + h))k+1
27rl h(z = (zy + h))k+1(z — zg)k+1

Using the factorization

k
AR B = (A-B) Y AYBI, A=z-z, B=z-(z+h),
j=0
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we get
(Z _ ZO)k+1 _ (Z _ (ZO + h))k+1
h

k
= Z(Z — z0)" (2 = (zg + B)Y.
Jj=0

Therefore

f(k)(zo +h)— f(k)(zo) k! / ) Zj;o(z - Zo)k—j(Z —(zop+ h))]
=— z
h 27i Jap (z — zg — h)¥*1(z — z)k+]
Now let 4 — 0. For z € 0D, the denominator never vanishes, so the integrand converges uniformly

on dD to
(k+1)

O g

Hence we may pass the limit through the integral, and obtain

fOG +hm) - fP(zp) K / k+1 _q (k+1)!/ f(z)
Z) dz =
oD a

k+D(z9) = lim —
ST z) = iy (z — zg)k+2 2zi Jop (z = zp)k+2

h  27i
This completes the induction. O

EXAMPLE 1.6. Use Cauchy’s integral formula to compute

/ ‘42243
o dz.
apy0) (2—2)

SOLUTION. Let f(z) := e* + z> + 3, which is entire. Since 2 € D;(0), Cauchy’s integral formula

for derivatives (with n = 1) gives

1 f(z)

, dz = f'(2).
2ri aD5(0) (Z -3 2)2

Compute f'(z) = e + 2z, hence f’(2) = e + 4. Therefore

z 2
/ # dz = 27i (&% +4).
ap,0) (2—2)

A corollary of Cauchy’s integral formula is the following Cauchy inequality.

THEOREM 1.7 (Cauchy inequality). Let Q C C be open and let f € O(Q). Fix zp € Q and R > 0
such that D(zq; R) C Q. Then for every n € z>9,

n!

| £ ™P(z0)] < R £ lop(zy: R)» I/ lopig:r) = sup  [f(2)].
|z—zg|=R

PROOF. By Cauchy’s integral formula for derivatives,

et [ 10
[Z]

27i Jopeyr (2= z0)

Taking norms and using the estimate | /y g(z2)d z| < sup, |g| Length(y) (from Lemma 1.9), we obtain

n! f(2)
™ (z)] < = sup |——2—1|-Length(0D(zy; R))
00 =27 =R | (2 — zg) ! 0
n! |/ (2)] n!
= 27R=21 -
27 |Z_S;I|)=R et TR T R 1 Nlopcin)

An important application of Cauchy’s inequality is the following Liouville’s theorem.
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THEOREM 1.8 (Liouville’s theorem). If f is entire and bounded, then f is constant.

PROOF. Assume f is entire and | f(z)| < M for all z € C. For any point z, € C and any R > 0,

apply Theorem 1.7 with n = 1 to the disk D(z,; R):
/ 1! M
|/ (zp)] < R ||f||aD(z0;R) < R
Letting R — oo yields f’(zy) = 0. Since z, is arbitrary, we have f’ = 0 on C. By Corollary 2.5, f is
constant. ]

As an example, we use Liouville’s theorem to prove the fundamental theorem of algebra.

EXAMPLE 1.9 (Fundamental theorem of algebra). Every nonconstant complex polynomial has a

zero in C.

PROOF. Let
P(z)=a,2" +a, 2"+ + q (a, #0, n>1).
Assume for contradiction that P(z) # O for all z € C. Then the function
1
f(z) 1= P
is entire.

We claim that f is bounded. Since |P(z)| — oo as |z| — oo, there exists R > 0 such that
|P(z)] > 1 (Iz| 2 R),

hence |f(z)] < 1 for |z| = R. On the closed disk D(0; R), the continuous function |f| attains a
maximum:

M = max | f(z)| < oo.
|z|[<R

Therefore | f(z)| < max{M, 1} for all z € C, so f is bounded.
By Liouville’s theorem, f must be constant, hence P is constant, a contradiction. Therefore P has

at least one zero in C. O

REMARK 1.10 (Counting zeros with multiplicity). Once we know that a nonconstant polynomial
has at least one complex root, we can strengthen the conclusion of the Fundamental Theorem of Algebra
and show that a polynomial p of degree n has exactly n zeros in C counted with multiplicity, by a purely
algebraic factorization argument.

Let p(z) be a nonconstant polynomial of degree n. By the Fundamental Theorem of Algebra, there
exists z; € C such that p(z;) = 0. Dividing p(z) by z — z,, the remainder must be the constant p(z;) = 0,
hence (z — z) divides p(z) and we can write

p(z) = (z — z))q,(2),

where ¢,(z) is a polynomial of degree n — 1. If ¢, is nonconstant, we can apply the theorem again to find

aroot z, of g, and factor
q1(z) = (z = 23)g,(2).
Iterating this process, we obtain
p(2) =c(z—-2z)(z—29) (2= 2,),

for some constant ¢ € C*, where the z;’s are complex numbers (not necessarily distinct).
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2. Holomorphic functions are analytic

A complex-valued function f defined on an open set Q C C is called (complex) analytic if for every
zo € Q, f admits a power series expansion about z, in some neighborhood of z.
We have seen that every analytic function is holomorphic. In this section, we will use Cauchy’s

integral formula to prove the converse: every holomorphic function is analytic.

THEOREM 2.1. Let Q C C be open and let f € O(Q). Fix zy € Q and a radius R > 0 such that
D(zy; R) C Q. Then for every z € D(zy; R),

o]

@)= a,z -z,
n=0
where the series converges on D(zy; R) and
1 f(w) f"(z0)
a, = — — dw-= .
27i Jop(zy:r) (W — zo)™F! n!

PROOF. Fix z € D(zj; R). By Cauchy’s integral formula,

ro=se [ Iy
i 0D(zy:R) w—z

1 1 . MY
w—z (w-—zy)—(z—2zy) w—z, -5’

Write

w—2z

For w € 0D(zy; R) we have |w — z5| = R, while |z — zy| < R, hence

7, — v
ol < 1.

w— zj

Therefore the geometric series gives

z—z
-2 (22
w-z,
_ Z (z—=2zy)"
-z (w — zO)n+l
Since f is continuous on the compact circle 0D(zO,R), there is M > 0 with |f(w)] £ M on
0D(zy; R). Moreover, for w € 0D(zgy; R),

and so

|z = zo|"
Rn+1

(z—=2zp)"
(LU _ Zo)n+1

'f(w)

[z—2p|"
R+

The majorant series Y, M converges, SO we may integrate term-by-term:

o]

(z—=2zy)"

f( ) - E /D(ZO :R) f(W) r;) (w - Zo)n+1 dw

S f(w) ]
2 (27” /6D(z0;R) (w — z)"+! dw) (2= %)

: Z a,(z — zp)",

n=0

which proves the power series expansion on D(zy; R).
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Finally, by Cauchy’s formula for derivatives,

s / faw )
7}

a, =
" 2mi Ry (W — zy)mt! n!
D(zy;R) 0 '

We remark that in the proof of Theorem 2.1, the only assumption on the disk is that
D(zy; R) C Q.

The specific value of R is irrelevant. In particular, if f is entire, then for every z; € C and every R > 0
the restriction of f to D(zq; R) has a power series expansion about z,. Hence every entire function

admits a global power series expansion about any center:

0 (n)
f(z) = gaa,,(z -z (z€C), a,= #

REMARK 2.2 (Analyticity in the real and complex settings). The terminology analytic is not re-
stricted to complex-valued functions. A real-valued function u on an open interval I C R is called (real)

analytic if for every x( € I there exists » > 0 and real coefficients ¢, such that

(o]

u(x) = Y e, (x=x)"  (Ix=xo <r).

n=0

For complex-valued functions we have proved the fundamental equivalence
holomorphic <= (complex) analytic.
For real-valued functions, analyticity is stronger than smoothness:
(real) analytic = C®,

but the converse is false.
Here is a typical example you should have seen in real analysis class. Define
e/ xz, x#0,
u(x) =

0, x =0.

Then u € C*(R) and all derivatives satisfy u"?(0) = 0, so the Taylor series at 0 is identically 0, yet
u(x) > 0 for x # 0. Hence u is not real analytic at 0.

3. The identity theorem

We now prove the identity theorem for holomorphic functions. It implies that a holomorphic function
is either identically zero, or else its zeros are isolated. This is another key difference between holomor-
phic functions and smooth functions: it is easy to construct a nonzero smooth function that vanishes on

a nonempty open subset. (See Remark 3.9.)

THEOREM 3.1 (Identity theorem). Let Q C C be a domain and let f € O(Q). If there exists a
sequence of distinct points z, € Q with z, = zy € Q and f(z,) = 0 for all n, then f = 0 on Q.
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PROOF. Since f is continuous, f(zq) = lim,_,  f(z,) = 0. Choose R > 0 such that D(z,; R) C Q.
By Theorem 2.1, f admits a power series expansion on D(zg; R):

f@) =) a,(z=z)"
m=0
If f # 0on D(zy; R), let k > 0 be the smallest index with a; # 0. Then
f@=z=2)"p@),  $2) =) au(z—z)"
m=0

and ¢ is holomorphic on D(zy; R) with ¢(z) = a; # 0. By continuity, ¢(z) # 0 for all z in some smaller
disk D(zq;r). But z, — z, implies z,, € D(z; r) for all large n, and then

0= f(z,) = (z, — 20)*¢(z,)

forces z, = z for all large n, contradicting that the z, are distinct. Hence f = 0 on a neighborhood of
Zg.
Now define

A :={z€Q : f vanishes on some neighborhood of z}.

We have A # @ and A is open by definition.

Now we prove A is also closed. For this, take a convergent sequence z,, € A that converges to
z € Q. Then for each m, f(z,) = 0. Therefore (z,,) is a sequence of zeros converging to z just as the
assumption we started with, and we have proved that f vanishes in an open neighborhood of z, and thus
z € A. This proves A is closed in Q.

Since Q is connected and A is nonempty, open, and closed, we conclude A = Q,so f =0on Q. U

REMARK 3.2 (A boundary accumulation of zeros does not force f = 0). The identity theorem
requires that the zeros have an accumulation point inside the domain. If a sequence of distinct zeros
z, € Q only accumulates at a boundary point z, € 0€2, then a nonzero holomorphic function may still
vanish at every z,,.

For example, let Q = D(0; 1) and

f(z) := sin(l !

) e o@.
Ifwesetz, :=1- ﬁ,thenzn €, z,—>1¢&Q, and

f(z,) =sin(nr) =0 (Vn),
but f # 0 on Q.

DEFINITION 3.3 (Extensions and analytic continuation). Let U C V' be subsets of C.
(1) Suppose f : U — Cand f : V — Csatisfy f|, = f, i.e.

f=fk) (Vzel).

Then we say that f is an extension of f from U to V.

(2) Suppose moreover that U and V are open, and that f € O(U) and f € O(V). Then we say that
f is a holomorphic extension/continuation (or analytic extension/continuation) of f from
UtoV.

From the identity theorem we obtain the following uniqueness statement for analytic continuation.
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COROLLARY 3.4 (Uniqueness of analytic continuation). Let Q C C be a domain and let U C Q be
a nonempty open subset. If f € OU) admits analytic continuations f, f, € O(Q), i.e.

fllU = f = f2|U7
then f| = f, on Q. In particular; f has at most one holomorphic continuation from U to Q.

PROOF. Let g := fl — f5, € O(Q). Then g = 0 on U. Choose any z, € U and r > 0 such that
D(zy;r) c U. Define

r
Z, i=Zog+ — > 1).
n 0 n (I’l = )
Then z, € D(zy;r) C U, the points z, are distinct, and z, — z,. Moreover g(z,) = O for all n. By the
identity theorem, g = 0 on Q. Hence f | = f2 on Q. (Il

REMARK 3.5 (Nonexistence of analytic continuation). A holomorphic function on an open set need
. . L : . 1

not admit any analytic contiuation to a larger domain. For instance, f(z) = — on C* = C \ {0} cannot
z

be extended holomorphically to C.

PROOF IDEA (SEVERAL QUICK CONTRADICTIONS). Suppose f € (C) satisfies f(z) =1 /z for
all z # 0. Then f cannot be continuous at 0 since % is unbounded as z — 0; contradiction. (You can
also obtain contradictions by looking at f’(0) from the definition, by integrating f around a small circle
centered at 0, by applying Liouville’s theorem to zf(z), or by using Cauchy’s integral formula to force a
value at O that is incompatible with fo=1 /z on C*.) U

Given a holomorphic function f on a domain U, one can ask whether it admits an analytic con-
tivation to a larger domain ¥V O U. A point where extension is impossible is called a non-removable
singularity of the continuation. We will introduce the terms of singularity in the next chapter. Here O is

a non-removable singularity of l, in fact, a simple pole singularity.
z

EXAMPLE 3.6. A power series may extend beyond its disk of convergence. For example, consider

the geometric series
[So]

Z z".

n=0
It has radius of convergence 1, hence defines a holomorphic function on D(0; 1). On |z| < 1 we have the

identity

- 1
,Z:’)an T

Since i is holomorphic on C \ {1}, this identity provides an analytic continuation of the power series
from D(0; 1) to C \ {1}. The obstruction to continuing further is the pole at z = 1.

EXAMPLE 3.7 (More analytic continuations from power series). (1) On |z] < 1 we have

(o]

n

—Log(l—z2)= Y %,
n=1

where Log is the principal logarithm on C \ (—o0, 1].
Thus the power series defines a holomorphic function on D(0; 1) which admits an analytic

continuation to C \ [1, o).
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(2) Consider the power series

[o0]

F(z) = Z 2",

n=0
The convergence radius is 1, hence defines a holomorphic function on D(0; 1). In fact, the unit

circle |z| = 1 is a natural boundary for F so that there is no holomorphic extension beyond the

unit disk. Here is some explanation.

REASON: Indeed, if ¢ is a root of unity, say ¢V = 1, then for every n > N we have

M =1
Write
N-1 0
F(ro)= ) 0"+ ), M —— .
n=0 n=N r=1

Since roots of unity are dense on the unit circle, every neighborhood of every point of |z| =1
contains such a ¢.

If F admitted a holomorphic continuation across some boundary point, then that continu-
ation would be locally bounded near that point, contradicting the fact that F(r{) — oo along a
sequence r¢ approaching it from inside the disk.

Hence F cannot be analytically continued across any point of |z| = 1, so the unit circle is

a natural boundary. O

REMARK 3.8. Analytic continuation is actually a very important terminology throughout mathe-
matics. For example, the famous Riemann Hypothesis concerns the analytic continuation of the Riemann

zeta function. Originally, the zeta function is defined by the convergent series
o |
£(z) = Zl —  R@>1L
n=

A fundamental result in complex analysis is that {(z) admits an analytic continuation to C \ {1}. The
Riemann Hypothesis asserts that all nontrivial zeros of this analytically continued function (that is, all

zeros other than the negative even integers —2, —4, —6, ... ) lie on the line
R(z) = 1
5

REMARK 3.9 (Smooth extensions are highly non-unique). If we replace “holomorphic” by “smooth”
(real C*), then extensions are typically abundant and far from unique. For example, define on R? the

smooth “bump” function
exp <__
g(x,y) = L=~
0, x>+ > > 1.

Then g is C*® on R? and satisfies g = 0 on the complement of the unit disk, but g is not identically zero.

In particular, the zero function on {x% + y* > 1} admits many different smooth extensions to R2.
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4. Morera’s theorem and its applications

4.1. Morera’s theorem. Morera’s theorem can be viewed as a converse to Goursat’s theorem (The-

orem 3.3): it gives an integral characterization of holomorphicity, which turns out to be very useful.

THEOREM 4.1 (Morera). Let D C C be an open set and let f . D — C be continuous. Assume that

/ f(z)dz =0.
oT

for every triangle T with T c D,

Then f is holomorphic on D.

PROOF. We prove that f is holomorphic by constructing a primitive F and showing F’ = f.
As in the proof of Cauchy’s theorem (via Goursat’s theorem), the assumption

/ f(z)dz =0 forevery triangle T with TcD
oT
implies that the line integral of f is path independent in the disk D. Hence, fixing z, € D, we may define

F(z) := f(w)dw, z€D,
yzo,z
where y_ _ is any oriented piecewise C! path in D from z, to z. This is well-defined.
Moreover, exactly the same computation as before shows that F is complex differentiable and

F'(z) = f(2) (Vz € D).

In particular note here we only need to assume f is continuous, instead of holomorphic.
Therefore F is holomorphic on D. Since f = F’, it follows from Theorem 1.5 that f is holomorphic
on D as well. ]

4.2. Glue holomorphic functions. Now we are going to use Morera’s theorem to discuss the gluing
of holomorphic functions. We begin with a special case, usually called the Schwarz reflection principle.
A set Q C C is called symmetric about the real axis if

zEQ < zeq.
For such a set, we write
Qt:={zeQ:Jz>0), Q :={zeQ:3Fz<0}, I :={zeQ:3z=0}.

Clearly,
Q=Q"uIuQ .

If Q is open in C, then Q* and Q™ are open (in C).
The Schwarz reflection principle addresses the following question: given a holomorphic function f
on Q*, when can we extend it holomorphically to all of Q? By the uniqueness of holomorphic continua-

tion (Corollary ??), if such an extension exists, it is unique.

THEOREM 4.2 (Schwarz Reflection Principle). Assume f is holomorphic over Q% and can be con-

tinuously extended to I, which means there exists a continuous function
f:Qtur-c

so that f| o+ = f. Then if f 1 is a real function, f has a (unique) analytic contiuation to .
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THEOREM 4.3 (Schwarz reflection principle). Assume f is holomorphic on Qt and extends contin-

uously to QT U I, i.e. there exists
f:Qtul-cC

continuous such that f| ot =f.If f ; s real-valued, then f admits a unique holomorphic continuation
to Q.

PROOF. Define F : Q — C by

f(2), ze€QF,
F(z) :=4f(2), z€el,
f(2), zeQ .
We first show that F is continuous on Q. On QF and Q~ this is clear. Let x € I. If z, — x with
z, € QT U I, then
F(z,) = f(z,) » [() = F(x)
by continuity of f. If z, — x with z, € Q, then z, — x with z, € Q*, so
F(z,) = f(z,) = f(x) = [(x) = F(x),

since f(x) € R. Thus F is continuous on €.
Next we show that F is holomorphic on Q" U Q™. On Q*, this is obvious since F = f.
If z € Q7, then for A& small enough,

F(z+h) - F(z) _fG+h—-f(Z) _ fGE+h)—f(2)
h Y h B 7 ’

Since f is holomorphic at Z € Q*, taking A — 0 gives

. F(iz+h)-F(2
lim =
h—0 h

1.

Hence F is holomorphic on Q™.

It remains to prove holomorphicity at points of /. Fix x € I, and choose a disk D centered at x with
Dc Q. We apply Morera’s theorem on D.

Let T be any triangle with T C D. For € > 0 small, set

T':={zeT:Jz>¢), T  :={z€T:Jz<-¢}, T :={z€T:—-e<Jz<L¢€}.

/F(z)dz:/ F(z)dz+/ F(z)dz+/ F(z)dz.
oT T oT- JT,

Since F is holomorphic on Q* and Q~, the first two integrals are 0. Thus

/F(z)dz:/ F(z)dz.
oT oT,

Now F is continuous on the compact set T, hence bounded there. The boundary 07, consists of two

Then

short vertical segments of total length O(e), whose contribution therefore tends to 0, together with two

horizontal segments L} and L_, one just above and one just below the real axis. By continuity of F, the
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integrals over L* converge to the integrals over the same segment on I, but with opposite orientations;

since F is continuous, these two limiting integrals cancel. Therefore

lim F(z)dz = 0.
e—0 aT5

Hence /0T F(z)dz = 0 for every triangle T C D. By Morera’s theorem, F is holomorphic on D, and
therefore at x.

Thus F is holomorphic on all of Q. By construction F|qg+ = f, so F is a holomorphic continuation
of f. Its uniqueness follows from Corollary 3.4. ]

The proof of the Schwarz reflection principle extends essentially verbatim to the following more

general gluing result.

THEOREM 4.4 (Symmetry principle). Let Q C C be an open set, and suppose that a piecewise C'

regular curve I divides Q into two open subsets Q% and Q. Assume that
[T e oQr)
and that each f* extends continuously to I (we continue to denote these extensions by f*). If moreover

ff@=f(@ (zeD,

then the function F : Q — C defined by

fT(z), zeQtul,
F(z) .=
f(2), zeQ,

is holomorphic on Q.

REMARK 4.5. The nontrivial point in these Schwarz-type symmetry principles is that for holomor-
phic functions, mere continuous gluing is enough to guarantee holomorphic gluing. This is another
important difference from smooth real-valued functions.

For example, consider
ffey =y Q" :={(x.y) €R>:y>0},
and
ff,y)=y onQ :={(xy eR’:y<0}.

They agree continuously on the boundary line y = 0, and each is smooth on its own side. Their continu-

ous gluing is the function
F(x,y) = Iyl

which is continuous on R? and smooth on Q* and Q~, but is not even differentiable on the x-axis. Thus,

unlike the holomorphic case, continuous gluing is not enough to guarantee smooth gluing.



86 5. CAUCHY’S INTEGRAL FORMULA AND ITS APPLICATIONS

4.3. Sequences of holomorphic functions. As another application of Morera’s theorem, we obtain
a fundamental stability result for limits of holomorphic functions.

Before stating it, let us recall two famous examples from real analysis due to Weierstrass.

REMARK 4.6. (1) The Weierstrass approximation theorem states that for every continuous

function
f i la,b] > R

is the uniform limit of a sequence of polynomials.
(2) On the other hand, Weierstrass also constructed examples of continuous nowhere differentiable

functions, for instance
o0

f(x) =) a"cos(b"xx),

n=0
for suitable constants 0 < a < 1 and odd integer b, satisfying an additional condition such as

3
b>1+—.
a 2

(3) These examples show that in real analysis, even uniform convergence on a compact set does

not in general preserve differentiability.

The situation is much better in complex analysis: holomorphicity is preserved under (locally) uni-

form limits.

THEOREM 4.7. Let Q C C be open, and let (f,),cz+ be a sequence of holomorphic functions.
Assume that f,, — f uniformly on every compact subset K C Q. Then f is holomorphic on €.

Moreover, for each m > 1, the derivatives f,S’") converge uniformly to f" on every compact subset
of Q.

PROOF. We prove the two statements separately.
Step 1: f is holomorphic. Fix z, € Q. Choose € > 0 such thatm C Q. To apply Morera’s theorem
on D(zy;€), let T be any triangle with TcC D(zy; €).

Since 0T is compact and f, — f uniformly on compact subsets of Q, we have uniform convergence

on dT. Hence
f(z2)dz = / lim f,(z)dz = lim / f,(2)dz =0,
oT oT "7*® = Jor

because each f, is holomorphic, so faT f.(z)dz = 0. By Morera’s theorem, f is holomorphic on
D(zy; €), hence at z,,. Since z, € Q was arbitrary, f € O(Q2).
Step 2: f, ,Em) — £ uniformly on compact subsets. We first prove the case m = 1, and then iterate.

Let K C Q be compact. For each z € K, choose r, > 0 such that

D(z;2r,) C Q.

Then { D(z;r,)},cx is an open cover of K. By compactness, there exist z|, ..., zy € K such that

J

N
Kcl|JDG;r),  rpi=r
j=1

Set

N
Fi= min r, >0, E::UD(Z 2r).

J
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Then K is compact and contained in . Moreover, for every z € K,

D(z;r) C K.
Indeed, if z € D(zj; rj) and w € D(z;r), then
lw—z;| <|lw-z|+|z—z;| <r+r; <2r,

sow € D(zj;er) c K.
Now f, = f uniformly on K. Hence for every € > 0, there exists N, such that for all n > N,
sup [f,(w) = f(w)| <e.
wek
Fix z € K. Since f, — f is holomorphic on D(z;r), Cauchy’s estimate gives
1 1 €
1/, = f'@] <= sup |f,(w) = f(w)] < = sup |f,w) - fw)] < -
r \w—z|=r wek r

Since this bound is uniform in z € K, we conclude that f ,; — f' uniformly on K.

87

Applying the same argument to the sequence f/ — f’, thento f” — f", and so on, proves induc-

tively that for every m > 1,
f(m) — f(m)
n

uniformly on every compact subset of €2.

REMARK 4.8. We make two remarks about the assumptions in the theorem above.

(1) The assumption that f, — f uniformly on every compact subset of € is often called com-

pact convergence (or local uniform convergence). This is much less restrictive than uniform

convergence on the whole domain, and is the natural notion in complex analysis.

For example, if we work on € = C and require that a sequence of entire functions { f,,}

converges uniformly to an entire function f on all of C, then for each n,
fo=f
is a bounded entire function. By Liouville’s theorem, f,, — f must be constant. Hence

fu=rf+c¢, for some constants ¢, € C, ¢, = 0.

So uniform convergence on all of C is far too restrictive and rules out most interesting examples.

A standard example is
n
k

E(z) := ) %

k=0
which converges compactly to e, but not uniformly on C.

(2) Another basic example is the sequence

fn(z)=Zn7 n=1,2,...,

on the unit disk D(0; 1). This sequence converges pointwise to 0 on D(0; 1), but it does not

converge uniformly on D(0; 1).

On the other hand, if K C D(0; 1) is compact, then the continuous function z — |z| attains

its maximum on K, say

r .= max |z|.
zeK
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Since K C D(0; 1), we have 0 < r < 1. Therefore, for every z € K,

|fu(@)] = |2|" <"

Because " — 0, it follows that f,, — 0 uniformly on K. Hence z" — 0 compactly on D(0; 1),

although not uniformly on the whole disk.

4.4. Holomorphic functions defined in terms of integrals. We have just proved that locally uni-
form limits of holomorphic functions are again holomorphic. The following theorem may be viewed as
an integral version of that result, since the integral can be approximated by Riemann sums of holomor-

phic functions. (See Remark 4.10 below.)

THEOREM 4.9. Let Q C C be open, and let
g . QAx[0,1]->C
be continuous. Assume moreover that for each s € [0, 1], the function
g =g8(,5:Q->C
is holomorphic. Define 1
f(z) = / g(z,s)ds.
Then f is holomorphic on Q. "

PROOF. We apply Morera’s theorem.
Fix a triangle T with T c Q. Since g is continuous on the compact set dT" X [0, 1], we may use

Fubini’s theorem to write

1 1
f(z)dz=/ / g(z,s)dsdz:/ / g(z,s)dzds.
oT oT Jo o Jor

For each fixed s, the function g is holomorphic on £, so by Goursat’s theorem,

/ g(z,s)dz = 0.
oT

1
f(z)dz=/ 0ds=0.
oT 0

Since f is continuous on €2 (as an integral of a continuous function), Morera’s theorem implies that f is

Hence

holomorphic on Q. U

REMARK 4.10. There is another proof using Theorem 4.7 and we leave full details to the reader.

For each n > 1, define the Riemann sum

n
1 k
fn(z) L ; Zg(z’ ;) .
k=1
Each f, is holomorphic on €, and by uniform continuity of g on K X [0, 1] for every compact K C €,
the sequence (f,) converges uniformly to f on K. Hence f is holomorphic by Theorem 4.7.



CHAPTER 6

Local properties of singularities

As we have seen from the previous chapters, holomorphic functions are remarkably rigid, and much
of complex analysis is concerned with how far a holomorphic function can be extended and what prevents
such an extension. In this context, singularities arise naturally.

A singularity is not merely a “bad point” where a formula breaks down. Very often, singularities
capture essential information about the function. For example, analytic continuation is governed by the
nature of singularities: some are removable, some are poles, and some lead to much more complicated
local behavior.

Singularities also play an important role in applications, especially in contour integration as we will
see, where the contribution comes from the singularities inside the contour.

In this chapter, we will focus mainly on the local properties of isolated singularities. We will also
introduce the Riemann sphere, and briefly discuss more general Riemann surfaces and holomorphic

maps. This point of view is very helpful for understanding poles and meromorphic functions.

1. Isolated singularities

In general, if S’ C Q, we say that a point z;, € .S is an isolated point of S if there exists an open disk
D centered at z, such that
DnS ={z}.
Now suppose € C C is an open set, S C Q is a closed subset, and

f:Q\S->cC

is holomorphic. Then we may think of .S’ as a set of possible singularities of f.

If z, € § is an isolated point of S, equivalently, if there exists > O such that
D*(zg;r) C Q\ S,
then z;, is called an isolated singularity of f.

EXAMPLE 1.1. Consider the function

1
I@= Sarn
This function is holomorphic on
C\({O}u{i : neZ\{O}}),
ni
since sin w = 0 exactly when w = nx, n € Z.
The singular set is
s :={0}u{i : neZ\{O}}.
nm
This set accumulates at 0, since
1 -0 (n > ).
nrw

89
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Therefore 0 is not an isolated singularity of f. However, every other point of .S is an isolated singularity.
In this chapter, we will mainly study isolated singularities.

1.1. Local behavior of isolated zeros. Before classifying isolated singularities, let us first recall
some basic facts about isolated zeros of holomorphic functions. The relation between zeros and singu-
larities will become especially transparent later from the point of view of the Riemann sphere.

Suppose f is a holomorphic function on an open set Q C C. A point z, € Q is called an isolated
zero of f if

f(zg) =0.

By the Identity Theorem 3.1, if f # 0 in a domain Q, then every zero of f in Q is isolated. Locally,
near an isolated zero z, the function f admits a particularly simple form.

PROPOSITION 1.2. Let Q C C be open and connected, and let f € O(Q) with f # 0. If z; € Q
is a zero of f, then there exist an open disk D C Q centered at z,, a nowhere vanishing holomorphic

Junction g € O(D), and a positive integer n such that
f(2)=(z—-2z9"¢(zx)  (z€ D).

PROOF. By the Identity Theorem 3.1, z, is an isolated zero of f, so after shrinking to a small disk
D c Q centered at z,, we may assume that z is the only zero of f in D.
Since f is holomorphic, it has a power series expansion about z:

0]

f@) =Y az=z)" (z€ D).

k=0

Because f(z,) = 0, we have g, = 0. Since f # 0 on D, there exists a smallest integer n > 1 such that

a, #0.
Thus we may factor
@) =(2-20)"8(2),  8(2) 1= ) au(z -z,
k=0
The function g is holomorphic on D, and nowhere vanishing on D. In particular, g(z,) = a,, # 0. (I

The integer n is uniquely determined by f. Indeed, if

f(2) = (z - 29)"g(2) = (z =~ 2p)"h(2),
where g and A are holomorphic and nowhere vanishing near z,, then n = m. For if n < m, then for
z # zy,
8(z) = (z = z)""(2).

Letting z = z, there is g(z,) = 0, a contradiction.
This uniquely determined integer n is called the order (or multiplicity) of the zero z,. A zero of

order 1 is called a simple zero.
EXAMPLE 1.3. (1) The point z,; = 0 is a simple zero of

f(z) =z, sin z, e —1.
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This is easy to see from the power series expansions at 0:

3 2
. Z V4
sinz = z—§+---_z(1_§+...),
2
- = Z_ cee = i eee
ec—1 = z+2!+ z(1+2!+ ).

(2) The point z, = 1 is a zero of order 2 of

f(2)=(z -1z -).

More general, let p(z) be a nonconstant polynomial. By the Fundamental Theorem of Algebra,
p can be written as
m
@ =a]]z-aym,
j=1
where a # 0, the a; € C are distinct, and n ;€ Z*. Then for each j, the point a; is a zero of

order n; of p in C. Thus, for polynomials on C, the order of a zero agrees exactly with the usual
multiplicity of the corresponding root.
If one is only considering p as a holomorphic function on some open set  C C, then of

course one only discusses those zeros a; that lie in Q.
1.2. Types of isolated singularities. We start with three examples of isolated singularities.

EXAMPLE 1.4. Let
2

f(z)=Z?, z € C*.

Then z, = 0 is an isolated singularity of f. In fact, this singularity is very mild: since f(z) = z for
z # 0, we can define f(0) = 0, and then f extends to the holomorphic function

f(z)=z

on all of C. Such a singularity is called a removable singularity.

DEFINITION 1.5. Let f be holomorphic on Q* := Q\ {z,}, where z, € Q. We say that z; is a
removable singularity of f if f admits a holomorphic extension to €2.

Clearly if such a holomorphic extension exists, then lim__, . f(z) exists and is exactly the value of

Z—2Z

the extension function takes at z,.

EXAMPLE 1.6. Let
f(z2)= l, ze C*.
z
Then z, = 0 is again an isolated singularity. This time, however, f cannot be extended holomorphically

across 0. This is the basic example of a pole.

DEFINITION 1.7. Let f be holomorphic on Q* := Q\ {z,}, where z, € Q. We say that z,
is a pole of f if f is nowhere vanishing near z, on some punctured neighborhood, and 1/f extends
holomorphically across z, with a zero at z;,. The order of this zero is called the order of the pole. A pole

with order 1 is also called a simple role.

Notice that if z is a pole, then
lim |f(z)| = +c0.

z—2,
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EXAMPLE 1.8. Let
f(z) = ez, z € C*.

Then z; = 0 is also an isolated singularity, but again f cannot be extended holomorphically across 0.

This singularity is much more complicated than a pole; it is called an essential singularity.

DEFINITION 1.9. Let f be holomorphic on Q* := Q\ {z,}, where z, € Q. If z, is neither a
removable singularity nor a pole, then z is called an essential singularity of f.

This above example f(z) = e!/% has z, = 0 as an essential singularity. We look at the limit behavior
of f atOQ.
Write z in polar form:

z=re".

Then

1 _ 16_,-9 _cosf isin@

z r R r’
SO

fz)y=e? = exp(w> exp(— lw> )
r r
Hence
7] = exp(<22).

Now the behavior depends strongly on the direction in which z — 0:
() If0 =0,i.e. z=r> 0, then
f(z)=e" 5 .
) If0 =mx,ie. z=—r <0, then
fzy=e" 5 0.

3) If6 = %, i.e. z = ir, then
f@=e'l",

so | f(z)| = 1, but the argument oscillates more and more rapidly as » — 0. In particular, the

limit does not exist.

Thus f(z) = e'/# has no single limiting behavior as z — 0: along different paths, it can tend to co,
tend to 0, or oscillate. This shows that the singularity at 0 is much more complicated than a removable
singularity or a pole.

In fact, near an essential singularity, the behavior is much wilder: in every punctured neighbor-
hood of 0, the function e!/? comes arbitrarily close to every nonzero complex value. This is the Caso-
rati-Weierstrass theorem which we will discuss later.

The following theorem of Riemann gives us a simple way to classify isolated singularities by the

behavior of f(z) as z — z.

THEOREM 1.10 (Riemann’s theorem on removable singularities). Let Q C C be open, let z, € Q,
and let [ be holomorphic on Q* = O(Q \ {zy}).
Assume that [ is bounded near z,. Then f extends holomorphically across z,. In another word, z

is a removable singularity if and only if f is bounded near z,,.
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PROOF. It suffices to work locally near z,. Choose R > 0 such that
D(zy; R) C Q
and f is bounded on D(zy; R) \ {z,}, say

If@I <M  (0<|z-z)|<R).

2(2) : L/lg f(©) dc.

B 2mi —ZO|=RC_Z
By the Cauchy integral construction, g is holomorphic on D(zy; R).
We claim that

Define, for z € D(z,; R),

g2)=f(z)  (0<|z-2z]|<R).

Fix such a point z. Choose r > 0 and £ > 0 so small that the closed disks

D(z;r), D(zy;€)

are disjoint and both lie in D(zy; R).
Apply Cauchy’s theorem to the region

D(zy: R) \ (D(z;r) U D(zy;¢)),

on which the function

f(©)
{—
-z
is holomorphic. Its boundary consists of the outer circle d.D(z,; R), the small circle 0.D(z; r) with oppo-

site orientation, and the small circle 0 D(z,; €) with opposite orientation. Hence

f(©) / f(©) f (&)
d¢ = dc + dc.
/|c—zO|=R -z lc—zl=r € = Z lg—zol=¢ ¢ =2
Dividing by 2xi, we get
1 O L1 @)
8= o /lg_zlzr =2 i -2

The first term is equal to f(z) by Cauchy’s integral formula.

For the second term, if € > 0 is sufficiently small, then on the circle |{ — z,| = € we have

1
& —z| > Elz—zol-

L/ 1© 40
|

2ri E—zgl=¢ é: —Z

Therefore

M 2M
1

5%-(2%6)- = E.
4 71z =z |z = 2|

Hence this term tends to 0 as € — 0. Therefore
g2)=f(m  (0<|z-z]|<R).
Thus g is a holomorphic extension of f across z. U
As a corollary, we obtain the following characterization of poles.
COROLLARY 1.11. Let f be holomorphic on Q* := Q\ {zy}. Then z, is a pole of f if and only if

|f(2)] = +o0 as z — z.
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PROOF. Assume first that z, is a pole of f. Then by definition, 1/f extends holomorphically across

(%) (z) = 0.

Zg, and

Since 1/ f is continuous at z,, we have

1 -0 asz > z
f(2) o
Hence
1
/(2| = 57— — +oo.
11/ f(2)]
Conversely, assume
| f(2)] = +o0 as z — 2.

Then for z sufficiently close to z;, we have f(z) # 0, and

1
— =0 as z — z.
f(2)
In particular, 1/ f is bounded near z,. By Riemann’s theorem on removable singularities, 1/ f extends
holomorphically across z, and the extension takes value O at z,. Therefore z is a pole of f. ]
EXAMPLE 1.12. (1) We have seen that the point z; = 0 is an essential singularity of
f(z) = ez

More concretely,

e lim e'Y%=+4o0;
z—0, zERT

e lim e'/F=0;
z—0, zER~

« along the imaginary axis, e!/? oscillates rapidly, so

lim e!/
z—0, z€iR

does not exist.
Thus the behavior near 0 is much more complicated than in the removable or pole case.
More generally, if p(z) has a pole at z;, then

eP@

typically has an essential singularity at z,. For example,

el/zz’ el/(z—l)

have essential singularities at 0 and 1, respectively.

(2) The point z; = 0 is also an essential singularity of

f(z) =sin(1/z), cos(1/z).
For example,

sin(1/z) =0 when z= i, ne Z\ {0},
nm

and
sin(l1/z)=1 when z= ”;, neZz.
5 + 2nrx
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Both sequences tend to 0, so sin(1/z) has no limit as z — 0. Hence the singularity is not
removable.

On the other hand, sin(1/z) does not tend to oo as z — 0, since along the first sequence
above it is identically 0. Therefore the singularity is not a pole. It follows that O is an essential
singularity of sin(1/z).

The same reasoning applies to cos(1/z).

1.3. Behavior near an essential singularity. We have seen that the function

f)=e'?

has no single limiting behavior as z — 0: along different paths, it can tend to oo, tend to 0, or oscillate.

In fact, the behavior is much wilder. Fix any w # 0. Solving
e!/? = w
is equivalent to solving
1
- =logw,
z
where log w is multivalued. Thus
14 In |w| + i(Argw + 2kx), keZ,
z

and hence
1

\ . kezZ
“ 7 Inwl + i(Argw + 2k7)

These give infinitely many distinct solutions, and as |k| — oo, they satisfy
z—=0.

So in every punctured neighborhood of 0, the function !/ takes every nonzero complex value infinitely
many times.

In fact, this is a special case of the following deep theorem.

THEOREM 1.13 (Great Picard Theorem). Let z, be an isolated essential singularity of a holomorphic
function f. Then in every punctured neighborhood of z, the function f takes every complex value, with

at most one exception, infinitely many times.

In the example above, 0 is the exception point.

The proof of the Great Picard Theorem requires substantially deeper techniques than those developed
in this course, so we will not present it here. Instead, we will prove a much simpler but still very important
result, the Casorati—-Weierstrass theorem. Although it is weaker, it already shows that the behavior near

an essential singularity is extremely wild.

THEOREM 1.14 (Casorati-Weierstrass Theorem). Let z, be an isolated essential singularity of a
holomorphic function f. Then for every r > 0, the image

f(D*(zg:1)), D*(zg:r) ={0 < |z| <r},

is dense in C.
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PROOF. We argue by contradiction. Suppose there exists » > 0 such that
f (D*(Zo; r ))

is not dense in C. Then there exists a point w, € C, an € > 0, and a punctured neighborhood D*(z; r)
such that

f(z2) & D(wy; €) for all z € D*(zy; r).
In other words,
[f(z) —wy| > € for all z € D*(zy; r).
Consider the function

_ 1
g(z) : 7@ —wy

Then g is holomorphic on D*(z,; ), and moreover
lg(2)| < 1 for all z € D*(z; r).
e

Thus g is bounded near z,. By Riemann’s theorem on removable singularities 1.10, g extends holomor-
phically across z.
Now there are two cases:

Case 1: g(z) # 0. Then g is nonzero in some neighborhood of z, so

1
f(2) —wy=—
e
extends holomorphically across z,. Hence f itself extends holomorphically across z, so z; is a remov-
able singularity. This contradicts the assumption that z is essential.

Case 2: g(z) = 0. Then g has a zero at z,, so 1/g has a pole at z,. But

1
@ = f(z) - Wy,
hence f —w, has a pole at z, and therefore f also has a pole at z,. Again this contradicts the assumption
that z, is essential.
In either case we obtain a contradiction. Therefore f (D*(zo; r)) must be dense in C for every

r>0. O

1.4. Local characterization near a pole. We now study poles more closely. Recall that an isolated
singularity is a pole precisely when its reciprocal extends holomorphically and vanishes at that point.

From Proposition 1.2, we obtain the following local description of a holomorphic function near a
pole.

PROPOSITION 1.15. Let f be holomorphic on Q* := Q \ {z,}, and assume that z, is a pole of f.
Then there exist an open disk D C L centered at z, a nowhere vanishing holomorphic function h on D,

and a positive integer n such that

h
flz) = &

—m (ZED*:=D\{ZO}).

The integer n is the order of the pole at z,,.
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PROOF. Since z; is a pole of f, the function 1/ f extends holomorphically across z, and the exten-
sion has z; as a zero. By Theorem 1.2, after shrinking to a small disk D C € centered at z;, we may

write

1 n
7 =(z — zy)"g(2),

where g is holomorphic and nowhere vanishing on D, and n > 1 is the order of the zero of 1/ f at z,,.

Hence on D*,

1 h(z) 1
f(z)= = , where h(z) ;= —.
(z—29)"8(2)  (z—zp)" 8(2)
Since g is nowhere vanishing and holomorphic on D, so is A. O
EXAMPLE 1.16. (1) The functions
1 1 1
S = z’ sinz’ et —1

all have z, = 0 as a simple pole. Indeed, sin z and e* — 1 both have simple zeros at 0.

(2) The function
1
1= ey

has zy = 1 as a pole of order 2, and z, = i as a pole of order 3.

More generally, consider

z
&= —gz(z)iz oz =z
where zy, ..., z; are distinct points in C, each n; € Z, and g is holomorphic and nonvanishing
at zj, ..., z,. Then f has a pole of order n;atz; foreachj =1,... k.
Equivalently, if
8(z)
f(2)= D)

where p is a polynomial and g is holomorphic and nonvanishing at every root of p, then the
poles of f occur exactly at the roots of p, and the order of each pole is the multiplicity of the
corresponding root of p.

(3) When a function has the form
g(2)
z) = —,
f&) =7 @
possible singularities arise from zeros of 4. If g also vanishes at such a point z, then one must
compare the orders of vanishing of g and # at z,, to determine the type of singularity.

For example,
2

@)=

has a removable singularity at z, = 0. Indeed,

2
Z_ 1= z Lz
e —l—z<1+2!+3'+ ),
so near 0,
z
f)=———!
1+ 31 + 3 +
and the denominator is nowhere zero near 0. The holomorphic extension takes value O at z = 0.
On the other hand,
z
g8(2) = ———
(e* —1)
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has z, = 0 as a simple pole. Indeed, writing e* — 1 = z h(z), where £ is holomorphic and

nowhere vanishing near 0, we get

gy=—2 =1
(zh(2))?  zh(z)?

which has exactly one factor of z in the denominator.
As a corollary, we obtain the following local Laurent expansion near a pole.

THEOREM 1.17. If f has a pole of order n at z, then on some small disk D centered at z,, f can
be written as
C-(n-1) €

(L.1) fl)= —" 4 bt

(z=2zp)"  (z—zo)"! z — 2

+ g(2),

where g is holomorphic on D, the coefficients
C_n, C_(n_l), w s C_l (= C,
and c_, # 0.

PROOF. By Proposition 1.15, on some small disk D centered at z;, we may write

h(z)
f@2)= _,
(z = zgp)
where £ is holomorphic on D and hA(z;) # 0.
Expand A into its power series at z:
h(z) = Z a(z — zO)k.

k=0

Then
= 1D Zicow@ %)
T (z- Zo)" B (z = zg)"
Separating the first n terms, we get
4 a Ap-1 < k=n
f(z) = + + -+ + ) a(z—zp)" "
(z—zp)"  (z—zo)! zZ =2z ]; k 0
Now define
C_n =ao, C—(}’l—l) =al, ooy C_l =an_1,

and

[So]

g(2) 1= Y ay(z—zp)"™".

k=n

Then g is holomorphic on D, and (1.1) follows. Since A(zy) = ag # 0, we have c_, # 0. [l

The sum of the n negative-power terms

C-(n-1) c_1

C_n
Pf(Z) = (Z — ZO)" (Z — Zo)n—l p—

is called the principal part of f at the pole z;,.
The coefficient c_; is called the residue of f at z,, and is denoted by

Res._ . f:=c_.
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Notice that among the terms in the principal part, only the term

C-1

zZ—Z
fails to have a holomorphic primitive on the punctured disk. Therefore, if y is a counterclockwise loop

surrounding z, and z;, is the only singularity of f inside y, then
jl{f(z) dz =2xi ResZ:ZOf.
Y

This is the simplest form of the residue formula. We will discuss the general case in the next section.

To calculate residues, the following formula is useful.

PROPOSITION 1.18. Let zy be a pole of order n of f. Then

n—1
L 4% (- zpy'f(2)

Res._. f = rErE e

In particular, if z, is a simple pole of f, then
Res., /[ = lim (2~ 20)/ (2)
Let us look at some examples.

EXAMPLE 1.19. (1) Consider

e—Z

fO=1rz

Find the singularities in C, determine their types, and calculate the residues at the poles.
SOLUTION. The singularities occur where
1+2z2= 0,

namely at z = +i. Since

1+ 22 =z-i(z+1i),

and e~ # 0 everywhere, both z = i and z = —i are simple poles.
Write
e—Z
Z)= ————.
/@ (z=-i)(z+10)
Then
R ! . ez e’
es,_;f = Z1_11)[}(z— Nf(z)= il a7
Similarly,
. e ? el
Res._f = lim(z+1)f(x) = ~—| =-=
z——i Z— 1= 2i
O
(2) Consider
(22 - 1)

&= B o)

Find the singularities in C, determine their types, and calculate the residues at the poles.
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SOLUTION. The singularities are at

The point z = 0 is a pole of order 2, while z =2 and z = % are simple poles.

For the simple poles,

: (22 -1y 9 3
Res._,f =1lim(z—-2)f(z) = —— = Z =
=/ =limE-2@) = S| =5 =3
Also,
2_12
Resz_lf=lim(z—l>f(z):hmu=_z
Y 2 1222z =2) 4

For the pole at z = 0, since it is of order 2, we use the residue formula:

2 1\2
Res,_of = 2 (&)

dz \(z=-2)2z-1/|__,

A direct computation gives
5
Res,_of = T
Another way is to use the identity
(2 -1 =z =22 +1,
o)
z? 2 1

f(z)=

- + :
z-2)2z-1 (z-2)2z-1) 2z2(z-2)2z-1)
Near z = 0, the first two terms are holomorphic, so they do not contribute to the residue. Hence

1

Res._,f =Res__ .
=0/ = 2(z-2)Qz-1)
Now
1 ot 1
z22(z-2)2z—-1) 2z2 1-%2 1-2z
Thus
1 1 z z\? )
= 1+—+<—> Fo ) (1422 4+ Q2%+ ).
z22(z=-2)2z—-1) 222 < 2 2 ) ( (22) )

To obtain the residue, we need the coefficient of z~!. Since there is a factor 1/ (2z%) outside,

this comes from the coefficient of z! in

2
<1+§+(§)-+~)(1+2z+@@2+~).

That coefficient is

1
2+~ =
2

N

Hence

Res,_of =

N |
A

=
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2. Riemann sphere and an introduction to Riemann surfaces

2.1. The extended complex plane and the Riemann sphere. Consider the sphere

» :={(X,Y,Z)€[R3 : X2+Y2+22=i}.

We equip X with the subspace topology induced from the Euclidean topology of R3. Since X is a closed
and bounded subset of R3, it is compact.
Let

N= (0,0,%), S = (0,0,—1>
be the north and south poles. Then
Uy =2\ (N}, Ug:i=Z\(S)

are open subsets of X, and

We now define two coordinate charts by stereographic projection. Projecting from the north pole N
onto the plane Z = —%, and identifying that plane with C by

(X,Y,=3) — X +iY,
we obtain a homeomorphism
zy Uy = C.
Similarly, projecting from the south pole S onto the plane Z = %, and identifying that plane with C by
(X,Y,3)— X —iY,

we obtain a homeomorphism

(The use of X — iY rather than X + iY in the second chart is important: with this choice, the transition
map becomes holomorphic.)
On the overlap Uy NUg = 2\ {N, S}, the transition map is

_ 1
7rSo7z'N1 : C* = C*, zZ — p

where C* = C \ {0}. Since z — 1/z is biholomorphic (i.e., the map and its inverse map are both
holomorphic.) on C*, these two charts are compatible.

Thus X, equipped with the charts (U, 7)) and (Ug, 7g), carries a natural complex structure.

A third chart (U, ¢) on X is called compatible with these two charts if all transition maps are biholo-
morphic wherever they are defined. For example, stereographic projection from any other point of the
sphere onto a suitable plane also gives a compatible chart.

The Riemann sphere structure on X is defined to be the collection of all complex charts on X that
are compatible with (U, 7y ) and (Ug, 7g). In other words, it is the maximal complex atlas determined

by these two stereographic charts. We denote the resulting Riemann surface by C.



102 6. LOCAL PROPERTIES OF SINGULARITIES

2.2. General Riemann surfaces. More generally, a Riemann surface (also called a 1-dimensional
complex manifold) is a Hausdorff and second countable topological space equipped with a maximal

complex atlas, that is, a collection of charts (U, ¢), where U is open and
¢:U—->¢pU)cC

is a homeomorphism onto an open subset of C, such that all transition maps are biholomorphic.

The Riemann sphere constructed above is a Riemann surface whose underlying topological space is
the sphere.

We now look at another example.

EXAMPLE 2.1 (The complex torus). Fix w € C \ R, and let
A, =Z+ZwCC.
Define an equivalence relation on C by
Z1~ 2y — Zl—ZzeAw.

Let

X, :=C/~
be the quotient space, and denote by

r:C-X,

the quotient map. Topologically, X, is a torus.
We now define a complex atlas on X . For each point [z] € X, choose a representative z € C, and

then choose a sufficiently small open disk D, C C centered at z such that
D,Nn(D,+1) =0 forall A € A, \ {0}.
Then the restriction
zlp, : D; —» n(D;)

is a homeomorphism. Hence we obtain a chart
¢, :n(D,)—> D, CcC

defined by
¢.(w)) = w,
where w is the unique representative of the class [w] lying in D, .
A point of X, belongs to infinitely many such charts, since it has infinitely many representatives in
C. If two such charts overlap, then the corresponding transition map is given by translation by an element
of A,,, and hence is biholomorphic.

Therefore X, carries a natural Riemann surface structure. It is called a complex torus.

REMARK 2.2. Another natural way to encounter complex tori is through multi-valued functions such

as

Vz(z—zg)(z—2z)), (29 #0, z; #0, zg # 2)).
In order to make such a function single-valued, one is naturally led to pass from the complex plane to
a two-sheeted branched covering. After compactifying by adding the point at infinity, one obtains a

complex torus.
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These two constructions of complex tori are related by the Weierstrass go-function, which we will
not discuss in further detail here.
This way of introducing Riemann surfaces from multi-valued functions reflects one of Riemann’s

original motivations for introducing the concept of a Riemann surface.

2.3. Holomorphic maps between Riemann surfaces. The existence of complex charts allows us

to speak about holomorphic maps between Riemann surfaces.
DEFINITION 2.3. Let X and Y be Riemann surfaces, and let
F:X->Y
be a continuous map. We say that F is holomorphic if for every point p € X, there exist charts
(U,¢) around p, (V,y) around F(p),
with F(U) C V, such that the coordinate expression
woFo¢™' 1 p(U) — y(V)CC

is a holomorphic function.

If F is bijective and both F and F~! are holomorphic, then F is called a biholomorphic map, or a
biholomorphism. If there exists a biholomorphic map between Riemann surfaces X and Y, then we say
that X and Y are biholomorphically equivalent.

Notice that the above notion is independent of the choice of charts. This follows from the compati-
bility of the charts: changing charts replaces

yoFog™!

by compositions with biholomorphic transition maps, and such compositions preserve holomorphicity.
We will use O(X,Y) to denote the set of holomorphic maps from the Riemann surface X to the

Riemann surface Y.

REMARK 2.4. If two Riemann surfaces are biholomorphically equivalent, then from the point of
view of complex analysis they should be regarded as the same Riemann surface. The theory of Riemann
surfaces studies such surfaces only up to biholomorphic equivalence.

A fundamental, but highly nontrivial, consequence of the uniformization theorem is that every com-
pact Riemann surface whose underlying topological space is the sphere is biholomorphic to the Riemann
sphere C. In this sense, the sphere carries a unique complex structure up to biholomorphism.

The situation is different for the torus. We constructed a complex torus X, using w. Different values

of w can define Riemann surfaces that are not biholomorphic. More precisely,

X, =Xy
if and only if
y _aw+b
co+d

for some

<a b>
€ PSL,(2Z).
c d

Thus the biholomorphism classes of complex tori are parametrized by

H/PSL,(Z).
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For compact Riemann surfaces of genus g > 1, there are continuously many non-biholomorphic
complex structures. In fact, the set of biholomorphism classes has a rich geometric structure and is,
away from finitely many exceptional points, a complex manifold of dimension 3g — 3.

These spaces of equivalence classes are called the moduli spaces of Riemann surfaces. Such spaces

play an important role in many areas of modern mathematics.

2.4. Pole singularities revisited. The Riemann sphere provides a very natural geometric interpre-
tation of poles. A pole is not merely a point where a function “blows up”; rather, it is a point where the
function takes the value oo.

Let Q c C be open, and let

£\ {z)—~C

be holomorphic. Suppose that z; is a pole of f. Since Q is itself a Riemann surface, we may define a

map
F:Q-C
by
f(z)a Z # Z()7
F(z) =
0, z =2z

Using the local coordinate w = 1/{ near oo on C, one sees that F is holomorphic at z,: indeed, near z,,
1

f@

extends holomorphically and vanishes at z,. Thus a pole may be viewed as an ordinary holomorphic

point once the target is enlarged from C to C.

REMARK 2.5. Strictly speaking, C is the Riemann surface structure carried by the sphere . Under
the chart
my 1 Z\{N} - C,
the complement of the north pole N is identified with the complex plane, and the point co € C corre-
sponds to N € X. Thus the map F above may equally well be viewed as a holomorphic map

F:Q-—>2X

which agrees with f on Q\ {z,} under the identification X\ { N } = C, and sends the pole z, to the north
pole N.

DEFINITION 2.6. Let Q C C be open. A function
f:Q\Z->C

is called meromorphic on Q if

(1) Z c Q has no limit points in Q when Z # @;
(2) f is holomorphic on Q\ Z;
(3) every point of Z is a pole of f.

EXAMPLE 2.7. (1) The function
f@y=z+1
z

is meromorphic on C. It is holomorphic on C \ {0}, and z = 0 is a simple pole.
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(2) More generally, every rational function

_ 2
q(z)’

where p, g are polynomials with no common factor, is meromorphic on C. Indeed, f is holo-

f(2)

morphic away from the zeros of g, and each zero of g gives a pole.

(3) Not every meromorphic function on C is rational. For example,

f2)= ——

sinz
is meromorphic on C, but it is not rational. Its poles occur exactly at the zeros of sin z, namely

at

Z = Nnrm, ne<z.

We denote by M(Q) the set of meromorphic functions on Q. By the same argument as in the case of

a single pole, a function on Q is meromorphic if and only if it may be regarded as a holomorphic map
Q- C

which is not identically equal to co. In other words, M (£2) may be identified with the set of holomorphic

maps

A~

Q—-C

other than the constant map to co.

2.5. The singularity at co. The Riemann sphere allows us to treat the point oo just like an ordinary
point. Under the identification of the extended complex plane with the Riemann sphere, the point co
corresponds to the north pole N. Thus neighborhoods of co may be understood as neighborhoods of the
north pole, and the stereographic projection from the south pole gives a chart containing N.

Under this chart, a convenient local coordinate near oo is

w=-.
z
In this coordinate, points near oo correspond to points near 0 in the w-plane. Equivalently, a punctured
neighborhood of co corresponds to a punctured neighborhood of 0.

To understand a function f defined near co, we consider the function
gw) 1= f(1/w)
near 0. In this way, the behavior of f near oo is translated into the behavior of g near 0.
DEFINITION 2.8. Let f be defined on
{zeC:|z| >R}
for some R > 0. We say that f has an isolated singularity at oo if the associated function
gw) = f(1/w)
has 0 as an isolated singularity. Equivalently, f is holomorphic outside some large disk.

Once f has an isolated singularity at co, we classify it by passing to g(w) = f(1/w).
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DEFINITION 2.9. Suppose f has an isolated singularity at oo, and let

g(w) = f(1/w).
We say that f has
(1) aremovable singularity at oo if g has a removable singularity at O;

(2) a pole of order » at oo if g has a pole of order n at 0;
(3) an essential singularity at oo if g has an essential singularity at 0.

In other words, the singularity type of f at oo is exactly the singularity type of g(w) = f(1/w) at 0.
EXAMPLE 2.10. (1) Consider the function

f(2) = ——

sin z
has poles at
Z = nrm, ne-z,
and these poles have arbitrarily large modulus. Equivalently,

8w = F0/0) = s
has singularities at
w= L, ne Z\ {0},
nw
which accumulate at 0. Thus oo is not an isolated singularity of 1/ sin z.
(2) Let
f@)=1.
Then
gw) = f(1/w) = w.
Since g extends holomorphically across 0, the function f has a removable singularity at oco.
(3) Let
f(z)=2z2", n>1.
Then
g(w) = f(1/w) = —.
Thus g has a pole of order » at 0, so f has a pole of order n at co.
(4) Let
f(z)=¢"
Then
g(w) = e'/v.

Since e!/* has an essential singularity at 0, the function e? has an essential singularity at co.

DEFINITION 2.11. A function f is called meromorphic on the extended complex plane if

(1) f is meromorphic on C, and

(2) oo is either a removable singularity or a pole of f.

REMARK 2.12. Since the extended complex plane, which is identified with the Riemann sphere C,

is compact, a meromorphic function on C can have only finitely many poles.
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We denote by M(@) the set of meromorphic functions on C. By the same reasoning as before, every

such function may equivalently be viewed as a holomorphic map

A

€->¢C
which is not identically equal to oco.

In fact, we have the following theorem.

THEOREM 2.13. A function is meromorphic on C if and only if it is rational, i.e.,
M(©) = C(2).

PROOF. We first show that every rational function is meromorphic on C.
Clearly it is the case when f = 0. Now let
_ p(2)
qa(z)’
where p, g are nonzero polynomials. After canceling common factors, we may assume that p and g have

f(2)

no common factor. Then f is holomorphic on C away from the finitely many zeros of g, and each zero
of g gives a pole of f. Thus f is meromorphic on C.

It remains to consider the point co.

If deg p < degg, then | f(z)| is bounded for |z| large. By Riemann’s removable singularity theorem
1.10, oo is a removable singularity.

If deg p > degq, then f(z) - o as z — o0, S0 o is a pole by the corollary of Riemann’s removable
singularity theorem 1.11.

Hence every rational function is meromorphic on C.

Conversely, let f € M(@). Since C is compact, the set of poles of f is finite. Let the poles in C be

Zyyenes 2y

Foreachj =1,...,k,let

nj

Cim
P.(z) = _Jm
' Z’l (z—zpm
be the principal part of the Laurent expansion of f at z;.

We now also analyze the point co. Since f is meromorphic on C, the point oo is either removable or
a pole. Thus

gw) 1= f(1/w)

has at w = 0 either a removable singularity or a pole. Hence near w = 0,

g(w) = O(w) + h(w),

where Q(w) is the principal part of the Laurent expansion of g at 0, and A(w) is holomorphic near 0.

Since oo is not an essential singularity, Q(w) has only finitely many negative-power terms:

N
ow)= Y b_,w™
m=1

for some N > 0 (with Q = 0 if co is removable).

Substituting w = 1/z, we obtain a polynomial

N
O(1/z)= ) b_,z".
m=1
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Define
k
F(z) := f(z) = ) P(2) - Q(1/2).
j=1
We claim that F is entire. Indeed, away from z, ..., z;, this is clear. Near each z e the Laurent

expansion of f has principal part P;(z), so f — P; is holomorphic near z;, while all other P, (i # j) and
the polynomial Q(1/z) are holomorphic near z;. Hence F is holomorphic near every z;, and therefore
F is entire.

Next we examine F at oo. In terms of w = 1/z,

k
F(1/w) = gw) - Y P,(1/w) - Ow).
j=1
Now each P;(1/w) is holomorphic near w = 0, since P;(z) has its only pole at the finite point z;. Also,

by construction,
g(w) — O(w) = h(w)

is holomorphic near w = 0. Therefore F(1/w) is holomorphic near w = 0. Equivalently, F has a
removable singularity at co.

Thus F is entire and removable at oo, so F is bounded for |z| sufficiently large. Since F is entire, it
follows from Liouville’s theorem that F is constant.

Therefore

k
f() =) P(2)+0(/2)+C
j=1
for some constant C. The right-hand side is a rational function, since each P(z) is rational and Q(1/z)

is a polynomial. Hence f is rational.
O

As a corollary, we obtain the following result, whose proof is left to the reader as an exercise.

COROLLARY 2.14. A map

f: C->C
is biholomorphic if and only if it is a linear fractional transformation, i.e. of the form
az+b
= —, d —bc #0.
/@ cz+d ? i

REMARK 2.15. The set of all biholomorphic self-maps of € forms a group under composition. By
the corollary, this is exactly the group of linear fractional transformations

az+b
'_) 9
cz+d

ad — bc # 0.
This group is naturally identified with

PSL,y(C) = SLy(C)/{=I}.

(c0) = ()

define the same linear fractional transformation, and every such transformation arises in this way.

Indeed, the matrices



3. LAURENT EXPANSION IN GENERAL 109

3. Laurent expansion in general

We know that if z, is a pole of f, then near z,, the function f can be written as a Laurent series

o]

f@ =) a,z—z)"

n=—m
In that case, only finitely many negative-power terms appear. In fact, such an expansion exists for any
isolated singularity, and more generally for any holomorphic function on an annulus. This is the content

of Laurent’s theorem.

THEOREM 3.1 (Laurent’s theorem). Let
A={zeC:r<|z—-zy) <R}, 0<r<R< o,

and let f be holomorphic on A. Then f admits a Laurent expansion about z:

(]

f@= ) alz-z)'. z€A

n=—00

Moreover, the series converges absolutely and uniformly on every compact subset of A, and the coeffi-

a L'/ Ld:, r<p<R.
|

n i t—zyl=p (C _ ZO)n+1

PROOF. Fix z € A. Choose radii p;, p, such that

cients are given by

r<p; <l|lz—zgl <py <R
Consider the annular region
Q={(eC:p <¢-2zl <py)

Since f is holomorphic on a neighborhood of Q, Cauchy’s integral formula gives

insert a picture here.

1 () 1 ()
= — df — — dg.
f(Z) 2xi /IC—20|:P2 {—2z ¢ 2ri [&=zol=p, {—z ¢

We expand the kernel lez differently on the two circles.

For |§ — zg| = p,, since |z — zg| < p,, we have

1 1 _ 1 =i(z—zo)”
-z ((—-z)—(z—2zp) {—z 1—% nZO(C—Zo)nH.

This series converges uniformly on the circle |{ — z)| = p,. Hence we may integrate term by term:

- ) 4 -3 < ! / /@) ) )
=2\ 7 L2 _ag) (z -z
2 16=20l=r C -z : n=0 2z [§=2zp|=p2 (C - ZO)’H-l ¢ (Z ZO)

For |§ — zg| = py, since p; < |z — zg|, we write

(R R B S B (St 04
-z z—2zyp 1_%% _0(z—zo)"+1'
z—2z n=

Again this converges uniformly on [{ — zy| = py, soO

_L /©) d§=2< 1 /|c | f@)(c:—zO)"da) (2= 20",
n=0 —Zpl=pP1

2ri |&—zol=p; C —Z 2ri



110 6. LOCAL PROPERTIES OF SINGULARITIES

Combining the two expansions, we obtain

@)=Y az—z)" + Y a,(z—zp) ™",
n=0 n=1

where

27 [£—zol=p, (C - ZO)n+
and

1 -

@y =7 fFOE =z g, n2 1
T J\e=zol=p,
These formulas can be written uniformly as
a L L dC’ m e Z’

"2 fiezyi=p (€ - 2!
for any r < p < R. Indeed, this follows from Cauchy’s theorem, since the integrand is holomorphic in §
on the annulus r < | — zy| < R.
Finally, because the two geometric series above converge uniformly on compact subsets of A, the

resulting Laurent series converges absolutely and uniformly on every compact subset of A. (I

COROLLARY 3.2. Let f be holomorphic on a punctured disk
0<|z—=2z9] <R,

and let

(o]

f@)= ) az=z)"

h=—00

be its Laurent expansion at zq. Then:

(1) zy is removable if and only if a, = 0 for all n < 0;
(2) zyis a pole if and only if a, = O for all sufficiently negative n;
(3) z, is essential if and only if a, # O for infinitely many negative integers n.

The coefficient a_ is called the residue of f at z(, and is denoted by
Res._. f.

Thus
Resz=20f =a_y, / f(&)d¢ =2xi Reszzz()f 0 < p<R),
|§—Zo|=l7

since all other Laurent terms integrate to 0.

EXAMPLE 3.3. Consider the function

f(z2)=

We compute its Laurent expansions about z = 0 in different annuli.

(1) If 0 < |z| < 1, then

1 1 1 < n < n—1
= — = —— z = - Z .
z(z—1) z(1 - z) z ,;) r;)
Hence
1 __l_l_z_zz_..., 0<|Z|<1-

2(z—=1)  z
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(2) If |z| > 1, then

Hence

;—i_kl_}_i_p... |z| > 1
z(z—-1) 22 z3 74 ’ '

This example shows that the Laurent expansion depends on the annulus of expansion.

EXAMPLE 3.4. Let
f(z) = ez

Using the exponential series,
1z _ 1 1 1
=1t —+—=+
z 2122 3z

There are infinitely many negative-power terms, so 0 is an essential singularity. Moreover,

Res,_ge'/? = 1.
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CHAPTER 7

Residue formula and its applications

1. The residue formula

We have seen the residue formula for several special cases, and we now give the basic global form of
the residue theorem. The key point is that although a meromorphic function may fail to have a primitive

globally, its contour integral is determined entirely by the local contributions from its singularities.

THEOREM 1.1 (Residue formula). Let & C C be open, and let y be a positively oriented, piecewise

C!, simple closed curve in Q. Assume that f is meromorphic on an open neighborhood of

y U lnt(y),

and that the only pole singularities of f in Int(y) are the finitely many points

Zis .oy Zpe

Then

n

/ f(2)dz =2xi ) Res,_, f.
v j=1
PROOF. Choose pairwise disjoint closed disks

D(z;;¢€;) C Int(y), j=1,...,n,

so small that each disk contains no singularity of f other than z
Set

j.

U :=Int(n)\ | D(zjie)).
j=1

Then U is a bounded region with piecewise C! boundary, and f is holomorphic on an open neighborhood
of U. Hence, by Cauchy’s theorem applied to U,

/ f(z)dz=0.
U

Now the boundary of U consists of the outer boundary y, oriented positively, together with the circles
aD(zj;ej), j=1,...,n,

each with the negative orientation. Therefore

0=/ f(z)dz=/f(z)dz—2/ f(z)dz.
oU Y j=170D(z;¢))

f(z)dz = / f(2)dz.
/}' J; 0D(z;:€;)

113
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For each j, since z; is an isolated singularity of f, the residue at z; is defined by

1
Resz=zj f==— / f(z)dz,
0D(z;:¢;)

2wi

where the circle is positively oriented. Hence
/ f(z)dz=2rmiRes,_, f.
aD(z;:¢;) !

Substituting this into the previous identity gives

/ f(ydz=2zi ) Res,_ f.
Y j=1

This proves the theorem. (Il

REMARK 1.2. In fact, the same residue formula remains valid if the singularities inside y are arbi-
trary isolated singularities, not necessarily poles, since the residue is defined for every isolated singular-
ity. However, in general the residue at an essential singularity is not easy to compute explicitly, so this

more general form has fewer direct applications in contour integral computations.

2. Applications

In this section, we go over some typical applications of the residue formula. Such applications
arise naturally in physics and engineering, as well as in Fourier analysis, partial differential equations,

asymptotic analysis, and number theory.

2.1. Improper integrals of the form f_t: f(x)dx. One of the most common applications of the
residue formula is the evaluation of improper real integrals of the form

+o0
/ f(x)dx,

where f(x) is a rational function and has no poles on the real axis.

The basic idea is to regard f(x) as the restriction of a rational function f(z) to the real axis, and
then integrate f(z) over a large semicircular contour in the upper half-plane. If the contribution from the
semicircle tends to O as the radius goes to infinity, then the residue formula shows that the real integral is
equal to 2zi times the sum of the residues of f at the poles in the upper half-plane.

We begin with a simple example.

EXAMPLE 2.1. Calculate the improper integral

+0o0 1
/ L
o (X2 +1)2

SOLUTION. Consider the rational function
1 1
224+ 12 (z=-D2(z+0)?

Its poles are at z = =i, both of order 2. In the upper half-plane, the only pole is z = i.

f(2)=

Let Cj be the positively oriented contour consisting of the interval [—-R, R] together with the upper

semicircle

'z :={Re" :0<t< 7).



2. APPLICATIONS 115

By the residue formula,

f(z)dz =2riRes,_; f.
Cr

R
1 1
——dx+ ——dz=2riRes__.f.
/_R 2+ 17 ./r @+ 17 RS

We first compute the residue at z = i. Since z = i is a pole of order 2,

d 1
Res,_ f = 1z (—(z n i)2>

Hence

2 1

Qi 4

___ 2
T (z4+i0)?

z=i z=i

Therefore

. .1 =
2riRes,_; f = 2xi - yrint

Next we show that

1
/FR @2+ 1) W)

Indeed, for z € I'y, we have |z| = R, so

1z2+1] > ||z]> - 1] = R* - 1.

Hence
1 1

< .
(z2+ 1?7 (R2-1)?
Since the length of I'y is 7R, the ML-estimate gives

/ %dz <rzR
r (22 + 1)

+o0 1 T
— dx=Z.
/_oo (x2 +1)2 2

1

. —(R2 12 - 0.

Taking R — oo, we obtain

In fact, if
p(z)
f(z2)=—
q(2)
is a rational function, where p, g are polynomials, and if g(x) # 0 for all x € R, then the condition

degg > degp+2

guarantees that the integral over the upper semicircle I'g tends to 0 as R — +oo. Therefore,

+00
/ f(x)dx

2mi Z Reszzzjf,

Sz;>0

can be computed as

where the sum is over all poles of f in the upper half-plane.

The following more examples are left to the reader to solve.

+oo 1
() fy'™ Gy dx =37

+0o0 1 _
DN e =t
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2.2. Improper integrals of the form f_t:c’ f(x)cos(ax)dx or f_t: f(x)sin(ax) dx. We can gen-
eralize the previous examples to integrals in which a rational function f(x), with no singularities on R,

is multiplied by a sine or cosine factor. The basic idea is to consider the auxiliary function

f(z)eiaz

and then take the real or imaginary part. Here is a typical example.

EXAMPLE 2.2. Compute the integral
+o00
/ M dx, a> 0.
0 x2+1

cos(ax)

Notice —
x°+

is an even function, we can compute it using

+ cos(ax) 1 [ cos(ax)
—dx == ——dx.
0 x2+1 2 ) X241

For this, if we try to mimic the previous example and consider the function

_ cos(az)
£ = z2+1

together with the contour Cy, where Cp is the positively oriented contour consisting of the interval

[— R, R] and the upper semicircle
Ir={Re" : 0<1t <7},
then we need to estimate | cos(az)| on I'g. By Euler’s identity,
eiaz + e—iaz
cos(az) = ——
2
Now if z = x + iy with y > 0, then
|eiazl — e—ay < 1’
but
|e—iazl — eay’
which may grow exponentially on the upper semicircle. Thus cos(az) itself is not well suited for direct
estimation on I'g, and this naive approach does not work.
Instead, we consider the modified function
eiaz
22+1
This works well on the upper semicircle because |e’%%| < 1 there. After evaluating

too  iax
e
/7
e X241

we can recover the desired cosine integral by taking the real part, since

F(z) =

elax cos(ax) . sin(ax)
= i )
x2+1  x24+1 x2+1

SOLUTION: Consider

eiaz eiaz
2+1 (z=i(z+i)

We integrate F' over the contour Cp. The only pole of F in the upper half-plane is at z = i. Hence, by

a>0.

F(z) =

the residue formula,

R iax iaz iaz
/ e dx+/ - dz=27riResz=ie—.
_RX2+1 r, 22 +1 z22+1
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‘We first show that

eiaz
dz— 0 (R - ).
Ik z2+1

Indeed, if z=x+iy €'y, then y > 0, so
|eiazl = W <1.

Also, for R sufficiently large,
|22 +1] > R* — 1.

Therefore
iaz

1

A
R2— 1

z2+1
Since Length(I'y) = R, it follows that

iaz
/ ¢ dz| < 7R — 0.
Tk z2+1 RZ -1

iaz iaz
e

(z €Tp).

Next,
Res

_.—— =1lim .
241 ziz4i 20 2i

+oo glax e
dx =2xi - — = e .
e X241 2i

Finally, taking the real part, we obtain

+00 +00 iax —a
/ de:b%(/ €~ gx) =&,
o x2+1 27 X1 2

Hence

A similar method applies to integrals of the form

+00 +e3
/ f(x)cos(ax)dx or / f(x)sin(ax) dx,
— —00
where f(x) is a rational function with no poles on R. In such cases, one may consider the function

f(z2)e',

choose the upper or lower half-plane according to the sign of a, and then recover the desired integral by

taking the real or imaginary part.

2.3. Integrals of the form fOZ” F(cos 8,sin @) df. For integrals involving sine and cosine over a full
period [0, 2x], one can often translate the problem into a contour integral over the unit circle. The basic
substitution is

z=¢",

so that as @ runs from O to 2z, the point z travels once counterclockwise around the unit circle. Under
this substitution,

d0=,—z, cos0=l<z+l>, sinH:l.(z—l>.

iz 2 z 2i z
Thus many trigonometric integrals can be rewritten as contour integrals of rational functions on |z| = 1,
and the residue formula may then be applied.

We illustrate this method with the following example.
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EXAMPLE 2.3. Assume a,b € R and a > |b|. Compute

2r 1
/ —df
o a-+bcost

2r 1
I:=/ ——d0
o a-+bcosb

SOLUTION. Let

Set
z=¢".
Then
de—ﬂ, cos@=l<z+l>
iz 2 z
Hence

T
|z|=1a+é(z+l) iz
2 z

Multiplying numerator and denominator by 2z, we obtain

2
I = / : dz
z|=1 i(bz% + 2az + b)
So we are reduced to a contour integral of the rational function

2
i(bz% +2az + b)

f(2) =
Its poles are the roots of
bzz+2az+b=0,

namely

—a+ Va*-b?
z, =——
= b
Since a > |b|, we have a*> — b> > 0, so the roots are real. Also,

z,z_ =1

Thus exactly one of them lies inside the unit circle. It is

—a+ Va2 - b2

b

e

Therefore, by the residue formula,

2

I =2rxi Resz:zo [(bz2 +2az + b) '

Since the pole is simple,
2 _ 2 _ 1
TR0i(bz2 +2az+b)  i2bzg+2a)  i(bzg+a)

Now from the definition of z,,
bzg+a= Va*>— b

2 1

b2 +2az4+b) 2 _p2

Res

Hence
Res

It follows that

I =2ri-

1 2
iva?—b? \/az—bZ‘
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Therefore

2r
/ 1 g0 = 2%
o a-+bcosd ‘/az—bz'

O

2.4. Improper integrals with a singularity on the contour. In the previous examples, the contour
did not pass through any singularity of the integrand. In some important improper integrals, however, the
auxiliary complex function naturally used in the contour method has a singularity on the contour itself,
typically at 0. In such cases, we modify the contour by removing a small semicircle around the singular
point, and then let its radius tend to 0.

A basic example is the following classical integral.
EXAMPLE 2.4. Compute the improper integral

* Sinx
——dx.
0 X

Following the experience from the previous subsection, we should not directly consider

sin z

z
Indeed,

sinz= ——
2i

and although e? decays in the upper half-plane, e~'* grows exponentially there. Thus sin z itself is not
well suited for estimation on the upper semicircle.
Instead, we consider

iz

F(z)=%,
z
and later recover the desired integral by taking the imaginary part.

SOLUTION. The function .
1z

F(z)=%

z

has a singularity at z = 0, so unlike the previous examples, we must avoid this point. For R > £ > 0, let
CRr. be the contour consisting of
e the interval [, R] on the real axis;
« the upper semicircle
Fr={Re" :0<t<x};
e the interval [— R, —&] on the real axis;

« the small upper semicircle

oriented clockwise.

Since F is holomorphic on and inside this contour, Cauchy’s theorem gives

iz
/ € dz=o0.
CR,E z
R ix iz —€ _ix iz
/ € dx+ e—dz+/ e—dx+/e—dz=0.
P X T'x Z —R X 7 Z

Therefore,



120 7. RESIDUE FORMULA AND ITS APPLICATIONS

‘We first show that

/ € dz-0 (R— ).
ry %

This requires a more careful estimate. If we only write z = x 4+ iy on I'g, then we get
le?| = e < 1.

However, this is not enough, since the denominator z has size R, while the length of I' is also of order
R. Thus this only gives a bounded estimate, not one tending to 0.

To obtain a sharper estimate, parametrize ' by

z(t) = Re", 0<t<un.
Then
dz = iRe" dt,

SO

e’ [T iRe

—dz= 1/ R gz,

ry % 0

Hence

iz T o
e dzl < / 'ezR(cos t+isint)
ry % 0

dt = /” e Rsint gy,
0
Fix 6 € (0, z/2). Split the integral into three parts:

b4 8 =6 b4
/ e—Rsintdt — / e—Rsintdt +/ e—Rsint dt +/ e—Rsint dt.
0 0 é =6

On the middle interval [6, 7 — 6], we have

sint > siné,
SO
=06 ) )
/ e RSN gt < (x = 28)e” RSN 5 (R > ).
)

For the two end pieces, note that by symmetry,

b4 y 1) )
/ e—Rsmt dt = / e—Rsmt dt,
=6 0

so it suffices to estimate the first one. On [0, 6], we use the elementary bound
sint > kt
for some constant k > 0; for instance, one may take

k=2
n

6 ) 6 1 — e—kRé
/ e Rsint gy < / kRl gr="""___ 0 (R = ).

The same estimate holds for the interval [z — &, #]. Combining the three estimates, we conclude that

T .
/ e—Rsmtdt N 0’
0

/ € dz—0 (R— ).
rp, %

Therefore

and hence
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Next we deal with the small semicircle y,. Parametrize it by
z =ge, z>t>0.

Then

dz = iee" dt,

. 0 it /4
1Z lE€ .
e (4 . ; . PPN 14
/—dz=/ —nlee”dt=—1/ e't® dt.
Ve Z r €é€ 0
iz
e .
—dz - —ir.
v, Z
£

Now combine the two integrals along the real axis:

—€ ix R _ix R _ix
e e e
—dx = dx = — dx.
_R X e —X PR
R ix —€ ix R ix —ix R
e e e —e . Sin x
/ —dx+/ —dx=/ —dx=2l/ — dx.
e X _R X A x e X

Now let R — o0 and € — 0. Using the three limits above, the contour identity becomes

+00 .
2i/ SX dx — iz = 0.
0

and so

Letting € — 0, we obtain

Therefore

X

T Sinx P
dx = =.
0 X 2

2.5. Integrals involving multivalued functions. Some improper integrals involve expressions such

Hence

O

as x* (a & Z) or log x, and have singularities at O or at infinity. From the complex point of view, the
corresponding functions z* and Logz are multivalued. To use contour integration, one first chooses a
branch on a slit domain.

A standard contour in this setting is the keyhole contour around the positive real axis. The essential
point is that, once a branch is fixed on the slit plane, its boundary values on the two sides of the branch
cut differ by an explicit factor or additive constant. This jump is what allows us to extract the desired
real integral.

We illustrate the method with the following two examples:
o0 X o0
L dx, / _ Inx dx.
0 X24+2x+2 0 X24+2x+2
EXAMPLE 2.5. Compute the improper integral

=&

0 X2+2x+2

e b
pe [ToVE
0 XxX2+2x+2

dx.

SOLUTION. Let

We choose the branch

Logz =In|z| + iArgz, 0 < Argz < 2r,
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on
C\ [0, c0),

and define
1

1/2 =e2

L
V4 082 .

Thus z'/? is holomorphic on the slit plane.

REMARK 2.6. Our branch choice here is different from the principal branch used earlier. There we

usually took

—r < Argz < 7,

with branch cut along the negative real axis. Here, since the real integral is taken over (0, c0), it is more

convenient to place the branch cut along the positive real axis and choose
0 < Argz < 2.

This allows the keyhole contour to run along the interval on which the integrand is defined.

Consider

Z1/2

'S z2+2z+2
and integrate it over the keyhole contour Cy ., consisting of
« the interval [g, R] along the upper side of the positive real axis;
« the circle |z| = R, traversed counterclockwise;
« the interval [R, €] along the lower side of the positive real axis;

« the circle |z| = g, traversed clockwise.

N

We first show that the contributions from the large and small circles tend to O.

On the large circle |z| = R, we have
|Z1/2| — Izl/Z7
and
|z>4+2z+42| > R>-2R-2.

Hence

2172 R1/2
< .
z2+22+2‘ T R2-2R-2
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Since the length of the circle is 2z R, the contribution from the large circle is bounded by

R1/2
On the small circle |z| = &, we have
|Zl/2| — 61/2.

Also,
22 +2z2+2 -2 (z > 0),

so for € sufficiently small, the denominator stays bounded away from 0. Thus

L1/2

z2+2z+42
for some constant C > 0. Since the length of the small circle is 2z¢, its contribution is bounded by

< C€1/2

2re - Cel/?2 =27Ce3/* 50 (€ = 0).

Next we analyze the integrals along the two sides of the branch cut. On the upper side, z = x + i
with Sz = 6 > 0 small,
1
z2 = \/;, asé6 - 0+.

© \/;
o x24+2x+2
On the lower side, z = x — i6 with Sz = —6 < 0 small,

and the contribution tends to

dx =1

1
z2 —>—\/;, asé6 - 0+.

Since this side is traversed from R to €, its contribution is

£ _ \/; R \/;
——dx = — dx,
R X2 +2x+2 e X242x+2
which tends to I. Therefore the two line segments together contribute 21.

It remains to compute the residues. The poles are the roots of
22 +2z+42=0,

namely
-1+, —-1-i.

Both lie inside the contour, and both are simple poles. Then

o
ReSes/ = 22052
Therefore 1t 1o
Res,_ 14/ = B PR Res, i/ = 5
Adding them gives

Res,__ ../ +Res,___,f = Zli((—l #D12— (1= ') = = 12V sin 3
By the residue formula,

f(z)dz =2xi (Res,__,;f +Res,__,_,f) =22 2"*sin %
CR,&
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Letting R — oo and € — 0, and using the estimates above, we obtain

21 = 2724 sin %

I=7z21/4sin% - %\/2\/5—2.

Therefore

EXAMPLE 2.7. Compute the improper integral

/°° In x dx
0o X242x+2

I::/ _lnx £ 2
0 X2+2x+2

As discussed before, if we directly integrate

SOLUTION. Let

Logz
z2+4+2z+2
around a keyhole contour, then the logarithmic terms on the two sides of the branch cut cancel after

taking orientation into account. So instead, we consider

(Logz)?
f(z)= ZL’
z2+2z+4+2
where
Logz = In |z| + iArgz, 0 < Argz < 2,
on

C\ [0, o).

We integrate f(z) over the keyhole contour Cg . the same as the previous example.
We first show that the contributions from the large and small circles tend to 0.

On the large circle |z| = R, we have

|Logz| <In R+ 2,

and
|z>4+2z+42| > R>-2R-2.
Hence
(Logz)? . (nR+ 27)?
z2242z42|7 RZ-2R-2
Since the length of the circle is 2z R, the contribution from the large circle is bounded by
In R + 27)?
2R WREID o R
R2-2R-2

On the small circle |z| = €, we have
|Logz| < |Ing| + 2.

Also,
22 +2z42 -2 (z = 0),
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so for € sufficiently small, the denominator stays bounded away from 0. Thus

(Logz)?

2
—— | <C(|lng|l+2
72242242 (l | ”)

for some constant C > 0. Since the length of the small circle is 2x¢, its contribution is bounded by
2re - C(|Inel +27)° >0 (e = 0).

Next we analyze the two sides of the branch cut. On the upper side, z = x + i6 with z =6 > 0
small, so

Logz - Inx, asé - 0+.

/°° (In x)? J
—_—daX.
0 x24+2x+2

On the lower side, z = x — i6 with Sz = —6 < 0 small,

Hence the contribution tends to

Logz =Inx+2xi, asé — 0+.

Since this side is traversed from R to &, its contribution is

® (Inx +27i)? R (Inx + 27i)?
——dx=- ——————dx.
R X24+2x+2 e X24+2x+2
Therefore the total contribution from the two line segments tends to
® (Inx)? — (In x + 27i)?
dx.

0 X2 4+2x+2

Expanding,
(Inx)?> — (Inx + 27i)* = —4xiln x + 47°.

Hence the two line segments together contribute

—47ri/ 1n—xa'x+4ﬂ'2/ L
0 X2+2x+2 0 X2+2x+2

That is,
® dx
—47riI+47r2/ —_—.
o (x+1)2+1
Since
/°° dx ] T T T
—— =—Jarctan(x+ 1]’ == - = ==,
o (x+12+1 : ( o 2 4 4
the total contribution from the two line segments is
—4ri I + 7°.
It remains to compute the residues. The poles are again
-1+, -1 -1,
and both are simple. Then
(Logzy)?
Res, , f=——.
Se=af = F 2
Therefore 5 5
(Log(=1+1) (Log(=1-1))
Res,__1.f = — Res,_ | .f = — 5
Now

—1+i=\/§e3”i/4, —1—i=\/§e5”i/4,
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so with our choice of branch,

Log(—1 +i) = %ln2+ %, Log(—1—i) = %ln2+ %.

Hence

Resz=—1+if + Resz:—l—if

.2 2\ 2
= o |(zm2+ ) —<11n2+E>]

2i |\2 4 2 4
2
= Zm2-Z.i
4 2
By the residue formula,
f(z)dz
CR,E

= 2rmi (Resz=_1+if + RCSZ=—1—if)

2
ori(=Zmm2 - L
4 2

2.
= 2-2lmo.
2

Now let R - oo and € — 0. Using the estimates above, we obtain

2.
3_T 1o,
2

Aril+r==x

Hence

/ _Inx e r=Zmo
0 X24+2x+2 8

O

REMARK 2.8. For this particular problem, the integral can also be treated by a different contour
argument, for example by using a keyhole contour in the upper half-plane. However, the method used
here is more systematic and adapts more readily to other logarithmic integrals. In particular, for integrals
of the form

/°° F(Inx) R(x)dx,
0

where F is a polynomial and R(x) is a rational function, the method above is often more flexible and

more systematic.
We now look at another example where the logarithmic trick is useful.
EXAMPLE 2.9. Compute the improper integral

® x
/ X
0 XH+xZ+x+1

This problem is different from the earlier contour integrals over the upper half-disk. There, we
worked with integrals over (—oo, o), or could reduce the problem to that case by symmetry. Here there
is no simple way to rewrite it as an integral over the whole real line. The logarithmic keyhole method
can be used to compute it.
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SOLUTION. We use the branch
Logz = In|z| + iArgz, 0 < Argz < 2,

on
C\ [0, o0)

again, and consider the function
zlogz
F(z) = ———.
+z22+z+1
As in the previous two examples, we integrate F(z) over the keyhole contour Cg .
We first show that the contributions from the large and small circles tend to O.

On the large circle |z| = R, we have
|zLogz| < R(In R + 2x),

and
1Z2+22+z+1| >R —R*—=R-1.
Hence
zlogz R(In R + 27)
z3+22+z+1' TR3I-R2—R-1
Since the length of the circle is 2z R, the contribution from the large circle is bounded by
R(n R+ 27)
R3—RZ-R-1
On the small circle |z| = €, we have

27 R -

-0 (R - ).

|zLogz| < e(l Ine| + 27r).

Also,
Z2+22+z4+4151 (z-0),

so for € sufficiently small, the denominator stays bounded away from 0. Thus
zLogz
2 +z22+2z+1

for some constant C > 0. Since the length of the small circle is 2z¢, its contribution is bounded by

< Ce(|Ine| +27)

2re - Ce(|Ing| +27) >0 (¢ - 0).

Next we analyze the two sides of the branch cut. On the upper side, approximately, z = x with
Argz =0, so

Logz — Inx

as it approaches to R*. Hence the contribution tends to
® xInx
| o
0 X+xT+x+1
On the lower side, approximately, z = x with Argz = 2z, so

Logz — Inx + 2xi

as it approaches to R*. Since this side is traversed from R to ¢, its contribution is

/E x(In x + 27i) /R x(In x + 27i)
———dx = — ——dx.
R ¥ +x2+x+1 W2 +x+1
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Therefore the total contribution from the two line segments tends to

0 1 — x(1 2 *
/ xInx — x(In x + 27i) dx=—27fi/ édxz—%ril.
o Gl +x+1 0 X+x2+x+1

It remains to compute the residues. We first solve
2+z22+z+1=0.

Notice that

4 _
z3+z2+z+1:z 1.
z—1
Since
—1=GE-Dz+DE*+1),
we get

D+ +z+1=z+DE*+1).

Hence the poles are

_1’ i’ _17
all simple.
We compute
_zlogz|  _ (=D)(in) _ _ix
ResedF=0bi| . =2~ 2
=—1
Also,
L j - (mi /2
Res,_,F = &2_ = M =24+,
(z+ D(z+1) i A+@2i) 8
and
L —i)- Bxi/2
Res,__,F = Z—ng = M = _3_”(1 —i).
(z+ 1)(z—-1i) o (1 —=i)(=2i) 8
Therefore

Res,__F +Res,_,F+Res,__,F = _%_

By the residue formula,

2.
/ F(z)dz = 2zi (-f) -
c 4 2
Re

Now let R — oo and € — 0. Using the estimates above, we obtain

—2ril = —ﬂ—l.
2

Hence
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2.6. Infinite series. The residue formula can also be used to evaluate certain infinite series. The
basic idea is to construct a meromorphic function whose poles occur at the integers, so that summing
residues at those poles reproduces the terms of the series.

We begin by considering the function

cot(rz) = C?S(ﬂz).
sin(rz)
It has simple poles at
zZ=n, ne”z

Moreover,

Res,_ cot(rz) = lim Z—Meos@2) _ 1
z—n sin(zz) V3

Hence the function
7 cot(rwz)
has simple poles at every integer, each with residue 1.
Now let f(z) be a meromorphic function which is holomorphic at every integer. (This assumption

can be relaxed in some cases; exceptional integer poles can sometimes be handled separately, as in the

example of ) ,,1—2 later.) Then for each integer n € Z,
Res,_,(wcot(zz)f(2)) = f(n).
Suppose that for a sequence Ry — +oco, with
N <Ry <N+1,

and denote by Cy some simple C! regular curve that intersects the real axis at +R . Suppose that Cy

contains no pole of f on it. Then by the residue formula,

N
/ weot(zz)f(z)dz = 2mi 2 f(n)+ Z ReszzZO(n COt(ﬂ'Z)f(Z)) .
Cn n=—N zg apole of f
inside Cy

Therefore,

N
Y fm= L / zeot(zz)f(z)dz— )| Res,_, (zcot(r2)f(2)).
n=—N 2z Cy zo a pole of f
|zo|<Ry

If, as N — +o00, the right-hand side converges and can be evaluated, then we obtain the value of

+0o0
D .
—o0

Let’s see a concrete example.

EXAMPLE 2.10. Compute the series
+00

1
Z n+1

n=—00
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SOLUTION. Let
t
L F) = neot(nz) f(z) = 272
z2+1 z2+1
Since f is holomorphic at every integer n € Z, the function F(z) has simple poles at all integers, and
1
n?+1

f2)=

Res,_, F(z) = f(n) =

The function f(z) also has simple poles at

Hence F(z) has poles at all integers and also at z = +i.

Let Ry be the square contour with vertices

(v d)ailved). ~(veDus(ved)

oriented counterclockwise. Then by the residue formula,

N
1
F(z)dz =2rxi +Res,_;F(z)+Res,__.F(z) ).
/RN() <2n2+1 ~iF(2) Z_,<>>

n=—N

We claim that
/ F(z)dz— 0 (N - ).
C‘N

Indeed, notice that

cot(rz) = cos(zwz)

sin(rz)
is uniformly bounded on Cy, independently of N, whose proof is left to the reader. On the other hand,

1 1
- —o0ol —
22 +1 <|z|2>

on Cy, while the length of Cy is of order N. Therefore

/ F(z)dz — 0.
Cn
Letting N — oo, we obtain
+o0 1
2 5 = —Res,_; F(z) —Res,__, F(z).
p—t on=+1
It remains to compute the residues at z = +i. Since 1/(z> + 1) has simple poles at z = i and z = —i,
direct calculation shows
mer+e” wet+e”
RGSZ_IF(Z) = _ETQ_H = Resz=_iF(z) = —Em
Therefore
- 1 ef+e”
Z > =1 ——"=n coth(x).
gt o=+ 1 et —e

EXAMPLE 2.11. Compute the series

< 1
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SOLUTION. Consider
f(2) = é F(z) = ncot(nz) f(z) =

For every nonzero integer n € Z, the function f(z) is holomorphic at z = n, so

7 cot(rz)
22

Res,_, F(z) = f(n) = lz
n

The point z = 0 requires separate consideration, since both 7 cot(zz) and 1/z? are singular there.

Let Ry be the square contour with vertices

(red)ailve ). ~(veder(ved)

oriented counterclockwise. By the residue formula,

1
F(z)dz =2rmi E — +Res,_yF(2)].
/RN D) z=0

—N<n<N
n#0

As in the previous example, cot(zz) is uniformly bounded on R, while

1 1
— =0 —
==(r)
on the contour. Since the length of Ry, is of order N, it follows that

/ F(z)dz -0 (N - ).
Ry

Therefore

1
Z ; = —Res,_oF(2).
n#0

It remains to compute the residue at z = 0. Using the Laurent expansion of cot z at 0,

cot z = l—§+O(z3),
z 3

we get
1 71'2 3
meot(nz) = z - ?z + O(z°).
Hence (x2) y
meot(rz 1 7= 1
F(z)= — = s + O(2).
z z 3z
Therefore )
Res,_oF(z) = —%.
Thus
1_z
= n? 3°
Since -
1 1
pIEED IS
n#0 n’ n=1 n?
we conclude that -
Zizﬁ
n2 6






CHAPTER 8

The Argument Principle and Some Fundamental Theorems

In this chapter we develop several fundamental tools in complex analysis, centered around the ar-
gument principle. Although these results are basic, they are among the most useful theorems in the
subject.

We begin with the argument principle, which relates contour integrals to the zeros and poles of a
meromorphic function.

Next, we prove Rouché’s theorem, a powerful method for comparing the zeros of two holomorphic
functions. As applications, we prove the fundamental theorem of algebra, a holomorphic version of the

implicit function theorem, the open mapping theorem, and the maximum modulus principle.

1. The argument principle

We begin with two motivating examples.
EXAMPLE 1.1. (1) Consider the function
f(z) =1z".

It has 0 as its only zero in C, and the order of this zero is n. We now see that this integer n can
be recovered from a complex integral.

Indeed,
@ _n 4o
f@  z
If y is any positively oriented, piecewise C!, regular, simple closed curve enclosing 0, then

L/f,(Z)dz=L gz =n.
27i J, f(2) 2zi J, z

fl(z) = nz" 1,

(2) Similarly, consider
1
f(2)=—.
z

LG

It has 0 as its only pole in C, and the order of this pole is n. Again, the contour integral o o

over a loop enclosing 0 recovers this order, but now with a minus sign:

'@ _ n
@ -z z #0.

L/f,(z)dzzi/(_ﬁ) dz = —n.
2z7i J, f(2) 2ri J, \ z

The negative sign appears because 0 is a pole rather than a zero.

f(z) = —nz™"1,

Hence

!
The phenomenon illustrated by these examples is not a coincidence. In general, the integral of f7
counts zeros positively and poles negatively.

133
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THEOREM 1.2 (The argument principle). Let & C C be open, and let y be a positively oriented,
piecewise C', regular, simple closed curve in Q. Suppose that f is meromorphic on a neighborhood of y

and its interior, and that f has neither zeros nor poles on y. Then

1 [

27i J, f(2)

where n, is the number of zeros of f inside y, counted with multiplicity, and n,, is the number of poles of

Z=ny —ny,

f inside y, counted with multiplicity.

PROOF. Since f is meromorphic on a neighborhood of y and its interior, and since the interior of y

together with y is compact, f has only finitely many zeros and poles inside y. Let

Ziy.eis 2,

be all the zeros and poles of f inside y.
Choose € > 0 sufficiently small so that the closed disks

Dg(zj)

are pairwise disjoint, lie entirely inside the interior of y, and each contains exactly one zero or pole of f.
We first compute the local contribution near a zero. Suppose z;, is a zero of order n. Then on a
neighborhood of z,
f(2) =(z - zy)"g(2),
where g is holomorphic and nowhere vanishing near z,. Hence
f@_ _n 8@
fz) z-zy5 g2

Since g’/g is holomorphic near z, its integral over the circle 0D,(z,) vanishes. Therefore

1 f! (z) 1 n

dz =n.

2ri 0D, (z) f(Z) 27[1 oD, (zy) zZ— Z

Next, suppose z, is a pole of order m. Then on a neighborhood of z,

_ =
f(z) - (Z u Zo)m s
where £ is holomorphic and nowhere vanishing near z,. Hence
/ hl
@& ___m K@

fz)  z—zy  h(z)

Since A’ /h is holomorphic near z,, we obtain

1 f'(z) 1 m
Py dz = — - dz =—m.
27i Jop,(zy) [ (2) 27i Jop.z) \ Z—Z

Now remove these small disks from the interior of y. On the region

() \ |J De(z)),

j=1

the function fT, is holomorphic. Hence, by Cauchy’s theorem,

1@, / 1@, / 1@,
T Z oo 1@ T 2 b T

zy a pole
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Dividing by 2zi, and using the local computations above, we obtain

1 [f(2

27i /, f(2)

dz = Z Ol‘dZO(f)— Z ordssle(f)'

Z( a zero zo a pole

This is exactly

L/f,(z)dz=n0—n

27i J, f(2) »

The same idea gives a weighted version and we leave the proof to the reader.

THEOREM 1.3. Let Q C C be open, and let y be a positively oriented, piecewise C, regular, simple
closed curve in Q. Suppose that f is meromorphic on a neighborhood of y and its interior, and that f
has neither zeros nor poles on y. Let g be holomorphic on a neighborhood of y and its interior. Then

1 /'z)
P /y 8@ 7 dz= Zm g@) = ) ny 2(b),

b

where the first sum is over the zeros a of f inside y, counted with multiplicity m,, and the second sum is

over the poles b of f inside y, counted with multiplicity n,,.

2. Rouché’s theorem

Rouché’s theorem is an important application of the argument principle.

THEOREM 2.1 (Rouché’s theorem). Let Q C C be open, and suppose that D C Q for some disk D.
Let f and g be holomorphic on Q. If

|f(2)] > |g(2)], z€dD,

then f and f + g have the same number of zeros in D, counted with multiplicity.

PROOF. Fort € [0, 1], define
f1(2) i= f(2) +18(2).
Then fy=fand f; = f + g.
For z € 0D, we have
|fi (D] 2 [f(2)]| —1lg(2)] > | f(2)] - |g(=2)] > 0.
Thus f, has no zeros on 0D for any t € [0, 1].

N(z):=L/ f’(Z)d

2zi Jop f1(2) z

is the number of zeros of f; in D, counted with multiplicity. Hence N (¢) is integer-valued.

By the argument principle,

On the other hand, the integrand depends continuously on ¢, and f,(z) # 0 on dD, so N(¢) is
continuous in ¢. Since [0, 1] is connected and N (¢) is integer-valued, N (¢) is constant. Therefore

N(@©0) = N(),
which says that f and f + g have the same number of zeros in D. Il

As an application, we now use Rouché’s theorem to give another proof of the fundamental theorem
of algebra.
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THEOREM 2.2 (Fundamental theorem of algebra). Let
p(z)=a,z" +a, 2"+ +a;z+a
be a polynomial with a, # 0 and n > 1. Then p has exactly n zeros in C, counted with multiplicity.
ProoOF. Dividing by a,, we may assume a, = 1. Write

p(z) = z" + g(2),
where
g@) =a,,2"" + - +a;z+a
Since deg g < n, for sufficiently large R, we have
lg(2)] < 12" = R", |z| = R.

By Rouché’s theorem, p(z) = z" + g(z) and z" have the same number of zeros in D(0; R), counted with
multiplicity. Since z" has exactly n zeros in D(0; R), counted with multiplicity, so does p.
Finally, R was chosen large enough so that all zeros counted by Rouché’s theorem lie in D(0; R).

Hence p has exactly n zeros in C, counted with multiplicity. |

3. The open mapping theorem

We will use Rouché’s theorem to prove an important property of nonconstant holomorphic functions:

they send open sets to open sets.

THEOREM 3.1 (The open mapping theorem). Let Q C C be open, and let f be a nonconstant
holomorphic function on Q. Then f is an open map. That is, if U C Q is open, then f(U) is open in C.

PROOF. Let U C Q be open. We show that every point of f(U) is an interior point of f(U).
Take w, € f(U). Then there exists z, € U such that

f(ZO) = LUO.
Since U is open, we may choose 6 > 0 such that
D(zy;0)CU.

Since f is nonconstant, the zeros of f(z) — w, are isolated. By choosing é smaller if necessary, we may
assume that z, is the only zero of f(z) — wg in D(zy; 6).
Define

1 .
€ :=— min z) — wy|.
2 z€0D(zy;6) 1/(z) ol

This number is positive, since f(z) — w, has no zeros on d.D(z; 6).
Now let w € D(wy; €). Then on dD(zy; 6), we have

lw—wy| <€

and
|/ (z) — wy| = 2e.
Hence

| f(2) = wy| > |w — wyl.
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By Rouché’s theorem, the functions

f@—wy, and  f(2) —w=(f(2) - wp) + (wy — w)

have the same number of zeros in D(z; 6), counted with multiplicity.
Since f(z) — wy has at least one zero in D(z; 6), namely z, it follows that f(z) — w has a zero in
D(z; 6). Thus there exists z € D(zy; 6) C U such that

f(z)=w.
Therefore
D(wy;e) C f(U).
So every point of f(U) is an interior point, and hence f(U) is open. [l

4. Maximum principle

An immediate consequence of the open mapping theorem is the following maximum principle.

THEOREM 4.1 (Maximum modulus principle). Let Q C C be open, and let f be holomorphic on Q.
If | f| attains a local maximum at some point z, € Q, then f is constant on the connected component of
€ containing z.

In particular, if Q is connected and f is nonconstant, then | f| has no local maximum in Q.

PROOF. Suppose that | f| attains a local maximum at z, € Q. Let €, be the connected component
of Q containing z,. We will show that f is constant on €.
Assume, for contradiction, that f is nonconstant on . Since z is a local maximum point of | f],
there exists 6 > 0 such that
D(z;6) C
and
| f(2)] < |f(zp)l for all z € D(zg;0).
Hence
f(D(zy;6)) C {w e C : |w| <[f(zp)l}-
But f is nonconstant on D(z; 6), so by the open mapping theorem the image f(D(z,; 6)) is open in C.

Since it contains f(z;), it must contain points w with

lw] > 11 (z0)]-

This contradicts the inclusion above. Therefore f is constant on €2,.
The final statement follows immediately: if Q is connected and f is nonconstant, then | f| cannot

attain a local maximum at any point of Q. U

THEOREM 4.2 (Boundary maximum principle). Let Q C C be a bounded domain, and suppose f is
holomorphic on Q and continuous on Q. Then
max | f(z)| = max | f(2)|.
zeQ z2€0Q
PROOF. Since Q is compact and | f| is continuous on Q, the function | £] attains a maximum on Q.
If the maximum is attained on d<2, we are done. If it is attained at a point in €2, then by the maximum

modulus principle, f is constant on €. In that case, the same maximum is also attained on 0€2. O
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We can apply it to harmonic functions.

PROPOSITION 4.3 (Maximum principle for harmonic functions). Let Q C C be a domain, and let u

be harmonic on Q. If u attains a maximum at some point z, € Q, then u is constant on €.

PROOF. Since harmonicity is a local notion, we may work in a small disk D C Q centered at z,.

Because D is simply connected and u is harmonic, there exists a holomorphic function F on D such that
u=RF.

Consider
h(z) =",
Then A is holomorphic on D, and
|h(z)| = eRF@ = 43,
Since u has a maximum at z, the function |A| also has a maximum at z,. By the maximum modulus
principle, A is constant on D. Hence F is constant on D, so u = R F is constant on D.
Thus the set of points of Q near which u is constant is nonempty. It is clearly open, and it is also

closed in . Since Q is connected, it follows that u is constant on all of Q. |

COROLLARY 4.4 (Boundary maximum principle). Let Q& C C be a bounded domain, and let u €
C (ﬁ) be harmonic on Q. Then

max u(z) = max u(z).
z2eQ z2€0Q

Similarly,

minu(z) = min u(z).

zeQ z€0Q

PROOF. Since Q is compact and u is continuous on Q, the function u attains a maximum at some

point of Q. If this maximum were attained at an interior point of €, then by the maximum principle u
would be constant on €, and hence the same maximum would also be attained on 0Q. Therefore

max u(z) = max u(z).

2€Q 2€0Q

The statement for the minimum follows by applying the same argument to —u. O



CHAPTER 9

Conformal Mappings

In this chapter we study biholomorphic maps between planar domains. Such maps are called con-

formal maps. They form the basic objects in geometric complex analysis.
1. Definition and first properties
DEFINITION 1.1. Let U, V' C C be open sets. A map
f:U->V

is called a conformal mapping if f is biholomorphic, that is,

(1) f is holomorphic,
(2) f is bijective,
(3) f~! : V = U is holomorphic.

When there is a conformal mapping between U and V', we say U, V' are conformally equivalent.

In fact, the proposition below shows that, for maps between domains in C, injective holomorphic

maps are automatically conformal onto their images.

PROPOSITION 1.2. Let U C C be open, and let
f:U->C
be a holomorphic injective map. Set
V = fU).
Then 'V is open, f'(z) # 0 for every z € U, and the inverse map
fivsu
is holomorphic. In particular, f : U — V is biholomorphic.
PROOF. Since f is nonconstant and holomorphic, the open mapping theorem implies that V' = f(U)
is open.
We first show that
fl(z2)#0 forallz e U.

Suppose, toward a contradiction, that f’(z,) = 0 for some z, € U. Write
wy = f(zp).
Since f is holomorphic, there exists an integer k > 2 and a holomorphic function g defined near z,, with
g(zy) # 0, such that
f(2) = wy + (z = 29)"g(2)
near z.

139
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Choose € > 0 so small that

D(zy;e) cU

and

g(z2)#0 for all z € D(zy; €).

Then z, is the only zero of f(z) — w, in D(zy; €), and that zero has multiplicity k& > 2.
Define

1 .
0:i== - .
2 zegg}rzlo;e) |f(Z) wol

Since f(z) — wy # 0 on dD(zy; €), we have 6 > 0.
Now let w € D(wy; 6). On dD(zy; €),

lw —wy| <6 < |f(z) — wyl.
Hence by Rouché’s theorem, the functions

f@—-wy and  f(2) —w=(f(2) —wy) + (wy — w)

have the same number of zeros in D(zg; €), counted with multiplicity.

Since f(z) — wy has a zero of multiplicity k > 2 at z,, it follows that f(z) — w has exactly k zeros
in D(zy; €), counted with multiplicity. For w # w,, these zeros are distinct, because z; is the only
point where f’(z) = 0 in a sufficiently small neighborhood of z,. This contradicts the injectivity of f.
Therefore f'(z) #0forallz € U.

It remains to show that f~! is holomorphic. First notice that the open mapping property of f guar-
antees that f~! is continuous on V.

Fix w, € V, and let

zo := £ N wy).
Then for each w # wy, z 1= f~'(w) # zy = £~ (w,), and
i w) = 1 (wy) _ zZ— 2z _ 1
w — wy f@) - f(zg) [f(@—f(zg)

z -z

As w — wy (W # wy), by the continuity of f~!, we have z — z,, and z # z,. Since

A C A
m ———

72 zZ -z

= f’(zo) ;é 09
by the continuity of the function % at z # 0, there is

TN w) = 7 (wy) 1
m —>

li .
w—w w— wy f’(zo)
Hence f~! is complex differentiable at w,, with derivative ﬁ
0
As w, € V was arbitrary, f~! is holomorphic on V. |

In fact, the term conformal mapping is used in a broader sense in other contexts, where the main
emphasis is on the angle-preserving property. Now, let’s prove that a biholomorphic map is indeed

angle-preserving.
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PROPOSITION 1.3 (Angle-preserving property). Let U,V C C be open, and let
f:U->V
be biholomorphic. Let z, € U, and let y,,y, be C'-curves in U such that

10 =r0)=z, 70 #0,  y0)#0.
Then the oriented angle between y| and y, at z is equal to the oriented angle between foy; and foy,

at f(zg).

PROOF. Set
wy = f(zg).
By the chain rule,
(for)'(0) = f'(z9)r}(0), j=12

Hence

(for) () _ f'(z0)r,0)  1,(0)
(for)'(©) — f'(zorj(©0) ~ 7] (©O)

Taking arguments, we obtain

arg(foy,)'(0) — arg(foyy)'(0) = arg y3(0) — arg y;(0).

Thus the oriented angle is preserved. (I

EXAMPLE 1.4. The map

fey=2
is holomorphic on C, but it is not conformal at z = 0, because
() =0.

2

Indeed, near 0, the map z — z“ is not locally injective. Geometrically, it doubles arguments and so does

not preserve angles at 0.

On the other hand, if we restrict f to a sector
Sa’ﬁ:={re"9:r>0,a<0<ﬂ}, f—a<um,
then f is injective on .S, 5, and maps it biholomorphically onto the sector
Sranp = {re 1 r>0, 20 <60 <2p}.
Hence f is conformal on S, 5.
EXAMPLE 1.5 (A conformal map from the upper half-plane to the unit disk). Let
H:={zeC: SJz>0}

be the upper half-plane, and let
D:={weC: |wl <1}
be the unit disk. Consider the linear fractional map (also called a Mobius transformation)
zZ—1
zZ+i

b:H-C,  Pz)=

It maps H bijectively onto D, with i mapped to 0.
Indeed, solving
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for z, we obtain
l1+w
1-w’
which is the inverse map. Since the inverse is again a Mobius transformation, ¢ is a conformal mapping

z=1

from H onto D.

Furthermore, ¢ maps R U {0} onto the unit circle dD. In particular,
p(=1) =1, (1) = —i, $0) = -1, ¢(o0) = 1.

The positive real axis is mapped onto the lower semicircle, while the negative real axis is mapped onto
the upper semicircle. More precisely, as x runs from 0 to +oo, the point ¢p(x) moves from —1 to 1 along
the lower semicircle; and as x runs from O to —oo, the point ¢(x) moves from —1 to 1 along the upper

semicircle.

EXAMPLE 1.6. The previous example can be combined with simple holomorphic maps to produce
many further conformal mappings.

For instance, consider the sector
S:={zeC: 0<argz<%}.

The map

Z|—>Z4

maps S conformally onto the upper half-plane H, since it multiplies arguments by 4. Composing with

the conformal map

w—i
w) =
¢w) w+i
from H onto D, we obtain a conformal mapping
4
S - D, zr— % l
4+

Thus, once a few basic conformal maps are known, many others can be constructed by composition.
We will see many further examples later.
2. Automorphisms of the upper half-plane

Given an open set  C C, we use
Aut(Q)
to denote the set of all biholomorphic maps from Q to itself. This is indeed a group under composition:
if
f.g € Aut(Q),
then fog is again biholomorphic from Q to itself; the identity map
idg : Q- Q
is biholomorphic; and if f € Aut(£2), then by definition its inverse
fla-0
is also biholomorphic. Thus Aut(£2) is a group.
In this section we determine the automorphism group of the upper half-plane

H:={zeC: S3z>0}.
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Since we have seen that H and D are conformally equivalent via

z—1

f i H-D, J@) ="

every automorphism of H gives rise to an automorphism of D. Indeed, if
¢ € Aut(H),

then
fogof~! € Aut(D).

This defines a group isomorphism
Aut(H) — Aut(D), ¢ —> fogpof !,

whose inverse is given by
w — f~loyof.
Therefore, Aut(H) and Aut(D) are naturally identified. Since it is slightly easier to understand
Aut(D), we will first determine Aut(DD), and then transfer the result to H.

We first look at some basic examples of holomorphic maps from D to itself.

EXAMPLE 2.1. (1) For each 8 € R, the rotation

z+ ez
is an automorphism of D.
(2) The map

Z|—>Z2

is holomorphic on D, but it is not injective, hence it does not belong to Aut(D).
(3) The map

ZF—z
maps D bijectively to itself, but it is not holomorphic, hence it does not belong to Aut(D).

(4) For a € D, the map
W, (2) 1= o=
az—1

is called a Blaschke factor. The following lemma shows it is an automorphism of D.

We now record some basic properties of the Blaschke factor.

LEMMA 2.2. Let a € D, and define

W, (2) 1= o
az—1

Then:

(1) w, is a Mobius transformation of @;
(2) ¥,(0) = @ and (@) = 0;

(3) wqow, =id;

@) if 121 = 1, then |y, ()| = I;

5) v, € Aut(D).



144 9. CONFORMAL MAPPINGS

PROOF. (1) We may write
az+b

cz+d

W, (2) =

with

a=1, b=—a, c=a, d=-1.
Its determinant is

ad —bc=—1+|al>#0
since |a| < 1. Hence vy, is a Mobius transformation.
(2) Direct computation gives
v =T=a  y@=0.

(3) By direct calculation,
Z—«

-
az — 1

W (W, (2) = 2—o——
a 1

az—1
Simplifying the numerator,

z—a—a@z—1) (1-|a)z

az—1 az —1
Simplifying the denominator,

az—a)—(@z—1) 1—laf?

az—1 az—1"
Therefore
(1—la®)z
az—1
Wo(Wo(2) = —F——— =z
a\Pa 1 — |C¥|2
az—1
Hence
oy, = id.
(4) Suppose |z| = 1. Then |z| = 1, and
Z—a zZ—a zZ—a
)l = |22 = |22 - _1.
z(az — 1) a—z —(z—a)

(5) Since y,, is holomorphic on D, it is enough to show that it maps D bijectively to itself. By part

(4), w, maps the unit circle to itself. Hence, by the maximum modulus principle,
v,(D) C D.
Since y, oy, = id, the map y, is bijective and its inverse is itself. Thus

v, € Aut(D).

We will prove the following result.
THEOREM 2.3. Any ¢ € Aut(D) can be written in the form
$(2) = €y, (2)

for some 0 € Rand a € D.
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The proof will use the Schwarz lemma.

PROPOSITION 2.4 (Schwarz lemma). Let f : D — D be holomorphic, and suppose that

f(0)=0.

Then
|f(z)| <|z|  forall z€ D,

and

If(0)] < 1.
Moreover, if equality holds at some nonzero point, that is, if there exists zy € D \ {0} such that

|/ (zo)l = |2,

orif

|f'(O)] =1,

then there exists 0 € R such that
f(z)=¢€%z  forall z € D.

PROOF. Define

LS
g(z) i=9 %
f'(0), z=0.

Since f(0) = 0, the function g is holomorphic on D.
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Fix 0 < r < 1. Since g is holomorphic on D(0; r) and continuous on D(0; r), the maximum modulus

principle gives

max |g(z)| = max [g(z)].

|zl<r Iz|=r
Now if |z| = r, then
(2| _1
e = L& L 1
|z] r
because f(D) C D. Hence
lg(2)| < 1 for all |z| < r.
r

Letting r — 1—, we obtain
lg(z)| <1 for all z € D.

Therefore

L f(2)| = |z| |1g(2)] < |z| forall z € D,

and in particular
|f'(0)] = [g(O)] < 1.
If there exists z, € D \ {0} such that
|/ (zp)l = |20,
then
lg(zp)| = 1.

Since |g| < 1 on D, the maximum modulus principle implies that g is constant. Thus

g(z) = e’
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for some 6 € R, and hence

f(z) = ez
Similarly, if
1f'O) =1,
then
18O =1,
so again the maximum modulus principle implies that g is constant of modulus 1. Hence
f(z2)=¢"z

for some 6 € R.

PROOF OF THE THEOREM. Let ¢ € Aut(D), and set

a:=¢'(0)eD.
Then
We(a) =0.
Consider the map
[ = ¢oy,.

Since both ¢ and y, belong to Aut(D), the map f is an automorphism of D. Moreover,

J(0) = ¢y, (0) = ¢(a) = 0.
By the Schwarz lemma, there exists 8 € R such that
f(z) =éz
Therefore

b(z) = ", (2),

as required.
COROLLARY 2.5. Let ¢ € Aut(D) and suppose that

$(0) = 0.
Then
d(z) =€z
for some 6 € R.

PROOF. By the theorem, we may write

$(z) = ¢y, (2)
for some 6 € R and a € D. Evaluating at z = 0, we obtain
0 = ¢(0) = ey, (0) = ea.
Hence a = 0. Therefore
$(2) = ¢y (2).
Since

z
wo(z) = iy = -z,



2. AUTOMORPHISMS OF THE UPPER HALF-PLANE 147

it follows that
¢(Z) — _eiﬁz — ei(9+7t)z‘
Renaming the angle, we conclude that
$(z) = ¢’z
for some 9 € R. O

COROLLARY 2.6. The action of Aut(D) on D is transitive. That is, for any a,b € D, there exists
¢ € Aut(D) such that

$(a) = b.

PROOF. It is enough to show that for every a € D, there exists an automorphism sending a to 0. But

this is exactly the Blaschke factor y,, since
w,(a) = 0.
Now given a, b € D, the maps vy, y;, € Aut(D) satisfy

v (@ =0, w0 =b.

Hence
¢ :=y,op, € Aut(D)
satisfies
@(a) = w(w,(a) =y (0) = b.
Thus the action is transitive. O

We can also understand Aut(D) from a more geometric point of view.
We already know that every ¢ € Aut(D) can be written in the form

P(2) = Oy (), w(z) = —2,

az — 1
ei0 _eiea
a -1 )

—e'? + eié'locl2 =—¢%(1 - |a|2).

for some 8 € R and a € D.
Thus ¢ is represented by the matrix

Its determinant is

If we set
9 :=0+m,
then
—e® = ¢
so the determinant becomes
(1 = |a|?).

Since multiplying a matrix by a nonzero scalar does not change the induced Mébius transformation,

we may rescale the above matrix by
o—i9/2

VI |a?
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This gives

| o19/2 _ei¥/2g

Aa& =
1= |a|2 _e—h‘)/ZE e—z19/2

and now
detA, o= 1.

Notice that A, 4 has the form

a b
Aa,@=<— _>, lal* = |b* = 1.
b a
1 0
J= )
0 -1

h(v, w) = v Jw = vw| — LyW,.

Now let

This defines a Hermitian form on C2,

We define
SU(1,1) :={A € GL,yC) : A"JA=J, det A= 1}.

A direct calculation shows that

SU(1,1)={<g f) |a|2—|b|2=1}.
a

Thus SU(1, 1) is the group of determinant-one matrices preserving a Hermitian form of signature (1, —1).

The discussion above shows that every automorphism of D gives rise to an element of SU(1,1).
Conversely, we leave it to the reader to check that every matrix in SU(1, 1) induces a M&bius transfor-
mation preserving D. Since two matrices differing by a sign induce the same projective transformation,

this correspondence is two-to-one. Therefore
Aut(D) = PSU(1,1) :=SU(, 1)/{xI}.

REMARK 2.7. This Hermitian form is closely related to the geometry of the disk. If we view C as
the projective line P!(C), then z € C corresponds to the point [z : 1], and
h((z.1).(z. 1) = |z]* - 1.

Hence
|z] <1 < h((z,1),(z,1)) <0, z| =1 < h((z,1),(z,1)) =0.

Thus the unit circle is the projectivization of the null cone of A, and the unit disk is the projectivization

of its negative cone. From this point of view, the appearance of SU (1, 1) is natural.
We now return to the automorphism group of the upper half-plane
H:={zeC:S3z>0}.

THEOREM 2.8. A map ¢ : H — H belongs to Aut(H) if and only if it has the form

s a,b,c,d €R, ad — bc > 0.

Equivalently,
Aut(H) = PSL,(R).
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PROOF. Let
zZ—i
zZ) =
f(z) "

be the conformal mapping from H onto D. The matrix corresponding to f is

c=<i j’).

From the previous discussion, we know that

Aut(D) = PSU(1, 1).

Thus it suffices to conjugate SU(1,1) by C.

Let
A= <% ﬁ) esud, 1), la*=|p?=1.

a

A direct computation shows that

- ac ( R@+p) Sa-p

SL,(R).
~S(a+p) mm-m)e 2R

Hence

C7lsU1,1)C c SL,(R).
Conversely, every matrix in .S L,(R) arises in this way, and therefore

Clsu(1,1)C = SLy(R).
Passing to projective groups, we obtain

PSU(1,1) =2 PSLy(R).
Since f gives an isomorphism
Aut(H) = Aut(D),

it follows that
Aut(H) = PSL,(R).

This means precisely that

“”2 “a.be.d€ER, ad—bc>0}.

Aut(H) = {z -

3. An application of conformal mappings: the Dirichlet problems
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3.1. The Dirichlet problem on the disk. Complex analytic methods are very useful in analysis,

especially in the study of PDEs (partial differential equations). We illustrate this with a basic example:

the Dirichlet problem on the unit disk. Using Cauchy’s integral formula and Blaschke factors, we will

derive the Poisson integral formula, and hence obtain the solution of the Dirichlet problem on D.

We begin by formulating the Dirichlet problem on the unit disk. Given a continuous function

g . 0D - R,
the Dirichlet problem asks whether one can find a harmonic function

u:D->R
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which extends continuously to D and satisfies

ulpp = &
We first note that if such a function exists, then it is unique.
PROPOSITION 3.1 (Uniqueness). Let g : 0D — R be continuous. There exists at most one function
u € C(D)
which is harmonic on D and satisfies
ulop = &

PROOF. Suppose u;,u, € C(D) are harmonic on D and satisfy

uplop = uzlop = 8-
Set

v .= ul = u2.
Then v is harmonic on D, continuous on D, and

vlop = 0.
By Corollary 4.4,

max v(z) = max v(z) = 0.
zeD zedD

Similarly,

min v(z) = min v(z) = 0.
zeD zedD
Hence v = 0 on D. Therefore

Uy = u,.

The next task is to construct a solution of the Dirichlet problem.

3.2. Poisson integral formula. To motivate the construction, we first ask the following question:

if u is harmonic on an open neighborhood of D, how is u related to its boundary values on dD? The
question is answered by the Poisson integral formula.

PROPOSITION 3.2 (Poisson integral formula). Suppose Q is an open set containing D, and let

u:Q-~R

be harmonic. Then for every z = re'® € D,

1 [ 1 -2 -
u(z) = — / u(e) dt.
27 Jo 1 —=2rcos(@—1)+r2

In general, if an operator T is given by

Tfx) = / K(x,y)f(»)dy,

then K (x, y) is called the kernel of T'. Here the above integral formula sends the boundary values of u on
0D to the values of u in D, and the function

1—r2
PO —-1)= >
1 —2rcos(@—1t)+r
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plays the role of the kernel. Hence it is called the Poisson kernel.
In particular, if u = 1, then Proposition 3.2 gives
1 [
— PO —-1t)dt=1.
2z Jo
Thus the Poisson kernel integrates to 1, so the Poisson integral should be regarded as a weighted average
of the boundary values.

A natural idea for proving this formula is to use Cauchy’s integral formula for holomorphic functions
and then take real parts. However, for a general point @ € D, it is not easy to organize the integrand so
that its real part involves only the boundary values of u. In other words, it is not immediately clear how
to recover u(a) from an integral depending only on u|,y. We will change a strategy and overcome this
difficulty in two steps: First, we prove the formula at the origin O, where the symmetry of the disk makes
the argument especially simple. Then we use a Blaschke factor to move an arbitrary point of the disk to
the origin, and in this way obtain the formula for general a € D.

The rest of this subsection is devoted to a proof of Proposition 3.2.

LEMMA 3.3 (Mean value property at the origin). Let u be a harmonic function defined on a disk
neighborhood € of D. Then

1 2 )
u(0) = - / u(e'®) de.
0

PROOF. Since € is simply connected, there exists a holomorphic function F € () whose real
part is u. By Cauchy’s integral formula,
F
F(0) = L / Fw) ..
2ri |w|=1 w

Writing w = e'?, so that dw = ie® d@, we obtain

1 2 ]
F(0) = - / F(e'?)do.
0

Taking real parts gives

1 2z

2r
u(0) = RF(0) = 7 RF(%)do = % / u(e’®) de.
0

0

Then we need the following usful lemma.

LEMMA 3.4. For any two conformally equivalent open sets U and V with a conformal mapping
p: U=V,

if u is harmonic on V, then uog is harmonic on U.

In particular, for ¢ € Aut(Q) and u is harmonic on Q, then uo¢ is also harmonic on Q.

PROOF. Let z, € Q. Since u is harmonic, there exists a neighborhood V' of ¢(z()) and a holomorphic
function F on V such that
u=RF onV.
Since ¢ is holomorphic, after shrinking neighborhoods if necessary, there exists a neighborhood U of z,,
such that
pU)CV.
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Thenon U,
uogp = R(Fog).

Since Fog is holomorphic on U, it follows that uog is harmonic on U. As z, was arbitrary, uog¢ is

harmonic on Q. 0

Now for each @ € D, we consider the Blaschke factor

zZ—a
v, (2) = = .
az—1
Since |a| < 1, the only pole of v, is at
z=1,
a

which lies outside D. Hence v, 1s holomorphic on a disk neighborhood €2 of D. Moreover,

-1
v, =W,
and it maps @ to 0 and O to a.
Now consider the function
U i=uoy,.

Then v is harmonic on a neighborhood of ﬁ, and
0(0) = u(a).

Applying Lemma 3.3 to v, we obtain

2 2z
u(a) = v(0) = 1 / v(e'®)do = 'S / u(y, (%)) do.
2 0 2 0
Now write
l//a(eie) — eit'
As 6 goes from 0 to 2z, t also goes from 0 to 2.
Using
Wa(eie) A eit and ei6’ - ll/a(eit),
a direct calculation gives
dg _ 1- la|?
dt el —a|?’
Therefore, by the change of variables,
2 2
1 1 —|af it
u(a) = — ——u(e') dt.
(@) 27[/0 lei — a|? ")

Writing a = re'?, we note that
le" —al®> =1 —=2rcos(6 — 1) + r.

Hence the formula becomes

: 1 [ 172 :
u(re’y = — / u(e dt,
27 Jo 1 —=2rcos(@—1)+r2
which is exactly the Poisson integral formula in Proposition 3.2. In particular, the Poisson kernel is
1= 2 _ 2 .
lal” _ il a=re?.

leit — a2 1—=2rcos(d —1) +r2’

We are done with the proof of Proposition 3.2.



3. AN APPLICATION OF CONFORMAL MAPPINGS: THE DIRICHLET PROBLEMS 153

3.3. Solutions to the Dirichlet problem on the unit disk. Poisson’s integral formula suggests that
for a general continuous function g on dD, one should define
2 2
1 1 —|z] ;
U(z) := — — = g(eMdt, zeD.
(2) 27[/0 o 8
This integral is well-defined since g is continuous.

To see that U is harmonic on D, it is convenient to rewrite the kernel as

L=z _ g (€42
|eit_zl2 eit —z |-

Thus, if we define

271' it .
Foi= g [T S e ar= gL [ wrisy,
2r Jo el—z 271 Jjpj=1 W—2Z W
then
U(z) = RF(z).

For each fixed w € 0D, the function

w4+ z

Z =
w-—z

is holomorphic on D. Since g is continuous on 9D, it follows that F is holomorphic on D. Therefore U
is harmonic on D.

It remains to understand the boundary behavior of U. To see this, fix /% € 0D and we estimate
U(re'f) — g(e'®).

Since
2

L po—nar=1,

2r 0
1-r2

where P.(0 — 1) := T2 cos@—) 12’

we may write

2r
U(re') — g(e'%) = % / P.(0 —1)(g(e") — g(e")) dt.
0

Let € > 0. Since g is continuous on 0D, there exists 6 > 0 such that
g™ — ge™)] <&

whenever |t — 0,| < 6 modulo 2.

We split the integral into two parts:

U(re'?) — g(e') = I, + I,

where
I = P60 —1)(g(e") - g(e®)) dr,
27 Jji—0,1<s
and
1= PO —1)(g(e") — g(e®)) d.
27 J)i-0y 125

For I,, we have
1 2r
|1, 55-—/ PO —-1dt=c¢.
27'[ 0
Now assume |6 — 6| < 6/2. Then on the set |t — 6| > 6, we have

It— 0] >5/2.



154 9. CONFORMAL MAPPINGS
Hence

1 —2rcos(d —1)+r?
is bounded below by a positive constant depending only on 6. Since the numerator 1 — P> 0asr— 1,

it follows that
PO—-1)—0

uniformly on the set |t — 6| > 6 as r — 1 and § — 6,,. Since g is bounded on dD, we conclude that
12 - 0.

Therefore,

U(re'?) - g(eiGO) as re'? - %,

Since e/% was arbitrary, U extends continuously to D and satisfies

Ulpp = &

As a conclusion, we have proved the following theorem.

THEOREM 3.5. Let
g.0D—->R

be continuous. Then the function

2r 2
1 - .
U(z) := L/ ig(e”)dt
0

2r leit — z|2

is the unique solution of the Dirichlet problem on D with boundary values g.

3.4. The Dirichlet problem on the upper half-plane. We now use the conformal mapping
z—1i

f H-D, f(Z)=Z+i,

to transfer the Dirichlet problem from the unit disk to the upper half-plane

H:={zeC: S3z>0}.

Recall that f is biholomorphic, with inverse

f_l(w)=i1+w.
1—w
Suppose
g R->R

is continuous and satisfies

lim g(x) = xl_i)r_noo g(x) € R.

X—+00

Then g extends continuously to R U {oo}. Since f maps
RU{oo}
homeomorphically onto dD, the function

g0 :=g(f7' ), ¢ eab,

is a continuous function on dD.
Let v be the unique harmonic function on D which extends continuously to D and satisfies

Vlop = &
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Then
u(z) :=uv(f(z))

is harmonic on H, extends continuously to H U R U {0}, and satisfies

ullRU{oo} =8

Thus the Dirichlet problem on H is reduced to the Dirichlet problem on D.
Carrying out this construction explicitly leads to the following formula, whose proof is left to the

reader as an exercise.
THEOREM 3.6 (Poisson integral formula on the upper half-plane). Let
g R->R

be continuous, and suppose that

lim g(x)= lim g(x).
X—+00 X—>—00

Define
u(x+iy)'—l/oo+g(t)dt y>0
o) (x=1)2+ 2 f '

Then u is harmonic on H, extends continuously to HU R U {0}, and satisfies

ullRU{oo} =8
In particular, u is the unique solution of the Dirichlet problem on H with boundary values g.

The kernel

1 y
P(x—1)i=~——"——
=D T (x —1)? + y?

is called the Poisson kernel on the upper half-plane.

In fact, the same idea extends more generally. Whenever a domain € is conformally equivalent to
the unit disk by a conformal map which extends appropriately to the boundary, the Dirichlet problem on
Q can be transferred to the Dirichlet problem on D. In this way, once the Dirichlet problem is understood
on the disk, one obtains solutions on other domains as well.

This naturally leads to the following question: for which domains does such a conformal mapping
to the unit disk exist? In the next section, we will introduce and prove a very powerful result, namely the
Riemann mapping theorem. It states that for every simply connected proper domain in C, there exists a
conformal mapping onto D. Thus, at least for simply connected planar domains, the unit disk provides a

universal model domain for conformal mapping problems.

4. The Riemann mapping theorem

In this section, we state and then prove Riemann’s remarkable theorem, which is one of the central

results in complex analysis.
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4.1. Statement of the theorem.

THEOREM 4.1 (Riemann mapping theorem). Let Q C C be a nonempty open set. Assume that

Q # C, and that Q is connected and simply connected. Then there exists a conformal mapping
F: Q- D.
Moreover, for any fixed point z, € €, there exists a unique conformal mapping
F:Q-D

such that
F(Zo) = 0, F/(Zo) > 0.

The uniqueness part is easy, and uses our description of the automorphism group of the disk.
PROOF OF UNIQUENESS. Suppose
F,F,:Q—-D
are conformal mappings such that
F(zy) = F5(zy) =0, Fl’(zo) > 0, F2’(zo) > 0.

Consider
G :=FjoF;' : D> D.
Then G € Aut(D), and
G(0)=0.

By the corollary above, G must be a rotation. Thus
G(z) = ez for some 6 € R.

Differentiating at 0, we obtain

G'(0) =",
On the other hand, by the chain rule,
G0y = 10
Fl(z9)
Since both F|(z,) and F)(z,) are positive real numbers, it follows that
G'(0) > 0.
Hence
el =1,
so G = idp. Therefore
F, =F,.

O

Before discussing the Riemann mapping theorem, we mention a related boundary regularity result. It
says that for simply connected domains whose boundary is sufficiently nice—for example, the unit disk, a
rectangle, a triangle, or more generally a bounded polygon—a conformal mapping extends continuously
to the boundary.
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THEOREM 4.2 (Carathéodory). Let Q C C be a simply connected domain whose boundary 0Q is a

Jordan curve. Then any conformal mapping
f:D->Q
extends continuously to a homeomorphism
D - Q.

REMARK 4.3. We will not prove this theorem here. Its proof is more delicate than that of the
Riemann mapping theorem, since it involves the boundary behavior of conformal maps together with
some nontrivial topology of Jordan curves.

The condition that 0Q be a Jordan curve is essential. Without it, the conclusion need not hold. A

standard example is the comb domain

Q=0,1)x0,1)\ <{0}>< [%1] U G{%}x [o%])
n=1

This is a simply connected domain, but its boundary is not a Jordan curve, and a conformal map f :

D — Q does not extend continuously to D.

4.2. Proof of the Riemann mapping theorem — Part 1. We now turn to the proof of the existence
part of the Riemann mapping theorem.

Let Q C C be a nonempty, open, connected, simply connected domain, and assume that
Q#C.
Fix a point
Z( e Q.
We seek a conformal mapping from Q to D from the family
M = {f QD | Jf is holomorphic, injective, and f(zy) = O} .
If a conformal mapping
F:Q->D

with F(z,) = 0 exists, then it must lie in M.
The first task is to show that the set M is not empty.
Step 1: Show that M # @.

Since Q # C, we may choose a point
aeC\Q.

Then
z—a#0 for all z € Q.

Because Q is simply connected, so is
Q-a:={z—a:zeQ}.
Since 0 & Q — a, there exists a holomorphic branch of the logarithm on Q — a. Thus
g(z) :=Log(z —a)

is holomorphic on €.
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We claim that g is injective. Indeed, if

8(z) = g(w),
then
z—a=e8® = o8 = yy _ ¢

hence

Next, notice that
g(2) # g(zg) + 2mi forall z € Q.
For otherwise, if
8(2) = g(zp) + 2xi,

then

88 — eg(zo)’
o)

zZ—a=2zy—a,

hence z = z;,, which would imply

g(2) = g(2o),
a contradiction.

‘We claim moreover that
8(zg) +2ri & g(2).

Indeed, if there were a sequence z,, € Q such that

8(z,) = &(z¢) + 27i,

then
2, —a = €8G0S oBE = o8G0) = 7 g
SO
z, = Zp.
Since g is continuous,
8(z,) — g(zp),

contradicting

g(z,) = g(zg) + 2ni.

Thus there exists € > 0 such that

D(g(zo) + 27ri,£) Nng) =a.

Now define
h(z) := ! + L
g(z) — (g(zp) + 2mi)  27i

Then A is holomorphic and injective on €2, and

h(zy) = 0.

Moreover, since
|62) = (s(z0) +27i)| 2z Q)
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we have
@l <ls Ll ceq.
e 2r
Thus £ is bounded on Q. Choose M > 0 such that
|h(z)| < M (z € Q).
Rescale i and define
f(z) := ﬁh(z).
Then f € M. Hence
M # @.

Step 2: Reduction to the case Q C D and z, = 0.
Suppose that f € M. Then

f Q- f(Q)
is a conformal equivalence, and f(€2) C D is again a simply connected domain with
0= f(zq) € f(.

If we can prove the theorem for the domain f(€2) C D with distinguished point O, then composing the
resulting conformal map f(Q) — D with f, we obtain a conformal map Q — D.

Thus, from now on, it is enough to assume that
QcD and zo=0.

Step 3: If F € M maximizes | F’(0)|, then F is surjective.
Assume there exists F € M such that
|F'(0)| > |f'(0)] for all f € M.
We claim that
F(Q)=D.
Suppose not. Then there exists
aeD\ F(Q).

Consider the Blaschke factor

w-—a
V(W) = = :
aw —1

Then
y,oF : Q—-D

is holomorphic and injective, and since a & F(L), its image omits 0. Because Q is simply connected,
there exists a holomorphic branch of the square root, which we denote by

h = (WQOF)I/Z'

Choose the branch so that
h(0) = a'/?,

where al/2

is one of the two square roots of a.
The map 4 is injective. Indeed, if
h(z)) = h(z,),
then

w,(F(z))) = h(z))* = h(z,)* = w,(F(zy)),
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and since both y, and F are injective, it follows that

Z| = Z;.
Now define
G =y,i0h, 0 =y 050y, ,

where

s(z) 1= z2.
Since w12 maps a'/? to 0, we have

G0)=0.
Also, G is holomorphic and injective, so

G e M.

Moreover, since
w,oF = h* = soh
and

h =y oG
because t//m_ll/2 = y,12, We obtain
w,oF = soy,120G.
Applying y, again, we get
F = 00G.
Now Q is a holomorphic map from D to itself and maps O to 0. By Schwarz’s lemma, the non-
injectivity of Q results in
10'0)] < 1.
By the chain rule,
F'(0) = 0'(0) G'(0).
Hence
|F'(0)] < 1G'(0)].
But G € M, contradicting the maximality of | F’(0)].

Therefore our assumption was false, and we must have

F(Q)=D.

The last step is to show the existence of such an extremal map. The underlying idea is quite natural.
In finite-dimensional situations, one often proves the existence of a maximizer by showing that a contin-
uous function attains its maximum on a compact set. Here we would like to apply the same philosophy
to the functional

=110

on the family M. However, M is a family of holomorphic functions and is therefore infinite-dimensional,
so ordinary compactness is no longer available.

What we shall prove instead is a sequential compactness statement: every sequence in M has a
subsequence converging uniformly on compact subsets. This is exactly what is needed to extract a limit
from a maximizing sequence. To establish this, we now develop the basic analytic tools for families of

holomorphic functions in the next subsection.
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4.3. Proof of the Riemann mapping theorem — Part 2: Analysis. To make this part rigorous we
need some preparation and first establish the analytic tools needed for this argument.

DEFINITION 4.4. Let Q C C be an open set. A family 7 of holomorphic functions on Q is called
a normal family if every sequence (f,) C F has a subsequence which converges uniformly on every

compact subset of Q.
By Theorem 4.7, the limit of such a subsequence is again holomorphic on .

DEFINITION 4.5. Let Q C C be an open set, and let F be a family of functions on Q.

(1) We say that F is uniformly bounded on compact subsets if for every compact set K C €,
there exists a constant M > 0 such that

| f(2)] £ Mg forall f € Fandall z € K.

(2) We say that F is equicontinuous on compact subsets if for every compact set K C €2 and every
€ > 0, there exists 6 > 0 such that

1f(z1) = f(z)] <&
whenever [ € T, zy,z, € K, and |z; — z,| < 6.

The following lemma is a fundamental result in analysis whose proof can be found from a standard

analysis textbook, e.g., Rudin. We will use the result without proving it here.

LEMMA 4.6 (Arzela—Ascoli). Let K C C be compact, and let (f,) be a sequence of complex-
valued functions on K. If f, is uniformly bounded and equicontinuous on K, then it has a subsequence

converging uniformly on K.

COROLLARY 4.7. Let Q C C be an open set, and let T be a family of functions on Q. If F is

uniformly bounded and equicontinuous on every compact subset of Q, then F is a normal family.

PROOF. Let f, be a sequence in 7. Choose an increasing sequence of compact sets K; C K, C -+
in Q such that

and K,, is contained in the interior of K,,, | for every m.

By Lemma 4.6, the sequence (f,) has a subsequence converging uniformly on K;. From that sub-
sequence, extract a further subsequence converging uniformly on K,. Continuing in this way and then
taking a diagonal subsequence, we obtain a subsequence of f, which converges uniformly on every com-
pact subset of

Omega. Thus F is a normal family. U

We remark that, up to this point, holomorphicity has not been used. We now state and prove the

following fundamental compactness theorem for holomorphic functions.

THEOREM 4.8 (Montel’s theorem). Let  C C be an open set, and let F be a family of holomorphic

functions on Q. If F is uniformly bounded on every compact subset of Q, then F is a normal family.
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PRrROOF. By Corollary 4.7, it suffices to show that F is equicontinuous on every compact subset of
Q.
Let K C Q be compact. Choose an open set U such that

KcUcUcQ.
Since K has positive distance from dU, there exists r > 0 such that
D(z;2r) Cc U for all z € K.

Set

K := U D(z;2r).
zeK

Then K’ is a compact subset of Q. Since F is uniformly bounded on compact subsets, there exists B > 0
such that

| f(w)| < B forall f € Fandallw € K'.
Now let f € F, and let z(, z, € K with
|z; = zo| < 1.

Then
Z1,29 € D(z,;2r) C U.

By Cauchy’s integral formula on 0 D(z,; 2r),

f(zl)—f(22)=%/ f(w)< 1l - )a’w.
7Tl JoD(zy:2r) Ww—z; wW-2z

For w € 0D(z,;2r), we have

|w—z,| =2r and lw—2z| >,
SO
‘ 1 _ |2y = 25| 1z) — 2|
w—zj Ww— 2z |w—ZI||w—Z2|_ 2]"2
Hence
1 |zy -zl _ B
z2)— f(z)| £ — -@zr)- B ———— = —|z; — z,|.
|/ (zy) f(2)|_27r (4zr) 22 rll o
This estimate is independent of f € F. Therefore F is equicontinuous on K. Since K C Q was
arbitrary, the theorem follows. O

In Step 4 of the proof of the Riemann mapping theorem, we will also need the following proposition.

PROPOSITION 4.9. Let Q C C be a domain, and let (f,) be a sequence of injective holomorphic
Sfunctions on Q. Suppose that f,, — f uniformly on every compact subset of Q, where f is holomorphic

on Q. Then f is either constant or injective.

PROOF. Assume that f is not injective. We will show that f must be constant.
Choose distinct points z;, z, € £ such that

f(z)) = f(zy).
Define
8,(2) 1= f,(2) = fu(2)), g(z) 1= f(z2) = f(z)).
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Then g, — g uniformly on every compact subset of Q. Also,

8(z)=0

for every n, and since each f, is injective, g, has no zero other than z;.
Now g(z;) = g(z,) = 0. If g = 0, then f is constant and we are done. So assume that g # 0. Then
the zeros of g are isolated. Choose a closed disk D C Q centered at z, such that z, is the only zero of g
in D. In particular,
g(w) #0 for all w € 9D.

By the argument principle,
1 g'(w)

27i Jop g(w)
is the number of zeros of g in D, counted with multiplicity. Since z, € D is a zero of g, this number is

dw

at least 1.

On the other hand, for each n, the function g, has no zeros in D, so again by the argument principle,

g (w)
A [ &8,

27i Jop 8,(W)

Since g, — g uniformly on a neighborhood of dD, it follows from Cauchy’s integral formula for

w=0.

derivatives that g/ — g’ uniformly on 0D. Therefore

& &
En 4
uniformly on d D, and hence
/
g,(w) ’
L& s L [ EW,,

X w— -—
27i Jyp g,(W) 2zi Jop g(w)
This is impossible, since the left-hand side is always 0, while the right-hand side is at least 1. The

contradiction shows that g = 0, and hence f is constant. O

4.4. Proof of the Riemann mapping theorem — Part 3: The last step. We now complete the proof
of the Riemann mapping theorem by establishing the existence of an extremal map.
Step 4: Existence of an extremal map.

Recall that, after Step 2, we may assume that
QcD and 0e Q.
We consider the family
M :={f : Q- D| fis holomorphic, injective, and f(0) = 0}.
We now show that there exists a function
FeM
such that
|[F'(0)] = sup |f'(0)].
fem

Define
d: M- R, D(f) :=|f0)].
We first note that ® is bounded on M. Indeed, choose R > 0 such that

D(0; R) C Q.
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If f € M, then f(Q) C D, so |f| <1on D(0; R). By Cauchy’s estimate,

1
"0)] < =.
|/ (0)] < R
Hence
s := sup |f'(0)] < oo.

fem
Since M # @, we also have s > 0.
Choose a sequence (f,,) C M such that

[£10)] — s.

Because each f, maps € into D, the family M is uniformly bounded on every compact subset of €. By

Montel’s theorem 4.8, after passing to a subsequence, we may assume that
Jo—= F

uniformly on every compact subset of Q, where F is holomorphic on Q.
Because f,(0) = 0 for all n, we have
F(0)=0.
Also, since | f,(z)| < 1 forall z € Q, it follows that
|F(z)] <1 for all z € Q.
By Cauchy’s integral formula for derivatives,
[7(0) = F'(0).
Therefore
|F'(0)] = s > 0.
In particular, F is not constant. Since |F| < 1 on Q, the maximum modulus principle implies that

F(Q) cD.

Finally, by Proposition 4.9, the function F is injective, since it is the locally uniform limit of injective

holomorphic functions and is not constant. Thus
FeM

and
|F'(0)| = sup |f'(0)].
fem

So the extremal map exists.

By Step 3, this extremal map must be surjective. Therefore
F:Q->D

is a conformal mapping.

Finally, by composing with a suitable rotation of D, we may arrange that
F'(0) > 0.

This completes the proof of the existence part of the Riemann mapping theorem.

Math 185 of Spring 2026 covers up to here.



CHAPTER 10

Problem set

Homework 1

» Reading assignment: Stein & Shakarchi, Sections 1.1-1.3; Priestley, Chapter 1 and Sections
2.1-2.12.
» Problems:
(1) Solve the following equations in C (Express z in polar form or exponential form if it is not
easy to compute the real and imaginary parts explicitly.):
(@) 24 +2-23i=0.
®) 1+z+z22+--+z0=0.
) 1-z2+z*-20=0.
(d) arg(iz) = % +2zZ.
(2) Suppose z, w € C and z # w. Prove that

R

Z+w\ _ |z]? — |w|?

<z—w)  z—w|?

(3) Describe geometrically the subsets of C specified by the following conditions:
@ |z—1+i]l>2]z—-1-1.
) |z|> > z+z.
(©) 2|z—1i| =|z|.
(d) Arg(i—:) = %

(4) Find the images of the following sets under the map z — 1/z:
(a) the ray Argz = /6,
(b) the disk {z € C : |z] < 2},
(c) the line Sz = 1.

(5) Suppose S is an open set in C. Define
T={z|zeS}.

Prove that T is also an open set in C.
(6) Prove that lim,_, f(z) exists and equals O for:

2
z
@ =11,
R(2)ST
©) f(z) = 2EE)
(7) Prove that the limit lim,_,, f(z) does not exist for:
@ f(2)=".
R(z)
b = .
(b) f(2) S0)
(8) On which subsets of C are the following functions continuous?
@ f(z)= —
22-1

165
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.z
(b) f(z)= R
(9) Define the function f(z) = —=

1+|z]°
(a) Prove f is continuous on C.

(b) Prove f : C — C is an injective map.
(c) Prove that f maps C onto the unit disk D(0; 1).
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Homework 2
» Reading assignment: Stein & Shakarchi, Chapter 1 Sections 2.1-2.2; Priestley, Chapter 5 and
6.1-6.3.
e Problems:
(1) Consider the function defined by f(x + iy) = \/m , where x,y € R. Show that f

satisfies the Cauchy—Riemann equation at 0, but f is not complex differentiable at 0.
(2) Show that

00 _4900 _4

0z0z  0zdz
where ) )
A:a_+a_
0x2  0y?

is the Laplacian. (From this, we see again that if f is holomorphic in an open set, then the
real and imaginary parts of f are harmonic.)
(3) Suppose f is holomorphic in a domain € (i.e., open and connected). Prove that in any one
of the following cases:
(a) R(f) is constant;
(b) S(f) is constant;
(¢) |f]| is constant;
one can conclude that f is a constant function.
(4) Try to formulate the complex version of the chain rule (think about how to prove it), and

use it to calculate
0 .2 z
2 o2 , i_ ezzz‘
0z 0z
Check your calculation using the real partial derivatives.

(5) Suppose f is holomorphic on the unit disk D(0; 1). Prove that the function

g(2) = f(2)
is also holomorphic on D(0; 1).
(6) Write down a power series expansion of the form Z;’;O c,z" (about z = 0) for each of the
following functions:
@ 573
221+5 ’
(b) T2
© 155
@ =
(e)
() (22-1)(z2-9)"
Further, in each case, specify where the expansion is valid, i.e., where the series converges

1—-z+z2’
1

(z+1)(z+2) ;
1

to the given function.
(7) Write down a power series expansion of each of the following functions in powers of z+1,
and also in powers of z — i:
1.
(a) :’

(b) —

z(z+2)"
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Homework 3

» Reading assignment: Stein & Shakarchi, Chapter 1 Sections 2.3, 3; Priestley, 6.4-6.11, 7.1-
7.12, Chapter 10;
e Problems:
(1) Prove that u(x, y) = e *(x sin y—y cos y) is a harmonic function, and then find the harmonic
conjugate of u.
(2) For a complex sequence (a,),— ;... With every a, # 0, show that
e Ja,|
implies
lim {/|a,| = L.
n—oc0
As a consequence, one can use ratio test to calculate convergence radius of a power series.
(3) Suppose a,0 € R and |a| < 1. Prove that
(@) 14+ acosf + a?cos20 +a’cos36 + - =

1—acos®

1-2acos 6+a?’
asin 6

. 2 . ) o e = —
(b) asinf +a°sin20 + a’sin 36 + -+ = ==

(Hint: Euler’s identity.)
(4) Determine for which values of z the following series converge absolutely:
@ ¥, =
(b) Zf;l n—lz(z” + z7"). (Notice this is not a power series.)
(5) (a) Obtain a power series expansion for ;z)? in the disk D(0; 1).

(I+
1

(b) Given a positive integer m, expand -2

— in powers of z. If

n=0
show that
. (m—=1Dla,
Iim ———— =1
n—oo nm—l

(6) Define the hyperbolic cosine and hyperbolic sine by

— z2n o  g2ntl
Coshz:=2—, sinhz:=2—.
& (2n)! L 2n+ )]

(a) Show that both series have radius of convergence oo.

(b) Prove the following identities:

(i) coshz = ez+2€_z, sinhz = %

(i1) (coshz)’ = sinh z, (sinh z)’ = cosh z.
(iii) cosh® z —sinh® z = 1.
(iv) cos(iz) = cosh z, sin(iz) = i sinh z.

(c) Show that both functions are bounded on the imaginary axis iR, but neither is
bounded on C.
(d) Solve the equations (1). sinh z = 0. (2). coshz = 0.
(7) If for constants a, b € C, there is |a| < r < |b|. Prove that
2ri

/;dz= ,
, (z—a)(z—b) a—>

where y is a circle centered at the origin, of radius r, with counterclockwise orientation.
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Homework 4

» Reading assignment: Stein & Shakarchi, Chapter 2 Section 1, 2; Priestley, Chapter 11, 12, 9.

e Problems:

(1) Prove the inequality

| z—1 27R(R + 1)

dz| <
6D(0;R)Z+1 R-1

Here assume R > 1.
R+z
z(R-z)

2_ 2
L R —r d6 =
27 Jo R%Z—2rRcosf +r?
(3) Prove that for any R > 0, the function 1/z cannot be uniformly approximated on the circle

(2) By integrating around a suitable loop, prove the identity

2z

Cr={zeC: |z| =R}

by polynomials.
(4) Let Q C C be an open set and let z(, z; € €. Consider the set

P(zg,21;€) :={y : [0,1] = Q continuous : y(0) = zq, y(1) = z}.

Consider the relation defined by homotopy of paths relative to endpoints z, and z;. Prove
that this relation is an equivalence relation on P(z, z; €2).

(5) Continue the previous problem. Let Q = C* and fix the basepoint 1, i.e., take z, = z; = 1.
For each n € Z, define the based loop

y, (@) ;=& 0<r<1.

(a) Show that if m # n, then y,, and y,, are not homotopic in C* relative to the basepoint
1.
(b) Show that every based loop y : [0, 1] — C* with y(0) = y(1) = 1 is homotopic in
C* relative to the basepoint 1 to y, for a unique integer n.
(6) Lety, (1) = ¢ and y_(t) = e~ for 1 € [0, 1]. These are the upper and lower semicircles
from 1 to —1.
(a) Show that y, and y_ are homotopic relative to endpoints in C.
(b) Show that y, and y_ are not homotopic relative to endpoints in C* = C \ {0}.
(7) Lety =0D(0;2),1.e.

y() =2e" (0<1t<2nm).

Suppose values of f(z) € [w(z)] are selected so that f(y(¢)) varies continuously as ¢
increases from 0 to 2z, with f(y(0)) real. Determine the initial value f(y(0)) and final
value f(y(2x)) when [w(z)] is
(iii) [log(1 + z)],
(8) Repeat the previous questions for the following multifunctions:
() [z= D',
(Assume that f(y(0)) is real and positive.)
(9) Verify that the multifunctions below have branch points as indicated and that the cuts
suggested outlaw precisely the inadmissible contours. In each case, specify a holomorphic

branch.
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3/4
(i1) [(%) ] (branch points +1; cut along [—1, 1]).

V) [log(z2 + 1)] (branch points +i; cuts along {iy : |y| > 1}).
(10) For each of the following multifunctions, locate the branch points (in <[~Z), specify multi-
branches, suggest how the plane should be cut, and specify a holomorphic branch.

(i) |((z = Dz - o)z - 0?) ],

where @ = ¢27i/3,
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Homework 5

» Reading assignment: Stein & Shakarchi, Chapter 2 Section 4, 5; Priestley, Chapter 13, 14.
e Problems:
(1) Evaluate
345, .
@ fypoa) 7 9%
1 .
®) fopo2) 7r1d%

(C) »/;)D(O;Z) (z+])2(z2+9)dz‘
(2) Leta,b € C with |a| # 1, |b| # 1. Evaluate, distinguishing cases,

2
[ ey,
op(:1) (Z —a)

(3) Evaluate /()D(O;l) z"(1 — z)"dz, where m € Z=% and n € Z.
(4) Suppose f is an entire function. Use Liouville’s theorem to prove that f is a constant
function if R f is bounded above or bounded below.
5) Let S = {z e C: -1 < Jz < 1}. Suppose f is holomorphic on S and satisfies the
growth bound
lf(2)] <A +z])*  (Vz €.5),
where A > 0 and a € R are constants. Prove that for each integer n > O there exists a

constant A, > 0 (depending only on n, A, a) such that
IFP)] < A1+ |xD*  (Vx €R).

(6) Suppose f is a continuous function on the closed unit disk D, holomorphic on the unit

disk D = {z € C : |z| < 1}, and nowhere vanishing on D. Assume
I f() =1 for all |z| = 1.

Prove that f is constant.

(7) Suppose f(z) = Zfﬁ:o a,z" has radius of convergence co. Prove that for any R > 0,

(o]
D la,| R <2 MQ2R),
n=0

where

M(r) :=sup{ |f(2)] © [z] =7}
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Homework 6

» Reading assignment: Stein & Shakarchi, Chapter 3 Section 1, 3; Priestley, Chapter 15.1-15.5,
17.8-17.20.

e Problems:
(1) Let f, g be holomorphic functions in D(z; r) for some r > 0 and assume that

f(z9) = 0= g(zp).

Prove that

tim L@ _ jim £

m
2=z g(z) 2oz 8'(2)

if the RHS exists. (This is a complex version of L’Hospital rule.)

It is a useful tool, for example, use it to compute

14+e"% |
z2o1 14527

(a) lim
(b) lim,_(cot z — z71).
(2) Find, with reasoning, the order of the zero at z, = 0 for each of the following functions.
(@) 22(e” — 1);
(b) 6sin(z?) + 23(z° - 6).
(3) Determine, with reasoning, all singularities in C of each of the following functions. Com-
pute the order and residue of each pole.
@ =
®) G
(©) W,
@ oo
(e) =3

(f) . 1

(m+z)sinz  znz’
(4) Determine, with reasoning, the nature of the singularity at 0 and at oo for each of the

following functions. Indicate whether it is removable, a pole, an essential singularity, or
not an isolated singularity. Compute the order of the pole if it is a pole.
(a) cotz—z71;
() (z+z7H7h
() ez+1/z;
(d) csc(sin z).
(5) (a) Construct a holomorphic function on the extended complex plane (the Riemann
sphere) except for poles at 0, 1, 0.
(b) Construct a holomorphic function on the extended complex plane (the Riemann
sphere) except for essential singularities at 0, 1, co.
(6) Suppose f(z) is holomorphic in a punctured disk D*(z; r), with some r > 0, and

1f(2)] < Alz — zo| 73

for some constant A > 0 when z is near z;,. Prove that z; is a removable singularity of f.
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(7) Suppose that f is holomorphic in an open set containing the closed unit disc, except for a

pole at z, on the unit circle. Show that if
oo
2 a,z"
n=0
denotes the power series expansion of f in the open unit disc, then
an

lim = Z,.
0y
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Homework 7

» Reading assignment: Priestley, Sections 17.1-17.7, 18, 19, 20.
» Problems:
(1) Compute the improper integral

+0o0 1
—dx.
/_oo x0 +1

Hint: The upper semicircle contour works, but instead of using that method, one can also
consider the sector contour Cy consisting of

— the interval [0, R] on the positive real axis;

— the circular arc {Re? : 0 <0 < 7/3};

— the line segment from Re”/3 back to 0.
This can simplify some calculations.

(2) Compute the improper integral
+0o
/ ; dX,
oo X241

(3) Leta > 0,b > 0. Compute the improper integral

/+°° x sin(ax)
——dx.
e X2+ B2

(4) Assume |a| < 1. Compute the integral

/2ﬂ.’ do
o 1—2acos+a?

(5) Assume a, b € R with a > |b|, and let n > 1 be an integer. Compute the integral
2z
/ cos(nf) 40
o a-+bcost
(6) Leta > 0 and b > 0. Compute the improper integrals
/ x sin(ax) dx. / cos(ax) .
0 x2 4+ b2 0 x2 + b2

(7) Compute the improper integral

©1—=cosx
/ 1—codx ,
0 x2

(8) Compute the improper integral

/ ®  sinx
——dx
o x(x2+1)
(9) Let0 < p < 1. Compute the improper integral
(o] p_l
/ X dx.
0 1+ x
(10) Compute the improper integral

* (log x)?
0 1+ x2

where n € Z*.

dx.
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Homework 8
» Reading assignment: Stein & Shakarchi, Chapter 3 Section 4; Priestley, Sections 15.13-15.15,
16.

» Problems: (You may skip problems 5 and 6 because they show up in the quiz.)
(1) For N € N, let S, denote the positively oriented boundary of the square

{(z=x+iyeC: [x| SN+, MISN+3).

Prove that cot(xz) is uniformly bounded on the contours S»,. That is, prove that there

exists a constant C > 0, independent of N, such that
|cot(zz)] < C forallz € Sy, andall N € N.

(2) Compute ¥ -

n=1 y4°

(3) Letw € C \ nZ. Prove that

1 1
% w nez (LU vy 7[")2

sin

(4) (Optional.) Integrate the identity in the above problem, and deduce that

(5) Prove the following weighted version of the argument principle:
Let Q C C be open, and let y be a positively oriented, piecewise C'!, regular, simple closed
curve in Q. Suppose that f is meromorphic on a neighborhood of y and its interior, and
that f has neither zeros nor poles on y. Let g be holomorphic on a neighborhood of y and
its interior. Then

1 fl
o /y 8@ dz= Z m, g(a) — Zb‘, ny, g(b),

where the first sum is over the zeros a of f inside y, counted with multiplicity m,, and the
second sum is over the poles b of f inside y, counted with multiplicity n,.
(6) Let

p(z)=a,2" +a, 2"+ +a

be a polynomial of degree n, with zeros «a/, ..., a, counted with multiplicity. Let

k
+ o+ alk

_ .k
Sk—al

Use the argument principle to show that for every integer k > 0,

1 kP,(Z)
= 22 4z,
= o /y 2 F

where y is a sufficiently large positively oriented circle.

Using this, compute the Laurent expansion of
P'(2)
p(2)

on {z € C : |z|] > R} for R sufficiently large.
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REMARK 0.1. If one writes
p(z) = a,(z" + ozt Cy)s

then comparing the Laurent expansion above with the expression obtained directly from

p(z) nzZ" '+ (m—1)e;z2" 2+ +c,

p(z) "+ ezl 4,
leads to the classical Newton identities relating the power sums s, to the coefficients
ClseeesCp
Let
F(z,w) = w" + c; (2" + - 4+ ¢,(2),
where ¢y, ..., ¢, are holomorphic on a disk D(0; R). Assume that wy is a simple zero of

the polynomial F(0, w). Prove that there exists » > 0 and a holomorphic function
f 1 D@O;r) > C
such that
fO=w, and  F(z,f(2)=0
for all z € D(0;r).
(First use the ordinary argument principle to show that, for z near 0, the polynomial

F(z, w) has exactly one zero in a small disk centered at w,. Then use the weighted version

with g(w) = w to recover that zero as a contour integral.)

Let
Y ={(zw) €C* : w? =z(z— 1)},
(a) Show that Y has a natural structure of Riemann surface.
Hint: Apply the holomorphic implicit function theorem to
F(z,w) = w? — z(z = 1.
(b) Show that the map
zr:Y ->C\{0,1}, (z,w) — z
is a surjective holomorphic map, and that each point z € C \ {0, 1} has exactly two
preimages in Y.
Prove all zeros of z7 — 5z + 12 are in the annulus

{z:1<|z| <2}.
Suppose 0 < |a| < 1, and n € Z*. Prove that
(z=1D"*=a

has exactly » distinct solutions in the right half plane R(z) > 0.
Let Q C C be a connected open set, and let u : € — R be harmonic.
Show that if u attains a local maximum or local minimum at some point z, € €2, then u is

constant on .
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Homework 9

« Reading assignment: Stein & Shakarchi, Chapter 8; Priestley, Ch 8, Ch 23.
» Problems:
(1) Prove that a holomorphic map f : U — V, where U, V' are nonempty open subsets of C,
is locally biholomorphic if and only if

fl(z2)#0 forallz € U.

(2) Construct a surjective holomorphic map from D to C. Is there such a conformal mapping?
Why?

(3) Find all Mobius transformations which take the imaginary line (with infinity) to the unit
circle, and the point 1 to the origin.

(4) Construct a conformal mapping from the open upper half unit disk to the upper half plane.

(5) Let f : H — H be holomorphic and suppose that f has two distinct fixed points in H.
Prove that f must be the identity map.

(6) Let f : D — D be holomorphic. Suppose that

f@)=0
for some a € D.
(a) Prove that
f@I<|==| forallzeD.
(b) Prove that
1
'"(a)| < .
@l <

(7) (Optional.) For z, w € D, define

p(z, w) = |y, (2)],

where
zZ—Ww

v, (2) =
wz—1
is the Blaschke factor. This function is called the pseudo-hyperbolic distance on D.

(a) Show that p(z, w) = p(w, z), and that
pz,w)=0 & z=w.

Remark: In fact, the triangle inequality also holds for p (Try to prove it), so p
defines a distance function on D. The hyperbolic distance on D is related to the
pseudo-hyperbolic distance by

1+ p(z,w)

dp(z, w) = 2 arctanh p(z, w) = log = o)

(For more about the hyperbolic metric, see Stein & Shakarchi Chapter 8 Problem 3.)
(b) Let f : D — D be holomorphic. Prove that

p(f(2), f(w)) < p(z,w) forall z, w € D.
(c) Show thatif f € Aut(D), then

p(f(2), f(w)) = p(z, w) forall z, w € D.
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(d) Deduce that for every holomorphic map f : D — D,

@l
I-f@1F~ 1-1z?

(8) Suppose that u is harmonic in C. Show that, for 0 < r < R,
) 2r 2_ 2 )
u(re'?y = 1 / R -r u(Re") dt.
27 Jo RZ—-2rRcos(@ —1)+r?
Assume in addition that u > 0. Deduce that

for all z € D.

R—r ; R+r
R u(0) < u(re'?) < - u(0).
(This provides another proof that a bounded function which is harmonic in C is necessarily
constant.)
(9) Let

H:={zeC: S3z>0}.
Given a continuous function
g R->R, withg(—c)=g(+x) € R,

use the Poisson formula from the unit disk to prove that

u(x+iy):=l/ ég(t)dt, y >0,
T ) oo (Xx—1)24)2
solves the Dirichlet problem on H with boundary values g. That is, show that u is harmonic

on H, extends continuously to H U R, and satisfies

u(x) = g(x) for all x € R.
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