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ഭᇦ㠚❦、ᆖส䠁 (ᢩ߶ਧ: 11431001, 11821001 ઼ 11890663) 䍴ࣙ亩ⴞ

᪎㾷 䇴ٽ (X,ω) ᱥжѠޭᴿ㍝㠪ঋ䘔䙐 Lie 㗚 G Hamilton ֒⭞Ⲻ㍝㠪ݿ┇䗑⍷ᖘ. ᵢᮽ䇷᱄ਠ㾷

Riemann䶘ⲺḧᖘㄥਙޭᴿжѠ∊ḽ߼ḧᖘᓜ䠅໔䮵䙕ᓜᘡⲺ㓵ᙝᓜ䠅,䛙ѾԱ֋жѠᴿ䲆㜳䠅䗑⏗

ᰁሼԛ᤽ᮦ㺦ࠅⲺ䙕ᓜ᭬ᮑࡦ䗑⍷ᖘ X ൞↙ٲࡏ䗑㓜ौⲺᢣᴨ࠼᭥ᡌ䶔ᢣᴨ࠼᭥р. ᵢᮽ㔉᷒ᰖ䴶

䇴㗚ٽ G ൞↙ࡏ≪ᒩ䳼рⲺ֒⭞ᱥ㠠⭧Ⲻ. ഖ↚, ᆹ⴪᧛᧞ᒵҼ Ziltener ൞㗚֒⭞㠠⭧Ⲻٽ䇴сᗍ࠰

Ⲻ⴮ީ㔉᷒. ᵢᮽ㔉᷒൞֒㘻ީӄ䠅ᆆौ Kirwan ੂᘷⲺ㌱ࡍᐛ֒ѣᴿ䠃㾷ᓊ⭞.

ީ䭤䈃 䗑㓜ौ Hamilton Gromov-Witten ⨼䇰 䗑⏗ᰁᯯぁ ⑆䘇㺂Ѱ ਥݷ䇮ᓜ䠅

MSC (2010) ѱ从࠼㊱ 53D20, 53D45

1 ᕋ䀶ૂѱ㾷㔉᷒

䇮ٷ (X,ω) ᱟањ㍗㠤ݹ━䗋⍱ᖒ. G ᱟањ䘎䙊㍗ Lie 㗔, ᆳⲴ Lie ԓᮠ⭘ g 㺘⽪. 〠㗔 G ԕ

Hamilton Ⲵᯩᔿ֌⭘൘䗋⍱ᖒ (X,ω) кᒦԕ࠭ᮠ µ : X → g ֌Ѫ⸙᱐ሴ (moment map), ྲ᷌ᆳԜ

┑䏣:

(1) 㗔 G ൘ X кⲴ֌⭘ᱟݹ━Ⲵ, л᮷ሶ⭘

" : G×X → X, (g, x) $→ "g(x) =: gx

ᶕ㺘⽪䘉њ֌⭘;

†ᖃࡽൠ൰: Department of Mathematics, University of California at Berkeley, Berkeley, CA 94720-3840, USA.

 http://engine.scichina.com/doi/10.1360/N012017-00235



䱸᷿䖹ㅹ: ਟݱ䇨ᓖ䟿лᴹ䲀㜭䟿䗋⏑᯻Ⲵ⑀䘁㹼Ѫ

(2)⸙᱐ሴ µ : X → gᱟањᚠᖃ (proper)Ⲵݹ━᱐ሴ,ᒦфޣҾ G൘ X кⲴ֌⭘ԕ৺ G൘ Lie

ԓᮠ g кⲴޡ䖝֌⭘ (adjoint action) ᱟ G- ㅹਈⲴ (G-equivariant), ণ

µ("g(x)) = Adg(µ(x)), ሩҾԫ᜿ g ∈ G, x ∈ X;

(3) 㗔 G ֌⭘〠Ѫ Hamilton Ⲵ, ྲ᷌ ιXξω = 〈dµ(·), ξ〉, ަѝ Xξ 㺘⽪ݳ㍐ ξ ∈ g ൘ X ⭏ᡀⲴᰐ

ェሿੁ䟿൪, ণ

Xξ(x) :=
d

dε

∣∣∣∣
ε=0

"exp(εξ)(x),

㘼 〈·, ·〉 㺘⽪ Lie ԓᮠ g кⲴޡ䖝֌⭘нਈⲴ↓ᇊ޵〟.

Ӿ Hamilton ֌⭘Ⲵᇊѹਟ⸕, ሩҾ਼ањ Hamilton ֌⭘, ⸙᱐ሴᒦ䶎ୟа⺞ᇊ, 㘼ᱟਟԕ⭘ԫ

᜿ Lie ԓᮠ g Ⲵѝᗳݳ㍐ᶕᒣ〫ᗇࡠⲴ. ᵜ᮷പᇊањ⸙᱐ሴ µ, ᒦфਚ㘳㲁ަ൘䴦↓٬ࡉ (regular

value) Ⲵ䗋㓖ॆ (symplectic reduction). ն᰾ᱮൠ, ᵜ᮷ѝⲴᡰᴹ㔃᷌ਟᓄ⭘Ҿԫօѝᗳ↓٬ࡉ༴Ⲵ

䗋㓖ॆ.

ṩᦞᇊѹ, 䴦⛩≤ᒣ䳶 (level set) µ−1(0) ᱟ㍗㠤ᒦф G- нਈⲴ. 㘼䴦⛩Ѫ↓٬ࡉⲴٷ䇮䘋а↕

䇱Ҷ≤ᒣ䳶؍ µ−1(0) ᱟ X Ⲵ։㔤ᮠѪ dimG Ⲵ㍗㠤ݹ━ᆀ⍱ᖒ, ᒦф㗔 G ተ䜘㠚⭡ (locally free)

ൠ֌⭘Ҿަк. ⭡↔ᗇࡠ (µ−1(0),ω |µ−1(0)) ᱟ (X,ω) Ⲵ։䘧ੁᆀ⍱ᖒ (coisotropic submanifold), ᒦф

kerω |µ−1(0) ᱟᰐェሿ Lie ԓᮠ g ֌⭘⭏ᡀⲴᆀ࠷ы. ഐ↔, ୶オ䰤 M := µ−1(0)/G ቡާᴹҶ䗋䖘ᖒ

(symplectic orbifold) 㔃ᶴ. ൘᮷⥞ѝ, M а㡜〠Ѫ Marsden-Weinstein 䗋㓖ॆᡆㆰ〠Ѫ䗋㓖ॆ.

ѪҶ൘䗋⍱ᖒ (X,ω) ԕ৺ᆳⲴ䗋㓖ॆ M кᔪ・ HGW (Hamiltonian-Gromov-Witten) ⨶䇪ᡆ㘵

⴨ޣⲴ Floer ⨶䇪, ᡁԜ䴰㾱ᕅޕањ⴨ᇩҾ㗔 G ֌⭘Ⲵ䘁༽㔃ᶴ J . ᵜ᮷䘹ᤙᒦപᇊањ G- нਈ

ᒦфо䗋㔃ᶴ⴨ᇩⲴ䘁༽㔃ᶴ. ⭡㗔 GⲴ㍗ᙗԕ৺ԫ᜿䗋⍱ᖒ⴨ᇩ䘁༽㔃ᶴⲴᆈ൘ᙗ᱃⸕,䘉ṧⲴ䘁

༽㔃ᶴаᇊᆈ൘. 䘋㘼, 䘉њ䘁༽㔃ᶴ J 䈡ሬҶ䗋䖘ᖒ M кⲴ⴨ᇩ䘁༽㔃ᶴ. Ӿ⧠൘䎧, ᡁԜ֯⭘ޝ

㓴ݳ (X,ω, J,G, µ,M) ᶕ㺘⽪ԕк᧿䘠Ⲵࠐօ㔃ᶴ. ⭘ (ω̄, J̄) ᶕ㺘⽪䗋㓖ॆ M кⲴ䘁 Kähler 䖘ᖒ

㔃ᶴ.

21 ц㓚ࡍ, Chen ઼ Ruan [1] ᕅޕҶ䗋䖘ᖒⲴ GW (Gromov-Witten) ⨶䇪, 䘉а⨶䇪⧠൘а㡜㻛

〠Ѫ䟿ᆀ Chen-Ruan 䖘ᖒ⨶䇪 (quantum Chen-Ruan orbifold theory). ᆳᱟањޣҾ䘁༽䖘ᖒⲴᜟᙗ

(inertia) 䖘ᖒⲴ⨶䇪. ҏቡᱟ䈤, ᆳнӵ⏥ⴆҶ䘁༽䖘ᖒᵜ䓛Ⲵؑ᚟, ণ䶎ᢝᴢ࠶᭟ (untwisted sector)

䜘࠶Ⲵؑ᚟, ҏवᤜҶᢝᴢ࠶᭟ (twisted sector) 䜘࠶Ⲵؑ᚟. һᇎк, ԫօޣҾ䗋䖘ᖒⲴ⁑オ䰤⨶䇪

䜭ᗵ享ሶᢝᴢ࠶᭟䜘࠶㘳㲁䘋৫, 䘉ቡ䴰㾱䇱᰾, ԫօањ⁑オ䰤ѝⲴݳ㍐䜭㜭ཏԕ䘲ᖃⲴᯩᔿ᭦ᮋ

᭟࠶᭟ᡆ䶎ᢝᴢ࠶䗋䖘ᖒⲴᢝᴢࡠ ,᭟Ⲵ䟽㾱ᙗ࠶Ҿ㘳㲁ᢝᴢޣ) ҏਟԕ൘ਟ㊫∄䖘ᖒ GW ⨶䇪Ⲵ

Fan-Jarvis-Ruan-Witten ⨶䇪 [2] ѝ㻛␵Რൠⴻࡠ).

᮷⥞ [3]࡙⭘ḷ߶ḡᖒᓖ䟿л䗋⏑᯻ᶴᡀⲴ⁑オ䰤Ⲵ L2 ⨶䇪Ѫ䗋㓖ॆ䖘ᖒ (M, ω̄)ᔪ・Ҷањᯠ

Ⲵ (ᤷн਼Ҿ GW ᯩᔿᇊѹⲴ䟿ᆀк਼䈳⧟) 䟿ᆀ䖘ᖒк਼䈳⧟㔃ᶴ. ⢩࡛ൠ, ⁑オ䰤ᶴ䙐ѝ䟽㾱Ⲵ

а↕ᱟ䇱᰾ањ൘ㄟਓާᴹḷ߶ḡᖒᓖ䟿Ⲵᴹ䲀㜭䟿䗋⏑᯻൘ԕ䘲ᖃⲴ㿴㤳ਈᦒਾՊԕᤷᮠ㺠߿Ⲵ

ᯩᔿ᭦ᮋࡠ䗋㓖ॆⲴᢝᴢ࠶᭟ᡆ䶎ᢝᴢ࠶᭟к. 䘋㘼, ⹄ウᆳо M кⲴ GW ⨶䇪Ⲵޣ㌫ቡᡀѪҶа

њᖸᴹ᜿ѹⲴ䈮仈. ᵜ᮷᧘ᒯԕк⑀䘁᭦ᮋ㔃᷌㠣ᴤѪа㡜Ⲵᛵᖒ, ণवᤜᡰᴹਟԕ൘⇿њॺḡᖒㄟ

ਓ [0,∞)× S1 㻛߉֌

e2bt(dt2 + dθ2), b ! 0, θ ∈ S1

Ⲵ Kähler ᓖ䟿. ᵜ᮷ሶ䘉ṧⲴᓖ䟿〠Ѫਟݱ䇨 (admissible) Ⲵᓖ䟿.
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〠 X × g ѝⲴާᴹᖒᔿ

x∞ = (exp(−θη∞)z0, η∞), z0 ∈ µ−1(0), η∞ ∈ g

Ⲵ䰝䐟 (loop) Ѫањާᴹᑨ٬㚄㔌ⲴѤ⭼䰝䐟 (critical loop) (৲㿱ᇊѹ 4.1). ᆳਟㅹ਼Ҿ M Ⲵᢝᴢ

.㍐ݳ᭟ѝⲴањ࠶᭟ᡆ䶎ᢝᴢ࠶ ᵜ᮷ѝ, ᡁԜ䇱᰾Ҷл䘠ᇊ⨶.

ᇐ⨼ 1.1 䇮ٷ (P,w) = (P, u,A)ᱟᇊѹ൘ާᴹਟݱ䇨ᓖ䟿 hⲴᴹ kњᆄ (puncture)Ⲵ Riemann

ᴢ䶒 (Σ̇, j) кⲴањᴹ䲀㜭䟿䗋⏑᯻, ᆈ൘㿴㤳ਈᦒࡉ Φ ∈ GP ઼ k њᑨ٬㚄㔌Ѥ⭼䰝䐟 xi
∞ =

(zi∞, ηi∞),ԕ৺ӵ׍䎆Ҿࠐօ㔃ᶴ (X,ω, G, µ, J,M)Ⲵᑨᮠ δi > 0, i = 1, . . . , k,֯ᗇ Φ ·w = (Φ∗u,Φ∗A)

൘ᆄ䛫ฏḡ඀ḷл┑䏣ᰦ䰤㿴㤳 (temporal),ᒦфሩҾԫ᜿ θ ∈ S1 ᴹྲлՠ䇑:ᆈ൘ᑨᮠ C > 0,֯ᗇ

(1) |dΦ∗AΦ∗u(t, θ)| " Ce−δt;

(2) |µ(Φ∗u)(t, θ)| " Ce−δt−bt;

(3) |FΦ∗A(t, θ)| " Ce−δt+bt;

(4) ‖dist(Φ · u(t, ·), z∞(·))‖Lp(S1) + ‖Φ∗A(t, ·)− η∞(·)‖Lp(S1) " Ce−(δ+b( 2
p−1))t, ਚ㾱 bǃp ઼ δ ┑䏣

p ! 2 ᒦф δ + b( 2p − 1) > 0.

൘к䘠㺘䗮ѝ, ᡁԜ֯⭘Ҷ z∞ǃη∞ǃδ ઼ b ᶕԓ㺘⴨ᓄⲴާᴹлḷ i (i = 1, . . . , k) Ⲵ䰝䐟ǃ㚄㔌ǃᤷ

ᮠᑨᮠ઼ᓖ䟿ᑨᮠ.

ᴤ䘋а↕, ↔༴Ⲵ δi (i = 1, . . . , k) ਟԕ㻛ਆ֌ԫօሿҾ 1
|Holηi |

Ⲵ↓ᮠ, ަѝ |Holηi | 㺘⽪㚄㔌ᖒ
ᔿ ηi Ⲵ઼Ҁݳ (holonomy) ൘ G ѝⲴ䱦ᮠ (order).

⭡↔,ᡁԜ䇱᰾Ҷԫօањާᴹਟݱ䇨ᓖ䟿Ⲵᴹ䲀㜭䟿䗋⏑᯻൘аᇊⲴ㿴㤳ਈᦒਾ䜭Պ൘⇿њॺ

ḡᖒㄟਓԕᤷᮠ㺠߿Ⲵᯩᔿ⑀䘁᭦ᮋࡠ䗋㓖ॆⲴᢝᴢ࠶᭟ᡆ䶎ᢝᴢ࠶᭟ѝⲴ⛩. ަ㺠߿Ⲵᤷᮠਟਆ㠣

ԫօањሿҾᖒᔿ Hessian㇇ᆀㅜа䶎䴦⢩ᖱ٬Ⲵ↓ᮠ Ҿ䘉а⛩,䈖㿱ભ仈ޣ) 4.1). Ҿ↔ᇊ⨶ᴤ䈖ޣ

㓶ާփⲴਉ䘠ԕ৺ަԆ⴨ޣ㔃᷌, ৲㿱ભ仈 4.1ǃ6.1 ઼᧘䇪 6.1.

ӾᢰᵟⲴ㿲⛩ⴻ, ᵜ᮷᭩䘋Ҷ᮷⥞ [4, 5] ѝⲴ䇱᰾ᢰᵟ, ᒦ൘↔ส⹰к᧘ᒯҶԕлᐢᴹ㔃᷌.

(1) ᆳ৫ᦹҶ᮷⥞ [4, 5] ⑀䘁ᙗ䍘⹄ウѝޣҾ㗔֌⭘ᗵ享ᱟ㠚⭡Ⲵ䘉а㓖ᶏᶑԦ (Kähler ⍱ᖒᡆ

Cn ѝԯሴ (affine) 䗋⏑᯻Ⲵ⴨ᓄ㔃᷌൘᮷⥞ [6, ㅜ 4 ઼ 5 㢲] ѝᴹㆰ⮕᧿䘠. ᵜ᮷Ⲵ༴⨶оѻн਼).

(2) ᆳሶ᮷⥞ [3] ѝⲴ⑀䘁᭦ᮋᙗ㔃᷌᧘ᒯѪवਜ਼ᴤѪᒯ⌋Ⲵㄟਓᓖ䟿. ൘ᵜ᮷ѝ, 䘉ሩᓄҾሶ

b = 0 Ⲵᛵᖒ᧘ᒯࡠԫ᜿ b ! 0 Ⲵᛵᖒ, ަѝ, ԯሴ (affine) ⏑᯻ሩᓄҾ b = 1 ᛵᖒ.

а㡜䈤ᶕ, “ᒣ〫нਈ (translation invariant) Ⲵ䘋ॆර (evolution type) Ὕശٿᗞᯩ࠶〻Ⲵᴹ䲀㜭

䟿䀓൘ Morse-Bott ᶑԦлᤷᮠ᭦ᮋ” 䘉а㔃᷌Ѫуᇦᡰ⟏⸕. ሩҾᡁԜ⧠൘㘳㲁Ⲵᯩ〻ᶕ䈤, ᒣ〫н

ਈᙗሩᓄҾḷ߶ḡᖒᓖ䟿ᛵᖒ, ҏቡᱟ b = 0 Ⲵᛵᖒ. ሩҾ䘉⿽ᛵᖒ, ḷ߶Ⲵڊ⌅ᱟ, 俆׍ݸ䶐ᒣ〫н

ਈᙗ㧧ᗇања㠤᭦ᮋⲴᒣ〫ᆀࡇ, ❦ਾُࣙ Morse-Bott ᶑԦ㧧ᗇᤷᮠ᭦ᮋՠ䇑. նᱟ൘ᴤѪа㡜Ⲵ

b > 0 ᛵᖒл, ᯩ〻н޽ᱟᒣ〫нਈⲴ, 䘉⿽а㡜ᯩ⌅ቡཡ৫Ҷਟ㹼ᙗ. ൘ᵜ᮷Ⲵ䇱᰾䗷〻ѝ, ᡁԜ࣋

മኅ⧠а⿽䇱᰾↔㊫䘋ॆරὝശᯩ〻ᤷᮠ᭦ᮋⲴᲞ䘲ᯩ⌅. ⢩࡛ൠ, ᆳⲴ䇱᰾वᤜԕлєњ㾱㍐: 㜭

䟿ᇶᓖ࠭ᮠⲴݸ傼ՠ䇑઼ Morse-Bott ᶑԦ. ᵜ᮷䚯ݽҶሩ䘉єњ㾱㍐Ⲵ䟽༽֯⭘ (䘉⛩о᮷⥞ [4, 5]

ѝⲴ䇱᰾ㆆ⮕ᴹᡰн਼). ᵜ᮷Ⲵᮤփᯩ⌅ਟԕ᧘ᒯަࡠԆާᴹ Morse-Bott ᶑԦⲴ䘋ॆරὝശᯩ〻.

Ӿᓄ⭘Ⲵ㿲⛩ⴻ, ᇊ⨶ 1.1 ᱟᵜ᮷֌㘵൘᮷⥞ [3] ѝᨀࠪⲴᶴ䙐䟿ᆀ Kirwan ਼ᘱⲴᗵ㾱а↕. ਖ

ཆ, ᵜ᮷ѝሩҾ䗋㓖ॆࠐօ㔃ᶴⲴ⹄ウሩ⨶䀓䗋㓖ॆ⴨ޣⲴ⁑オ䰤ᶴ䙐䎧ࡠҶ䟽㾱֌⭘. 䘉Ӌሶ൘֌

㘵Ⲵਾ㔝ᐕ֌ѝᗇԕփ⧠.

⌞ 1.1 (䗋⏑᯻൘䗋ᤃᢁ⹄ウѝⲴ⴨ޣশਢㆰ㾱എ亮) ֯⭘䗋⏑᯻⹄ウާᴹ Hamilton֌⭘Ⲵ䗋

⍱ᖒⲴ䗋ᤃᢁᙗ䍘䎧࿻Ҿ Cieliebak ㅹ [7] ઼ Mundet-i-Riera [8, 9] ൘ 21 ц㓚ࡍⲴᔰࡋᙗᐕ֌. Gaio ઼
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Salamon [10] ᨀࠪҶ࡙⭘䗋⏑᯻⁑オ䰤ᶴ䙐䟿ᆀ Kirwan਼ᘱⲴ㓢㾱.䘉аᨀ䇞䲿ਾ൘ Ziltener [11] ሩ䗋

⍱ᖒ઼Woodward [12–14] ሩԓᮠ⍱ᖒⲴ⹄ウѝᗇԕਁኅ.ᴤཊ䗋⏑᯻⴨ޣᐕ֌৲㿱᮷⥞ [15–18]ԕ৺ަ

ѝࡇѮⲴ᮷⥞.

൘᮷⥞ [3]ѝ,ᵜ᮷֌㘵ᨀࠪҶа⿽о᮷⥞ [10]н਼Ⲵ䟿ᆀॆ Kirwan਼ᘱⲴᯩ⌅. ቭ㇑ᵜ᮷Ⲵ㔃

᷌ᱟ䘉а㌫ࡇᐕ֌ѝᗵ㾱Ⲵа↕, նᡁԜҏᤷࠪ, ↔㔃᷌ާᴹ⤜・᜿ѹ, ᒦሩк䘠ަԆᯩ⌅׍ᰗ䘲⭘.

䘉ҏᱟᡁԜሶަӾѝ࠶⿫ᒦ⤜・ᡀ᮷Ⲵ৏ഐ.

ᵜ᮷։л޵ᇩⲴ㔃ᶴྲл: ㅜ 2 㢲ᕅޕਟݱ䇨ᓖ䟿лᴹ䲀㜭䟿䗋⏑᯻Ⲵᇊѹ. ㅜ 3 㢲֯⭘ㅹਈ

Darboux ᇊ⨶, ᔪ・↓ࡉ≤ᒣ䳶 µ−1(0) 䱴䘁Ⲵ䗋↓㿴ᖒᔿᇊ⨶. ㅜ 4 㢲䀓䟺Ѥ⭼䰝䐟オ䰤Ⲵ㔃ᶴ, ᒦ

ሶަо䗋㓖ॆ M Ⲵᜟᙗ䖘ᖒᔪ・㚄㌫. ㅜ 5 㢲สҾㅜ 3 㢲ѝᕅޕⲴ䗋↓㿴ᖒᔿᇊ⨶, ሩҾ⇿њ㔉ᇊ

Ⲵ᱐ሴ, ᕅޕањ֌⭘䟿࠭ᮠᒦᗇࡠ⴨ᓄⲴㅹઘнㅹᔿՠ䇑 (isoperimetric inequality). ѻਾ, ൘᱐ሴ

ᱟ䗋⏑᯻ᰦ, ᡁԜሶ↔࠭ᮠо Yang-Mills-Higgs 㜭䟿࠭ᮠᔪ・㚄㌫. ᆼᡀ䘉Ӌ߶༷ᐕ֌ਾ, ᡁԜᗇࡠਟ

.ՠ䇑߿䇨ᓖ䟿лᴹ䲀㜭䟿䗋⏑᯻㜭䟿ᇶᓖ࠭ᮠⲴᤷᮠ㺠ݱ ާփⲴሬࠪ㻛᭮㖞Ҿㅜ 6 㢲. ㅜ 6 㢲㔉ࠪ

ᇊ⨶ 1.1 Ⲵ䇱᰾, ᒦ൘ભ仈 6.1 ѝᨀ׋ਖа⿽ᴹ⭘Ⲵ㺘䗮ᯩᔿ.

ᵜ᮷֯⭘Ⲵㅖਧ㓖ᇊྲл:

• ሩҾ Lie 㗔 G, ᆳⲴ Lie ԓᮠ g = TeG кⲴ㔃ᶴ㻛ᇊѹѪᐖᒣ〫нਈੁ䟿൪Ⲵ Lie ᤜਧ. ԫօ G

ѫы䜭ᱟਣ֌⭘ѫы, ণ㗔 G ԕਣ֌⭘Ҿަк.

• 㗔 G Ӿᐖ֌⭘Ҿ X к, ᒦ䇠֌ "g. ↔֌⭘Ⲵ࠷᱐ሴ䇠֌ "g∗ : TxX → TgxX.

• ᡁԜ⭘ exp : g → G 㺘⽪ Lie 㗔 G Ⲵᤷᮠ᱐ሴ. ᆳⲴᰐェሿ Lie ԓᮠ֌⭘㻛ྲлᇊѹ: ሩҾԫ᜿

ξ ∈ g, ᴹ

Xξ(x) :=
d

dε

∣∣∣
ε=0

exp(εξ)x.

⌘᜿ྲࡠ↔ᇊѹлᴹ

[Xξ(x), Xη(x)] = −X[ξ,η](x).

• ԕ Aut(P ) 㺘⽪ G- ѫы P Ⲵ㿴㤳ਈᦒ㗔. ԫ᜿ Φ ∈ Aut(P ) ԕ᣹എⲴᯩᔿ֌⭘൘ G- ㅹਈ᱐ሴ

uG : P → X ઼㚄㔌ᖒᔿ A ᶴᡀⲴ᱐ሴሩк, ণ

Φ · (uG, A) = (Φ∗uG,Φ
∗A).

⢩࡛ൠ, ᖃѫы P ∼= D × G ᱟᒣࠑыᰦ (ᵜ᮷ѝ D ԓ㺘ањᴢ䶒ᡆ S1), Φ ਟԕ㻛ㅹ਼Ҿ᱐ሴ g : D

→ G, 㘼 (uG, A) ᱐ሴሩਟԕ㻛ㅹ਼Ҿ (u, η) ∈ C∞(D,X)× Ω1(D, g). ↔ᰦ㿴㤳֌⭘߉֌

g · (u, η) = ("g−1(u), Adg−1η + g−1dg).

㿴㤳㗔 Aut(P ) Ⲵ Lie ԓᮠѪ Ω0(gP ), ণޣҾޡ䖝֌⭘ Ad : G → GL(g) Ⲵޡ䖝ы gP Ⲵᡚ䶒ᶴᡀⲴ

オ䰤. Lie ԓᮠݳ㍐ ξ ∈ Ω0(gP ) ൘ (u, η) ༴Ⲵᰐェሿ֌⭘⭡ (−Xξ, dξ + [η, ξ]) 㔉ࠪ.

2 ޭᴿਥݷ䇮ᓜ䠅Ⲻᴿ䲆㜳䠅䗑⏗ᰁ

2.1 ޭᴿਥݷ䇮ᓜ䠅Ⲻ䗑⏗ᰁ

䇮ٷ (Σ, j) ᱟањҿṬѪ gΣ Ⲵާᴹ k њ亪ᒿḷ䇠⛩ (ordered marked points) Ⲵݹ━䰝 Riemann

ᴢ䶒. ᡁԜ⭘ (Σ̇, j) 㺘⽪৫ᦹ䘉Ӌḷ䇠⛩ਾⲴᑖᆄ Riemann 䶒.
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ᇐѿ 2.1 ањᑖᆄ Riemann 䶒 (Σ̇, j) кⲴ Kähler ᓖ䟿 h 〠֌ਟݱ䇨Ⲵ (admissible), ྲ᷌ Σ

кⲴ⇿њḷ䇠⛩ pi (i = 1, . . . , k) 䜭ᴹањ䛫ฏ Ui, ֯ᗇㄟਓⲴ Kähler 㔃ᶴ (Ei := Ui \ {pi}, j, h |Ei)

ㅹ䐍ᗞ਼࠶㜊Ҿ ([0,∞)× S1, j0, e2bit(dt2 + dθ2)), bi ! 0. ↔༴, ᡁԜ⭘ j0 㺘⽪ḡᖒ (cylinder) кⲴḷ

߶༽㔃ᶴ, ণ

j0

(
∂

∂t

)
=

∂

∂θ
, j0

(
∂

∂θ

)
= − ∂

∂t
, t ∈ [0,∞), θ ∈ S1.

䇮ٷ P ᱟањ Σ̇ кⲴ G- ѫы. ᡁԜ⭘ C∞
G (P,X) 㺘⽪Ӿ P ࡠ X Ⲵᡰᴹݹ━ G- ㅹਈ᱐ሴ

ᶴᡀⲴ䳶ਸ. ⭘ A(P ) 㺘⽪ P кⲴᡰᴹⲴ㚄㔌ᶴᡀⲴ䳶ਸ. ⭘ Y = P ×G X 㺘⽪ Σ̇ кオ䰤 X Ⲵ䝽

ы (associated bundle), ⭘ gP := P ×G g 㺘⽪ޡ䖝ы (adjoint bundle). ᡁԜਟԕሶ C∞
G (P,X) оᡰᴹ

Y → Σ̇ Ⲵݹ━ᡚ䶒ᶴᡀⲴ䳶ਸㅹ਼, ሶ A(P ) ㅹ਼Ҿԕ Ω1(Σ̇, gP ) Ѫ⁑රⲴԯሴオ䰤.

ањ㚄㔌 A ∈ A(P ) Պ䈡ሬྲл࠷ыⲴ࠶䀓:

TY = HAP ⊕ (P ×G TX),

ަѝHAP := kerAᱟ TP Ⲵ≤ᒣ࠶ᐳ (horizontal distribution), TX кⲴ㗔 G֌⭘⭡ G൘X кⲴ֌⭘

䈡ሬ㘼ᶕ. ᡁԜ⭘ ΠA 㺘⽪Ӿᣅሴ πA : TY → P ×G TX 䈡ሬ㘼ᶕⲴ TY кⲴ㠚਼ᘱ (endomorphism).

⭡Ҿ䘁༽㔃ᶴ J ᱟ㗔 G- ֌⭘нਈⲴ, ੁ䟿ы P ×G TX → Σ̇ ާᴹ⭡ J 䈡ሬ㘼ᶕⲴ༽㔃ᶴ. л᮷ӽᰗ

⭘ㅖਧ J ᶕ㺘⽪䘉њ༽㔃ᶴ. ֯⭘㚄㔌 Aሶ Riemann䶒 Σ̇кⲴ༽㔃ᶴ j ᨀॷѪ≤ᒣ࠶ᐳ (horizontal

distribution) HAP кⲴ༽㔃ᶴ jA, ⍱ᖒ Y ቡഐ↔ާᴹҶ䘁༽㔃ᶴ

JA := jA ⊕ J.

ሩҾԫ᜿᱐ሴ uG ∈ C∞
G (P,X), ᡁԜ⭘ u 㺘⽪ަ⴨ᓄⲴы Y → Σ̇ Ⲵᡚ䶒. ᱐ሴ uG Ⲵ A ᢝ䖜࠷

᱐ሴ (twisted tangent map) 㻛ᇊѹѪ Σ̇ к u∗TY ٬Ⲵ 1- ᖒᔿ

dAu := ΠA ◦ du.

⭘ ∂Au 㺘⽪ dAu Ҿ༽㔃ᶴޣ (j, JA) Ⲵ (0, 1) 䜘࠶. ൘л᮷ѝ, ᡁԜሶн४࠶ uG ઼ u.

⌞ 2.1 P |U = U ×G ൘ተ䜘ޘ㓟඀ḷ t+ is лⲴᒣॆࠑл, ਟԕ߉ᡀ

dAu

(
∂

∂t

)
=

∂u

∂t
+XA( ∂

∂t )
, dAu

(
∂

∂s

)
=

∂u

∂s
+XA( ∂

∂s )
,

ᒦф

∂Au =
1

2
(dAu− J ◦ dAu ◦ j)

=
1

2

[(
∂u

∂t
+XA( ∂

∂t )

)
− J

(
∂u

∂s
+XA( ∂

∂s )

)]
dt

+
1

2
J

[(
∂u

∂t
+XA( ∂

∂t )

)
− J

(
∂u

∂s
+XA( ∂

∂s )

)]
ds,

∂Au =
1

2
(dAu+ J ◦ dAu ◦ j)

=
1

2

[(
∂u

∂t
+XA( ∂

∂t )

)
+ J

(
∂u

∂s
+XA( ∂

∂s )

)]
dt

+
1

2
J

[(
∂u

∂t
+XA( ∂

∂t )

)
+ J

(
∂u

∂s
+XA( ∂

∂s )

)]
ds.
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ᇐѿ 2.2 ањ (Σ̇, j, h) кⲴ䗋⏑᯻⭡ањ Σ̇ кⲴݹ━ G ѫы P ԕ৺аሩ┑䏣л䘠䶎㓯ᙗٿ

ᗞᯩ࠶〻Ⲵ᱐ሴ w := (u,A) ∈ C∞
G (P,X)×A(P ) 㓴ᡀ:

∂Au = 0, (2.1)

FA + ∗hµ(u) = 0, (2.2)

ަѝ ∗h ᱟޣҾ Σ̇ к Kähler ᓖ䟿 h Ⲵ Hodge-∗ ㇇ᆀ.

ྲ᷌䘋а↕ٷ䇮 h ᱟਟݱ䇨Ⲵ, 䛓Ѹ〠 (P,w) ᱟањާᴹਟݱ䇨ᓖ䟿Ⲵ䗋⏑᯻.

2.2 Yang-Mills-Higgs (YMH) 㜳䠅⌑࠳

Yang-Mills-Higgs (YMH)㜭䟿ᱟањԕ Σ̇кⲴ G-ѫы઼᱐ሴ w = (u,A) ∈ C∞
G (P,X)×A(P )Ѫ

ਈ䟿Ⲵ⌋࠭. ᆳⲴᇊѹѪ

E(P, u,A) :=

∫

Σ̇
e(P, u,A) νh,

e(P, u,A) :=
1

2
(|dAu|2h + |FA|2h + |µ ◦ u|2h), (2.3)

ަѝ νh ᱟ (Σ̇, h) Ⲵփ〟ᖒᔿ, | · |h 㺘⽪⭡ Kähler ᓖ䟿 h ԕ৺ⴞḷ⍱ᖒ X Ⲵᓖ䟿䈡ሬⲴ㤳ᮠ. ਚ㾱

⋑ᴹਁ⭏␧⏶Ⲵਟ㜭, ᡁԜ൘л᮷ѝሶⴱ⮕ YMH 㘼ⴤ᧕〠ѻѪ㜭䟿. ࠭ᮠ e(P, u,A) : Σ̇ → [0,∞) 〠

Ѫ㜭䟿ᇶᓖ࠭ᮠ.

ㅹᔿ

e(P, u,A)νh =

(
|∂Au|2h +

1

2
|FA + ∗hµ(u)|2h

)
νh + (u∗ω − d〈µ(u), A〉) (2.4)

.Ҷ㜭䟿ᇶᓖ࠭ᮠᴰ䟽㾱Ⲵᙗ䍘⭫࡫ ᆳӾԕлєњᯩ䶒᳇⽪Ҷ YMH 㜭䟿⌋࠭ᱟ⹄ウ䗋⏑᯻Ⲵ↓⺞

⌋࠭:

(1) 㜭䟿ᇶᓖ࠭ᮠ (2.4) ѝⲴㅜа亩 (|∂Au|2h + 1
2 |FA + ∗hµ(u)|2h)νh Ѫ 0, ᖃфӵᖃ (P, u,A) ᱟ

(Σ̇, j, h) кⲴ䗋⏑᯻;

(2) 㜭䟿ᇶᓖ࠭ᮠ (2.4) ѝㅜҼ亩 u∗ω − d〈µ(u), A〉 Ⲵ〟࠶, ൘ (P,w) ᴹањᚠᖃⲴ⑀䘁㹼Ѫᰦ,

ᱟањᤃᢁнਈ䟿, ሩᓄҾㅹਈㅜа Chern ᮠ (ֻྲ, ᵜ᮷ѝᡰ䇱᰾Ⲵ⑀䘁᭦ᮋ㔃᷌ቡᱟањᚠᖃⲴ

⑀䘁㹼Ѫ).

ㅹᔿ (2.4) Ⲵሬࠪѫ㾱׍䎆Ҿྲлєњㅹᔿ. ᆳԜⲴާփሬࠪ䗷〻ਟ৲㿱᮷⥞ [7, ભ仈 3.1].

ᕋ⨼ 2.1 (1) |dAu|2h = |∂Au|2h + |∂Au|2h;
(2) u∗ω − d〈µ ◦ u,A〉 = 1

2 (|∂Au|
2
h − |∂Au|2h)νh − 〈FA, ∗h(µ ◦ u)〉.

л᮷ѝ, 〠 (P,w) ᱟањᴹ䲀㜭䟿䗋⏑᯻, ྲ᷌ᆳⲴ㜭䟿 E(P,w) ᱟањᴹ䲀ᮠ.

2.3 㿺㤹਎ᦘ

Ӿ⧠൘䎧, ਆᇊањ Riemann ᴢ䶒 (Σ̇, j) ᒦ䘹ᇊањ Kähler ᓖ䟿 h. 䘋а↕, ਆᇊањ G ѫы

P → Σ̇. л᮷ѝ, ᡁԜሶ P Ӿ (P,w) ѝⴱ⮕.

ᡁԜ⭘ G := GP 㺘⽪ѫы P Ⲵ㿴㤳ਈᦒ㗔, ᒦ䇠

B := BP := C∞
G (P,X)×A(P ).
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ѫы P кⲴ㿴㤳ਈᦒ䈡ሬҶ G ൘ B кⲴ֌⭘

Φ · w = (Φ∗u,Φ∗A).

,⭘Ҿ↔㿴㤳㗔֌ޣ ᡁԜᴹྲл᰾ᱮⲴᕅ⨶.

ᕋ⨼ 2.2 ሩҾԫ᜿ w ∈ B ઼ԫ᜿ Φ ∈ G, ᴹ
(1) E(Φ · w) = E(w);

(2) Φ · w ᱟањ䗋⏑᯻ᖃфӵᖃ w ᱟањ䗋⏑᯻.

䇮ٷ (P, u,A)ᱟањ (Σ̇, j, h)кᇊѹⲴ䗋⏑᯻. ⇿њㄟਓ Ei਼㜊Ҿॺḡᖒ [0,∞)×S1, i = 1, . . . , k,

ަѝ k ᱟㄟਓⲴᮠⴞ. ᡁԜਟԕሩ P |Ei → Ei ਆањᒣॆࠑ, ᒦф൘䘉њᒣॆࠑਾ, P |Ei кⲴ㚄㔌ᖒ

ᔿਟԕ㻛߉֌

Ai = Ai,1(t, θ) dt+Ai,2(t, θ) dθ, (t, θ) ∈ [0,∞)× S1,

ަѝ

Ai,1, Ai,2 : [0,∞)× S1 → g.

ᑨᗞᯩ࠶〻⨶䇪؍䇱ᡁԜᙫਟԕ᢮ࡠ (ୟаⲴ) 㿴㤳ਈᦒ━ݹ Φi ∈ GP |Ei

∼= C∞([0,∞) × S1, G) ઼᱐

ሴ ηi : [0,∞)× S1 → g, ֯ᗇ

Φ∗
iAi = ηi(t, θ) dθ, Φi(0, ·) ≡ e.

䘉ṧⲴ㚄㔌ᖒᔿ η(t, θ) dθ 〠Ѫ [0,∞)× S1 кⲴ┑䏣ᰦ䰤㿴㤳 (temporal gauged)Ⲵ㚄㔌. 㔗㘼ᡁԜᶴ

䙐㿴㤳ਈᦒ Φ ∈ GP ֯ަ䲀ࡦ൘⇿њㄟਓᱟ Φi. ഐ↔ᗇࡠ, ሩҾ⇿њ㚄㔌 A ∈ A(P ), 䜭ᆈ൘Ḁњ㿴㤳

ਈᦒ֯ᗇ A ൘⇿њㄟਓ䱴䘁ᱟᰦ䰤㿴㤳Ⲵ. ྲ᷌ w = (u,A) ᱟањ䗋⏑᯻ᒦф A ൘⇿њㄟਓ䱴䘁ᱟ

ᰦ䰤㿴㤳Ⲵ, 〠ࡉ w ᱟањᰦ䰤㿴㤳䗋⏑᯻.

3 ≪ᒩ䳼 µ−1(0)µ−1(0)µ−1(0) 䱺䘇Ⲻ↙㿺ᖘᕅ

л䶒᧿䘠ањ䗋⍱ᖒ (X,ω)൘≤ᒣ䳶 µ−1(0)Ⲵањ䏣ཏሿⲴ Gнਈ䛫ฏкⲴ䗋↓㿴ᖒᔿ. ᆳⲴ

ᕅޕሶᑞࣙᡁԜᴤྭൠ⨶䀓ㅜ 4㢲ѝᇊѹⲴᖒᔿ Hessian㇇ᆀ઼ㅜ 5㢲ᇊѹⲴተ䜘⌋࠭. ᵜ㢲㔃᷌ਟ

ԕ⭡᮷⥞ [19,ભ仈 2.5]ѝᴤа㡜Ⲵ㔃᷌᧘ࠪ.ѪҶᯩׯ䈫㘵ᒦപᇊㅖਧ,ᡁԜ㔉ࠪ㠚⍭Ⲵ㺘䘠о䇱᰾.

ሩҾ X ѝⲴ⇿њ⛩ x, Ѫᕪ䈳ަ֌Ѫ㓯ᙗ㇇ᆀ, ᡁԜ⭘ Lx : g → TxX ᶕ㺘⽪ Lie ԓᮠ g Ⲵᰐェ

ሿ֌⭘, ণ

Lx(ξ) := Xξ(x).

⌘᜿ࡠ䴦ᱟ⸙᱐ሴ↓٬ࡉⲴٷ䇮֯ᗇ࠷オ䰤 Tzµ−1(0) ൘ԫ᜿⛩ z ∈ µ−1(0) ާᴹањ࠶䀓. ᡁԜ

ሶ↔⟏⸕Ⲵ㔃䇪൘л䶒Ⲵᕅ⨶ѝ㺘䘠, ⴞⲴ൘Ҿ▴␵л᮷ѝᡰ䴰Ⲵㅖਧ.

ᕋ⨼ 3.1 䇮ٷ 0 ᱟ⸙᱐ሴ µ Ⲵ↓٬ࡉ, 䛓ѸሩҾԫ᜿ z ∈ µ−1(0), Lz ᱟঅሴ, ᒦф

Tzµ
−1(0) = ker dzµ = (im(JLz))

⊥,

ަѝ ⊥ 㺘⽪ޣҾ X кᓖ䟿 ω(·, J ·) Ⲵ↓Ӕ㺕ᣅᖡ. 䘋а↕, Tzµ−1(0) ᴹ G нਈ࠶䀓

Tzµ
−1(0) = im(Lz)⊕Hz, (3.1)

ަѝ

Hz := ker(dzµ ◦ J) = (im(Lz))
⊥ ∩ Tzµ

−1(0).
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ᡁԜ֯⭘ prG : Tzµ−1(0) → im(Lz) ᶕ㺘⽪࠶䀓 (3.1) 䈡ሬⲴᣅᖡ᱐ሴ.

⧠൘㘳㲁ੁ䟿ы

N := im(JL) → µ−1(0),

ᒦ⭘ N ε 㺘⽪ަ൘䴦ᡚ䶒䱴䘁Ⲵ䛫ฏ. ↔༴ 0 < ε < infz∈µ−1(0) iz, iz 㺘⽪ᓖ䟿 ω(·, J ·) 䈡ሬⲴᤷᮠ᱐
ሴⲴঅሴॺᖴ. ⌘᜿ࡠ⸙᱐ሴ µ Ⲵᚠᖃᙗ (properness) ֯ᗇ infz∈µ−1(0) iz > 0.

Levi-Civita 㚄㔌䈡ሬⲴᤷᮠ᱐ሴ exp∇ ᇊѹҶተ䜘ᗞ਼࠶㜊

exp∇ : N ε → X, JLz(ξ) $→ exp∇z (JLz(ξ)).

ᡁԜ⭘ U ε ⊂ X ᶕ㺘⽪ᆳⲴۿ䳶. ⢩࡛ൠ, 䴦ᡚ䶒Ⲵۿ䳶ᱟ µ−1(0) ⊂ Uε. ൘䘉њᗞ਼࠶㜊л, ⭡Ҿ䘁

Kähler 㔃ᶴⲴ G- нਈᙗ, g ∈ G ൘ X кⲴ֌⭘㻛㺘䗮Ѫ

g(z, JLz(ξ)) = (gz, JLgz(Adg(ξ))). (3.2)

䘲ᖃൠ㕙ሿ ε, ᡁԜਟԕ䘋а↕ٷ䇮 Uε (઼ N ε) ᱟ G нਈⲴ.

⭘ᤷᮠ᱐ሴ᣹എ, ᡁԜਟԕሶ (Uε := exp∇(N ε),ω |Uε , G, µ |Uε , J) о

(N ε, (exp∇)∗(ω |Uε), G, (exp∇)∗(µ |Uε), (exp∇)∗J)

ㅹ਼. ѪҶㆰॆㅖਧ, ᡁԜⴱ⮕ᦹ᣹എ (exp∇)∗ ᒦ֯⭘ (N ε,ω, G, µ, J) ᶕ㺘⽪䛫ฏ N ε Ⲵ㔃ᶴ.

⧠൘൘ N ε кᶴ䙐ањ䗋㔃ᶴ. ⭘ FG 㺘⽪ µ−1(0)к⭡࠶ᐳ im(L)ᇊѹⲴਦ⣦㔃ᶴ, ᒦф⌘᜿ࡠ

ᆈ൘ањ㠚❦Ⲵы᱐ሴ

ιG : im(JL) → T ∗FG, ιG(z, JLz(ξ)) = ιJL(ξ)ω |z := (z,ω(JLz(ξ), ·)).

⭘↔᱐ሴᶕ᣹എ T ∗FG Ⲵި㤳䗋 2- ᖒᔿ dΘG, ᗇࡠ

ΩG := ι∗G(dΘG) ∈ Ω2(im(JL)).

ᇊѹ N ε кⲴањ 2- ᖒᔿ

ω0 := π∗ω |µ−1(0) + ΩG.

ӾᆳⲴᶴ䙐ᯩ⌅, ᡁԜᴹྲлᕅ⨶.

ᕋ⨼ 3.2 (1) ω0 |µ−1(0) = ω |µ−1(0). ഐ↔ਚ㾱 ε 䏣ཏሿ, ω0 ቡᱟ N ε кⲴањ䗋ᖒᔿ;

(2) 㗔 G- ֌⭘൘ N ε Ҿ䗋㔃ᶴޣ ω0 ᱟ Hamilton Ⲵ, ᒦфᆳⲴ㜭䟿᱐ሴ µ0 ┑䏣 µ0(JLz(ξ)) = ξ.

〠 (N ε,ω0, G, µ0) ᱟ≤ᒣ䳶 µ−1(0) 䱴䘁Ⲵањ↓㿴ᖒᔿ. ,Ҿ↓㿴ᖒᔿޣ ᴹྲлㅹਈ Weinstein-

Darboux ᇊ⨶.

ળ从 3.1 ሩҾ䏣ཏሿⲴ ε > 0, ᆈ൘ањ G- ㅹਈᗞ਼࠶㜊 φ : N ε → N ε, ֯ᗇ

φ∗ω = ω0, φ∗µ = µ0, φ |µ−1(0) = idµ−1(0), (3.3)

dφ |TNε |µ−1(0)
= id |TNε |µ−1(0)

. (3.4)

䇷᱄ ㅹᔿ (3.3) ⴤ᧕ᶕ㠚Ҿㅹਈ Weinstein-Darboux ᇊ⨶ (৲㿱᮷⥞ [20]), 㘼 (3.4) ࡽ䎆Ҿᖃ׍

Ⲵ䗋㓖ॆᶑԦ. ⧠൘㔉ࠪ (3.4) Ⲵ䇱᰾.

8
 http://engine.scichina.com/doi/10.1360/N012017-00235



ѝഭ、ᆖ : ᮠᆖ ㅜ 50 ধ ㅜ ? ᵏ

ਆ Lie ԓᮠ g Ⲵа㓴ส {ξi}i=1,...,dim(G). ⭡Ҿ൘ µ−1(0) к, φ∗µ = µ0, ᡁԜਟԕ᢮ݹࡠ━࠭ᮠ

fi : Uε → R, i = 1, . . . , dim(G), ֯ަ┑䏣 fi |µ−1(0) ≡ 1 ᒦф

〈φ∗µ, ξi〉 = fi〈µ0, ξi〉, i = 1, . . . , dim(G).

ሩㅹᔿє䗩ਆᗞ࠶, ਟᗇ

〈φ∗dµ, ξi〉 = d〈φ∗µ, ξi〉 = 〈µ0, ξi〉dfi + fi〈dµ0, ξi〉.

ᖃ䲀ࡦ൘ µ−1(0) = µ−1
0 (0) кᰦ, ਣ䗩ㅜа亩Ѫ 0, ㅜҼ亩ࡉਈѪ 〈dµ0, ξi〉. ⭡↔ᗇࡠ

φ∗dµ |µ−1(0) = dµ0 |µ−1(0),

ᒦഐѪ dzµ 䲀ࡦ൘ im(JL) кᰦᱟ㓯ᙗ਼ᶴ, 䘋а↕ᗇࡠ

dφ |TNε |µ−1(0)
= id |TNε |µ−1(0)

.

䇱∅.

ਚ㾱ᡁԜਟԕ⺞؍ u䘋ࡠޕ µ−1(0)Ⲵ䛫ฏ N ε, ભ仈 3.1ቡݱ䇨ᡁԜ㘳㲁 (φ∗u,A)ᒦٷ䇮ⴞḷオ

䰤ާᴹᖒᔿ (N ε,ω0, G,φ∗J, µ0). 䘉䟼⢩࡛䈤᰾, ㅹᔿ (3.4) 䇱Ҷ൘؍ µ−1(0) к, φ∗J = J . ൘ㅜ 5 㢲,

ᖃᡁԜ൘↔↓㿴ᖒᔿл༴⨶ᡁԜⲴ䰞仈ᰦ, ᡁԜ䇔ѪᡰᴹⲴ᱐ሴ䜭ᐢ㓿㻛 φ ᣹എ, ഐ↔ሶⴱ⮕ φ.

4 S1S1S1 рⲺ㿺㤹⨼䇰

4.1 㿺㤹䰣䐥фૂ҆ݹ

㘳㲁 S1 кањപᇊⲴ G ѫы PS1 . ⌘᜿ࡠ, ⭡Ҿ G ᱟ䘎䙊Ⲵ, ഐ↔, PS1 ᙫᱟᒣࠑⲴ. 䇠 BS1

:= C∞
G (PS1 , X)×A(PS1),ᒦ⌘᜿ࡠ,൘ਆᇊањᒣॆࠑԕਾ,ᆳਟԕо X×gⲴݹ━䰝䐟オ䰤ㅹ਼.ᡁ

Ԝ⭘ GS1 㺘⽪ѫы PS1 Ⲵ㿴㤳ਈᦒ㗔,㘼ᆳࡉਟԕо GⲴݹ━䰝䐟オ䰤ㅹ਼.ᡁԜ֯⭘ㅖਧ LXǃLG

઼ Lg ⽪㺘࡛࠶ XǃG ઼ g Ⲵݹ━䰝䐟オ䰤, ⭘ L0G 㺘⽪ส⛩↓㿴ਈᦒ㗔 (based gauge group), ҏቡ

ᱟަݳ㍐┑䏣 g(0) = e Ⲵ LG Ⲵ↓㿴ᆀ㗔.

㿴㤳ਈᦒ㗔 LG ԕ

g · y = g · (x, η) = (g−1x,Adg−1η + g−1ġ)

Ⲵᯩᔿ֌⭘൘ LX × Lg к. ሩҾањਆᇊⲴ g ∈ LG, ᆳⲴ࠷᱐ሴᱟ

dg |y(v, ξ) = (("g−1)∗(v),Adg−1ξ),

ަѝ v ∈ C∞(S1, TX) ξ ∈ Lg.

㿴㤳㗔 LG Ⲵ Lie ԓᮠਟԕㅹ਼Ҿ Te(LG) = Lg. ᆳⲴᰐェሿ֌⭘Ѫ

d

dε

∣∣∣∣
ε=0

(exp(ετ) · y) = (−Xτ (x), τ̇ + [η, τ ]), (4.1)

ަѝ τ̇ ԓ㺘 dτ
dθ . ṩᦞᑨᗞᯩ࠶〻䀓Ⲵୟаᙗ, ส⛩㿴㤳㗔 L0G 㠚⭡ൠ֌⭘൘ Lg к, ഐ↔ҏቡ㠚⭡ൠ

֌⭘൘ᮤњ LX × Lg к. ֌Ѫޡ⸕һᇎ, 䘉њ֌⭘Ⲵ䖘䚃オ䰤һᇎкᱟ㗔 G, ᒦф୶᱐ሴሶ⇿њ㚄㔌

᱐ሴࡠᆳⲴ઼Ҁݳ. Ѫਾ᮷֯⭘ᯩׯ, ᡁԜሶ䘉њᶴ䙐᰾⺞ൠࠪ߉ᶕ.
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㘳㲁≤ᒣ䐟ᖴ Ψ : [0, 2π] → G, ᆳ┑䏣ᯩ〻

dηΨ = Ψ′ + ηΨ = 0, Ψ(0) = e. (4.2)

䘉ᱟањ㓯ᙗᑨᗞᯩ࠶〻㓴, ഐ↔ާᴹୟа䀓 Ψη : [0, 2π] → G, ަѝ㗔ݳ㍐ Ψη(1) =: Holη ᱟ㚄㔌 η

Ⲵ઼Ҁݳ. ⌘᜿ࡠ Ψg·η = g−1Ψη, ⢩࡛ൠ, 䘉䈤᰾઼Ҁݳᱟ L0G- нਈⲴ.

⭡Ҿٷ䇮 Lie 㗔 G ᱟ㍗㠤䘎䙊Ⲵ, ᆳⲴᤷᮠ᱐ሴᱟ┑ሴ. ᡁԜਟԕ䘹ᤙ log Holη ∈ g, ֯ᗇ

exp(logHolη) = Holη.

ᇊѹส⛩㿴㤳ਈᦒ

hη(θ) := Ψη(θ)exp(−θ log Holη) ∈ L0G. (4.3)

⭡↔ਟᗇ

h′
η + ηhη − hηη = 0,

hg·η(θ) = g−1(θ)hη(θ),

hη · η = − log(Holη),

ަѝ ηhη ઼ hηη ᱟ Lie ԓᮠ g ൘ Lie 㗔 G кⲴᐖ઼ਣ֌⭘, нᓄо㿴㤳֌⭘␧⏶. ⢩࡛ൠ, ᆳሶ η ᱐

ሴ㠣ާᴹ⴨਼઼ҀݳⲴᑨ٬㚄㔌 − log(Holη). 䘉њᑨ٬㚄㔌ᒦ䶎ୟа.

л䶒Ⲵ⌘䇠ሶՊ൘ㅜ 5 㢲⭘ࡠ.

⌞ 4.1 㘳㲁 G кⲴ L0G- ѫы Lg. ሩҾԫ᜿ањݹ━䐟ᖴ h : (a, b) → G, ᡁԜᙫਟԕਆањ

ਚᴹᴹ䲀њн䘎㔝⛩Ⲵݹ⇥࠶━Ⲵ Lg ᑨ٬䰝䐟䐟ᖴ η : (a, b) → g, ֯ᗇ

exp(η(t)) = h(t).

ᡁԜ⭘ Log(h) ᶕ㺘⽪䘉ṧањ䘹ᤙ, 㲭❦䘉њ䘹ᤙᒦ䶎ୟа, ҏнᱟި㤳Ⲵ.

⧠൘ᶕ䇑㇇ LG ൘ BS1 = LX × Lg к֌⭘Ⲵ⁚ᡚ⡷ (slice). ⭡Ҿ X Ⲵᓖ䟿઼ Lie ԓᮠкⲴޡ䖝

нਈ↓ᇊ޵〟䜭ᱟ G- нਈⲴ, ഐ↔, ᆳ䈡ሬҶ BS1 к LG- нਈⲴ L2 ᓖ䟿

‖(v, ξ)‖2L2 =

∫

S1

(|v|2 + |ξ|2) dθ,

ަѝ y = (x, η) ∈ BS1 , (v, ξ) ∈ TyBS1 = Γ(S1, x∗TX)× Lg.

ᇊѹањ L2 䀓࠶

TyBS1 = Vy ⊕ Ty(GS1 · y),

ަѝ GS1 · y 㺘⽪㓿 y = (x, η) ∈ BS1 Ⲵ㿴㤳֌⭘䖘䚃, 㘼 Vy 㺘⽪ Ty(GS1 · y) Ⲵ L2- ↓Ӕ㺕. ᡁԜ⭘

ΠVy 㺘⽪ࡠ Vy Ⲵᣅᖡ.

ᕋ⨼ 4.1 ሩԫ᜿ y = (x, η) ∈ BS1 , ᴹ

Vy = {(v, ξ) ∈ Γ(S1, x∗TX)× Lg | dµ ◦ J(v) + ξ̇ + [η, ξ] = 0},

ᒦфᆳᱟ GS1(y)-нਈ,ަѝ GS1(y)㺘⽪ y ༴Ⲵ䘧ੁ㗔 (isotropy group). ᆳ਼ᶴҾ Gx(0) Ⲵањᆀ㗔,

ഐ↔ਚ㾱 Gx(0) ᱟᴹ䲀㗔, GS1(y) ণᱟᴹ䲀Ⲵ.
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䇷᱄ ሩҾ y = (x, η) ∈ BS1 , ᡁԜᐢ⸕ᰐェሿ τ ∈ Lie(GS1) ൘ y ⛩Ⲵ֌⭘ਟԕ߉֌ (−Xτ (x), τ̇

+ [η, τ ]). ഐ↔ᴹ (v, ξ) ∈ Vy, ᖃфӵᖃሩԫ᜿ τ ∈ Lie(GS1), ᴹ

∫

S1

(ω(−Xτ (x), Jv) + 〈τ̇ + [η, τ ], ξ〉)dθ = 0.

֯⭘ᓖ䟿Ⲵ G- нਈᙗ, 䘉䘋а↕ㅹԧҾ, ሩҾԫ᜿ τ ∈ Lie(GS1), ᴹ

∫

S1

〈dµ ◦ J(v) + ξ̇ + [η, ξ], τ〉dθ = 0.

ഐ↔,

dµ ◦ J(v) + ξ̇ + [η, ξ] = 0.

⭡Ҿ BS1 кⲴ L2 ᓖ䟿ᱟ GS1 нਈⲴ, ᡁԜᗇࡠ V → GS1 · y ᱟањ GS1 - ㅹਈы, ᒦф Vy ᱟ GS1(y)-

нਈⲴ.

ѪҶ䇑㇇䘧ੁ㗔 GS1(y), ⌘᜿ࡠሩҾԫ᜿ g ∈ LG, g ᤱ؍ y = (x, η) ᖃфӵᖃ

g(s) ∈ Gx(s), g′ + ηg − gη = 0, s ∈ [0, 1].

ṩᦞᑨᗞᯩ࠶〻٬ࡍ䰞仈䀓Ⲵୟаᙗ, ᡁԜᗇࡠ㗔਼ᘱ

GS1(y) $→ Gx(0), g $→ g(0)

ᱟঅሴ. ഐ↔, GS1(y) ᱟ Gx(0) Ⲵᆀ㗔. ⌘᜿ࡠ൘к䘠᧘ሬѝ, 0 ∈ S1 ਟԕ㻛ᦒ֌ԫ᜿ θ ∈ S1.

൘↓ࡉ≤ᒣ䳶 µ−1(0) 䱴䘁, ᡁԜᙫਟԕ᢮ࡠḀњሿᑨᮠ εreg > 0, ֯ᗇ µ−1(0) Ⲵ εreg 䛫ฏᱟ G-

нਈⲴ㘼਼ᰦަкⲴ G ֌⭘ᱟተ䜘㠚⭡Ⲵ. ⭡↔ᗇࡠ

BS1,εreg := {y = (x, η) ∈ LX × Lg | dist(x, µ−1(0)) < εreg}

ᱟ LG- 㿴㤳֌⭘нਈⲴ. ᒦф⭡к䘠ᕅ⨶, LG- 㿴㤳֌⭘ᱟተ䜘㠚⭡Ⲵ.

ᴤ䘋а↕, ᡁԜਟԕਆ εreg 䏣ཏሿ֯ᗇ BS1,εreg кⲴ LG ֌⭘Ⲵ䘧ੁ㗔ааሩᓄҾޡ䖝㊫

{µ−1(0)(H)/G | (H) ∈ Λ}

Ⲵањᆀ䳶, ަѝ Λ 㺘⽪ G ൘ µ−1(0) к֌⭘Ⲵ䘧ੁ㗔Ⲵޡ䖝㊫䳶ਸ. ⌘᜿ࡠ, G ઼ µ−1(0) Ⲵ㍗ᙗ⺞

Ҷ؍ Λ ᱟањᴹ䲀䳶.

ሩҾ⇿њ x ∈ µ−1(0), ᇊѹ

dx,G := inf
k,k′∈Gx

k (=k′

distG(k, k
′),

ަѝ distG 㺘⽪Ӿޡ䖝нਈ↓ᇊ޵〟䈡ሬⲴ G кᓖ䟿. ⭡Ҿ G кⲴޡ䖝нਈᓖ䟿ᱟ G- 䖝֌⭘нޡ

ਈⲴ, ഐ↔, dx ൘⇿њ Gx Ⲵޡ䖝㊫䟼䜭ᱟᑨ٬. ,ṩᦞк䗩䇘䇪ᗇࠪⲴ䖘䚃㊫රⲴᴹ䲀ᙗ޽ ᡁԜᗇ

ᮠࡠ

dµ−1(0),G := inf
x∈µ−1(0)

dx,G > 0. (4.4)

ᡁԜሶ൘ㅜ 5 㢲⭘ࡠ䘉њ㔃䇪.
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4.2 Ѫ⮂䰣䐥

ᇐѿ 4.1 ањ䰝䐟 y = (x, η) ∈ LX × Lg 〠ѪањѤ⭼䰝䐟, ྲ᷌ᆳ┑䏣л䶒єњᯩ〻:

µ ◦ x ≡ 0, ẋ+Xη(x) = 0.

ᡁԜ⭘ Crit ⊂ LX × Lg 㺘⽪⭡ᡰᴹѤ⭼䰝䐟ᶴᡀⲴ䳶ਸ.

㘳㲁൘ y = (x, η) ∈ LX × Lg ༴㓔㔤Ѫ

ES1 |y = Γ(S1, x∗TX ⊕ g)

Ⲵੁ䟿ы ES1 → BS1 . ᇊѹᡚ䶒

Υ̃(y) := (Υ(y), µ(x)) := (ẋ+Xη(x), µ(x)).

ṩᦞᇊѹਟ⸕, Crit = Υ̃−1(0).

ᕋ⨼ 4.2 ᡚ䶒 Υ̃ ᱟ㿴㤳ㅹਈⲴ, ণሩҾԫ᜿ g ∈ LG ઼ y = (x, η), ᴹ

Υ̃(g · y) = (("g−1)∗(Υ(y)),Adg−1µ).

ഐ↔, Crit ᱟ LG- нਈⲴ.

䇷᱄ ഐѪ µ ᱟ G- ㅹਈⲴ, ᡰԕᴹ µ(g−1x) = Adg−1µ(x). ⭡↔,

Υ(g · y) = d

dθ
(g−1x) +Xg−1ġ+Adg−1η(g

−1x)

= [("g−1)∗(ẋ)−Xg−1ġ(g
−1x)] +Xg−1ġ+Adg−1η(g

−1x)

= ("g−1)∗(ẋ+Xη(x))

= ("g−1)∗(Υ(y)).

䇱∅.

ᕋ⨼ 4.3 ྲ᷌ y = (z, η) ∈ Crit, 䛓Ѹ䘧ੁ㗔 GS1(y) ∼= CGz(0)
(Holη) ᱟ Holη ൘ Gz(0) ѝⲴѝᗳ

ॆᆀ, ণ Gz(0) ∩ C(Holη). ⢩࡛ൠ, ᆳᱟᴹ䲀Ⲵ, ᒦф਼ᶴ㻛

CGz(0)
(Holη) → GS1(y), g0 $→ g(θ) = hη(θ)g0h

−1
η (θ)

㔉ࠪ, ަѝ hη ⭡ (4.3) ᇊѹ.

䇷᱄ ⭡ᕅ⨶ 4.1, ⌘᜿ࡠሩҾԫ᜿ g ∈ GS1(y), ᯩ〻 g′ + ηg − gη = 0 ㅹԧҾሩҾԫ᜿ањ┑䏣

(4.2) Ⲵ Ψ : [0, 2π] → G, ᴹ

AdΨ−1
η (s)g(s) ≡ g(0).

ഐ↔ᴹ g(1) = Ψη(1)g(0)(Ψη(1))−1, ᒦф g ∈ LG ᱟᯩ〻 g′ + ηg − gη = 0 Ⲵ䀓, ᖃфӵᖃ

Ψη(1)g(0)(Ψη(1))
−1 = g(0),

ণ

AdHolηg(0) = g(0).
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ਖаᯩ䶒,⌘᜿ࡠਚ㾱 g ∈ LG؍ᤱ η,ণ┑䏣ᯩ〻 g′+ηg−gη = 0,ᆳ㠚ࣘൠ؍ᤱ z,ਚ㾱 (z, η) ∈ Crit.

䘋а↕㔉ᇊ g0 ∈ Gz(0), 䙊䗷ⴤ᧕䇑㇇, ਟᗇ

g(θ) = hη(θ)g0h
−1
η (θ)

ᱟањ䀓, ᒦфᱟୟаⲴ䀓. ᕅ⨶ᗇ䇱.

ᕋ⨼ 4.4 䇮ٷ y = (z, η) ∈ Crit ᴹᑨ٬㚄㔌 η ≡ η0, ᡚ䶒ࡉ Υ̃ ൘ y ⛩Ⲵ㓯ᙗॆѪ

DyΥ̃(v, ξ) = (DyΥ(v, ξ), dzµ(v)),

ަѝ

DyΥ(v, ξ)(θ) = (L−Xη0
v +Xξ(θ))(z(θ))

=
d

ds

∣∣∣∣
s=0

ϕ−s∗v(z(θ + s)) +Xξ(θ)(z(θ)),

v ∈ C∞(S1, z∗TX) = Tz(LX), ξ ∈ Lg = Tηg, θ ∈ S1. ϕ ᱟੁ䟿൪ −Xη0 Ⲵ⍱.

⢩࡛ൠ, ᖃ η0 = 0 ᰦ,

DyΥ(v, ξ)(θ) = v̇(θ) +Xξ(θ)(z(θ)).

䇷᱄ ᖸ᰾ᱮ, DyΥ̃ = (DyΥ, dzµ). ⧠൘ᶕ䇑㇇ DyΥ. Ѫᯩׯ䇑㇇, ᡁԜ֯⭘ањ X кⲴᰐᥐⲴ

ԯሴ㚄㔌 ∇. նᱟਚ㾱 y ᱟањᑨ٬㚄㔌Ѥ⭼䰝䐟, ᡰᗇⲴ㔃᷌о ∇ Ⲵ䘹ᤙᰐޣ.

ሩҾԫ᜿ v ∈ C∞(S1, z∗TX) = Tz(LX), ξ ∈ Lg = Tηg, ᴹ

DyΥ(v, ξ)(θ) =
d

dε

∣∣∣∣
ε=0

Par−1
z(θ),zε(θ)

(Υ(zε, ηε)(θ)) ∈ Tz(θ)X, θ ∈ S1,

ަѝ

zε(θ) := exp∇z(θ)(εv(θ)), ηε(θ) := η(θ) + εξ(θ).

ᒣ㹼〫ࣘ Par ઼ᤷᮠ᱐ሴ exp∇ ൷⭡ԯሴ㚄㔌 ∇ ᇊѹ. 䘋а↕, ⭡ Υ Ⲵ㺘䗮, DyΥ(v, ξ)(θ) वਜ਼Ⲵє

亩ਟԕ࡙⭘㚄㔌Ⲵᰐᥐᙗ䍘䇑㇇ྲл:

ㅜа亩 =
d

dε

∣∣∣∣
ε=0

Par−1
z(θ),zε(θ)

(
d

dθ
expz(θ)(εv(θ))

)
=

Dv

dθ
,

ㅜҼ亩 =
d

dε

∣∣∣∣
ε=0

Par−1
z(θ),zε(θ)

Xη(θ+εξ(θ))(expz(θ)(εv(θ)))

=
d

dε

∣∣∣∣
ε=0

Par−1
z(θ),zε(θ)

(Xη(θ)(Φ(θ, ε))) +
d

dε
εPar−1

z(θ),zε(θ)
(Xξ(θ)(Φ(θ, ξ)))

=
d

dε

∣∣∣∣
ε=0

Par−1
z(θ),zε(θ)

(Xη(θ)(Φ(θ, ε))) +Xξ(θ)(Φ(θ, ε)).

л䶒䇑㇇кᔿㅜҼ亩ѝⲴㅜа亩.ሶ Xη(θ)(Φ(θ, ε))㿶֌ੁ䟿൪ Xη(ε) ൘ ε-䐟ᖴ Φ(θ, ε) = exp∇z(θ)(εv(θ))

кⲴ䲀ࡦ, ᡁԜਟԕሶ䘉а亩߉֌

(∇ ∂̃Φ
∂ε

Xη(θ))(Φ(θ, 0)).

ᓄ⭘㚄㔌 ∇ Ⲵᰐᥐᙗ, ᡁԜਟԕሶ䘉а亩䘋а↕߉֌

(
∇Xη

∂̃Φ

∂ε

)
(Φ(θ, 0)) +

[
∂̃Φ

∂ε
, Xη(θ)

]
(Φ(θ, 0)).
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਼ᰦ⌘᜿ࡠ





ż(θ) +Xη(θ)(z(θ)) = 0,

z(θ) = Φ(θ, 0),

∂̃Φ

∂ε

∣∣∣∣
Φ(θ,0)

= v(θ).

䘉ቡᱟ −Dv
dθ + [ ∂̃Φ∂ε , Xη(θ)](Φ(θ, 0)). ഐ↔,

ㅜҼ亩 = −Dv

dθ
+Xξ(θ)(z(θ)) +

[
∂̃Φ

∂ε
, Xη(θ)

] ∣∣∣∣
ε=0

(z(θ)).

ԕк Dv
dθ 㺘⽪⋯ᴢ㓯 z Ⲵੁ䟿൪ v Ⲵॿਈሬᮠ, ∂̃Φ

∂ε 㺘⽪ੁ䟿൪
∂Φ
∂ε Ҿޣ

Φ(θ, ε) := exp∇z(θ)(εv(θ))

Ⲵተ䜘ᢙᕐ. ሶަ≲઼, ਟᗇ

DyΥ(v, ξ)(θ) =

[
∂̃Φ

∂ε
, Xη(θ)

] ∣∣∣∣
ε=0

+Xξ(θ)(z(θ)).

⢩࡛ൠ, ᖃ η ≡ η0 ᱟᑨ٬ᰦ, Lie ᤜਧ亩 [ ∂̃Φ∂ε , Xη(θ)] |ε=0 ਟԕ㻛߉֌ Lie ሬᮠ

[
∂̃Φ

∂ε
, Xη(θ)

] ∣∣∣∣
ε=0

= (L−Xη0
v)(z(θ)).

䘉ᱟ⭡Ҿ ϕt(z(θ)) := z(θ + t) ᱟੁ䟿൪ −Xη0 ٬Ѫࡍ z(θ) Ⲵ⍱.

䘋а↕, ᡁԜਟԕࠪ߉

(L−Xη0
v)(z(θ)) =

d

ds

∣∣∣∣
s=0

ϕ−s∗v(z(θ + s)).

᧘ሬᆼ∅.

л䶒Ⲵᕅ⨶ሶᑞࣙᡁԜᗇࡠ kerDyΥ̃ Ⲵ㔃ᶴ.

ᕋ⨼ 4.5 㤕⋯ z Ⲵੁ䟿൪ v ⭡ Lie ԓᮠ g ⭏ᡀ, ণሩҾ ζ : I → g ൘Ḁњ४䰤ᡆ㘵ᮤњ S1, ᴹ

v(θ) = Xζ(θ)(z(θ)),

ࡉ

(L−Xη0
v)(z(θ)) = X[η0,ζ(θ)](z(θ)) +X dζ

dθ
(z(θ)).

䇷᱄ ᡁԜ㔗㔝⋯⭘ᕅ⨶ 4.4 䇱᰾ѝⲴㅖਧ. ⌘᜿ࡠሩҾ⧠൘Ⲵᛵᖒ, ٬Ѫࡍ z ∈ X Ⲵੁ䟿൪

−Xη0 Ⲵ⍱ਟԕ㻛ᱮᔿൠ߉֌

ϕt(z) = exp(−tη0)z, t ∈ R,

ഐ↔ਟԕྲл䇑㇇ (L−Xη0
v)(z(θ)).

俆ݸ,

ϕ−s∗v(z(θ + s)) = ϕ−s∗[Xζ(θ+s)(z(θ + s))]
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=
d

dε

∣∣∣∣
ε=0

[exp(sη0)exp(εζ(θ + s))z(θ + s)]

= Xexp(sη0)ζ(θ+s)exp(−sη0)(z(θ)).

ަ⅑,

(L−Xη0
v)(z(θ)) =

d

ds

∣∣∣∣
s=0

ϕ−s∗v(z(θ + s))

=
d

ds

∣∣∣∣
s=0

Xexp(sη0)ζ(θ+s)exp(−sη0)(z(θ))

= X d
dθ ζ

(z(θ)) +X[η0,ζ(θ)](z(θ)).

ᕅ⨶䇱∅.

л䘠ભ仈ᱟ᮷⥞ [3] ѝⲴањ䟽㾱㿲ሏ, 䘉䟼䟽ᯠਉ䘠ྲлᒦ㔉ࠪањ⮕ᴹн਼Ⲵ䇱᰾.

ળ从 4.1 䇮ٷ y = (z, η) ∈ Crit ᱟањ η ≡ η0 Ⲵᑨ٬㚄㔌Ѥ⭼䰝䐟.

(1) オ䰤

X (y) := {Xτ = (−Xτ , τ̇ + [η, τ ]) | τ ∈ Lie(LG) = Lg}

(ণ⭡ Lie(LG) ᰐェሿ֌⭘⭏ᡀⲴੁ䟿൪, ৲㿱 (4.1)), ᆈ൘Ҿオ䰤 kerDyΥ̃ ѝ. 㘳㲁ྲл࠶䀓:

kerDyΥ̃ = X (y)⊕ (kerDyΥ̃ ∩ Vy),

ࡉ kerDyΥ̃ ∩ Vy ਼ᶴҾ䖘ᖒ M Ⲵᢝᴢ࠶᭟ᡆ䶎ᢝᴢ࠶᭟ M (Hol(η0)) ൘ [z(0)] ⛩Ⲵ࠷オ䰤. ަ਼ᶴⲴ

ᱮᔿ㺘䗮൘ભ仈䇱᰾ѝ㔉ࠪ.

(2) ԕ W 1,2(S1, z∗TX ⊕ g) ⊂ L2(S1, z∗TX ⊕ g) ѪᇊѹฏⲴᖒᔿ Hessian ㇇ᆀ

Hessy(v, ξ) := (JΥ(v, ξ), dzµ(v)),

Hessy : L2(S1, z∗TX ⊕ g) → L2(S1, z∗TX ⊕ g)

ᱟᰐ⭼ᵜᖱ㠚ޡ䖝㇇ᆀ. ᴤ䘋а↕, Hessy 䲀ࡦ൘ Vy Ⲵ L2- ᆼ༷ॆкҏᱟᵜᖱ㠚ޡ䖝㇇ᆀ.

(3) 䲀ࡦ൘ L2(Vy) кⲴ Hessy Ⲵ䉡ਚᴹㆰঅᇎ⢩ᖱ٬, ᒦф൘䳶ਸ { k
|Holη| | k ∈ Z} ѝਆ٬.

䇷᱄ (1) 㔃䇪 X (y) ⊂ kerDyΥ ⭡ᕅ⨶ 4.5 ਟԕ・࡫ᗇࡠ.

л䶒⌘᜿ݳࡠ㍐ (v, ξ) ∈ kerDyΥ̃ ∩ Vy ┑䏣л䘠йњᯩ〻:

(i) L−Xη0
v +Xξ(θ) = 0;

(ii) dzµ(v) = 0;

(iii) dµ ◦ J(v) + ξ̇ + [η0, ξ] = 0.

⭡Ҿ 0 ᱟ⸙᱐ሴ µ Ⲵ↓٬ࡉ, ⭡ᯩ〻 (ii) ਟ᧘ࠪ v ∈ Tµ−1(0). ѪҶ֯ࠐօമۿᴤ࣐␵Რ, ᡁԜሶ

䇱᰾࠶Ѫᒣ઼ࠑҀ઼ݳ䶎ᒣ઼ࠑҀݳє⿽ᛵᖒ䘋㹼䇘䇪.

ᒩࠗૂ҆ݹ᛻ᖘ 䘉⿽ᛵᖒл, η0 = 0, ᒦфᯩ〻 (i) ઼ (iii) ਈѪ

v̇ +Xξ(θ) = 0, dzµ(v) = 0.

Lie ԓᮠ g ൘ µ−1(0) кⲴᰐェሿ㠚⭡֌⭘ԕ৺ੁ䟿൪ᇊѹ൘䰝⧟ S1 кⲴ㾱≲֯ᗇ ξ ᗵ享Ѫ 0. ਼ᰦ

ㅜҼњᯩ〻ᱮ⽪ v ∈ ker dzµ ◦ J = Hy.
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⭡↔ᗇࡠ, 䘉ṧⲴੁ䟿ሩ (v, ξ) ሩᓄҾањ䖘ᖒ M Ⲵ䶎ᢝᴢ࠶᭟࠷オ䰤ѝⲴੁ䟿.

䶔ᒩࠗૂ҆ݹ᛻ᖘ ,ࡽྲ ᡁԜ⭘ ϕt(z) = exp(−tη0)z 㺘⽪ੁ䟿൪ −Xη0 ⭏ᡀⲴ٬ࡍѪ z Ⲵ⍱.

ᇊѹ

ṽ : S1 → Tz(0)µ
−1(0), ṽ(t) = ϕ−t,∗(v(t)).

↔༴⭡Ҿ µ−1(0)ᱟ G-нਈⲴ, ഐ↔, ṽ ᆈ൘Ҿᆀオ䰤 Tz(0)µ
−1(0)ѝ. オ䰤࠷ Tz(0)µ

−1(0)ਟԕ࠶䀓Ѫ

Tz(0)µ
−1(0) = Xg(z(0))⊕H(z(0)),

ަѝ Xg 㺘⽪ᰐェሿ g ֌⭘⭏ᡀⲴᆀオ䰤, 㘼 H = ker dµ ◦ J .ᇊѹࡽྲ ࡙⭘䘉њ࠶䀓, ሶ ṽ ֌߉

ṽ = ṽG + ṽH . ࡙⭘ µ Ⲵ G- ㅹਈᙗ઼ J Ⲵ G- нਈᙗ, ᗇࡠ

vH(θ) := ϕθ,∗ṽH(θ) ∈ H(z(θ)),

vG(θ) := ϕθ,∗ṽG(θ) ∈ Xg(z(θ)), θ ∈ S1.

ഐ↔, 〻ᯩ⭡޽ (i), ᡁԜᗇࡠ d
dθ ṽH = 0, ᭵ ṽH ≡ ṽ(0). ṩᦞ ϕt Ⲵ㺘䗮, 䘉᜿ણ⵰

vH(0) = dHolη0(vH(0)).

᭵ vH(0) ᆈ൘Ҿ Holη0 нࣘ⛩䳶 µ−1(0)
Holη0 Ⲵ࠷オ䰤ѝ.

л䶒䇱᰾ vG ≡ 0 ᒦф ξ ≡ 0. ᓄ⭘䴦ᱟ↓٬ࡉⲴһᇎ, ᡁԜਟԕਆḀ ζ : S1 → g ֯ᗇ vG(θ) ਟԕ

㻛߉֌ vG(θ) = Xζ(θ). ᓄ⭘ᕅ⨶ 4.5, ᯩ〻 (i) 㻛߉Ѫ

X d
dθ ζ(θ)

+X[η0,ζ(θ)] +Xξ(θ) = 0.

䘉ㅹԧҾ
d

dθ
ζ(θ) + [η0, ζ(θ)] + ξ(θ) = 0. (4.5)

㘳㲁 L2(S1) ,〟޵

0 =

∫

S1

〈
ξ(θ),

d

dθ
ζ(θ) + [η0, ζ(θ)] + ξ(θ)

〉
dθ

= −
∫

S1

〈
ζ(θ),

d

dθ
ξ(θ) + [η0, ξ(θ)]

〉
dθ + ‖ξ‖2L2(S1).

ṩᦞ⁚ᡚ⡷ (slice) ᯩ〻 (iii), к䘠ᯩ〻ਈѪ

0 =

∫

S1

〈ζ(θ), dµ ◦ J(Xζ(θ))〉dθ + ‖ξ‖2L2(S1)

= ‖Xζ(θ)‖2L2(S1,X) + ‖ξ‖2L2(S1),

ഐ↔ᗇࡠ ζ ઼ ξ ൷Ѫ 0.

Ӿ DyΥ̃ Ⲵ㺘䗮, ᡁԜ␵Რൠⴻࡠ kerDyΥ̃ ∩ Vy ᱟ GS1(y)- нਈⲴ. 䘋а↕ᓄ⭘ᕅ⨶ 4.1(2) ѝⲴ

GS1(y) ∼= CGz(0)
(Holη),

ᡁԜᆼᡀҶㅜањ䱸䘠Ⲵ䇱᰾.
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(2) 䘹ਆԫ᜿єњ (vi, ξi) ∈ W 1,2(S1, z∗TX ⊕ g), i = 1, 2, 䇑㇇

〈Hessy(v1, ξ1), (v2, ξ2)〉 =
∫

S1

〈J(L−Xη0
v1 +Xξ1), v2〉+

∫

S1

〈dzµ(v1), ξ2〉

= −
∫

S1

〈L−Xη0
v1, Jv2〉 −

∫

S1

〈Xξ1 , Jv2〉+
∫

S1

〈dzµ(v1), ξ2〉

= −
∫

S1

d〈v1, Jv2〉+
∫

S1

〈v1, JL−Xη0
v2〉 −

∫

S1

〈Xξ1 , Jv2〉+
∫

S1

〈dzµ(v1), ξ2〉

= 0 +

∫

S1

〈v1, JL−Xη0
v2〉 −

∫

S1

〈ξ1, dzµ(v2)〉+
∫

S1

〈ξ2, dzµ(v2)〉

= 〈Hessy(v1, ξ1), (v2, ξ2)〉.

к䘠᧘ሬѝ, ᡁԜ֯⭘Ҷᓖ䟿઼䘁༽㔃ᶴ J Ⲵ G нਈᙗԕ৺ z ᱟੁ䟿൪ −Xη0 Ⲵ⍱ (ഐѪ (z, η0)

∈ Crit).

ഐ↔, Hessy ᱟሩ〠Ⲵ, ᒦф൘ぐᇶᇊѹฏ W 1,2(S1, z∗TX ⊕ g) к,

Hessy : W 1,2(S1, z∗TX ⊕ g) → L2(S1, z∗TX ⊕ g)

ᱟ㠚ޡ䖝Ⲵ. 䘉ቡ䇱᰾Ҷ Hessy ᱟᵜᖱ㠚ޡ䖝Ⲵ.

⭡ભ仈 4.1(1) Xy ⊂ kerHessy, ᒦфк䘠᧘ሬᗇࡠ Hessy ᱟ㠚ޡ䖝㇇ᆀ, ᡁԜᗇࡠ Vy Ⲵ L2- ᆼ༷

ॆᱟ Hessy- нਈⲴ. ഐ↔, Hessy ൘ Vy Ⲵ L2- ᆼ༷ॆкҏᱟᵜᖱ㠚ޡ䖝Ⲵ.

(3) 㘳㲁ᡚ䶒

v = (vH , Xζ(z), JXα(z)) : S
1 → z∗H ⊕ im(Lz)⊕ im(JLz), ζ,α : S1 → g,

ᒦ⌘᜿ࡠ L2(S1, z∗H) ઼ L2(S1, im(Lz) ⊕ im(JLz)) ⊕ Lg ᱟєњ Hessy нਈᆀオ䰤. ൘ L2(S1, z∗H)

к, ᡁԜᴹ

Hessy(vH) = J
d

dθ
ṽH .

ᆳⲴ䉡䳶ਚवᤜㆰঅᇎ⢩ᖱ٬ { k
|Holη| | k ∈ Z}—䘉ᱟഐѪᆳⲴ |Holη| 䟽㾶ⴆᨀॷޡ䖝Ҿ㠚ޡ䖝㇇ᆀ

√
−1

|Holη|
d

dθ
: L2(S1,CdimC H) → L2(S1,CdimC H).

л䶒ѪҶᴤྭൠ⨶䀓 L2(S1, im(Lz)⊕ im(JLz))⊕LgкⲴ䜘࠶,ᡁԜ࡙⭘ㅜ 3㢲ᕅޕⲴ↓㿴ᖒᔿ.

俆ݸሶ Hessy :֌ྲл㺘䗮߉

Hessy(Xζ(z), JXα(z), ξ) = (−X d
dθα+[η0,α(θ)]+ξ(θ), JX d

dθ ζ+[η0,ζ(θ)]+ξ(θ), dµ ◦ J(Xα)(z)).

㔗㘼䙊䗷↓㿴ᖒᔿ, ᡁԜᴹ

dµ ◦ J(Xζ) = ζ.

֯⭘ −Xη Ⲵ⍱ሶ⇿њੁ䟿᣹എ, ᡁԜᗇࡠл䘠ㆰঅⲴ㺘䗮:

H̃essy(Xζ̃(z), JXα̃(z), ξ̃) = (−X d
dθ α̃+ξ̃(θ), JX d

dθ ζ̃+ξ̃(θ), α̃).

ഐ↔, Hessian ㇇ᆀਟԕ㻛ㅹ਼Ҿ

(ζ̃, α̃, ξ̃) $→
(
− d

dθ
α̃− ξ̃,

d

dθ
ζ̃ + ξ̃, α̃

)
.
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ᖃ䲀ࡦ൘⁚ᡚ⡷ Vy кᰦ, 䘉ᱟањ䉡䳶ѪᮤᮠⲴа䱦Ὕശᗞ࠶㇇ᆀ࣐кањ㍗ᢠࣘ. ഐ↔㘳㲁Ⲵ㻛

䲀ࡦⲴ Hessy Ⲵ䉡䳶ਚवᤜ { k
|Holη| | k ∈ Z} ѝⲴㆰঅᇎ⢩ᖱ٬. ભ仈䇱∅.

⌞ 4.2 ൘᮷⥞ [3] ѝ, ᵜ᮷֌㘵ᇊѹҶањ S1 ٬֌⭘⌋࠭, ᆳⲴѤ⭼⛩ሩᓄҾᡁԜ↔༴ᇊѹⲴ

Ѥ⭼䰝䐟. ᴤ䘋а↕, 䘉њ⌋࠭ᱟ Lg ᰐェሿ֌⭘нਈⲴ. Ӿ䘉њ䀂ᓖⴻ, к䘠䇑㇇ᗇࡠⲴᰐェሿ㿴㤳

֌⭘⭏ᡀⲴੁ䟿൪኎Ҿ DyΥ̃ ⲴṨᱟਟԕᵏᖵⲴ.

൘ᵜ᮷ѝ, ࠪҾᢰᵟ৏ഐ, ᡁԜᒦ⋑ᴹⴤ᧕֯⭘䘉њ⌋࠭ (৲㿱⌘ 6.2). նᱟ൘ㅜ 5 㢲ᇊѹⲴ⌋

࠭, ൘нѕṬ᜿ѹко䘉њ⌋࠭ᱟаṧⲴ (৲㿱⌘ 5.1).

5 X × gX × gX × g рѪ⮂䰣䐥䱺䘇Ⲻቶ䜞⌑࠳

5.1 ⋵жᶗ䰣䐥䐥ᖺⲺޮ㤹㿺㤹਎ᦘ

㔉ᇊањᇊѹ൘४䰤 [t0,∞) ⊂ R кⲴ䰝䐟䐟ᖴ

w = (u, η) : [t0,∞) → L(X × g),

ᒦфٷ䇮 ‖µ ◦u‖C0([t0,∞)×S1) 䏣ཏሿ. ᡁԜਟԕ൘ㅜ 3㢲ᕅޕⲴ↓㿴ᖒᔿ (N ε,ω0, G, J, µ0)л㘳㲁.ሩ

Ҿ⇿њ t ∈ [t0,∞), ਟԕ䇠

w(t) = (u(t), η(t)) = ((z(t), JLz(t)ξ(t)), η(t)),

ަѝሩҾ⇿њ t ∈ [t0,∞), z(t) ᱟањ µ−1(0) ѝⲴ䰝䐟, ξ(t) ᱟ g ѝⲴ䰝䐟. ᡁԜ⭘ y(t) ֌ྲл㺘⽪:

y(t) := (z(t), η(t)) : S1 → µ−1(0)× g, t ∈ [t0,∞).

֯⭘ (4.3) 䱴䘁Ⲵㅖਧᒦ⭘ w̃ = (ũ, η̃) 㺘⽪ L0G 㿴㤳ਈᦒਾ [t0,∞) кⲴ䰝䐟, ণ

ũ(t) := hη(t) · u(t) = (h−1
η(t)z(t), JLhη(t)−1z(t)(Adh−1

η(t)
ξ(t))),

η̃(t) := hη(t) · η(t) ≡ −LogHolη(t)

(⢩࡛ൠ, ⌘᜿ࡠ ũ(t, 0) = u(t, 0)). ⭡ᕅ⨶ 4.2 ઼ᓖ䟿Ⲵ G- нਈᙗ, л䶒Ⲵᕅ⨶ᱟᱮ❦Ⲵ.

ᕋ⨼ 5.1 ሩҾ⇿њ t ∈ [t0,∞), k = 0, 1, . . . , ᴹ

‖dη̃(t)ũ(t)‖Ck(S1) = ‖dη(t)u(t)‖Ck(S1).

਼ᰦ, ᡁԜᴹл䘠ᕅ⨶.

ᕋ⨼ 5.2

dist(u(t, 0),Hol−1
η(t)u(t, 0)) " ‖dη(t)u(t)‖C0(S1).

䇷᱄

dist(u(t, 0),Hol−1
η(t)u(t, 0)) "

∫ 1

0

∣∣∣∣
∂

∂s
(Ψ−1

η(t)(s)u(t, s))

∣∣∣∣ds

=

∫ 1

0

∣∣∣∣"Ψη(t)(s)∗

(
∂u

∂s
(t, s) +Xη(t)(u(t, s))

)∣∣∣∣ds
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=

∫ 1

0

∣∣∣∣
∂u

∂s
(t, s) +Xη(t)(u(t, s))

∣∣∣∣ds

" ‖dη(t)u(t)‖C0(S1).

䇱∅.

⭡↔㧧ᗇҶл䶒Ⲵޣ䭞ᕅ⨶. ᆳ䈤᰾ᡁԜਟԕа㠤䘎㔝ൠᢠࣘ䐟ᖴ (ũ(t), η̃(t)) 㘼㧧ᗇањᆳ䱴

䘁ⲴѤ⭼䰝䐟ݹ━䐟ᖴ.

ᕋ⨼ 5.3 ᆈ൘ ε > 0, ֯ᗇਚ㾱ሩҾԫ᜿ t ∈ [t0,∞), ‖dη(t)u(t)‖C0(S1) " ε ᒦф |µ(u(t))| = |ξ(t)|
" ε, ᆈ൘ୟаањ┑䏣ࡉ exp(η0(t)) ∈ Gu(t,0) Ⲵݹ━䐟ᖴ η0 : [t0,∞) → g, ┑䏣

(1) ‖η̃(t)− η0(t)‖C0([t0,∞) 㻛 ε ᧗ࡦ;

(2) 䰝䐟 exp(θη0(t))ũ(t, θ) սҾ٬ࡍ⛩ ũ(t, 0) = u(t, 0) Ⲵঅሴॺᖴԕ޵.

䇷᱄ 俆ݸᶴ䙐 [t0,∞) ᯿Ⲵ η0. ⭡ᕅ⨶ 5.2, ਟᗇ

distG·u(t,0)(u(t, 0),Hol
−1
η(t)u(t, 0)) " ‖dη(t)u(t)‖C0(S1) " ε,

ަѝ G · u(t, 0) 㺘⽪ µ−1(0) ѝ䗷 u(t, 0) Ⲵ G- 䖘䚃, distG·u(t,0) ⭡ µ−1(0) кⲴ䐍⿫ dist 䈡ሬ㘼ᶕ. н

ཡа㡜ᙗ, ᡁԜਟԕٷ䇮 G · u(t, 0) ㅹ䐍Ҿ G/Gu(t,0), ᒦ⭡↔

distG/Gu(t,0)
([e], [Holη(t)]) " ε.

ഐ↔, аᇊᆈ൘Ḁњ kt ∈ Gu(t,0) ┑䏣

distG(kt,Holη(t)) " ε.

䘋а↕, ਚ㾱 ε < dµ−1(0),G, ަѝ

dµ−1(0),G = inf
x∈µ−1(0)

dx,G,

㘼

dx,G := inf
k,k′∈Gx

k (=k′

distG(k, k
′)

⭡ㅹᔿ (4.4) ᕅޕ, 䘉ṧⲴ kt ∈ Gu(t,0) .ᱟୟаⲴࡉ

⧠൘ᶕⴻ [t0,∞) ᯿Ⲵ η(t). ⭡ҾᡁԜ䘹ᤙⲴ η(t) ާᴹݹ━Ⲵ઼Ҁݳ䐟ᖴ, Ҿޣ t ਚᴹᴹ䲀њн

䘎㔝⛩ᒦݹ⇥࠶━, к䘠ᶴ䙐֯ᗇ kt Ҿޣ t ᱟݹ━Ⲵ, ᒦф਼ᰦ⭡Ҿ G ᱟ䘎䙊㍗ Lie 㗔, ᡁԜਟԕ䘋

а↕䘹ᤙањޣҾ t Ⲵ㚄㔌᯿━ݹ η0(t), ֯ᗇሩҾ⇿њ t ∈ [t0,∞), ᴹ

exp(η0(t)) = kt, |η̃(t)− η0(t)| " CdistG(Holη(t), kt) " Cε,

ަѝ C ᱟањਚ׍䎆Ҿࠐօ㔃ᶴ (X,ω, G, J, µ,M) Ⲵᑨᮠ. ⭡↔, ᕅ⨶ 5.3(1) 䇱∅.

к䘠 η0 ᶴ䙐਼ᰦᱮ⽪

exp(θη0(t))ũ(t, θ) = exp(θ(η̃(t)− η0(t)))Ψ
−1
η(t)(θ)u(t, θ).

ഐ↔ᴹՠ䇑

dist(exp(θη0(t))ũ(t, θ), u(t, 0)) =

∫ θ

0

∣∣∣∣
∂

∂s
exp(sη0(t))ũ(t, s)

∣∣∣∣ds
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=

∫ θ

0

∣∣∣∣
∂

∂s
(exp(s(η̃(t)− η0(t)))Ψ

−1
η(t)(s)u(t, s))

∣∣∣∣ds

" C ′|η̃(t)− η0(t)||dη(t)u(t, s)|,

ަѝ C ′ ᱟਚ׍䎆Ҿࠐօ㔃ᶴ (X,ω, G, J, µ,M) Ⲵᑨᮠ. ഐ↔↔䐍⿫㻛 ε2 ᧗ࡦ. ᡁԜਟԕ䘹ᤙ ε 䏣ཏ

ሿ, ֯ᗇሩҾ⇿њ t ∈ [t0,∞), ൘ u(t, 0) Ⲵঅ䇮ॺᖴ޵, ũ(t) ᆈ൘. 䇱∅.

л䶒ሶॺᖴѪ r Ⲵᔰശⴈ઼䰝ശⴈ࡛࠶䇠֌

D(r) = {z ∈ C | |z| < r}, D(r) = {z ∈ C | |z| " r},

ᒦሶަ䗩⭼䇠֌

∂D(r) = D(r) \D(r) = {z | |z| = r}.

ṩᦞᐢᗇⲴࠐњᕅ⨶, ᡁԜሶ൘л䶒ᕅ⨶ѝᶴ䙐ањ࠭ᮠ (һᇎк, ᡁԜᶴ䙐Ⲵᱟањተ䜘⌋࠭), ᆳ

ሶ൘ᵜ᮷ѫ㾱ᇊ⨶䇱᰾ѝਁᥕѫ㾱֌⭘.

ᕋ⨼ 5.4 䇮ٷ (u, η) ┑䏣: ⨶Ҿᕅޣ 5.3 ѝⲴ ε, ሩҾ⇿њ t ∈ [t0,∞) 䜭ᴹ ‖dη(t)u(t)‖C0(S1) " ε

઼ ‖µ(u(t))‖C0(S1) " ε, ሩҾ⇿њࡉ t ∈ [t0,∞), ᆈ൘ݹ⇥࠶━Ⲵ᱐ሴ ut : D(2) → X ԕ u(t) = ut |∂D(2)

֌Ѫ䗩⭼䲀ࡦ, ┑䏣ྲл (1) ѝ㾱≲.

(1) (i) ut |D(1) ⊂ µ−1(0) ᱟݹ━Ⲵᒦф ut |∂D(1) = z(t);

(ii) ut |D(2)−D(1)(s, θ) = (z(t, θ), (s− 1)JLz(t,θ)(ξ(t, θ))), ަѝ (s, θ) 㺘⽪ശⴈ D(2) кⲴᶱ඀ḷ.

(2) ᇊѹ [t0,∞) ᯿൘ [0, 2π] кⲴ㿴㤳ਈᦒྲл:

gt : S
1 → G, gt(θ) := hη(t)(θ)exp(−θη0(t)),

ࡉ g−1
t z(t, ·) ᆈ൘Ҿ z(t, 0) Ⲵঅሴॺᖴ޵.

֯⭘к䘠 ut, ሩҾ w, ᇊѹ࠭ᮠ Lw : [t0,∞) → R,

Lw(t) := −
∫

D(2)
u∗tω +

∫

S1

〈µ(u(t, θ)), η(t, θ)〉dθ, (5.1)

ࡉ Lw Ҿޣ t ᱟݹ━Ⲵ, ᒦф┑䏣л䘠ㅹઘнㅹᔿ:

Lw(t) " c0(‖dη(t)u(t)‖2p + c1‖µ ◦ u(t)‖2 p
p−1

), (5.2)

ަѝ c0, c1 > 0 ᱟਚ׍䎆Ҿࠐօ㔃ᶴ (X,ω, G, µ, J,M) Ⲵᑨᮠ, ᑨᮠ 1 " p " 2.

䇷᱄ ⭡ᕅ⨶ 5.3, ሩ⇿њ t ∈ [t0,∞), 䰝䐟 g−1
t z(t, ·) ᆈ൘Ҿ z(t, 0) Ⲵঅሴॺᖴ޵, ഐ↔ᱟਟ㕙

Ⲵ. ᭵ਟԕਆањྲлᇊѹⲴսҾঅሴॺᖴ޵Ⲵݹ━ശⴈ֯ަ䗩⭼Ѫ䰝䐟 g−1
t z(t, ·):

ū1
t : D(1) → µ−1(0).

ᇊѹ

ū2
t |D(2)−D(1)(s, θ) = (g−1

t z(t, ·), (s− 1)JLg−1
t z(t,·)(Adg−1

t
ξ(t, θ))).

⭘ ūt 㺘⽪ݹ⇥࠶━Ⲵ䘎᧕ ū1
t ઼ ū2

t Ⲵݹ━᱐ሴ. ᡁԜᗇࡠ ut := g−1
t ūt : D(2) → X ᱟݹ⇥࠶━Ⲵ᱐

ሴ, ᒦфሩҾ⇿њ t ∈ [t0,∞) ┑䏣 (1) ѝⲴєњᶑԦ.

л䶒䇱᰾ (5.1) ᇊѹⲴ࠭ᮠ Lw : [t0,∞) → R ┑䏣ㅹઘнㅹᔿ (5.2). Ѫ↔ݸ䇱᰾ྲлᕅ⨶.
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ᕋ⨼ 5.5

Lw(t) = −
∫

D(2)
ū∗
tω +

∫

S1

〈µ(ū(t, θ)), (g−1
t · η)(t, θ)〉dθ. (5.3)

䇷᱄ ሩҾ⇿њਆᇊⲴ t ∈ [t0,∞), ᴹྲл䇑㇇:
∫

D(2)
ū∗
tω −

∫

D(2)
u∗tω =

∫

D(2)
(gtut)

∗ω − u∗tω

= −
∫

D(2)
d〈µ ◦ ut, g−1

t (dgt)〉

= −
∫

∂D(2)
〈µ ◦ u(t, ·), g−1

t (dgt)〉.

ਖаᯩ䶒,
∫

S1

〈µ(ū(t, θ)), (g−1
t · η)(t, θ)〉dθ −

∫

S1

〈µ(u(t, θ)), η(t, θ)〉dθ

=

∫

S1

〈µ(gtut(θ)), (g−1
t · η)(t, θ)〉dθ −

∫

S1

〈µ(u(t, θ)), η(t, θ)〉dθ

=

∫

S1

〈Adgtµ(ut),Adgtη − (dgt)g
−1
t 〉 −

∫

S1

〈µ(u(t, θ)), η(t, θ)〉dθ

=

∫

S1

(〈µ(u(t, θ)), η(t, θ)〉 − 〈µ(u(t, θ)), g−1
t (dgt)〉)dθ −

∫

S1

〈µ(u(t, θ)), η(t, θ)〉dθ

= −
∫

S1

〈µ(u(t, θ)), g−1
t (dgt)〉)dθ.

ᕅ⨶ᗇ䇱.

⭡Ҿㅹᔿ (5.3) Ⲵਣ䗩о ū1
t Ⲵ䘹ਆᰐޣ㘼ਚ׍䎆Ҿ䗩⭼ᴢ㓯 z̃t, ᒦ⌘᜿ࡠ z̃t Ҿޣ t ,━ݹ ഐ↔,

࠭ᮠ Lw Ҿޣ t ᱟݹ━Ⲵ. ਖаᯩ䶒, ᓄ⭘ᕅ⨶ 5.5 ઼ᓖ䟿Ⲵ G- нਈᙗ, ᡁԜਚ䴰㾱ሩ ūt 䇱᰾ (5.2).

䘉ᱟഐѪ dg·η(g−1u) = "g−1∗(dηu), ᒦф µ ᱟ G- ㅹਈⲴ.

俆ݸ,ሩ ū(t, 0)অሴॺᖴѝⲴሿശⴈ,ᴹл䶒ḷ߶Ⲵ䗋ㅹઘнㅹᔿ,ণሩԫ᜿ਆᇊⲴ 1 " p " 2,ᴹ

−
∫

D(2)
ū∗
tω " c‖dūt|∂D(2)(θ)‖2p. (5.4)

ሩҾਖа亩, ᴹՠ䇑
∫

S1

〈µ(ū(t, θ)), (gt · η)(t, θ)〉dθ " c′‖µ(ūt)‖2 p
p−1

+ c′‖gt · η‖2p.

ਖаᯩ䶒, ഐѪ Lie ԓᮠ g ൘ X кⲴᰐェሿ֌⭘൘ µ−1(0) 䱴䘁ᱟ㠚⭡Ⲵ, ᡰԕᴹ

‖gt · η‖2p " ‖Xgt·η(ūt)‖2p.

ᖃᑨᮠ c0 ઼ c1 䏣ཏབྷᰦ, ᴹ

−
∫

D(2)
ū∗
tω +

∫

S1

〈µ(ū(t, θ)), (gt · η)(t, θ)〉dθ " c0(‖dgt·ηūt |∂D(2)(θ)‖2p + c1‖µ(ūt)‖2 p
p−1

)

(↔↕䇱᰾ਟ৲㿱᮷⥞ [5, ㅜ 368 亥, ᯝ䀰 3]).

⭡↔ᡁԜᆼᡀҶᕅ⨶ 5.4 Ⲵ䇱᰾.

21
 http://engine.scichina.com/doi/10.1360/N012017-00235



䱸᷿䖹ㅹ: ਟݱ䇨ᓖ䟿лᴹ䲀㜭䟿䗋⏑᯻Ⲵ⑀䘁㹼Ѫ

⌞ 5.1 ↔༴ޣҾㅹઘнㅹᔿ (5.2), ᇎ䱵кਟԕۿ᮷⥞ [5] аṧᗇࡠᴰ֣ՠ䇑ᑨᮠ. ֻྲ, (5.4)

ѝⲴᑨᮠ c ਟԕਆ֌ԫօ c > 1
4π . ਼ᰦ⁑ԯ᮷⥞ [5] ѝⲴ⴨ᯩޣ⌅, ᡁԜҏਟԕ䇱᰾䘉䟼ᇊѹⲴ࠭ᮠ

L ᱟањተ䜘⌋࠭. һᇎк, 䘉њ⌋࠭о֌㘵൘᮷⥞ [3] ѝᕅޕⲴ⌋࠭а㠤 ,࠭⌊↔Ҿޣ) ҏਟ৲㿱᮷

⥞ [21, 22])—䘉ᱟഐѪᡁԜਟԕሶ䰝䐟 z(t0, ·) : S1 → µ−1(0) ԕ৺ ut0 |D(1) ֌Ѫ৲㘳䰝䐟 (reference

loop), ᒦ਼ᰦ⌘᜿ࡠ൘਼а਼Ֆ㗔ѝ᭩ਈ৲㘳䰝䐟н᭩ਈተ䜘⌋࠭. ⭡Ҿᵜ᮷ᒦн䴰㾱↔ተ䜘⌋࠭,

ᡁԜሶ䈖㓶᧘ሬ⮉㔉ᴹޤ䏓Ⲵ䈫㘵.

5.2 䗑⏗ᰁⲺ㜳䠅ㅿᕅ

㘳㲁ᕅ⨶ 5.3 㔉ᇊⲴ ε. ⧠൘ሩ┑䏣

‖dη(t)u(t)‖C0(S1) " ε, ‖µ(u(t))‖C0(S1) " ε, ԫ᜿ t ∈ [t0,∞) (5.5)

Ⲵ᱐ሴሩ w = (u, η) : [t0,∞)× S1 → X × g ֯⭘ᕅ⨶ 5.4 ᶴ䙐࠭ᮠ

Lw : [t0,∞) → [0,∞),

ࡉ Lw ┑䏣ㅹઘнㅹᔿ (5.2). ⢩࡛ൠ, ⌘᜿ࡠнㅹᔿ (5.2) ѝⲴᑨᮠ൷о w ᰐޣ, 㘼ਚ׍䎆Ҿࠐօ㔃

ᶴ (X,ω, G, J, µ,M).

⧠൘䘋а↕ٷ䇮

u : [t0,∞)× S1 → X, η : [t0,∞)× S1 → g

Ⲵ᱐ሴሩ w = (u, η) ᱟањॺḡᖒ [t0,∞) × S1 кⲴᰦ䰤㿴㤳䗋⏑᯻, ࡉ Lw ઼㜭䟿⌋࠭ሶԕл䘠ભ

仈ᯩᔿ⴨ޣ.

ળ从 5.1 䇮ٷ w=(u, η) ᱟањᰦ䰤㿴㤳䗋⏑᯻ᒦ┑䏣ٷ䇮 (5.5), ሩԫ᜿ࡉ [t1, t2]⊂ [t0,∞), ᴹ

E(w; [t1, t2]× S1) :=

∫

[t1,t2]×S1

e(u, η)νh = Lw(t1)− Lw(t2), (5.6)

ަѝ e(u, η) ᱟ (2.3) ᇊѹⲴ㜭䟿ᇶᓖ࠭ᮠ.

䇷᱄ ⭘ ũ 㺘⽪䘎᧕䰝䐟 ut1 ઼ ut2 Ⲵаᶑ⭡ԕлй䜘࠶ u2t1ǃzt ઼ u2t2 㓴ᡀⲴ䐟ᖴ, ަѝ u2t ൘

ᕅ⨶ 5.4 Ⲵ䇱᰾ѝ㻛ᇊѹ, u2t Ⲵк⁚㓯㺘⽪ሶ䐟ᖴ৽ੁ.

ṩᦞᶴ䙐, u ઼ ũ ᱟ⴨ሩҾ䗩⭼ u(t1, ·) ઼ u(t2, ·) ਼ՖⲴ. ⭡↔, Ӿ (2.4) ᗇࡠ

E(w; [t1, t2]× S1) =

∫

[t1,t2]×S1

ũ∗ω − d〈µ(ũ), η〉.

ਖаᯩ䶒, 䙀а㘳㲁ᶴᡀ ũ Ⲵй䜘࠶ u2t1ǃzt ઼ u2t2 , ᡁԜᴹྲлㅹᔿ:

∫

[t1,t2]×S1

ũ∗ω − d〈µ(ũ), η〉 =
[
Lw(t1)−

(∫

D(1)
(ũ1t1)

∗ω − d〈µ(ũ1t1), η〉
)]

+

(∫

D(1)
z∗ω − d〈µ(z), η〉

)

−
[
Lw(t2)−

(∫

D(1)
(ũ1t2)

∗ω − d〈µ(ũ1t2), η〉
)]

= Lw(t1)− Lw(t2) +

∫

S2

(u1)∗ω,
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ަѝ ũ1t1 ઼ ũ1t2 ਼Ҿᕅ⨶ 5.4 Ⲵ䇱᰾ѝ֯⭘Ⲵㅖਧ, u1 ᱟаᶑ䘎᧕䰝䐟 u1t1ǃz ઼ u1t2 Ⲵ䐟ᖴ.

⌘᜿ࡠ, ⭡ᕅ⨶ 5.3 ઼ 5.4 ѝᇊѹⲴ [t0,∞) ᯿ S1 к㿴㤳ਈᦒ, ਟሶ u1 ਈᦒࡠਟ㕙⨳䶒, ᒦфਆ

٬Ҿ≤ᒣ䳶 µ−1(0). ᴰਾа亩൘к䘠㿴㤳ਈᦒл؍ᤱнਈ, ഐ↔ᱟ 0. ભ仈䇱∅.

Ӿભ仈 5.1 ਟ⸕, ሩҾᰦ䰤㿴㤳䗋⏑᯻ w, ᶱ䲀 limt→∞ Lw(t) =: Lw(∞) ᆈ൘ (⌘᜿, ,→൘Ѫ⧠ࡠ

ᡁԜᒦн⸕䚃ԫօޣҾ w Ⲵ C0 ᭦ᮋᙗ). 䘋а↕ᓄ⭘ (5.2), ᡁԜᗇࡠл䶒㔃᷌.

᧞䇰 5.1 ൘оભ仈 5.1 ਼ṧⲴٷ䇮л, Lw(∞) = 0.

൘㔃ᶏᵜ㢲ࡽ, ᡁԜᕪ䈳ⴞࡽѪ→ᡁԜቊᵚሩㄟਓॺḡᖒ [t0,∞)× S1 кⲴᓖ䟿֌ԫօ㾱≲.

6 ⑆䘇㺂Ѱ

ᵜ㢲ሶ䇱᰾ᇊ⨶ 1.1. 俆ݸሶᆳⲴ㺘䘠࠶Ѫл䘠єњભ仈.

ળ从 6.1 䇮ٷ (P,w) = (P, u,A) ᱟᇊѹ൘ާᴹਟݱ䇨ᓖ䟿 h Ⲵᴹ k њᆄⲴ Riemann ᴢ䶒

(Σ̇, j) кⲴањᴹ䲀㜭䟿䗋⏑᯻, 䛓Ѹᆈ൘Ḁњ㿴㤳ਈᦒ Φ ∈ GP ઼ k њѤ⭼䰝䐟 xi
∞ = (zi∞, ηi∞),

i = 1, . . . , k, ԕ৺ਚ׍䎆Ҿࠐօ㔃ᶴ (X,ω, G, µ, J,M) Ⲵᑨᮠ δ > 0, ֯ᗇ Φ · w = (Φ∗u,Φ∗A) ൘ᆄ䛫

ฏḡ඀ḷ㌫л┑䏣ᰦ䰤㿴㤳, ᒦфᆈ൘ᑨᮠ C > 0, ֯ᗇሩҾԫ᜿ θ ∈ S1 ᴹྲлՠ䇑:

(1) |dΦ∗AΦ∗u(t, θ)| " Ce−δt;

(2) |µ(Φ∗u)(t, θ)| " Ce−δt−bt;

(3) |FΦ∗A(t, θ)| " Ce−δt+bt;

(4) dist(Φ · u(t, θ), z∞(θ)) " Ce−δt;

(5) ‖Φ∗A(t, ·)− η∞(·)‖Lp(S1) " Ce−(δ+b( 2
p−1))t, ਚ㾱 pǃb ઼ δ ┑䏣 p ! 2 ф δ + b( 2p − 1) > 0.

䘉䟼֯⭘ z∞ǃη∞ǃδ ઼ bԓ㺘⴨ᓄާᴹлḷ i (i = 1, . . . , k)Ⲵ䰝䐟ǃ㚄㔌ᖒᔿǃ᭦ᮋᑨᮠ઼ᓖ䟿৲ᮠ.

᧞䇰 6.1 ൘оભ仈 6.1⴨਼Ⲵٷ䇮л,ᆈ൘Ḁ㿴㤳ਈᦒ Φ ∈ GP ઼ kњᑨ٬㚄㔌Ѥ⭼䰝䐟 xi
∞ =

(zi∞, ηi∞), i = 1, . . . , k,ԕ৺ਚ׍䎆Ҿࠐօ㔃ᶴ (X,ω, G, µ, J,M)Ⲵᑨᮠ δ > 0,֯ᗇ Φ ·w = (Φ∗u,Φ∗A)

൘ᆄ䛫ฏḡ඀ḷ㌫л┑䏣ᰦ䰤㿴㤳, ᒦфᆈ൘ᑨᮠ C > 0, ֯ᗇሩҾԫ᜿ θ ∈ S1 ᴹྲлՠ䇑:

(1) |dΦ∗AΦ∗u(t, θ)| " Ce−δt;

(2) |µ(Φ∗u)(t, θ)| " Ce−δt−bt;

(3) |FΦ∗A(t, θ)| " Ce−δt+bt;

(4) ‖dist(Φ · u(t, ·), z∞(·))‖Lp(S1) + ‖Φ∗A(t, ·)− η∞(·)‖Lp(S1) " Ce−(δ+b( 2
p−1))t, ਚ㾱 pǃb ઼ δ ┑䏣

p ! 2 ф δ + b( 2p − 1) > 0.

䘉䟼֯⭘ z∞ǃη∞ǃδ ઼ b ԓ㺘⴨ᓄާᴹлḷ i = 1, . . . , k Ⲵ䰝䐟ǃ㚄㔌ᖒᔿǃ᭦ᮋᑨᮠ઼ᓖ䟿৲ᮠ.

ᵜ㢲։л䜘࠶ᱟԕкєњભ仈Ⲵ䇱᰾.

6.1 bbb 㜳䠅ᇼᓜⲺ᤽ᮦ㺦ࠅ

俆ݸ⌘᜿ࡠᡁԜਚ䴰ሩॺḡᖒㄟਓ䇱᰾ᇊ⨶ 1.1. ᭵нཡа㡜ᙗ, 䇮ٷ w = (u, η) ᱟᇊѹ൘ [0,∞)

×S1 кⲴᴹ䲀㜭䟿䗋⏑᯻. ॺḡᖒкⲴᓖ䟿ާᴹྲлᖒᔿ:

h = e2b(t)(dt2 + dθ2), (t, θ) ∈ [0,∞)× S1.

ᇊѹ b 㜭䟿ᇶᓖ࠭ᮠ

eb(w) : [0,∞)× S1 → R, (6.1)
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eb(w) =
1

2
(|dηu|2 + e−2b(t)|Fη|2 + e2b(t)|µ ◦ u|2), (6.2)

ަѝ | · | 㺘⽪⭡ḷ߶ᓖ䟿 dt2 + dθ2 ᕅޕⲴ㤳ᮠ. ഐ↔, w ൘ [0,∞)× S1 Ⲵ㜭䟿ਟԕ߉֌

E(u, η) =

∫

[0,∞)×S1

eb(w)dtdθ < ∞.

л䶒Ⲵᕅ⨶ᶕ㠚Ҿ᮷⥞ [5, ᕅ⨶ 3.3]. ᆳⲴ䇱᰾׍䎆Ҿ᮷⥞ [10, ㅜ 9 㢲] 㔉ࠪⲴ㜭䟿ݸ傼ՠ䇑. ⌘᜿ࡠ

᮷⥞ [5, ᕅ⨶ 3.3] ઼ [10, ㅜ 9 㢲] ൷ٷ䇮㗔 G ֌⭘Ҿ≤ᒣ䳶 µ−1(0) кᱟ㠚⭡Ⲵ. նᱟᇎ䱵кᆳԜⲴ

䇱᰾ਚ䴰㾱 Lie ԓᮠⲴᰐェሿ֌⭘ᱟ㠚⭡Ⲵ. ഐ↔ᰐ䴰ԫօᴤ᭩, ᡁԜਟԕሶᆳ⭘Ҿ⧠൘Ⲵᛵᖒ.

ᕋ⨼ 6.1 ᆈ൘ਚ׍䎆Ҿࠐօ㔃ᶴ (X,ω, G, µ) Ⲵᑨᮠ c > 0, ֯ᗇԫօ [0,∞)× S1 кޣҾᓖ䟿

h = e2bt(dt2 + dθ2), (t, θ) ∈ [0,∞)× S1, b ! 0

ᇊѹⲴᴹ䲀㜭䟿ᰦ䰤㿴㤳䗋⏑᯻ w = (u, η) 䜭ᆈ൘Ḁ t0 > 1, ֯ᗇᆳⲴ b 㜭䟿ᇶᓖ࠭ᮠ┑䏣ՠ䇑

eb(w)(t, θ) " cE(w; [t− 1, t+ 1]× S1), ਚ㾱 t ! t0.

⌞ 6.1 ᮷⥞ [5, ᕅ⨶ 3.3] .⌊䇨ᶑԦ∄ᡁԜ↔༴ⲴᴤѪᇭݱҾᓖ䟿Ⲵਟޣ ᡁԜⲴ㔃䇪ҏਟԕ᭮

ᇭѪ⴨਼ٷ䇮. 䘉䟼ਚ䇘䇪ާᴹ㓯ᙗᤷᮠ亩Ⲵޡᖒᓖ䟿, ণٷ䇮 b(t) = bt, b ! 0, ഐѪ䘉ާᴹ⴨ሩㆰঅ

Ⲵ䱸䘠㘼ሩҾᡁԜ䴰㾱Ⲵᓄ⭘ᐢ㓿䏣ཏ.

ᓄ⭘↔ᕅ⨶ᒦٷ䇮ᓖ䟿 h ᱟਟݱ䇨Ⲵ, ণ b ! 0, ᡁԜਟԕ䘹ਆ䏣ཏབྷⲴ t0, ֯ᗇ (5.5) Ⲵٷ䇮㻛

┑䏣. ⭡↔, ࠭ᮠ Lw : [t0,∞) → [0,∞) ਟԕ⭘ (5.1) ᇊѹ.

⧠൘ᓄ⭘ભ仈 5.1 ઼㇇ᔿ (5.2) (ަѝ p = 2), ᡁԜᗇྲࡠлՠ䇑:

E(w; [t,∞)) = Lw(t)

" c0(‖dηu(t)‖2L2(S1) + c1‖µ ◦ (u)(t)‖2L2(S1))

" 1

2δ

(
1

2
‖dηu(t)‖2L2(S1) + e2b(t)‖µ ◦ (u)(t)‖2L2(S1)

)

= − 1

2δ

d

dt

∫ ∞

t

∫

S1

eb(w)dθdt

= − 1

2δ

d

dt
E(w; [t,∞)),

ަѝ δ > 0 ᱟḀњ㻛 c0 ઼ c1 .ᇊⲴᑨᮠߣ ⌘᜿ࡠㅜҼ↕нㅹᔿⲴሬࠪѝ, ᡁԜ⭘ࡠҶᓖ䟿 h ᱟਟݱ

䇨Ⲵ. ⭡↔ᗇࡠ

E(w; [t,∞)) " E(w)e−2δt, ਚ㾱 t ! t0, (6.3)

ަѝ E(w) 㺘⽪ w ൘४䰤 [0,∞)× S1 кⲴ㜭䟿.

⨶ᓄ⭘ᕅ⅑޽ 6.1, ᗇࡠ

|dηu(t, θ)| " Ce−δt, (6.4)

|µ(u)(t, θ)| " Ce−δt−bt, (6.5)

|Fη(t, θ)| " Ce−δt+bt, (6.6)

ަѝ C > 0 ᱟ׍䎆Ҿࠐօ㔃ᶴ (X,ω, G, J, µ,M) ઼ E(w) .٬Ⲵᑨᮠࡍ
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6.2 ᱖ሺ www Ѫ⮂䰣䐥Ⲻ᤽ᮦ᭬ᮑࡦ

л䶒ѪҶᗇࡠᶱ䲀Ѥ⭼䰝䐟, ণ C0 лⲴ᭦ᮋ, 㘳㲁ྲлᒣ〫ᒿࡇ. ሩҾԫ᜿┑䏣 limi→∞ ti → ∞
Ⲵᒿࡇ {ti}, i ∈ I = Z ᡆ i ∈ I = R, ᇊѹ

wi(t, θ) = (ui(t, θ), ηi(t, θ)), t ∈ [−ti,∞).

ㆰঅ䇑㇇ᗇ⸕, {wi} ┑䏣ᯩ〻

∂ui

∂t
+ J(ui)

(
∂ui

∂θ
+Xηi(ui)

)
= 0,

∂ηi
∂t

+ e2bt+2btiµ(ui) = 0, (t, θ) ∈ [−ti,∞)× S1.

ᦒਕ䈍䈤, ⇿њ wi 䜭ᱟањ ([−ti,∞) × S1, j0, e2bi(t)(dt2 + dθ2)), bi(t) = b(t + ti) кⲴᰦ䰤㿴㤳䗋⏑

᯻. ᴤ䘋а↕, ᆳԜާᴹа㠤Ⲵ㜭䟿к⭼, ഐѪሩҾ⇿њ i, ԫօ㍗ᆀ䳶 K ⊂ [−ti,∞) кⲴ㜭䟿

Ebi(wi |K×S1) " Eb(w) " ∞.

䘉䟼⭘ㅖਧ Ebi ᶕ४ޣ࠶Ҿн਼Ⲵᓖ䟿 e2bi(t)(dt2 + dθ2) Ⲵ㜭䟿.

л䘠ᕅ⨶ᶕ㠚Ҿ᮷⥞ [10, ᕅ⨶ 9.3]. ѪҶᯩ֯ׯ⭘, ᡁԜ֯⭘ḡᖒ඀ḷ㺘䗮 (һᇎк, ᮷⥞ [10, ᕅ

⨶ 9.3] ҏवᤜ儈䱦 Lp ՠ䇑. ᡁԜᒦ⋑ᴹሶަࠪࡇ, ഐѪᵜ᮷㔃᷌ᒦн䴰㾱䘉Ӌՠ䇑).

ᕋ⨼ 6.2 ሩҾԫ᜿ C0 > 0, ᆈ൘ᑨᮠ ε0 > 0 ઼ c > 0, ֯ᗇԫօ┑䏣ޣҾ 0 < ε " ε0 Ⲵᯩ〻

∂u

∂t
+ J(u)

(
∂u

∂θ
+Xη(u)

)
= 0,

∂η

∂t
+ e2btε−2µ(u) = 0 (6.7)

ф

‖dηu‖L∞(K) + ε−1‖µ(u)‖L∞(K) < C0

Ⲵ൘ K := [−2, 2]× S1 кᇊѹⲴᰦ䰤㿴㤳᱐ሴሩ (u, η), ᴹ K0 := [0, 1]× S1, 2 " p " ∞ кⲴՠ䇑

‖µ(u)‖Lp(K0) " cε
2
p+1

∥∥∥∥
∂u

∂t

∥∥∥∥
L2(K)

+ cε
2
p ‖µ(u)‖L2(K). (6.8)

↔༴ᡰᴹⲴ㤳ᮠ䜭ᱟޣҾḷ߶ᓖ䟿 dt2 + dθ2 Ⲵ.

⢩࡛ൠ, ྲ᷌ b = 0, ε0 ਟԕਆ֌ 1.

䇷᱄ ᡁԜሶᯩ〻൘ Euclid ඀ḷ z = et+iθ лࠪ߉, ᒦሶ λ = ebt−t ԓޕ᮷⥞ [10, ᕅ⨶ 9.3] ѝⲴ

нㅹᔿ, .䴰㾱䇱᰾Ⲵнㅹᔿࡠᗇ࡫・ࡉ

䘉䟼, ε Ⲵᤷᮠ؍ᤱ᮷⥞ [10, ᕅ⨶ 9.3] ѝⲴᖒᔿнਈ, ᱟഐѪ䘉䟼㘳㲁Ⲵ४ฏ K ઼ K0 䜭ᱟᴹ⭼

Ⲵ, 䘉֯ᗇᐖ䗩ਈᦒнՊᖡ૽ᑨᮠ c. 䇱∅.

⧠൘ਆ ε = e−bti ᒦᓄ⭘ (6.8), ᡁԜ・ণᗇࡠ, ሩҾ⇿њ wi, ᴹ

‖µ(ui)‖Lp(K0) " ce−(δ+b( 2
p+1))ti . (6.9)

Ӿ⧠൘䎧, 䇮ٷ p ! 2 ᒦф

δ′ := δ + b

(
2

p
− 1

)
> 0.
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俆ݸᗇޣࡠҾ ηi (i = 1, 2, . . .) Ⲵՠ䇑. ሩҾ⇿њ θ ∈ S1, ᴹ

|ηi(1, θ)− ηi(0, θ)| "
∫ 1

0

∣∣∣∣
∂ηi
∂t

(t, θ)

∣∣∣∣dt

" cb

∫ 1

0
|e2btiµ(ui)(t, θ)|dt

" cbe
2bti‖µ(ui)(·, θ)‖Lp([0,1]),

ަѝ cb ᱟ׍䎆Ҿ bⲴᑨᮠ. к䘠᧘ሬѝㅜҼњнㅹᔿᶕ㠚Ҿ (6.7),ㅜйњнㅹᔿᓄ⭘ Hölderнㅹᔿ.

⌘᜿ࡠሩҾ ti = i (i = 1, 2, . . .), ᴹ ηi(1, θ) = ηi+1(0, θ). ഐ↔ᓄ⭘к䶒Ⲵՠ䇑ᗇࡠ

‖ηi+1(0, ·)− ηi(0, ·)‖Lp(S1) =

(∫

S1

|ηi(1, θ)− ηi(0, θ)|pdθ
) 1

p

" cbe
2bti‖µ(ui)‖Lp(K0)

" cbe
−δ′ti ,

ަѝᴰਾањнㅹᔿᶕ㠚 (6.9). ⭡↔, ᖃ i → ∞ ᰦ, ηi(0, θ) ᭦ᮋࡠḀњ η∞ ∈ Lp(S1, g). 䘋а↕ᓄ⭘

(6.7) ઼ (6.9), ᗇࡠ

‖η(t, ·)− η∞(·)‖Lp(S1) " cbe
−δ′t.

㊫լⲴڊ⌅ᓄ⭘Ҿሩ u Ⲵ᭦ᮋᙗ䇱᰾. ሩҾ θ ∈ S1, ᴹ

dist(ui+1(0, θ), ui(0, θ)) "
∫ 1

0

∣∣∣∣
∂ui

∂t
(t, θ)

∣∣∣∣dt

" ce−δti .

↔༴ᴰਾањнㅹᔿᶕ㠚Ҿሶ (6.4)൘ᰦ䰤㿴㤳䗋⏑᯻кⲴᓄ⭘. 䘉䇱᰾Ҷᆈ൘ z∞ ∈ C0(S1, X)֯ᗇ

ui(0, θ) ᭦ᮋࡠ z∞(θ). ⭘ᓄ⅑޽ (6.4), ᗇࡠ

dist(u(t, θ), z∞(θ)) " ce−δt, ∀ θ ∈ S1,

ᒦф਼ᰦ⭡ (6.5) ᗇࡠ µ(z∞) = 0.

⧠൘䇱᰾ (z∞, η∞) ᱟањᶱ䲀䰝䐟. Ӿк䘠ᐢ䇱᰾Ⲵ᭦ᮋᙗ, ᡁԜᗇੁࡠ䟿൪ Xη(t,θ)(u(t, θ)) 䙊

䗷ᒣ㹼〫ࣘ᭦ᮋੁࡠ䟿൪ Xη∞(θ)(z∞(θ)). 㘼਼ᰦ, ᡁԜ৸ᴹ |∂u∂θ (t, θ) +Xη(t,θ)(u(t, θ))| ᤷᮠ δ Ⲵᤷᮠ

㺠ࡠ߿ 0 Ⲵᙗ䍘. ഐ↔ُࣙ Sobolev ፼ޕᇊ⨶, ᗇࡠ z∞ ∈ W 1,p(S1) ⊂ C0,α(S1), ᒦф

ż∞ +Xη∞(z∞) = 0.

ભ仈 6.1 䇱∅.

⧠൘ᓄ⭘⭡ (4.3) ᇊѹⲴ㿴㤳ਈᦒᗇࡠ W 1,p(S1, G) ѝⲴส⛩㿴㤳ਈᦒ hη(t) ઼ hη∞ . ṩᦞ η(t, ·)
Ⲵ Lp(S1) 㤳ᮠ᜿ѹлⲴᤷᮠ᭦ᮋ, ᴹ

distLp(S1)(Holη(t),Holη∞) " ce−δ′t,

distLp(S1)(hη(t), hη∞) +

∥∥∥∥
∂hη(t)

∂θ
− ∂hη∞

∂θ

∥∥∥∥
Lp(S1)

" ce−δ′t,
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ަѝ c > 0 ᱟ (ਟ㜭∄ࡽ䗩֯⭘Ⲵ c བྷⲴ) ᑨᮠ.

ᇊѹ [0,∞)× S1 кᒣࠑѫыⲴ㿴㤳ਈᦒѪ Φ(t, θ) = hη∞(θ). ᡁԜᴹ

‖Φ∗η(t, ·)− h∗
η∞η∞‖Lp(S1) " ce−δ′t,

‖dist(Φ∗u(t, ·), h∗
η∞z∞)‖Lp(S1) " ce−δ′t.

⢩࡛ൠ, 䘉䟼 h∗
η∞η∞ = −LogHolη∞ ᱟᑨᮠ, ᒦф (h∗

η∞z∞, h∗
η∞η∞) ᱟањᑨ٬㚄㔌Ѥ⭼䰝䐟.

᧘䇪 6.1 䇱∅.

ᡁԜ⭘ޣҾк䘠䇱᰾Ⲵྲлєњ⌘䟺֌Ѫᵜ㢲Ⲵ㔃ᶏ.

⌞ 6.2 (1) ᭦ᮋᤷᮠ δ ਟԕ㻛Ոॆ㠣ԫօሿҾ⁚ᡚ⡷кᖒᔿ Hessian ㇇ᆀⲴᴰሿ䶎䴦⢩ᖱ٬Ⲵ

↓ᑨᮠ. ᆳⲴ䇱᰾ਟԕ⁑ԯ᮷⥞ [23] ѝ㔉ࠪⲴ Morse-Bott ᛵᖒлⲴ “й४䰤” ᯩ⌅ᇎ⧠. ᡁԜሶަ㓶

㢲⮉㔉ᝏޤ䏓Ⲵ䈫㘵.

⭡ભ仈 4.1(3), ᡁԜᐢ䇱᰾↔ᰦᴰ֣᭦ᮋᤷᮠᱟ઼Ҁݳ Holη∞ ൘ G ѝ䱦Ⲵقᮠ. ⢩࡛ൠ, ᖃ㗔֌

⭘൘≤ᒣ䳶 µ−1(0) кⲴ㠚⭡ᙗ㻛ٷ䇮ԕਾ, 䘉њᤷᮠਟਆ֌ԫ᜿ሿҾ 1 Ⲵ↓ᑨᮠ.

(2) ᡁԜ൘ᵜ᮷ѝⲴ䇱᰾ᯩ⌅ᒦ䶎ⴤ᧕ᓄ⭘ભ仈 4.1 ᡰᗇⲴ Morse-Bott ᶑԦ, 㘼ᱟݸ䙊䗷㜭䟿ᇶ

ᓖᤷᮠ㺠߿ᗇࡠ C0 ᤷᮠ᭦ᮋ. ަᢰᵟкⲴ৏ഐᱟ, ሩҾ b 5= 0 Ⲵᛵᖒ, 㜭䟿ݸ傼ՠ䇑 (৲㿱᮷⥞ [10,

ᕅ⨶ 9.3])ᰐ⌅⺞؍ⴤ᧕׍䶐ᒣ〫ᗇࡠḀњⲴѤ⭼䰝䐟㘼䘋㹼ՠ䇑.ᖃ b = 0ᰦ,ᯩ〻ާᴹᒣ〫нਈᙗ,

ᒦфањ↔㊫ᯩᔿⲴ䇱᰾൘᮷⥞ [3] ѝ㻛֌㘵㔉ࠪ.

㠪䉘 䱾ḅ䖿ૂ⧁Ⲵ⚫᝕䉘 RIMS (Research Institute for Mathematical Sciences), ⢯ࡡᱥ Kaoru Ono ᮏᦾ, ᨆב

Ⲻ㢥ླ⹊ガ⧥ູ. ⧁㮀᝕䉘 Yong-Geun Oh ᮏᦾཐᒪⲺᮏ㛨᭥ᤷԛ਀ਾ֒. ਜཌ, ᡇԢ᝕䉘ॵ੃ᇗふӰⲺ䇚ⵕ䰻䈱ૂ

ᇓ䍫ᝅ㿷, ԛ਀ᶒᢵࣽ൞ᵢᮽⲺѣᮽ㕌䗇ѣᨆבⲺཝ࣑ᑤࣟ.
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The asymptotic behavior of finite energy symplectic vortices
with admissible metrics

Bohui Chen, Bai-Ling Wang & Rui Wang

Abstract Assume (X,ω) is a compact symplectic manifold with a Hamiltonian action of a compact Lie group
G. We prove that at cylinder ends whose metrics grow up at least cylindrically fast, a finite energy symplectic
vortex exponentially converges to (un)twisted-sectors of the symplectic reduction at a regular value of the moment
map, without assuming the group action on the regular level set is free. It generalizes the corresponding results
by Ziltener under the free action assumption. The result of this paper has important applications in the study of
quantum Kirwan morphism by the authors.

Keywords symplectic reduction, Hamiltonian Gromov-Witten theory, symplectic vortex equation, asymp-

totic behavior, admissible metric
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