
Tnsohrakihtyofthequindic

Ex . Roots of x2 + x +1 are

I±f3_
= ¥lB = w± '

Q = G (E)
← splitting field of x4x - I

.

•
Roots of x3 - 6×+2

x= - Eide- third Fia
,

× = Eta + FEE

so to get all the roots we do the following

G = G ( if ) c- K
, ( FEIFT ) c- K

, ( if )
I 1 11

1 7 11

Ko K
,

kz K3

¥qh2+7 ¥43 + tir Toot of x2+3

so in K
} we factored x

? 6×+2 .

To get there

we nuusindy added
"

roots "
i.e. we adjoined by

L where a is a root of xn - a irreducible

in K ; [ D
.

This in what it means to solve by radicals



Refn let f E Qcx ]
,

we say f is

solvableby
If there's a chain of

subfields q= Kiockf. . E Km E E st
.

�1� km contain the splitting field off ( all it Kf )

�2� Kit ,
= Ki Hi ) where hi is the root of

a polynomial of the form Xni -
b ; e Kifx ]

f i< ic M .

- Ki E Kit ,
is called a radical extension

- Note
,

we may assume n ; Is Prime by
splitting the extensions up : if = 5%

.

Them let L be the splitting field of XM - 1

am
q

Then bal ( 4 a) E @/mz)*

and L = Q ( Bm ) where 5ms e¥
.

Then let f  = xm - a
,

fan at Ch
.

Then the

splitting field L of f contains qn=e2¥

and Gal ( Yonlesm ) ) is cyclic .

If

F in irreducible ball L/Q(9m) ) E B/mz



We can replace K by Q in the previous example .

= Ko = Ki = Kz
Ex . Q c- Q ( 53 ) = Q ( 53 ,

Fz )

←( 11

±z/z
,

ball 17=12/3 z

{ e } = Gal ( kykd I tell 1141k ,) Q Gal ( Kzlko )

( Fundamental them + showing K
, is gakais our Q )

{ e } = < ( 12357 E 53 = bal ( Kz / A)
11 1 I 11

Go G
, biz

Gi / h
.

I bal ( KYK , ) E 211321

KHG,
I bal ( k / Ko) ± 121221

his
53 '

- but ( KYG ) Is solvable

Then F solvable by radicals⇐ bat ( Ktla ) is atd
solvable group .

Recall Sg is not solvable as As is simple ( Hwk 4)

{ is E As ESS and As is not cyclic 1 on abelian )
.



Ex . 52
,

S
} , 54 are solvable

→

( { e 3 c- { ( 12) ( 3h ) ) E (12/221)
2

= Ay E Sy)

Also any subgroup of a solvable group is

solvable .

Note Gal ( Kf / G) 4 Sdegf .
Thus

deg 2
, 3,4 polynomials ore solvable by radicals

.

Then hit FEQCD be irreducible
,

and suppose
F has

era
two non . real roots

. Then

but lkila ) = Ss .

Pf �1� Sn in generated by a 2 - uydl and an n - cycle
i. e . Sn = ( ( 12 ) ( 123 .  . . n ) >

�2� f has two non real roots , . thy are conjugate .

But 4 : ¢ → 1C by atbi l→ a - bi is

an automorphism of ¢ '
.

Marlowe 4 fixes all the other roots of f

it . 4 : kf → Rf is well defined and grins

a transposition .

�3� ktd be a root of f
,

Ch E Q ( x ) c- Kf



Then [ an : Q ]=5 and by fundamental

theorem
, lballkflldlk [ Kf : Q ]

sine [ calm
'

. On ] 1 [ Kf : a ] ⇒ 51 bal ( Ktla )
.

Seine bat ( Kelch )
"

c-
"

Ss
, iy order 5 element

is a 5- cycle ⇒ Coal ( Kf/k ) has a 5Yde .

Thus Gul 112*1 a) ± Ss .

How to find such a polynomial

#
XJ y=×5 .

×2
→ #

: y=×5 . ×2 +
1-#n 4

'

Check *55- x2t } is irreducible
.

I promised ×5 - x .
i

.

That also monks

for different reasons .


