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Compact Quantum Groups
associated with Toral Subgroups

" MARC A. RIEFFEL

ABSTRACT. We construct a class of compact quantum groups, by strict
deformation quantization of compact Lie groups within the C*-algebra set-
ting. These deformations come from Poisson brackets associated with ac-
tions of toral subgroups of the compact Lie groups. A notable feature of
our construction is that we are able to deform the entire algebra of smooth
functions on the compact Lie group, not just the algebra of regular func-
tions. We show that the C*-algebra of our quantum groups often has a
quantum torus as quotient algebra, and so is often not of type L.

Let G be a compact simple Lie group with Lie algebra g, and let H be a
maximal torus in G with Lie algebra h. Results of Belavin and Drinfeld (see
[So1, So2, LS]) imply that, up to inner automorphisms, the compatible Poisson
brackets [Dr2] on G are determined by elements of g A g of the form ar + u,
where a is a real number, r is a special element of g A g associated with b,
and u is an arbitrary element of h A §. The compatible Poisson brackets are,
intuitively, the directions in which one can try to deform the algebra of functions
on G to obtain one-parameter families of compact quantum groups. Most of the
literature on quantum groups has concentrated on the element ar (so setting
u = 0), but Levendorskii and Soibelman [LS] have given a beautiful treatment
of the general case, in the framework of C*-algebras.

In the present paper we will concentrate on the element u (so setting ar =
0). In a recent monograph [Rf3] I gave a general construction for deformation
quantization for the case of Poisson brackets coming from actions of R<. We will
see here that this construction applies in a natural way to provide a construction
of compact quantum groups corresponding to the element u. In fact, we will
have no need to assume that G is simple — we can let G be any compact
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(connected) Lie group — and we will not need the detailed structure theory
of simple Lie algebras and groups which is used in [LS]. The quantum groups
which are constructed in [LS] as quantizations of the Poisson-Lie groups K (0, u)
discussed in section 1.5 of [LS] will be a special case of our construction, but we
will also obtain quantum groups which do not seem to have been discussed in
the literature before — see section 6.

Actually, our construction also works for non-compact Lie groups under suit-
able hypotheses. This will be discussed in a paper undér preparation [Rf5]. In
the present paper we will essentially specialize the results of [Rf5] to the com-
pact case, taking advantage of the substantial simplifications which compactness
permits:. Accordingly, we will not repeat here all of the background discussion
included in [Rf5], and our treatment will be somewhat more condensed than in
[Rf5].

The construction given here (and in [Rf5]) can be viewed as an analytical
version of the dual to a special case of the twisting construction first introduced
by Drinfeld ([D3, D4] with antecedents in [D1]). The twisting construction in
a form closest to what we do here appears in equation 2.5.2 of [LS]. See also the
discussion in section 3 of [T1] and lecture 3 of [T2], [R], section 14 of [GS1]
and section 4 of [GS2], [AE], and [GM]. Our construction is also related to the
ideas in [X], notably example 2.1. Heuristically, the quantum groups which we
construct here are dual triangular Hopf algebras [D2], and it is entertaining to
make aspects of this precise, but only hints of this will appear here. As would
be expected of a dual to the twisting construction, the deformations which our
construction provides here are “preferred deformations” as defined ‘i in [G, GS1,,
GS2], that is, the comultiplication of the original Hopf algebra (i.e of the algebra
of functions on the original Lie group) is strictly unchanged, and it is only the
multiplication which is deformed from a commutative one to a non-commutative
one. (The deformations in [Rf2] are also preferred ones, but arise from a qulte
different construction.)

Although the quantum groups which we construct here are 'relat'ively'tanie
ones, we emphasize that the present paper seems to be the first place in which
the pointwise product on the algebra of all smooth functions on a compact, Lie
group is deformed into a non-commutative product. In previous treatments of
compact quantum groups only the product on the algebra of “regular functions”
(the linear span of coordinate functions of finite-dimensional representations) is
deformed; also, the relation with functions is not usually kept track of (though
[Sh] is a notable exception). One advantage of our being able to deform the
algebra of all smooth functions is that we obtain a deformed smooth algebra
which is closer to the spirit of Connes’ non-commutative differential’ geometry.
We also remark that by the main theorem of [Rf4] the K-groups of the deformed
C*-algebras will be the same as those of the original compact Lie group. It is
an interesting challange to discover how to deform the entire algebra of smooth

“functions on a simple Lie group in the cases when ar # 0.
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As would be suggested by: the papers cited earlier, it seems highly likely that
our analytlcal twisting construction can be used to deform. a quantum group
corresponding to an element ar such as in [LS], into one for an element ar + u.
But investigation of this must await a later time.

With a bit more effort the results of this paper could be carried out for compact
groups which are not Lie groups (e.g. infinite products of compact Lie ‘groups).
But for clarlty of exp081t10n I have chosen to treat here only the case of L1e
groups. ’

I would like to thank Yan Smbelman for several very helpful conversatlons
about. the matenal of thls paper.

1. The deformed algebra

Let n be the dimension of the toral subgroup H of the L1e group. G We
nowhere need that H be maximal, so we assume only that H is some toral
subgroup of G (that is, a connected closed Abelian subgroup of G, so isomorphic
with T* where T is the circle group). The Lie algebra of H- then looks like R™,
and the exponential map is a homomorphism of this vector group onto H. We
don’t explicitly need. that this homomorphism comes from the exponential map,
so we will assume only that we have a homomorphism;, 7, from R™ onto H. For
convenience we will assume that its kernel is the integer lattice Z™ of R™; and
when convenient we will simply identify H with the quotient of R“ by Z".

Let V = R® x R® = RY, where d = 2n. Let A = C(G), the C*-algebra of
continuous complex-valued functions on G with the supremum norm, || [lco. We
define an action, a, of V on A by

((s,0)f) (@) = f(n(—8)zn(u))

for s,u € R™. (The minus sign in —s is not significant here — we include it
only in anticipation of perhaps someday being able to treat cases in which H
is not Abelian.) Let J be a skew-symmetric operator on V (for the standard
inner product on V = R?). We are then exactly in position to apply the main
construction of [Rf3] to produce the deformed C*-algebra A;.

In general there is no reason to expect that Ay will relate well to the usual
comultiplication on A, since, in particular, the Poisson bracket on G coming
from « and J will in general not be compatible with the group structure on G
(in the sense [Dr2] that the multiplication G x G — G be a Poisson map for the
corresponding product Poisson bracket on G x G). But it is easily checked (see
[Rf5]) that this Poisson bracket will be compatible if J is of the special form
J = K & (—K) where K is a skew-symmetric operator on R". (Here the minus
sign in —K is crucial. The operator K is the incarnation in the present context
of the element « discussed in the introduction.) Accordingly, we will hereafter
always assume that J is of this special form. (This would suggest that we denote
our deformed algebra by Ax, but we will continue to write Ay instead so as to
remain in conformity with [Rf3].)
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When we apply the general definition of the deformed product from [Rf3] for
a J of our special form, we find that the deformed product is given by

fxrg= / (oo, —scy ) (e my9)els -+ u - v),

where the variables of integration range over R™, and where as in [Rf3] we omit
ds etc., and e(t) = exp(2mit). For the moment we will be vague about what
kind of functions are involved. But we note that the action a factors through
the evident action of the torus D = H x H, and so is a compact action in the
sense discussed towards the end of chapter 2 of [Rf3]. As discussed there, the
formula for the deformed product can_ then be put in a dlﬁ'erent form. Let H
denote the dual group of H, s0 that H & Z". We identify H with the integer
lattice in R™, so that for pE H the corresponding character on H = R™/Z" is
v + e(p-v). When we then apply proposition 2.21 of [Rf3], we find that the
deformed product is given by

fx;9= Z/ (axp,—kg ) oeng)e@-t+q-v).
axg > H |

However, we will not have much use here for this way of expressing the deformed
product. We remark that proposition 2.22 of [Rf3] can be applied to give a
simple expression for the product of any two elements in spectral subspaces of
C(G) for the action. of H x H on both sides of G, much as in [L] and 2.13 of
[SL].

If we write out the expression for the deformed product more fully, we obtain

(f %7 9)(z) = / F(n(=Ks)zn(—Ku))g(n(~t)anw))e(s -t + u - v).

If one has in mind the twisting construction mentioned in the introduction, this
suggests that we define an operator, Tr,, on C®(G x G) by

(ToF)(z,y) = / F(n(—Ks)z,n(~t)y)e(s - ).

It is easily verified that the inverse of Ty, is obtained just by replacing K in the
above expression by —K. If we let T be the corresponding operator involving
the right action of H on G, we see that the deformed product can be written as

fx59=m(TiTz'(f ®9)),

where m here denotes the undeformed (pointwise).product extended to a map
from C*°(G x G) to C°(G). This fits in well with the ideas of the twisting
construction. We will see more evidence of this in section 5.

We now turn our attention to the question of which functions we will use.
From the point of view of [Rf3], we only need to require that our functions are
differentiable in the directions of the action a. But from the point of view of
working on Lie groups, it is far more natural to try to work with the algebra
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C*(G) of functions which are differentiable in all directions. We now show that
this is easily arranged. -

As prelude to this, we make the following remarks. Let 3 be an isometric
action of the compact Lie group G on a Banach space B, and let B be the
“dense subspace of smooth vectors. For X € g we let 0x denote the corresponding
infinitesimal action on B®. More generally, for X an element of the universal
enveloping algebra U(g) of g, we let Bx denote the corresponding operator on
B>. Tt is usual [Sc, Ty] to define a Fréchet topology on B by the semi-norms
IBllx = I8x (b)|] for X € U(g), where the second norm is that of B. Now these
semi-norms are not in general isometric for the action 8 on B*°. In fact, for
z € G a quick calculation shows that '

IBX,Ba:(b) = ﬂmﬂAd;1 (X) (b)a

so that =
1B=(®)lx = 18xBz(®)ll = [1Baaz x) B)I-

But if we view Ad, as a matrix with continuous functions on G' as entries, it is
clear that ||8;(b)||x is continuous in z, and that we in fact have a bound of form

1B0lx < MY liblly;

where the Yi’s are a finite number of elements of U(g) and M is a constant,
" independent of b. Let us define new semi-norms, || ||, by

6l = sup{llAz(®)lx : = € G}

Then it is clear that these new semi-norms will be invariant under 3, and that
they will define the same topology as the original semi-norms. Thus we have
shown that we can always find a family of semi-norms which define the usual
topology of B> and for which 3 is isometric.

"We need this fact for the case of G x G acting on C°°(G) simultaneously
on left and right. We could apply the above remarks directly, but actually the
situation here simplifies somewhat. Let A and p denote the left and right actions
of G on C*®(@). Let us first apply the above remarks only to A. Thus we define
semi-norms by

11y = sup{llAaa, ) lloo : = € G-
These define the usual topology of C®(G) and are A-invariant. Notice also that
Wl ag, x) = I fllx for any z. Let us now consider p. A quick calculation shows
that for any z € G and X € U(g) we have

(px (@) = A ad, x))()-

Thus

lox flloo < I Flix-
This inequality persists when we take the supremum, | f||%, of the [lox (pzf)I’s
for z € G, since A and p commute. But the situation between A and p is
symmetric, so.we must have || f|l’% = ||fll’x- Thus || ||’y is also p-invariant. As a
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result, it suffices to work with these latter semi-norms. Of course, by choosing
a basis for g, we can find a countable family of these semi-norms which already
defines the usual Fréchet topology.of C*(G), and by taking sums of such semi-
norms, we can find an increasing sequence of invariant semi-norms, if that is
desired. _ - S ;

We now return to our original situation, and let o: denote also the restriction
of o to an action on C*(@). Clearly « is isometric for the semi-norms I %> and
differentiable for them. Furthermore, the inclusion of C® (G)into A =C(G) is
continuous and a-equivariant. Let A% denote the ‘space of smooth vectors in A
for a, so C*°(G) C A*. By the. functoriality of our deformation process (propo-
sition 2.10 of [Rf3]), we then obtain a continuous homomorphism of ‘Fréchet
algebras from C*(G); to A. The inclusion of A% into the C*-algebra A is _
continuous, and so we then obtain a continuous inclusion of O (G)s into Aj:
Note, in particular, that this means that if we take f,9 € C*°(@Q) and view them
as elements of A, and if we then form their deformed product f x; g € A%,
then we find that in fact f x; g € C°(G). : _ .

We must check that C>°(G); is dense in A;. To show this it suffices to show
that it is dense in A with its Fréchet topology. But the Fréchet topologies. of
C*(G)s and AF are those of the undeformed algebras O (G) and A>. Thus
it suffices to show. that C*(G) is dense in A®. Now C*(@) is clearly dense in
A. Thus it suffices to demonstrate the following proposition, which is essentially
lemma 2.1.7 of [Sc], though we give a somewhat more elementary proof.

1.1 PROPOSITION. Let A and B be Fréchet spaces and let o and 8 be actions
of some Lie group G on A and B respcctz've:ly; Let o be a G-equz’vam’ant ‘conti‘n-
uous map from B to A which has dense range. Then the image of B® in A°°
under o is dense in A® for the Fréchet topology of A*. . | ’

PROOF. Let X € U(g) and let |l || be oné of the semi-horms defining the
topology of A. Then one of the semi-norms defining the topology of A% is
llallx = llax(a)||. Now suppose given a € A and € > 0. By the strong operator
continuity of & on A® [Sc] we can find ¢ € C2°(G) such that la—ay,(a)|lx < €/2,
where a,, is the integrated form of a. Then for any b € B we have

lop(a) = o(Be®Dllx = llag(a—o®))llx

= llexe(a—o®) < cllXellilla — (),

by 2.33 of chapter 0 of [Ty], where || ||; is the usual L'-norm, and c is the
supremum of the ||a;||’s over the support of ¢ (so we don’t need to assume that
o and 3 are isometric here). Since the range of o is dense, we can choose b such
that the whole right-hand side above is < €/2. Thus |ja — 7(B,(b))|lx <e. But
By(b) € B®. The above argument can be carried out simultaneously for any
finite set of semi-norms defining the topology of A*. [
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1.2 COROLLARY. Let G be a compact Lie group and let H be a toral subgroup
of G. Let A = C(G), and let @ and J be as defined earlier. Then C°°(G)J 8
dense in A and A;.

_ This justifies the fact that in much of what follows we will work with C*°(G)
and C*(G);. :

2. The comultiplication

At the level of functions we will let the comultiplication, A, on the de-
formed algebra still be the usual comultiplication, defined for f € C(G) by
(Af)(z,z') = f(zz'). That is, we will not need to deform the comultiplication,
so.our deformation is a “preferred deformation” [GS1, GS2, Gq]. Since it is
surprising that this works, let- us verify first that, at least at the level of func-
tions, A ‘is still an algebra homomorphism for the deformed product. It is for
this that the special form of J is crucial. Since we will later need to show that
A is continuous for the C*-norms, and since the proof of that fact will also show
that A is a homomorphism (but not in as direct a way), we will not be ‘very
careful here about explicitly Justlfymg the changes of variables involved.

So let f,g € C®(G). We will, of course, take C®(G) ® C*(G) to be the
completed tensor product which is identified with C*°(G x G’) in the ev1dent
way. Then

(Af x5 Ag)(z,z)

/ (AD(n(~K)en(—Ku), n(~K s )'n(~Ku'))
(Ag)(n(=t)aen(v), n(=t)z'n(vVe(s -t +u-v+5 ¥ +u - ')

= / Fn(=Ks)on(—K (u + s'))a'n(~Ku'))g(n(~t)zn(v — £)a'n(v")e(...).

‘We make the change of variables u +— u — ', ' — t' + v, and note that because
of cancellations this leaves the term e(...) unchanged. Thus the above

= / F(=Ks)zn(—Ku)z'n(—Ku'))g(n(—t)zn(—t")z'n(v"))e(...).

But now we see that v and s’ do not appear in the integrand except in ef(...).
Then by proposition 1.11 of [Rf3] (essentially the Fourier inversion formula), the
above integral becomes

/ F(n(~Ks)az'n(—Ku'))g(n(~t)za'n(v')e(s - £ + ' -v')
= (A(f x5 9))(@,2)-

This is auspicious. We proceed now to give a rigorous verification that A is a
continuous homomorphism at the level of C*-algebras. The main difficulty is that
A;® Ay is defined by the action a®a of V xV on C(G x G), while Ay is defined
by the action a.of V on C(G). Since the groups which are acting are different,
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we can not immediately invoke the functoriality of our deformation proceedure
stated in theorem 5.7 of [Rf3]. We will approach the matter in several steps.
To begin with, set -

C={FeC(GxG): Flzw,y) = F(z, wy).for z,y € G,w € H}.

Note that Af € C for all f € C(G), and that A is a unital homomorphiéin from
A into C. Define an action, 3, of V on C by

(BonF)(@, ) = F(n(s)z, yn(u))

for (s, u) € V. It is clear that this action does carry C into itself. Most important,
it is clear that A as a map into C is equivariant for the actions o on A and 8
on C. Consequently, from the functoriality expressed in theorem 5.7 of [Rf3],
A determines. a unital homomorphism, Ay, from 4; to C; (at the C*-algebra
level). Since A is injective, it follows from proposition 5.8 of [Rf3] that A; is
injective. ' , - S . _
Now'let W =V x V, and let v = o ® a be the action of W on C(G x G)
defined by : o

(Vs u,5ury F) (0, 2') ='F(n(f~‘s):f77(y), n(—s")a'n(v)).

Notice that C is carried into 'itéelf by v, exactly because H is Abelian. So let ¥
also denote the restriction of  to an action on C. Let

L=J®J=Ko(-K)® K & (-K),

a skew-symmetric operator on W. Then we can form the deformed algebra Cp,
(the action v being implicit), and according to proposition 5.8 of [Rf3] it will
be a subalgebra of C(G x G)r. Let Wy = {(0,u,u,0) : u € R™}. Because
of the definition of C; it is clear that Wy is in the kernel of v as action on C.
Let P be the projection of W onto the orthogonal complement of W, so that
¥ = o P as actions on C. Then according to theorem 8.11 of [Rf3] we have
CL = Cprp under the evident identification of elements of C. But a quick
calculation shows that '

PLP(s,u,t,v) = (Ks,0,0,—Kv).

In particular, if we let ) denote the orthogonal projection on Wi = {(5,0,0,v) :
s,v € R"}, we see that Q(PLP)Q = PLP. We are thus in a position to apply
theorem 8.7 of [Rf3]. This says that we should consider the restrictions of v and
PLP to W;. But under the evident identification, these are just the 3 and J of
earlier. Then theorem 8.7 of [Rf3] states that C] = C¥ for the evident meaning
of this notation. Since we saw earlier that A is a unital homomorphism from
Ay into Cf; , we see that we can now interpret it as a unital homomorphism from
Ay into C7. If we compose this with the inclusion of C7 into C(G x G)r, we
see that A; gives a unital injective homomorphism from A g into C(G x G)r.
It is easy to check that at the level of functions this homomorphism is still our
original A.
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To continue, we need to consider how our process for deformation quantization
relates to tensor products of C*-algebras. We will always use the minimal tensor
product for C*-algebras [KR], and we will denote it by ®. When confusion
might arise we will denote it by ®, and will denote the algebraic tensor product

" over the complex numbers by ®,.

2.1 PROPOSITION. Let a and 8 be actions of vector groups V and W on
C*-algebras A and B respectively. Let a ® 3 denote the corresponding action
of VOW on AQ B. Let J and K be skew-symmetric operators on V and W
respectively, so that J ® K is a skew-symmetric operator on Vo W. Then

(A® B)5ek = A3® Bk
under the evident identification of A ®, B™ as a dense subalgebra of both sides.

PROOF. It is easily verified that on A™® ®, B> the deformed products of the
two sides agree, so that, in particular, A® ®, B™ is a subalgebra of the left-hand
side.Thus the issue is what happens to the norms. Now by‘deﬁnjtions 4.8 and 4.9
of [Rf3] the norm on (A® B )?g?{ is determined by its action on SA®B(V o W).
But this contains S4(V) ®, SZ(W) as a dense subspace in the evident way, and
the latter is clearly a right rigged space [Rf1] over the pre-C*-algebra A®, B
(which is a dense subalgebra of A ®, B). Thus the norms of those elements of
(A® B)?g{f{ which are actually in A® ®, B*® aré determined by their actions
on the rigged space S4(V) ®, SB(W). As done before definition 4.8 of [R£3],
denote the operator on S4(V) corresponding to a € A> by L7, etc. Then for an
element  of A®°®, B> with expressiont = Y- a;®bj, it is readily calculated that
L% = Zng ® Lg as operators on S4(V) ®, SB(W). But by definition, Aj
is faithfully represented on S4(V'), as is Bf{ on SB(W). By considering induced .
representations as in theorem 5.1 of [Rfl], it is then easily seen that the norm
on A% ® BY is determined by the action of A7 ®, B? on 84(V) ®. SB(W), with
t =3 a; ®b; acting as ) ng ® L{,g . The desired conclusion now follows. [

2.2 COROLLARY. With A = C(G) and with J,K,a,v as earlier in this sec-
tion, we have
(A® A)] = A5 ® A3

under the natural identification of A® ®4 A as a dense subalgebra of each side.

Now A® A = C(G x G), and we have already seen how to consider A (ie. Ay)
as a continuous unital homomorphism from A into C(G x G)r. Combining this
with Corollary 2.2, we see that A can be considered as a unital homomorphism
from Ay into Ay ® Aj. Tracing through the various identifications made above,
we see that this A, when restricted to C*°(G), is just the original comultiplica-
tion. Since the latter is coassociative, it follows by continuity that A on Ay is
coassociative. Thus we obtain the main result of this paper.
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- 2.3 THEOREM. Let A = C(G), a.and J be as above. Then the usual comul-
tiplication, A, on A, when restricted to C*(G), determines a unital injective
homomorphism from A into A; ® Ay which is coassociative.

We remark that since 4 is commutative, and so nuclear, it follows from the-
orem 4.1 of [Rf4] that A; is nuclear, so that all C*-tensor products with Ay
coincide. _ o _ :

We now turn to consideration of the coidentity for A. Again, there is no need
to deform the ordinary coidentity. Specifically, let € denote the homomorphism
from C(G) into the complex numbers consisting of evaluating functions at the

‘identity element of G. We want to show that it determines a homomorphism

from A; into the complex numbers. Note that € is not equivariant for a for
any action on the complex numbers. So to proceed, let m denote the restriction
homomorphism from C(G) onto C(H). Note that a can be viewed as an action
on C(H), and that = is then equivariant. Thus by theorem 5.7 of [Rf3], =
determines a homomorphism of C*-algebras, 77, from C(G)s to C(H)jz, which
is surjective by proposition 5.8 of [Rf3]. - ' o

Now because H is Abelian, o as an action on C(H) can be expressed as

(@) H)(@) = fn(=5 + u)z).

Consequently, a acting on C(H) has the subspace W = {(s,s) : s € R"} in
its kernel. Let P: denote the projection on the orthogonal complement of Wj.
Then & = a o P on C(H). But a simple calculation shows that PJP = 0.
Then according to corollary 8.9 of [Rf3] we have C(H); = C(H). Thus 7y is a
homomorphism from C(G); onto C(H).

If we view C(H) as a commutative (i.e. undeformed) quantum group with
the standard comultiplication, it is easily seen that n; is compatible with the
comultiplications. Once we have established the coidentity and coinverse for
C(G)s, it will be clear that 7; is compatible with these also. We will thus
obtain: '

2.4 PROPOSITION. The group H (qua the Hopf algebra C(H)) is a subgroup
of the quantum group C(G); (i.e. via the restriction map the Hopf algebra C(H)
is a quotient of the Hopf algebra C(G) ). '

We remark that by theorem 7.7 of [Rf3] the kernel of 7, will be exactly a
strict deformation quantization of the algebra of those continuous functions on
G which have value 0 on H.

For our discussion of the coidentity on C'(G); we only need the fact that the
restriction map gives a continuous map (namely ;) from C (G) onto C(H). For
we can then compose 7y with evaluation of functions on H at the identity element
of G, which is clearly continuous. We will denote this composed homomorphism
by €7 or just e. ,

Now at the level of functions in C™(@), both A and ¢ are the original co-

multiplication and coidentity for the undeformed algebra. But the relations
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characteﬂzing a coidentity for a comultiplication on a Hopf algebra, namely
(e®id)A =id = (id ® )4, |

. where id denotes the identity operator on the algebra, do not involve the miul-
tiplication in the Hopf algebra. By continuity and densﬂ:y it follows that these
relations will continue to be satlsﬁed on Ay. Thus we have obtamed ‘ ’

2.5 PROPOSITION. The usual cotdentity, €, on A = C(G) conszstmg of eval—
uation of functions at the identity element of G, determines a homomorphism
from Ay into the complex numbers which is a cozdentzty for the comultzplzcatzon
AonAj. S ‘ : '

We conclude this section by writing down for our special case the master
unitary operator (i.e. the “Kac-Takesaki operator” as in [MN]) which is so often
used in the discussion of quantum groups in the setting of operator algebras, and
which has received a beautiful axiomatic treatment in [BS]. There are several
conventions to be made. We will choose the ones corresponding to the right
regular representation of a group. Thus we consider the operator W defined on
functions on G x G by ‘ .
(WF)(z,y) = F (zy,y)-

This can be viewed at several levels. If F = f ® g for f,g € C(G), then

(W(f @ 9))(9) = Flaw)a(y) = (A1 & 9)(z)-

Thxs suggests that for any Hopf algebra A with comultiplication A, we define an
operator, W, on A® A by

W(a® b) (Aa)(l ®b).

By using the coassociativity of A it is stralght -forward to Verlfy that W satisfies

the pentagonal relation
W12W13W23 WasWia

which is at the heart of [BS]. (Here Wi = W ®idon AQAQ® A etc.) On
functions on G x G the inverse of the original W is given by

(W(F ® 9))(=,y) = Flzy)9(y),
which suggests that on any Hopf algebra A the inverse of W should be given by
Wl a®b) = ((id ® S)Aa)(1 ® b)

where S is the coinverse (i.e. antipode) of A; and indeed. this is easily verified
(see, e.g. [Vn)). '

For the quantum groups defined in this section, these considerations suggest
that W should be defined by

W(f®g) =(Af)xs(1®g),

for f,g € C*®(G) (where we write x; instead of X jgs), that is,
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(W(f ®9))(z,2")

- / (AF)(n(~K 8)an(-Ku), n(~Ks')'n(~Ku'))g(n(~)a'n(v"))
' | e(s-t+u-v+s -t +4-v).

Since ¢ and v do not appear in the integral other than in e(...), we can apply -
proposition 1.11 of [Rf3] to reduce this to (omitting primes)

W(f ©0)(w.0) = [ fan(—Kshum(~Ku))g(n(~thym(~))e(s -t + - v).
This suggests that more generally for F € C®°(G x G) we set |

WF)@,9) = [ Pan(-Ks)un(~Ku),n(~tun(-o))e(s- ¢ +u-v).

Again, W will satisfy the pentagonal relation given above. In much the same
way we are led to set

W F)a,) = [ Flan(Euyn(~Ks),n(~m(~v)e(s- ¢ +u-v).

A straight-forward calculation involving the techniques used earlier for reducing
oscillatory integrals (e.g. proposition 1.11 of [Rf3]) shows that W1 is indeed
the inverse of W. ' _

Now equip C°°(G x G) with the usual inner product using the Haar measure
on G. Another straight-forward calculation shows that with respect to this
inner product we have W* = W~1. Thus W is unitary, and so extends to a
unitary operator on L%(G x G), which we still denote by W. This new W will
still satisfy the above pentagonal relation, and it is the master unitary operator
which connects our examples with the theory in [BS]. All this suggests that
there should be a quite interesting general theory of the deformation of the
master unitary operators of the Baaj-Skandalis theory, related in particular to
the twisting construction of Drinfeld, but this must await a later time.

3. The coinverse

As with the comultiplication and coidentity, we do not need to deform the
usual coinverse (i.e. “antipode”, or “antipodal map”) on C(G), namely the
automorphism § of C(G) defined by (Sf)(z) = f(z™!). However, for a non-
commutative Hopf algebra, such as our deformed algebras A;, we do not expect
a coinverse to be an automorphism, but rather an anti-automorphism, that is,
an isomorphism of A; onto (A;)°, where (A;)° is A; but with the opposite
multiplication. '

For the quantum groups studied in [L'S, W] the coinverse is often only densely
defined and not continuous. But for the quantum groups which we have been
studying here the coinverse will be continuous. This is related to the fact that
the Poisson duals of our Poisson groups G (for the Poisson brackets from o and
J) are unimodular, as will be shown in [Rf5].
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To show that S is continuous, we want to invoke the functoriality of our
deformation process. For this we need S to be equivariant for suitable actions.
Now

) (S(as,u) ))(@) = F(n(=8)z ™ n(w)) = (SF)(n(—u)zn(s)).
“This suggests that we define an action, 3, of V on A by

(ﬁ(s,u)f)(w) = f(ﬂ(‘"u)mﬂ(s)),,

since we see that S is then equivariant for « and 8. Let us denote the deformed
algebras for o and 3 by A% and Ag respectively. Then by functoi‘ia,lity (theorem
5.7 of [Rf3]) S determines a homomorphism, which we also denote by S, from
A5 to Ag. By proposition 5.8 of [Rf3] this homomorphism will, in fact, be
an isomorphism. Since S on A is clearly its own inverse, we have S o Bsu) =
Q(s,u) © S, and so § also determines an isomorphism, S, from Ag to Ag, and it
is clear that S% = Id in the two evident senses.

Now for f, g € C°(G) denote their deformed product using 3 by f xg g, etc.
Then

(X 9)@) = [ rn(Kuon(Es)gtn(—v)an(t)e(s - t-+u-v)
which by proposition 1.13 of [Rf3] is
= [ s Dam(—Ke(s - t+u- ) =g x5 .

It is clear from this that Ag is just the opposite algebra of A, so that S can be
viewed as determining a continuous anti-automorphism of A, as desired.

‘We must now verify that S on A; satisfies the properties which say that it
is a coinverse for A. Now the first property which is usually required is that
(S®S)oA =00Ao0S, where ¢ is the flip map determined by c(a ®b) =b®a.
But this property does not involve the deformed product, and so clearly holds
at the level of functions. By continuity it then holds on A;.

When in a purely algebraic setting, the main property which is usually re-
quired .of a coinverse [D2] is that mo (id® S) o A = vo¢, where m is the product
on the algebra, say A, and ¢ is the “identity element”, i.e. the homomorphism
from the complex numbers into A defined by ¢(z) = z14. One also requires
the corresponding relation in which id ® S is replaced by S ® id. But in the
C*-algebra setting there can be serious problems with this requirement, because
m need not be continuous. (E.g. consider the case in'which A is the algebra of
compact operators.) This is related to the fact that m is not an algebra homo-
morphism. As a consequence, the route which is usually taken is to introduce the
analogue of Haar measure, and then to require that .S satisfy suitable properties
with respect to this Haar measure. But before we do this, let us see that S does
satisfy the above algebraic condition on the dense subalgebra C*°(G). To do
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this, we first determine what m is as a map from C°°(G x G) to C’°°(G’) Now
if f,9 € C*(G) then : :

(m(f®9))(z) = (fxs9)(z) = / F(n(=Ks)zn(—Ku))g(n(- t)wﬂ(v))e(s ‘tt+u- v)

Thus for F € C*°(G x G) we should set.

(mF)(z) = / F(n(—Ks)on(—Ku), n(~t)en(v))e(s -t + u - v).

Notlce that this 1ntegral ex1sts (as an oscﬂlatory 1ntegral), even though in general
m will not be contmuous for the C*—norm on AJ It is easﬂy seen that mF €
C=(G).

' Then for f € C°°(G) we have

- m((1d®S)(Af))(z) o
/ ((2d®5)(Af))(77( ~Ks)zn(—Ku), n(— t)wn('v))e(s t+u- v)

- / (AF)(n(—K 8)zn(~Ku), n(~v)a~ n(t))e(s - ¢ +u-v)
= / FO(~Ks)an(—(Ku +v)zn(®)e(s -t +u-v).

We now want to make the substitution v +— v— Ku. The justification comes from
the following lemma which we will also need later. For simplicity of notation we
phrase it only in terms of single variables, but it -then is clearly applicable to
(s,u), etc. We use notatlon as in proposition 1.10 of [Rf3].

3.1 LEMMA Let F e BA(V x V), and let J be any skew-symmetric operator
on V. Then

. //F(u,'+.Jv,v)e(ﬂ_~b)=/ F(u,v)e(uv)

PROOF. For t,,’s as in propositionf 1.10 of [Rf3], we have

// F(u + Jv, 'u)e(g cv) = lim'// F(u + Jv, p)lz,.bm(u)z,bnv(v)e(u - v).

Since the latter integrals are ordinary integrals, we can now make the desired
change of varlables so'that, in view of the fact that J is skew-symmetric, we
obtain _

hm// F(u,v)Ym(u — Jv)t/)n(v)e(u v).

But the functions Ym(u—J)Pp(v) on W =V x V have value 1 on increasing

balls and satisfy the hypotheses- of proposition 1.6 of [Rf3]. Thus by the last

part of that proposition the above limit is [[ F(u,v)e(u - v), as desired. . O
We now apply this lemma to the integral considered just before it, to obtain

/ .f (n(—K s)zn(—v)z " n(t))e(s  t +u - v).
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Since u no longer appears inside f; we can apply proposition 1.11 of [Rf3] to
conclude that this integral

/ Fn(=Kpm(®)e(s 1)

Another apphcatlon of Lemma 3. 1 together with corollary 1.12 of [Rf3] shows
that this latter integral is = f(e) where e is the identity element of G. A similar
calculation works when id ® S is replaced by S ® id. We have thus obtained:

3.2 PROPOSITION. On C*(G); we have
mO(Zd®S)0A""LOG—mO(S®Zd)OA

50: that S is a comverse for A there

4. Haar measure

Since we are dealing here only with compact quantum groups, not non-
compact ones, we can expect that Haar measure will be contlnuous for the
C*-norms. For the quantum groups constructed in the prev1ous sections, we
can, in fact, take Haar measure at the level of functions to be just the usual
Haar measure on the group. We denote it by u, so p( f) [ f for f € C(G).
We need to show that this extends to a continuous pos1t1ve hnear functional on
Aj satisfying suitable properties with respect to A.

The key is to note that, because Haar measure on a compact group is invariant
for both right and left translation, p is invariant with respect to the action «
which we have been using. Thus we see that what we need is:

4.1 THEOREM. Let a be an action of a vector group V on a C*-algebra A, and
let J be a skew-symmetric operator on V. Let p be a positive linear functional on
A which is a-invariant. Then the restriction of « to A> determines a continuous
posztwe linear functzonal pr, on Ay, and

prlaxgb)= u(ab)

for all a,b € A®. Furthermore, py is o- -invariant for the action o on Ay. If
p is faithful on A, then py will be faithful on Ay. If p is actually a (bounded)
trace on A, then py will be a trace on Aj.

PROOF. If A does not have an identity element, we can adjoin one and extend
a and p in the usual way. Thus we can assume from now on that A4, and so also
Ay, has an identity element, I. For convenience we will also assume that p is a
state, i.e. that p(I) = 1.

We begin with the following calculation using the a-invariance of p. Let
a,b € A*. Then

(e x5 b) = u f o ru(@)an (B)e(u - v)) = / 1 guv(@)B)e(t - v).
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We can now apply Lemma 3.1 with the roles of 4 and v interchanged, to conclude
that this integral

= [ acs@bretu ) = u(ab),

where for the last equality we have applied corollary 1.12 of [Rf3]. From this
it is clear that p is positive as a linear functional on A%, and that the GNS
Hilbert spaces for u as a functional on A% ¢ and A% c01nc1de-. It also follows
that u is a trace on A if it is one on A*, and so will be one on Ay once
continuity is estabhshed We note that the a-invariance of yj; will also be clear
once continuity is established.
The crux then is to show continuity. We do this by showing that the action of
3 on the GNS Hilbert space is by bounded operators, and that the resulting
representation is continuous. The latter actually follows from the former because
by corollary 7.6 of [Rf3] A is a local algebra in A; so that corollary 3.1.5 of
[Bl] can be invoked. But the proof we give here yields both of these facts

simultaneously.
Now according to deﬁmtlon 4.8 of [Rf3] the norm on A; is determined by its

action, L, on the A-rigged space S*4(V) defined by
(L@ = [[ darsa@ (e + v)efu-v),
where the inner product on S4 is defined by '
(194 = [ f@)9(@)
We can then define an ordinary inner product on S4 by

(f7‘ ) =“(<f? ))

As explained in corollary 5.5 of [Rfl] the action of AJ will give a representation
by bounded operators on the corresponding Hilbert space, and in particular, this
representation will be norm-decreasing. That is, we will have

[(£s Lag)ul < llallll fll2llgll2,

where || [|2 is with respect to the scalar-valued inner product using pu. Choose
¢ € CP(V) such that [(z)? = 1. Define f € 84 by f(z) = p(z)I. Since p is
a state,

171 = [ o@?un =1
Furthermore, '

(Lo fu = u [ 1@ @ap)@) = u( / 0(@) [ azrsaaota + viefu-v),

which, by the a-invariance of u,

= /(p(:l:) //u(a)w(x+v)e(u-v),
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which, by corollary 1.12 of [Rf3],

= [o@2u(@ = ua).
» Consequently, from the earlier inequality,

6@ = (> Laf)ul < lallsIF1Z = llalls,

Wthh is the desired continuity.
To complete the non-unital case we must invoke the fact that if B is an «
invariant ideal in A, then By is an ideal in A; by proposition 5.9 of [Rf3].
Suppose now that p is faithful. Let K denote the kernel of the GNS rep-
resentation of Ay for s1y. Because py is a-invariant, K will be a-invariant.
Consequently, K is dense in K. Now according to theorem 7.1 of [R3] we
have K C A*. But by the calculation done above, if ¢ € K > then

p(c*e) = py(c* xg¢) =0.

Thus ¢ = 0 since p is faithful. Consequently K = {0}, and so p; is faithful. [

We now return to letting p denote Haar measure on G. We know now that
it is a continuous trace on C*®(G)s. For simplicity we denote its extension to
Ay just by u instead of py. We would like to express the fact that u is “left-
invariant” for A. Now for ordinary Haar measure on the group G this says that
for f € C(G) we have

/ fzy)dy = / fy) dy.

Phrased in terms of A and g, this says that
(id ® p)(Af) = uu(f)),

or
(id@u)o A=1top.

But this property does not involve the product of functions,. and so it obviously
persists at the level of functions for the deformed product on C*>*(G);. By
continuity it holds also for A;. (We remark that “slice maps” such as id @ u are
always well-defined and continuous on tensor products of C*-algebras, regardless
of what tensor product is used since they always factor through the minimal
tensor product.) In the same way, p on Ay is also right-invariant for A, i.e.

(u®zd)oA=aou.

We now relate the coinvefse S to the Haar measure pu on Ay. This is tradi-
tionally [MN, Rf2, V, W] expressed by the analogue of the fact that at the
usual group level if we apply left translation by z7 ! to

/ F@)g(zy) dy
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we obtain S
/ F(z y)g(y) dy,

with a similar relation for right translation. Phrased in terms of A, p, and S,
this says that

(id® p)((1® f)(Ag)) = (id ® u)(((S ®id)Af)(1®g)),

where 1 is the constant function 1. This relation clearly involves the product,
but only as a bilinear map on A x A, not as a linear map on 4 ® A, and so
the analogous relation on Ay x Aj; does have meaning, with both sides being
continuous in f and g. We proceed to verlfy that it holds.

As before, we will denote the deformed product onA;y®Ay Just by x J Then
for f,g, he C°°(G) we have

(id® 1)(1® £) %7 (9® 1)) = gu(f xs h) = gu(fh) = (id & K)((1 ® f)(g ® h),

where we have used Theorem 4.1. By continuity this relation will persist when
f®h is replaced by F' € C*°(G x G). When we apply this for F = Ag we obtain

(lew(@e f) xJ Ag) =(1eu)(1e f)Ag)

In the same way we have
(id ® w)(((S ® id)(f ® 9)) xs (1® k) = (Sf)u(g x5 h)

= (S u(gh) = (id ® p)(((S ® id)(f ® 9))(1 ® h)),
which by continuity gives

(id® p)(((S @ id)AS) x; (1® g)) = (id ® p)(((S ® id)Af)(1 ® g)).

Thus we see that we have reduced the situation to the ordinary group case where
the relation originated. It follows that it holds also in the deformed algebra at
the level of functions, and so by continuity holds also in A;.

We note next that the relation u o S = u which is usually also required in
the relation between the Haar measure and the coinverse of a quantum group
obviously holds in our present situation, since it holds for the undeformed algebra
and does not involve the product of functions.

Finally, we note that Haar measure on C(G) is faithful, and so by Theorem
4.1 it is faithful on A; also. (Haar measures on compact quantum groups are
not always faithful, as discussed before theorem 5.7 of [W].)

We summarize the results of this section in:

4.2 THEOREM. The Haar measure, p, on A = C(G) determines a Haar
measure on the gquantum group Ay, that 18, a continuous linear functional py
such that

1)
(id@us)oA=1opy (left invariance)
(y®id)o A =10y (right invariance),
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2) ,
(id ® p7)((1 ® a)(Ab)) = (id ® ps)((S ® id)Aa)(1 ® D)),

(3)
N ByoS=ypy.
Furthermore, py is a faithful trace on A;. |

5. Repfesentation_s

The general representation theory for compact quantum groups has been ex-
tensively developed in [W]. We will make here only some brief comments about
how this general theory relates to the specific class of quantum groups con-
structed earlier in this paper. Whenever we say “representation” we will always
mean “finite-dimensional unitary representation”..

Let m be a representation of the group G on a (finite-dimensional) Hilbert
space Z, and let B(EZ) denote the C*-algebra of operators on E. Then 7 can be
viewed as a continuous function from G into B(E), and so as a unitary element
of B(E)® A where A = C(G). The fact that 7 is a representation then translates
into the relation

(id ® A)(7) = mi2mis
where 112 =7®14 € BE)®A®A,and my3 = Y Tr ®14®ax if 7 = ST ® ag.
This is the motivation for one form of the usual definition (see definition 2.1
and section 5 of [W]) of a unitary representation of a quantum group A (i-e.
a corepresentation of the corresponding Hopf algebra A of “functions on the
quantum group”), namely a unitary element of '‘B(E) ® A which satisfies the
above relation.

We notice that the above relation involves the product in B(Z) (in the “first
entry” ) but not the product in A (since only a product with 14 is involved). So it
only depends on the comultiplication A. This suggests that if we have a preferred
deformation (i.e. one in which the comultiplication A is not changed [G, GGS1,
GGS2)]) then every representation of the original group will immediately bea
representation of the deformed quantum group. We only must exercise some care
that the representation is actually associated with the algebra being deformed
(e.g. a smooth algebra, and not just some C*-completion of it).

We apply this observation to the quantum groups constructed in the previous
sections, in which A = C(G). Now it is known that every (finite-dimensional
unitary) representation of a Lie group G will be smooth, i.e. will be an ele-
ment of B(E) ® C°(G). Thus by the remarks in the previous paragraph it will
immediately give a representation of the quantum group A ;. Furthermore, inter-
twining operators between representations of G-will immediately be intertwining
operators (as defined in definition 2.2 of [W]) between the corresponding rep-
resentations of Aj. If we now apply the theory of orthogonality relations and
the semi-simplicity of the representation theory of compact quantum groups as
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developed in [W] (notably theorem 4.5 of [W]), it becomes clear that we obtain
from the irreducible representations of G representations for all of the equiv-
alence classes of irreducible representations of the quantum group Ay. Thus
nothing very interesting has happened so far.

The point at which (for preferred deformations) the representation theory
becomes more interesting, is in the consideration of inner tensor products of
representations, because their definition depends crucially on the product in the
Hopf algebra of the quantum group, and it is this product which is deformed
under preferred deformations. To be specific, let 7 and p be representations of a
quantum group A on Hilbert spaces £ and Z. Then by definition (equa,tlon 2.15
of [W]) their inner tensor product, which we will denote by X p, is the element

T p = m13p23

of B(E) ® B(Z) ® A. Notice its dependence in the “third entry” on the product
in A. .

For quantum groups in general, 7 & p need not be equivalent to p R 7w, and
the decomposition of 7 X p into irreducible representations can be complicated.
So it is of interest to determine what happens for the quantum groups which we
have been studying. .

A traditional method for dealing with representations of groups is by means of
their characters. This also works for compact quantum groups. For w € B(E)®A
a representation of a quantum group A, its character, x,, is defined (see [W],
before the statement of theorem 5.8) to be

= (Tr ® id)(x),

where T'r is the usual trace on B(Z). Thus x, is an element of A. If we have
chosen matrix units {mx } for B(Z), so that m = }" m;x®a,y for certain elements

aj of A, then
= Ya
If p= ) npq ® bpq for matrix units in B(Z), then

T p = Z Mk ® Nipg @ A;kcbpg,

and the mjx ® nye’s will form matrix units for B(E ® Z). Thus we obtain the
traditional formula

Xa®p = Zajjbpp = Xz Xp-
Since in general A is not commutative, we will have Xz Xp # XpXn i general,
giving one indication of why 7 X p need not be equivalent to p X 7.

Let us now consider what happens for the quantum groups constructed in the
earlier sections of this paper. Thus we have A = C(@) and the corresponding
quantum groups Ay. If 7 is a representation of G, then when it is expressed
as ) mjk ® aji the ajx’s will be the usual (smooth) coefficient functions. This
expression will then also be that for = as a representation of Ay. From this it is
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clear that the character of = as a representation of Ay will be given by the same
function in A% as the usual character of 7 as a representation of G.

Now characters of representations of groups are central functions, i.e. func-
tions f such that f(zyz™') = f(y) for z,y € G. Let us see what happens to the
“deformed product when central functions are involved. Accordingly, let f and g
be smooth functions on G, and assume that f is central. Then

(¢ %79)(@) = [ Fn(—K)en(=Kuw)a(n(~tan(w))es - +u-v)
= [ 0K+ ) -dm)els -+ |
= [ D@ ewno)(Elels - t+u-0)
We want to miake the chaﬁge éf v;riamés S8 — u Thié can be justified by

letting T' be the operator on V' defined by T'(s,u) = (s +u, 0). Then, if we omit
the variable z, the above integral is ' '

- / (@rziomy ) (Cemyd) els - £ +u-v),

which by proposition 1.13 of [Rf3],

= /(aJ(s,u)f) (aTt(t,u)g) e(s-t+u-v).

But T%(¢,v) = (t,t), and so by an application of proposition 1.11 of [Rf3] the
above

= ‘/.(a(K‘s,O)‘f) (a(t,t)é) e(s - t),

which, on putting back the variable z, is

_ / F(n(~Ks)z)g(Adyy (2)) e(s - 1),

where Ad denotes the usual operation of conjugation. We then see that if also g
is central, then application of corollary 1.12 of [Rf3] yields (fg)(x). That is, we
have obtained:

5.1 PROPOSITION. Let G be a compact Lie group, and let the product X on
C(G) be defined as in section 1. If f and g are smooth functions on G and if
f is central, then

(F xs9)@) = [[ Fni=Ks)mla(Ady @) els 1)

If also g is central, then
fxr9=1Ffg.
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- 5.2 COROLLARY. Let m and p be representations of the compact Lie group G,
and so of Aj. Then the character of the representation = X p of Ay is X Xp
(pointwise product). - : L o

PROOF. From the earli‘er'comments,, XrRp &= Xz XJ Xp, Which by proposition
9.1is = xxx,. O R o _ .

Since the inner product of characters can be used to determine multiplicities
of representations [W], and since we have seen that the restriction to C*°(G) of
the GNS inner product for Haar measure on Ay is the same as the usual inner
product, it follows that the multiplicities of irreducible representations in 7 & p
as representations of A J will be the same as those for the group G. It also follows
that pX® 7 will be equivalent to w®p. (In particular, the.character ring of A will
be isomorphic to that of A.) But this equivalence is not altogether trivial. In the
case of groups, one demonstrates this equivalence by noticing that the usual flip
operator, g, from E® Z to Z ® Z defined by .o (¢ ® ¢) = ( ®¢ is an intertwining
operator. But Woronowicz has shown (proposition 2.4 of [W]) that for a compact
matrix quantum group A, if the flip operator is an intertwining operator for all
pairs of representations, then the algebra -A;must be commutative, putting us
back in the usual group case. Thus for the compact quantum groups defined in
this paper, we can not expect the flip operator to be -an intertwining operator.
So it becomes interesting to try to find the intértwining operators.

- For this purpose it is notationally easier to use another (equivalent) view of

representations. Speciﬁcally, if 7 is a representation of G on &, we view 7 as the
linear. map from Eto E® A defined by

(@(©)s = 7ale).

If p is a representation on Z, then 7 X p is given on elementary tensors by the

obvious extension of the deformed product on A, namely

("Rp) (R (), = /%(-Ks)zn(—xu)f ® Po(—tyenw)C e(s -t +u - v)

= /(Wn(—Ks) ® pn(_t))(ﬁz"?@ Pw)(wn(—Kuj ® pn(v))(f ® C) e<3 'Vt + u ) 'U) |

This suggests that we define the operator R:, in BE® Z ) by

Ryp = / To(ks) ® Py(s) (s - ).

To see what this operator does, consider the restriction of  and p to the subgroup
H. Then E and Z will decompose into weight spaces, that is, isotypic components
for the various characters of H. Since we are taking H to be R™/L via 5, where L
is the lattice Z", we can identify as before the characters of H with the elements
of L. Suppose now that ¢ and ¢ are in weight spaces corresponding to p and ¢
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in L respectively, so that m,(,) = e(w-p)§ and similarly for ¢. Then

R p(E®() = /Wn(Ks)€ ® ppryCe(s-t)

=/e(Ks-p+t-q+s-t)€®C
=e(Kp-9)¢®C. |

From this it is clear that R,,,, is umtary and that its inverse corresponds to -K.
We also note that the above formula bears cons1derable analogy with proposxtlon
2.22 of [Rf3].

If we now look back at the formula for 7 X p, we see that it can be rewritten
in terms of R,, and the usual inner tensor produc_t TR p as

(vR®p)s = Rnp(vr ® p) R

Let or, denote the usual flip operator from E ® Z to Z @ &, etc. A simple
calculation using the skew-symmetry of K shows that

OpnBRpnOrp = R—
Then we will have, omitting z’s,
R;,}(ﬂ' R p)Rrp =T ® P = 0pr(p@T)orp

= or,,,,R;,r1 (pBT)RprxOnp = Rrpoxp(p® w)apr,,;,

so that
pRn = ap,,R"z'(w X p)R,zrpap,,.

Thus ap,,R is the desired intertwining operator.

In conclusmn, we remark that by putting together the various ingredients
above, it is not difficult to see that our quantum groups A; will be compact
matrix quantum groups in the sense of Woronowicz [W].

6. Examples

The group SU(2) contains no tori of dimension > 2, and so can not provide
an example of a quantum group constructed by our method. But the group
T x SU(2) does contain a 2-torus. We will see that the associated quantum
groups have some interesting features. (We also remark that these quantum
groups are not among those constructed in [LS] and appear to be new.)

For a while it is notatlonally just as convenient to treat any group G of the
form T x M where M is a compact Lie group containing a 1-torus C. As
our earlier H we will then take H = T x C. The Lie algebra of H will be
identified with R2. We let ¢ denote the exponential map from R to C, with
kernel the integers. Then if we view T as the circle group in the complex plane,
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the exponential map 7 for H can be written as n(s,t) = (e(s), ¢(t)). The action
o of V.= R* on C(G) is then defined by

(s ,ut,0) )G, m) = F(E(5)Ce(t), p(—u)me(v))
= f(e(t — )¢, d(v — u) Ady(_,)(m)).

We let K = 6 __01 (1)) for some real number 6, and set J = - K @ (—K) as .

before. It is clear that elements of V' of the form (s,0,s,0) are in the kernel of
a. Let P be the pro;ectlon onto the orthogonal complement of these elements
so that a = a o P Then a.ccordmg to theorem 8.11 of [Rf3], A 7=Apsp. Now

P(s,u,t,v) = 0((u+v)/2, (t — 5)/2, —(u + v)/2, (t — s)/2)
From this it is clear that vectors of the form (8,4, 8, —u) are in the kernel of
PJP. Let @ be the projection on the orthogonal complement of these vectors.
Note that PQ = Q. Thus PJP = QJQ, so that A J = AgQisq- Then according
to theorem 8.7 of [Rf3), if we let V' = QV, and let o’ and J' be the restrictions
of @ and QJQ to V', we have Ay = Ay in the evident sense. It is clear that one

orthonormal basis for V" is (1/v/2,0, 1/\/— 0), (O 1/v/2,0,1v/2). If we identify
R? with V' by means of this basis, we see that o is defined on R2 by

(@0, )6 m) = (00,0 )/ vaF) (G, ) = FE(V2S)C, Ady_ ) /y ().

It is easily calculated that in this basis J' = 20K. Thus the deformed product
is defined by

(f x5 9)(¢,m)
= / T@(26V2u)C, Adyg,/30)(m))g(e(V2E)G, Ady_, 7.3 (m))e(st + uv).

We can make the change of variables to bring this to the simpler form
(F %0 )(Cm) = [ 7(@(20u)C, Adyay (m)g(et)C, Adyy(m)e(st + w).

(Justification is given by ‘proposition 1.13 of [Rf3].) Thus if we change notation
once again and let & be the action of V = R2 on A defined by

(@60 1)) = F(&(5)C, Adgu(m),

and if we let J = 20K, then our deformed algebra is just A;. Of course, the
comultiplication, cmdentlty, and coinverse, are Just the usual ones.

Let us now consider our special case of G = T x SU(2), and take C to be
the diagonal matrices in SU(2). For u € R we let d)(u) be the dlagonal matrix
in SU(2) whose top-left entry is e(u). The elements of SU(2) are parametrized
by the pairs of complex numbers (z,w) such that |z|> + |w|? = 1, with the
corresponding matrix having (z,w) as top row. It is easily seen that under this
parametrization Ady,)(z, w) = (z,e(2u)w). Thus our final action is defined by

(@(s,u) )G (2, w)) = f(E(5)¢, (2, e(2u)w)).
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(Note that (0,1/2) is in the kernel of .) Thus the orbits in G are 2-tori unless
- w = 0, in which case they are circles. But the Poisson bracket on the circles
will be 0, so that, for 6 # 0, the symplectic leaves are just the single points of
G for which w = 0, together with the 2-tori. But according to example 10.2 of
~ [Rf3], when we quantize the tori, we will obtain quantum tori. More specifically,
according to proposition 5.8 of [Rf3], quantum tori will be quotient algebras of
the C*-algebra A;. In particular, for § irrational we will obtain simple quantum
tori which are not of type I. Thus Aj itself will not be of type I. This shows that
the algebra structure of our quantum groups is quite non-trivial. The possibility
that a compact quantum group could fail to be of type I (because it is related
to quantum tori) was first observed in [L, LS].

Now let us consider SU(2) x SU(2), with H taken to be the product of the
two diagonal circle groups. Then

HC T x SU(2) C SU(2) x SU(2),

so that the inclusion of T x SU(2)-in SU(2) x SU(2) will be equivariant for the
original action « corresponding to H. Thus the quantum group (SU(2)xSU(2))s
(in the evident sense) will have the quantum group (T x SU(2))s as a subgroup
(ie. the C*-algebra of the latter will be a quotient of that of the former). In
particular, (SU(2) x SU(2)); also will fail to be of type I for irrational 6. (Again,
this example is not one of those discussed in [LS], and seems to be new.)

If instead we consider SU(3), we can embed T x SU(2) by sending SU(2) to
SU(2) ® I and T to the diagonal elements with 1 in the top-left entry, and this
inclusion will be equivariant for the action o associated with H C T x SU(2).
So again the quantum group (T x SU(2)); will be a subgroup of the quantum
group SU(3) s, and the latter will fail to be of type I when @ is irrational. (This
time, SU(3); is one of the examples which is treated in [LS].)

By slightly modifying the arguments at the beginning of this section, we
can show that (T x SO(3))s also fails to be of type I when 6 is irrational.
Since either T x SU(2) or T x SO(3) can be embedded as a subgroup of any
connected compact non-commutative Lie group bigger than SU (2), we see by
similar arguments that all such groups can be deformed into quantum groups
which are not of type I. Of course, we can also use tori of higher dimension in
most of these groups.
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