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Newton’s method
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f(x) is continuous and differentiable

𝑥𝑥𝑛𝑛+1 = 𝑥𝑥𝑛𝑛 −
𝑓𝑓 𝑥𝑥𝑛𝑛
𝑓𝑓′(𝑥𝑥𝑛𝑛)

Converging very fast. 

Q. What if 𝑓𝑓′ 𝑝𝑝 = 0?
A. Can not guarantee fast convergence.
Indeed, it merely linearly converges.
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Modified Newton’s method
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f(x) is continuous and differentiable

multiplicity m of root x
Simply 𝑓𝑓 𝑎𝑎 = 𝑓𝑓′ 𝑎𝑎 = ⋯ = 𝑓𝑓 𝑚𝑚−1 𝑎𝑎 = 0

𝑥𝑥𝑛𝑛+1 = 𝑥𝑥𝑛𝑛 −
𝑓𝑓 𝑥𝑥𝑛𝑛 𝑓𝑓′(𝑥𝑥𝑛𝑛)

𝑓𝑓′ 𝑥𝑥𝑛𝑛 2−𝑓𝑓 𝑥𝑥𝑛𝑛 𝒇𝒇′′(𝒙𝒙𝒏𝒏)

Quadratically convergent but impractical
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�𝑝𝑝𝑛𝑛 = 𝑝𝑝𝑛𝑛 −
(𝑝𝑝𝑛𝑛+1−𝑝𝑝𝑛𝑛)2

𝑝𝑝𝑛𝑛+2 − 2𝑝𝑝𝑛𝑛+1 + 𝑝𝑝𝑛𝑛

Accelerate the convergence of a sequence that is 
linearly convergent.
How to use?
Calculate 𝑝𝑝𝑛𝑛 until the error is 𝑇𝑇𝑇𝑇𝑇𝑇 and apply Aitken’s 
∆2 Method

Aitken’s ∆2 Method
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𝑝𝑝0
(𝑖𝑖) = ∆2 𝑝𝑝0

𝑖𝑖−1

𝑝𝑝1
(𝑖𝑖) = 𝑔𝑔 𝑝𝑝0

𝑖𝑖

𝑝𝑝2
(𝑖𝑖) = 𝑔𝑔 𝑝𝑝1

𝑖𝑖

𝑝𝑝0
(𝑖𝑖+1) = ∆2 𝒑𝒑𝟎𝟎

𝒊𝒊

Accelerate the order of convergence of the given fixed 
point method using Aitken’s method

Steffensen’s Method
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Polynomials s.t. 𝑝𝑝n,𝑖𝑖 𝑥𝑥𝑗𝑗 = 𝛿𝛿𝑖𝑖,𝑗𝑗 for given 
{𝑥𝑥𝑗𝑗}𝑗𝑗=0,..,𝑛𝑛

𝑝𝑝n,𝑖𝑖 𝑥𝑥 = �
𝑗𝑗=0
𝑗𝑗≠𝑖𝑖

𝑛𝑛
𝑥𝑥 − 𝑥𝑥𝑗𝑗
𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑗𝑗

Interpolation result

𝑄𝑄 𝑥𝑥 = �𝑓𝑓(𝑥𝑥𝑖𝑖)𝑝𝑝𝑛𝑛,𝑖𝑖 𝑥𝑥

Lagrange polynomial
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Goal : Use code in the web
http://persson.berkeley.edu/math128a/
Example problem

Exercise
Solve following problem using steffensen_table.m

Programming Exercises
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http://persson.berkeley.edu/math128a/
http://persson.berkeley.edu/math128a/matlab/steffensen_table.m
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