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Quiz #1
Cover HW #1 (1.1, 1.2, 1.3, 2.1)

Announcement
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Fixed point method
Iterative method
Fixed point theorem 

Newton’s method
Requires 𝑓𝑓′ 𝑥𝑥
The most effective method

Secant method

Approximate 𝑓𝑓′ 𝑝𝑝𝑛𝑛−1 ≈ 𝑓𝑓 𝑝𝑝𝑛𝑛−1 −𝑓𝑓 𝑝𝑝𝑛𝑛−2
𝑝𝑝𝑛𝑛−1−𝑝𝑝𝑛𝑛−2

Slower than Newton’s method

Brief Review
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Bisection method
Based on the Intermediate value theorem
half -> half -> …
Very slow, but reliable(or stable).

Brief Review
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Bisection method

Brief Review
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Fixed point method
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Find the root of
𝑓𝑓 𝑥𝑥 = 𝑥𝑥2 − 𝑥𝑥 − 1

How?
𝑥𝑥 = 𝑥𝑥2 − 1

𝑥𝑥 = 1 + 1
𝑥𝑥

𝑥𝑥 = 𝑥𝑥 + 1
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Fixed point theorem
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Fixed point theorem
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Newton’s method
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f(x) is continuous and differentiable near the root

𝑥𝑥𝑛𝑛+1 = 𝑥𝑥𝑛𝑛 −
𝑓𝑓 𝑥𝑥𝑛𝑛
𝑓𝑓𝑓(𝑥𝑥𝑛𝑛)

Converging very fast. 
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Newton’s method - cautions
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f(x) is continuous and differentiable

Stationary points

Converging to a different root

Diverging
𝑓𝑓 𝑥𝑥 = 𝑥𝑥3 − 5𝑥𝑥
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Secant method
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Start with two distinct points

𝑥𝑥𝑛𝑛 = 𝑥𝑥𝑛𝑛−1 −
(𝑥𝑥𝑛𝑛−1−𝑥𝑥𝑛𝑛−2)

(𝑓𝑓 𝑥𝑥𝑛𝑛−1)−𝑓𝑓(𝑥𝑥𝑛𝑛−2 )
𝑓𝑓 𝑥𝑥𝑛𝑛

Don’t need to calculate derivatives
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Order of convergence
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𝑥𝑥 ∶ Exact root  𝑥𝑥𝑛𝑛 ∶ Numerical root (nth step)
𝑒𝑒𝑛𝑛 ≔ 𝑥𝑥 − 𝑥𝑥𝑛𝑛 (error at nth step)

lim
𝑛𝑛→∞

𝑒𝑒𝑛𝑛+1
𝑒𝑒𝑛𝑛 𝛼𝛼 = 𝛾𝛾

𝛼𝛼 = 1, 𝛾𝛾 < 1 : linear convergence
𝛼𝛼 = 2 : quadratic convergence (𝛾𝛾 depends on 
𝑒𝑒0)
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Order of convergence
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Bisection method : Linear, 𝛾𝛾 = 1/2

Newton’s method : Quadratic (merely linear if 
m>1 )

Secant method : 𝛼𝛼 = 1+√5
2

Modified Newton’s method : Quadratic
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Quiz
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