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¢ Runge-Kutta Method
« Midpoint Euler, RK4

e Multi-step Method
« Adams-Bashforth / Adams-Moulton

e Predictor-Corrector Method
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Runge-Kutta Method

¢ Runge-Kutta method

« Similar to the high-order Taylor method but it uses
the function values instead of the value of
derivatives

« Approximate the value of derivatives using the
Taylor polynomial in two variables

+ (OR) Divide 1 time step into multiple stages
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Runge-Kutta Method

e Example
« Midpoint method

Wop =0,

h h
Wis1 = w; +hf (ff+§*Wf+§f(ff,Wj)), fori=0,1,..., N-1.

« Modified Euler
Wo = Q,

h
Wiyl =W; + E[f(fhwi)'i‘f(fi-l-hwi +hf(ti,w))), for i=0,1,... N-1
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Runge-Kutta Method

e Example
o Mi Y

W
Wit ,N-—-1
o M
W
X
Wiyt | | 1, yN—1
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Runge-Kutta Method

e Example
« RK-4th order

Wo = o,

ky = hf(t;, w;),

Yo+ hk3

h 1
k> =hf (I,*+ -, Wi + —fq).

2 2 Yo+ hky/2
' A h lk Yo+hkq/2
3= f(fi+iswi+52)- y

ks = hf(tiv1, wi + k3),

Y

1
Wisl =W + g(kl + 2ky + 2k3 +}

to to+h/2 to+h
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Runge-Kutta Method

a. y =77 0=<t<l, y(0)=1, withh =0.5; actual solution y(t) = In(e’ + ¢ — 1).
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Multi-step method

e Numerical scheme using multiple f(tk,y(tk))

+ (Forward) Euler
Vir1 = Vi + hf (T, Yie)

« Trapezoidal
h
Y41 = Vi T 5 (f(tk;y}k) T f(tk+1»)’k+1))

« Adams-Bashforth
o Adams-Moulton
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Multi-step method

e Basic idea of the construction
o Approximate

f nﬂf (¢t,y(t))dt

n

» Using the interpolation -> LMM
* Excluding the right endpoint -> explicit ( open )
* Including the right endpoint -> implicit ( close )
« Using the quadrature rule -> RK mthd / GL mthd
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Multi-step method

¢ Adams-Bashforth

Yntl = Yn + hf (L0, Un), (This is the Euler method)
3
y'rtlz_ynbl'i'h( j{n}l}yﬂ l} f{tn&yn,;l)?

16
Y3 = Mni2 4 h f nt2y Yl __,f{ﬂllyyftll)+_f{tnjy7;})

24

901 27?4 2616 1274 251

—f t'nHl yni*i] - —f{t‘nlhynl?}"'—f( IHEJJHPE) - —f{ 1'!-Il:§'1'l-ll]|

22t vn) ) -
720 720 720 720 7207 (e })

‘} 9
Wa4d = UYn43 +h( f{tﬂl3 ynl‘i:} {ﬂ.IE’:yﬂ.IE}""Ef(tﬂilsyﬂbi}__f{tw.:y:n}):
Vngb = Unid +h(

(Wikipedia)
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Multi-step method

e Adams-Moulton

Yn+l = Un | Bf(tas1,Ynr1), This is the backward Euler method

1
Yntl = Un + EFL{If[tn+1 yUns1) + F(tn,¥a)) , This is the trapezoidal rule

) 2 1
Ynt2 = YUnt1 + 1 (E,f{tﬂl—iﬁyﬂ+2} + gf{tﬁﬁl: yﬂ—l} - E.f{tﬂuyn}) 3

E

9 19 5 1
Ynt3 = Yny2 +h (Ef(tu—spymﬁ} + Ef(tnw,ynw] — Ef(tﬁ-l-l:yﬂ—'l} + Efftmyn}) ,

251 646 264 106 19
Yntd = Untz + h (ﬁf{tﬁ+1:yﬂ+d} + ﬁf{fwmmuﬂ — ﬁf{ﬁwhmuz} + ﬁf{tﬁ--l-l s Unt1) — ﬁf{tﬂ: yn}) ‘

(Wikipedia)

2022/11/09 Raehyun Kim = MATH 128A Numerical Analysis DIS



Multi-step method

4. Use each of the Adams-Bashforth methods to approximate the solutions to the following initial-value
problems. In each case, use starting values obtained from the Runge-Kutta method of order four.
Compare the results to the actual values.

2 —dty 2t + 1

. ¥y = — = O<r<1, y(0)=1, with/ = 0.1 actual solution y(r) = Erl
2 2
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Runge-Kutta-Fehlberg method

¢ Runge-Kutta-Fehlberg method

« Combine two RK methods to achieve better
accuracy

« From its design, it becomes more efficient than
arbitrary combination of RK methods.
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Runge-Kutta-Fehlberg method

¢ Runge-Kutta-Fehlberg method

4. Use the Runge-Kutta-Fehlberg method with tolerance TOL = 107°, hmax = 0.5, and hmin = 0.05
to approximate the solutions to the following initial-value problems. Compare the results to the actual

values.

2 22y

ey = 0<t<3 v = Il; actual solution y(t) = (2t + IYA(E= <1,

=
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Variable Step-Size Multistep Methods

Use the Adams Variable Step-Size Predictor-Corrector Algorithm with TOL = 10~ to approximate
the solutions to the following initial-value problems:

!:ul

a Y =0/0"+y/t, 1<1<12 vy()=1. with hmax = 0.05 and hmin = 0.01.

2022/11/09 Raehyun Kim = MATH 128A Numerical Analysis DIS



	MATH 128A Numerical Analysis�Discussion Section
	Outline
	Runge-Kutta Method
	Runge-Kutta Method
	Runge-Kutta Method
	Runge-Kutta Method
	Runge-Kutta Method
	Multi-step method
	Multi-step method
	Multi-step method
	Multi-step method
	Multi-step method
	Runge-Kutta-Fehlberg method
	Runge-Kutta-Fehlberg method
	Variable Step-Size Multistep Methods

