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Outline
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(Forward) Euler’s Method

𝑥𝑛+1 = 𝑥𝑛 + ℎ𝑓(𝑥𝑛, 𝑡𝑛)

High-order Taylor Method

𝑥𝑛+1 = 𝑥𝑛 + ℎ𝑇(𝑥𝑛, 𝑡𝑛)

Runge-Kutta Method

Midpoint Euler, RK4

Multi-step Method

Adams-Bashforth / Adams-Moulton
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Forward Euler’s method

𝑦𝑛+1 = 𝑦𝑛 + ℎ𝑓(𝑡𝑛, 𝑦𝑛)

Error analysis(w/ truncation error)

As t grows, the error increases exponentially.

Requires really huge N for adequate error bounds.

We can not take arbitrary small h.

Euler’s Method
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Euler’s Method
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High-order Taylor Method

𝑥𝑛+1 = 𝑥𝑛 + ℎ𝑇(𝑥𝑛, 𝑡𝑛)

𝑇 𝑥𝑛, 𝑡𝑛 = 𝑓 𝑥𝑛, 𝑡𝑛 +
ℎ
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𝑥𝑛, 𝑡𝑛 +⋯+
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LTE

𝑂 ℎ𝑛

High-order Taylor Method
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High-order Taylor Method
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Runge-Kutta method

Similar to the high-order Taylor method but it uses 
the function values instead of the value of 
derivatives

Approximate the value of derivatives using the 
Taylor polynomial in two variables

(OR) Divide 1 time step into multiple stages 

Runge-Kutta Method

2022/11/02 Raehyun Kim MATH 128A Numerical Analysis DIS



Vu Pham

Example

Midpoint method

Modified Euler

Runge-Kutta Method
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Example

Midpoint method

Modified Euler

Runge-Kutta Method
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Example

RK-4th order

Runge-Kutta Method
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Runge-Kutta Method
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Numerical scheme using multiple 𝑓 𝑡𝑘 , 𝑦 𝑡𝑘
(Forward) Euler

𝑦𝑘+1 = 𝑦𝑘 + ℎ𝑓(𝑡𝑘 , 𝑦𝑘)

Trapezoidal

𝑦𝑘+1 = 𝑦𝑘 +
ℎ

2
𝑓 𝑡𝑘 , 𝑦𝑘 + 𝑓 𝑡𝑘+1, 𝑦𝑘+1

Adams-Bashforth

Adams-Moulton

Multi-step method
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Basic idea of the construction

Approximate 

න
𝑡𝑛

𝑡𝑛+1

𝑓 𝑡, 𝑦 𝑡 𝑑𝑡

Using the interpolation -> LMM

• Excluding the right endpoint -> explicit ( open )

• Including the right endpoint -> implicit ( close )

Using the quadrature rule -> RK mthd / GL mthd

Multi-step method
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Adams-Bashforth

(Wikipedia)

Multi-step method
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Adams-Moulton

(Wikipedia)

Multi-step method
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Multi-step method
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