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e (Forward) Euler’s Method
© Xnt1 = X T Af (Xn, th)

e High-order Taylor Method
© Xp+1 = X + AT (X, ty)

e Runge-Kutta Method
o Midpoint Euler, RK4

¢ Multi-step Method
o Adams-Bashforth / Adams-Moulton
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Euler’s Method

e Forward Euler’s method
* Vn+1 =Yn T hf(tn» Yn)

e Error analysis(w/ truncation error)

1L /hM 9 . T
y(tji+1) — ujsa| < L(2+h) (eL(ffﬂ )_1)+Oei(fj+1 )

o As t grows, the error increases exponentially.
» Requires really huge N for adequate error bounds.
+ We can not take arbitrary small h.
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Euler’s Method

3 YW=g% O=f<l, »)=1, withh =13
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High-order Taylor Method

e High-order Taylor Method
* Xp41 = Xp + AT (xp, ty)

h df
. T(xn: tn) — f(xn» n) + (xn» n) Tt
hk—l dk—lf
k! dxk-1 (%, tn)
e LTE .
Yi+1 — i n — n
Tiq1(h) = +'h —T™(@, y) = 7 l)lf{ (&, y(&)),

e O (hn)
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High-order Taylor Method

3 YW=g% O=f<l, »)=1, withh =13
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Runge-Kutta Method

¢ Runge-Kutta method

» Similar to the high-order Taylor method but it uses
the function values instead of the value of
derivatives

« Approximate the value of derivatives using the
Taylor polynomial in two variables

» (OR) Divide 1 time step into multiple stages
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Runge-Kutta Method

e Example
« Midpoint method

Wop =,

h h
Wis1 =W; +hf (r;+§.w;+§f(r;,w;)), fori=0,1,..., N—1.

« Modified Euler
Wo = &,

h
Wiy1 = w; + E[f(fiuwi)+f(fi+hwi +hf(t;,w)))], for i=0,1,... N—-1
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Runge-Kutta Method

e Example
o Mi Y

W
Wi4 ,N—-1
o M
w
X
Wit | | 1, ,N -1
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Runge-Kutta Method

e Example
o RK-4th order

Wo =0,

ki = hf(t;, wi),

Yo+ hk3

h 1
ky = hf (ti + E»Wi -+ Ekl)'

Yo+ hky/2

2 9 Yo ¢
ks = hf (tis1, wi + k3),

h 1 Yo+hkq/2
ky = hf (ti =W —kz) .

Y

1
Wit =W:+6(k| + 2ky + 2k3 +}

to to+h/2 to+h
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Runge-Kutta Method

a. y=¢€77% 0<t<l1, y(0) =1, withh =0.5; actual solution y(z) = In(e’ + e — 1).

A
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Multi-step method

e Numerical scheme using multiple f(tk,y(tk))

» (Forward) Euler
Vir1 = Ve + hf (T, Yie)

» Trapezoidal
h
Vi+1 = Y T 5 (f (o vi) + f (brev1s Yiern))

« Adams-Bashforth
« Adams-Moulton

2022/11/02 Raehyun Kim =~ MATH 128A Numerical Analysis DIS



Multi-step method

e Basic idea of the construction

o Approximate

j nﬂf (¢t,y(t))dt

n

» Using the interpolation -> LMM
* Excluding the right endpoint -> explicit ( open )
* Including the right endpoint -> implicit ( close )

» Using the quadrature rule -> RK mthd / GL mthd
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Multi-step method

e Adams-Bashforth

Yatrl = Yn — R (L0, 00 ), (This ig the Euler method)
3
Ytz = Yatl +h ( .-IH:: -1 3 Y- l} - _f{tn yn;l)

16
Yet3 = Yni2 4-h f 2y Wnd2 ——,f(ml,ymk)‘F—f{ jyﬂ})ﬁ

24
901 2??4 2616 1274 251

Yets = Unta +h’ —,f t’n-}ai %14] - —f{tnlihynl?:}"'—f[ IL{E:J’R}Z} - —f{ nlljyﬂ.llj

*} 9
Watd = Wni3d —|—h,( f{tnl3 ynl"]:]' {ﬂl?;ﬂﬂlij"’E.f(tﬂilsywii}__f{tﬂ;ryn])J
(721:} 720 720 720 7207 [t“’y“})'

(Wikipedia)
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Multi-step method

e Adams-Moulton

Yn+l = Un - Bf(tus1, Yns1), This is the backward Euler method

1
Ynil = Yn + Eh (f(tns1s Uns1) + Fltn,¥n)), This is the trapezoidal rule

5 2 1
Unt2 = Ynt1 + I (Ef{tﬂl—iﬁyn+2} + gf{tﬂ--l-lz yﬂ—l} - E.f{tﬂuyﬂ}) 3
E

9 19 1
Yntd = Ynt2 + h (Ef(ﬁu—ssywﬁ} + ﬂf{t‘n-l—?:: Yn+2) — iﬂtnﬂsyn—l} + Ef{fmyn}) ;

646 264 106

251 :
Yntd = Unts + h (ﬁf{trw-l : y-n+f1} + ﬁf{trwﬁ : y-n+3-} - ﬁf{tﬂﬁﬂ : y-n+2} + ﬁ

(Wikipedia)

f{tﬁ+l s Un4d } -

19
7207

(0r10))-
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Multi-step method

a. y=¢€77% 0<t<l1, y(0) =1, withh =0.5; actual solution y(z) = In(e’ + e — 1).

A
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