SOLUTIONS TO HOMEWORK #11, MATH 54 SECTION 001, SPRING 2012

JASON FERGUSON

Beware of typos. Congratulations to you if you find solutions that are better than mine!

1. Ex. 4.5.2(b): Given that y1(t) = (1/4)sin 2t is a solution to y"+2y'+4y = cos 2t and that yo(t) = t/4—1/8
is a solution to y" + 2y’ + 4y = t, use the superposition principle to find solutions to the following:
(b) v + 2y’ + 4y = 2t — 3 cos 2t.

Solution. By the superposition principle, 2(% — %) — 3(% sin 2t) =|g5 — 7 — jsin2t|solves the equation. [J

2. Ex. 4.5.6: In Problems 3-8, a nonhomogeneous equation and a particular solution are given. Find a
general solution for the equation.
y" + 5y’ + 6y = 622 + 10x + 2 + 1267, yp(z) = €% + 22

Solution. To find a general solution to an inhomogeneous equation, you add a particular solution to the
inhomogeneous equation to the general solution to the homogeneous equation.

The homogeneous equation is y” + 5y’ + 6y = 0. Its auxiliary polynomial is 22 + 52 4+ 6 = (2 + 2)(x + 3),
and its roots are —2 and —3. The general solution to the homogeneous equation is cie 2% + coe 3%, The

general solution to the inhomogeneous equation is | cie™2% + coe™3% + e 4 22 for any numbers cy, ca | O

3. Ex. 4.5.10: In Problems 9-16 decide whether the method of undetermined coefficients together with
superposition can be applied to find a particular solution of the given equation. Do not solve the equation.
y' =y +y= (e +1)?
Solution. Undetermined coeflicients and the superposition principle can only be applied to equations of the
form ay”+by' +cy = g(t), where g(t) is a sum of functions of the form (polynomial)e”, (polynomial)e® cos St,
or (polynomial)e® sin S3t.
Because (¢! + )2 = €2 4 2te! + 12 = 1- €2 + (2t)e!" + t2e%, | undetermined coefficients can be used| [

4. Ex. 4.5.18: In Problems 17-22, find a general solution to the differential equation.
y' =2y —3y=3t>-5

Solution. When solving ay” + by’ + cy = (degree d polynomial)e™ by undetermined coefficients, the form of
the particular solution is:

__ 4# of times 7 is a root of ax? + bx + ¢ : : : fFici rt

yp(t) =1t (degree d polynomial with undetermined coefficients)e™.

For this problem,
3t — 5 = (3t — 5)e% = (degree 2 polynomial)e®.
The auxiliary polynomial is 2 — 22 — 3. 0 is not a root of the auxiliary polynomial, so we pick:
yp(t) = t°(At> + Bt + C)e" = At? + Bt + C.
Then:
y,(t) = 2At + B, Yy (t) = 24,

SO

yp — 2y, — 3y, = 24 — 2(2At + B) — 3(At* + Bt + O)

= —3At* + (—4A — 3B)t + (24 — 2B — 3C).

Since this is to equal 3t2 — 5, we have —34 =3, s0 A = —1. Next, —4A—3B =0, s0 B = —%A = %. Finally,
2A —2B —3C = -5, so



That means

Yp(t) = —t> + 5t + 3.

To find a general solution to an inhomogeneous equation, you add a particular solution to the inhomoge-
neous equation to the general solution to the homogeneous equation.
The homogeneous equation is y”

2y’ — 3y = 0. Its auxiliary polynomial is 22 — 22 — 3 = (z + 1)(x — 3),
and its roots are —1 and 3. The general solution to the homogeneous equation is cie™! + coe3f. The general
solution to the inhomogeneous equation is | cie™ + coe®t — t2 + %t + % for any numbers cq, co |. O

5. Ex. 4.5.28: In Problems 23-30, find the solution to the initial value problem.
y”+y’—12y:et+e2t—1;

y(0) =1,  y(0)=3
the particular solution is:

Solution. When solving ay” + by’ + cy = (degree d polynomial)e™ by undetermined coefficients, the form of
y (t) _ t# of times r is a root of az? + bx + C(
o(t) =

degree d polynomial with undetermined coefficients)e’.
If g(t) is a sum of different terms, then by the superposition principle, the form of the particular solution is
the sum of individual forms.

In this case, the auxiliary polynomial is 2 + z — 12 = (z + 4)(z — 3) and its roots are —4 and 3. Since
Then:

el +e? —1=1e! + 1e* 4 (—1)e%, and none of 1, 2, and 0 are roots of the auxiliary polynomial, we pick:
yp(t) = t°Ae' +1°Be*" + 120" = Ae' + Be* + C.

y,(t) = Ael + 2Be*, Yy (t) = Ae! + 4Be*,
so:

C = % Therefore:

yy + 1y — 12y, = (Ae’ + 4Be®) + (Ae’ + 2Be*) — 12(Ae’ + Be? + C) = (—10A)e’ + (—6B)e* + (—120).
For this to equal e’ + ¢* — 1, we need —10A =1, —6B =1, and —12C = —1. Then A = —5, B =

—%, and
1t 1.2t , 1

Since the roots of the auxiliary polynomial are —4 and 3, the general solution to the homogeneous equation
is cre ¥ 4ce3t, so the general solution to the inhomogeneous equation is y(t) = ¢1 e My gedt— Lot %62t+1—12.
Then since y(0) = 1, we have ¢; + ¢ — 55 — + + 15 = 1, so:

1
_ 1,1 _ 60, 6 ,10 5 _1
Cl+02—1+ﬁ+6_ﬁ_@+@+@_@—@-
Next,
Y (t) = —4ere™ 4 4 3epe® — el — éezt.
Since 3/(0) = 3, we have —4c; + 3c; — 15 — 3 =3, so
_ 1 ,1_9 , 3 , 10 _ 103 _ 206
—der+3e2=3+15+3=35*+3 13 =3 = G-
So we solve the system c¢; + ¢co = %, —4c1 + 3¢ = % for ¢, co as follows:
1 1 27 RysRytar, [1 1 I
[_4 ; 26006} ReRotdRy
60

Ro—»(1/TRy [1 1 ] RisRi-R, [1 0
0 429(0?}%[0 . Gf e,

8 0 1
_ 1 _7 i | Lo—4t | 7.3t 1
Therefore, c1 = g5 and cp = §, so the answer is | g5e™ ™" + ge 16€

oI~
|

t 1.9t , 1
—5¢ ti3f

Do not solve.

6. Ex. 4.5.34: In Problems 31-36, determine the form of a particular solution for the differential equation.
y" + 5y + 6y = sint — cos 2t



Solution. When solving
ay” + by +cy = e ((degree dy polynomial) cos 8t + (degree dy polynomial) cos Bt)

by undetermined coefficients, the form of the particular solution is as follows: Let d be the larger of d; and
ds. Then:

yp(t) = g# of times o+ i is a oot of as® + bz +c ot ((degree d polynomial) cos 5t + (degree d polynomial) sin Bt) .

If g(t) is a sum of different terms, then by the superposition principle, the form of the particular solution is
the sum of individual forms.
For this problem:

sint — cos 2t = €% (0 cos 1t 4 1sin 1t) + 60t<(—1) cos 2t + Osin 2t).

The auxiliary polynomial is 2%+ 5z +6 = (z+2)(x +3), which has roots —2 and —3. In particular, 0417 =i
and 0 + 2¢ = 2¢ are not roots of the auxiliary polynomial, so the form of a particular solution is:

yp(t) = % (A cos 1t + Bsin 1t> + 100 (C cos 2t + D sin 2t> = ’ Acost+ Bsint + C cos 2t + D sin 2t

’for some numbers A, B, C, D ‘ d

7. Ex. 4.6.10: In Problems 1-10, find a general solution to the differential equation using the method of
variation of parameters.
y' 4+ 4y 4+ 4y = e 2 Int

Solution. To use variation of parameters to solve ay” + by’ + cy = g(t), first let {y1,y2} be a basis for the
solutions to the homogeneous equation ay”+by’+cy = 0. Then let v1 and v9 be any particular antiderivatives

of
B 9(t)y2(t) gty (t)
alyr s (t) — iy aly (g ) — v ()y2(t)]”
respectively. Then vy (t)y1(t) + v2(t)y2(t) is a particular solution to the inhomogeneous equation.
In this case, the homogeneous equation is y” 44y’ +4y = 0. The auxiliary polynomial is 22 +4x+4 = (z+
2)2, and it has roots —2, —2. Therefore, the general solution to the homogeneous equation is cje =2 +cote 2.
That means we can pick:

y=e %, yo = te” ",
Then:
1y — yiye = e 2 (e — 2te™) — (=27 2)e7H = (e — 2te™) 4 2te M = 7.

e 2t(e"2tInt)

Therefore, vy is any antiderivative of —* =y = —tlnt, i.e. v1 = [ (—tInt)dt. By using integration

by parts, i.e.:
/udv:uv—/vdu
where:
u=Int, dv = —tdt, du:%dt, v:—%tQ
we get:

/(—tlnt)dt:—%tzlnt—/(—éﬂ);{dt:—§t2lnt+/§tdt:—;tQInt+}lt2+C.

Since vy is any particular antiderivative, we pick C' = 0, so that v; = —%tz Int 4+ %tQ.

.. . C e . e (e~ 1Int)
Similarly, v9 is an antiderivative of e
e

u=Int, dv = dt, du:%dt, v=t

=Int, i.e. vo = [Intdt. By using integration by parts:

we get
/lntdt:tlnt—/t}tdt:tlnt—/dt:tlnt—wrc.
We pick C' = 0 again, so that vy = tlnt —¢.



Then a particular solution to the inhomogeneous equation is:
viy1 + vayp = (—5t° Int + 3t%)e > + (tInt — t)te >
= (—%t2672t Int + it2€72t) + (t?e 2 Int — t2e %)

_ 142 -2t 3,2 -2t
= 5t7e Int — gt

so that the general solution is cre 2t 4 cote 2 4 %tze*% Int — %t2e*2t for any numbers ¢; and ¢ | O

8. Ex. 4.6.20: Use the method of variation of parameters to show that
¢
y(t) = c1cost + cosint + / f(s)sin(t — s)ds
0
s a general solution to the differential equation

y' +y=f(),

where f(t) is a continuous function on (—oo,00). [Hint: Use the trigonometric identity sin(t — s) =
sintcos s — sin s cost./

Solution. The homogeneous equation is 4" +y = 0. The auxiliary polynomial is z2 + 1, and it has roots 1.
Therefore, the general solution to the homogeneous equation is ¢ cost + cosint. That means we can pick:

Y1 = COSt, Yo = sint.

Then:
Y1h — Y yo = cost(cost) — (—sint)sint = cos®t + sin®t = 1.

Therefore, v1 can be any antiderivative of —% = —f(t)sint. In particular we may choose

vi(t) = —/0 f(s)sinsds.

Similarly, v can be any antiderivative of %{(t) = f(t) cost. In particular, we may choose

vg(t):/o f(s)cossds.

Then a particular solution to the inhomogeneous equation is:
t t
v1(t)y1 () + v2(t)ya(t) = — cost/ f(s)sinsds + sint/ f(s)cossds
0 0
t t
—/ (—f(s)sinscost)ds+/ (f(s)cosssint)ds
0 0
t t
= / f(s)(sintcoss — costsins)ds = / f(s)sin(t — s) ds,
0 0
so the general solution is ¢ cost + casint + fot f(s)sin(t — s) ds for any numbers ¢; and cs. O

9. Ex. 6.1.6: In Problems 1-6, determine the largest interval (a,b) for which Theorem 1 guarantees the
existence of a unique solution on (a,b) to the given initial value problem.
(2 = 1)y" + e’y =Inz;  y(3/4) =1,  y(3/4)=y"(3/4)=0

Solution. ’Technically speaking, Theorem 1 does not apply at all to this problem. ‘ Theorem 1 says that for
an initial value problem of the form:

y " (@) + pr(2)y" D (@) + - 4 pa()y(e) = g(a),

y(zo) = 70, ¥ (z0) = 1, -+, ¥ D(xg) = Yn_1, there is a unique solution on any open interval I that
contains zp and for which py(z), ..., pn(x), g(x) are all continuous on I.
4




However, the coefficient of the highest-order derivative in the given initial-value problem is 22 — 1 and not
1, so Theorem 1 does not apply. However, we can divide through by 22 — 1 to get the following initial value

problem:

xT
" e Inx

y +x2—1y:x2—1'

y(3/4) =1, v'(3/4) = y"(3/4) = 0, and Theorem 1 does apply to this problem. Thus, we want the largest

. « e x o
open interval containing 3/4 that 0, 0, —7—, and xlélfl are all continuous on.
67)

The coefficients of y” and y’ are both 0, so they are continuous everywhere. The function —f— is continuous
Inx
z2—1

everywhere except where x < 0 or 22 — 1 = 0, i.e. on (0,1) U (1,00). Therefore, the desired largest open
interval is | (0,1) |. O

everywhere except where 22 — 1 = 0, i.e. on (—oco,—1) U (—1,1) U (1,00). The function is continuous

10. Ex. 6.1.16: Using the Wronskian in Problems 15-18, verify that the given functions form a fundamental
solution set for the given differential equation and find a general solution.
y" —y" + 4y — 4y = 0; {e”, cos 2z, sin 2z}
Solution. Let y1(z) = €®, ya(x) = cos 2z, y3(z) = sin2z. Then:
vy —yl +4y] —4y1 = ¥ — " +4e” — 4e” =0,
vy — b + dyh — dys = (8sin2x) — (—4 cos 2x) + 4(—2sin 2z) — 4(cos 2x) = 0,
vy —ys + 4y — dys = (—8cos 2x) — (—4sin2z) + 4(2 cos 2z) — 4(sin 2z) = 0.
Therefore, y1,y2,y3 are all solutions to the third-degree linear homogeneous differential equation 3" — " +
4y — 4y = 0.
Next:
cos 2x sin 2z

Wly1,y2,y3](x) = [ —2sin2x  2cos2x
—4cos2x —4sin2x

cos 2x sin 2x
—2sin2x 2cos2x

cos 2x sin 2x
—4cos2x —4sin2x

—2sin2x  2cos2x
—4cos2x —4sin2x

x T x

= ¢®(8sin? 2z + 8 cos? 2x) — e¥(—4sin 2z cos 22 + 4sin 2z cos 2x) + €¥(2 cos® x + 2sin? x)
=8e” + 0+ 2" = 10e”,
which is not zero anywhere. Therefore, since yi, 42, ys are all solutions to the same third-degree linear
homogeneous differential equation y"” —y"” +4y' — 4y = 0, this means that {y1, y2, y3} is linearly independent,

and therefore is a fundamental solution set.
This means that all solutions are ’ c1€® + c9 cos 2x + c3 sin 2z for any numbers cq, ¢o, c3 ‘ O

11. Ex. 6.1.20: In Problems 19-22, a particular solution and a fundamental solution set are given for a
nonhomogeneous equation and its corresponding homogeneous equation. (a) Find a general solution to the
nonhomogeneous equation. (b) Find the solution that satisfies the specified initial conditions.

wy” —y'=-2  y()=2 YO)=-1 YO=-4 y=2% {lz2%

Solution. (a) We are given that {1, 2,23} is a fundamental solution set to the homogeneous equation, which
means that the general solution to the homogeneous equation is c¢; + cox + c3z3 for any real ci, co,c3.
To get the general solution to the inhomogeneous equation, you add a particular solution to the gen-
eral solution of the homogeneous equation, so the general solution to the inhomogeneous equation is

y(x) =c1 +cox + 631‘3 + 2?2 for any real ci, ca,c3|.
(b) We have:

y(z) = c1 + cox + 32> + 22, Y (x) = co + 3czz? + 2, y"(x) = 6esx + 2.

Substituting in = 1 and using y(1) =2, /(1) = —1, and y"(1) = —4 gives:
2=c+cy+c3+1, —1 =1co+ 3c3 + 2, —4 = 6¢3 + 2.
From —4 = 6¢3 + 2, we get c3 = —1.



From —1 =c9 + 3c3 + 2 we get cg = —3co — 3 = 0.
From 2=c;+co+c3+1wegetcp=—co—c3+1=2.

Therefore, the solution to the initial value problem is . O

12. Ex. 6.1.24: Let Lly| :== y" — zy” + 4y — 3xy, y1(x) = cos2z, and yo(x) := —1/3. Verify that
L{y1])(z) = xcos 2z and Lly](z) = . Then use the superposition principle (linearity) to find a solution to
the differential equation:
(a) Lly] = 7x cos 2z — 3.
(b) L[y] = —6x cos2x + 11z.
Solution.
Ly = o — zy] + 4y} — 3zy1 = (8sin2z) — x(—4 cos 2z) + 4(—2sin 2x) — 3x(cos 2x) = z cos 2z,

)
Llys] =y —xys +4yh —3xys =0—2-04+4-0—3z(—3)

x7
as needed.
(a) Ty1 — 3ya =|7cos2x + 1|solves L]y] = Tx cos 2z — 3.
b) —6y1 + 11ys =| —6cos 2z — & | solves L[y = —6x cos 2z + 11z. O
3
13. Ex. 6.1.28: The set of functions
{1,cosz,sinz,...,cosnx,sinnx},

where n is a positive integer, is linearly independent on every interval (a,b). Prove this in the special case
n =2 and (a,b) = (—o0, 00).

Solution 1. Let y1,...,ys be the functions 1, cos x, sin x, cos 2z, sin 2z that we are to show are linearly inde-
pendent. Then their Wronskian is:

1 cosx sinx cos 2x sin 2x

0 —sinz cosx —2sin2x 2cos2x

0 —cosx —sinx —4cos2x —4sin2z|.

0 sinx —cosx 8sin2x —8cos2x

0 cosz sinx 16cos2x 16sin2x

This will be tedious to compute directly, and we only need to know that the Wronskian is nonzero at a single
point, so we evaluate it at x = 0:

11 0 1 0

001021_01(1]_04(2) -1 -4 0 -1 0 -4
0 -1 0 —4 0| =50 0 TSm0 0 —§-2/0 -1 0
0o 0 -1 0 =8 L 0 16 0 1 16 0 1 0 16
0 1 0 16 O

Row 2 -1 —4 -1 —4

_(_(_8)) ‘ 1 16’ - 2(_1) ‘ 1 16‘
-1 —4
= (=0)| g| = CO(16— (1) = (<6)(~12) = 72
Since the Wronskian is nonzero at at least one point, the functions {y1,...,ys} are linearly independent.
(In fact, the Wronskian is 72 for all z, not just x = 0, but we didn’t need to compute it.) O

Solution 2. Let a,b, c,d, e be numbers for which:
a+bcosx +csinx +dcos2x +esin2z =0

for all real x. If we can show that a =b=--- = e =0, then we will be done.
Plugging in z = 0 and =z = 7 gives:

a+b+d=0, a—b+d=0.

Together, those two equations imply b =0 and a +d =0, so d = —a.
6



Plugging in x = 7 into:

a-+csinx —acos2x +esin2x =0

gives 2a + ¢ = 0, so that ¢ = —2a.

Plugging in x = 7 and z = 3% into:

a—2asinx —acos2z +esin2x =0

gives (1—\/§)a+e =0and (1—\/§)a—e = 0. These two equatons together imply a = e = 0. Thend = —a =
0 and ¢ = —2a = 0. Therefore, all of a, b, ¢, d, e are zero, and this proves that {1, cos z,sin z, cos 2z, sin 2z}
is independent, as needed. O

14. Ex. 6.2.10: In Problems 1-14, find a general solution for the differential equation with x as the inde-
pendent variable.
y/// + 3y// _ 4y/ _ 6y — 0

Solution. The auxiliary polynomial is 23 + 322 — 4z — 6. By the rational roots theorem, the only possible
rational roots of this polynomial are +1, 42, 43, and +6. We use synthetic division to test which of these
numbers are actually roots:

1 3 -4 —6 1 3 —4 -6
1 4 0 -1 -2 6
1 14 0 -6 -1 1 2 -6 0
Therefore, z = —1 is a root of the auxiliary polynomial, and the polynomial factors as x> + 322 — 4z — 6 =

(x + 1)(2® 4+ 2z — 6). From the quadratic formula, the roots of 2 + 2x — 6 are:

24 /22 4. 1(— _
5 (=6) _ 2i2m:—1i\ﬁ.

Therefore, the three roots of the auxiliary polynomial are —1, —14+1/7, and —1—+/7. Therefore, the general

solution to the differential equation is|cie™ + cze(_H*ﬁ)x + 036(_1_*ﬁ)£ for any numbers c1, co, c3 | O

15. Ex. 6.2.18: In Problems 15-18, find a general solution to the given homogeneous equation.
(D—1)3(D—2)(D*+ D+ 1)(D*+ 6D+ 10)3[y] =0

Solution. The question is asking to solve the differential equation whose auxiliary polynomial factors as:
(x —1)3(x — 2)(2® + = + 1) (2 + 62 + 10)> = 0.

From the quadratic formula, the roots of 22 + = + 1 are:

—1+V12—-4-1-1 1 V3,
=——+ —j.
2 2 2
The roots of 22 + 6x + 10 are:
—6+v62—-4-1-10 —64++/—4 )
= = —-3+1.

2 2

Therefore, the roots of the auxiliary polynomial are, with multiplicity, 1, 1, 1, 2, —% + @z’, -3+, -3 L1,
—3 £ 4. Therefore, the general solution to the differential equation is:

y(z) = 16" + coxe” + c3x?e” + cge®® + 656_””/2 cos(@x) + cﬁe_’”/2 sin(@x) + cre 3 cos
3 3 ]

3 3 3 % sinz,

+ cge 3T sinx + core 3T cos z + crpre ST sing + cp1x2e 3 cosx + craxle”

for any numbers ¢y, ..., c12.

16. Ex. 6.2.20: In Problems 19-21, solve the given initial value problem.
y'+ Ty + 14y +8y=0; y(0)=1, Y (0)=-3,  y'(0)=13
7



Solution. The auxiliary polynomial is z3 4+ 7x? + 14z 4+ 8. By the rational roots theorem, the only possible
rational roots of this polynomial are +1, +2, +4, and +8. We use synthetic division to test which of these
numbers are actually roots:

1 7 14 8 1 7 14 8
1 8 22 -1 -6 -8
1 1 8 22 30 -1 1 6 8 0
Therefore, z = —1 is a root of the auxiliary polynomial, and the polynomial factors as 2% + 72? + 14z + 8 =
(x4 1)(2? 4+ 62 +8) = (v + 1)(x + 2)(x + 4). The roots of the auxiliary polynomial are therefore, —1, —2,
and —4. The general solution is therefore: y(z) = cie™ + coe 2% + cze 42,
Then:
Y () = —cre™® — 2c9e 2 — dege™ y'(x) = cre”™ + dege™ % + 16c3e 2%,
Plugging in = 0 and using y(0) = 1, ¥/(0) = —3, and 3" (0) = 13 gives:
c1+co+cez3=1, —c1 — 2¢9 — 4c3 = -3, c1 + 4co 4 16¢3 = 13.
We solve this system for ci, c2, cs using Gauss-Jordan elimination:
1111RRR1111RR1111RRR1111
—1 -2 —4 —3| 2Z=EEhL g 1 -3 2l 1 3 2] BP0 132
14161333”3&03151R3H330154 00 2 2
R3_>1R31111RRR1100RRR1001
— 250001 3 2f 22EEL 001 0 -1 2R 001 0 —1 .
00 1 1| %2R g o9 1 1 001 1
Therefore, ¢; =1, cg = —1, and ¢3 = 1. So y(z) = ’e*z e 4 ‘ O
17. Ex. 6.2.25: Show that the m functions e xe"™, ..., a™ "™ are linearly independent on (—oo,00).
[Hint: Show that these functions are linearly independent if and only if 1,x,..., 2™ " are linearly indepen-
dent.]
Solution. Pick any positive integer m. Pick m numbers ¢y, . .., ¢p—1 for which:

co€™ + crze™ 4 4 ez e =0

for all x in (—o00,00). Then multiplying by e™"* shows that:
co+crt - emoz™ =0

for all x in (—o0, 00). This is a polynomial in z, so if any of cg, ..., ¢;—1 Were nonzero, then the fundamental
theorem of algebra would say that the equation

co+cz+ -4 emo1z™ =0
would have at most m — 1 zeroes. But we are assuming that
cot+cart-demr™ =0

for all z, so the polynomial has infinitely many roots. Therefore, all of cg,...,¢n_1 are zero, and this is
exactly what it means for €™ xe™ ... 2™ 1e™ to be linearly independent on (—o0,c0). O



