Math 126, Springer 2010, F.Rezakhanlou

Your Name:

1. (a) (2 points) State the mean value property for harmonic functions.
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(b)(5 points) State and prove the strong form of maximum principle for harmonic

functions.
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{c) (5 points) State and prove uniqueness for the Neumann boundary problem for the 1
PDE Awu = f in a bounded domain D. g;\?‘pi’s N \ Awe = £ 9_& o Vob,
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2. (a) (4 points) What is the definition of Green’s function of a bounded domain? Prove
that the Green’s function of a bounded domain is unique.
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(b}{6 points) What is the Green's function of the upper half plane {(z,y) : y > 0}7?

Derive a formula for a harmonic function in the upper half plane with a prescribed

boundary condition. i >0
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3. (6 points) Solve 2uy + Bug + 2ug, = 0,
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4. (2 points) Suppose that u is a solution to uy = u,,. Suppose that the support of u
initially is contained in the intervals [~2,—1] and [1,2]. That is, w{z,0) = 0 if either
z<-2,or=1<z<lorz>1 Whatcan be said about the support of u at later

times? Explain your answer.




5. (5 points) (a) Find a series expansion for u; = uy, + 2u in the interval [0,1] with

boundery conditions u(0,¢) = u(1,f) =0. — . —
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(b) (2 points) Let u be a solution to u, = (u®)s and u(z,t) = 0 for large z and
t € [0,1]. Show that [ u(z,t)dz is non-increasing in ¢ for t < 1.
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