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ABSTRACT. In this article, we prove that a small random perturbation of dynamical system
with multiple stable equilibria converges to a Markov chain whose states are neighborhoods
of the deepest stable equilibria, under a suitable time-rescaling, provided that the perturbed
dynamics is reversible in time. Such a result has been anticipated from 1970s, when the
foundation of mathematical treatment for this problem has been established by Freidlin and
Wentzell but the process level convergence remains open for a long time. We solve this
problem by reducing the entire analysis to an investigation of the solution of an associated
Poisson equation, and furthermore provide a method to carry out this analysis by using

well-known test functions in a novel manner.

1. INTRODUCTION

Dynamical systems that are perturbed by small random noises are known to exhibit
metastable behavior. There have been numerous progresses in the last two decades on the
rigorous verification of metastability for a class of models that are collectively known as
Small Random Perturbation of Dynamical System (SRPDS). In this introductory section,
we briefly review some of the existing results on SRPDS, and describe the main contribution
of this article. We refer to a classical monograph [18] and a recent monograph [12] for the
comprehensive discussion on the metastable behavior of the SRPDS.

1.1. Small random perturbation of dynamical systems: historical review. Consider

a dynamical system given by the ordinary differential equation in R?
dx(t) = b(x(t))dt , (1.1)

where b : R — R? is a smooth vector field. Suppose that this dynamical system owns
multiple stable equilibria as illustrated in Figure 1.1, and consider the random dynamical
system obtained by perturbing (1.1) with a small Brownian noise. Such a random dynamical
system is defined by a stochastic differential equation of the form

dx.(t) = b(z(t))dt + V2edw, ; t >0, (1.2)

where (w; : ¢ > 0) is the standard d-dimensional Brownian motion, and € > 0 is a small

positive parameter representing the magnitude of the noise. Suppose now that the diffusion
1
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N
FIGURE 1.1. The flow chart of the dynamical systems da(t) = —b(x(t))dt
with three stable equilibria. There are four unstable equilibria as well.

process x.(t) starts from a neighborhood of a stable equilibrium of the unperturbed dy-
namics (1.1). Then, because of the small random noise, one can expect that the perturbed
dynamics (1.2) exhibits a rare transition from this starting neighborhood to another one
around different stable equilibrium. This is a typical metastable or tunneling transition and
its quantitative analysis was originated from Freidlin and Wentzell [18, 19, 20]. However,
beyond the large-deviation type estimate that was obtained by Freidlin and Wentzell (ex-
plained below), not much is known about the precise nature of the metastable behavior of
the model (1.2), unless the drift b is a gradient vector field. For instance, we do not know of
any sharp asymptotic for the expectation of the metastable transition time.

1.2. Small random perturbation of dynamical systems: gradient model. Suppose
that the vector field b in (1.2) can be expressed as b = —VU, for a smooth potential function
U :R? — R. In other words, the stochastic differential equation (1.2) is of the form

dx.(t) = —=VU (z(t))dt + V2edw, ; t > 0. (1.3)

In particular, if the function U(-) has several local minima as illustrated in Figure 1.1, then
the dynamical system associated with the unperturbed equation dx(t) = —VU (x(t))dt, has
multiple stable equilibria, and hence the diffusion process (x.(t) : ¢ > 0) is destined to exhibit
a metastable behavior.

In order to explain some of the classical results obtained in [18, 19] by Freidlin and Wentzell
in its simplest form, let us assume that U is a double-well potential. That is, the function U
has exactly two local minima 1, and m., and a saddle point o between them, as illustrated
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FIGURE 1.2. Potential U with two global minima m; and my (left) and mul-
tiple global minima (right).

in Figure 1.2-(left). For such a choice of U, the diffusion ., wanders mostly in one of the
two potential wells surrounding m, and my,, and occasionally makes transitions from one
well to the other. To understand the metastable nature of @, qualitatively, we analyze the
asymptotic behavior of the transition time of @, between the two potential wells. Writing 7.
for the time that it takes for a.() to reach a small ball around ms, we wish to estimate the
mean transition time Ef, [7], where Ef denotes the expectation with respect to the law of
x(t) starting from m;. Freidlin and Wentzell in [18, 19] establishes a large-deviation type
estimate of the form

Ulo) —U(m,)

€

logE;, [7] ~ ase€— 0. (1.4)

For the precise metastable behavior of x., we need to go beyond (1.4) and evaluate the low

U(U)—U(ml)}.

€

€ limit of

S, [7e] exp {—

This was achieved by Bovier et. al. in [10] by verifying a classical conjecture of Eyring [17]
and Kramers [29]. By developing a robust methodology which is now known as the potential

theoretic approach, Bovier et. al. derive an Eyring-Kramers type formula in the form

. 2m | —det(V2U)(o) Ulo) —U(m,)
ES,, [7e] ~ N J 3ot (V20 () exp{ - } ase— 0, (1.5)

provided that the Hessians of U at m;, ms, and o are non-degenerate, (V2U)(o) has a
unique negative eigenvalue —\,, and some additional technical assumptions on U (corre-
sponding to (2.1) and (2.2) of the current paper) are valid. It is also verified in the same
work that 7./Ef, [7] converges to the mean-one exponential random variable. Similar for-

mulas can be derived when U has multiple local minima as in Figure 1.2 (right).

1.3. Main result. We starts with an informal explanation of our main result when U is
a double-well potential with U(m,) = U(ms). Heuristically speaking, the process starting
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from a neighborhood of m; makes a transition to that of my after an exponentially long
time, as suggested by (1.4). After spending another exponentially long time, the process
makes a transition back to the neighborhood of m;. These tunneling-type transitions take
place repeatedly and may be explained in terms of a Markov chain among two valleys around
m, and my. More generally, if U has several global minima as in Figure 1.2 (right), then
the successive inter-valley dynamics seems to be approximated by a Markov chain whose
states are the deepest valleys of U. In spite of the appeal of the above heuristic description,
and its consistency with (1.4), its rigorous verification for our process (1.3) was not known
before. In the main result of the current paper (Theorem 2.4), we show that after a rescaling
of time, a finite state Markov chain governs the inner-valley dynamics of ..

1.4. Methodology. The most natural way to describe the inter-valley dynamics of metastable
random processes is the reduction of the model to a continuous time Markov process (cf.
[2, 3, 14]). Namely, we try to demonstrate that a suitable scaling limit of the metastable
random processes are governed by finite state Markov chains whose jump rates are evaluated
with the aid of Eyring-Kramers type formulas.

Recently, there have been numerous active researches toward this direction, especially
when the underlying metastable process lives in a discrete space. Beltran and Landim in [2, 3]
provide a general framework, known as the martingale approach to obtain the scaling limit
of metastable Markov chains. This method is quite robust and has been applied to a wide
scope of metastable processes including the condensing zero-range processes [1, 4, 31, 50],
the condensing simple inclusion processes [7, 23, 28], the random walks in potential fields
[37, 38], and the Potts models [27, 39, 47].

The method of Beltran and Landim relies on a careful analysis of the so-called trace
process. A trace process is obtained from the original process by turning off the clock when
the process is not in a suitable neighborhood of a stable equilibrium. However, as Landim
pointed out in [32], it is not clear how to apply this methodology when the underlying
metastable process is a diffusion. In this paper, instead of modifying the approach outlined
in [2, 3], we appeal to an entirely new method that is a refinement of a scheme that was
utilized in [16, 49].

We establish the metastable behavior of our diffusion @. by analyzing the solutions of
certain classes of Poisson equations related to its infinitesimal generator. Theorem 4.1 is
the main step of our approach and will play an essential role in the proof of our main
result Theorem 2.4. The proof of Theorem 4.1 is to some extent model-dependent, though
the deduction of the main result from this Theorem is robust and applicable to many other
examples. For instance, the method originally developed in this article is successfully applied
to various models, e.g., the special case of general dynamics defined by (1.2) in [12] and the
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critical zero-range processes in [34]. Furthermore, the method is even more developed in

[35]-

We remark that both the martingale approach and the approach developed in the current

article concern on the process level convergence in the model reduction via Markov process.

For the other senses of convergence, we refer to [14, 15] for the approach based on the quasi-
stationary distribution, and for [18] for the convergence in the sense of finite dimensional
marginals.

1.5. Non-gradient model. As we mentioned earlier, except for the exponential estimate
similar to (1.4), the analog of (1.5) is not known for the general case (1.2). Even for (1.4),
the term U(o) — U(m,) on the right-hand side is replaced with the so-called quasi-potential
V(e;my). For the sake of comparison, let us describe three simplifying features of the

diffusion (1.3) that play essential roles in our work:

e The quasi-potential function governing the rare behaviors of the process (1.3) is given
by U. In general, the quasi-potential V' is given by a variational principle in a suitable
function space. For the metastability questions, we need to study the regularity of
this quasi-potential that in general is a very delicate issue.

e The diffusion . of the equation (1.3) admits an invariant measure with a density of
the form Z'exp {—U/e}. For the general case, no explicit formula for the invariant
measure is expected. The invariant measure density is specified as the unique solution
of an elliptic PDE associated with the adjoint of the generator of (1.2).

e The diffusion @, of the equation (1.3) is reversible with respect to its invariant mea-
sure. This is no longer the case for non-gradient models.

The main tool for proving the Eyring-Kramers formula for the gradient model (1.2) in [10] is
the potential theory associated with reversible processes. Of course the special form of the
invariant measure is also critically used, and hence its extension to general case requires non-
trivial additional work. Recently, in [36] a potential theory for non-reversible processes is
obtained, and accordingly the Eyring-Kramers formula is extended to a class of non-reversible
diffusions with Gibbsian invariant measures. Moreover, in [11], the Eyring-Kramers formula
for the non-gradient model (1.2) when b can be written as b = VU + £ where £ : RY — R?
is a smooth vector field orthogonal to VU and divergence-free, i.e., V - £ = 0. These results
offers a meaningful advance to the general case.

The current work can be regarded as an entirely new alternative approach to the general
case. Comparing to previous approaches, the main difference of ours is the fact that we
do not rely on potential theory, especially the estimation of the capacity. Hence our ap-
proach does not rely on the reversibility of the process x.. Keeping in mind that one of
main challenge of the non-reversible case is the estimation of the capacity between valleys,
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the methodology adopted in the current paper appears to be well-suited for treating non-
reversible models. This possibility is partially verified in [10] by Landim and an author of
the current paper. In this work, the scaling limit for the diffusion . of the equation (1.2) on
a circle is obtained. It is worth mentioning that in the case of a circle, many simplifications
and explicit computations are available. Nonetheless, the results of [10] demonstrates that
the Eyring-Kramers formula as well as the limiting Markov chain are very different from the

reversible case, and many peculiar features are observed.

1.6. Related works. We end the introduction with an overview of related works. As was
already explored in Bovier et al. [11], the the mean transition time E°r, starting from a local
minimum is related to the exponentially small eigenvalues of the infinitesimal generator L.
of the diffusion x.. In particular the reciprocal of the right-hand of (1.5) should serve as an
asymptotic representation of the spectral gap of the operator £.. This suggests a Poincaré
inequality for the operator £, with a constant that can be expressed by an Eyring-Kramers
formula. Such an inequality has been successfully employed by Menz and Schlichting in
[15]. More importantly, the corresponding logarithmic Sobolev inequality is also valid as has
been shown in the same paper [15]. In this context we also point to the work of Miclo [10]
dealing with similar functional inequalities and sharp asymptotic in the small noise regime.
The connection between the small eigenvalues of L. to those of the corresponding Witten
Laplacian has been explored to derive various refinements of Eyring-Kramers formula (see
for example [24, 25, 26]). In particular, the reference Helffer et al. [24] offers a self-contained
proof of the Eyring-Kramers formula for all the small eigenvalues of £.. Furthermore, the
associated eigenfunctions can be used to build local quasi stationary measures as have been

extensively studied by De Gesu et al. in [I5]. Most notably, a precise asymptotic analysis
of the eigenfunctions in [15] leads to an exact asymptotic for the law of x.(7) (See also [11]
for an overview). The expository article [5] gives a general overview on the semiclassical

analytical treatments of the Eyring-Kramers formula and WKB type asymptotic. We also
refer to Berglund et al. [(] where an infinite-dimensional Eyring-Kramers type formula has
been derived for the stochastic Allen-Cahn equation using potential theoretical techniques.
More recently, Brooks and Di Gesu [13] proves such an Eyring-Kramers formula for the
spectral gap without using capacities. Finally Lelievre et al. [13] rigorously justify that a
Markov jump process with transition rates computed with the Eyring-Kramers formula can
be used to model the exit event from a metastable valley for the process ..

2. MODEL AND MAIN RESULT

Our main interest in this paper is the metastable behavior of the diffusion process (1.3)
when the potential function U has multiple global minima. In Section 2.1, we explain basic
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FIGURE 2.1. Shadow area represents 2. For this case S = {1, 2, 3, 4, 5},
8 — {0-17 02, 03, 04, 0-5}7 and Ml = {m17 m2}-

assumptions on U and the geometric structure of its graph related to the metastable valleys
and saddle points between them. In Section 2.2 some elementary results about the invariant
measure of the process (1.3) is recalled. Finally, in Section 2.3 we describe the main result of
the paper, which is a convergence theorem for the metastable process (1.3). We remark that
the presentation and the result in the current section are similar to a discrete counterpart
model considered in [37], though our proof of the main result is entirely different from the
one that is presented therein.

2.1. Potential function and its landscape. We shall consider the potential function
U : R? — R that belongs to C?(R?), satisfying the growth condition

m M:oo, (2.1)

z]—oo ||

and the tightness condition
/ e V@/edy < Cue™c foralla € Rand € € (0, 1], (2.2)
{z:U(x)>a}

where C,, a € R, is a constant that depends on a, but not on e. These two conditions are
required to confine the process x.(t) in a compact region with high probability.

The metastable behavior of our model critically depends on the graphical structures of the
level sets of the potential function U. To guarantee the occurrence of a metastable behavior
of the type we have described in Section 1, we need to make some standard assumptions on
U. We refer to Figure 2.1 for the visualization of some the notations that appear in the rest
of the current section.
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2.1.1. Structure of the metastable wells. Fix H € R and let S = {01, 02, -+, o} be the
set of saddle points of U with height H, i.e.,
Ulo1)=U(os)=---=Ulor)=H .
Denote by Wy, - -+, Wy the connected components of the set
Q={x:U(x)< H}. (2.3)
Let us write S = {1, 2, ---, K}. By the growth condition (2.1), all the sets W;, i € S,

are bounded. We assume that Q = U;cgW; is a connected set, where A represents the
topological closure of the set 4 C R

Let h;, 7 € S, be the minimum of the function U in the well W;. We regard H — h; as the
depth of the well W;. Define

h = min h; (2.4)
€S
and let
S,={ieS:h;=h}CS. (2.5)

Note that the collection {W; : i € S,} represents the set of deepest wells. The purpose of the
current article is to describe the metastable behavior of the diffusion process x.(t) among

these deepest wells. For a non-trivial result, we assume that |S,| > 2.

Remark 2.1. When the set  is not connected, we can still apply our result to each connected
component to get the metastability among the neighborhood of this component. In order to
deduce the global result instead, one must find a larger H to unify the connected components.
Because of this, our assumptions are quite general. For the details for such a multi-scale
analysis, we refer to [37, 12].

Remark 2.2. If the set € is not connected and if we select one of its connected components,
then h may not be the global minimum of U and the sets {W; : i € S,} may not be the
deepest wells in the landscape of U. Hence, the method presented in the current article can
be applied to the inter-valley dynamics between shallow wells as well. We refer to [12] for

more detail.

2.1.2. Assumptions on the critical points of U. For ¢ € S, define
MZ':{mGWiIU(m) :hi}

which represents the set of minima of U in the set W;. We assume that M; is a finite set
for all 2 € S. Define
MZUMi and M, = UMi, (2.6)

€S 1ESK
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so that the set M, denotes the set of global minima of U. We assume that those critical
points of U that belong to M, US are non-degenerate, i.e., the Hessian of U is invertible at
each point of M, US. Furthermore, we assume that the Hessian (V2U)(o) has one negative
eigenvalue and (d — 1) positive eigenvalues for all o € S. These assumptions are standard
in the study of metastability (cf. [10, 36, 37, 38]). In particular, they are satisfied if the
function U is a Morse function .

2.1.3. Metastable valleys. Fix a small constant a > 0 such that there is no critical point ¢ of
U satistying U(c) € [H — a, H). For i € S, denote by W? the unique connected component
of the level set {x : U(x) < H — a} which is a subset of W,;. We write B(x, r) for the ball
of radius r > 0 centered at € R?, i.e.,

Blx,r)={ycR: |z —y|<r}. (2.7)

Pick r{ and ry with 0 < g < r{. Assume that r{ is small enough so that the ball B(m, ()
does not contain any critical points of U other than m, and B(m, r{) C U;cg WY for all
m € M. For i € S, the metastable valley corresponding to the well W; is defined by

meM;

For our purposes, we need to consider a larger valley

Vi= |J B(m,rp). (2.9)
meM;
Finally, we write
Vi= U Vi, and A=R\V, . (2.10)
i€S.

2.2. Invariant measure. The generator corresponding to the diffusion process x.(t) of the
equation (1.3), can be written as

Lo=eA-VU -V =ec/@/y. [eV@/y]
From this, it is not hard to show that the invariant measure for the process x.(-) is given by
pe(dx) = Z7e V@ de .= p(x) de (2.11)
where Z, is the partition function defined by

Z, = e V@ edey < 0o .
Rd

Notice that Z, is finite because of (2.2). Define

1
v = fori € Sy and v, = vj . (2.12)
m%;i det(V2U)(m) jgs:* !
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We state some asymptotic results for the partition function Z, and the invariant measure
te(+). We write o.(1) for a term that vanishes as € — 0.

Proposition 2.3. It holds that

Ze=(1+0.(1)) (2me)¥2 e e, (2.13)
p(Vi) = (1+ 06(1))51' forie S, (2.14)
p(V) = (1+ oe(1>>”i fories, (2.15)
pe(A) = 0.(1) . (2.16)

Proof. By Laplace’s method, we can deduce that, for i € S,
0eV3) = 27 (14 0,(1)) (2me) 2 ey (2.17)
pV) = 271 (1+ 0,(1)) (2me) /2 ey (2.18)
On the other hand, by (2.2), we have
pe(A) =22

€

Loc(1) eV e=/e (2.19)
Now, (2.13) follows from (2.17) and (2.19) because
1= :ue(A) + Z ,ue(vi) :
1€S,
Moreoever, (2.14), (2.15) and (2.16) are obtained by inserting (2.13) into (2.17), (2.18), and
(2.19), respectively. O

2.3. Main result. The metastable behavior of the process x.(t) is a consequence of its
convergence to a Markov chain y(¢) on S, in a proper sense, as is explained in Section 2.3.3
below. The Markov chain y(¢) is defined in Section 2.3.2, based on an auxiliary Markov
chain x(¢) on S that is introduced below.

2.3.1. Markov chain x(t) on S. For a saddle point o € S, we write —\, for the unique

negative eigenvalue of the Hessian (V2U)(o), and define
Ao
We = .
27,/ det(V2U) (o)
For distinct 7, j € S, let S; ; be the set of saddle points between wells W; and W; in the
sense that

SZ’J‘:Wiij CcS.
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Define

wiyj: Z Wy -

O'ESi,j
For convenience, we set w; ; = 0 for all ¢ € S. For ¢ € S, we define
wi =Y w;; and p(i) = wi/(D wj) .
jes jes

We have w; > 0 since the set Q is connected by our assumption. Denote by {x(t) : ¢t > 0}
the continuous time Markov chain on S whose jump rate from ¢ € S to 5 € S is given
by w; j/u(i). For i € S, denote by P; the law of the Markov chain x(¢) starting from i.
Notice that this Markov chain is reversible with respect to the probability measure p(-).
The generator Ly corresponding to the chain x(¢) can be written as,

(Lef)(i) = 3 “EL [£(5) — £()] 5 i€ S,
jes N(Z)
for f € R®. Define, for f, g € R,
Du(t. ) = X n(i) E()(~Lxg) 1) = = 3w f0) 0] 86) — 8] - (220)

Then, Dy (f, f) represents the Dirichlet form associated with the chain x(t).

Now we define the equilibrium potential and the capacity corresponding to the chain x(t).
For A C S, denote by H, the hitting time of the set A, i.e., Hy = inf{t > 0: x(t) € A}.
For two non-empty disjoint subsets A and B of S, define a function hy 5 : S — [0, 1] by

hA’B(Z) = PI(HA < HB) . (221)

The function hy p is called the equilibrium potential between two sets A and B with respect
to the Markov chain x(t). One of the notable fact about the equilibrium potential is that,
h, p can be characterized as the unique solution of the following equation:

(Lxhy p)(i) =0 forallie (AU B)°,
hy g(a) =1 foralla € A, (2.22)
hy (b)) =0 forallbe B .

The capacity between these two sets A and B is now defined as
capy(A, B) = Dx(hy B, ha p) .

2.3.2. Markov chain y(t) on S,. For distinct i, j € S,, define

Bij = ; [cap, ({1}, Se \{i}) + cap ({7}, Sc \ {j}) — cap({i, j}, S\ {s, 7})] (223
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and set 3; ; = 0 for all i € S,. Note that 5, ; = 5, ; for all 4, j € S. Recall v; from (2.12) and
let {y(t) : t > 0} be a continuous time Markov chain on S, whose jump rate from ¢ € S, to
J € S, is given by ; ;/v;. Denote by Q;, i € S,, the law of Markov chain y(¢) starting from
1. Notice that the probability measure p, on S, defined by

(i) = 2 forie S, (2.24)

*

is the invariant measure for the Markov chain y(t). For f € RS, the generator Ly corre-
sponding to the Markov chain y(#) is given by

(L)) = 3 Do (6(j) —£(i)) :ies,.

jes, Vi

Similar to (2.20), we define, for f, g € R,

Vigr. : ,
Dy(f, 8) = > —£(i)(~Lyg)(i 2 > Bii[£G) —£()] [8() — 8(0)] -
ies Vx Vi ,JESK
We acknowledge here that a similar construction has been carried out in [18] at which a sharp

asymptotics of the low-lying spectra of the metastable diffusions on o-compact Riemannian
manifold has been carried out for special form of the potential function U.

2.3.3. Main result. It is anticipated from (1.5) that the time scale corresponding to the

metastable transition is given by
g, = eH-N/e (2.25)

Define the rescaled process {Z.(t) : t > 0} as of x(t)

Z(t) = x(6ct) .
We now define the trace process y*(t) of () inside V,. To this end, define the total time
spent by (Z(s) : s € [0,¢]) in the valley V, as

0= [ @i 120,

where the function y 4 : R? — {0, 1} represents the characteristic function of A C RY. Then,
define
S(t)y=sup{s>0:T(s) <t} ; t>0, (2.26)

which is the generalized inverse of the increasing function 7¢(-). Finally, the trace process
of &.(t) in the set V, is defined by

Y (t) =z(5(t)) ;1 =0. (2.27)
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One can readily verify that y_(t) € V, for all £ > 0. Define a projection function ¥ : V, — S,
by
W)= Y i (). (2.29)

1€S,
Since y,.(t) is always in the set V,, the following process is well-defined:

Ye(t) = ¥(y.(t) ; £=0. (2.29)

The process y.(t) represents the index of the valley in which the process y, (t) is residing.
Denote by P< and P< the law of processes @.(+) and Z.(-) starting from = € R?, respectively,
and denote by E{ and ]E; the corresponding expectations. For & € V,, denote by QS the
law of process y(-) when the underlying diffusion process x.(t) follows P, i.e.,

Q=P o0 !,

For any Borel probability measure 7 on V,, we denote by P¢ the law of process x.(-) with
initial distribution . Then, define P, ES, ES, and QS similarly as above. We are now ready

to state the main result of this article:

Theorem 2.4. For all i € S, and for any sequence of Borel probability measures (m¢)eso
concentrated on V;, the sequence of probability laws (Qg, )eso converges to Q;, the law of the
Markov process (y(t))i>o starting from i, as € tends to 0.

We finish this section by explaining the organization of the rest of the paper. In Section
3, we construct a class of test functions which are useful in some of the computations we
carry out in Section 4. In Section 4, we analyze a Poisson equation that will play a crucial
role in the proof of both the tightness in Section 5, and the uniqueness of the limit point
in Section 6. These two ingredients complete the proof of the convergence result stated in

Theorem 2.4, as we will demonstrate in Section 6.

3. TEST FUNCTIONS

The purpose of the current section is to construct some test functions. We acknowledge
that these functions are not new; similar functions have already been used in [9] and [30]
in order to obtain sharp estimates on the capacity associated with pairs of valleys. Hence
we refer to those papers for some proofs. We also remark here that the way we utilize these
test functions will be entirely different from how they are used in [9] and [36]. We use these
functions to estimate the value of a solution of our Poisson Problem in each valley (see
Theorem 4.1).

3.1. Neighborhoods of saddle points. We now introduce some subsets of R? related
to the inter-valley structure of U. For each saddle point o € S, denote by —AJ the
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U(x) = H + J25

Ulx)=H N
Wy We o8 B Wi
80 SN
0_C§ —> {
/ Pt : 8(]82.

FIGURE 3.1. Visualization of a neighborhood of o € & 1.

unique negative eigenvalue of (V2U)(o), and by A, --- A\ the positive eigenvalues of
(V2U)(o). We choose unit eigenvectors v9,...vJ of (V2U)(o) corresponding to the eigen-

values —AJ, A, ..., Ag.

Remark 3.1. Some care is needed as we select the direction of v{. If o € §; ; for some
1 < 7, we choose v{ to be directed toward the valley WW;. Formally stating, we assume that
o + av{ € W, for all sufficiently small o > 0.

We define

d =d(e) = /elog(1/e) . (3.1)

A closed box C; around the saddle point o is defined by

CS = {a%—iai'v‘-’ foy € l_Jé, (]5] and o; € l—w, Ljé

7 = VAT VAT VAT VAT

where J is a constant which is larger than 2Y/2 (cf. (4.26)). We refer to Figure 3.1 for the
illustration of the sets defined in this subsection.

1 f0r2§i§d},

Notation 3.2. We summarize the notations used in the remaining of the paper. We regard J
as a constant so that the terms like o.(1), O(6?) may depend on J as well. All the constants
without subscript or superscript € are independent of ¢ (and hence of d) but may depend
on J or the function U. Constants are usually denoted by ¢ or C' and different appearances
may take different values.
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Decompose the boundary 9C§ into

0.CE = a+zd:oz-v"666'a— Jo
+Yo — P 1Yq o 1—\/W )

0 Cg—{a—l—zd:a-'vc’ece e ——J—é
Lo gt A o Y1 /_)‘Y

The following is a direct consequence of a Taylor expansion of U around ¢, since U(o) = H.

} , and 9,CS = 0C7 \ (0,C5 UD_C) .

Lemma 3.3. For all x € 0,C., we have that

3.J%5°
U(x)>H+(1+o0(l) —.
Proof. This follows from the Taylor expansion of U at o (see [30, Lemma 6.1]). O

Now we define
Ho={xecR": U(w) < H+J%}
and let B = C5 NHe for o € S. Decompose the boundary 0B as
0. BS = 0B, No,C,, 0_-B5 =0B, NO_C; , and 0B = 0B, \ (0B UI_BS). (3.2)
Then, by Lemma 3.3, for small enough €, we have

U(z) = H + J?6* for all = € 9,87 . (3.3)

Thus, the set H \ Uyes B consists of K connected components Wy, ---, Wi such that
Vi C Wr for all i € S. Furthermore, if o € S; ; with ¢ < j, then by Remark 3.1 we have that

0_B, C oW and 0,85 C OWS . (3.4)

We shall assume from now on that € > 0 is small enough so that the construction above is

in force.

3.2. Test function and basic estimates. For o0 € S, define a normalizing constant c¢Z by

I5/\ N7 [\ 7
o = / VY 2L exp {—1t2} dt =1+ o0.(1), (3.5)
~J8/\ /A7 \ 2me 2e

and define a function fS(-) on B by,

(x—0o)-v] o p\4
o o\—1 1 1,42 €
= \[ 7 ——t" 5 dt ; B . 3.6
1e (@) = () /Jg/ﬁ 2me exp{ 2¢ } » ®E Py (36)

By (3.5) we have
0 ifxeo B
fe (@) = { : (3.7)
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We next investigate two basic properties of f7 in Lemmas 3.4 and 3.5 below. The statement
and the proof of the first lemma is similar to those of [30, Lemma 8.7] (in terms of the
notations of [36], our model corresponding to the special case M = I, where I denotes the
identity matrix). Since the proof is much simpler for our specific case, and some of the
computations carried out below will be useful later, we give the full proof of this lemma.

Lemma 3.4. For all o € S, we have that

0o [ (L) @) el do = 0.(1) (33)

€
o)

Proof. To ease the notation, we may assume that o = 0. For x € CS, write «; 1= ay(x) =

x - v? so that £ = 2%, oyv?. By elementary computations, we can write

1 il —ia o g
(L) @) = = 5\ 5pe® * (VU (@) + M=) -] (3.9)
By the Taylor expansion of VU around o, we have
d
VU(z) + Nz = (VU) (o) x + O(0%) + X[z =D ()i + aihi) 0] + O(6%) . (3.10)
=2

Since v{ - v7 =0 for 2 < i < d, we conclude from (3.9) and (3.10) that

)

2¢
Therefore, the left-hand side of (3.8) is bounded above by

1 1/2)X7a?
O<52)966—§Z€—1/C exp{—U(x)+< / )Alal}dw

€

(L.47)(@) = O) e exp {—“’ai} | (3.11)

1 d
= 0(6%) 6. 6_%Z€_16_% /CE exp {—26 > )\gaf} dx , (3.12)

o 1=2

where the identity follows from the second-order Taylor expansion of U around o and the
fact that O(6°/¢) = o.(1). By the change of variables, the last integral can be bounded as

2J5  2J8/\/A3 2J6/4/A9 1 4
\/_2 \/_dexp ——Z)\fa? dog - - - day
VAT J-215/\/53 —2J6/7/2 2¢

i=2
i1 2J6 [>® 0 1 & d—1
S(—:T—U/ / exp{— )x‘i’y?}dyg-~-dyd:Ce26.
\ )\1 — 0o —00 2 'L:ZQ
Inserting this into (3.12) finishes the proof. O

Lemma 3.5. For all o € S, we have

x /Bg IV £7 (@) 2 (@)da = (14 0.(1)) v w,
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Proof. See [36, Lemma 8.4]. O

For q = (q(i) : i € S) € RY, we now define a test function F4 : RY — R. This test
function is used in Sections 4 and 5. In particular, in Section 4, the vector q may depend
on €. For this reason, we will keep track of the dependence of the constants on q in the
inequalities that appear in this section.

We start by defining a real-valued function ﬁeq on H¢. This function is defined by

~ i ifeeWs, ies,
Fa(g) = {90 ‘ (3.13)
q(t) + (q(j) —a(®)f7(x) fxeBS, oS, ;withi<j.
By (3.7), the function F9 is continuous on H¢. Evidently,

1ES] 22y < llalloe := max{|q(3)] : i € S} (3.14)
Furthermore, since ||V f7]| < C'e /2, we deduce that the function F/9 satisfies

IV ES | oo ey < C e max{|q(i) —a(j)| : 4, j € S} < Ce V?[Dy(q, @)]* . (3.15)

Here we stress that the constant C' is independent of q.

Let K be a compact set containing H¢ for all € € (0, 2]. For instance, one can select
K = H* for any a > 2. Then, for € € (0, 1], by (3.14) and (3.15), there exists a continuous
extension F9: R? — R of F4 satisfying

supp F2 C K, HFeq“LOO(Rd) < [lafle ,and ||VFeq||L°°(]Rd) < OE_I/Q[Dx(qa Q)]1/2 . (3.16)

Suppose from now on that € is not larger than 1 so that we can define F9 satisfying (3.16).
Note that the Dirichlet form Z(-) corresponding to the process x(t) is given by

2.F) = [ IV @Ph(@)dz 5 f e Hby(RY). (3.17)

Lemma 3.6. For allq = (q(i) : i € S) € RE, we have that

O Ze(FE) = (1+ 0.(1)) v, ' Dx(q, q) -

Proof. 1t is immediate from Lemma 3.5 that
bcc [ IVFS@)Pic(@)de = (1+ 0.(1) v, Dx(a, a) -
He
Thus, it suffices to show that

0, /(HE)C VE9(z) 2 (x)dz = 0.(1) Dx(q, q) - (3.18)
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Since VF2 = 0 on K¢ we can replace the domain of integration in (3.18) with I\ H.. Then,
by (3.16), (2.13), and by the fact that U(x) > H + J?6* for = ¢ H.,

056/ |VFEq(:c)|2ﬂe(a:)dq; < md(/C) Dx(q7 q) 0. ZE_1 e_H/€€J2 < CDx(q, q) 6J"’—(d/2) ’
K\

where my(+) is the Lebesgue measure on R?. This completes the proof since J > v/12d. O

4. A POISSON EQUATION

For each i € S,, we pick a smooth function ¢* : R? — R such that 0 < (* < 1,(* =1 on
V;, and ¢* = 0 on the complement of V. We also set

¢ = [ @) (@) da
Define a, = (a.(i) : i € S,) € RS by
771 (2me) 2 emhley,;

a.(i) = = ;1 €S, .
Cz
From p.(V;) < ¢ < pe(V)), and (2.17), we learn
a(i)=1+o(1) forallies,. (4.1)

The main result of the current section is stated in the following theorem.

Theorem 4.1. For all f : S, — R, there exists a bounded function ¢, = ¢f : R4 — R
satisfying all the following properties:
(1) ¢ € C*(RY).
(2) ¢ satisfies the equation
0Lt =Y adi) (Lyf)(i) ¢" . (4.2)
1€ESK

(3) For alli € Sy, it holds that

lim sup |¢.(x) — £(i)| =0. (4.3)
€00 pey),
Remark 4.2. In [19, Theorem 5.3|, a similar analysis has been carried out for a slightly
different situation. In [19], we treat a Poisson equation of the form (4.2) for a different

right-hand side. The form of the right-hand we have chosen in (4.2) enables us to use the
Poincaré’s inequality (see subsection 4.3 below). Furthermore, the proof therein relies on the
capacity estimates between metastable valleys. Our proof though does not use any capacity
estimates and has a chance to be applicable to the non-reversible variant of our model. This
fact deserves to be highlighted here once more.
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Note that the function Lyf : S,— R satisfies
> (Lyf) (i) (i) = 0 (4.4)
1€SK
since ji,(+) defined in (2.24) is the invariant measure for the Markov chain y(t). Let e; € R,
1 € S,, be the ith unit vector defined by

ei(j) =Hi=j} ; jeS.. (4.5)

For i, j € S,, let S;; be the collection of f € R®* satisfying

1 1 Vs Uy
Lyt = mei — mej = ;iei — V—jej :

Remark that the selection S; ; is consistent with the condition (4.4) for Lyf. It is immediate
from the irreducibility of the Markov chain y(t) that U, jes, Si; spans whole space R+,
Note that for f = 0, it suffices to select ¢. = 0 and thus it suffices to consider non-zero f.
Therefore, by the linearity of the statement of Theorem 4.1 with respect to f, it suffices to
prove the theorem for f € S, ; only. To simplify notations, let us assume that 1, 2 € S,, and
assume that £ € Sy 4, i.e,

Lyf = :el - :e2 . (4.6)
Now we fix such f throughout the remaining part of the current section. We note that
(Lyf)(i) =0 for all ¢ # 1, 2.

Our plan is to select the test function ¢, that appeared in Theorem 4.1 as a minimizer of a
functional .Z(-) that will be defined in Section 4.1. More precisely, we first take a minimizer
. of that functional satisfies a certain symmetry condition (see (4.7) below) and analyze its
property thoroughly in Sections 4.2-4.6. Then, we shall prove that a translation of 1., which

is also a minimizer of .Z(-), satisfies all the requirements of Theorem 4.1 in Section 4.7.

4.1. A Variational principle. Recall from (3.17) the functional Z.(-) and define a func-
tional .Z.(-) on H'(R?) as
1 : . i N
I0) = 30.2.0)+ 3 ali) (L)) [ C(@)6(@) fi(@)da (4.7)
i=1,2
Denote by 1. a minimizer of .Z(-). Then, it is well-known that 1. classically solves (4.2),
ie.,

0. L. = Z a. (1) (Lyf)(7) xv, - (4.8)
1€SK
Our purpose in the remaining part is to find a constant c. such that ¢. = 1. + c. satisfies

(4.3). Note that this ¢, also satisfies (4.2) and hence, this finishes the proof.
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Write
Pe(i) = ac(i) (Lyf)(7) /Ci(w) (@) fre(x)da ;i €S, (4.9)
so that p.(i) = 0 for all i # 1, 2 because of (4.6). Note that if we add a constant a to ),
then the value of p.(i) for ¢ = 1,2 changes to p.(i), with

P(1) =pc(1) +ab, pP(2)=pc(2) —ab, pe(i)=0,
for ¢ # 1,2, where
b=Z"t(2ne)¥2e ey, .
Hence, by adding a constant to 1), if necessary, we can assume without loss of generality that
Pe(1) = Pe(2). Set
Aei= —Pe(l) = —pe(2) . (4.10)
We now multiply both sides of the equation (4.8) by —, and integrate with respect to the

invariant measure p,. to deduce

0. D.(1he) = 2\ . (4.11)
Consequently, A > 0 and furthermore, by (4.7), (4.10), and (4.11) we obtain

4.2. Lower bound on \.. In this subsection, we prove a rough lower bound for A\, in
Proposition 4.4.

We start by providing some relations between Dirichlet forms Dy(-, -) and Dy(-, -). For
u:S, - Randu' :S — R, we say that u’ is an extension of u if u’(7) = u(7) for all i € S,.
For u : S, — R, we define the harmonic extension u : S — R of u as the extension of u
satisfying

(Lxu)(i) =0 forallie S\ S, . (4.13)

The following lemma will be used in several instances in the remaining part of the article.

Lemma 4.3. For allu, v: S, — R, the following properties hold.
(1) For harmonic extension u and v of u and v, respectively, we have
Dy(u, v) = v, Dy(u, v) . (4.14)
(2) For any extensions vy, vo : S — R of v, we have
Dy(u, vq) = Dy(u, va) . (4.15)
Proof. For part (1), recall the function e;, i € S,, that was defined in (4.5). Since both

Dy (-, -) and Dy(-, -) are bi-linear forms, it suffices to check (4.14) for (u, v) = (e;, €;) for
i €S, and j € S,. By (2.22), the harmonic extension of e;, namely €; : S — R, is the
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equilibrium potential between {i} and S, \ {i}, with respect to the process x(-), and hence
we have

Du(@:, ) = cap ({7}, 5.\ {i}) (4.16)
Similarly, for ¢ # j € S,, the function €; +¢€; : S — R is the equilibrium potential between
{i, 7} and S, \ {¢, 7}, with respect to the process x(-), and therefore it holds

Dy(&; +&;, & +¢;) = cap,({i,7}, S« \ ({7} N {5})) - (4.17)
By (4.16), (4.17) and the bi-linearity of Dy, we have
Dx(éi, é]) = _ﬁi,j ) Z 7£ j c S* . (418)
It also follows from the definition
1 1 51', j
Dy(es ) = 5, Ais(0 = (1= 0)+ 551 -0)0 -1 = =4 (419)

From (4.18) and (4.19), we deduce (4.14) for (u, v) = (e;, e;) with ¢ # j.
Now, we turn to the case (u, v) = (e;, e;) for some i € S,. For this case, since }_;cq, €; = 1
on S, it is immediate that 3°;cq €; =1 on S. Therefore,
Dx<éz-, > éj> =0.
JES
By this equation, (4.18), and the bi-linearity of Dy, we obtain
Dy(&,&)=— >  Di(&,¢&)= > Bi;-
JESK:JF1 JESK:JF
This finishes the proof for part (1) since by the direct computation we can verify that
Dy(eia e;) = V*_l ZjES*:j;«éz’ Bi, ;-
For part (2), by the definition (2.20) of Dy, we can write
Dx(0, vi = v2) = > (i) (—Lx) (i) (v1(i) — va(d)) -
i€S
The last summation is 0 since (Lyu)(i) = 0 for i € S\ S, and vy(i) — va(i) = 0 for ¢ € S,.
This completes the proof. 0]

Now we are ready to establish an a priori lower bound on A.. We remark that a sharp
asymptotic of A will be given in Section 4.7. Recall that we have fixed f as in (4.6).

Proposition 4.4. We have
A= (1/2)Dy (£,£) + 0.(1)
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Proof. Recall from Section 3.2 the test function FE : R — R where f is the harmonic

extension of f defined above. By (2.14), (2.15), (2.24) and Lemma 3.6,
= 1
FUAFD) = S D D)+ T i) (LB ) + 0.(1)
’LES*
By Lemma 4.3, we can conclude that the right-hand side of the previous display is equal to
1

. NP 1
§D £) — Y (@) (—Lyf) (i) £(2) + 0c(1) = —§Dy(f, f) + o (1) .
i€S.
The proof is completed by recalling that 7 (F, ) > I () = = Ae. O

4.3. L*-estimates based on Poincaré’s inequality. Recall from Section 2.1.3 the small
constant @ > 0 such that there is no critical point ¢ of U satisfying U(c) € [H —a, H). For
i € S, denote by* Vi(l) and VZ@) the unique connected component of {x : U(x) < H —a} and
of {z : U(x) < H — a/2} contained in W, respectively. Thus, we have

V,c v cv® cw, .

For i € S, define

1 1
_— (x)de and Q. (i) = ——— (x)dx |

where my denotes the Lebesgue measure of R%.

q5<i) =

Proposition 4.5. There exists a constant C > 0 such that the following estimate holds for
allie S:

e = (D) oy < C e B

Remark 4.6. Here and elsewhere in this paper, L” norms are computed with respect to the

Lebesgue measure of R%.

Proof. By Poincaré’s inequality, the definition of V»(Q) (2.13), and (4.11),
(H—a/2)/ 2 —U(x)/e
Jyo 10(@) = @) dw < € [ [Vue(@)Pde < CleN [ Wy @)V de
< CS(H a/2)/eZ6 1@ (¢e> < Ce™® /(2¢€) d/2 1/\ < Ce” a/(3e))\6 7

From this and Cauchy-Schwarz’s inequality we deduce,

N~ 1 . . —a/(6e
i) = i) < — 5 [ @) @il de < C [, (@) — @) de < Ce/CIN2
md(Vl ) V Vi
Combining the above two bounds complete the proof. 0

'In fact, the set Vi(l) is the same set with WW? defined in Section 2.1.3; we use alternative notation here for
the notational convenience.
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4.4. L*>*-estimates on valleys. In this subsection, we use the interior elliptic regularity
techniques and a suitable bootstrapping argument to reinforce the L2-estimate in Vi@) that
was obtained in Proposition 4.5 to L>-estimate in the smaller set Vi(l). This type of argument
has been introduced originally in [16], and is suitably modified to yield a desired L>°-estimate.

We henceforth write 7

(2me)d/2 e=hie p,

prmng 1 + 776
where 1. = o.(1) by (2.14).

Lemma 4.7. We have

|(1 + ne)pe<1) - qe(l)’ S Hwe - qf(l)HLoo(vl(”) and
|(1 + ne>pe<2) + qe(2)| < ||¢e - qe(2)|lLoo(V£1)) .

Proof. By (4.1), (4.6), and (4.9), we can write
 Z7'2me) e b,
= R o

& [ @) @) )

p.(1) [ @) (@) fi(@)da

1
1+ 7

Therefore, by the definition of ¢!, we can write

1

[(1+ne)pe(1) = ac(1)] = C_lf (Ye(x) — ae(1)) ¢ (@) fre()da

where the last equality holds since the support of (! is a subset of Vl(l). Thus, the estimate
for p.(1) follows. The proof for p.(2) is identical. O

Proposition 4.8. For alli € S, we have

”we - qe@)HLoo(Vi(l)) = 06(1)>\€ :

Proof. Fix i € S. On VZ»(Q), the function 1), satisfies the equation

where g = L,f. We can rewrite the equation as

AW — qu(i)) = V - [(he — a () VU] — (e — qu(i))AU + fc ,
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for some constant C' > 0. Then, by the local interior elliptic estimate [21, Theorem 8.17]
with .
S (1) (2)
R:= 7 in dist(9V; ", OV;™) ,

we obtain that, for any p > d and for some constant C), > 0,
. . C, .
[t — QE(Z)HLoo(VZ_(l)) <Gy |9be — qE(Z)HLQ(])Z@)) + ?p [tbe — qe(Z)HLp(VZ_(?')) +0c(1) .

Let us select p = 2d for the sake of definiteness and let us write ||1c[| , := [[¢c]| oo (gay for the
simplicity of notation. Then, by Propositions 4.4, 4.5, Holder’s inequality, and the trivial
fact that |qc(¢)] < ||¢e]| o, we obtain

C
e = Q)] ) < 0(DA+ — 19 = (D) o o0, e = @B L0102

2(v®) Lo(v®)
= 0.(1) [A€+Ai/duws qe(i )H;fl]ﬁé)} : (4.20)
< 0c(1) e+ A 10T
< 0c(1) [Ae + llebell ) -

Now we present a bootstrapping argument. Write

m, (i) = ||¢5||L°°(V<1 forie S and ¢ =& = max{m.(1), m.(2)}
Then, it holds that ||¢¢||e = &, since otherwise & (u. o ¢.) < & (1) where

el it >,
uc(t) =\t if [t < [¢elloo,
—ltbelloe i < =€
Thus we can write ||{||oc = m(k) where k is either 1 or 2. Then,
[l = m0(8) = [l ) < N = )y + B . (421)
By Lemma 4.7 and (4.10), we have that
|qe(k)| < (1 + 06(1)))\6 + ||77D€ - qs(k)HLoo(V]gl)) . (422)
By combining (4.21) and (4.22), we obtain
lloo < (1+ 01N+ 2 e = (k) v, (423)
k

Inserting (4.23) into (4.20) with ¢ = k yields
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By (4.23) and (4.24), we have
Hweuoo < (1 + O€<1)))\e . (4.25)

Finally, inserting this into (4.20) finishes the proof. O

4.5. Extension of flatness of .. For i € S, we denote by Vi(3) the unique connected
component of the set

1
Q. = {m :U(x) §H—4J262} :
contained in the set W;. Note that we now have
Vicv cv® cv® cw; .

Note that the sets Vi(l) and Vi@) are independent of €, while the set V,;(S) depends on €. In
the following proposition, we extend the flatness result obtained in Proposition 4.8 for 1. on
Vi(l) to Vi(?’).

Proposition 4.9. For alli € S, we have

1te = Qe()]] o ) = 0c(1) A -

We divide the proof of this proposition into several lemmas. We write

Vv = VP kel 2,3},

jes
For i € S, we denote by ¢! : R? — R the unique solution of the boundary problem
(L) (x) =0 if z € R4\ YW |
¢i(x) =1{x eV} ifxeV® .

The function ¢! is called the equilibrium potential between V™) and V) \ Vl-(l).

Lemma 4.10. Fori € S, it holds that

() 1—0.(1) ifeeV?,
\L) =
0.(1) ifx e V®\p®

Proof. By [10, Corollary 4.8] with A = V() \VZ-(I) and D = V" we can deduce that, for all
x eV \ P
Pl (x) < Ce V2 IH-(H=-3 72/ — Cel?/4-1/2 = 0.(1) (4.26)
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since we take J large enough. On the other hand, with the selection A = Vi(l) and D =
v \Vi(l), we obtain from [10, Corollary 4.8] that?, for all & € Vi(3),

1 — ¢i(w) < 06—1/26—[H—(H—%J252)]/6 _ C€J2/4—1/2 _ 06(1) ) (4'27)
The proof is completed by (4.26) and (4.27). O
Now we define 1;5 :R? —» R as

Ve(x) = z;qe(i) ¢i(x) ; xeR:.

Then, we can readily deduce the following estimate from the previous lemma.

Lemma 4.11. For alli € S, we have

Proof. Fixi € S. For ¢ € Vi(?’), we can write

we - qe(i)“Lw(vf?’) = 0€<1))\E .

)

Ve(@) — aci) = —qe(i)(1 = d(®)) + > aj) ¢l()

jesS\{i}

Since 1 — ¢! (x) = o.(1) and ¢/ (x) = o.(1) for all j € S\ {i} by Lemma 4.10, we obtain
[e() = ae(i)] = 0c(1) max |qe(i)] < oc(1)][toe ] -
It suffices to recall (4.25) to complete the proof. O
We finally claim that 1. approximates 1.

Lemma 4.12. For alli € S, we have

‘we o 1/}6 00 = 06(1)>‘e .
Proof. Write 1;6 = 125 — .. First, by Proposition 4.8 and Lemmas 4.11, we have that
[9ell oo vy = 0c(1)Ac - (4.28)

Since we have EE@ZE =0 on R%\ V), we can write
Ve(@) = B [e(@c(ry0))] for all @ € RT\ VO,
where 7,1, denotes the hitting time of the set V™). Hence, by (4.28), we also have
19l 2o vy < N1l oy = 0e(1Ac (4.29)
The proof is completed by (4.28) and (4.29). O

2We implicitly use ha, p =1 — hp, 4 where ha, p is the equilibrium potential introduced in [10].
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Now we are ready to conclude the proof of Proposition 4.9
Proof of Proposition /.9. The proof directly follows from Lemmas 4.11 and 4.12. O

4.6. Characterization of q. on deepest valleys. In the previous subsection, we proved
that if the constant \. is bounded above, then for every i € S, the function ¥ (x) — q.(4) is
almost 0 in each valley V). This boundedness of A, will be established later in (4.55). In
this subsection, we shall prove that, for each i € S,, the value q.(i) is close to f(i) up to a

constant ¢, that does not depend on 7. The following is a formulation of this result.

Proposition 4.13. For all small enough € > 0, there exists a constant c. such that, for all
1€ S,,
|qe(2) — £(i) — ce| = 0c(1) Ac .

Indeed, this characterization of q. is the main innovation of the current work. We shall use
the test function constructed in Section 3.2 in a novel manner to establish Proposition 4.9.
For each € > 0, we consider a function h, : S, — R and write EE : S — R for its harmonic
extension as was introduced in Section 4.2. Our selection for h, will be revealed at the last
stage of the proof (cf. (4.51)). To simplify the notation, we write

Fe = FH : (4.30)

where the notation F;ﬁ was introduced in Section 3.2. We denote by ||h.||o, and
|he||se the maximum of |h| and |h.| on S, and S, respectively. Using a discrete Maximum
Principle, one can readily verify that [|he|lco = ||he ] oo-
Since 1, satisfies the equation (4.2) and since F, = h.(i) = h.(i) on V!, i € S,, we have
the identity
0. [ Fu(@) (L) (@) p(da) = Y- a (i) ¢t . (4.31)

1€S%
In order to prove Proposition 4.13, we compute two sides of (4.31) separately. From the

comparison of these computations, we obtain the characterization described in Proposition
4.13.
The right-hand side of (4.31) is relatively easy to compute. By Proposition 2.3 and (4.1),
we have
a.(i) (' = (L +oc(1))(v/v)
and thus we can rewrite the right-hand side of (4.31) as
Z h( )(2) a(i )CZ Dy(h, f) + oc(1)[[ e[| - (4.32)

1€5%

The main difficulty of the proof lies on the computation of the left-hand side of (4.31). We

carry out this computation in several lemmas below.
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Lemma 4.14. With the notations above, it holds that

b [, F(@) (L) (@) plda)
= e Y [ (VE-Vvo(@) pldm) + o)A . (439
oS

Proof. By the divergence theorem, the left-hand side of (4.33) is equal to
—f.¢ /R (VE- Vi)(@) pe(dx) (4.34)
By the definition of F, = F; ;ﬁe, we have that
VF. =0 in Wi foralli e S. (4.35)
Since
Vuw) - us.

i€S oeS
it suffices to show that

— e /(H (V- V(@) peldm) = 0(1) A2 e (4.36)
By the Cauchy-Schwarz inequality, the square of the left-hand side of (4.36) is bounded

above by

1

e[, |vz+1<:zfs>|2ue<dae>)é ([, [Pt im))

By (3.18) and (4.11), the last expression is 0.(1) A\Y/? ||h,||s. Thus, (4.36) follows. O

Recall the function f7 from (3.6). The estimate below corresponds to that of each sum-
mand on the right-hand side of (4.33).

Lemma 4.15. Fori, j € S with i < j and for o € W, ;, it holds that

e [ (V17 V0@) peldm) = 22 [a.() — ai)] + o (1) A (4.37)

*

Proof. Recall the decomposition of boundary of BS from (3.2). By applying the divergence
theorem to the left-hand side of (4.37), we can write

0, /B (VT V) (@) peldz) = A+ A+ A+ Ay (4.38)
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where

A= e [ (L0 (@) (@) po(da)

o

Ay=bee | [(VIO)(@) na ] (e (@) o(d)
Ay=tee [ [(V57)@) - ma] i) () o ()

Av=tee [ (VI @) ] vile) ) o(d)

where the vector mgs denotes the outward unit normal vector to the domain B, and o(dx)
represents the surface integral. We now compute these four expressions.

Without loss of generality, we may assume that o = 0. First, we claim that A; and A,
are negligible in the sense that

Ay =0 (1) A and A =o0.(1) Ac . (4.39)

The estimate for A; is immediate from Lemma 3.4 and (4.25). For As, notice first that by
the definition (3.6) of f7, we can write

1 )\0' 7£ x-v9 o
(V) (@) = 67\/27;66 2 (@) g7 (4.40)

By inserting this into As, and applying (3.3), (3.5), and (4.25), we are able to deduce
Ay < C O /2N Z7temHFSR e gd=1 — 6 (1)), . (4.41)

o

A
<1, e~ 3¢ (@o])? < 1, and that the o-measure

Here we have used trivial facts such as |v{-ng.
of OB is of order §471.
Next, we shall prove that
We . Weo .
A3 = 7 qe(]) + 06(1) )‘e and A4 = _7 qe(z) + 05<1) /\6 : (442)
* *

Since the proofs for these two estimates are identical, we only focus on the former. Note
that the surface 0, B is flat, and hence the outward normal vector np. is merely equal to
v{. Hence, by (2.13), (3.5) and (4.40) we can rewrite Az as

A 1 A (o )2 U@
e R — T 26 (:B.’U ) T e
Az = (14 0.(1))0c €/ dre (2re)i2e T, /6+Bg e 2\ Ye(x) o(dx) .

By the Taylor expansion, we have

U(x) = H + ; (—/\‘l’(m vf)? + ;Af(m : v;’)2> + 0(6?) .
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Inserting this into the penultimate display, we can reorganize the right-hand side so that

Vi1 )\U 1 -1 o AT (zvS

2
A= (a3 [ e D ot (1)

Now we introduce a change of variable to estimate the last integral. Define a map ¢7 :
R — R as, for y = (y2, -+, yq) € RIY

o (y) = }vl n Z g (4.44)

(recall & = 0). Notice here that 9, BS C g7 (R*!). Write
D, = (97)7'(04B5) C R

Then, by a change of variable & = gg(y) we can rewrite (4.43) as

V*Qﬂ- /e, )\a/e 27T (d-1)/

Now we analyze DS. For y € DS, we note that |¢7(y) — | = O(0) and thus by the Taylor

expansion,

Ay = (1+o0(1 e 2Py (g% (y)) dy . (4.45)

1 d
Ulg”(w) = H = 5%+ 534 + o)
2 2,
Denote by Qg 1(r) the (d — 1)-dimensional ball of radius r > 0, centered at origin. Then,
fory € Q4 1( \/1og ¢ 1), by the previous display we have that

1 1 1
U(g°(y)) < H — §J2<52 + §J262 +0(6%) < H — 1J252

for all sufficiently small e > 0. For such €, we can conclude that y € 0,85 N Vf’) by
definition of Vj@ and therefore by Proposition 4.9, we have that ©¥.(¢%(y)) = qe(j) + 0e(1) Ac.
Consequently, we have
1

Qu_1(44/log 1) (2m)d- (@m@-n7*
because the integral of the probability density function of the (d — 1)-dimensional standard
normal distribution on Qd_l(%\/lo?%) is 1+ o.(1).

On the other hand, by (4.25),

(g7 () dy = (14 0(1)ae() + o DA

1 1,12
-5yl a
/D;\le(g fiog T) (QW)(dq)/g@ 2Whe (97 (y)) dy

1

11a(2
< €|joo 1\ /o _§|y‘ d — O¢ 1 )‘e .
> ||¢ ” /Qd (%\/E) (2,7T)(d71)/26 Yy 0 ( )
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By the two last centered displays and by the definition of w,, we can rewrite (4.45) as
v [(]' + 06(1))(16(]) + Oe(1>>\e] :
The proof of (4.42) is completed by recalling that the fact that by (4.25)

|9c(D)] < [thell oo < (14 0e(1))Ae.
By combining (4.38), (4.39), and (4.42), we complete the proof. O

wa

Az =

Lemma 4.16. Assume that £ # 0. It then holds,

b [ Fula) (L) (@) @) = ——Dylhc, a) + o)A bl . (4.46)

*

Proof. By Lemma 4.14 and the definition (4.30) (cf. (3.13)) of F. we can rewrite the left-hand
side as

—be Y [(Exj)—ﬁeu)) S [ (V57 Vi @) | + o)A [

1<i<j<K TEW;
(4.47)
From this and Lemma 4.15, we deduce that the left-hand side of (4.46) equals to

1 - N
——Dx(h,, qc) +0c(1) )‘i/Q [helloo + 0c(1) Ac [Ihe[oo-

*

Therefore, the proof is completed because by Maximum Principle |[he|lso = [[he]lco, and A, is
uniformly positive whenever f # 0 by Proposition 4.4. U

Now we are ready to prove Proposition 4.13.

Proof of Proposition 4.15. The proof of the Proposition is trivial when f = 0, because we
may choose 1), = ¢, = 0. From now on, we assume that f # 0. By (4.32), Proposition 4.4,
and Lemma 4.16, we have
1 -

Dy(h,, f) = V—Dx(he, qe) + 0c(1) Ac || hel| oo - (4.48)
Denote by q* € R% the restriction of q. on S,, i.e., q*(i) = q.(i) for all i € S,, and denote by
q: € R® the harmonic extension of g* to S. Note that g* and q. are two different extensions
of q* € R% to S. Thus, by Lemma 4.3 we have

Dy (h,, q.) = Dy(h,, ") = v, Dy(h,, q*) . (4.49)
Hence, by (4.48) and (4.49), we obtain
Dy(hsa q: - f) = 06(1) Ae ||h6||oo . (4-50)
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Finally, let us define the test function h, € R as

h. (i) .= qc(i) — f(i) — ¢, forallie S, , (4.51)
where |
ce = g7 2 la(i) —£(0)] - (4.52)
5. i,
By inserting this test function h, in (4.50), we obtain
Dy(h, h.) = o.(1) A\ ||heoo - (4.53)
Write ]
5* = min ﬁ@j > 0.

U, i€S.,jESL, i#]
Then, we have

Dy(he, he) > B, > (he(i) — he(j))* = 26 [S.| > _ hi > 26, |S.]*[[ b, . (4.54)

i, JES« €S,
where the identity follows from the fact that Y ;c5 he = 0 thanks to our selection (4.51) and
(4.53) of h.. By (4.53) and (4.54), we obtain
[Belloc < 0c(1) Ac -

This completes the proof since h(i) = q.(i) — £(i) — ¢ for i € S,. O

4.7. Proof of Theorem 4.1. Now we are ready to prove Theorem 4.1.

Proof of Theorem 4.1. Define ¢, = 1. —c. where ¢, is the constant appearing in the statement

of Proposition 4.13. Then, by Propositions 4.8 and 4.13, we obtain
6 = £(0)l| e ) = 0c(1) Ac for all i € ..

Since it already has been shown that ¢, satisfies (4.2), and ¢, € W2P(R?) for all p > 1, it
only remains to show that A, is bounded above. By Lemma 4.7, Proposition 4.8, and (4.10),
we have that

qc(1) = =(1 +0c(1))Ac and qe(2) = (14 0(1))Ac -

By combining these results with Proposition 4.13, we obtain
f(1) = —cc— (1 4+ 0(1)A and f(2) = —cc+ (1 4+ 0c(1))Ac -
Therefore, we have
Ae = 1+205(1)(f(2) —f(1)) . (4.55)
This proves the boundedness of A.. O
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5. TIGHTNESS

The main result of the current section is the following theorem regarding the tightness of
the family of processes {y.(:) : € € (0, 1]}.

Theorem 5.1. For all i € S, and for any sequence of Borel probability measures (m¢)e=o
concentrated on V;, the family {Qg. : € € (0, 1]} is tight on D([0, 00), S,), and every limit
point Q*, as € — 0, of this sequence satisfies

Q' (x(0)=1i)=1 and Q" (x(t) #x(t—)) =0 forallt >0.

We first introduce in Subsection 5.1 two main ingredients of the proof of the tightness.
These technical estimates are the tight bound of the transition time from a valley to other
valleys (Proposition 5.2), and the negligibility of the time spent by &.(¢) in A (Proposition
5.4). These are common technical steps in the proof of tightness in the metastable situation,
and Beltran and Landim [2, 3] developed a robust methodology to verify these when the
underlying dynamics are discrete Markov chain. In [10], the corresponding tightness when
the underlying dynamics is a 1-dimensional diffusion is obtained. The common feature for
these models which allows to prove the tightness is the coupling of two trajectories starting
from different points in the same well. Since two diffusion processes living in R?, d > 2,
cannot be exactly coupled, we have to developed another machinery. We shall use Theorem
4.1 to bound the inter-valleys transition times, and Freidlin-Wentzell theory [18] for the
negligibility of the time spent outside valleys. Then, the proof of Theorem 5.1 is given in
Subsection 5.2.

5.1. Two preliminary estimates. For A C R we denote by H 4 the hitting time of the
set A. Then the hitting time Hy,\y, under the law P, £ € V;, can be regarded as the
transition time from valley V; to other deepest valleys. We now verify that this inter-valley

transition time cannot be too small.
Proposition 5.2. For alli € Sy, it holds that,

lim lim sup sup P, {Hv*\vi < a&e} =0. (5.1)

a=0 0" zey,

Remark 5.3. The result of Freidlin and Wentzell 18] provides that, for all i € S,,

lim sup sup P, [HV*\VZ. < e’”/EQE} =0 foralln>0. (5.2)

e—0 xzeV;

This estimate is definitely weaker than (5.1). On the other hand, Bovier et. al. [10]
demonstrated that Gngv*\Vi converges to an exponential random variable with constant
mean, and this result does implies (5.1). However, in this paper, we provide another proof
without using this result. Two main advantages of our proof of (5.1) is that it is short, and
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is has a good chance to be applicable to the non-reversible case (1.5); our proof of (5.1) relies
only on our analysis on the elliptic equations carried out in the previous section. The reader

can readily notice that this result is a direct consequence of Theorem 4.1.
Proof. We fix i € S, and « € V;. Consider a function b, : S, — R given by
, 0 ifj=1
b; (]) = L i
1 ifje S\ {i}.

Denote by ¢ = ¢' the test function we obtain in Theorem 4.1 for f = b;. Then, by Ito’s
formula and part (2) of Theorem 4.1, we get

E [d)e(we(a@e A Hv*\vi))}

)+ DK [/ I gt 0) (Ly ) () e (5))ds

i€S.
Note that the last integral is bounded by Ca for some constant C' > 0. Hence, by part (3)
of Theorem 4.1, the right-hand side is bounded by Ca 4 o.(1).
Now we turn to the left-hand side. Again by part (3) of Theorem 4.1, we can add small
constant a. = 0.(1) so that b = b+ > 0on V,. Then, by the maximum principle, ¢, > 0
on R?, and furthermore, %6 > 1/2 on V, \ V; provided that e is sufficiently small. Hence,

ES [fc(@c(afe A Hyav,)] > —ac + ;IP’; [Hyow, < abl] -
Summing up, there exists a constant C' > 0 such that
P, [Hv*\vi < a@e} <Ca+o.(1),
as desired. 0

Now we show that the process x.(t) does not spend too much time in A (cf. (2.10)).
Define the amount of time the rescaled process Z.(-) spends in the set A up to time ¢ as

o~

At :A /XA

Proposition 5.4. For any sequence of Borel probability measures (7.)eso concentrated on
V., it holds that
lim 7 {ﬁ(t)} =0 forallt>0.

e—0

The proof of this proposition can be deduced by combining several classical results of
Freidlin and Wentzell [18] in a careful manner. Since we have to introduce numerous new
notations and have to recall previous results that are not related to the other part of the
current article, we postpone the full proof of this proposition to the appendix. Here, we
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only provide the proof of Proposition 5.4 when 7, has a density function with respect to
the equilibrium measure p, (cf. (2.11)) for each € > 0, and this density function belongs to
LP(p,) for some p > 1, with a uniform L? bound, i.e.,

P
lim sup <d7r6> dpie < 00 . (5.3)
e—0 Vi dﬂ/g

For this case, we can offer a simple proof.

Proof of Proposition 5./ under the assumption (5.3). We fix t > 0. Write
ue(x) = E {A(t)} .

Then, by Fubini’s theorem we get

t t
/R Cucdp = E, [ /0 Ya(@(s)) ds] — /0 P, [(s) € Al ds = t.(A) . (5.4)
Write f. = EZZ so that we can write

K. {A(t)] = /]Rd Ue fe dfte.

Now we apply Holder’s inequality, the bound u, < t and (5.4) to the right-hand side of the

previous identity to deduce
1/p

B, (8] < [ [ wean] [ [ werran] " < voay [ pan]”

where ¢ is the conjugate exponent of p satisfying % + % = 1. This, Proposition 2.3 and the
condition (5.3) complete the proof. O

5.2. Proof of tightness. For the completeness of the discussion, we start by summarizing
well-known properties related to the current situation. For the full discussion of this material
with the detailed proof, we refer to [10, Section 7]. Denote by {# : t > 0} the natural
filtration of C([0, c0), RY) with respect to Z.(+), namely,

FY =02 (s):5€10,1]).

and define {.Z; : t > 0} as the usual augmentation of {Z? : ¢ > 0} with respect to I@’;E where
(me) is a sequence of probability measures that appeared in Theorem 5.1. Define %; = Fg(
for ¢t > 0, where S was defined in (2.26).

Lemma 5.5. The following statements are true:

(1) For eachu > 0, the random time S€(u) is a stopping time with respect to the filtration
{F#}.
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(2) Let T be a stopping time with respect to the filtration {4,}. Then, S¢(7) is a stopping
time with respect to the filtration {%;}.

(3) The process {y.(t) : t > 0} defined in (2.27) is a continuous-time Markov chain on
V, with respect to the filtration {¥4;}.

Proof. See [10, Lemma 7.2 and the paragraph below]. O

For M > 0, define 7, as the collection of stopping times with respect to the filtration
{4, }+>0 which is bounded by M. The following lemma is required to apply the Aldous
criterion to prove the tightness.

Lemma 5.6. For any sequence of Borel probability measures (7, )eso concentrated on V, and

for all M > 0, we have

lim limsup sup sup Py [S(7 +a) — S(T) > 2a0] = 0.

a0—0 50" rcIuy a€(0, ao)

Proof. Since S¢(-) is a generalized inverse of T(-), the set {S°(7 + a) — S¢(7) > 2ap} is a
subset of

{T(S(T) + 2a9) — T(S°(1)) < a} . (5.5)
Since T(S(7) + 2ag) — T(S°(7)) can be rewritten as

[ @dsnds =200 — [T xa(@de)a
v, (Ze(s s:a—/ Xa(Ze(s))ds
Se(r) Y ’ Se(r)

the set (5.5) is a subset of

S€(1)+2ag
{ / m@(s))czszzao_a} |

Se(r)

Therefore, we can replace the probability appeared in the statement of the lemma with

S€(7)+2a0

P / Xa(Ze(s))ds > 2ag — al .

Se(r)

This probability is bounded above by
s [AQ2M + 2a0) > 2a0 — a + P5_[S°(r) > 2M] . (5.6)

By Chebyshev’s inequality the first term is bounded from above by

E, [A(2M + 2a)|

2a0 — a

and therefore by Proposition 5.4 we have

lim limsup sup sup P {A(ZM + 2a9) > 2a9 — a} =0. (5.7)

ao—0  ¢0 T€TM a€(0,a0)
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For the second term of (5.6), we observe that S¢(7) > 2M and 7 < M imply that A(2M) >
M. Hence again by Chebyshev’s inequality this probability is bounded by M~'ES. [A(2M)],
and therefore by Proposition 5.4 we have

lim limsup sup sup P¢ [S(7) >2M]=0. (5.8)
ap—0 ¢ 50 TEI M a€(0,ap) )
This, (5.6), and (5.7) complete the proof. O

Now we are ready to prove the main tightness result.

Proof of Theorem 5.1. By Aldous’ criterion, it suffices to show that, for all M > 0,

lim limsup sup sup Py [y(7+a)#y(r) =0. (5.9)
a0—=0 50 reTy a€(0, ap)
By Lemma 5.6, it suffices to show that
lim limsup sup sup P [y (7 +a) #y(7), S(T+a) —5(7) <2a9) =0.

@00 50 regy a€(0, ap)

Since y.(t) = U (Z.(S(t))), the last probability can be bounded above by
P [W(2(S(7) +t) # U(x(S(7))) for some t € (0, 2a0]] -

Since S¢(7) is a stopping time with respect to the filtration {.%#;} by Lemma 5.5, and since
Z(5°(1)) € V,, the last probability is bounded above by

sup P, [V (2(t)) # W(y) for some ¢ € (0, 2ao]] = sup sup Py, [Hv*\yi < 2a006} :
yEV* 1€S yGVi

Thus, the proof of (5.9) is completed by Proposition 5.2.
The assertion Q*(x(0) = i) = 1 is trivial. For the last assertion of the proposition, it
suffices to prove that

lim limsup P [y.(t — a) # ye(t) for some a € (0, ag)] =0 .

ao—0  ¢0 ¢

The proof of this estimate is almost identical to that of (5.9) and is omitted. O

6. PROOF OF THEOREM 2.4

We are now ready to prove the main convergence theorem. In view of the tightness result
obtained in Section 5, it is enough to demonstrate the uniqueness of limit point. The main
ingredient is Theorem 4.1.

Proof of Theorem 2.4. Fix f € R% and let ¢ = ¢f be the function obtained in Theorem
4.1 for the function f. Note that the distribution of x.(0) is concentrated on a valley V; for
some i € S,. We fix ¢ in the proof.
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We begin with the observation that

M0) = 6.@0) — 6. [ (Ze6)(@()ds
is a martingale with respect to the filtration {.%;} defined in Section 5. Write
M (t) = Uc(t) + N(t)
where

Uu(t) = 6u(@(1)) — 6. [ (£:0)(@:()) 1a5) € Vu}ds

NA(t) = 0, [ (£6)(@(9) 1{a.(5) € Alds

Since 0.(Z.¢¢)(+) is bounded function by its construction (cf. (4.2)) and hence there exists
¢ > 0 such that
IN(1)] < cAlt) . (6.1)

By definition of y_(t), we can write

U(S(0) = 0:y.(0) ~ 0. [ (Lo w.ls))ds

and hence
NE(1) = M(S.(0) = 6.(.(0) . [ (Lo o)ds + N(S(0) . (62)

By Lemma 5.5, S.(t) is a stopping time with respect to the filtration {.#;}, and therefore
Me(t) is a martingale with respect to {¢4;}. We now investigate each terms in the expression
(6.2) separately. Recall ¥ from (2.28). Then, by Theorem 4.1, we can write ¢ = foW+o.(1)
on V,. Since the process y.(t) takes values in V,, and by definition y. = ¥(y,), we have

Pe(Yc(t) = £(W(y.(1))) + 0c(1) = £(ye(t)) + oc(1) - (6.3)

Next we consider the second term at the right-hand side of (6.2). Since 0..Z.¢. = (Lyf) o
U + 0.(1) on V, by Theorem 4.1 and (4.1), we can write

00 [ (L) (o)ds = [ (LA)yels))ds +o.(1) (6.4)
Hence, by (6.2), (6.3), and (6.4), we can write M, (t) as
M) = £y (1) = [ (L) (ve())ds + No(Sc(t)) + (1) (65

Recall that Q. represents the law of the process y(-) under P¢_and let Q* be a limit point
of the family {Q._}ec(o,17- Then, by (6.1), (6.5), and Proposition 5.4, we can conclude that
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Fi1GURE A.1. Cycle structure associated to m: in this example, [ = 3 so that
as = H.

the process

—~ t

M(t) = £(x(t)) = [ (LyB)(x(s))ds
is a martingale under Q*. Furthermore, by Theorem 5.1, we have that Q*[x(0) =i = 1
and Q*(x(t) # x(t—)) = 0 for all ¢ > 0. The only probability measure on D([0, o), R?)

satisfying these properties is Q;, and thus we can conclude that Q* = Q;. This completes
the characterization of the limit point of the family {Q¢ }ec(o,1]- O

APPENDIX A. NEGLIGIBILITY OF A

In this appendix, we prove Proposition 5.4. The proof relies solely on the Freidlin-Wentzell
theory, and hence our result is not restricted to the reversible process (1.3), but also holds
for the general dynamics (1.2) as well. The verification of this generality is immediate from
a careful reading of our proof.

A.1. Notations and idea of proof. We introduce some additional notations to those in
Section 2.1. Denote by C the set of critical points of U. Let n be any sufficiently small
number such that

n < ;min{|U(c') —U(e)|:e,d €eCand U(c) #U(e)} . (A1)

In particular, there is no local minima m of U such that U(m) € (h, h + 5n]. We write the
level set of U as
Q,:={x:U(x)<a} ;aeR. (A.2)
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For each m € M,, define Dy, as a connected component of Qy, containing m and let
D, = U D, .
meM,

We take n > 0 small enough so that D,, C B(m, ry) (cf. (2.8)) for all m € M,. This

implies that D, C V,. From now on we regard n as a constant.

Strategy of proof. Define the time spent in the set A (without time-rescaling) as

No:&@:ékﬂa@m&

Then, by a change of variable, we get
A(t) = 0.1 A(6.1) . (A.3)

Our main purpose is to estimate A(t) and verify that it is negligible in the sense of Proposition
5.4. To this end, define two sequences (7;);en, (0;)ien of hitting times recursively according
to the following rules: set 79 = 0, and

op=inf{s>7_1 :x(s) €V,} ;i>1.
7, =inf{s >0, :x(s) € 0D} ;i>1, (A.4)

With these notations, we have the following bound on A(t):

A <Y (ri—a), (A.5)

where v(t) = sup {n € N: 7,, <t}. Hence, for the negligibility of A(#), it suffices to estimate
the term 7; — 0;, which measures the length of the ith excursion from 0V, to 0D,. This length
is typically short since the drift term —VU (x.(t))dt pushes the process toward the deeper
part of the valley. However, because of the small random noise, some of these excursions
are extraordinarily long, though such a long excursion is extremely rare. Therefore, in order
to control the right-hand side of (A.5), one has to characterize these long excursions and
control both the length and the frequency of them in a careful manner. This will be carried

out in the remaining part of the appendix.

A.2. Cyclic structure and Freidlin-Wentzell type estimates. We introduce a hierar-
chy structure of the landscape associated to each global minimum of U. Let us fix m € M,
throughout this subsection. The constructions below are illustrated in Figure A.1.

For each a € R, denote by Q,(m) the connected component of the level set Q, (cf. (A.2))
containing m. For A C R? we denote by M(A) the set of local minima of U contained in
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A. Then, define an increasing sequence (a;):t5 recursively as follows: set ag = h 4 51 and

a1 = inf {a : M (Qu, (m)) C M (Qu(m)} ; k> 0.
If a; = H, we stop the recursion procedure and set a;1 = H + 3n. Now we define
Ap = Qup—n(m) ; ke 1, 1+1].

By (A.1), one can notice that Ay is a connected set. The sequence of connected sets
Ao C Ay C --- C Ajyq represents a growing landscape surrounding m. According to the
classical monograph [18, Chapter 6.6], the set Ay (or M(A)) corresponds to the rank-k
cycle containing m. We shall classify each excursions in (A.5) by the maximum £ such that
the corresponding trajectory hit 0.4, before arriving at a point in 0D,. Hitting 0.4 for large
k means that we may have a long excursion.

We define a sequence (J;)4h as

Jk:ak—h—5?7.

With the notations introduced above, we are ready to recall several classical results from

[15].

Theorem A.1. There exists ey such that for all € € (0, €) and the followings hold.

Jyo—
sup  ES [Hoauon.] < exp 22 forall ke [1, 14+ 1] (A.6)
x€AR\Dx €
J +3 1
sup P, lHaAk < exp 2 R/ <& forallk e 1,1+ 1], and (A.7)
J}ED*

(A.8)

ool —

sup P, {H(Mm < Hap*} <
€0QH 17
Remark A.2. Of course, we can replace constants 1/64 and 1/8 appeared in the statement
of theorem with any small positive number. From now on, ¢ always denotes the constant
that appeared in this theorem.

Proof. All of these results are consequence of well-known Freidlin-Wentzell theory. The
bound (A.6) follows from [18, Theorem 5.3 in Chapter 6] since the deepest possible depth of
a valley in A1, which does not contain a global minimum of M is at most J;_; by (A.1).
The bound (A.7) is a consequence of [18, Theorem 6.2 in Chapter 6], since the depth of Ay
is (ax —n) — h = Ji + 4n. Finally, (A.8) can be deduced from [18, Theorem 5.1 in Chapter
6]. O

We next present some exponential-type tail estimates that are consequences of Theorem
A.1. We acknowledge that these estimates are inspired by [11, Lemmas B.1 and B.2]. For
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the simplicity of notation we write

Jp +2n

pk:exp<— ) , for k€0, (] .

Lemma A.3. There exists a constant c¢o > 0 such that for all € € (0, €y), we have

sup ES exp (copp—1Hoawop,) <2 Yk € [1, 1+ 1] and (A.9)
x€AL\Dy

sup ES exp (copHop,) < 4 . (A.10)
€A 41

Proof. For (A.9), it suffices to prove that there exists ¢ > 0 such that

c
sup P [pr—1Hoa,uop, > t] < exp (—t) (A.11)
@€ Ai\Dx €

for all t > 0 and for all € € (0, ). Write the left-hand side of the previous inequality as f(t).
Then, by the strong Markov property, Chebyshev’s inequality, and (A.6), one can deduce
that, for n € N,

fln) < f)" < sup_ (pr—1EgHoauop,)" < exp (_77”)
iIIGAk\ﬁ €

provided that e is sufficiently small. This completes the proof of (A.9).
For (A.10), we first claim that there exists ¢ > 0 such that

i
sup P |:H6QH+" > t} < exp (—C) for all € € (0, €) . (A.12)
:EeaAl+1 €
The proof is identical to [11, Proof of Lemma B.2] and we will omit the detail. The main

ingredient of the proof therein is the fact that for any trajectory ¢ : [0, t] — R such that
P(s) € Qy,, for all s € [0, ¢] must satisfy

[ 1965) + VU 6(5)) s > et (A13)

for some ¢ > 0. This follows mainly because there is no critical point of U in Qf,. Then,
(A.12) is immediate from (A.13) through Schilder’s classical large deviation theorem.

Now we define two sequences of hitting times (m;)32,, ((;)52, recursively as, my = 0 and
G=inf{s>m_1:x(s) € 0Qu4,} ;i>1,
m =inf{s > x(s) € A1 or OD,} ;i >1.

Let N = inf{n : @ (m,) € 0D,}. Then, we can write
N N

Hop, =nn =Y (G —mim1) + ) _(m — ) (A.14)

=1 1=0
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Then, by Holder’s inequality,
ES exp (cprHop,)

zg‘lE; [exp{cpl<i G — mic1) +i )}1{1‘]—”}1 (A.15)

i=1
00 n % n %

<y [E exp{chZ(m - @)H [E exp{scplzm - ml)H PS [N = n)5 .

n=1 =0 1=0

Now we consider the terms appeared in the last line separately. By the strong Markov
property, (A.12) and the first part of the current lemma with k =1+ 1, we get

ES exp (3Cpl Z(Q — ml)) < sup lE; exp <30le6QH+n) < 2" and (A.16)
i=0 YyEOA 11
cpy . ) o
E: exp ( Z( ™ — Q})) < sup [Ex exp (HaAlHuaD*) <", (A.17)
3= YEIQH 1m 3

for all small enough ¢ and € € (0, €y). On the other hand, the strong Markov property and

(A.8) implies that
. 1
wesé)ugl)ﬂ P, [N =n] < = in>1. (A.18)

Now applying (A.16), (A.17), and (A.18) to (A.15) finally yields

Q
3

sup [E exp (cpHap,) < Z
mEaAH_l n=1

U

A.3. Proof of Proposition 5.4. The main ingredient to prove Proposition 5.4 is the fol-
lowing exponential tail estimate for A().

Lemma A.4. For any v € (0, 1), there exist constants Cy, Cs, €1(v) > 0 such that,
sup P [A(t) > at] < Crexp {—Cy(a —v)pt} , (A.19)

EGV*

for all « € (v, 1), € € (0, €1(v)), and t > 0.
Before proving this proposition, we show how it implies Proposition 5.4.

Proof of Proposition 5.4. Fix v € (0, 1). Then, by Lemma A.4, for all € € (0, €;(v)), ¢ € V,
and t > 0, we obtain

A(ﬂ]:/olP;[Ait)>a

t

B

o0 C
da§U+/ C’lexp{—CQ(a—v)plt}doz—v—k?
v l
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Therefore, by (A.3), we have

. C H—-—h-3
E, {A(t)} <wt + = vt + Cexp (_ﬁ) :
eepl €
Hence,
lim sup sup E, [A(t)} <wt.
e=0 xeV,
The proof is now completed by letting v — 0. 0

Now we turn to the proof of Lemma A.4. Let us fix @ € B(m, 1) for some m € M,,
and recall the cycle structure Ay C --- C A4 associated to m. Recall the sequences of
hitting times (0;) and (7;) from (A.4). For each i, we define a sequence of hitting times

o; = Ti(o) < 7-1.(1) <... < TZ-(HQ) = 7; recursively as,

B = inf{s > 7"V x(s) € 0D, UOALY s ke[l 1+1],

3 (2

7 = inf{s > 7 x(s) € 0D, } .

7 7

Now we write "
v(t
AP ) =S (75 — 7y ke o, 1+ 1] (A.20)

% )
=1

With these notations, it suffices to prove the following lemma. For convenience, we set
P41 = Pr-

Lemma A.5. Forallk € [0, I+1] andv € (0, 1), there exist constants Cy, Cy and €, = €;(v)
such that,

P, {A(k)(t) > at} < Crexp{—Cs(a —v)pit} ,
for all o € (v, 1), € € (0, &), and t > 0.

Proof. We fix k € [0, [41]. Observe first that Ti(k+1) - Ti(k) # 0 if and only if a:E(Ti(k)) € 0A;.
Denote by {iy, iz, -+ -} the (random) set of 7 such that :Bg(Tl-(k)) € A, and write ¥ (t) =
sup{i : ) < t}. With these notations, we can write

v(F) (¢

)
APy = 3 (Y My

m=1

Then, by Chebyshev’s inequality and Cauchy-Schwarz’s inequality, we obtain

00 V(k)(t)
P, {A(k)(t) > ozt} < e ot NS [exp{)\pk > (TZ-(:—H) — Ti(jz))}]_ {V(k) (t) = n}}

n=0 m=1

N|=

1
< e hanxt Z E: [exp{%\pk Z (TZ-(:—H) — Ti(ji))H P, [y(k) (t) = n}

n=0 m=1
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Now let A = ¢/2 be the half of the constant that appeared in Lemma A.3. By the strong
Markov property and Lemma A.3 (we use (A.9) for k£ <[ and (A.10) for k =1+ 1),

E;FKP{2APk§:(%$+D“ﬂ$U}

m=1

< o B oo (et ] <21,

Summing up, we get

N |=

P, [AB(t) > at| < et i 255, [V (1) = (A.21)

n=0
Now we estimate the probability P, [y(k) (t) = n} Fix v > 0 and suppose that n > vpit.

Conditioned on the event {v¥)(t) = n}, consider n — 1 disjoint sub-intervals of [0, ¢:
[0i17 T'(k)]v [Uizv T‘(k)]a R [O'in,l, T@ ] . (A.22)

11
Note that the last interval [o;,, Ti(f)] is excluded since it is possible that Ti(f) > t. Then, since
n > vpgt, we can find (n — 1)/2 intervals among (A.22) that have length at most 2/(vpy).

Hence, by the strong Markov property and (A.7), there exists € (v) > 0 such that

VieS

SC{ir,ia, - in}, [S|=250

UPk+1

< " P, < 2| < " LI
su — — < —
S\m—1)/2) gem v = o | S \m—1)2) 81 = g

for all € € (0, €(v)) and n > vpgy1t. Combining this computation with (A.21), we get

Vpg+1t " [e%¢) " 1
P< [A(’f) (t) > Ozt] < e~ aBPr 1t l Z 235 4 Z 254n_1 < Cle@Pprt1t guprat
n=0 n=vpp41t+1
This completes the proof. O
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