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1 Introduction

Many questions in probability theory can be formulated as a law of large numbers (LLN).
Roughly a LLN describes the most frequently visited (or occurred) states in a large system.
To go beyond LLN, we either examine the states that deviate from the most visited states by
small amount, or those that deviate by large amount. The former is the subject of Central
Limit Theorem (CLT). The latter may lead to a Large Deviation Principle (LDP) if the
probability of visiting a non-typical state is exponentially small and we can come up with
a precise formula for the exponential rate of convergence as the size of the system goes to
infinity.
In this introduction we attempt to address four basic questions:

e 1. What does LDP mean?
e 2. What are some of our motivations to search for an LDP?
e 3. How ubiquitous is LDP?

e 4. What are the potential applications?

We use concrete examples to justify our answers to the above questions. To prepare
for answering the first two questions, let us describe a scenario that is often encountered in
equilibrium statistical mechanics: Imagine that we are studying a model of an evolving state
and we have a candidate for the energy of each occurring state. When the system reaches
equilibrium, states with lower energies are more likely to occur. A simple and natural model
for such a system at equilibrium is given by a Gibbs measure. If the space of states E is
finite, # > 0 and H : F — R is the energy function, then a measure of the form

(11) V,B(x) — ieﬁﬁH(x) — e*ﬁH(x)flogZﬁ _. 675](3;)

Zg ’
assigns more weight to states of lower energy. (Here Zjz is the normalizing constant: Zg =
Seepe Pl (#)) Note that the most probable state is the one at which H takes its small-
est value. Roughly, an LDP means that we are dealing with probability measures that are
approximately of the form (1.1) with a constant 5 that goes to oo as the size of the sys-
tem increases without bound. We explain this by two models: Bernoulli trials and their
continuum analog Brownian motion.

In a Bernoulli trial, experiments with exactly two possible outcomes, say 0 and 1 are
repeated independently from each other. Let p € (0, 1) be the probability of the occurrence
of 1 in each trial. Writing X,, for the value of the n-th trial and S, = X; +--- + X,,, we
certainly have that for z € [0, 1]

n
[nx

RS, = ) = () #7700
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where [nz]| denotes the integer part of nz. We write ¢ = [nz]| and use Stirling’s formula to
assert that if = € (0,1), then P(S,, = [nz]) is approximately equal to

n
S logn — £log  — (n — £) log(n — 1 — ) log(1 —
27ln—1) exp [nlogn — llogl — (n — ) log(n — £) + Clogp + (n — ¢)log(1 — p)]

_ \/%exp{n [£1ogp+ (1—%) 1og(1—p)—£1og§— (1—5) log (1—%)}}

— \/27mxl(Tx) exp (—nl(x) + O(logn)) = exp (—nl(z) + O(logn)),

where ]
I(x) :xlogfjt(l —x)log . ’
p

Note that I is a convex function with the following properties,

I(p)=TI'(p)=0, I"(p)=(p(1—p))".

In particular, I > 0 and takes its minimum value at a unique point x = p. This is consistent
with the fact that n=1S,, — p as n — oco. Moreover
(1.2) lim n 'logP(S, = [nx]) = —1(z),
n—oo
for z € [0,1]. In the language of Large Deviation Theory, the sequence n~1S,, satisfies an LDP
with rate function I(z). When z # p, the set {S,, = [nz]} is regarded as an (exponentially)
rare event and the limit (1.2) offers a precise exponential rate of the convergence of its
probability to 0. Also note that if we consider a small deviation x = p + y/y/n, then the
Taylor expansion
1
nl(z) = SI"(p)y* + O(n"2),
is compatible with the CLT

1 1n
P(S, = [nz]) ~ ————e 3"V,

~ V/2mp(1—p)

Indeed the rate function 7 in (1.2) has very much the same flavor as our I in (1.1) and
can be interpreted as the difference between an energy function and some kind of entropy.
By this we mean that we may write I = H — J where

H(z)=—xlogp— (1 —x)log(l —p), J(z)=—xlogzx — (1 —x)log(l —x).

This is a typical phenomenon and can be explained heuristically in the following way: To
evaluate P(S,, = [nz]), we need to do two things;
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e Count those “micro-states” that correspond to the “macro-state” x. We have exactly

() = exp(0 (e,

many such micro-states.
e Calculate the probability of such micro-states which is approximately exp(—nH (z)).

As we will see later on, most rate functions can be expressed as a difference of an energy
function and entropy function. Yet another useful interpretation is that the rate function
in many examples of interest (including the Bernoulli trial) can be written as some kind of
relative entropy.

As our second example, we would like to examine the Wiener measure from Large Devi-
ation point of view. We note that the standard d-dimensional Brownian measure may be re-
garded as a probability measure P (known as Wiener measure) on the space 2 = C([0, T; R?)
of continuous trajectories z : [0,7] — R? such that for tg =0 < t; < -+ <ty < tp =T
and yo = 0, we have

77777 t_tzl

(1.3)  P(z(t1) €dyr,...,x(t) € dyr) = Z;.' exp{ Z yi = yia[” I } dy; ... dyy,

where
k

Lyt = H(27T(ti - ti—1>>d/2-

i=1
Observe that the formula (1.3) resembles (1.1), and if we choose finer and finer grids
(to,t1,...,tx) of the interval [0, T], the energy function

Z| — yia|® li@'_t' ) i — vial\”
: ti —ti1 2 Y =t 7

i=1

1 T
-/ ()2 dt.
2.Jo

We are tempted to say that the probability of observing a path x : [0,7] — R can be
expressed as

(1.4) Z(lT) exp (% /OT 1 (t)]? dt) .

approximates




To be more realistic, we wish to say that the Wiener measure is absolutely continuous with
respect to a “Lebesgue-like” measure on 2 and its density is given by (1.4). To make sense of
this, we encounter various challenges. For one thing, the normalizing constant Z;, _; does
not have a limit as we choose finer and finer grids for the interval [0, T']. Moreover, we do not
have a good candidate for a “Lebesgue-like” (i.e. translation invariant) reference measure
to compare P with. Nonetheless, the formula (1.4) can be utilized to predict two important
properties of Brownian motion. For example we can use (1.4) to discover Cameron-Martin
Theorem and Girsanov’s formula. Here’s how it goes: take a function y € ) and consider
the translated Wiener measure P, := 7, [P that is defined by

/ F(a() Py(da() = / Flz() + y()) P(dz()),

for every bounded continuous test function F' : Q@ — R. A natural question is whether

P, < P and if this is the case what is %? We can easily guess the answer if we use the
formula (1.4). Indeed

Py(dl‘('))“ =771 e‘%foT\ﬂb—det dm()
= 77 e o Pt =5 Jo P dt ofy dy dt oy

= oJ vda=g [P P ().

Since the last line in the above formal calculation is all well-defined, we guess that P, < PP
if and only if fOT |y|? dt < oo (Cameron-Martin) and that

(15) 4P, (/ J 1/T|‘|2dt) (Girsanov)
) — = exp y-dr — = 7 , irsanov).

Large Deviation Theory allows us to formulate a variant of (1.4) that is well-defined
and can be established rigorously. The point is that if we take a small Brownian trajectory
Vvex(-) and force it to be near a given y € ), then for y # 0 this is a rare event and the
energy of such trajectory is so large that dominates the probability of its occurrence. That
is, the normalizing constant Z can be safely ignored to assert

(16) B(VEr() s near o) = exp (— o [l at).

This is Schilder’s LDP and its generalization to general stochastic differential equations
(SDE) is the cornerstone of the Wentzell-Freidlin Theory. Roughly, if 2° solves

dz® = b(2°,t) dt +/eo(2°,t) dB,
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for a standard Brownian motion B and an invertible matrix o, then

(1.7) P(z°(+) is near y(-)) ~ exp (_%5/0 ‘J(y,t)*l (g(t) — b(y(t),t))|2 dt) )

The LDP (1.7) provides us with a powerful tool for examining how a small random pertur-
bation of the ODE & = b(z,t) can affect its trajectories.

Our LDP (1.2) for the Bernoulli trial is an instance of the Cramér/Sanov LDP. More
generally we may take a sequence of E-valued iid random variables X, Xo, ..., X, ... with

P(X; € A) = pu(A),

and examine large deviations of the empirical measure n=!(dx, +- - -+0dx, ) from p, as n — oo.
According to Sanov’s theorem,

(1.8) P(n ' (dx, + -+ 0x,) is near v) ~ exp (—n "H(v|n)),

where H(v|u) is the entropy of v relative to u (aka KullbackLeibler divergence):

dv
H = [ log— dv.
(v|p) / o8 g, W
A sweeping generalization of Sanov’s theorem was achieved by Donsker and Varadhan. To
explain their result, let us set £ = EZ to denote the space of sequences x = (; : i € Z) and
define T : £ — £ to be the shift operator:

(ij)z = Xjy1-

Given a probability measure @ on E, we write P, for the probability measure on 2 that
we obtain by taking the products of ;’s. Clearly the probability measure P, is an invariant
measure for the dynamical system associated with 7. That is, for any bounded continuous
F:& — R, we have [F dP, = [FoT dP,. Given x € £, we may define an empirical
measure

vn(%) =17 (x4 01 + -+ + i) -

Note that 1, (x) is a probability measure on £ and by the celebrated Birkhoff Ergodic The-
orem

P, {x : lim v, (x) = Pu} =1

n—oo

By Donsker-Varadhan Theory, there is an LDP for the deviations of 7, (w) from P,: Given
any T-invariant measure Q,

(1.9) P, (vn(x) is near Q) =~ exp (—nH,(Q)) ,
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where H,(Q) is closely related to Kolmogorov-Sinai entropy. This entropy is also known as
the metric entropy and is a fundamental quantity in the theory of Dynamical Systems.

We now give a precise definition for LDP. Throughout, all probability measures are on a
measure space (E,B), where E is a Polish (separable complete metric space) and B is the
corresponding o-algebra of the Borel sets. To motivate the definition of LDP, let us recall
two facts:

1. By definition, a sequence of probability measures {IP, },en converges weakly to a proba-
bility measure P if and only if for every bounded continuous F': F — R,

(1.10) lim [ F dP, = /F dP.
n—oo
Equivalently,
(1.11) For every open set U, liminfP,(U) > P(U), or
n—oo
(1.12) For every closed set C, limsupP,(C) < P(C).
n—oo

2. Ifay,...,ax € R, then

k
: —1 —na; s )
(1.13) nh_}rilon log (Ze ) = Hilf a;.

i=1

Definition 1.1 Let {P,},en be a family of probability measures on a Polish space E and
let I : E — [0,00] be a function.

1.We then say that the family {P,},cn satisfies a large deviation principle (in short LDP)
with rate function I, if the following conditions are satisfied:

(i) For every a > 0, the set {z : I(x) < a} is compact.
(ii) For every open set U

(1.14) liminfn ' logP,(U) > — inf I(z).

n—00 zeU

(iii) For every closed set C'

(1.15) limsupn ' logP,(C) < — inf I(z).

n—00 zeC



2. We say that the family {IP,, } ,en satisfies a weak large deviation principle (in short WLDP)
with rate function 7, if I is lower-semi continuous, (1.14) is valid for open sets, and (1.15) is
true only for compact sets. 0

Remark 1.1 The statements (1.14) and (1.15) together is equivalent to saying that for every
Borel set A,

—inf I <liminfn 'logP,(A) < limsupn 'logP,(A) < —inf I.
A

Ao n—00 n—00
In particular, if for a set A we have that inf 40 [ = inf 5 I, then

lim n~'logP,(A) = — igf I

n—oo

U
We note that our requirements (1.14) and (1.15) are modeled after (1.11) and (1.12).
Alternatively, we may establish an LDP by verifying this:

e For every bounded continuous F': E — R

n—oo

(1.16) A(F) := lim n_llog/ " dP,, = sup(F —I).
E

Intuitively (1.16) is true because LDP roughly means

P, (y is near z) ~ ¢ /@
and a sum exponentials is dominated by the largest exponential (see (1.13)).

Theorem 1.1 (Varadhan) Given a rate function I that satisfies the condition (1) of Defini-
tion 1.1, the statements (1.14) and (1.15) are equivalent to the statement (1.16). Moreover
the following statements are true:

(1) If F is lower semi-continuous and (1.14) is true for every open set, then

n—oo

(1.17) liminfn ™ log/ et dP, > sup(F —I).
E

(ii) If F is upper semi-continuous and bounded above, and (1.15) is true for every closed
set, then

(1.18) lim sup n_llog/ e dP,, < sup(F — I).
E

n—oo

(iii) If (1.17) is true for every bounded continuous F', then (1.14) is valid.
(iv) If (1.18) is true for every bounded continuous F, then (1.15) is valid.
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Proof (i) To prove (1.17) take any x € E and € > 0, and set U, = {y : F(y) > F(x) — €},
which is open by the lower semi-continuity assumption. We certainly have

n—o0 n—o0

liminfn ! log/ e dP, > liminfn™! log/ et dP,
ZF(x)—s—igfIZF(x)—I(x)—e.
We then send ¢ — 0 to deduce (1.17).

(ii) Fix some ¢, > 0 and set
We={y: F(y) < F(z) +¢, I(y) > I(x) — ¢}, Ky={x:1(x) </}

By upper semi-continuity of F', and (i) of Definition 1.1, the set W, is open and the set K,
is compact. Choose an open set U, such that

reU, CU, CW,.
By compactness of Ky, there are xq, ...,z € K, such that
K, CU,U---UU,, =V.
Evidently,

k
e dP, < / e dP, + / e dP,.
/ o 2,
From this and (1.13) we deduce

(1.19) limsupn™* log/ " dP,, < max{a,ai,...,a;},

n—oo
where

a=limsupn* log/ e dP,, and
E\V

n—oo

a; = limsupn~'log / et dp,,,
Us,

n—oo

for i =1,..., k. Furthermore, by (1.15)
a < sup F +limsupn~'logP,(E\ V)

E n—00

<supF —inf I <supF — inf I <supF —/,

B E\V E E\K, E
a; < F(x;) + ¢+ limsupn~'log P, (U,,)
n—oo

< F(x;) + ¢+ limsupn ™ 'log P, (U,,)

n—oo

< F(zy) +¢— I'1/{1/1f[ < F(xy) 4+ 2e — I(x;) <sup(F — 1)+ 2e.

10



From this and (1.19) we deduce

limsupn ! log/ e dP, < max {supF —l,sup(F — 1)+ 25} .
E E

n—oo

We send ¢ — 0 and ¢ — oo to deduce (1.18).

(iii) Take an open set U. Pick z € U and § > 0 such that B(z,d) C U. Assume that
I(x) < o0, pick £ > 0, and set

F(y) = —¢ min {6 'd(z,y),1}.

By assumption

n—oo

(1.20) lim inf n log/ e"F dP,, > sup(F — 1) > F(x) — I(z) = —I(x).
E

On the other hand,

n—o0 n—o0

liminfn~! log/ e dP, <liminfn"log [e™™ + P, (B(z,))]

< max {—€ , liminf n~"log P, (B(x, 5))} :

n—00

From this and (1.20) we learn

—I(z) < max {—€ , liminf n~'log P, (B(x, 5))} .

n—oo

This is true for every ¢ > 0. By sending ¢ — oo we deduce (1.14).

(iv) Note that P, (C) = [ e™c dP,, where

(2) = 0 ifxeC,
X = —oo if x ¢ C.

Given a closed set C', we approximate the upper semi-continuous function y¢ from above by
a sequence bounded continuous functions given by

Fy(z) = —¢min{d(z,C), 1}.

That is, Iy | xc as £ — oco. By (1.18),

limsupn'logP,(C) < limsupn™! log/ et dP, < sup(F, —I).

n—oo n—0o0
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We are done if we can show

(1.21) infsup(F, — I) < —inf I.
{ B C

We first show (1.21) assuming that infe I < 0o. Suppose to the contrary (1.21) is not valid.
If this is the case, then we can find € > 0 such that

inf sup(Fy, — I) > —inf +e.
L E\C C

As a result, we can find a sequence x, such that

Cmin{d(ze, C), 1} + I(x) < igf[ —¢.

From this we learn that ¢d(z,, C') is bounded, which in turn implies that d(z,,C) — 0 as
¢ — oco. We also know that I(z,) < infs I —e. The compactness of the set

{y: I(y) <infl—e},

allows us to take a subsequence of {z,}, that converges to a point y € C. By the lower
semi-continuity of I we deduce that I(y) < infs I —e, which is absurd because y € C. Thus,
(1.21) must be true.

Finally, if info I = oo and (1.21) is not valid, then

liminfsup(F, — I) > —A,
{—00 E\C

for some finite A. As a result, for a sequence zy,
Cmin{d(zy, C), 1} + I(x,) < A.

Again d(xy,C) — 0 as { — oo and I(z;) < A. Hence we can take a subsequence of {z,},
that converges to a point y € C'. By lower semi-continuity of I we deduce that I(y) < A,
which is absurd because info I = oo. This completes the proof. [l

As we will see later on, we establish LDP by verifying (1.16) for a suitable family of func-
tions F. For this to work though, we need to learn how to recover I from A. Proposition 1.1
below gives a duality formula for expressing I in terms of A. Recall that C,(F) denotes the
space of bounded continuous functions F': E — R.

Proposition 1.1 Let I be a lower semi-continuous function that is bounded below and define
A:Cy(E) =R by

A(F) = s%p(F —1).

Then
I(z) = sup (F(z)—A(F))= sup inf(F(z)—F(y)+1(y))

FeCy,(E) FeCy(E) YEE
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Proof The inequality

sup inf (F(z) — F(y) + I(y)) < I(x),

FeCy(E) YEE

is immediate because we can choose y = x. For the reverse inequality, it suffices to show
that if I(z) < oo and € > 0, then there exists F' € Cy,(E) such that F(z) = I(x) and for
every y € I/

F(z)— F(y)+ I(y) > I(x) —e, orequivalently F(y) <I(y)+e.

It is well-known that lower semi-continuous functions can be approximated from below by
functions in C,(E). More precisely, we can find a sequence of functions Fy € Cy(F) such
that F, 1 I. In fact the desired F' can be selected as F' = F, — Fj,(z) + I(z), where k is large
enough so that I(y) — Fi(y) <e. O

Once an LDP is available, we can formulate several other LDPs that can often be estab-
lished with ease. Two of such LDPs are stated in Theorem 1.2 below.

Theorem 1.2 Assume that the family {P,} satisfies LDP with rate function I.

e (i) (Contraction Principle) If ® : E — E’ is a continuous function, then the family
{P}, defined by
Pl (A) =P, (27'(4)),

satisfies an LDP with rate function I'(z") = inf{I(z) : ®(z) = 2'}.

e (ii) If G: E — R is a bounded continuous function, then the family

dP¢ = e"CdP,, with  Z,(G) = / e"? dP,,

Zn(G)

satisfies an LDP with the rate function [9(x) = I(x) — G(x) + supg(G — I).

Proof (i) Given a bounded continuous function ' : E' — R, we use Theorem 1.1 to assert

lim n~! log/e”F/ dP/ = lim n~* log/e”Floq’ dP,,

n—oo n—o0

= s%p(F’ o —TI)=sup sup (F'o®(z)—I(x))

el z:®(x)=z'

— sup (F/(2/) — I'(a)).

z'eFE’
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This and another application of Theorem 1.1 yields the desired result provided that we can
verify property (i) of Definition 1.1 for I’. This is an immediate consequence of the identity

(1.22) (Z el : I'@)<=0{zx : I(x)<(}).

To see (1.22), observe that if I'(z") < ¢, then we can find a sequence {x;} in E such that
®(xy,) = 2’/ and I(z) < £+ k™' Since such a sequence is precompact, it has a convergent
subsequence that converges to x with ®(z) = 2’ and I(z) < ¢. This shows that the left-hand
side of (1.22) is a subset of the right-hand side. The other direction is obvious.

(ii) Again by Theorem 1.1,

lim n~! log/e"F dPY = lim n™! log/e"<F+G) dP,, — lim n™'log Z,(G)

n—0o0 n—o0 n—o0

=sup(F + G — I) —sup(G — I) = sup(F — I%),
E E E

for every bounded continuous F. This and another application of Theorem 1.1 yields the
desired result provided that we can verify property (i) of Definition 1.1 for I“. Indeed since
I is lower semi-continuous and G is continuous, the function I¢ is lower semi-continuous. So
I% has closed level sets. On the other hand,

(v : IS@) <0 Clz : I(x) <),

for ¢/ = {4 supy G + supg(G — I). Since the set on the right-hand side is compact, the set
on the left-hand side is compact, completing the proof of part (ii). 0

Remark 1.1 It is also of interest to establish LDP for the family
P =P, (- | =2).

When the family {P%*} is sufficiently regular in 2’ variable, we expect to have an LDP with
rate function

00 otherwise .

I9(z) = {I(x) — I'(x), it ®(z) =2,

(See for example [R].) This and Theorem 1.2(ii) may be applied to LDP (1.9) to obtain
LDP for (grand canonical and micro canonical) Gibbs measures. Remarkably such LDPs
have recently been used by Chaterjee [C] to study long time behavior of solutions of nonlinear
Schrodinger Equation. O

Exercise 1.1 Suppose that the sequence {PP,} satisfies an LDP with rate function I and let
U be an open neighborhood of the set Cyp = {x : I(x) = 0}. Show

lim P,(U°) = 0.

n—oo

14



2 A General Strategy

According to Theorem 1.1, an LDP is equivalent to (1.18) for every F' € Cy(FE). Moreover,
Proposition 1.1 allows us to express I in terms of A. This suggests the following natural
strategy for tackling an LDP:

e (i) Find a family of functions V C C(F) such that we can show

(2.1) A(V) := lim n~'log Z,(V),

n—oo

exists for every V € V, where Z,(V) = [ €™V dP,.

e (ii) If the family V is rich enough, then we have LDP with a rate function of the form

(2.2) I(@) = sup(V(x) = A(V)).

Here is how it works in practice:

Theorem 2.1 Let V C Cy(E) be a family of functions such that the limit (2.1) exists for
every V-€ V. Then the following statements are true:

(i) For every compact set C,

(2.3) limsupn~'logP,(C) < —iIC1f I

n—oo

where I is defined by (2.2).
(i) For every open set U,

24 liminf n~'logP,(U) > — inf I

(24) e 08 () = Uy

where

(2.5) p(V) = {:c lim PY =6, for someV € V} :
n—oo

(Recall dPY = Z,(V)™' eVdP,.). Moreover if lim, ... PY = 4, for some V € V, then
I(z) =V(x) = A(V).

(iii) If for every x € E with I(x) < 0o, we can find a sequence {xx} C p(V) such that

(2.6) lim x = x, limsup I (zx) > I(z),

k—o0 k—00

then {P,} satisfies a weak LDP with rate function I.
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Remark 2.1 Theorem 2.1 suggests a precise strategy for establishing a weak LDP principle
that consists of two steps:

e A probabilistic step of finding a rich family V of functions F' for which we can calculate
the limit in (2.1)

e An analytical step of establishing certain regularity of I as was formulated in (2.6).
O
For some examples, we can establish (2.1) for a family V that consists of continuous

but unbounded functions (like linear functions). For such examples, we state a variant of
Theorem 2.1.

Theorem 2.2 Let V be a family of continuous functions such that the limit (2.1) exists for
every V€ V. Assume further

(2.7) lim lim sup / V' dPY =0,
V| >

=00 paoco

for every V,V' € V. Then the statements (i)-(iii) of Theorem 2.1 are true.

The proofs of Theorems 2.1-2.2 will be given in Subsection 2.3. The main three steps of
the proofs are as follows:

e (i) Use Chebyshev-type inequalities to obtain upper bound LDP (in short ULDP) for
compact sets, namely (2.3) for a rate function I,,.

e (iii) Use entropy-type inequalities to establish lower bound LDP (in short LLDP) for
open sets, namely (1.14) for a rate function 1.

e (iv) Show that I,(x) = [;(x) for x € p(V).

We explain these three steps in Subsections 2.1-2.3. The ULDP for closed sets will be
achieved by showing that the family {P, },.en is exponentially tight. That is, for an error that
is exponentially small, we can replace a closed set with a (possibly large) compact set. This
will be explained in Subsection 2.3.

2.1 Upper bound estimates
Note that if replace V with G = V — A(V) in (2.1), then the right-hand side becomes 0.
Also, for ULDP, we only need an inequality of the form

(2.8) limsupn ! log/ "¢ dP, < 0.

n—oo

Theorems 2.1-2.2(i) are immediate consequences of the following more general fact:
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Proposition 2.1 Let G be a family of lower semi-continuous functions such that (2.8) holds
for every G € G. Then for every compact set C,

(2.9) limsupn ™' logP,(C) < —iréf I,

n—o0

where I,, 1s defined by

(2.10) I,(z) = sup G(z).
Geg

Proof Given any Borel set A, we clearly have
eMAC P (A) < / " dP,,.

From this, and our assumption (2.8) we deduce

limsupn 'logP,(A) < — igf G,

n—oo

for every G' € G. Optimizing this over G yields
(2.11) limsupn ' logP,(A) < —sup inf G(y).

n—00 Geg YEA

It remains to show that in the case of a compact set A, we can interchange sup with inf on
the right-hand side of (2.11). To achieve this, take a compact set C' and set [ = inf¢ I,,.
Given € > 0, and z € C, we can find GG, € G such that

~

(2.12) I —e < Gy(o).
Since G, is lower semi-continuous, we know that the set
Up={y: Guly) >1—¢c}
is open. Since C'is compact and x € U, by (2.12), we can find xq, ...,z € C such that
CCU,U---UU,,.
Now we use this and apply (2.11) to A = U,, to assert

limsupn~'logP,(C) < limsupn 'log [P,(Uy,) + - - + Po(Us,)]
n—oo n—oo
< — i inf G
=iy 8 L oW

<— min inf G, (y) < 1 +e¢,



where we used (2.12) for the last inequality. We finally send ¢ — 0 to conclude (2.9). O

Remark 2.2 For several important examples (see Example 2.1 below or Sanov’s theorem
in Section 3) we can achieve this (even with equality in (2.8)) for linear continuous F' and
the space of such F'is rich enough to give us the best possible rate function. More precisely,
the space E is a closed subset of a separable Banach space X and A(L) exists for every
continuous linear L € X*. Using

G:={L(:)—A(L) : Le X"},
we deduce an ULDP with the rate function

lu(x) = A*(z) = sup (L(z) — A(L)),

LeX*

which is the Legendre transform of A. We note that in this case I, is convex and the family
G as above would give us the optimal rate function when the rate function is convex. O

Example 2.1 (Cramér’s theorem-Upper bound) Let X;, X, ..., X,,... be a sequence of
iid Re-valued random variables with distribution . Set

P, (A)=P(n '(Xi+--+X,) €A).

Then for every v € R and n > 1,

n! log/e””'x P, (dz) = log/e” pu(dx) =: Av)

and Theorem 2.1 yields an ULDP for I, = \*. U

2.2 Lower bound estimates

On the account of Proposition 2.1, we search for a family of functions for which (2.8) holds.
The hope is that this family is rich enough so that our candidate I, for the ULDP also
serves as a rate function for the lower bound. To understand how this can be achieved, let
us assume that for a given z € F, the supremum in (2.10) is achieved at a function G € G.
For G, we better have equality in (2.10); otherwise by adding a small positive constant to
G, (2.10) is still true and such a modified G' contradicts the optimality of G. Let us also
assume that in fact G is a bounded continuous function. Hence, if I, = I is indeed the large
deviation rate function, by Theorem 1.1, we should have

limsupn ! log/ ¢"C dP, = sup(G — I) = 0.
E

n—oo
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Now by applying Theorem 1.2(ii), we learn that the family {PG1 satisfies an LDP with rate
function I¢ = I — G. Note that I¢(z) = 0. If Z is the only point at which /¢ vanishes, then
by Exercise 1.1, we have a weak LLN for the family {P%} of the form

(2.13) PC = 4.

We may now recast [,(z) as the entropy cost for producing a probability measure IP’nG that
concentrates about z because

(2.14) lim n~'H (men) = lim [/G dPG — n~'log Z,(G)| = G(z) = I(7).

n—oo n—oo

In summary a maximizer in the variational problem (2.10) is closely related to those measures
P for which a LLN holds. We now design a strategy for lower bounds LDP that is based
on (2.13). Namely, we search for those G for which the corresponding PY satisfies (2.8). Our
candidate for I;(Z) is the smallest “entropy cost” that is needed to achieve (2.6). Motivated
by this strategy, let us make a definition.

Definition 2.1 Given = € E, define C(z) to be the set of measurable functions G : £ — R
such that supy G < oo, and PS = 4, as n — oo. O

Proposition 2.2 Let G’ be a family of upper semi-continuous functions such that supp G <
oo, and

(2.15) h}gi{gfn_llog / e"? dP, >0,
holds for every G € G'. Then for every open set U,

(2.16) lim inf ntlogP,(U) > —inf I,
where I; is defined by

(2.17) Ii(z) =inf{G(z): Ge g NC(x)}.

As a preparation for the proof of Proposition 2.2, we establish a useful inequality. Given
a probability measure P and a bounded measurable function G let us define

d(G) = log/eG dP.

The function ® is convex and its Gateaux Derivative can be readily calculated. In fact the
subdifferential of ® at a function G is a probability measure that is given by

dPg = %) gp.
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More precisely, for any pair of bounded measurable functions F' and G,
(2.18) B(F) — D(G) > /(F _ @) dpe.
This is an immediate consequence of the Jensen’s inequality:

o/ (F=G) dP < /eF—G APy = /eF—<I>(G) AP — o2(F)—2(@)

Proof of Proposition 2.2 The main ingredients for the proof are Theorem 1.2(iii) and the
inequality (2.18). If we set

An(G) :==n"tog / e"? dP,,  dPS = MG gp,
then (2.18) reads as
(2.19) A (F) > A (G) + /(F —G) dP¢.
As a result,

liminf A, (F) > liminf A,,(G) + lim inf / (F —G) dP¢
n—r00 n—r00 n—00
(2.20) > F(z) — G(x),
for every G € G’ N C(x). Optimizing this over G yields
liminf A, (F) > F(x) — Li(x).
n—oo
From this and Theorem 1.1(iii) we deduce (2.16). O

For Theorem 2.2, we need to prove a variant of Proposition 2.2 that works for unbounded
continuous functions:

Proposition 2.3 Let G' be as in Proposition 2.2 except that instead of the requirement
supp G < 00, we assume

(2.21) lim limsup/ G dPY =0,
{—00 n—oo |G|>€
for every G € G'. Then the conclusion Proposition 2.2 holds true.

The proof is almost identical to the proof of Proposition 2.2. The only place where
supy G < oo was used was in the second inequality of (2.20). The condition (2.21) allows us
to replace G with G1(|G| < ¢) that is upper semi-continuous and bounded for a small error.
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2.3 Proofs of Theorems 2.1 and 2.2

Part (i) is an immediate consequence of Proposition 2.1. As for part (ii), take an open set
U and pick = € U N p(V). By Propositions 2.2 and 2.3

liminf n~'logP,(U) < —(V(z) — A(V)),

n—oo

for a function V € V such that PV = §,. To deduce (2.4), we need to show that I(z) =

V(z) — A(V), or equivalently,
(2.22) Viz) = AV) > V() — AV),
for every V € V. By (2.19) and (2.1)

lim inf / (V = V) dPY <liminf[A, (V) — A, (V)] = A(V) — A(V).

n—o0 n—oo

This implies (2.22) when both V' and V are bounded because P = §,. In the case of
unbounded V and V', use (2.7) to replace V' — V', with

(V=V)L(V[,[V] < 0.

Then pass to the limit n — oo, to deduce (2.22).
Finally for part (iii), if (2.6) is true for a sequence {zx} in p(V), we also have

lim I(xy) = I(x),

k—o00
because I is lower semi-continuous. Now if x € U and (2.6) is true, then x;, € U for large k.
For such k, part (ii) implies

liminfn "t logP,(U) > —1(z}).

n—oo

We then use I(xy) — I(z) to deduce

liminf n~'logP,(U) > —I(x),

n—oo

as desired. 0

2.4 Exponential tightness

Recall that according Prohorov’s theorem, a sequence of probability measures P, has a
convergent subsequence if it is tight. That is, for every £ > 0, we can find a compact set K,
such that

supP,(E\ K;) < 7.
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This condition would allow us to restrict P,,’s to a large compact set and use the fact that
the space of probability measures on a compact metric space is compact.

In the same manner, we define exponential tightness so that off of a large compact set,
probabilities are exponentially small.

Definition 2.1 We say that a sequence of probability measures P, is exponentially tight, if
for every £ > 0, there exists a compact set K, such that

limsupn ' logP,(E \ K;) < —/.

n—oo

O

Theorem 2.3 (i) Suppose that the sequence of probability measures {P,} is exponentially
tight, and (2.3) is true for every compact set. Then (2.3) is also true for every closed set.

(ii) If (2.3) is true for every closed set for a function I, with compact level sets, then the
sequence of probability measures {P,,} is exponentially tight.

(iii) If the sequence of probability measures {P,} is exponentially tight, and (2.16) is true
for a lower semi-continuous function I, then I; has compact level sets.
Proof (i) Let K, be as in Definition 2.1. Given a closed set C,

limsupn ' logP,(C) < limsupn ™ 'log [P,(C N K;) +P,(E\ K]

n— o0 n—oo

Smax{— inf ],—f} Smax{—inf[,—f}.
CNKy C

We then send ¢ — oo to deduce (2.3) for C.
Proof (ii) Fix £ > 0. Set C, = {x : I(x) < {+ 2} and
Up={z:d(z,C)) < k™ '}.
By ULDP,
limsupn ™ 'P,(Uf) < —i(IJle[ < —iggf[ < —(0+2).

n—oo k

Hence, we can find ny such that for n > ny,
P, (Uf) < e "D = gnent,
Without loss of generality, we may assume that n; > k, so that for n > n; > k,

P,(Uf) < e Fe
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To get rid of the restriction n > nj > k, choose compact sets Cy ;, Ca, ..., Cip, such that
P; (C5y) < e Fe,
for j =1,2,...,n%. We now have

P, (UsNCs,NCs,n---NCK, ) <ere™,

1,ng

for every n. As a result,
P, (Kf) <e™™,

for the set
Ky = ﬂzozl [Uk U Cl,k U C2,k U---u Cl,nk] :

We are done if we can show that K, is compact. For this it suffices to show that K/ is totally
bounded. This is obvious, because for each k, the set

Uk U CVL].C U 02714; Uy---u Clﬂk-’
can be covered by finitely many balls of radius 1/k.

Proof (iii) If we apply (2.16) to the open set U, = K§ with K, as in the Definition 2.1, we
learn

{z: I(z) <({} C K,

This implies the compactness of the level sets of I because by lower semi-continuity, these
level sets are closed. U
Next result gives us a practical way of verifying exponential tightness.

Lemma 2.1 The sequence {P,} is exponentially tight if there exists a function F : E — R
such that the set {z : F(x) <} is compact for every {, and

a:=limsupn~! log/e"F dP, < oc.

n—o0

Proof By Chebyshev’s inequality,

P, (F >/ <e™ / et dP,,.

Hence
limsupn 'logP,(F > () < a— /.
n—oo
This implies the desired result because the set {F' < ¢} is compact. U
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3 Cramér and Sanov Large Deviation Principles

3.1 Cramér’s theorem

In the case of Cramér’s LDP, we have a sequence X1, X, . .. of R%valued iid random variables
with distribution u. Recall

(3.1) P, (A)=P(n X+ +X,) € A).

Theorem 3.1 Assume that [e”’u(dzr) < oo, for every v € RY. Then the sequence {P,}
(defined by (3.1)) satisfies LDP with the rate function

(3.2) I(x) = X(x) = sup(z - v — A(v)),

vERE

where \(v) = log [ e*"pu(dx).

Proof Step 1. To apply Theorem 2.2, we need to come up with a family V such that
A(V) can be calculated for every V € V. As we mentioned in Example 2.1, we choose
V ={L,:v € R} with L,(z) = v-z. It is not hard to see that A\(v) := A(L,) for every
v € R? To complete the proof we need to verify three things: the exponential tightness,
(2.6), and (2.7). As a preparation, first observe that since

d
er|x| < § (edrmi _i_e—drxi),
=1

we have
(3.3) /e”w dp < oo,

for every r > 0. This in particular implies

n! log/enx| dP, < log/elxl p(dr) < oo.

We then use this to apply Lemma 2.1 in the case of F(z) = |z| to deduce exponential
tightness.

Step 2. We now turn to the proofs of (2.6) and (2.7). For this, we need to identify the
measures PLv v € R4, and the set p(V). Observe

Phv(A) =P (n (X1 + -+ X,) € A),
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where X7, Xo,... are now iid with law
p(dr) = "7 A pu(da).
From this and (3.3), we can readily verify (2.7). As for (2.6), note that by the weak LLN,
Pﬁ“ = (5m(v).
where m(v) = [ @ p¥(dz). Hence
p(V) = {m(v) : v e RY.
Step 3.To establish (2.6), we need to understand the function A better. For one thing, we
may use (3.3) to show that the function A is smooth with VA(v) = m(v). Now it is clear

that if for a given z, the supremum in (3.2) is achieved at some v, then z = VA(v) and as a
result x € p(V). Also, by Theorem 2.1(ii), we have

(3.4) I(m(v)) =v-m(v) — A(v).

As we will see in Exercise 3.1 below, in some cases the supremum is not achieved for a finite
v. To deal with such a possibility, let us consider a restricted supremum of the form

(3.5) Ix(z) = sup(z - v — A(v)).

lv|<k
Fix z ¢ p(V) with I(x) < oo and choose vy, such that
Ie(z) =z - v — Mog), o] < k.

We then set x = m(vy). We claim that the sequence {z} satisfies the requirements stated
in (2.6). To see this, observe that since vy, is a maximizer in the variational problem (3.4),
we must have |vg| = k for each k > 0; otherwise = VA(v;) which contradicts = ¢ p(V). as
a result, |vg| =k, and if w - v > 0, then (x — VA(vg)) - w > 0. So, there exists some scalar
t > 0 such that

x — VA (vg) = tgoy.

So,
T = T + tkvk, Ik(ZL‘) = (V)\(Uk) + tk’l)k) Uk — )\(’Uk) = I(m(vk)) + tk|vk|2 — [(l’)

From this we learn that {t;|v;|?} is bounded because I(z) < oo. This in turn implies
limy_, o xx = x. This completes the proof of (2.6) because

I(m(vg)) < Ip(x) — I(x),
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as k — o0. O

Exercise 3.1
(i) Show that A(v) grows at most linearly as |v| — oo if the support of p is bounded.
(ii) Show

lim Aw) =

- )
[v] =00 "U'

if the support of u is R? (i.e. pu(U) > 0 for every nonempty open set U). (Hint: Use
A(v) = log / e’ u(dw),
AR
where the set Ag = {z: 2z -v > |v||z|, |z| > R}.)
(iii) Show
D*\(v) = /(x —m(v)) @ (x —m(v)) p’(dx).

Use this identity to show that A is strictly convex unless the measure u is concentrated on
a linear subset of R? of codimension one. U

3.2 Sanov’s theorem

For our next LDP, let p be a probability measure on a Polish space F and assume that
X1, Xo,... is a sequence of F-values iid random variables with P(X; € A) = pu(A) for
every Borel set A. Write M = M(FE) for the space of Radon probability measures on
E and ||f|| = supg|f]| for the uniform norm. Equip the space M with the topology of
weak convergence. As it is well-known we may use Wasserstein distance D to metrize M.
Moreover the metric space (M, D) is a Polish space. We now define a family of probability
measures P, on M by

(3.6) P,(A) =P (n '(6x, + -+ 0x,) € A)

for every Borel set A C M. Recall that the relative entropy is defined by

log 4@ da if a < B,
H(olg) = {f@ 4

otherwise,

for a and 8 € M. We are now ready to state and prove Sanov’s theorem.

Theorem 3.2 The family {P,}, defined by (3.6) satisfies LDP with a rate function I(v) =
H(v|p).
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As a preparation for the proof of Theorem 3.2, we establish the following variational
expression of Donsker and Varadhan that in essence identifies the Legendre transform of the
entropy.

Theorem 3.3 We have

o0 = ([roe o)« (fran),

where By(E) denotes the space of bounded Borel-measuable functions f: E — R.

Proof Step 1. Let us write

(3.8) I(v :fesgbp </fdy— ), I'(v :fes;bp (/fdu— )

We first to show that H(v|u) > I'(v). Indeed, if H(v|u) < oo, then for some Borel function
h > 0 we can write dv = h dp, or in short v = hu. We then use Young’s inequality to assert
that for any f € By(FE),

/f dy—H(um):/h(f—logh) dp = log exp [/h(f—]l(h>0)logh) du]

< log [/hexp(f—ll(h>0)logh) d,u} :log/ el dp,

as desired.

Step 2. We now turn to the proof of I = I’. To prove this, assume that I(r) < oo and pick
any f € By(F). We wish to show

(3.9) /f dv < Mf) + I(v).

Recall that by Lusin’s theorem, for any € > 0, there exists a continuous function f. such
that

[fl <AL (et v)(Ae) o= (p+v) ({2 f(z) # f(x)}) <e
From this and

[ v <)+ 10),
we deduce

/f dv — 2¢||f]] < log [/ e/ du—l—QEe”f”} + I(v),
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for every ¢ > 0. We then send ¢ to 0 to deduce (3.9), which in turn implies I’ < I, and
hence I = I'.

Step 3. We next turn to the proof of

(3.10) H(vlp) < I'(v).

For this, we first show that if I'(v) < oo, then v < p. Indeed if ;(A) = 0 for a Borel set A,
then choose f(x) := (1(z € A) in (3.9) to assert that fv(A) < I'(v). Since £ > 0 is arbitrary,
we deduce that v(A) = 0.

We note that if the supremum in the definition of I'(v) is achieved for f € By(E), then
we must have v = /=)y, Equivalently, if v = hpu, then f = log h. However, in general,
log h is not bounded. Because of this, let us pick some ¢ and ¢ with 0 < ¢ < £ and define
hy = min{h, ¢}, and

h it he(el),
hee = ¢ it h>¢,
€ if h<e.

We then choose f = loghs. in (3.9) to assert that for v = hy,

(3.11) /(log hee) dv < I(v) +10g/he,5 dp.

Since hy. | hy and log hy < log ¢, we may use Monotone Convergence Theorem to send € — 0
n (3.11) to deduce

/(loghg) dv < I(v) + log/hg du < I(v).

we now send ¢ — oo to conclude (3.10). O
Exercise 3.2 Show

A(S) =10g/ef d = sup (/f dV—H(V!u))-

Proof of Theorem 3.2 Given f € Cy(E), define Ly(v) = [ f dv and set V ={L;: f €
Cy(E)}. We have

O

nllog/e”Lf dp, :log/ef dp =: \(f),

which implies that A(Ly) = A(f). Theorem 2.1 is applicable to the family V with the
associated rate function given by

(3.12) I(v) = sup_ (/f dv — \ )
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By Theorem 3.3, we know that I(v) = H(v|u). We need to take care of three things: identify
p(V), verify (2.6), and the exponential tightness of the family {P,}.

Step 1. As for p(V), let us write
o= Oy k), QL= PY, and  du! = ) dp

Observe that for any J € Cy(M),

/Jd@f —F J( ) F(X1) 4+ f(Xn)—nA(f)

= /J (71_1(53;1 +---+ 5%)) p! (dxy) ... (day,),

which means that the probability measure Q/ is the law of n=1(§ xftoo 0 x/) where now
X!, x],... areiid with P(X/ € A) = u/(A4). By LLN,

P ({wr lim n G+ o) =n'}) =1

n—oo

From this we can readily deduce

lim [ JdQ) = J(u),

n—o0

for every f € Cy(M). Equivalently

h_)m Qf = 0t
Hence
(3.13) pV)={p': feCE)} ={hueM: hh'eCyE)}

Here by a measure v = hu € M, we really mean that the measure v < p and dv/dp = h. So,
when v = hy € p(V), in really means that h = e/ for some f € Cy(E). By Theorem 2.1(iii),

(3.14) ) = [ Luogn 40"~ Ntogh) = [ hlogh du = H(huln),

for every function h > 0 such that h, h=! € C,(E).

Step 2. We now Verify (2.6). First observe that if ¢(h) = hlogh — h + 1, then ¢ > 0 and
H(hplp) = [ ¢(h) du. We now set h* = h1(¢~! < h <) and observe

H(twlp) = i [ (1) dy
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We then pick € > 0 and use Lusin’s theorem to find a continuous function h%* such that
h% . B — [(71,/], and
1 ({a: : hbE 4 hg}) <e

We now have
(3.15) ‘/gb(hﬁ’a) du—/gb(hé) d,u‘ < ellogt.

Note that the right-hand side is small for large ¢ if we choose € = (2. To turn h%® into a
probability density, set z%¢ = Ik h% du and h** = h% /2%, We note

(3.16) }zg’a —1| <elogl+v({z: h(z)¢& (", 0)}).

We also have

ot - o o]

From this, (3.16) and (3.15), we can readily deduce that if hy = h%| then

Jim H(heplp) = H(hylpe)-

1 1
Zk) / ¢ (h*%) dp+ 7 +log 2" — 1.

Since hy is continuous and hy € [(7!, ¢], we have established (2.6).

Step 3. For the exponential tightness, pick a sequence of compact sets K, C E such that
(3.17) u(Kg) < e,
for ¢ =1,2,..., and form K, = N2 K* where

KF={veM: v(Ky)>1-k"'}

Evidently each K is closed and by Prohorov’s theorem, each K, is compact in M. We then
apply Chebyshev’s inequality to assert

P,(K7) <

NE

P, ((K*)°) = iIP’ (v, ¢ KF) = i P(v,(K5) > k7Y
k={

k=¢

Eonl
Il
~

WE

P(nk’v,(K¢) > k) < Z /enk%n(l(i) dP
k=¢

k=t
— Z e—kn <N(Kk> + ekQ,u(Kg)> S on Ze—kn S 2714—16—71(7
k=¢ k=t
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where we used (3.17) for the second inequality. This readily implies the exponential tightness.

O

Remark 3.1 In view of Theorem 2.2, the exponential tightness and ULDP imply that the
large deviation rate function has compact level sets. This however can be readily verified for
H(v|pn) because the function h — hlogh grows faster than linearly at infinity. Indeed the

set
— {0 Hl) < 0 = {hs [ hlogh dye < 1),

is a weakly compact subset of L'(x). This means that the family K is uniformly integrable.
This can be established directly and is an immediate consequence of the following bound:

For any Borel set A,

log 2
(3.18) V(A) < o8 +- ('"“)
log <N(IA) + 1) 08 Li(A) M(A)

Here how the proof goes; for & > 1,

/ hdu < (logk)™* / hlogh dyu.
h>k

So, for any set Borel set A, and v = hyp,

v(A) < (log k:)_l/hlogh d,u+/Ah]1(h < k) dp < (loghk) ™ H(v|p) + ku(A).

This implies (3.18) by choosing
log 2

"= 1(A)log (ﬁ + 1)‘

Exercise 3.3 Use (3.7) to deduce

H(v|p) +log2

(3.19) v(A) < :
3.19 < log(ﬁ—l—l)

Exercise 3.4 (i) Given a Polish space E and p € M(E), define I : M([0,1] x E) —

by
f(u) sup </fdu— ),
FeCL([0,1]x E)
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where

[\(f):/o1 A(f(0,4)) d9:/0110g Uef“)@) u(dx)} de.

Show that if f(l/) < 00, then v < ji, where dji = df x du. Moreover, in the definition of f,
we can take the supremum over By([0,1] x E).

(i) Show that if /(v) < co, then we can write v(df, dz) = h(, z) dfu(dz) with [ h(8, z)u(dz) =
1 for every 6 € [0, 1] and that

I(v) = /hlogh dj.

(iii) Given a sequence of E-valued iid random variables X = (X, Xs,...) with the distri-
bution u, define

D(df, dx; X) =n" Z O(i/n,X1)-
i=1

The map X — 7,,(+; X) induces a probability measure P, on ./\;lA: M([0, 1] x E). Show that
the family {P,} satisfies LDP principle with the rate function I. O

3.3 Sanov’s theorem implies Cramér’s theorem

We may apply Contraction Principle (Theorem 1.2(i)) to Sanov’s theorem to establish a
Cramér’s theorem. For simplicity, first we assume that measure p has a bounded support
{z : |z| < k}. To deduce Theorem 3.1 from Theorem 3.2 in this case, we choose £ =
{z: |z| <k} and consider ® : M(E) — R, defined by ®(v) = [ dv. Note that ® is a
continuous function and that if P, is defined as in Theorem 3.2, then

P (A):=P,({v: ®(v) e A}) =P(n (X1 + -+ X,) € A4).

As a result, we may apply Theorem 3.2 and Theorem 1.2(i) to assert that the family {P/}
satisfies an LDP with the rate

(3.20) I'(m) = Vienja{H(Vm) : d(v) =m}.

This does not immediately imply Cramér’s theorem for the sequence {P,} because Theo-
rem 3.1 suggests a large deviation rate function of the form

(3.21) I(m) = sup(m-v — A(v)),

veERE

where A(v) = log [ e*? u(dx). To prove Theorem 3.1 when the support of x is bounded, we
need to show that I’ = I. We offer two different proofs for this.
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The first proof is based on Minimax Principle. Indeed

I'(m) = inf {Hlp): ®(v) = m}

X ARV ERER)
(3.22) — inf sup {H(u\u) _ /v-x U(de) —i—v-m},

VEM 4 cRd
simply because if ®(rv) —m # 0, then the supremum over v is +o0o0. Since E is compact
in our case, the space M = M(F) is also compact. As a result, the Minimax Principle is
applicable; the supremum and the infimum in (3.22) can be interchanged. This would yield
the equality of I’ with I:

I(m) = sup inf {H@\u) —/v~:1: V(dx)—i—v-m}

veERE VE

= sup {—log/e” p(dz) 4+ v - m} = f(m),
veERd
where we used Exercise 3.2 for the second equality.
Our second proof is more direct, though we need to borrow Step 3 from the proof of
Theorem 3.1. First observe that the proof of I’ > Iis straight forward: for any measure
v = hy satisfying ®(v) = [ ¥ dv =m,

H(v|p) = sup {/f dl/—log/ef dy}
feCy(E)
> sup {/U-\I/du—log/e”"l’ dl/}
veRA

= sup(m - v — A(v)) = I(m).
veERA
This yields an ULDP with rate I. (This not surprising, even in the Minimax Principle, the
inequality infsup > supinf is trivial.) As for the reverse inequality, note that for I’ we are
minimizing the entropy of v (relative to p) with the constraints

/h =1, /xh(a:) v(dz) = m.

Since OH (hu|p) = log h, we may use the method of Lagrange multipliers to assert that for
a minimizing h of the optimization problem (3.20), we can find scalar A\ and vector v such
that

v-x—X or hz)=e""

(3.23) log h(x)
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In fact since i h di = 1, we must have \ = 5\( =log [ """ p(dz). This suggests that the
minimizing h should be of the form (3.23). T hough when such mmlmlzing h exists, we must

have
m = /m v(dz) = /xe”'m_’\(“) v(dz) = VA(v).

As a result,
I'(VA(v)) < H <6U'q]—;\(v)u|,u> = /[v U = A0)] dp=m v — Av).

This means that I'(m) < I(m) provided that m = VA(v) for some v € R?. We may deduce
an LDP for {,} with rate function I if we can show that whenever I(m) < co, we can find
a sequence of my = VA(uy,) such that my, — m and A(my) — A(m) in large k limit. This is
exactly the property (2.6) and was discussed in Step 3 of the proof of Theorem 3.1.

Note that when the support of i is unbounded, we cannot apply Contraction Principle
because when £ = R?, the transformation ® : M — R?, defined by ®(u) = [z dv is not
continuous. Though this issue can be taken care of with some additional work. We leave the
details to Exercise 3.4 below.

Exercise 3.5 (i) Suppose that E and E’ are two Polish spaces and ® : E — E’ is a Borel
function. Assume that there are compact subsets K, C E such that the restriction of ® to
each K, is continuous. Let {P,} be a sequence of probability measures on F that satisfies
LDP with rate function I. If

hm limsupn 'logP,(K}) = —oo,

=00 peo

then the sequence {P, o '} satisfies LDP with rate I'(z') = infg()—p I ().

(ii) Show that if £ = R?, and p satisfies [ e du < oo for every v € R?, then there exists
an increasing function 7 : [0, 00) — [0, 00) such that 7(0) = 0, r~'7(r) — oo in large r limit,
and [ e p(dz) < oo

) v ’ (‘ ) f L)

K, = {1/ € M(RY) : /T(|x|> dv < e} |
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4 Donsker-Varadhan Theory

Let X1, X5, ... be a sequence of iid random variables. By Sanov’s theorem, we have an LDP
for the empirical measure v, associated with this sequence. As a consequence we have a LDP
for the law of the sequence n™!(¥(X;) + -+ + ¥(X,,)) provided that ¥ € C,(E). However,
Sanov’s theorem is not strong enough to yield an LDP for the sequence

Zn(W) =01 (U(X1, Xo) + U( Xy, X3) + -+ U( X, Xog)),

where now W : £ x E — R is a bounded continuous function. We note that by LLN

lim Z, = /\I/(:v,y) p(dz)pu(dy),

n—oo

because if X! = (X;, X;41), then X7, X%, ... and X}, X, ... are two sequences of iid random
variables. In the same fashion we can show that for any bounded continuous ¥ : E¥ — R,

(4.1) r}l—g)lo Zn (V) = /\If(ajl, ooy xg) pldxy) .o p(dey),
where
Zo(U) =n N (U(Xy, . X)Xy, X))+ (X X))
Equivalently
k
(4.2) im 7" (8 x) + 0(XonXisn) T F X)) = | [

n—oo

in the weak topology. (Throughout this section all convergence of measures are in weak
topology.) It is the best to rephrase (4.2) as an Ergodic Theorem. More precisely, let us
consider

E=F={x=(z,:n€Z): x, €E for each ncZ},

and define T'(x), = x,11 to be the shift operator. We equip £ with the product topology so
that £ is again a Polish space and 7" is a continuous function. Writing P, for the product
measure [ [, ., 1, we may apply LLN to assert that for any ¥ € Cy(£),

(4.3) lim n=" (U(x) + U(T(x)) + -+ V(T (x))) = /\If dP,,.

n—o0

This is exactly (4.1) if

U € CP(E) := {¥ € Cy(F) : ¥ depends on finitely many coordinates}.
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The proof of (4.3) for general ¥ € Cy(€) follows from the denseness of Cl°(E) in Cy(E).
Furthermore, by taking a countable dense set of functions ¥ € C(£), we learn

(4.4) P, {X €& lim y,(x) = IP’M} =1,

n—oo

where
Vn(x) =n"! (5)( + 5T(x) +oeot 5T"*1(x)) .

The statement (4.4) is an instance of an Ergodic Theorem for the dynamical system
(€, T). More generally, we may set

Mg = Mg(€) = {Q e M(E): /FOT dQ = /F dQ, for every F € C’b(é')}.

In the theory of Dynamical Systems, the set Mg(E) consists of invariant measures of the
dynamical system (€,7). In probabilistic language, Mg consists of the laws of E-valued
stationary processes. We can readily show that Mg(&) is a closed convex subspace of M(E).
Hence Mg(€) is a Polish space. Here are some examples of stationary processes.

Example 4.1
(1) (uid sequences) The product measure P, € M(E), for every v € M(E).

(ii) (Markovian sequences) Consider a measurable family {p(z,-) : x € E} of probability
measures on F and regard p(x,dy) as a Markov kernel. Suppose that 7 € M(F) is an
invariant measure for p. That is,

/ p(, A) n(dz) = w(A),

for every A € B. We now build a stationary process () that is the law of a Markov process
with marginal 7 and kernel p. The measure () is uniquely determined by identifying its finite
dimensional marginals; the law of (g, Txi1, ..., Trie—1, Thie) iS given by

m(dzy)p(zr, drgsr) - p(Trio—1, dThpe).

(iii) (Periodic sequences) Given x € &, define an n-periodic sequence II,,(x) = (2 : i € Z)

such that z7', = x; for i € {1,2...,n} and k € Z. We then define a modified empirical

measure as follows:

(4.5) (%) =" (011, (x) + Orott, )+ + On—tom, () ) -

Evidently ,(x) € Mg(E). O
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According to the Birkhoff Ergodic Theorem,
(4.6) Q <{X €&: lim y,(x) = QI}) =1,
n—oo

where QI (dy) is a conditional measure of () with respect to the o-algebra Z* of T-invariant
Borel sets:
F ={A: Ais aBorel set and T(A) = A}.

We also write M., for the space of ergodic invariant measures. More precisely, M., consists
of those invariant measures @) such that for every A € Z7, we have that either Q(A) = 1 or
0. In particular if ) € M,,, then

(4.7) Q ({x €& lim vy(x) = Q}) ~1.

Donsker-Varadhan Theory establishes an LDP for the LLN stated in (4.4). To describe
this LDP let us recall that any limit point of the empirical measure v,(x) is necessarily in
Mg(E) even though v, (x) ¢ Mg(E) in general (except when x is n-periodic). This suggests
to formulate an LDP for probability measures defined on Mg(E). To achieve this goal, let
us modify our LLN slightly to assert that in fact for Q € M.,.(&),

(4.8) Q ({x €& lim 7y (x) = Q}) —1,

where 1, was defined in (4.5). This is because for a local function ¥ = W, with ¥, € Cy(E*),

(4.9) ’ / U dvy (x / U diy ()

Since 7, € Mg(E), let us define a sequence of probability measures {P#} on Mg(E) by

Pr(A) =P ({x: in(x) € A}).

Donsker-Varadhan [DV] establishes an LDP for the family {P#}. To facilitate the statement
of this LDP and its proof, let us make some useful conventions.

< 2kn~ Y| W]

Definition 4.1 (i) Given a o-algebra F, we abuse the notation and write F for the space of
F-measurable functions. We also write bF for the space of bounded F-measurable functions.

(ii) Define
E'={x'=(zj: j<i): x€ Eforj<i}, &={xi=(x;: j>1): x; € Efor j <i},
so that £ = &' x &1 and any x € £ can be written as x = (x*, X;11).
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(iii) The o-algebra of Borel sets depending on coordinates (z; : j <) (resp. (z; : j > 1))
is denoted by B’ (resp. B;). The o-algebra of Borel sets depending on coordinates (z; : i <
j < k)) is denoted by BF).

(iv) Given Q € M(E), we write Q' (dx") for the restriction of @ to the o-algebra B°. Further,
the Q-conditional measure with respect to B’ is denoted by @Q;(x’, dy). This measure is sup-
ported on the set {x'} x & 1. Identifying this support with &1, we also write Q;(x’, dy;41)
for the ()-conditional measure but now as a probability measure on &;;. Given k > 0, we
also write Q;(x*, dyis1, - . ., dyi+x) for the restriction of Q;(x’,dy;;1) to the o-algebra BLiY.
Hence for ¥ € bB™+*,

/‘I’ dQ:/ [/‘I’(Xiaywh---,ywk) Qi(x', dyis1)| Qi(dx").

(v) We write u®* € M(E*) for the product of k copies of . When @ € M and

Q(x', dyisr, . - . dyir) < p®,
the corresponding Radon-Nikodym derivative is denoted by q;(yii1, - - -, Yitr|X").
(vi) Set
W = {G c B /eG(xi’x"“) p(driy ) =1 for every x' € 51} :
We also write
Wi =W nbB*, Wi =W nNCleE).
Note that for any ' € B!, the function

A

F(X' wi1) = F(X', 2i41) — log/eF(xi’yi“) 1(dyiv1),
belongs to W', Also, if Q;(x’, ) < p for @Q-almost all x*, then G(x", z;,1) = log ¢i(z;11|x") €
W after a modification on a Q-null set. 0J

We are now ready to state Donsker-Varadhan LDP. Recall that H(«|f) denotes the
relative entropy and was defined write after (3.6).

Theorem 4.1 The family {P"} satisfies an LDP with rate function H, : Mgs(E) — [0, 00],
that is defined by

(4.10) H,(Q) = / H(OM ) Qdx),

where QL(dy) = Q(x°, dyy) is the Q-conditional measure of 1 given B,
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As a preparation for the proof Theorem 4.1, we find alternative formulas for the rate

Hu(Q).

Theorem 4.2 (i) We have

Hu(@) = Ssup / {F(Xiaxzﬂrl) —log/eF(xi’yiH) M(dyi+1) @

FebBitl
(4.11) —swp [GiQ=sw [ 6 dQ=H(@.,IQ )
Gewj GeWw;

(ii) For every Q € Mg(E), write Qf( for Qo(X°, dyy,...,dyx). Then
Hal@) =" [ HQhaln®™) Qhlax)

(iii) Let Q € M., (&) with H,(Q) < co. Then

(4.12) Q <{X : r}Lrilon_l Zlogqi(xi|xi—1) _ HH(Q)}> =

=1

(iv) There exists a set £ € B° NZIT and a measurable map R : € — M(E) such that the
following properties are true for every @ € Mg(E):

° Q(g_) =1.

(413 Qldx) = [ R(y)(dx) Q(ay).
o If we write R(x)(dyy) for the law of the coordinate y, with respect to R(x), then
(4.14) Hal@) = [ (fGx)) Qe

In particular, H, is an affine function.

Proof (i) The proof of the second equality in (4.11) is obvious because
G(x', i41) = F(X', 2i11) — log/eF(Xi7yi+1) (dyiya),
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is always in W’. On the other hand,

/ |:F(Xi,$i+1> _log/eF(xi,yiH) N(dyi+1>:| dQ,
equals
/ [/ F(x', 1) Qi(X', dyity) — 10g/€F(xi’yi+l) H(dyi+1):| Q;(dx"),

and this is bounded above by
[ (@) @iax) = #,(Q),

by Theorem 3.3. For the reverse inequality, use the concavity of the log-function to assert
that (4.11) is bounded below by

| U PO 00) Qi i) Q) — Lo [ ) u(dyi+1)Q§(dxi)]

FebBit!

- s | [ [ PO i) Q™) —tog [ eFoxe u(dym)cz;(dxi)]
FebBitl

= H(Q, 1@ x 1),

where we used Theorem 3.3 for the second equality. We now argue that H(Q; ,|Q; x ) >
H,(Q). To prove this, we may assume that the left-hand side is finite which in turn implies
that @, < @} X p, or there exists a Borel function h(x’, ;41) > 0 such that

Qi1 (dx', dwiy) = Qi(x', dai1)Q5(dx") = h(xX', 2i41) Q5 (dX") p(digy ).

Using this, we assert that indeed h(x?,-) may be regarded as dQ;(x’,)/du. Hence

H(Q;+1|Q§ X M) = /log h(Xi7$i+1)Q;(dXi)N(dIi+1) = /H(Qi(x", )|M) Qé(dxi) = HH(Q)7

as desired.

It remains to check that the G-supremum in (4.11) can be restricted to Wg We first
show that we may restrict the supremum to C,(€). As in the proof of Theorem 3.3, pick
e > 0and G € W}, and use Lusin’s theorem to find a function F' € B N Cy(E) such that if

A= {Xi-H L G(x) £ F(x*)},

then
(@i + @ x ) (A) <.

40



We can readily show the expression

bl

(4.15) ‘/G Q@ —/ {F(xi,xi+1) - log/eF(xi’y"“) M(dyi+1>:| Q) (dx")

is bounded above by
c1e + /10g (1 + cip(A(x")) Qi(ax"),

where A(x%) = {z;11: (x',2;11) € A}, and ¢; > 0 is a constant that depends on ||G|| + || F|
only. Using the elementary bound log(1 + a) < a, we deduce that the expression (4.11) is
bounded by

cie + /clu(A(xi)Q;(dxi) < 2¢e,

as desired.
We can readily restrict the ' € Cy(&)-supremum in (4.11) to ' € C/°¢(€) by approxima-
tion in uniform norm.

(ii) Assume that H,(Q) < co. Then Qo(x°, dz1) < pu(dzy) and Qo(x°, dz1) = qo(z1]x°)p(dyr).
Let us write

f(x) = qo(z:1[x°),

and regard it as a function in B'. By stationarity of Q, we have that Q;(x’, dz;,1) < pu(dw;s1)
and

Qi(xi>dxi+1) = Qi(l’iﬂ‘xi) p(dziyr) = (f o Ti)(x),

for every positive integer 7. By the definition of the conditional measure,

Q1. (dx") = Qp(dx)Qo(x°, dxy) . .. Qp_1 (X", day,)
= o) ) Qo) )

= HfoT’ ) Qb(dx")p(day) . .. p(day).
Hence Qio < p®* for Q-almost all x, and

[ (@) Q) = b [ 1og ) () Q") = 4,(Q)

as desired.

(iii) Let f be as in part (ii) and set g =log f. If H,(Q) < oo, then
[ 1142 = [ 19601 Q6. da)@h(ax") = [ 160) log )| ) @pfax’) < 147,(Q) < o0

41



Hence, we may apply Ergodic Theorem to assert

Q ({x : nli_}r{}on’1 Zg(Ti(x)) = H,AQ)}) =1,

i=1
proving (4.12).
(iv) Step 1 By Theorem C.2 of the Appendix, we can find a set & € Z7 such that the map

T(o) — 1
R" (x) :== nh_}rgo Vn(X),

exists, belongs to M.,.(£), and R (x) = @ for Q-almost all x whenever Q € M,,(£). In fact
we may use (4.9) to replace v,, with 7, in the definition of Q7. Moreover, (4.9) allows us to
replace v, with 7, in the definition of &, that appears in the proof of Theorem C.2. (The
set & is defined to be the set of x for which the limits in (C.6) and (C.9) below exist for a
countable dense set of functions in U,(€), that can be chosen to consist of local functions.)
Since 7(x) depends on x; only, the set £, € B;. We now replace T' with T—! and denote the
corresponding & by &€ that now belongs to Z” and B°.

Step 2 We may define a measurable map F : M(E) xE — M(E) such that F(Q,x) = Qx
is the Q-conditional measure, given B°. We then define R by

R(x) = F (R"(x),x) .

Now if @ € M., (£), then using the fact that Q({R”(x) = Q}) = 1, we can assert

[E R(y)(dx) Q(dy) = / F (R (y),y) (dx) Q(dy) = / F(Q.y) (dx) Q(dy)
_ / Q,(dx) Q(dy) = Q(dx).

Hence (4.15) is true for every ergodic ). Since R is independent of @), both sides of (4.15)
are linear in (). Since any @) € Mg(E) can be expressed as convex combination of ergodic
measures, we have (4.15) for every @ € Mg(E).

Step 3 By the definition of R, we know that R(x) is B° measurable. From this and (4.15)
we learn that R(x) = @ is the Q-conditional measure with respect to B° for Q-almost all
x. This immediately implies (4.14) by the very definition of H,,. O

Proof of Theorem 4.1 Step 1 (Upper Bound) Given G € Cy(E), define Lg : M — R by
La(Q) = [ G dQ. The restriction of L to the set Mg is also denoted by Lg. We now

set V={Lg: G € Wl}, where W! was defined in Definition 4.1. We now argue that
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indeed A(Lg) = 0 for every G € W!. To see this, first observe that if G € W, then write
G(x) = G(x'), and

/enfG dvy d]P),u _ /eG(x07CE1)+~.-+G(x”1,CL‘n) d]P)M =1,

because G € W. From this and (4.9) we deduce that if G € W' and depends on k many
coordinates z,, ..., 2, k1, then

e~ 2HIGI < /6nfG don gp < 2,

From this, we can readily deduce that

RG) == A(Lg) = 0,

for every G € W'. In view of Theorem 2.1 and 4.1(i), we have an ULDP for compact sets
with the rate function

1@ = sw [ GdQ=.(Q)
Gew!
Step 2 (Exponential Tightness) Let us write
n(x) =0 (g + -+ 04, -

We note that «,(x) is simply the one-dimensional marginal of 7, (x); for any f € Cy(E),

[ ) tux)dy) = [ £ o)

The idea is that we already have exponential tightness for the marginals of 7, by Sanov’s
theorem. This and stationarity would yield exponential tightness for 7,,. To see this, we use
the proof of the exponential tightness of the sequence {P,,} of Sanov’s theorem (see Step 3
of the proof of Theorem 3.2) to find compact subsets Ay of E such that

P, ({x: an(x)(A5) > k™" for some k > (}) < e ™.
Let us write Q for the one dimensional marginal of a stationary measure Q. If we set
A = {Q € Ms(E): O(A) < k™' forall k > e} ,

then
Po(A)) =P, ({x: an(x)(A45) > k™" for some k > (}) < e ™.
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We are done if we can show that Ay is a tight subset of Mg(E). Note that if we set
BE == H AZQW)
i€z
then by Tychonoft’s theorem, each By is compact in £. Moreover, if we set

A, ={Q e Ms(€): Q(Bf) <3¢" forall L € N},

then by Prohorov’s theorem the set Aj is tight. We are done if we can show that A, C Aj.
This is straightforward because if () € Ay, then

Q(B;) = Q ({x: x; ¢ Ay for some i € Z})
<D QUx: i ¢ A }) <0y 2l =307

1EL 1€EZ

Step 3 (Lower Bound for Ergodic Measures) We wish to show that if U is an open set in
Mg (E) and Q € U with H,(Q) < oo, then

(4.16) liminf n™'log PH(U) > —H,(Q).

n—oo

We first use (4.12) to establish (4.16) for @ € M.,(€). Note that ,(x) depends on x} =
(1,...,x,) only. As a result, for any ¢ > 0,

PrU)

vV
—_—— — —_ F

x: p(x) e U})

(
1 (0,(x) € U) p®"(dxy, ..., dr,) Qpdx°)

1 (ﬁn(x) € U7 QO(xl) e 7$H|XO) > 0) M®n(dxl7 s 7dx7l) QE)(dX(])

L (9n(x) €U, o1, .., aalx’) > 0) e 002D Qo (diry, . darg|x°) Q(dx”)

1 (ﬁn(x) cU, qox1,...,7,]x") > O) e 10890 (1,00 7n[x7) Q(dx)

> ¢ "Hu(@)-nd / 1 (ﬁn(x) cU, qofxy,...,7,]x") > 0)
1 (n " loggo(ar, ..., 2, |x°) < Hu(Q) +6) Qdx).
From this, (4.12), and (4.10) we deduce that for every § > 0,

liminf n~'log PH(U) > —H,(Q) — 6.

n—o0
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This immediately implies (4.16) when Q € M.,(E).

Step 3 (Lower Bound for General Stationary Measures) We now establish (4.16) for a measure
() that can be expressed as

(4.17) Q= Z Qi
i=1

with o > 0 and Q; € M., (€) fori e {1,...,r}, and >, a; = 1. We first try to replace 7,
with an expression that is similar to (4.17). Let us examine this issue before periodization;
observe that if we set n; = [no], then

Un(X) = a1y, (X) + gy, (T (X)) + - - - + a0y, (T 1T-1(x)) + O(an_l).
Motivated by this, let us define
Un(X) = a1V, (X) + oy, (T (X)) + -+ - + iy, (TnlJr...Jrnr_l(X))-

Choose a countable dense set {¥,, m € N} of uniformly continuous local functions, and
define the metric

D(Q,Q) = iZ_mmin{/\Pm dQ—/\IJm dqQ’, 1},

m=1

on M(E) that induces the weak topology. If the local function ¥,, depends on k(m) many
consecutive coordinates, then

Err(n) = Sl)lcp D(0,(x), Un(x)) < Z 27" min {2rk(m)||¥,,||n"", 1},

which goes to 0 as n — oco. Since @) € U, we may find o > 0 such that
Bs(Q) ={Q" € Ms(€) : D(Q',Q) < d}.

We then set U’ = Bj/,(Q) and assert

(4.18) Py ({x: tn(x) e U}) 2 Py ({x: n(x) € U'}),

for sufficiently large n (i.e. those with Err(n) < 6/2). We now find open sets U; C Mg(E),
such that Q; € U; for i = 1,...,r, and if we choose any @, € U, for i = 1,...,r, then we
always have

r
Z OZZQ; S U/.
i=1
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From this and (4.18) we learn that for large n,

PLU) 2P, ({x: va(x) €U'})
>P,({x: 0 (x) €UL}) P, ({x: D, (T 1(x)) €U, })
=P, ({x: 0 (x) €Us}) P, ({x: Dn,.(x) €U, }).

From this, Step 2, and linearity of H,, we deduce

n—o0

liminfn~!log P*(U) > g liminfn~'logP, ({x: 7,,(x) € U;})
n—oo
i=1

> — [O‘IHM(Ql) +eeet aTHM(QT)] = _HM(Q)'

This completes the proof of (4.16) for @ of the form (4.17).

Final Step It remains to prove that if #,,(Q)) < oo, then we can find a sequence of stationary
measures {@Q"} such that

(i) limye Q" = Q;

(ii) For each Q" there exist af,..., a"

Ysar=1and Q" =), arQr. o
() Lim, oo F,(Q") = ,(Q).

This is left as an exercise. O

) = 0 and Q?,...,Q:}(n) € M.,.(€) such that

Exercise 4.1 (i) Construct the sequence {Q"} as in the Final Step of the proof of Theo-
rem 4.1.

(ii) Use Contraction Principle to show that Theorem 4.1 implies Sanov’s theorem. U
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5 Large Deviation Principles for Markov Chains

We learned from Exercise 4.1(i) that the Donsker-Varadhan LDP implies Sanov’s LDP.
Needless to say that the latter is a much stronger LDP. To put Theorem 4.1 to a good
use, let us utilize Theorem 1.2 to establish two new LDPs. Perhaps the most celebrated
consequence of Theorem 4.1 is an LDP for the empirical measure of a Markov chain. This
is an immediate consequence of Theorem 4.1 and Theorem 1.2(i)-(ii).

Definition 5.1 (i) By a reqular kernel we mean a uniformly positive bounded local contin-
uous function 7(x') = m(z1]x") € B such that [ m(z1]x°) pu(dx1) =1 for every x° € E°.

(ii) Given a regular kernel 7, we write P*’ = IP’jﬁ?M for the probability measure on &; for
which the law of (z1,...,xx) is given by

k

[ r(alx™")p(das).

=1

Note that if 7(z1|x°) = 7(z1]|20) depends only on (zo,z1), then P* = P20 = Pﬁl is the law

)

of a Markov chain that starts from xy and has a Markov kernel 7(z1|xo) p(dzy).
(iii) Given a regular kernel 7, we define PX" = PX*mr ¢ M(Mg(E)) by
PX(A) =P, ({x1 1 a(x1) € A}).
Here we are simply writing 7,,(x;) for 2,(x°,x;) because 7,,(x) depends only on (xy, ..., T,).
(iv) We write

0

an(X1> =n"t (5171 +--t 51'n) J
for the empirical measures associated with x;. The law of a,(x;) with respect to P*’ = ]P);:?u
is denoted by PX* = PX"m# ¢ M(M(E)):

PX’(A) =PX, ({x1: an(x;) € A}).

U
Our goal is to use Theorem 4.1 to establish LDP for both {P*"™#} and {P*"i™#}.

Theorem 5.1 (i) The sequence {PX™#} satisfies an LDP with rate function
Hoel@) = [ H (Qulf) Q)

where Qx(dy1) = Q(X°, dyy) is as in Theorem 4.1, and 7y (dyy) = 7 (1y1|x°) p(dyy). This LDP
is uniform in x°. Moreover,

(5.1) mmWww/mewm/ﬂW%mwmmnmm.

FeBl
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(ii) The sequence {PX™+} satisfies an LDP with rate function
(5.2) Ia) =inf{H,.(Q): 7(Q) =a},

where T : Mg(€) = M(E) and 7(Q) denotes the one-dimensional marginal of Q). This LDP

is uniform in x°.

Proof (i) Set G(x) = logm(z]x°) and observe that G € C}(£). Note that for any F €
Co(Ms(E)),

6—2k:||G’|| /enF(ﬁn()q))—l—fG' dim (x1) ]P)M(dX) S /enF dP:L(O _ /enF(ﬁn(Xﬂ)‘f’fG dvn (x1) ]P),u(dx)

< MOl /enF(Dn(xl))+fG @ (1) P (dx),

where k is chosen so that G(x) depends on (x_g41,...,2_1,%) only. From this it is clear
that

lim n~* log/e”F dP* = lim n! log/e”F+”LG dP!,

where Lg(Q) = [G dQ. From this, Theorem 4.1 and Theorem 1.1 we deduce that the
sequence {P*™#} satisfies an LDP with the rate function

(@) - [ da=mn,@)- [ [ [ 108t <) @x<dyl>} Q(dx) = Hy(Q)

As for (5.1), choose F(x°,x1) = F'(x°, 21) — log m(x1|xo) in (4.11) to assert

Hux(Q) = sup /{F’(xo,xl) —log/eF,(xo’xl)w(zl\xo) a(dxl)] dQ.
(€))

F’ebB!

(ii) Since 7(7,(x1)) = an(x1), we learn
P (A) = P (T (A)).

This, Part (i) and Theorem 1.2(ii) imply Part (ii). O

We now try to find a simpler expression for the rate function I when P*’ = P ig
Markovian. Recall that by (5.1) we can express H,, as a supremum. Using this and the form
of I, we can think of two possible expressions for the rate function. In the first expression,
we try to find out what type of stationary measures could serve as minimizers in (5.2). Since
P*0 is a Markov chain, we guess that the minimizer is a stationary Markov chain. Such a
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Markov chain is completely determined by its one-dimensional marginal a and its Markovian
kernel ¢(dz1|zo) = q(z0,dx1). Based on this, we guess that I is equal to

(5.3) L(a) ;= inf {/H(q('|az0)\7r(-\:c0)u(~)) a(dxg) : a € Iq} ,

where Z? denotes the space of invariant measures for the Markovian kernel g:

/Q(dl’ﬂfﬂo) a(dzg) = a(dzy).

Alternatively, we may try to find out what type of functions F'(x°, z1) in expression (5.1)
would be a maximizer for a Markovian ). As we will see below, such F would be a function
of 1 only. Motivated by this, we define

(5.4) I(a) == sup / (f = Mf)) do,

FELB(E)

where
(5.5) A(f)(zg) = log/ef(“)w(a:ﬂxo) p(dxy).

Theorem 5.2 If 7(x|x°) = m(x1|xg) is Markovian, then I = I, = I, where I, and Iy are
defined by (5.3) and (5.4).

Proof Step 1 By restricting the supremum in (5.1) to functions of the form F(x° x;) = f(z1),
we learn that if 7 (Q) = «, then
(5.6) (@) > D(a).

We certainly have I < I3, where
Iy(a) =inf{H,,(Q) : m(Q)=ca, Q& Mg(E) is Markovian}.

We can easily verify that I3 = I;. In view of (5.6), it remains to show that I; < I.
Observe that if I;(a) < oo, then q(dz|xy) < p(dxy) for p-almost all zq. If we write

q(dx1|z0) = q(1]70) p2(dy),

then

/ H(g(-|zo) (- lz0)u()) a(dzo) = / a(ar o) log L7170 e ya(dan) = HOv ™),

m(z1]wo)
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where

v(dxg, dzy) = q(dxq|zo)(drg) = q(21|20) p1(dy ) ¥(dg),
p*(dxo, dxy) = m(z1|z0) p(dy ) r(dxo).

Here 7 is the 2-dimensional marginal of a Markov @) € Mg (€) and could be any probability
measure on £? = E x E with identical marginals. Writing 71(7) and 7»(7), for the marginals
of v, we may use Donsker-Varadhan variational formula (3.7) for the entropy, to assert

Li(e) =inf {H(y[p"): v € M(E X E), 7i(y) =) =a}

(5.7) = inf  sup [/g dvy —log [ € dpa} ,
)

v€l(a) gebB(E2

where

I(a):={y e M(EXE): n(7) =7(y) =a}.

Step 2 It remains to show that I} < I, with I; and I given by (5.7) and (5.4). We wish to
interchange the supremum with infimum in (5.7) with the aid of the Minimax Theorem D.1.
We note that if

J(g,7) z/g d’y—log/eg dp®,

then J is linear in 7 and concave in g. Moreover the set I'(«) is convex and compact. The
latter is an immediate consequence of the bound

7 (K X K)) < 2a(K°),

for v € I'(«v). From this and Minimax Theorem we deduce

Li(a) = sup  inf [/g dvy — log/eg dpa}
gEbB(E2) ~vel(a)

(5.8) = sup [ inf /g d'y—log/eg dpa} .
gebB(E2)  |[VEl(@)

By Kantorovich’s duality formula (see Theorem E.1 below), we have

inf /gdfy: sup /(f—i—h)da,

el (f:h)€T"(9)
where I"(g) denotes the set of pairs (f,h) € Cy(F)? such that
f(z1) + h(zo) < glzo, 1),
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for all zg,zy € E. From this and (5.8) we deduce

= _ g o
Li(a) sup sup(g) {/(f—i—h) do log/e dp }

gebB(E?) (f,h)el”

< sup sup( | {/(f +h) do — log/ef(x1)+h(””°) pa(dxo,dxl)}

geLbB(E?) (f,h)€l (g

= sup [/(f—i— h) do — log/ef(“)Jrh(m) po‘(d:cg,darl)} =: I4().
)

FheCy(E
We are done if we can show that I, = Is.

Final Step To verify the equality of I, and Iy, let us define

o(f) =log [ e/ p(dao.di),
B2
B(dag) = =1 / eF@) P (day dy) = SDE1) o (day).
E
so that 8 € M(E). We can now write,

Ii(a) = sup /f do+  sup [/h do — log/ef(x1)+h(””0) pa(dxo,dxl)}
feOb E) her
= sup

B B h
o [ raoatrye sy [[forao i f 03]
:fes&pE){/f da—n +H(a|ﬁ)}

= sup
fECH(E)

[ Fda=uin- / () = () da}
/f da— (f) d }ZJQ(Q).

We are done. ]

= sup
fECH(E)

Remark 5.1 The expression [; in (5.3) was formulated based on our correct prediction
that when 7 is Markovian, the minimizing @) in (5.1) should also be Markovian. This and
7(Q) = a does not determine @) uniquely. To figure out what the exact form of the minimizer
@ is, let us first find out what the maximizing f in (5.4) is. Indeed, if the maximizing f
is denoted by f, then we would have 9K (f) = 0, where K(f) = [(f — A(f)) da and 0K
denotes the (Gateau) derivative of . More precisely,

0 =0K(f)h = C%/C(f—i— eh)|e=o = /h do — /ef(ml)_’\(f)(%)h(xl)w(azl|:1c0) p(dxy)a(dry),
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for every h € Cy(FE). This means that if
ﬂf(dxllxo) — ef(xl)fk(f)(xo)ﬂ(:mwo) p(day),

then 7/ is a Markovian kernel for which « is an invariant measure. In fact it is straightforward
to show if @/ denotes the stationary Markov chain with 7(Q) = a and Markov kernel 7/,
then

U

Exercise 5.1 Define T': M(E) — M(E) by

Ta(dxy) = [/71'(.1‘1|:E0) a(dxo)} p(dxy).
Show

IT(a) — all < R(I(e)),
where b loa(b 1
rlo) = juf [P REOEDL = s )l

> AeB(E)

Hint: Use I(a) > [(f — A(f)) do for [ =log(b+ 1)1 4. O
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6 Wentzell-Freidlin Problem

Throughout this section, E denotes the space of continuous functions  : [0,7] — R? with
z(0) = 0, and ||z|| = sup, |z(t)| denotes the uniform norm. We also write P € M(FE)
for the Wiener measure. More precisely, the process x(-) is a Standard Brownian motion
with respect to P. Moreover the law of the process n~'/2x(-) is denoted by P,: For every

feGy(E),
/ fdP, = / f (n7'22) P(dz).

Theorem 6.1 (Schilder) The family {P, : € > 0} satisfies an LDP with the rate function

1 T, . 2 1
I(x) = sy 1202 dt xe HY,
o0 otherwise,

where H denotes the space of weakly differentiable continuous functions.

Proof Step 1 (weak ULDP) Write BV for the space of vector-valued left-continuous func-
tions F' = (Fy,...,Fy) : [0,T] — R? such that each F; is of bounded variation. We then

set
Y = {LF : Fe BVT},

where Lp(xz) = [ F - dx. This integral may be understood in the Riemann-Steiltjes sense
after an integration by parts:

Alternatively ,
T k
Le)= [ Fedo= lim 3" Flt0) - (alts) - ;o))
0 o0 =1

where t; = Tj/k. From this we can readily deduce that the random variable Lp(z) is a
normal random variable with mean 0 and variance % fOT |F|? dt: Indeed

/ ¢LrE@) P(dz) = Tim [ ¢ Shet Pl lt)=a0) Py

k—o0

— k 1 T
= lim 2 Zi=t [FlG-0PEG—t-1) — o3 Jo [FI dt
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for every F' € BVp.
To apply Theorem 2.1, we wish to evaluate A(Lp) for every F' € BVy. Clearly

/enLF dP, = /enl/QLF dP = 6% fOT|F\2 dt.

1 T
A(Lp) = 5/0 P dt.

From this and Theorem 2.1(i) we deduce an ULDP for compact sets for the rate function

T
I,(x) = sup [/Fd;z:—l/ |F|? dt].
FeBVp 2 0

Step 2 (I = I,) We now verify I = I,. The proof of I, < I is straightforward because if
F € BVr and x is absolutely continuous with & € L?([0,T]), then

. 1 T 2 1 T 212
F-de= | F-2dt <= |F|* dt + = |z|” dt.
2 Jo 2 Jo

We first note that for a smooth x, we can readily establish the reverse inequality by
selecting F(t) = i(t). Motivated by this, we set t; = t¥ = T)j/k, x; = x(t;), and choose

k
E : [B] 1 ] 17tj)'

J=1

As a result,

’ﬂIP?

We certaily have,

1 (7 ke [ E oo
/F'd$—§/0 |F|2dt:T;WG—%’—HQ—ﬁ;m—%—ll?:ﬁ;|$j—$j—12-

From this we deduce

k k
(6.1) () > sup QTZ\xt —z(th[*.

Note that if ¥ € F denotes the linear interpolation of = between (téC 07 =0,...,k), then
¥ € H' and
e 2 A 2
k _ Z k k
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Now if I,(z) < oo, then by (6.1), the sequence {i* : k € N} is bounded in L?. Hence this
sequence has a subsequence that converges weakly to y € L?([0,T]) with

1

(6.2) - /O 9 dt < L(a).

Since #* — x pointwise in large k limit, we have

/émdt: lim /g’ﬂxk dt = — lim /C~x’k dtz/@ydt,
k—o00 k—o0
for every smooth ¢ with support in the interval (0,7"). Hence z is weakly differentiable with

# =y. This and (6.2) imply that I(x) < I,(z), as desired.
Step 3 (Exponential Tightness) Pick a € (0,1/2), set 6, = T'/k, and define

G(z) =sup sup |z(t) —x(s)|0, .
keN  |t—s|<dp,
s,t€[0,T7]
For the exponential tightness, it suffices to show

(6.3) lim limsupn ™ 'logP, (G > {) = cc.

=00 pooo
Writing ¥ = iTk™?,

G(z) < 3sup sup sup ]x(t) - x(tf,l)‘ 0
keN 1<i<k teth | th]

As a result,
Po(G>0) <> kP | sup |a(t)] >376p0 | <Y KP( sup |z(t)] > 37160 0nz
—1 t€[0,0x] 1 t€[0,0x]
<3 2kp <|x(6k)| > 3—15g£n%) <Y 2up <|x(1)| > 3-15,3*%1%)
k=1 k=1
< ¢ Z ke~ kTN < Z ke 2R e < ppe
k=1 k=1

This certainly implies (6.3).
Step 4 (LLDP) To apply Theorem 2.1, we need to determine p(V) of (2.5). Note that if

dPF = dPLr = enJo Pda=5 [ 1FP dt gp
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then for any g € C,(E),
/ g dP, = / g (n~2) eI e ST IFE dt (g
= /g (n_1/2(x+n1/2f) P(dx) = /g (n_l/Qx + f) P(dz),

where f(t) = fot F(s) ds, and we used Cameron-Martin’s formula (Theorem 6.2 below) for
the second equality. In other words, P¥ is the law of n~/?2 + I/ with x a standard Brownian
motion. From this it is clear that PZ — ¢, in large n limit. Hence

(V) = {f(t) :/OtF(s) ds Fer}.

To complete the proof of lower bound, we still need to verify (2.6), namely if I(z) < oo,
then we can find X,, € p(V) such that I(z,) — I(z) in large n limit. This is straightforward
and follows from the fact that the space of smooth (hence BV) is dense in L*([0,T7). O

As our next model, we consider a dynamical system that is perturbed by a small white
noise. Given a bounded continuous vector field b, consider the equation

(6.4) dy" = b(y", t)dt + n~?dB, y"(0) =0,

where B is a standard Brownian motion. By this we mean that y" € FE satisfies implicitly
U(y") = n~Y2B, where ¥ : E — E is defined by

Evidently the map W is a continuous function.
Lemma 6.1 The map ¥ is a homeomorphism.

This lemma allows us to apply Contraction Principle (Theorem 1.2(i)) to the LDP of
Theorem 6.1 with ® = ¥~'. Recall that P,, is the law of n~'/2B with B a standard Brownian
motion. Let us write Q,, for the law of the process y” of (6.4).

Corollary 6.1 The sequence {Q,, : n € N} satisfies LDP with the rate function

I'(y) = [l — b(y(t),t)|* dt  if y weakly differentiable;
00 otherwise.
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More generally, we may consider the stochastic differential equation
(6.5) dy™ = b(y", t)dt + n~"Y2c(y", t)dB, y*(0) =0,

where both b and o are Lipschitz continuous in x, uniformly in ¢ € [0,7], and o is a d X d-
invertible matrix for each (z,t). Let us continuous to write @Q,, for the law of the process y"
that satisfies (6.5). We are tempted to define ®(z) = y implicitly by the equation

y(t) = / b(y(s), s) ds + / o(y(s), 5) dr(s),

and use
Qu(A) =P, (71(4)),

to assert the following generalization of Corollary 5.1:

Theorem 6.2 The sequence {Q,, : n € N} satisfies LDP with the rate function

otherwise.

I"(y) = {if oy (1), 1) (§(0) = bly(8), ))* b if y weakly differentiable;

The difficulty is that the transformation ® is no longer continuous and we need to show
that ® can be approximated by continuous functions for a price that is super exponentially
small.
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7 Stochastic Calculus and Martingale Problem

Let E be a Polish space and write Cy(E) for the space of continuous functions f : £ — R
that vanish at infinity. As before the space Cy(F) is equipped with the uniform norm || - ||.
Also Cy(F) is a closed subset of Cy(F). A Feller Markov process in E is specified with its
transition probabilities {pi(x,-): t > 0,z € E} C M(E): If

T,f(x) = / £() il dy),

then T : Cyo(E) — Co(E), To(f) = f, T, o Ty = Ty for every s,t > 0, and for every
f € Cy(FE), we have that T;f — f as t — 0. We note that ||T;f]] < ||f]|, and the map
t — T, f is continuous for every f € Co(FE).

The family {7, : ¢t > 0} is an example of a strongly continuous semigroup and its
infinitesimal generator is defined by

Af = lim t H(T,f — f).

The set of functions f € Cy(E) for which this limit exits is denoted by Dom/(A).
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8 Miscellaneous

8.1 Random matrices and Erd6s-Rényi graphs

We begin with formulating some natural combinatorial questions about graphs. As we will
see in this section, we will be able to answer these questions with the aid of LD techniques
and some sophisticated combinatorial and analytical tools. To begin, let us write G, for
the space of simple unordered graphs with n vertices and G = U2 G, for the space of
all such graphs. More precisely, G, is simply the space of edge sets G of unordered pairs
e = {a,b} C {1,...,n} with a # b. Since there are n(n — 1)/2 many unordered edges,
we have #G, = 2n(n=1)/2 = We define two functions v,e : G — N to represent the number
of vertices and edges of a graph: v(G) = n for G € G,, and e(G) = §G. We may ask
the following combinatorial question: How many graphs G € G, has exactly tn® many
triangles? By a triangle in a graph G, we mean an unordered triplet {a,b,c} such that
{a,b},{a,c},{c,b} € G. Note that generically we would have O(n?®) many triangles in a
graph of n vertices and since there are 2*("~1/2 such graphs, we may wonder whether or not
we can calculate

(8.1) Ty == lim n?log#{G € G, : T(G) > tn*},

where 7(G) is the total number of triangles in G. To give a probabilistic flavor to this
problem, we may use the uniform probability measure U,, on G, and wonder what would
be the probability of having at least tn® many triangles in a randomly sampled graph of n
vertices:

T := lim n*logU, ({G € G, : 7(G) > tn}).

This is clearly equivalent to (8.1) and 7" = Ty — log2/2. More generally, we may pick
p € (0,1) and select edges independently with probability p. The outcome is known as the
Erd6s-Rényi G(n,p) model and is a probability measure U? on G, so that any graph G € G,
with m edges occurs with probability

(n=1)
S

p"(1—p)
Evidently UY? = U,,. We are now interested in

(8.2) T(p) := lim n*logU? ({G € G, : 7(G) > tn’}).

n—oo

To turn (8.2) to a more familiar LD problem, observe that we may regard a graph G € G,
as a symmetric n x n matrix X, (G) = [745(G)]},=; such that

2;;(G) = 1({i,j} € G).
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With this notation, (x;;(G) : ¢ > j) is a collection of n(n—1)/2 iid Bernoulli random variables
under UP with UP(x;; = 1) = p for every ¢ > j. More generally, we may pick a probability
measure 1 € M(R), and let X, (w) = [z4]}';—; be a random symmetric n x n matrix where
the entries for ¢ > j are iid with law u € M(R), and either assume that z;; = 0 for each 4, or
choose diagonal entries iid with law g and independently from the off-diagonal entries. The
law of such a matrix is denoted by U¥. Writing (\;(X,,) : i =1,...,n) for the eigenvalues of
the random matrix X,,, we may wonder whether or not we have a LDP for empirical measure

of these eigenvalues. As it turns out, the random variable

%Z (X,
=1

is indeed the total number of triangles in a graph G, when X, = X,,(G).

The primary purpose of this section is the statement and proof of a LDP for the family
{X,,} that has recently been obtained by Chaterjee and Varadhan [CV]. This LDP allows us
to evaluate T'(p) and analogous quantities for large symmetric random matrices.

Before stating the main result of this section, let us go back to our Cramér-Sanov LDP
and discuss some possible refinements. We then use these refinements to motivate Chaterjee-
Varadhan’s work.

Given a sequence x = (1, %9, ...) € RY, define

(8.3) Yul0;%) = i Wymam(0),  a(dO;x) =n~"> " a; 6;(d6).
i=1 =1

Writing £ = L'([0, 1]) for the space of Lebesgue integrable functions and E' = M, ([0, 1]) for
the space of signed measures of finite variation on [0, 1], we certainly have that v,(-;x) € £
and v/, (:;x) € E'. We equip E’ with the topology of weak convergence and regard E as the
set of signed measures that are absolutely continuous with respect to the Lebesgue measure.
If x is a sequence of iid random variables with law p € M(R), then the transformations
X — Yo(+3X) df and x — 7/ (+;x) induce two probability measures P,, and P/, on E and E’
respectively. We wish to establish a LDP for the families {P,,} and {IP! }. It is not hard to
see that the families {P, } and {I?}, } satisfy the same LDP. Moreover, either by modifying the
proof of Theorem 3.1, or by applying the contraction principle to the LDP of Exercise 3.4 we
can show that the family {P,} satisfies LDP with a rate function I : E — [0, c0] such that
if I(y) < oo, then v is absolutely continuous with respect to the Lebesgue measure, and

1 d7
I(v) = h{— ] df
with

(8.4) h(p) = sup(pv — A(v)),

veER
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where A as before is given by A(v) = log [ €™ p(dx).
We now take a matrix X,, that is dlstrlbuted according to Uk. To preserve the matrix
structure, and in analogy with (8.3), define

k 91,02, Z.T” 61,92 GJ XJ)

2,7=1

K, (dfy, db; X)) = n™> ) @5 81/ gymy(dOr, d),
ij=1
where J; = [(i — 1)/n,i/n]. The transformation X, — k,(-,;X,) d61dfy and X,
k! (-, -; X,) push forward the probability measure U* to the probability measures Q,, and
Q) on £ = Msn([(), 1]2)). As before, we equip £ with the weak topology and examine
the question of LDP for the families {Q,} and {Q/}. Again these two families enjoy the

same LDP and in just the same way we treated the families {P,} or {I?,}, we can show the
following LDP for the family {Q,}. (See also Theorem 8.2 below.)

Theorem 8.1 The family {Q,} satisfies LDP with the rate function I : £ — [0, 00] such
that if I(y) < oo, then ~y is absolutely continuous with respect to the Lebesque measure with
a symmetric Radon-Nikodym derivative, and when dvy = g df,dfs,

(8.5) / / 9(61.62)) d6ydy,

with h as in (8.4).
To explain the appearance of 1/2 in (8.5), write Cj,, for the symmetric continuous

functions on [0, 1]2. Observe that if f € Cyypn, and A = {(s,¢) € [0,1]* : s < ¢}, then

n—oo n—oo

T ) 2 . .
= nh_)rgon Z A <2n /JiXJj f d91d6’2> 1(5 > 1)

1,j=1

lim n—2 log/e”QIf‘h Qu(dy) = lim n? log/62”2 Jat dy Qn(dy)

(8.6) _ %/01 /01)\(2f) d6yd0y —: A(f).

On the other hand, the LD rate function is given by the Legendre transform of A:

0=z (fro=3] [ enom)
=3 (Jro= [ [ o)
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This equals the right-hand side of (8.5) when v < df,db.

To avoid some technical issues and simplify our presentation, let us assume that the
measure p is concentrated on the set [—/¢, ¢]. This in particular implies that |k, | is bounded
by ¢. As a result, we may switch to the smaller state space K, that consists of bounded
measurable functions k& with |k| < ¢. Note that K, may be identified with a closed subset
of £ and is a compact metric space with respect to the weak topology. In the case of an
Erdés-Rényi graph, we can even choose the space K! of bounded measurable functions k,
taking values in the interval [0, 1] for the state space. With a slight abuse of notation, let us
regard Q, as a probability measure on K, (K' in the case of Erdés-Rényi graph), and write
7 : Ky — [0,00) for the rate function:

I(k) = %/Ol/olh(k(el,@)) d6.db,.

Unfortunately the LDP of Theorem 8.1 is not strong enough to allow us to evaluate T'(p)
of (8.2). This is because, if we attempt to express 7(G) in terms of k, = ky (-, -; X,,(G)), we

~

learn that for G € G, 7(G) = 7(k,), where

1

'i'(k') - 6/ k(91,92)k’(92,93)k<93, 91) d91d¢92d93,
[0,1]3

and the function 7 : I — R is not continuous with respect to the weak topology. Certainly 7
is continuous with respect to the topology of (strong) L! convergence, but this is too strong
for establishing an LDP. A natural question is whether or not we can strengthen the weak
topology to guarantee the continuity of 7 without spoiling our LDP.

As it turns out, the cut metric dg of Frieze and Kannan would do the job as the LDP
result of Chaterjee and Varadhan demonstrate. This metric comes from the cut norm

1 1
IEllo = sup { / / k(601,05)£(01)9(05) d01d0s : f.g € B(0,1)). |f,lg] < 1} |
0 0
We note that for k& € Iy,
/ k(01 00)k (0, 003, 01) df1d0s < 2]|E]|o,
[0,1]2

for each #3. This can be readily used to show the continuity of 7 with respect to the cut
metric.
More generally we can take any finite simple graph H € G,,, and define 77 : K, — R by

i (k :/ k(6;,0, do,..
(k) i (0:,6;) 1;[1

{i,j}eH
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Again 7% is continuous with respect to the cut metric. For example, if we take the cyclic

graph
Cr = {{1,2},{2,3},....{m — 1,m},{m, 1} },
then

Tcm(@:/ 500, 02)K(05, 03) - k(O 1,0 )0, 00) T[ 0 = 3 ™,
[0,1)™ r=1 Aeo(k)

where o (k) denotes the spectrum of the Hilbert-Schmidt operator

F()(6) = / k(0.0 £(0) O

Note that in the case of the Erdos-Rényi graph, the expression

(”) T (kn(-, 5 X0(@))), G € G,

m

counts the number of subgraphs of GG that are isomorphic to H.
On account of the continuity of the function 77, it is desirable to establish a LDP for the
sequence {Q,} of probability measures that are now defined on the metric space (K¢, dn).

Theorem 8.2 The family {Q,} satisfies a weak LDP with the rate function T : KCp — [0, 00].

Proof Let us write By, for the space of bounded Borel symmetric functions f : [0,1]* — R.
For each f € By, define L¢(k) = f[o 1t [k df, where df = df,df,. Note that L; is bounded

and continuous with respect to the metric dn. (In fact Ly is even weakly continuous.) Set
V={L;: fe€Byn} By (8.6),

A(f) = lim n2log / el 0 Q, (dk) = % / A2f) db,
[0,1]2

n—oo

which implies the ULDP for compact sets by Theorem 2.1(i).
In view of Theorem 2.1(ii)-(iii), we would like to establish a LLN for the measures

deL — oli=A) dQ,,.
Write S, for the set of functions that are constants on each interval of the form

Jij == 1) /m,i/m) x [(j = 1)/m,j/m),
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fori,5 =1,...,m. For lower bounds, it suffices to verify
. f _ ,
(8.7) Jim @, = x),

for every f € &, and m € N. This is because for an arbitrary f, we may take a finite
partition of boxes and replace the value of f by its average on each box and get a sequence
of simple {f,} such that

n—oo n—00
This would allow us complete the proof of LLDP by applying Theorem 2.1(iii).
It remains to verify (8.7). Note that we are using the dn topology in (8.7); for the weak
topology (8.7) is an immediate consequence of Theorem 8.1. Let us write BP(g) for the set
of k such that d(k,g) <r. For (8.7), we need to show

(8:8) lim Qf ({k: k¢ BY(N(f)}) =0,

for every f € S,,. If we write D for the restriction of the metric dg to the space of functions
that are defined on .J, we have the inequality

dlj(kag) S Z DJZT]R (kJ{;’,QJ{;’) )

i.j=1

where k; denotes the restriction of k to J. As a result, do(k,g) > r implies that for some
J = Jii, we have D’ (ky,g;) > rm~2. From this we learn that practically we may assume
that m = 1 and f is constant in (8.8). From now on, we assume that f is constant that can
be assume to be 0 without loss of generality. In summary, it suffices to establish a LLD for
the sequence {Q,,} with respect the cut metric.

Let us write m = [ @ pu(dz). We wish to show
: 1 . O _
59) T U2 (X K, (X) ¢ B2m)}) =0,

Note that we always have

(8.10) do(k, k") < 4 sup
A,BEB

/ (k — k) d&‘ ,
AxB

where B denotes the set of Borel subsets of [0,1]. On the other hand, if both k£ and &’
are constants, the supremum in (8.9) can be restricted to sets A, B € B,, where B, is
the o-algebra generated by the of intervals [(i — 1)/n,i/n], ¢ = 1,...,n, with ¢ < j and

i,j€{0,1,...,n}. As a result,
U ({X : ko(X) ¢ BP(m)}) <2* sup U~ ({X: /AXB(/%(X) —m) d@‘ > 4r}) :

A,BGBn
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From this we learn that for (8.9), we only need to show

/AXB(k:n(X) —m) dé)‘ > 47’}) <0.

This is a ULDP with the weak topology that is uniform on the sets A x B € B,,. We can
readily verify (8.11) by Chebyshev’s inequality, in just the same way we prove Cramér’s
ULDP. O

In the case of the weak topology, a weak LDP implies a strong LDP because Ky is compact
with respect to the weak topology. This is no longer the case if we use the cut metric dp (see
Exercise 8.1 below). We now employ a trick that would allow us to regain the compactness
that in turn would facilitate a LDP for a suitable quotient of the metric space (Ky, dn).

Even though the labeling of vertices plays no role in our combinatorial questions, it does
play a role in the very definition of k,,. For this reason, we only need a LDP that is insensitive
to a relabeling of vertices. In large n limit, a relabeling becomes a measure preserving change
of coordinates. More precisely, if v : [0, 1] — [0, 1] is a Lebesgue measure preserving bijection,
then we want to identify k£ with &7 that is defined by

K7(01,02) = k(v(01),7(02)).

(8.11) limsupn 2log sup U” ({X:

n— 00 A,BEB,

Let us write I for the set of such 1 and define equivalence classes
k] :={k": veT}, kek.

The set of all equivalence classes is denoted by l@. Naturally the cut norm dp induces a

(pseudo)metric
oo ([k], [K']) = inf do (K, k'),
vyel

on K. Since ||k||o = ||k7]|o, this metric is well defined. According to a fundamental theorem
of Lovasz and Szegedy [LS], the metric space (165,55) is compact. This compactness is a
consequence of a deep regularity lemma of Szemerédi that practically allows us to verify
total boundedness of this metric space. Before stating this lemma, let us make a couple
more comments so that we can state the LDP of [CV].

We note that the LD rate function Z can be easily defined on K, because Z(k) = Z(k)
for every v € I'. We abuse the notation and write Z for the resulting function on K. Also,
the map k — [k] pushes forward Q,, into a probability measure @Q,, on the space K,. We are
now ready to state our LDP:

Theorem 8.3 The family {@n} satisfies a LDP with the rate function T : Ko — [0, o0].
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The idea behind the LDP of Theorem 8.3 is that if C is a closed set in E@, then it
is compact. If we lift C to a closed subset C' of K;, even though C' is not necessarily
compact, it has a compact nucleus that produces other members of C' by measure preserving
transformations. These transformations are simply permutations at the n-th level. Since
there are n! many such transformations, and n=2?logn! — 0 in large n-limit, the set C is as
good as a compact set for which we already have LDP.

As we mentioned earlier, the main ingredient for the proof of Theorem 8.3 is a powerful
regularity lemma of Szemerédi. For our purposes we state a variant of this lemma that would
give us a practical way of proving the total boundedness of ICy. As a preparation, let us recall
that B, is the o-algebra generated by the intervals J : i = 1,...,n. We also write B2 for
the o-algebra generated by the boxes Jj; : 4,7 = 1,...,n. The space of permutations 7 of
{1,...,n} is denoted by II(n). Given k =3, ;i1 € By, we write k™ for 3=, . @r(iyn(j) L -
We are now ready to state our main lemma.

Lemma 8.1 For each € > 0, there exists a compact subset K5 of Ky and ng = no(e) such
that if n > ng, then

Knei=kenB2C | {keB2: (K <ch= |J KT

well(n) w€Il(n)
Armed with this lemma, we can readily prove Theorem 8.3.

Proof of Theorem 8.3 The lower bound LDP follows from the lower bound of Theorem 8.2.
As for the upper bound, let C' be a closed subset of K, and set

C=U{k]: KeC}, C,=CnNB2CKn.

To bound o

pick € > 0 and use Lemma 8.1 to assert
Cn - UWGH(TL) (’Ci’fg N Cn) .

Since ICfLZ is the e-neighborhood of the compact set K7, we can find a finite subset A C K7
such that

K; < | B2

feA
Note that the set A is independent of n. As a result, we can find a subset A’ C C,, such that

#A=#A and
a.c U Kina)c U U Bl

well(n) well(n) feA’
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In fact A" = {f' : f € A}, where f’ is chosen so that f’ € C, N BP(f), whenever this
intersection is nonempty. Hence

(812)  Qu(C) = Qu(Cy) < nl(#A) sup sup Q, (BX(f)) = nl(#4) sup Q, (BZ(f)) -

well(n) feA’ feA’
On the other hand, since the set BZ(f) is weakly closed, we may apply Theorem 8.1 to assert

lim limsupn 2log Q,(B2(f)) < —Z(f).

€00 p—oo

From this and (8.12) we learn

lim limsupn 2log Q,(C,) < — inf Z(f) < —igfl'.

E=00 100 feA’

This completes the proof of the upper bound. O

Exercise 8.1
(i) Let ky,(61,02) = kn(0) = >°,,cz0 an(m)e®®™ be the Fourier expansion of k,. Show that
k, — k weakly if and only if

lim a,, 00 (m) = a(m),

exists for each m € Z?. However, if ||k, — k||g — 0, then

lim sup |a,(m) —a(m)| = 0.
n—o00 me7Z2

(ii) When k(6;,6,) = k(0; — 6) for an even function k, find an expression for 7(k). Use this
expression to show that 7 is not continuous in the weak topology.

(iii) Show that if k(6;,65) = A(61)A(6), then

Il = [ 1460) del)z.

Show that the sequence k,(6,02) = cos(2mnbd;) cos(2mnby) converges to 0 weakly, but has
no dp-convergent subsequence.

(iv) Verify (8.10) and (8.11). O
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A Probability Measures on Polish Spaces

By a Polish space (E,d), we mean that d is a metric on E and E is separable and complete
with respect to d. The corresponding o-algebra of the Borel subsets of E is denoted by
B(E) or simply B. We write B,.(z) for the open ball of center z and radius r in E. The
space of bounded continuous functions f : E — R is denoted by C,(E). This space is
equipped with the norm || f|| = sup,cp | f(z)]. We also write Uy(E) for the space of bounded
uniformly continuous functions. The space of Radon probability measures on E is denoted
by M = M(E). Given a sequence of probability measures, we say p, converges (weakly) to
i, or simply p, = p if

(A1) im [ f du, = [ £ dn

n—oo

for every f € Cy(E). Here are some equivalent definitions for weak convergences of measures:

Theorem A.1 Let {u,} be a sequence in M(E) with E a Polish space. Then the following
statements are equivalent:

(1) pn = p

(ii) (A.1) holds for every f € Uy(E).

(iii) limsup,,_, 1n(C) < u(C) for every closed set C.

(iv) liminf, ., (U) > p(U) for every open set U.

(V) limy, o0 i (A) = p(A) for every set A € B such that u(0A) = 0.

Proof The only non-trivial parts to show are that (ii) implies (iii) and that (v) implies (i).
For the former observe that if d(z,C') = inf{d(x,y) : y € C}, then

fil) = (1 +d(z,C))7"

is a sequence of uniformly (even Lipschitz) bounded continuous functions such that f; | L¢.
Hence

= klim /fk = hm hm fr dy, > limsup p, (C).
—00

n—o0

To deduce (i) from (v), approximate f € Cy(FE) with

Sk = Z a; L(f € [ai-1, @),

1=—00

68



where (a; : i € Z) are selected so that 0 < a; —a;_1 < k™', and u({f = a;}) = 0 for every
i € Z. From (v), we know that lim,, e [ s dpn, = [ s dp. This implies (i) because

/ 5o — /] dn, / 5o — fl du< k.
]

Theorem A.2 [f(F,d) is a Polish space, then there exists a metric d' on E that induces the
same topology on E as the metric d, and the completion of E with respect to d' is compact.
In particular, the space Uy(E) for the metric d' is separable.

Proof First assume that E is compact and choose a countable dense subset {x,,} of E. Then
choose a continuous function g, ,, that has support in By, (2,) and is 1 in By sy, (2,,) for each
n,m € N. Let A = {gom : n,m € N} and write A’ for the set of polynomials of rational
coefficients and variables in A. Then apply Stone-Weierstrass Theorem to show that A’ is
dense in C(E).

When FE is a Polish space, by Urysohn-Tychonov type embeddings, we can embed E into
E' =10,1]N, where E’ is equipped with the product topology. More precisely, since E is a
separable metric space, we may choose a countable base of open sets {U, : n € N} and
continuous functions f, : E — [0,1], n € N such that US = {z : f.(x) = 0}, for every
n € N. Then ® : E — [0,1]", defined by ®(z) = (f,.(z) : n € N) is the desired embedding.
Clearly @ is an injective continuous function. On the other hand, for any open set U C F,
the set ®(U) is open in E": If g € ®(U), choose z and n € N such that ®(z) = g, and
zelU,CU,sothat y e VNP(E) CO(U) for openset V ={y=(y;: i € N): y, > 0}.

From the embedding ®, we learn that E is homeomorphic to a subspace E” = ®(F) of
the compact space E'. Since the space E’ is metrizable and compact; the closure E = E” of
E” in E' is a compact metric space. In other words, equip E’ with the product metric d so
that (E',d’) is a compact metric space. We then take the completion of E” with respect to d
to obtain the compact metric space (E, d). Clearly U,(E) is homeomorphic to Cy(E) = C(E)
because each f € U,(E) has a continuous extension to E. Since C/(E) is separable, we deduce
that U,(E) is separable. O

We learn from the proof of Theorem A.2 that any Polish space E is homeomorphic with
a subset of the compact metric space [0,1]N. On the other hand, the measure space (E, B)
is homeomorphic to a subspace of {0,1}".

Theorem A.3 Equip E = {0,1}Y with the product topology and write B for its Borel o
algebra. Let F = a({An 'n € N}) be a countably generated o-algebra.
(i) The map

F(z):= (14, :n €N),

n
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satisfies F~*(B) = F.
(ii) We have Ar(x) = A%(x) € F, where
Ar(z)=n{A: z € AeF}, A(x)=n{A,: z€ A,}.

Moreover
{Ar(z): € E}={F'(2): T€ F(E)}.

(iii) In the case F = B = B(E), the map F is injective.

Proof (i) Write D,, C E, for the set of (z, : n € N) € E such that z,,, = 1. We can readily
show that B = o({D,, : n € N}). Since F'(D,) = A,, we deduce that F~!(B) = F.

(ii) By definition A’%(z) € F, and
F(z) = Fy) & Ax(r) = Ax(y).

On the other hand, if z € A € F, then A = F~'(A) for some A € £ by Part (i). As a result,
F(z) € Aand F~'({F(z)}) C A. This completes the proof of Ar(z) = Ax(z) € F.
(iii) In the case of F = B, choose a countable dense set {x,, : n € N} and select {A, : n €
N} = {Bi/m(1/n) : m,n € N}. Since whenever x # y, we can find n # m such that

r€ A\ Anm, YE AL\ An,

we learn that the corresponding F' is injective. O

Remark A.1 We note that in general the map F' is not surjective. In fact the set F(E)
may not be a Borel set. Nonetheless, it is true that the measure space (E, B) is isomorphic
to (E,B). See for example [P]. O

Definition A.1 The sets (Az(z) : x € E) of Theorem A.3 are called the atoms of F. Note
that the atoms are the “smallest” sets in F. O

Example A.1 (i) When F = B, we have Ag(z) = {z}.

(ii) Let E=FE? ={x=(x;: i €Z): z; € Efori € Z}, and write B’ for the o-algebra
generated by (z; : i < j). In other words, a Borel function F is B/-measurable iff it depends
on coordinates (z; : ¢ < j) only. Then

Api(x)={y=(yi: i€Z) €& y; =, fori < j}.
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B Conditional Measures

Let (E, B) be a Polish measure space i.e. E is a Polish space and B its Borel o-field. Given
Q € M(E) and p > 1, we write LP(Q) for the space of B-measurable functions f : F — R
such that [|f[P dQ < oo. The space of Q-essentially bounded functions is denoted by
L>*(Q). Given F a sub o-algebra of B, and p € [1,00], we write LP(Q;F) for the set of
[ € LP(Q) such that f is also F-measurable. The conditional expectation of f € L'(Q) with
respect to F is denoted by g = E?(f|F) and is the unique g € L'(Q; F) such that for any

h € L>(Q;F),
/hfdQ:/hng.

When f = 14, we simply write Q(A|F) for E?(f|F).

There are two ways to prove the existence of a conditional expectation. For example, for
square integrable functions, we may regard L*(Q;F) as a closed linear subspace of L*(Q)
and EQ(f|F), is simply the orthogonal projection of f onto L*(Q;F). For f € LY(Q), set
Q' = fQ and regard )’ as a probability measure on F. Since ' < @, by Radon-Nikodym
Theorem we can find g € L*(Q; F) such that for every A € F, we have Q'(A) = [ ¢ dQ.

It is straightforward to show that EQ(f + f'|F) = EQ(f|F) +E?(f'|F), Q-almost surely.
Equivalently, if A and A’ € B are disjoint,

QAU ANF) = Q(AIF) + QA'F),

Q-almost surely. This suggests that perhaps we can construct a nice version of {Q(A|F) :
A € B)} such that Q(:|F)(x) is a probability measure for Q-almost all x € E. If such a
version can be constructed, will be called a conditional probability measure. We state and
prove a theorem that would guarantee the existence of such conditional measures.

Theorem B.1 Let (E,B) be a Polish measure space, F C B is a o-algebra, and QQ € M(E).
(1) Then there exists a family {Q, : = € E} C M(E) such that

o For every A € B, the function v — Q.(A) is F-measurable;
o For every A€ B and B € F, we have Q(AN B) = [, Q.(A) Q(dx).

In other words, Q.(A) = Q(A|F)(x) for Q-almost all x.
(ii) If we write Q for Qx, then

QUdy) = / Qu(dy) Q7 (dx).

(iii) If F is countably generated, then Q(x,Ar(z)) = 1, where (Az(z) : x € E) are the
atoms of F (see Definition A.1).
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Proof (ii) For any A € F, we know that Q(z, A) = Q(A|F)(z) = La(z), Q-a most surely.
Now if F = ({4, : n € N}), then from Q-almost sure equality Q(z, A,) = 14, (), for
each n € N we deduce

Q (z, Ay (x)) =1,
where A’z(x) = N2 {4, : = € A,}. From this and Theorem A.3(ii) we conclude that
Q(x,A;(m)) =1.
Example B.1 (i) If B = F, then we may choose Q, = J,.
(i) If Q(A) =0 or 1 for every A € F, then Q, = Q.

(iii) Let & = FZ and write B’ for the o-algebra generated by (z; : i < j). Since F is a Polish
space, the o-algebra F is coubtably generated. Then by Example A.1 and Theorem B.1(ii),
Q7 (x, B/ (x)) = 1, where (Q’(x,-) : x € &) denote the conditional measures with respect to
B/, and

Bi(x)={y=(y: i€Z)€E: yy = fori < j}

Let us write &7 1= {x/ = (z;: 1 <j): x; € E for i < j}, and for x/ € &7, we set
E(xI)={(x),x;): xj=(z;: i>j): ;€ Efori>j}={x'}x&.

Since x — @y is B/-measurable, we may regard it as a kernel of the form Q(x7, dx;) that
is defined on Borel g-algebra of the Polish space £7(x7). Moreover, for any Borel F(x) =

F(x?,x;), we have
/F dQ:/Ug F(x,x;) Q0 dx;) | Q7 (dxd),

where Q7 (dx?) denotes the the restriction of @) to the o-algebra generated by (z; : i > j).
0
C Ergodic Theorem

Let £ be a Polish space and T : £ — £ a homeomorphism. The pair (£,7T) is an example
of a discrete dynamical system. A central question for the system (£,7') is the long term
behavior of the orbits (7" (x) : n € N) for x € £.

We write Mg = ML(E) for the space of invariant measure of the system (&,7T) :

(C.1) Mg=Mg(€):= {QGM( ) : /FonQ:/F dQ, for every F € Cb(c‘f)}.

We can readily show that Mg = ME(E) is a convex closed subset of M(E). Hence, the
space Mg is also a Polish space.
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As before, the g-algebra of Borel subsets of £ is denoted by B. the g-algebra of T-invariant
Borel sets is denoted by Z7:

I" ={A € B: Ais aBorel set and T(A) = A}.

We also write M., for the space of ergodic invariant measures. That is, ) € M., if Q €
Mg, and if A € Z7, then Q(A) = 1 or 0. One can show that M., is exactly the set of
extreme points of the convex set Mg. That is, if Q € M, then Q € M., iff whenever
Q =tQ1 + (1 — t)Qs for some Q1, Qs € Mg, then Q = Q1 = Q.

According to the Boltzmann Ergodic Hypothesis, the time average of an observable over
an orbit is approximately equal to its ensemble average. A rigorous formulation of the
Boltzmann Hypothesis is given by the Birkhoff Ergodic Theorem. By time averages, we are
referring to the integration with respect to the empirical measures

Vn(X) =n! (5x + 5T(x) + -+ (STn—l(x)) .

For a compact notation we also regard v,,(x) as an operator that is acting on Cy(&):
vn(x)(F) = /F dvy(x) =n~" (F(x) + F(T(x)) + -+ F(T" ' (x))) .

It is straightforward to show that any limit point of {v,(x)} belong to M.
Theorem C.1 (Birkhoff) For any F € Cy(E), and Q € Mg,

(C.2) qu:mn%@wwzﬁfb,

n—oo

where PrF = EQ(F|ZI7) is the conditional expectation of F, given the o-algebra I*. Moreover
if F'e LI(Q) for some q € [1,00), then

(C.3) lim [ |v,(x)(F)— PrF|? dQ = 0.

n—oo

Using a countable dense set of bounded uniformly continuous functions, we use Ergodic
Theorem to assert that for any ) € Mg,

(C.4) Q ({X SO nh_)rglo vn(x) = Qz}) =1,

where QL (dy) is a conditional measure of Q with respect to the o-algebra Z7. In particular

if Q € M,,, then

(C.5) 0 ({x €& lim vo(x) = Q}) — 1,

n—oo

As the following result of Oxtoby [Ox] indicates, we can construct a universal set on which
the limit of the empirical measures exists.
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Theorem C.2 There exists a Borel set & € IT such that Q(&) = 1 for every Q € Mg,
and if x € &, then

(C.6) RT(x) := lim v,(x) exists and is ergodic.

n—oo

Moreover, for Q € M.,
(C.7) Q({xeé&: R'(x)=QL}) =1,
where QL is the Q-conditional measure, given IT. In particular, for Q € M.,

(C.8) Q{xeé&: R'(x)=Q}) =1

Proof Set & to be the set of x € £ for which that the limit in (C.6) exists. Since each v,
is a continuous function, the set & is a Borel (even F,s) set and belongs to Z7. We then
define R” : & — Mg as in (C.6). Evidently the map R” is measurable. By (C.4), we have
Q&) =1 for every Q) € Mg. To figure out how to define &, let us examine the ergodicity
of RT(x). Define PrF : & — R by PrF(z) = [ F dR"(x). We now take countable dense
set C of functions F' € Uy(€) and define & to be the set of € & such that

Re(F)(x) = / [PrF(y) — PrE(x) R7(x)(dy) = 0,

for every ' € C. We claim that if x € &, then (C.6) holds true. This is because
R'(x)({y : PrF(y)=PrF(x)}) =1,

for x € & and F € C. This means that in the support of R”(x), the function PrF is
constant for each F' € C; so the measure RT (x) is ergodic.

We now check that & € Z7, and Q(&;) = 1 for every Q € Mg(E). For this it suffices to
show

R(F) = / Rr(F)(x) Q(dx) =0,
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for every F' € Cp(€) and @ € Mg(E). Indeed

R(F) = [ Jim [ / | [ |F dum<y>—PTF<x>r RT<x><dy>] Q(dx)

n—1 2

= [ Jim i o S ((f 7 00 - AP0 ) )
o :

:/ lim lim 0~ (/F v, — PTF> o T'(x) Q(dx)
1=0

:/JEEOPT (/F dum—PTF)2 Q(dx)

2
= lim [ Pr (/F dv,y, — PTF) Q(dx)

m—r0o0

= lim < / F dv,, — PTF>2 Q(dx)

m— 00

:/nggo (/F dz/m—PTF)2 Q(dx) =0,

completing the proof of (C.9). Here, we used

(i) the Bounded Convergence Theorem, for the first, fifth and seventh equalities;
(ii) the fact that [ F dv,, — PrF on & as m — oo, for the first equality;

(iii) the definition of RT(x) for the second equality;

(iv) the invariance RT(x) = QT (T(x)) for the third equality;

(

v) Ergodic Theorem (C.2) for the forth and last equalities.
Finally (C.7) is an immediate consequence of (C.5) and the definition Q7. O

Corollary C.1 (Choquet Theorem) For every Q@ € Mg(E), we can find © € M(Mer(é'))
such that

(C.9) Q= / a O(da).
M(Mer(E))

Proof By the definition of conditional measure, we always have
Q- [ Qk aux)
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From (C.7),
Q= [ R'(x) Q(dx).

&o
We are done because R (x) € M,,.(€). O

D Minimax Principle

In many examples of interest, we use the Contraction Principle (Theorem 1.2(i)) to obtain
new LDP. In view of (2.2), the expression we get for the rate function I’ involves a supremum
and an infimum. Sometimes we can simplify this expression by interchanging the infimum
with the supremum. In this Appendix we state and prove a minimax principle (known as
Sion’s minimaz theorem) that provides us with sufficient conditions under which we can
perform such an interchange.

Let X and Y be a two topological vector spaces and J : X' x Y’ — R with X' C X, Y’ C
Y.

Definition D.1 We say J satisfies the minimax conditions if the following statements are
true:

(i) The set X,(a) ={z: J(z,y) < a} is closed and convex for each y € Y and a € R.

(ii) The set Y,(a) = {y: J(x,y) > a} is closed and convex for each z € X and a € R. In
other words, the function J is quasi-convex and lower semi-continuous (resp. concave and
upper semi-continuous) in z-variable (resp. y-variable). The former means for ¢ € [0, 1],

J(try + (1 = 1)z, y) < max{J(z1,y), J(z2,9)},
(D.1) (resp. J(z,tyr + (1 — t)y2) > min{J(z,y1), J(x,y2)}.)

Theorem D.1 below is due to Sion. Its proof is adopted from [K].

Theorem D.1 Assume that X' is compact and convex, Y' is convex and that J : X' xY' —
R satisfies the minimax conditions. Then

(D.2) inf sup J(z,y) = sup inf J(z,vy).

rxe X' yey’ yeY’ reX'’

Proof The proof of infsup > supinf is trivial. As for the reverse inequality, let a be any
number with

a < inf sup J(z,y).
nf sup J(ay)
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This means that Nyey' X, (a) = 0. From this and the compactness of the sets {X, : y € Y'},
we learn that there are finitely many vy, ..., yx € Y’ such that N, X, (a) = . Hence

(D.3) a < inf sup J(z,y;).

zeX’ 1<i<k
It remains to show that (D.3) implies that for some gy € Y’, we have

(D.4) a < inf J(z,7).

reX'’

We prove this by induction on k. It is obvious when k& = 1. We now verify this for k = 2.
We hope to find § € [y1, y2] := {ty1 + (1 — t)yo : t € [0, 1]} such that (D.4) is true. Suppose
to the contrary (D.4) fails to be true for all § € [y1,y2] and we would like to arrive at a
contradiction. To achieve this, pick a number b such that

(D.5) a<b< in)g max{J(z, 1), J(z,y2)},
zeX'’

so that we have

(D.6) X, ()N X, (b) =0.
On the other hand, by (D.1),

(D.7) Xy(b) € X, (B) U X, (0),

for every y € [y1,ys]. Since we are assuming for now that inf,cx J(z,9) < a for all g €
[Y1,Y2], we know that the closed sets Xy(b), X,, (b) and X,,(b) are nonempty. So (D.7) and
convexity (or even connectedness) of X;(b) implies

(D.8) Xy(a) € X5(b) C X,y (b), or  Xy(a) C Xy(b) C X, (D).
Define
Ti ={z € [y1,42] : X.(a) C X, (b)},

for i = 1,2. Certainly y; € T1, y2 € Ty, T1NTy = () by (D.6), and Ty UTy = [yy, y2| by (D.8).
We get a contradiction if we can show that both 77 and 75 are closed. For this, fix i € {1,2}
and take a sequence {zx} in T; with z; — z in large k limit. By definition,

X (a) € X, (b),

for every k. We wish to show that X,(a) C X,,(b). Pick zy € X.(a), so that J(zg,2) <
a < b. By upper semi-continuity of J(-,y;), we also have J(z,z;) < b for large k. That
is, zg € X, (a) € X,,(b), as desired. This implies the closeness of both 7} and T3, and the
contradiction we were seeking for. In summary when k = 2, the inequality (D.3) implies the
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existence of y € Y’ for which (D.4). For larger k, we argue by induction. If we already know
how to deduce (D.4) from (D.3) for some k > 2, then in the case of k + 1, set

X" ={z: J(x,yp1) < a}.
and restrict J to X" x Y. If

(D.9) a < inf sup J(z,y).

reX’ 1<i<k+1

and X” = (), then (D.4) is true for § = yx,1 and we are done. Otherwise, apply the induction
hypothesis to the function J, restricted to X” x Y: Since

a < inf sup J(z,vy;
L, sup (z, yi),

by (D.9), we can find ¢’ such that

: /
a< $1€Ig” J(z,y").

This means
a < in}? max{.J(x,y"), J(z,yri1) }-
reX'’

We finally use our result for the case k = 2 to deduce (D.4) for some y € Y. O

E Optimal Transport Problem

In the Monge transport problem, we search for a plan that minimizes the cost of transporting
mass from a set of locations to another set of locations. In a general setting, we have two
Polish spaces Ey and Ej, and a Borel cost function g : Ey x E; — R. Given ag € M(E))
and oy € M(E}), we wish to minimize the total cost

(E1) / 90, T(0)) ao(day).

over Borel functions T : Ey — E; such that T*ag = ay. Here T* : M(Ey) — M(E)) is
defined by
Thag(Ar) = ag (T (A1),

for every A; € B(E;). We may rewrite (E.1) as

(E.2) C(v) = /g(mo,xl) v(dzxg, dxy),

where y(dzo, dx1) = Or(ze)(dx1)ag(dzy). The type of measures that appear in the Monge
optimization problem are characterize by two properties:
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o If we write 79(7) and 7(vy) for xy and x; marginals of v respectively, we have that
T0(7) = ap and 71(y) = ;.

e The measure 7 is supported on the graph of some Borel function T': Fy — Ej.

If we relax this optimization problem by dropping the second requirement, we obtain the
Monge-Kantorovich transport problem:

(E.3) D(ag, ) :=inf {C(7y) : v € N, 1)}

where
I(ag, 1) := {M(Ey x E1) : 10(9) = ap, 1 (7) = aq }.

To guarantee that D(ag, ;) > —oo, we assume that there are functions ay € L'(p) and
a; € L'(ay) such that

(E.4) g(zo, x1) > ag(xo) + a1(z1).

According to Kantorovich, the variational problem (E.3) has dual formulations of the
forms

D*(ag, 1) = = sup {/fo day +/f1 doy : (fo, f1) € A*(ao,al)}
(E.5) D' (g, 1) = = sup {/fo dog + /f1 doy @ (fo, f1) € A/(@anﬂ)}:

A*(ag,a1) = {(fo, 1) € Co(Eo) x Co(Er) = g(wo,21) > folwo) + fr(a1),
for all (.730,1'1) € EO X E1}7

A'(ao, 1) = {(fo, f1) € L' (a0) x L' (1) = g(wo, 21) > folwo) + fi(21),
for ag x oy — almost all (o, xl)}

Theorem E.1 Assume that (E.4) is true. Then D(ap, a1) = D' (g, 1) = D* (v, vq).

Proof Step 1 We first assume that Ey and E; are compact. We use Lagrange multipliers to
drop the condition 7y € T'(ap, @1); we may write

D(ag, 1) = inf sup sSup |:A(77 fo, f1) +/fo dOéo—i-/fl dal] )

VEM(EoXE1)  foeCy(Eo) f1€Cy(E1)
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where

Ay, fo, 1) = / (9(330,56'1) — fo(wo) — fl(%)) v(dxg, dxy).

Since Ey X Fy is compact, the space M(FEq X Ej) is compact. This allows us to apply Minimax
Theorem to assert

D(ag, 1) = sup  sup inf {A(% fo,f1)+/f0 dOéo+/f1 da1}

FoEC(Eo) freC(Ey) YEM(Eox E1)

= sup  sup [ inf  A(y, fo,f1)+/f0 dOéo+/f1 da1}

fo€C(Eo) fLeC(Ey) LYEM(Eox En)

= sup  sup {R(% fo,f1)+/fo dao+/f1 da1}>

fo€C(Ey) f1€C(FE1)

where

R(% f07f1) = inf (9(550,931) - fo(flfo) - f1(961))-

(Io,xl)EEo X F1

Note that if a = R(y, fo, f1), then

9(zo, 1) = folwo) + fi(z1) + a,

a+/f0da0+/f1 dalz/fodao+/(f1+a) doy.

Hence we can drop the R-term by modifying (for example) fi. This implies that D(ag, 1) =
D* (v, avp). Slight modifications of the above argument would yield D(«y, 1) = D' (g, aq).

Step 2 We now drop the compactness assumption and instead we assume that g € Cy(Ep x
E,). Note that the space I'(ap, ) is tight because for any pair of compact sets Ky C Ey,
K, C Ei, we have

Y((Ko x K1)) < ao(KG) + an(KT).

Since the function v +— [ g dv is continuous, we know that there exists 7 € I'(a, o) such
that

D(ag, a1) = /9 dy.

Given 0 > 0, choose compact sets Ky C Ey and K; C E; such that
ap(K§) + a1 (KY) <.

This implies that 7(K¢) < ¢ for K = Ky x K;. We then define 4 by

’Ay = W(K)_IHK 7
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so that 4 € M(K). We denote the marginals of 4 by &y and @;. We also find ¥ € M(K)
such that

D(éo,r) = [ g d5.

Given § € (0, 1), use Step 1 to find fi € C(K;), for i = 0,1 such that for every (z¢,z;) € K,

A~ ~

fo(zo) + fi(x1) < g(x0, 71),

and
(E.6) D) = [gdi< [fodao+ [ fodai+s

We are hoping to use the pair (fo, f1) to build a pair (fo, f1) so that [gdy <[ fodou+
f f1 day + €, for some small . Note that f; is only defined on K;. Let us set

~

fo(wo) = inf (g(zo,y1) — fi(y1)),  fi(z1) = inf (g9(vo, 1) — fo(¥o))-

y1€K1 yo€Ep

Evidently fo(zo) + f1(z1) < glxo, 1) for all (zo,21) € Ey x Ey, and f; < f; on K;. As a

result,
/gdié/foddo—l—/fl dd1+5§/foddo+/f1dd1+5
(E?) = /f() dOéo+/f1 da1+(5’+(5,

where &' = §( fo, f1) represents the error term we get as we by replace &; with «; for i =0, 1.
To show that ¢’ is small, we need some bounds on f, and f.

Step 3 To have pointwise bounds on fy and f;, we first find such bounds for fo and fl. We
have an obvious upper bound

fo(iﬂo) + fl(ﬂfl) < g(wo,z1) < |lgl,

on the set K. As for the lower bound, observe that we almost have equality of g with
fo(zo) + fi(z1) on the support of 4. This is because by (E.6),

/[g(xO;xl) — folwe) = fi(x1)] Adao, day) < 6.
This in particular implies that for some point (7o, 7;) € K,
(E.8) fo(xo) + fl(xl) > g(zo, 1) —6 > —|lgll =0 > |lg|l — 1 =t —2a0
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Note that if we replace (fo(zo), fi(x1)) with (fo(zo)—co, fl(xl)—i—co)A for a constant ¢, nothing
in the above argument would change. We may choose ¢q so that fo(Zo) = f1(Z1). Assuming
this, we may use (E.8) to assert

This in turn implies that for (zg,z;) € K,

A~

fo(xo) < glxo, 71) — fi(#1) < |lgll + a0, fi(z1) < (@0, 1) — fo(Zo) < |9l + ao

Using these lower bounds we use the definition of fy and f; to deduce that for xq € Ey and
T € By,

—2|[gll — a0 < fo(wo) = i}}lf[g($m )= Al < glwo, 1) = fi(®) < [lg]l + ao,
—2|lgll = ao < filw1) = inflg(-, 1) = fo] < 3gll + ao.
To summarize, we set a; = 3||g|| + ao, so that

(E.9) |fol, 1] < ar.

We are now ready to bound the error ¢’ that appeared in (E.7). We can use (E.9) to show

‘/fido?i—/&fidai

From this and (E.7) we deduce

2(5&1

<
—1-9

- ‘W(K)_l/l(fi(xi) 7(dx0,dx1)—/fi doy;

(ElO) /g dﬁ/ < /fo dao + /f1 dOél +45a1 + 5,

for every d € (0,1/2]. We are almost done except that 4 does not «y and o for its marginals.

Step 4 The support of 7 is contained in the set K. To extend it to the whole Fy x E;, we
define

7 =)y + ke 7.
We have

V(A x Ey) =5(K) (A x E) +5(K°N (A x Ey))

=3(KN(Ax Ep)) +3(K°N (A% Ep)) = ag(A).
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In the same we show that z;-marginal of v* is ;. On the other hand,

\ [oai- [ dv*‘ < Jlgll (1 = 7(K) + 7(K)) < 26]|g].

From this and (E.10) we deduce

/g d’)/* S/fo dOéQ—l—/fl da1+45a1+5+25||g||

This completes the proof assuming that g € C,(Ey X Ey).

Final Step For the general case, choose a sequence {g, : n € N} C Cy(Ey x E;) such that
n < gni1 for every n € N and sup,, g, = g. All we need to show is

(E.11) D(ag, ) <sup inf )/gn dy.

n YEl(ao,0n

Indeed once (E.11) is established, then we can choose a large n such that

D<a07 al) —0< inf /gn d77

T yel(a0,01)

for a given 6 > 0, and choose bounded continuous functions fy and f; such that
fo(x1) + fi(z1) < gnlwo, 1) < g(20, 21),

inf /gnd7—5§/f0dao+/f1d0417
’yGF(Oc(),Oél)

by what we established in Step 3.
To establish (E.11), choose 7, € I'(ag, 1) such that

inf n dy = n AV,
vef(ao,al)/g K /g K

and let 7 be any limit point of the sequence {~,}. We have

D(ag, 1) < /g dy = lim /gm dy = lim lim | g, dvy,
m—0o0

m—r00 N—00

< lim lim [ g, dvy, = lim / Gn dy, =sup inf / Gn dry,
M—00 N—00 n—00 n Y€l (ap,a1)

as desired. 0
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