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Abstract

We derive a kinetic equation to describe the statistical structure of solutions p to
scalar conservation laws p; = H(x,t, p),, with certain Markov initial conditions. When
the Hamiltonian function is convex and increasing in p, we show that the solution p(x, t)
is a Markov process in = (respectively t) with ¢ (respectively z) fixed. Two classes of
Markov conditions are considered in this article. In the first class, the initial data is
characterize by a drift b which satisfies a linear PDE, and a jump density f which
satisfies a kinetic equation as time varies. In the second class, the initial data is a
concatenation of fundamental solutions that are characterized by a parameter y, which
is a Markov jump process with a jump density ¢ satisfying a kinetic equation. When
H is not increasing in p, the restriction of p to a line in (z,t) plane is a Markov process
of the same type, provided that the slope of the line satisfies an inequality.

1 Introduction

Hamilton—Jacobi equation (HJE) is one of the most popular and studied PDE which en-
joys vast applications in numerous areas of science. Originally HJEs were formulated in
connection with the completely integrable Hamiltonian ODEs of celestial mechanics. They
have also been used to study the evolution of the value functions in control and differen-
tial game theory. Several growth models in physics and biology are described by HJEs. In
these models, a random interface separates regions associated with different phases and the
interface can be locally approximated by the graph of a solution to a HJE. To make up for
the lack of exact information or/and the presence of impurity, it is common to assume that
the Hamiltonian function which appears in our HJE is random. Naturally we would like to



understand how the randomness affects the solutions and how the statistics of solutions are
propagated with time.

In dimension one, the differentiated version of a Hamilton—Jacobi equation becomes a
scalar conservation law for the inclination of the one-dimensional interface, and may be
used to model an one-dimensional fluid. In the context of fluids, we wish to obtain some
qualitative information about the structure of shocks and their fluctuations.

The primary purpose of this article is to derive an evolution equation for the statistics of
solutions to a HJE in dimension one. We achieve this by utilizing a kinetic description for
the shock densities of piecewise smooth solutions.

Given a C* Hamiltonian function H : R x [0,00) x R — R, we consider the HJE

(11) Ut:H(ZE,t,UI), t 2 to,
or the corresponding scalar conservation law
(12) Pt :H(xatap)xa 13 ZtO-

We assume that the Hamiltonian function H(x,t,p) is convex in the momentum variable p.
As our main goal, we show that the statistics of p(x,t) admits an exact kinetic description
when the initial data p°(z) = p(z,) is an inhomogeneous Markov process.

1.1 Main result I

For our first result, we assume that the initial data p°® = p°(z) is a piecewise-deterministic
inhomogeneous Markov process (PDMP) Markov process determined by a generator A =
A+, acting on test functions 1(p) according to

(13) A = R0+ [ (00 = 00) i) dpe

The random path p°(x) may be constructed by solving (deterministically) the ODE dp°/dx =
b0(z, p?), interrupted by jumps which occur stochastically: the rate density at which p° makes
ajump at z is fO(x, p°(x), ps). As our main result, we show that the process z — p(z,t) (for
fixed t > ty) is again a PDMP, with generator

(1.4) (As i) (p) = bla, t, )0 (p) + /OO ((ps) = 0(p)) f(x.t, p, pi) dps.

Here b(z,t,p) and f(z,t, p_, p+) are obtained from their initial (¢ = ;) conditions

(15) b(x7t07p) = b0<$,p), f(x7t07p—7p+> = fo(x7p—7p+)7



by solving a semi-linear PDE,
(1.6) by + Hyb, — Hyb, = H,)b* + 2H,,b + H,,,
and a kinetic (integro-)PDE

) fo = (0f)e — C(F) = Q(F),
where

L H(JI, 2 p—) — H(l’, 2 p—i—)
(1'8) U(l‘,t,p,,er) T - — ps )

Q(f) = Q1 (f) — Q@ (f) is a coagulation-like collision operator, and C(f) = C*(f) + C~(f)
is a linear first order differential operator. More precisely,

(i) @* is a quadratic operator and QT (f)(xz,t, p_, py) is defined as

(1'9) / ) (U(:L‘,t,p*,p+) - v(x,t,p_,p*))f(x,t,p_,p*)f(x,t,p*,p+) dp*.
p—

(ii) The quadratic operator @~ is of the form Q~(f) = fJf, for a linear operator J. Given
f, the function (Jf)(x,t, p_, py) is defined as

(110) A(Uf)(l‘,t, p+) - A(Uf)(ﬁ(],t, :0—) - U(l’,t, p_,p+)((Af)(!L’, t,p+) - (Af)(l’,t, p—))7

for linear operators A defined by

Ah(l’,t,p7> :/ h(%,t,p,,er) dp+
P

(iii) Given a C' kernel f,
(111) <C+f) ('Ta tv P—s P+) = [K(Zﬂ, tu P+ p*)f('ra t? P—s p+)]p+ )
where

K<xatap+7p—) = b(‘rat7p+)v(‘r7t7p—7p+> - ﬁ(l’,t,p+), with
Blx,t, p) = (Hﬂj + pr)(x, t,p).

Here and below, by the expression X, we mean the partial derivative of X with respect to
the variable a. For example the right-hand side of (1.11) represents the partial derivative of
the expression inside the brackets with respect to p, .
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(iv) Given a C! kernel f,

(C™f) (@ t,p—, py) =b(x t,pf)(vf)p_(x top—spy) = Bl t,p ) fo (2t p—, py)
(1.12) =b(w,t, p-) (vo_ f) (2, b, p— pi) + K (2, 0, py) fo (2,8, p—, py).

Remark 1.1 For a more compact reformulation of our equations (1.6) and (1.7), let us write
(1.13) v=x, my=t, fl=f fi=of", b=0b b =0
Recall Ag(p) = A(9)(p) = [ 9(p, p+) dp., and define

(1.14) (9@ k) (-, p+) = glp—, p+)k(p1), (kK@ g)(p-, ps) = k(p-)g(p-, p+)-

A more symmetric rewriting of the equations (1.6) and (1.7) read as

(1.15) by, — by, = ', — b7, o~ Jo = QUL ) = QU Y,

where
(116) QP =Frf - AP e~ PR AP +V @ f, —(f ob),.,
where
(f7 = f)p- py) = /fj(p,p*)f"(p*,m) dp..
O

We now formulate our assumptions on the initial drift ¢°, the initial jump rate kernel f°,
and the Hamiltonian function H(z,t, p).

Hypothesis 1.1(i) The Hamiltonian function H : Rx [tg, T| x [P_, Py] — R is a C? function.
Additionally, H is increasing and convex in p.

(ii) The PDE (1.6) has a bounded C* solution b < 0 for t € [tg,T]. We set 0°(z,p) :=
b(.I, th p)

(iii) The PDE (1.7) has a solution f : A — [0,00), where A := R x [to, T] x A(P_, P, ), with

AP, Py) = AN[=P, PP :={(p-,ps): P-<p_<p. <P}

We assume that f is C' in the interior of A, and that f is continuous in A. Moreover,
flz,t,p_,py) > 0, when P. < p_ < py < Py, and f(x,t,p_,ps) = 0, whenever p_
or pp ¢ (P_,P.). To ease our notation, we extend the domain of the definition of f to



R X [to,T] x R?, by setting f(x,t,p_,ps) = 0, whenever p_ or p, ¢ A(P_,P,). We also
write fo(‘rap—7p+) for f(x7t07p—>p+)'

(iv) We assume that p(z,t) is an entropy solution of (1.2), and that its initial condition

p°(z) = p(x,tp) is 0 for z < a_, and is a Markov process for x > a_ that starts at
p°(a_) = mg. This Markov process has an infinitesimal generator in the form (1.3) for a
drift ° and a jump rate density f°. O

Our statistical description consists of a one-dimensional marginal, a drift, and a rate
kernel generating the rest of the path. The evolution of the drift and the rate kernel are
given by (1.6) and the kinetic equation (1.7). Evolution of the marginal will be described in
terms of the solutions to these equations. We continue with some definitions.

Definition 1.1(i) We define the linear operator A’ by
(117)  (AL0)(p) = (A®)(p) = b'(w, L, p)¥' (p) +/ (@, t, p, p2) (U(p1) — ¥ (p)) dps,

for i = 1,2. Note that A' = A of (1.4), and f* was defined in (1.13). We write A™* for
the adjoint of the operator A° which acts on measures. When the measure v is absolutely
continuous with respect to the Lebesgue measure with a C*' Radon-Nykodym derivative,
then A™v is also absolutely continuous with respect to the Lebesgue measure. The action of
the operator A™ on v can be described in terms of its action on the corresponding Radon-
Nykodym derivative. By a slight abuse of notation, we write A* for the corresponding
operator that now acts on C! functions. More precisely, for a probability density v, we have

(AZv)(p) = [/p Fi (@t pe, p) v(ps) dpe| — A(f) (@, t, p)v(p) — (b (x,t, p)v(p)) -

p

(ii) We write M for the set of measures and M, for the set of probability measures. O

Theorem 1.1 Given a C' rate f, and my € R, assume ( : [ty,00) — M satisfies ((to, dpg) =
dme (dpo), and

al
1.18 — =A* 1, t>t,.
( ) dt a_,t 0
When Hypothesis 1.1 holds, the entropy solution p to (1.1) for each fized t > ty has x = a_
marginal given by ((t,dpy) and for a_ < x < 0o evolves according to a Markov process with
the generator .A;t. Moreover, the process t — p(a,t) is a Markov process with generator
A2 for every a > a_.

a,t’



Remark 1.2(i) According to Hypothesis 1.1, the function H is increasing. This condition
is needed to guarantee that f2 > 0, which in turn guarantee that A? is a generator of a
Markov process. This restriction on H can be relaxed almost completely. The main role
of the condition H, > 0 is that all shock discontinuities of p travel with negative velocities
so that they cross any fixed location, say © = a eventually. This allows us to assert that
if p(a,t) is known, then the law of p(z,t) can be determined uniquely for all x > a. In
general, we may try to determine p(z,t) for © > a(t), provided that p(a(t),t) is specified.
The condition H, > 0, allows us to choose a(t) constant. If instead we can find a negative
constant ¢ such that H, > ¢, then p(x,t) := p(x — ct, t) satisfies

A~

ﬁt = H(I, t7 16)17
for I:I(a:,t, p) = H(x — ct,t,p) — cp, which is increasing. Hence, the process t — p(x,t) =
p(x — ct,t) is now Markovian with a generator A* which is obtained from A* by replacing

H with H. Even an upper bound on H’ can lead to a result similar to Theorem 1.2. For
example if H, < 0, then z — p(x,t) is a Markov process but now as we decrease x.

(ii) To guarantee the existence of a solution to (1.6) in an interval [ty,T], let us assume
that H,, and H,, are uniformly bounded, and that H,, < 0 in this interval. Under such
assumptions, we claim that if initially at time ¢t = ¢y the drift is nonpositive and bounded,
then the no blow-up condition of Hypothesis 1.1(ii) is met because b remains bounded and

nonnegative. To see this, assume that the function b solves the equation (1.6), and write
O%(a,m) for the flow of the Hamiltonian ODE

(1.19) t=—Hy(x,t,p), p=Hy(z,t0p).

In other words (p(t), z(t)) = ©%(a, m)) solves (1.19), subject to the initial conditions z(s) =
a, and p(s) = m. To ease the notation, we write b(x, p,t) and H(z,p,t) for b(z,t, p), and
H(z,t, p) respectively. Evidently, b(z, p,t) = b(O%(, p), t) satisfies

(1.20) by = Ab® + 2Bb + C,
where

A(z, p,t) i= Hpp(O4(w,p),t),  Bla,p,t) == Hyp (O4(w,p),t), Cla,p,t) = Heo (64(w, p), 1),

Since the right-hand side of (1.20) is nonpositive when b = 0, we deduce that b(t) = B(%,Ap, t)
remains nonpositive for ¢ € [to, 7], if this is true initially at ¢t = #;. Note that since b; >
2Bb+C, with B and C' bounded, b is also bounded from below in [ty, T, if this is so initially.

(iii) The existence of a classical solutions to (1.7) and (1.18) can be found in [KR2] and
[OR| when H is independent of (z,t), and b is either constant, or f is independent of (z,t).
The same type of arguments can be worked out in our setting.
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(iv) As a consequence of Hypothesis 1.1(iii), the density p(z,t) € [P_, Py] almost surely.
This restriction will be needed in Sections 2 and 3 when we derive a forward equation for
the law of p(-,t). The boundedness of p(x,t) is needed only when we restrict p to a bounded
set of the form A := [a_,a,] X [to, T] (see Theorem 2.1 below). Note however that for a C*
drift b, the density is always bounded below in A, because the random jump only increases
the density. So we only need to require an upper bound on the density, and the requirement
P_ < p_isredundant. In other words, we can find P_ that depends on b, and a lower bound
of p°, such that the condition P_ < p_ holds in A.

In Theorem 1.3 below, we will learn how to relax the boundedness requirement on the
density. O

1.2 Main result I1

Our Hypothesis 1.1(ii) is rather stringent requirement because the right-hand side of the
PDE (1.6) is quadratic in b. Our main Theorem 1.1 applies only when no new shock dis-
continuity is created in the time interval [ty, T']. Indeed a blow-up of the drift occurs exactly
when a new jump discontinuity is formed for a local continuous solution that is represented
by the ODE p, = b(x,t,p). In Remark 1.1(ii) we stated conditions that would prevent a
blow-up, but these conditions exclude many important stochastic growth models that are
governed by HJE associated with random Hamiltonian (see Example 1.1(ii) below).

We emphasis that Theorem 1.1 offers a kinetic description for the interaction between
the existing shock discontinuities, not those which are created after the initial time. To go
beyond what is offered by Theorem 1.1, we need to enlarge the class of Markovian profiles
that has been used so far. We offer a way to achieve this by considering profiles that are
Markovian concatenations of fundamental solutions of (1.2).

Definition 1.2 Given z = (y, s) € R? by a fundamental solution W(-;z) : R x (s,00) — R
associated with z we mean

(1.21) W(x,t;z) = sup {/:L(ﬁ(@),é’,ﬂ&)) e : € e C’l([s,t];]R), E(s) =y, &(t) = x} ,
where L is the Legendre transform of H in the p-variable:
L(z,t,v) = ir;f (p v+ H(x, t,p)), H(z,t,p) =sup (L(x,t, v)—p- v).
We also set M(x,t;z) = W,(x,t; 2) for the x-derivative of W. O
Under our conditions on H, the function W is a Lipschitz function of (z,t) for ¢ > s, and
M(z,t) = M(z,t; z) is well-defined a.e.. A representation of M is given as follows. For each

(x,t), we may find a maximizing piecewise C' path £(0) = £(0;z,t; 2) that is differentiable
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at time 6 = ¢. The function M is continuous at (z,t) if and only if the maximizing path is
unique. When this is the case, we simply have

(1.22) M(x,t) = L, (£(t), 1, £(t)) = Ly (2,,£(1)).

In general M (z,t) could be multi-valued; for each maximizing path, the right-hand side of
(1.22) offers a possible value for M (z,t).
The Cauchy problem associated with (1.1) has a representation of the form

(1.23) u(z,t) = sup (u’(y) + W(z, t;y,to)).

Y

In other words, u given by (1.23), satisfies (1.1) in viscosity sense for ¢ > to, and u(zx,ty) =
u®(x). The type of stochastic solutions we will be able to describe kinetically would look like

'U/(lll', t) = Sup (g’L + W('x7 ta Zi))v
iel

where {(zi, gi)): 1€l } is a discrete set. Since our Markovian process is p = u,, we consider
profiles of the form

p(l’, t) = Z M([E, ta ZZ) ]]_([E € [xia $i+1))7
i€l
for a discrete set {qi = (wj,2;): 1€l } (Note that because of the type of results we have
in mind, we switched from (g;, z;) to (24, 2;).)
We now give the definition of the Markov processes we will work with in this subsection.

Definition 1.3(i) Given s, T, with s < T, let g(z,t;y_,y:) be a C' nonnegative (kernel)
function that is defined for z € R, t € [s,T], y+ € (y_,00). We also write

=z, x2=t g =g, ¢ =7ig,

where

H(13>t7M(ant;y+> S)) B H(.’L‘,t, M(x7t;y77 3))
M($7t;y+7s>_M<x7t;y778) .

(124) @(Qf,t,y,,er) =

We write B, , for the operator

B, ., Fy) = /Oo (F(ye) = F(y) 9" (21, 2259, ys) dye.

B! is the infinitesimal generator of an inhomogeneous Markov jump process y(z;). When
© > 0, the operator B? also generates a Markovian jump process.
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(iii) We write B* for the adjoint of the operator B’ which acts on measures. As before,
when the measure v is absolutely continuous with respect to the Lebesgue measure with a
C'! Radon-Nykodym derivative, then B™*v is also absolutely continuous with respect to the
Lebesgue measure. By a slight abuse of notation, we write B for the corresponding operator
that now acts on C! functions. More precisely, for a probability density v, we have

(Brv)(y) = Uy 9 (., t, Y ) (Ys) dy*] — A(g")(z, t,y)v(y),

—00

where

~

A(g)(y) = /Oo 9(y, y.) dy,.

(iv) Given y : [a_,a4] — R, we define

plx,tyy,s) = M(a:,t; y(x), 5).
O

According to our second main result, if p = wu, solves (1.2) with an initial condition which
comes from a Markov process associated with a kernel ¢°, then at later times z — p(z,t) also
comes from a Markov process associated with a kernel g which satisfies a kinetic equation
in the form

~

(1.25) 9 — (19): = Qg) = Q™ (9) — Q (9) = Q" (9) — gJ(9),
where

O (9)(y-.ys) = / " (e ys) — 95—, 9)) ()9 (s 1) i

A ~ A ~ ~

J(9) (Y-, y4) = (Ag)(y+) — A(0g)(y-)) — 0(y—, y+) (A(9) (y+) — Alg)(y-)).

Here we have not displayed the dependence of our functions on (x,t) for a compact notation.
We are now ready to state our hypotheses and the second main result.

Hypothesis 1.2(i) The Lagrangian function L is C? function that is strictly concave in v.
Moreover, there are positive constants ¢y, c; and ¢y such that

—cp+ v < —L(x,t,v) < o+ v
—co + co|v| < |Ly(z,t,0)| < o + c1|v],
| Lo (,t,0)| + | Lo (z, t,0)| < ¢4,
|Ha(,t,0)] + [Hap(@, 1, p)| < ci.



(ii) The rate kernel g(z,t,y_,yy) is continuous nonnegative solution of (1.25) which is C*
in (z,t)-variable, and is supported on

{(x7tay—7y+) re Rv te [t07T]7 Y.< Y- < Y+ < Y+}7

for some constants Y. We write ¢°(z,y_, y) for g(x, to, y_, y1)

(iii) p — H,(a_,t,p) > 0, for every t € [to,T] and p € [M_, M,], where

M, = sup M(a_,t;Y,,s), M_= inf M(a_,t;Y_,s).

te(to,T) te(to, T

(iv) Given s and ty, with ¢, > s, the initial condition p°(z) = M(x,to;y° s) for z <
a_, and p(x,tg) = p(x,to;ys,,s) for z > a_, where y,, is a Markov process which starts
at y,(a—) = y° > a_, and has an infinitesimal generator B., , associated with a kernel

x,to?
9°(x,y-,y+) = g(@,to, y—, y+).
(v) Assume that ¢ : [0, 00) — M satisfies (o, dyo) = 0,0(dyo), and

dr
1.2 —=B% /.
( 6) dt Ba_,tg

O

Theorem 1.2 When Hypothesis 1.2 holds, the entropy solution p to (1.2) for each fized
t € [to,T] has x = a_ marginal given by M(a_,t;yo,s), with yo distributed according to
U(t,dyo) and for a_ < x evolves as p(x,t) = p(x,t;y, s), with y; a Markov process with the
generator By ,.

Remark 1.3(i) Observe that the finiteness of the Lagrangian L implies that Hamilonian
function H cannot be monotone p. As a consequence, the velocity v can take both negative
and positive values, and the process t — p(z,t) many not be a Markov process for every x.
However, when x = a_, our Hypothesis 1.2(iii) would guarantee that the process ¢t — p(a_,t)
is Markovian. Indeed Hypothesis 1.2(iii) is designed to guarantee that no shock discontinuity
can cross a_ from left to right. This assumption though can be relaxed for the price of
replacing the boundary line segment {(a_,t) : ¢ € [ty,T]} with a suitable line segment
which is titled to the right. In other words, part (i) of Remark 1.2 is applicable. Moreover,
part (iii) of Remark 1.2 is also applicable to the kernel g satisfying (1.25).

(ii) As we will see in Proposition 5.2(iii) in Section 5, there exist positive constants Cj
and C such that M(z,t;y,s) > —Chx for © < —Cj. Our condition |L,| < ¢(1 + |v]) in
Hypothesis 1.2(i), means

|p| < Cl(l + |Hp(l‘,t,p)|)

10



Since H,(x,t, p) is an increasing function of p, we deduce that H,(x,t, p) — o0 as p — Fo0.
From this we learn that there exists a positive constant Cy such that H,(a_,t,p) > 0
whenever p > Cy. As a consequence, H,(a_,t,p) > 0for p € [M(a_,t;y_,s), M(ay,t;y+,s)],
provided that a_ < —C,C;'. This means that Hypothesis 1.2(iii) is automatically satisfied
when a_ < —CoC7 .

(iii) As a concrete example, when H(z,t, p) = p*/2, then L(z,t,v) = —v?/2, and M (x,t;y,s) =
(y —2)/(t — s). In this case Hypothesis 1.2(iii) holds if and only if a_ < Y_. O

Example 1.1 When H does not depend on (z,t), then

Wiantins) = (=L ($=2). Mlts) =2 (=2)).

— S t—s

Remark 1.4 As an example for a stochastic growth model, we may consider H(x,t,p) =
Ho(p) — V(x,t), with Hy convex, and the potential V' given formally as

(1.27) Ve, t) = Zési(t)]l(:c = a;),

where w = {(ai, Si): i€ I}, is a realization of a Poisson Point Process in R?. In practice,
we may approximate V' by

et =2 (50)0 (5

el

where 0(¢) — 0, in small e-limit, and 1 and ¢ are two smooth functions of compact support
such that [((¢) dt = 1, and n(z) = 1 in a neighborhood of the origin. Replacing V' with
V. yields a Hamiltonian function H¢ for which the equation (1.1) is well-defined and its
solution u° has a limit u as ¢ — 0. A variational representation as in (1.21) for u® would
yield a variational representation for u as well. Indeed the corresponding W still has the
form (1.21), where L(z,t,v) = Lo(v) — V(z,t), with Ly a concave function given by

Ly(v) = ir;f (p-v+ Ho(p)).

It is not hard to show that the minimizing path £ of the variational problem (1.21) is a
concatenation of line segments between Poisson points of w. In other words,

N(z)
(1.28) Wiz, t;y,5) = Wz, t;y,s:0) = sup [ N(z) + > (siy1 — i) Lo <az+1 al) )
i=0 Sitl — i
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where the supremum is over sequences z = ((ao, S0), (a1,81), -+, (Gny Sn)s (s, 5n+1)), such
that N(z) = n, and

So < 81 < -0 < Spy, (a07 SO) = (975)7 (a'n-i-la Sn+1) = (xvt)a (Cll, 31)7 SR (ana Sn) cw.

This model was defined and studied in Bakhtin [B] and Bakhtin et al. [BCK] when Hy(p) =
p?/2 (which leads to Lo(v) = —v?/2). If Ho(p) = |p|, then Lo(v) = —co 1(Jv| > 1). In this
case,

Wz, t;y,s) = W(x,t;y,s;w) = sup N(z),

where the supremum is over sequences z as in (1.28), with the additional requirement
laip1 — a;| < sip1 — 5.

The corresponding u(x, t) is a stochastic growth model that is known as Polynuclear Growth
(We refer to [PS] for more details).

Our Theorem 1.2 does not directly apply to this model because Hypothesis 1.2(i) fails.
Also for Hypothesis 1.2(ii) to hold, we need to assume that the intensity of w is 0 outside
l[a_,00) x R. Nonetheless, our method of proof can be adopted to treat this model as
well. For this model however, it is more natural to consider a concatenation of fundamental
solutions M (x,t;y;, 0;), where {(v;,0;) : i € I} is selected randomly. This extension requires
developing new techniques and goes beyond the scope of the present article. [l

1.3 Unbounded density

In Theorem 1.1 (respectively 1.2), we assumed that the density p (respectively y) is bounded.
This assumption is technically convenient for the derivation of the forward equation that is
carried out in Section 3, and is at the heart of our proofs of Theorems 1.1 and 1.2. Unfor-
tunately it excludes many important models encountered in statistical mechanics, especially
when we study stochastic growth models. As an example, if we take the case of the Burgers
equation with white noise initial data, the density at later times would be an unbounded
Markov jump process (see [Gr|, [MS], and [OR]). In this subsection we explain how one can
relax this restriction with the aid of an approximation that is related to Doob’s h-transform.
We carry out this idea in the case of Theorem 1.2 only, though our method of proof is also
applicable to the setting of Theorem 1.1.

Imagine that we have a kernel g which satisfies the kinetic equation (1.25), and the
arguments yy are not restricted to a bounded interval as in Hypothesis 1.2(ii).

Hypothesis 1.3 We assume that parts (i) and (iii)-(iv) of Hypothesis 1.2 hold, but in part
(ii), we allow Y, = oo, and assume that g(z,¢,y_,y,) is a continuous kernel such that the
Markov process y, associated with the generator B, , satisfies

(1.29) limsupz 'y, (z) < 1,

T—00
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almost surely. O

Theorem 1.3 The conclusion of Theorem 1.2 holds even when g is a kernel which satisfies
Hypothesis 1.5.

Our strategy for proving Theorem 1.3 is by approximating the kernel g with a sequences
of kernels ¢" for which Theorem 1.2 is applicable. We cannot simply restrict g to a large
bounded interval, because the resulting kernel does not satisfy the kinetic equation. However,
if y is a Markov process with the jump kernel density g (associated with the generator B;,t as
in the Definition 1.3(i)), we may condition y to remain in a bounded interval. The resulting
process is again a Markov process for which the jump kernel g is related to g via a Doob’s
h-transform. In other words, there exists a suitable function h(z,t,y) such that

N h(z,t,y
(130) Q(JJ;t,y—aer) = W9<I7ty—uy+) =: 77(377t7y—ay+)9($775;y—ay+)-

Indeed the resulting kernel is again a solution to the kinetic equation as the following result
confirms:

Proposition 1.1 Assume g satisfies (1.25) and h : [a_,ay] X [to,T] X R — R is a C!
function such that

(1.31) ho +By,h =0, h +B2,h=0
Then g given by (1.30) also satisfies (1.25).
As we will see in Subsection 1.4 below, the two equations that appeared in (1.31) are

compatible whenever ¢ satisfies the equation (1.25). This means that one of these equations
is redundant:

Proposition 1.2 Assume that g and h are bounded, and C' in (xz,t) variable, and that g
satisfies (1.25). Also assume that h is uniformly positive, satisfies h, + B}C,th =0, and

(132 ha-toy) + (B h)a_.t.9) = 0.
(In other words, the second equation in (1.31) holds at x = a_.) Then the second equation

in (1.31) holds in [a_,a].

The proof of Proposition 1.2 is similar to the proof of Proposition 4.1 of [OR], and is
omitted.
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1.4 Heuristics

According to Theorem 1.2, the process x; — p(x1, z2) is a Markov process with the generator

Ai(p) = AL (o) = bips, + / " Fiar a0, ) (0(02) — () do.

Hence, if ¢(z4,x2, p) denotes the probability density of p(z1,z3), then p must satisfy the
forward equation

loy = A"l =l ' = A(f) = (V0), = Lx f' = Al ® [') — (V'0)p, i=1,2,

where

(05 Fi)(p) = / Up) Fi(parp) dpe.

From differentiating both sides we learn
Corey = A (Cay) + U foy = ANy €= (bg,0)p = ATATC+ L fr) = A(f)ay €= (b, 0)p,
Cogay, =A™ (Cay) + U f7, = Aoy €= (03,0)p = A" AL+ Cx f7 = A(f*)ay €= (b7,0),-
On the other hand,
APAT = (Cx f1 = A(f) = (V0),) x 1= A(f') (0% f7 = A(f)0 = (0),)
— [0 (£x f1 = A(f)e = (00),)]
= [fIxfi—A(f) @ f - PoA(f)+V o f —(f b),.]
+C[A(AS) + A(OY, + (A,
+ 0, [AUOY + AI] + (b'0,0) , + (887C,), -

(Here, we have performed an integration by parts to replace (b0), * f* with £% (b @ fi_).)
As a result

AI*AQ*E_A2*A1*£ :E* [Q(f2,f1) o Q(flny)} 4 [(blbi o be;) g]p
+HLA(f?), b = A(f), 07
where Q(f7, f*) is given by (1.16). Hence,

Emwz - éwzm ={ x [Q(f27 fl) - Q(fla fz) + fiz - f;t21]
(1.33) — C[A )y = A(f?)an + A(f1)p 0 = A, V]
+ [(0F, = by, + 070, - 0°0;) (]
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It is rather straightforward to show
A(Q(F, 1) = —A(f)A(f) + YV A(f),.
As a consequence,

(1.34) A(R(L 1) = A(f ey — A(f)ay + A(F1), 07 = A(f?), 0.
where
R=R(f',f*) = fo, = fo, + QU 1) = Q(f", f*).

From (1.33) and (1.34) we deduce

g:plxg - éxQ:Bl = g * R - A(R)g + (Sg)p7
where

S =S0'b*) =b3, —by, +b'b? —b°b).
Clearly R = S = 0 implies the compatibility of the equations /,, = A™(, for i = 1,2.
Observe that R = S = 0 are exactly our equations (1.6) and (1.7).

Various terms in the kinetic equation can be readily explained in terms of the underlying
particle system that represents the dynamics of the shock discontinuities of a solution to the
PDE (1.1).

(1) According to the generator (1.1), the process x — p(x,t) satisfies the ODE

(1.35) po(x,t) = b(z,t, p(z, 1)),

in between shock discontinuities. The PDE (1.6), governing the evolution of the velocity b,
follows from the consistency of (1.22) with (1.1); differentiating these equations with respect
to t and x respectively lead to

pat = be + b, H(x,t,p)y = by + by (Hy + Hyb) = by, + by,
pro = H(x,t,p)ae = (Hy + Hpb) = Hyp + 2H,pb + Hypb? + Hpby + Hpbpb = b+ b'D7.

Matching these two equations yields (1.6). This calculation is simply a repetition of the
derivation of the equation S(b',b?) = 0.

(2) If a shock discontinuity occurs at a location z(t) with pi(t) = p(x(t)=£,t), then by the
classical Rankine-Hugoniot equation

(1.36) #(t) = —v(z(t),t, p- (1), (1)),

where v was defined in (1.8). This equation is responsible for the occurrence of the term

—(vf), in (1.7).
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(3) Since p(z,t) solves (1.1) classically away from the jump discontinuities, we have
5o (8) = —pa (21,0 (2(0). £ p- (1), - () + p1 (1), 2)
= b)) 0 (2), b o (8), o (8)) + (Hy + b (a(0). 1, (1)
(137 = —K(2lt).tp (). p- (1),

As in (2), this equation is responsible for the occurrence of —C* f in (1.7) (see (1.11) for
the definition of C'1).

(4) A repetition of our calculation in (3) yields

(1.38) p—(t) = =K (x(t),, p—(t), p+(t)).

Based on this, we are tempted to guess that C'_f is [K(l‘, t,p_, p+)f(x,t, p,,p+)]p7. This
is not what we have in (1.12). The reason behind this has to do with the fact that we regard
p(x,t) as a Markov process in = as we increase x. As a result, the role of p_ and p, cannot be
interchanged. In order to explain the form of C'~ f in (1.12), we fix a € R, and assume that
x(t) is the first discontinuity which occurs to the right of a. Now, if we set po(t) = p(a,t),
and write

p(x) = dg(mo;t),
for the flow of the ODE (1.35) (in other words p(z) solves (1.35) subject to the initial
condition p(a) = myg), then

p(t) = 620 (po(t): ).
Since po(t) satisfies pg = B(a, t, po), its law £(t, py) obeys the equation

(t, po) + (ﬁ(%taﬂo)@(tapo))po =0,
away from the shock discontinuity. As it turns out, the function
k(z,t, po, p+) == U(t, po) f (@, &% (poit), p+),
satisfies the identity
ke — (wh)e — (BK)py = £(fe = (vf)e = C™f),

where
'lU<.§L’, tu Po, IO+> = U(Q?, t? ¢£(p07 t)? p+)

(5) Observe that if a solution p has two jump discontinuities at x = z(t) and y = y(t), with
r <y, and

P- :p(l’—,t), Px :p(ZE—f—,t), pik :p(y—,t), P+ :p(y+,t),
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then the relative velocity of these two discontinuities is exactly

U(-xat?p—vp*) - U(yat>p;ﬂp+)‘

As y(t) catches up with z(t), p. converges to p, and the relative velocity becomes

U(l’, ta P—; ;0*) - U(I, tv P p+)
This explains the form of QT in (1.9). O

1.5 Bibliography and the outline of the paper

Most of the earlier works on stochastic solutions of Hamilton-Jacobi PDEs have been carried
out in the Burgers context. For example, Groeneboom [Gr] determined the statistics of
solutions to Burgers equation (H(p) = p?/2, d = 1) with white noise initial data. Recently
Ouaki [O] has extended this result to arbitrary convex Hamiltonian function H. The special
cases of H(p) = ooll(p ¢ [—1,1]), and H(p) = p* were already studied in the references
Abramson-Evans [AE], Evans-Ouaki [EO], and Pitman-Tang [PW].

Carraro and Duchon [CD1-2] considered statistical solutions, which need not coincide
with genuine (entropy) solutions, but realized in this context that Lévy process initial data
should interact nicely with Burgers equation. Bertoin [Be] showed this intuition was correct
on the level of entropy solutions, arguing in a Lagrangian style.

Developing an alternative treatment to that given by Bertoin, which relies less on partic-
ulars of Burgers equation and happens to be more Eulerian, was among the goals of Menon
and Srinivasan [MS]. Most notably, [MS] formulates an interesting conjecture for the evolu-
tion of the infinitesimal generator of the solution p(-,t) which is equivalent with our kinetic
equation (1.7) when H is independent of (z,t). When the initial data p(z,0) is allowed to
assume values only in a fixed, finite set of states, the infinitesimal generators of the processes
x — p(z,t) and t — p(x,t) can be represented by triangular matrices. The integrabil-
ity of this matrix evolution has been investigated by Menon [M2] and Li [Li]. For generic
matrices—where the genericity assumptions unfortunately exclude the triangular case—this
evolution is completely integrable in the Liouville sense. The full treatment of Menon and
Srinivasan’s conjecture was achieved in papers [KR1] and [KR2] (we also refer to [R] for an
overview). The work of [KR1] have been recently extended to higher dimensions in [OR1]. In
[OR2], the main result of [KR2]| has been used to give a new proof of Groeneboom’s results

[Gr].
We continue with an outline of the paper:

(i) In Section 2, we show that the evolution of the PDE (1.1) for piecewise smooth solutions
is equivalent to a particle system in R x [P_, P,]. We restrict this particle system to a large
finite interval [a_, ay] and introduce a stochastic boundary condition at a,. This restriction
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allows us to reduce Theorem 1.1 to a finite system; the precise statement can be found in
Theorem 2.1 of Section 2.

(ii) The strategy of the proof of Theorem 2.1 will be described in Section 3. Our strategy is
similar to the one that was utilized in our previous work [KR1-2]: Since we have a candidate
for the generator of the process x — p(x,t), we have a candidate measure, say p(-,t) for the
law of p(-,%). We establish Theorem 2.1 by showing that this candidate measure satisfies the
forward equation associated with Markovian dynamics of the underlying particle system (see
the equation (3.2) in Section 3). The particle system has a deterministic evolution inside
the interval and a stochastic (Markovian) dynamics at the right end boundary point. The
rigorous derivation of the forward equation will be carried out in Section 3.

(iii) Section 4 is devoted to the proof of Theorem 2.1.
(iv) Section 5 is devoted to the proof of Theorem 1.2.
(v) In Section 6, we establish Theorem 1.3 and Proposition 1.1. 0

2 Particle System

We assume that the initial condition p°; in the PDE (1.21) is of the following form
o (z)=mpforx<zy=a_.
e There exists a discrete set I° = {z; : i € N}, witha_ < x; <--- < x; < ... such that
for every x > 0 with z ¢ I°, we have p?(z) = 0°(z, to, p°()).
o If p = p°(2;&) denote the right and left values of p° at z;, then p; < p;.

Now if p is an entropic solution of (1.2) with initial p°, then we may apply the method of
characteristics to show that for each ¢ > 0, the function p(-, ¢) has a similar form. To explain
this, consider the ODE
(2.) L pla) = bl . ()
. —p(x) =b(x x
dx b p Y

where b is the solution to (1.6), subject to the initial condition b(z, o, p) = b°(z, p). Recall
that we are write ¢Z(m;t) for the flow of the ODE (2.1). In other words, if p(x) = ¢*(m; 1),
then (2.1) holds, and p(a) = m. Then there are pairs q(t) = ((z;(t), ps(t)) : i =0,1,...),
with

a_ =xo(t) <xi(t) <---<x(t) < ...,

such that for x > a_, we can write
(2:2) plw,t) = 0% (i0); ) 1 (wi(t) < 2 < wiga (1))
i=0
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Note that p(z;(t)+,t) = pi(t), and the data q(t) determines p(-,t) completely. Because
of this, we can fully describe the evolution of p(-,¢) by describing the evolution of the
particle system q(t). Indeed from the PDE (1.1) and the Rankine-Hugoniot Formula, we

have ,b()(t) = 6(a,t,p0(t)), pO(tO) = my, and
(2.3) i(t) = —v(@i(t), 1, pie1(t), pi1)),  pilt) = =K (@i(t), ¢, pi(t), pi-1(t)),

for i € N, where p;_1(t) = gbifl)(t) (pi—1(t),t) (we refer to Subsection 1.4, especially (1.36) and
(1.37) for explanation). Here (2.3) gives a complete description of q in an inductive fashion;
once (x;_1, pi—1) is determined, then we use (2.3) to write a system of two equations for the
pair (z;, p;). Moreover (2.3) holds so long as s do not collide. When there is a collision
between x; and x;,1, for some ¢ = 0,1,..., we remove x;,; from the system, replace p; with
pi+1, and relabel (z;, p;) as (xj_1,pj_1) for j > i+ 1. As we will see shortly, the function
p(x,t), defined by equation (2.2), with q(¢) evolving as above, is the unique entropy solution
of (1.2).

According to Theorem 1.1 if p(-, ty) is a PDMP with drift ° and jump rate f°, then p(, t)
is also a PDMP with drift b(z,t,-) and f(x,t,-,-). We may translate this into a statement
about the law of our particle system q(¢). However, since the dynamics of q involves infinite
number of particles, we may take advantage of the finiteness of propagation speed in (1.2)
and reduce Theorem 1.1 to an analogous claim for a finite interval [a_, a.].

Since H, > 0 by Hypothesis 1.1(ii), all particles travel to left. Because of this, we need to
choose appropriate boundary dynamics at the right boundary a only. The involved analysis
will all pertain to the following result.

Theorem 2.1 Assume Hypothesis 1.1. For any fived ay > a_, consider the scalar con-
servation law (1.2) in [a_,ay] x [to, T) with initial condition p(x,te) = p°(x) (restricted to
la_,a.]), open boundary at x = a_, and random boundary ¢ at x = a,. Suppose the process
¢ has initial condition (to) = p°(ay), and evolves according to the time-dependent rate ker-
nel f*(ay,t,p.py) and drift b*(ay,t, p), independently of p°. Then for all t > to the law of
(p(z,t) : x € la_,ay]) is as follows:

(i) The x = a_ marginal is ((t,dpy), given by (= Ai:tﬁ.

(ii) The rest of the path is a PDMP with generator Ay, (rate kernel f(x,t,p_,p,) and
drift b(x,t, p)).

To prove our main result Theorem 1.2, we can send a, — oo, applying Theorem 2.1 on
each [a_, ay], and use bounded speed of propagation. The argument is straightforward and
can be found in [KR1].

We prove Theorem 2.1 by showing that the particle system q(t) restricted to the interval
l[a_, a] has the correct law predicted by this theorem. We now give a precise description for
the evolution of q restricted to [a_,a,]. First we make some definitions.
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Definition 2.1(i) The configuration space for our particle system q, is the set A = U2 A,,,
where A, is the topological closure of A,,, with A,, denoting the set

{q:((xi,pi):i:O,l,...,n): To=a_ <x1<- < Tp<Tpyl =ay, po,...,pneR}.

We write n(q) for the number of particles i.e., n(q) = n means that q € A,,. What we have
in mind is that p;(t) = p(x;(t)+,t) with z1,..., 2, denoting the locations of all shocks in
(a—7 a+)'

(ii) Given a realization q = (xo, 00, L1, Pls -y Ty pn) e A,, we define

n

P(%ﬁQ) = Ri(q)(z) = ZQﬁﬁ,l(Pz‘;t)ﬂ(wz‘ <z < $i+1)-

i=0
(iii) The process q(t) evolves according to the following rules:
(1) So long as x; remains in (z;_1,x;11), for some ¢ > 1, it satisfies &; = —v(x;, ¢, pi_1, pi)
with pi(t) = 67" (pica (£);1).
(2) We have py = (z0,t, po), and for i > 0, we have p; = —K (x;,t, pi, pi_1)-

(3) With rate f*(ax,t, fn, pot1), the configuration q gains a new particle (2,41, pnt1), with
Zpt1 = ay. This new configuration is denoted by q(ppi1)-

(4) When z; reaches a_, we relabel particles (z;, p;), i > 1, as (x;_1, pi_1)-

(5) When z;,; — x; becomes 0 for some 7 > 1, then q(t) becomes q'(¢), that is obtained
from q(¢) by omitting (p;, z;) and relabeling particles to the right of the i-th particle.
0

As we mentioned before, the function p(x,t; q(t)) is indeed an entropic solution of (1.2).
We also need a stability inequality for our constructed solutions.
Proposition 2.1 (i) The function p(x,t) = p(x,t;q(t)), with q(t) evolving as above, is an
entropy solution of py = H(x,t,p), in (a_,ay) X (to,T).
(ii) The process t — m(t) := p(ay,t) = play,t;q(t)) is a Markov process with generator
A2 L
(iii) Suppose p,p' : [a_,ay] X [to,T) — [P_, P,] are two piecewise C* entropy solutions of
pe=H(x,t,p)e. Iftg <s<t<T, then

at

ay
/ 17 (2,t) — pla,1)] dz <cCo / P (@,5) — pla, )| do

t
(2.4) +e9 [ H(ay,0,(a1,0)) = Hlas. 6. plas 0)] db
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where

Co= max max max |H,(z,t,p)|.
0 z€la—,ay] t€fto,T] p€[P-,P4] ’ P( p)|

Remark 2.1 From Proposition 2.1(iii) we learn that two solutions p and p’ equal in [a_, a, | X
[to, T] if they coincide at ¢t = 0, and 2 = a. This confirms the fact that under the assumption
H, < 0, the boundary a_ is free. In particular, p(z,t;q(t)) is the unique solution which
satisfies the stochastic boundary condition at x = a. U

The proof of Proposition 2.1 will be given at the end of this section. We continue with a
precise description for the PDMP p(-, ) in terms of q(¢) and some preparatory steps toward
the proof of Proposition 2.1 and Theorem 2.1.

Definition 2.2(i) To ease the notation, we write A(x,t, p) and A(z,t, p), for (Af')(x,t, p)
and (Af?)(z,t, p) respectively. Given q € A,,, we also set

Yy
D(z,9,t, ) = / Azt 6(pit)) de,

at
I'(q,t) =/ Ay, t,p(y.t:q)) dy =D T(wi,zi,t, pi).

- =0

(ii) We define a measure p(dq,t) on the set A that is our candidate for the law of q(¢). The
restriction of p to A, is denoted by p"(dq,t). This measure is explicitly given by

n

((t, dpo) exp{—T'(q,t)} H f(iUi,t, ¢$§,1(Pi713 t), pi) dxidp;,

i=1

where f solves (1.7) and ¢ solves (1.18). Note that if p(x,t) = Ri(q(t))(z), with R as in
Definition 2.1(ii), then the process x — p(x,t),z > a_ is a Markov process associated with

the generator A} ,, and an initial law £(t, -).

(iii) Let us write T?g(p) = g(¢%(p;t)) and (D,g)(p) = b(x,t, p)g'(p) for its generator (to sim-
plify the notation, we do not display the dependence of TY and D, on t). It is straightforward
to show

Ty Ty

2.5 TV o1 =1T7 =TYoD
( ) z © Y T dy Y dz

=—-D,oTY.

Indeed

TeHg =TY(go ¢4™°) =TY(9+ 6Dyg + 0(8)) =T¢g + 6(T¢ o Dy)g + 0(6),
TV ;9 =T, 5(Tg) = (Tig) 0 63_5 = Tig — 6(Ds 0 TY) g + 0(9).

xT
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In the following Lemma, we derive several identities that we will use for the proof of
Proposition 2.1 and Theorem 2.1.

Lemma 2.1 The following identities are true:

(2.6) bz, t,p)Tp(w,y,t,p) = —Tulz,y,t,p) + M, t, p) = — /: Az t, 04 1)), dz,
(2.7) by = B + b8, — b3,

(28)  [dUpst)], = Byt o5(pit) — Bla,t,p) [d2(p:1)]

(2.9) Mzt p) + B, t, p)Np(, 1, p) = bl t, p) Ay (2, t, p) + A(w, 1, p),

(210)  Tulz,y,t,p) + Blx,t, p)Tolw,y,t,p) = Ay, t, 0%(p; 1)) — Al t, p),

(2.11)  [@¥(pst)], +b(z,t, p) [#2(pit)], = O..

Proof For the proof of (2.6) use the definition of I' and (2.5) to assert that the left-hand
side of (2.6) equals to

/y bz, t,p) [M(z:t, 95(pi1))], dz =~ / Azt 05 (p:1)], d=

- _ [ )\(z7t,¢§(p; t)) dz| + Mz, t,p)

xT

8

= —Tu(z,y,1,p) + Mz, ¢, p).
For (2.7) observe that by (1.6),
Be + b8, — byB = (bH, + H,)  + b(bH, + H,) | — bb,H, — b,H,
=bH,, + b,H,+ H,, + bb,H, + b*H,, + bH,, — bb,H, — b,H,
= 20H,, + b, H, + Hyp +b*H,, — b,H, = b;.

We now turn to the proof of (2.8). Set
X(z.y.t,0) = [¢h(pi1)], — By, t, %(pst)) + B(a.t, p) [05 (3 1)] -

We wish to show that X (p,x,y,t) = 0 for all (z,y,t,p). This is trivially true when x = y.
On the other hand,

Xy(z,y,t,p) =[bly, t, 85(p:1))], — (By +0B,)(y. t. ¥(ps 1)) + Bz, t, p) [bly. t. 6(pi1)]
=bi(y, t, %(pit)) + b,(y. t, &% (ps 1)) [Dh (o3 1)], — (By + 0B,) (y. t, i (p3t))
+ 82,1, p)bo(y, t, 85 (03 1) [@%(p3 1)
=bo(y, t, ¢%(p; 1)) X (2, ., p),
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where we used (2.7) for the third equality. As a result.

Y
X(z,y,t,p) = X(x, 2,1, p) exp V bp(2,t, ¢%(p;t)) dz| = 0.

This completes the proof of (2.8).
For (2.9), we first observe

(2.12) /:O Q(f)(x,t, p, py) dpy =0,
because the left-hand side equals
/poo/]l(p* € (p,p+)) (v(x,t, pu py) —v(@,t, p, p)) fl, b, p, p) (8, psy py) dpudps
- /poo [A(z,t,py) = Az, t, p) = v(x, b, p, pr) (M, t, py) = N, t,p)) ] (2.t p, 1) dpy
= /poo (A(z,t, ps) — v(w,t, p, p) Nz, t, pu)) [, t, p, ps) dp.
- /poo (A, t, p1) — Az, t, p) = v(a,t, p, py) (M, t, p1) = Az, 8, )] fa,tp,p4) dpy
= [ (At ) it 0w 1) 0. 2) e =0
We next integrate both sides of (1.7) with respect to py and use (2.12) to assert
Mt = [TUENE 000+ (00100} drs
(2.13) - / (Ot 1) dps + At )
On the other hand,

/ (C™f)(x,t,p, py) dps zb(:c,t,p)/ (vf)p(,t,p,py) dpy — ﬁ(fc,t,p)/ folz,t,p,p1) dpy
:(bAP - 6)‘P>(x7 t7 p) + (bHP - 6)(I,t7p)f($7t, P, 10)7
/(C+f)($,t,p, p+) dps =/ (K (.t pis p)f (2,8, 0,04)],, dps

:(ﬁ - bHP)<x7 ta ,O)f(iﬁ, t? P p>7
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because f(z,t,p,00) =0, and

lim v(z,t, p, p4) = Hy(z,t, p).

P+—2P
From this, and (2.13) we deduce (2.9).
We now turn to the proof of (2.10). We rewrite (2.10) as

y y y
/ Az 1,630 1))], dz + 6(w,t,p)/ [Nzt @5 (pit)], dz = / [A(z,t, 63 (pi1))], d=.
For this, it suffices to check

(2.14) Mzt @5 ()], + Bl t, p) [Nz t, 05 (pit))] ) = [Azt. 05 (i) ],

for every (x, z,t,p). By (2.8), the identity (2.14) is equivalent to

Ai(z,t, ¢5(pi ) + B(2,t, 020 1) Ao(2, 1, (03 1)) = [A(z 1, 95(p31))] .-

This is an immediate consequence of (2.9) because

[A(z.t,0%(ps1))], = bz, t. (03 1) Ap (2.8, 9505 1)) + Ax (2,8, 95 (p31)).
The proof of (2.10) is complete.
Finally, (2.11) is simply the third equation of (2.5) applied to the function g(p) = p.
0
We are now ready to establish Proposition 2.1.

Proof of Proposition 2.1(i) We first show that p solves (1.2) classically away from the
shock curves. For this, take a point (z,t) such that = € (2;(t), z11(f)), for some nonneg-

ative integer i. Let us write ¢¥(p;¢) and ¢¥(p;t) for the partial derivatives [0 (p; t)]p and
[6Y(p; t)}x respectively. From p(z,t) = ¢7, , (pi(t); t), we learn

) Qgii(t) (pi(1); )
i(8),t,0:(1)) 0%y (pi(t); 1)

pt(l‘,t) == U($i(t)vt7ﬁi—1(t)’pi(t
—|—B(I’,t,p(l’,t>)— (

(2.15) — K (@:(t), ¢, pilt ) (t)) Prsiy (Pi(); 1)
= —v(i(t),t, i1 (8), pi(1)) 05,0y (0i(8); 1) + Bl t, pl, 1))
—v(@i(t),t, pia (1), pi())b(wi(0), £, pi(t)) 5 (t)(m( )it)
=B(x,t,p(x,1)) = ( b, p(,1))a,
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as desired. Here we used (2.8) for the first equality, and (2.11) for the third equality. Since
the Rankine-Hugoniot Formula is valid at shock curves by our construction, and (1.1) holds
classically away from the shock curves, we deduce that p is a weak solution of (1.1). On the
other hand, since p(x;(t)—,t) < p(x;(t)+,t) by construction, we deduce that p is an entropy
solution in (a_,ay) X (to,T).

(ii) From the way the boundary dynamics is described in (3), the process m(t) depends
on the particle system to the left of a;. Nonetheless we show that if the process m(t) is a

Markov process with generator A2, ;, and initial state mg = p°(ay ), then m(t) = m(t). To

verify this, let us construct the process t — m(t) with the aid of a sequence of independent
standard exponential random variables (Ti NS N). Let us write v4(p) for the flow of the
ODE associated with speed [(a4,t,p), and define

(2.16) n(t,m) = / P(as,t.m, py) dps.

Now construct a sequence z = ((ai, m;): i=0,1,.. ) inductively by the following recipe:
oo = 0, and given (o;,m;), we set

Oiy1 = min {s >0 / n(@,’yﬁi(mi)) do > T,-H} Ly = (my),
and select m;; randomly according to the probability measure

77(01'+1, Thi)_l f2 (a+7 Tit1, i, mi—H) dmi1.

Using our sequence z, we construct m(t) by
m(t) =Y AL (mi)L(t € [01,001)).
i=0

By the very construction of the processes m(t) and m(t), the desired equality m(t) =
m(t), t > to would follow if we can show that m(t) = m(¢t) for t € (0;_1,0;) for every
1 € N. This can be checked by induction on ¢. If there are exactly n particle to the left of
a;, and we already know that p,(o;) = 7,;_1, then we can guarantee that p,.1(0;) = m;.
Moreover, pny1(t) = 75, (m;) for t € (04, 0:41), because the function ((t) = (bi:(t)(pn(t);t)
satisfies

(2.17) C(t) = Blas,t,¢(1),
by (2.15) in the case of © = a,. This completes the proof of part (ii).

(iii) The proof of (2.4) is a standard application of the celebrated Kruzhkov’s inequality [K],
and we only sketch it. It is not hard to show that the piecewise C' entropy solutions p and
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P’ can be extended to entropy solutions that are defined on a larger domain (b_, by ) X [tg, T,
with b_ < a_ < ay < by. With a slight abuse of notation, we write p and p’ for these
extensions. Given an arbitrary constant ¢, the following Kruzkov’s entropy inequalities hold
weakly in (b_,b) X [to, T):

Ip(z,t) — c|y < |H(z,t, p(x,t)) — H(z,t, )| + sgn(p(z,t) — ¢)Hy(z,t, ),
1P (z,t) — cly < |H(z,t, 0/ (2,1)) — H(z,t,0)|s + sgn(p'(z,t) — ¢)Hy(z, t,c).

This allows us to use Kruzkov’s standard arguments as in [K] to deduce

|p(x,t) - pl(x7t)|t §|H($’ t,p(l’,t ) - H(l‘,t, p,(ZE,t))LT
— sgn(p(a,t) — p'(x, 1) (Ho(2,t, p(a, 1) — Ho(,t, p'(2,1)))
§|H(ZE, t,p(l’,t ) - H(I7t7 p/<$,t))|r + C()’p(l', t) - p,(flf,t)l,
weakly in (b_,b,) X [to, T). From this, we can readily deduce
(2.18) [ lp(w,t) = p (2, )], <e” ' H (z,t, p(w, 1) — H(w, 1, (2,1))],

weakly in (b_,by) x [0, 7). We wish to integrate both sides of (2.18) with respect to = from
a_ to ay. To perform such integration rigorously, we take a smooth function ~ of compact
support with [y dx = 1, rescale it as v.(x) = e 'y(z/¢), and choose 7.(x) so that 7. > 0,
TH(x) = Ye(x —a_) — v.(x — ay), and 7.(b_) = 0. For small ¢, the function 7. is supported

in (b_,by). We can now integrate both sides of (2.18) against 7. to deduce that weakly

0 [lotat) = 9000t de] <= [ WGt pln,0) = Hot, /o] 70)
t
We can now send € to 0 to arrive at

at
|:€COt/ ’p(l'at) _pl(xat>’ d$:| SeicOt’H<a+>tap(a+7t)) —H(a+,t,pl(&+,t))’
a— t

- e_COt|H(a—> t, p(a—’ t)) - H(CL_, t pl(a—a t))|
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Integrating both sides over the time interval [s, t] yields
O [ ote.t) = 0] o < [ ptas) - o) da
b [ OB a0, pla0) - Hla . 0)]
- /t e % H(a_,0,p(a_,0)) — H(a_,0, 0 (a_,0))| df

at
< [ o) — e, do

t
+/ 6_006|H($,97P(a+>0)) - H(l‘, eap,<a+70))| do.

This evidently implies (2.4). O

3 Forward Equation

As a preliminary step for establishing Theorem 2.1, we derive a Kolmogorov type forward
equation for the measure u(dq, t). We first introduce some notation for the particle dynamics.

Definition 3.1(i) For 0 < s <t and q € A, we write ¢’q for the deterministic evolution
from time s to t of the configuration q accordlng to the anmhllamng particle dynamics of
Definition 2.1(iii), without random entry dynamics at © = a,.

(ii) Given a configuration q = ((xo, £0)s - (Tn, pn)) and p; € R, write €,, q for the config-
uration (($07 PO); AR (xnv pn)a (a+7 p+>)

(iii) Write Wlq for the random evolution of the configuration according to deterministic
particle dynamics interrupted with random entries at z = a, according to the boundary
process as in (3) in Definition 2.1(iii), where the latter has been started at time s with value

@3+ (pn; s). In particular, if the jumps between times s and ¢ occur at times 71 < --- < 7
with values mq,-- -, my, then
(3'1) \Ijiq = 'QZ} EmkwTk 16mp_y Tlemﬂvbﬁ

(iv) Forn > 1, and ¢ € {0,...,n — 1}, we write 9;A,, for the portion of the boundary A,
such that z; = z;41. Note that q(t) reaches the boundary set 9yA, at time 7 if at this time
x1(7) = a_. For time t immediately after 7, the configuration q(t) belongs to A,_; with pg
taking new value. Similarly q(¢) reaches the boundary set 9;A,, for some ¢ > 0 at time 7
if at this time z;41 collides with x;. For time ¢ immediately after 7, the configuration q()

belongs to A,,_;1. We also set X
0A, = U 0;A,,.
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(v) We write 0,.14,41 for the set of points q € A, ;1 with x,.; = ay. When q € A,,
and a new particle is created at a, at time 7 by the stochastic boundary dynamics, the
configuration q(7+) is regarded as a boundary point in 9,1 14,1.

(vi) Given a function G : A — R, we write G” for the restriction of the function G to the
set A,. Also, given a measure on A, we write v™ for the restriction of a measure v to A,,.

(vii) We write £ = L! for the generator of the (inhomogeneoys Markov) process q(¢). This
generator can be expressed as L = Ly + L, where L is the generator of the deterministic
part of dynamics, and L, represents the Markovian boundary dynamics. The deterministic
and stochastic dynamics restricted to A,, have generators that are denoted by Lg, and L,
respectively. While q(¢) remains in A,,, its evolution is governed by an ODE of the form

Wit = bla(n). 1)

with b = b, : A, — R?"1 that can be easily described with the aid of rules (1) and (2) of
Definition 2.1(iii), and (2.3). Given this vector field, the generator Lo, is given by

Lo F'=b-VF,

where VF' is the full gradient of F' with respect to variables (pg, L1y Ply - - Ty pn). We also
write L5, = L5 for the adjoint of Lo, with respect to the Lebesgue measure:

ontt ==V - (ub).
0

It is not hard to show that ¢ — Wlq, ¢ > s is indeed a strong Markov process. This is
rather straightforward, and we refer to Davis [D] for details.
We establish Theorem 2.1 by verifying the forward equation i = L*pu, or equivalently

(3:2) i = ()"

for all n > 0, where p was defined in Definition 2.2(ii), and £* is the adjoint of the operator
L. To explain this, observe that Theorem 2.1 offers a candidate for the law of q(¢), namely
the measure p(dq,t). Hence for our Theorem 2.1, it suffices to show

(3.3) / G(at) p(dq,t) = E / G(Viq,1) p(dq,0),

for every function GG of the form
. a+
(3.4) G(a,t) = exp (z / p(z,t;q)p(z) dfﬁ) ,
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for some smooth function ¢ (we refer to the beginning of Section 3 of [KR1] for more
details.) Here and below, we write P and E for the probability and the expected value
for the randomness associated with the boundary dynamics. To ease the notation, we set

G(q,s) = E G(¥lq,t). We establish (3.3) by verifying

d

(3.5) -

é(q, 3) U(dq, 5) =0,
for ty < s < t. The differentiation of p(dq,s) can be carried out directly and poses no
difficulty. As for the contribution of G(Viq,t) to the s-derivative, we wish to show

(3.6) /@s(q, s) u(dq, s) = —/(ﬁs@)(q, s) u(dq, ).

Since the deterministic part of the evolution is discontinuous in time, the justification of (3.6)
requires some work. Additionally, to make sense of the right-hand side, we need G to be in
the domain of the definition of £j. We expect G to be weakly differentiable with respect to
q. To avoid the differentiability question of G, we would formally apply an integration by
parts to the right-hand side of (3.6), so that the differentiation operator would act on the
density of u, which is differentiable. We also have a boundary contribution that correspond
to the collisions between particles. We establish the following variant of the forward equation
(3.6).

Theorem 3.1 We have
“m Y __ n
s's A, s— g

(3.7) / G"(a,5)(Loni")(a, 5) dg

W(q, 5) da = / (36" (q, $)"(q, 5) dg

/ G”"‘l(q’ )#n-l-l(q’ )(bn—l—l : Nn+1) U(dq)7
0Ap 41

where N, 11 s the outer unit normal vector of éAnH, and o(dq) is the surface measure of
aAnJrl-

Note that for the differentiation in (3.7) we will need to compare G(q, s) and (A?A(q, s") for
ty < s’ < s <t. As a warm-up we verify the Lipschitzness of the function s — E G(q, s).

Lemma 3.1 Fizt > ty. There ezists a constant Cy = Cy(p, H, f) such that

~

(3.8) Ga,s') = G(q,9)] < Ci(n + )]s’ — |,

for allq € A, and s,s" € [ty,1].
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The proof follows from the L!-stability (2.4) and a coupling argument for the stochastic
boundary dynamics. We skip the proof of Lemma 3.1 because it is very similar to the proof
of the analogous Lemma 3.1 that appeared in [KR2]. Armed with (3.8), we are now ready
for the proof of (3.7).

Proof of Theorem 3.1 (Step 1) Let tg < s < s < t. We first show that we can separate
the deterministic and stochastic portions of the dynamics over the time interval [¢', s|, when
s — &' is small. Write 7 = 7(q, s’) for the first time a jump occurs at x = a, after the time
s', and let E denote the event that 7 € (5',s). We also write

pn = Rs(@)(ay) = 037 (pn; s), = Re(@)(ay) = 657 (pn; &)

By the Lipschitz regularity of b, we can show that p,, — g/, = O(s—s') (see also (3.14) below).
Recall that v denotes the flow associated with the ODE (2.17), and n was defined in (2.16).
Observe that by the Lipschitz regularity of n (which is the consequence of the Lipschitz
regularity of v and f),

39 B(B) = [ n(0.20.7)) 48+ O((s =) = (s = il ) + O(s = 7),

with both errors bounded uniformly over q. We claim that there exists a constant ¢; so that
for q € A,,

G(q, ') =(s — &) /OO (E [@(epm;q, s) | E} — G(Yia, 8)) fHay, s, b, py) dpy

Pn

(3.10) +G(Wia,s) + (s — s')’R(q, s, 5),

with |R(q, s, s)} < ¢1(n+1). To prove (3.10), first observe that by the Markov property of
the random flow W, ) )

G(q,s) =E G(¥'¥q,t) =E G(¥iq,s).
On E° (the complement of E), we see only the deterministic flow ¢ over the time interval
(s',s):
E é(\DZ,q, 5) 1ge
(3.11)

é(¢:’q> S) ]P)(Ec) = é(wg’qa 3) - GW:/% S) ]P<E)
G(via,s) — (s — )G (Wia, s)n(s, pn) + O((s — 5')?)

é(¢§'q7 S) - (8 - 3/)6(1@% S) / fz(a—l-? S, ﬁ'm P+) d,0+ + O((S - S/)2)7
P+

where (3.9) is used for the third equality. Moreover, using the strong Markov property for
the random boundary at the stopping time 7,

(3.12) E G(Viq,s)lp =E G(¥ic,, ¥lq,s)lp =E G(e,, ¥7q,7) L.
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By (3.8),
(3.13) ‘IE G(ep,7a, 7) g — E G(e,, ¥7q, s)llE‘ < Ci(n+1)(s— s P(E).

Next we modify the distribution from which p, is selected; at present, p, is selected according
to a random measure with density
5 . U -
fg(a-‘raTapnap-‘r) ::77(7—7pn> fQ((Z+,T, pn?ﬂ-‘r)?
where p, := 77 (p,,). From H € C?, and the Lipshitzness of b'(z, s, p) for i = 1,2, it is not
hard to show that there exists a constant ¢y such that

(3.14)

Bl S als’ = sl |6y~ pa| < cals’ — I

Let us write p, for an independent random variable distributed as f (ayy S, Pry pr) dpy.
Observe

(0, m) :/ fPag,0,m, py) dpy > L,H[“n}H (ay,0', P 1/ flay,0,m,py) dp..

From this, (3.14), and the Lipschitzness of f?> = vf we can readily show
(315) |f2(a’+’ S, ﬁna IO+> - f2 (a-l—a T, ﬁTH p+){ < C3|S/ - S|7

for a constant c¢3. We then use (3.14) and (3.15) to assert that there exists a constant ¢,
such that the expression

’E [é(ep+¢;,q, s) = Glep ¥ s)] nE’,
is bounded above by

Elp [" G, 050, 8) (f*(ar, 7 pns p1) = F2(as,5,hns p4)) dps
e /ﬁn
o

/.

From this, (3.12), (3.13), and (3.9) we learn

E G(%q, )l _E[ (5. 07a, ) | E] P(E) + (s — s)?R,

+ ‘E Ig L(pn < pn €, 7q, 5) f? (ay, 8, pn> py) dpy

L ) (
# B 1s 1> 5) [ Glenvia) Pl minpe) doe| < il - 9F(E)

=E {/ Gep,7a,8) f2(as, 5, pu, ps) dps | E} (s, pn) "  P(E) + (s — §')2R,

Pn

:(3 - 3/>/ [ (€p+w q, S ) fz(aJr?S:ﬁnaer) | E:| dp+ + (S - S/)QRQ'

Pn
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where R; and Ry are bounded by a constant multiple of n+ 1. This and (3.11) complete the
proof of (3.10).

(Step 2) We wish to establish (3.7) with the aid of (3.10). Observe that p(dq, s) is the law
of a Markov process with a bounded jump rates. For such a Markov process, we can readily
show that if n(q) denotes the number of jumps/particles of q in the interval [a_, a,], then

(3.16) sup / n(Q)* u(dq, s) < oo,

SE[to,T]

for every k € N. Indeed if we choose &y so that A(z,tg, p) > 0o for all (z,p) € [a_,ay] X
[P_, P,], then there exists a Poisson random variable N, of intensity d; '(ay —a_) such that
n(q) < Ny, almost surely. From (3.16), and (3.10), we can write

5

(s — ) (Gla,s) — G(a,s)) = ZQT<S/, s),

r=1

where

(s, s) :/00 (]E [@(ep+¢;q, s) ‘ E} - é(ep+q, s)) A ay, s, pn, py) dpy

n

[ E |:GA(€p+w:sr’qa S) - é(€p+q7 S)‘E] fQ(a+a37ﬁn(q)7p+) dp-i-a
p

n(q)
0u(s'.5) = [ (Glenas) = Glas) ) Flarsifnpe) dos = (£3,6)(as)

N

(s, 5) = / (Gla5) = G(eia,5) ) 2(ar,s.pnps) dpy = (Glas) = G(5a,5) ) (s, pn),

ﬁn
SZ4(5/7 8) :(S - S/)il <GA(’I/}§/q7 S) - é(qu S)) )
and |Q5(s,s)] = (s — ¢)|R(q, s, s)] < ci(n+1)(s —&). (For the second equality, we used

the fact that the event F depends only on the stochastic boundary that is independent from
the law of p,.) By (3.16),

/ 1Q5(s',s)| pl(da,s) =0(s — 5').

As a result, (3.7) would follow if we can show

(3.17) lim [ (', 5) p(da,s) =0,
(3.18) li/rTn/Qg(s/,s) p(dg, s) = 0.
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and that the limit

(3.19) h/rTn (s, s) pldq, s),
equals to the sum of the last two terms on the right-hand side of (3.7). The proof of this

will be carried out in the last step. A slight modification of this proof can be carried out to
establish (3.18).

(Step 3) We turn out attention to (3.17). Recall that u(dq, s) is the law of a Markov process
(p(z,s) : = € [a_,ay]) with generator Aj .. For our proof we will need a lower bound on the
density f. Since f(x,s,p_,py) > 0 only when (p_, py) is in the interior of A(P_, P,), we
wish to estimate the probability of the set B(d, s) consisting of those q such that for some
x € [a_,ay], we have either p(x, s) = Rs(q)(x) € [P —0, Py], or p(z+,s) — p(x—,s) € (0,0).
If we write P7* for the law of our Markov process p(z, s) associated with the generator Aj _,
and the initial condition p(a_,s) = m, and if m < P, — §, then it is not hard to show

(2.9) (2,)V(Ps~5)

ayt p(x,s)+6 Py
er(se.s) e [ |+ P25, 0(2,5), p1) dpy d < cs0.
a— P P

From this, we learn that (3.17) would follow if we can show

(3.20) lim [ Q(s,s) ii(dq,s) =0,

s'Ts

where

fi(da,s) = 1(a ¢ B(d,s)) u(da,s).

(Step 4) To verify (3.20), write o(q, ') for the first time o > §" at which ¢Jq experiences a
collision between particles of q. We claim

(3.21) /ll(a(q, s') <s) p(da,s) < es(s — s')/n(q) p(dq, s) < cg(s —§'),

for constants ¢ and ¢;. This is an immediate consequence of (3.16) and the following fact:
If 9 = (20, p0,Z1, P15+ Tn, pn), and o(q,s’) < s, then for some i, we have |r; — x| <
2¢g|s — §'|, where ¢g is an upper bound on the speed of particles. Because of (3.21), the claim
(3.20) is equivalent to

[e.9]

(3.22) lim

=0,
s'Ts

X, (s
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where X,,(s’) is the expression
// €p+w q, 5 ) é(€p+q7 S)’ E] ]1(0<q7 S/) > S) f<a+7 Snana er)/ln(qa 8) derdq
On account of (3.9), the claim (3.22) would follow if we can show

ZY

(3.23) hern s—5)

where Y, (s') =Y, 7 (s') = Y, (s'), with

n

// E G €p+w q, S ) ( ( /) >8> T(qv S/)) fQ(a+787ﬁn7p+)lan<qa S) derdqa

= // E G(ep.q,8)(o(q,s) > s> 7(q,s)) f(as,s,pn, p+)i"(q, s) dpsdq.
Pn

(Step 5) The expected value in the definition of Y,* is for the random variable 7 = 7(q, §').
As was explained in the proof of Proposition 2.1(ii), the variable 7 can be expressed in terms
of p, and a standard exponential random variable. More precisely,

T =1(q,8) = U(r, pn, ),

with r > 0 a random variable with distribution e™" dr, and ¢(r, p,, s") denoting the inverse
of the map

T = / 7](0,75,(«9,/6”)) df, 7€ (s, 00).

/

As a result, we may replace the expected values in (3.23) with an integration with respect
to e™" dr. On the other hand,

1(r>0) e " dr=1(1r > s) e_rn(T, 7;(,571)) dr = 1(1 > &) (n(s',;’)n) +O(T — s')) dr,

by the Lipschitz regularity of . Because of this, (3.23) would follow if we can show

(3.24) ll/ITIl s—s)

where Z,(s') = Z1(s') — Z, (s'), with

n

/ / é(€p+q7 8) 1 (U(q> Sl) > S)n(ﬁna S/) f2(&+7 S, ﬁn> p+)lan<q7 S) deerdq
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To prove (3.24), we carry out the dq integration first. Fix 7 > 0 and p,, and make a change
of variables ' = ¢, q for dq integration in Z;(s"). For this, we wish to replace i"(q, s),
with " (@Z);,q, s). Observe that by Hypothesis 1.1(iii), then kernel f(x,s,p_, py) > 0 in the
interior of A(P_, P;). As a result, we can find §, > 0 such that

(3.25) q = (2o, o, -+ Tn, ) & B(6,5) = [f(@i, pi, piv1) = 01
Since £ is supported on the complement of the event B(J, s), we use
[log " (v}a, 5)], = b(¢ia,7) - V [log " (¥1a, )]
our assumption f € C', and (3.25) to assert
[log i" (V. 5)], = O(n),
which in turn implies
(3.26) i (674, 5) = 1 (a,5) (1+ (5 = 5)0(n)).

Since the map q +— ¢7,q is the flow of the ODE associated with vector field b, its Jacobian
has the expansion
1+ (1 — §)div(b) + n(q) o(T — §).

Since div(b) = O(n(q)), a change of variable q' = 9], q causes a Jacobian factor of the form
14+ n(q)O(r —¢') =1+n(q)O(s — 5.
From this, (3.26), and (3.14) we learn

/

0(pn, 8) F2 (g, 8, pn, p )" (@, 8) da = (), ') 2 (ag, s, P, p )™ (A 8) (1 4+10(s — 8')) dd.
From all this we deduce that Z;}(s') = Z(s') + R,, where Z}(s') is given by
/// / G(ep,d, s)W(a(id,s) > s)n(pl,, s') [2(ay, s, pn, )", 5) drdpidg.
Pn s’
and the R, is an error term that satisfies

SR < eals — ) / n(q)? u(da, s) = es(s — )2,

By ¥ we mean the inverse of 17,. After renaming q' as q and comparing Z; (s') with Z;, (s'),
we learn that Z 1 (s') — Z-(s') equals to

//X /G(gm.q?S)X(q;8,77_73)77<I6n7sl)fQ(a-l—aSapAn?p-i-):un(q?S) dep-i-dq?
Pn s
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where x(q; ¢, 7,5) = |]1(a(wﬁ'q, s') > s) — ll(a(q, s') > s) } After replacing G with an upper
bound, and carrying out the dp, integration, we obtain

o9
n=0

Finally, since x(q; s, s) = 0, we can readily show

ZH() — Zo(5)| < e / / (@', 7,8) p(da, s)dr.

o

lim(s - YN (ZH(s) — Z27(8) =0,

n

completing the proof of (3.24), that in turn completes the proof of (3.17).

(Final Step) It remains to find the limit in (3.19). The proof we present is very general, and
works whenever G™ is continuous, u" is C!, the vector field b = b,, is C!, and the boundary
of A, is piecewise C'. Fix s and for s’ < s we write

An(sys)={ae N, : ¥iqeA,}, An(s,s) = V3 (AL(8,5)).

We make a change of variables to write

/A én(¢§/qa s)u"(q, s) dq :/ Gn (voa,s)u™(q, s) dg

An\An(s,s)

(3.27) + /A . )G”(q, $)u" (W2 q,s) det (Dy2')(q) da,

where 1% denotes the inverse of the function ¢%,. For s —s’ small, the volume |A,,\ A, (s, 5)|
is of order O(n(s — s')). From this, and the continuity of G we learn

[ erwrasttas da=[ (@) datofn(s - )
Ap\An(s,5) An\An(s,s)
(3.28) =) [ (6 (a5) (Nu(a) - b)) i)

+o(n(s —$')).
Here we have used the fact that we may parametrize the set A, \ A,(s’,s) by the map
C:OA, x [s',s] = A\ An(s'ys),  C(d,0) = ¥Jd,
with 1(q € A, \ A,(s',5)) dq equals to

]l((q/, 0) € OA, x [¢, 3]) (1 + (s — s’)(Nn(q/) b, (d, 5)) + o(n(s — s'))) o(dq')de.
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The map ¢ is one-to-one if A, is C*, and s — s’ is sufficiently small. This is no longer the
case when C' is only piecewise C''. Though the set of q for which (71(q) is multivalued, is of
volume O(n(s — s')?) (this is the set of q such that for some i, we have z;,1 — z;, x; — T; 1 =

O(s — ).
As for the second term on the right-hand side of (3.27), we use

(s, s) =p(q,s) + (' = 8) (b - Vi) (q, 5) + o(n(s — ')
det (D) rw%qw+wthmequ@+mmS—ﬂx

to assert

W q,s) det (DY2)(q) =p"(q,s) + (s — s) (u"div by,)(q, 5)
+ (s = 5)(by - V") (q,s) + o(n(s — &)
=" (a0, 8) 4 (s — &) (Lnp") (q, 5) + o(n(s — &')).

From this and (3.28) we deduce that the second term on the right-hand side of (3.27) equals
to

/A ( ,)@” (a,5)G" (a,5) [ (@, 5) + (s — &) (Ln™) (a, 9)] da+o(n(s — )
= [ @) + (5= (L5 (0,9)] daton(s = )

This, (3.27), and (3.28) complete the proof. O

4 Proof of Theorem 2.1

The proof of Theorem 2.1 is carried out in five steps.

(Step 1) As we explained in Section 3, we only need to prove (3.5). For this, it suffices to
show

(4.1) li/rTn(s — ) HGu(s) = Gu(s') =0,
where G, (s) = [ G™(q,s) p*(dq, s). Evidently

(s — 3')’1((}”(5) — Gn(s)) = () + Q(s) — Qs(s),
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where

We claim

(4.2) IIIITI; 1Q25(s)| = 0.

By Lemma 3.1,

(4.3) lir?j(?p(s — )7 Qs(5)| < Co(n+1) lll?jélp/| "(dq, s) — p"(dq, s))| .

As we will see in Step 2 below, pu? = X"u™ for a term X" that is explicit. From this and
(4.3), it is not hard to deduce (4.2). From (4.2), and Theorem 3.1 we deduce that (4.1)
would follow if we can show

/ G"(q,s) p(dg,s) = / (L:G)"(a, s)u™(q, s) dq + / G"(q,s) (L") (a, s) dg
An An An

(4.4) 4 / G (q, )1 (@, 8) (b - Nosr) o(da).
Api1

(Step 2) To simplify our presentation, we assume that ¢ has a density with respect to
the Lebesgue measure. With a slight abuse of notation, we write ¢(p, s) for this density:
Udp,s) = L(p,s) dp. To verify (4.4), we start with finding a tractable expression for the
left-hand side. We claim

11
(4.5) pg = X" = <X1+X2+ZX?> '

1=3
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where

X, = (€ f?) (0, 5, po) (ﬁ@O?SyPO)f(S’PO))pO

X, — —
6(5700) ’ ? g(SaPO) ’
~ QF(f) (@i, s, pi1, pi) “S f2 (it pict, pi)
X = _ , X" = -
’ ; f(xiy s, pi1, pi) ! ; f(xi,t,pi_l,pi)

XET)L = B(mo, t: pO)FP<x07 z1, S, pO) - A(a+> S, ﬁn)

X¢ = Zﬁ(%t,Pz‘)rp(xz'7$z‘+1757/)z’)
i=1

X? = Zv(xi, S,ﬁiq,m)()\(c%’i, S,Pz’) - )\(flfi, 3>ﬁz’—1))
i=1

n [K(xiaSapiapAi—l)f('ri?Saﬁi—l?pi)]pi

Xy=>Y

i=1 f(xhsnai—lapi)

Xg = Z b(xla S, pAi—l),Upf (xia S, lai—la pl)

=1

. N N fp, (%73,,@—1,%)
Xy = U(Im37/71‘—17,01')5(%;73,0@'—1) =
10 121: f($i757pi—17pi)
n [f(xu 57,62'—17&')} .
X{)=— B(zi-1,$, pi-1) - Piz1
1 ; f(xivsapi—lvpi)

where pi_1 = ¢% (pi_1;s). To verify (4.5), observe that by direct differentiation (see
Definition 2.2(ii) for the definition of u™)

63(35 Po) + zn: [f(xlv S, :ai—lv pt)]s

4.6 X" = —T,(q,5) + ; ,
( ) ( ) @(s,po) i=1 f(fth’Pi—l?Pz’)
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By (2.10), (1.18), and (2.8) (in this order)

n

- Fs<q7 S) = - Z {(A(‘riJrl? S, ﬁz) - A(ilf,“ S, p1>) - B(:Cza t pl)rp(xza Lit1s S, pl)}
1=0

n

== Z (A(zigr, s, p1) — Az, 5, p3)) + Bl@o, t, po)Tp(wo, 21, 5, po) + X§
i=0

Z A xusapl - A(mhs?ﬁi—l)) + A(ZL‘()?SapO) - A(xn-Fl?S?[)n)
=1

+ﬁ<l‘0,t pO)F (x(]?xbs pO) +X

65(37:00)
=X +Xs— A
[f(xz; 57PAz‘—1; pz)]s _ fs(xh S??i—hpi) + Un('l),
f(xi7s7pi—1>pi) f('riasapi—lapi)
where

0= [~ B )

R fpf(xi,s,ﬁi_l,pi) [f(miasaﬁiflapi)]p,71
=06(xi, 5, pi-1) - — B(zi-1, 5, pica - —.
f(ifz‘; S, Pi—1, Pi) f(xm S, pi—hpi)
From this, (4.6), and the kinetic equation we deduce

X" =Xy 4+ Xo+ X+ XP+ XD+ XD+ XD+ U+ W,
where U™ = """ U™(i), and

“~ (Cf)(xi, s, pi-1, i) - . fo_(@is s, piz1, pi)
Wm = g - = X2+ XI+ E K(xi757pi—1;pi) — .
i=1 f(xiasapi—lapi) s ’ i1 f(CCi,S,pi_l,pi)

We are done because U™ + W" = Xg + X + X + X7}
(Step 3) We now turn our attention to the right-hand side of (4.4). We certainly have

(4.7) / (L;G)"(q, s)p"(a, 5) dg = Y;', = Y,",

where

// F2 (s, 8, po, )G (ep,q, 8) ™ (q, 5) dp.da,

Ve = [ Alessp)C a9 (@ s) da

40



As for the second term on the right-hand side of (4.4), we write L£j,u" = Z"u", with

3 3 3
(4.8) = 0+ ) 7
j=1 i=2 j=1
where
Zy = 5(950, 37P0)Fp(550, 1, S, Po)
[f($1a87ﬁ07p1)] (ﬁ($0737p0)€(37p0))
Zl2 = _/B(:COJ S, PO) = Zl3 = - =

f($1,3>ﬁ07p1) 6(87[)0) 7

Z% = - Z K<xzv S, Pi, ﬁi—l)rp(x'h Tit1, S, pz)a
=1
gn nz_l [K(xlv S, Piy ﬁifl)f(mia S, /51'717 pi)f(xiJrla S, ﬁia Pi+1)] pi
- i—1 f(i, 8, pia, pi)f(xi+17 8, Pis Pi+1)
|:K<xn7 S, Pn,; ﬁnfl)f(xna S, pAnfla pn)]pn

YA
% f(xnvsaﬁn—hpn) ’
. = [fg(%S,ﬁz’—hpz’)f(xwl,S,ﬁmpiﬂ)}xi . [fQ(al:n,s,/én,l,pn)]mn
Z3 = Z f( - - Iy = ~
i=1 xiuSupiflupi)f(rljrluSupiupi+1) f(xnvsapn*hpn)
gy = — U(ilii, S, Pi-1, Pz‘) [F(%‘fl, T, S, piet1) + D@, g, 3701;)}12,-

=1

Recall that L, is the adjoint of Ly,, and is obtained by an integration by parts. More
specifically,

e The sum 7y, + 715+ Z13 comes from an integration by parts with respect to the variable
po, and the i-terms in 73, Z%, come from an integration by parts with respect to the
variable p; for i € {1,...,n — 1}, and ZJ; comes from an integration by parts with
respect to the variable p,. The dynamics of p; as in rule (2) of Definition 2.1(iii) is
responsible for these contributions.

e The ¢-th terms in 73, Z3, and Z5; come from an integration by parts with respect to
the variable z;. The dynamics of x; as in rule (1) of Definition 2.1(iii) is responsible
for this contribution.

(Step 4) We next focus on the third term on the right-hand side of (4.4). This term can be
expressed as

(4.9) Yo =) Yo+ Yy

=0
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where Y{! is the boundary contribution coming from the condition z; = z;;1, and f/{]” is the

boundary contribution coming from the condition x,, 11 = 42 = ay. Fori =0,...,n
(4.10) V= [ GasWia (e da
where

_ ffz(xo,s,p*,po) 0(s,dpy)
g(&pﬂ) ’

_ Q+(f) (:C’L'a S, ﬁifla pz)

Wi
’ f(iUnS,ﬁi—l,Pi)

W;

fort=1,...,n. Here,

e The term W, comes from the boundary term x; = x¢y = a_ in the integration by parts
with respect to the variable x;. This boundary condition represents the event that x;
has reached x after which py becomes pi, and (z;, p;) is relabeled as (x;_1, p;—1) for
1> 2.

e The term W; comes from the boundary term x; = x;; . The relative distance x; 11 —z;
travels with speed

- ['U(:EiJrla S, ﬁia Pi+1) - U(‘ria S, pAifla p1>] )

As x;,1 catches up with z;, the particle x; disappears and its density p; = p; is renamed
p«, and is integrated out. (The resulting integral is Q" (f)(zi, s, pi—1, pi).) We then
relabel (z;, p;), j > 4, as (z-1, pj—1)-

As for f/on, we simply have

~

(4.11) Vi =y

where V", was defined in (4.7).

(Step 5) Recall that we wish to establish (4.4). The identities (4.5), and (4.7)-(4.11) allow
us to rewrite (4.4) as

11 3 3 3
Xi+Xo+ Y XP =D Zi+ Y > Zl— Alay, s, pn) + Wo + W™,
j=1

i=3 i=2 j=1

where W™ = """ | W/. For this we only need to verify

11 3 3
(4.12) XZ—i—ZXin:Zm‘f‘ZZZZw
=6

i=2 j=1
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because
Xi=Wy, Xo=2Zi3, Xy=W" X7 =71—Aay,s, pn).

We use the definition of K to write Z3, = Z3,, + Z3,5, where Z3,, = X¢, and
oy = — Zb(% 8, pi)0(Ti, 8, Pi-1, pi))rp<xi7xi+la S, Pi)-
i=1

Hence (4.12) is equivalent to

11 3
(4.13) XP+ Y XP =T+ Zyy + 25y + 25y + > 25
i=7 j=1

Also observe that the expression

[F((’Ei,b T, S, pi—l) + F(fﬂl, Tit1, S, pl)}xz’

equals

Z; Ti41
|:/ )‘(Zasaqs;i,l(pifl;s)) dZ+/ )\(Z787¢9Zcz(pl78)) dz

T

Tit1
= )\(l’z, S, ﬁi,l) — )\(l'z, S, Pz) + / [)‘(Za S, </>§Z (pz, S>)]xl dz

From this and (2.6) we learn

n

Zyy + L3y = — Zv(xm s, Pi-1, pi) (M@, s, pi1) — Mai, s, pi)) = X7

=1
This reduces (4.13) to
11
(4.14) Xy 4> X! =Ty + Ziy + Ziy + Z3y + 25
=8
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Observe that Z8, 4+ Z8, = 28, + Z5, and Z§, + Z0, = Z, + Z1y + Z14, where

n

on _ Z [K(xi,svpi,ﬁiq)f(xi,s,ﬁi_l,pi)}pi
- i=1 fxi, s, pi1, pi)

Y

o [ (i1, s, pis pis1)]
Zyy = ZK(%‘, S, Pis Pi-1) - =
1 f(@it1, s, pis piy1)

- fa?(ﬂfusvﬁi—bpi)
43 = ,
- ; f(%,saﬁi—l,m)

n f2 (I%S?ﬁi—l’pi)
Zn = b Zi, S, Al’* o A ’
312 ; ( pi-1) f (i, 8, pict, pi)

[f(%ﬂﬁﬁ@ﬂiﬂ)] .
g = — v\Z;, S, Ai— s Mi b Tiy S, Pi ~ =
313 T ( Pz ) ( P ) f<$i+1, S, Pis Pz’+1)

=

Y

%

where we used (2.5) for the last equation. Observe that by the definition of K,

X n—1 [f(miJrla S, ﬁiJ pi+1)]
YA +Zn = — ﬁ(l‘i,S,Pi) A pi'
23 313 ; f(@it1, 8, iy pisa)

The equation (4.14) follows because

Xg - Z§2= Xs? + X{Lo = Z§L127 Xff - Zgna X1n1 = Z12 + ng + 2;13'

5 Proof of Theorem 1.2

According to Theorem 1.2 if p(-,ty) = p(-, to; s,y°), with y® a Markov jump process with
jump rate ¢°(z,y_,y, ), then for t > to, we can express p(-,t) = p(-,t; s,y:), where y; is also
a jump process with a jump rate g(x,t;y_,y,), where g is a solution to the kinetic equation

(1.25). There is a one-to-one correspondence between the realization

Y(x) - Zyiﬂ(x € [xiaxi-&-l))’

and the particle configuration
q-= ((x07y0)7 (1'1, y1)7 ce )7
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with

Top=0_ <1 <+ < Tp<..., Yo <Y << Yp < ....
We may translate this into a statement about the law of our particle system q(¢). As
before, it suffices to establish a variant of Theorem 1.2 for a finite interval [a_,a.]|. The
condition H,(a_,t, p) > 0 means that particles can cross a_ only from left to right. Because
of this, we can treat a_ as a free boundary point. As it turns out, the point a, will be
free boundary point (no particle can cross a, from right to left) if a, is sufficiently large.

Indeed as we will see in Proposition 5.2(iii), there are positive constants Cy and C; such
that M(x,t;y,s) < —Cyz for £ > Cy. On the other hand, by Hypothesis 1.2(i), we know

ol < e1(L+ [Hy (., p)l),

which in turn implies that H,(x,t,p) — —oo as p — —oo. As a result, there exists a
positive constant C such that H,(x,t, p) <0, whenever p < —C5. From this we deduce that
o(ay,t,y_,yy) > 0if ay > max{CyC; ', Cy} =: Cs. From all this we learn that Theorem 1.2
would follow if we can establish the following result.

Theorem 5.1 Assume Hypothesis 1.2. For any fized ay such that ay > max{a_,C3},
consider the scalar conservation law (1.2) in [a_, ay| X [to, T') with initial condition p(x,ty) =
M(z,to;¥°(2),s) (restricted to [a_,ay]), open boundary at x = ay. Then for all t > to, we
have p(z,t) = M(z,t;y¢(x), s), where the law of (y:(z) : = € [a_,ay]) is as follows:

(i) The x = a_ marginal is ((t,dy), given by = Bg:tf.

(ii) The rest of the path is a PDMP with generator By,.

To prove our main result Theorem 1.2, we send a, — oo.
We continue with a preparatory definition.

Definition 5.1(i) The configuration space for our particle system q, is the set A = U2 A,,,
where A, is the topological closure of A,,, with A,, denoting the set

{q:((xi,yi):i:O,l,...,n): To=a_ <x1<- - <Tp < Tpyl =ag, y0<---<yn}.

We write n(q) for the number of particles i.e., n(q) = n means that q € A,,.
(ii) Given a realization q = (ZEQ, Y0, T1, Y1y« -+ 5 Ty yn) e A,, we define

p(z,t;q) = Ri(q)(z) = ZM(x,t;y,-, $)L(z; <@ < 241).

(iii) The process q(t) evolves according to the following rules:
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1) So long as z; remains in (z;_1,x;41), it satisfies &; = —0(x;, ¢, yi—1,Yi)-

2) When z; reaches a_, we relabel particles (z;,v;), @ > 1, as (x;_1,¥i—1).

(1)
(2)
(3) When z,, reaches a,, a particle is lost and q enters A,,_;.
(4)

4) When x;,; = x;, then q(t) becomes q'(¢), that is obtained from q(t) by omitting (z;, y;)
and relabeling particles to the right of the i-th particle.
U

Some care is needed for the rule (1) because v given by (1.24) is not a continuous function
of z. Recall that z;(t) represents the location of a shock discontinuity that separates two fun-
damental solutions. However, the fundamental solution (M (z,t;y;,5) : @ € (;1(t), (1))
may also include some shock discontinuities. When x;(t) catches up with a shock disconti-
nuity of M (-, ¢;y;,s), or M (-, t;yiv1,8), 2;(+) fails to exists. Nonetheless off of such a discrete
set of moments, the ODE of (1) is well-defined, and this is good enough to determine the
evolution of z; fully.

We write £ = L for the generator of the (inhomogeneous Markov) process q(t). This
generator can be expressed as L= /30 + [,Ab, where EAO is the generator of the deterministic
part of dynamics, and /lb represents the Markovian boundary dynamics. The deterministic
and stochastic dynamics restricted to A, have generators that are denoted by L(m and Ly,
respectively. While q(¢) remains in A,,, its evolution is governed by an ODE of the form

W) = ba(). 1)

where b can be easily described with the aid of rule (1) of Definition 5.1(iii). We establish
Theorem 5.1 by verifying the forward equation

(5.1 i = ()",

for all n > 0, where L* is the adjoint of the operator L. We follow our strategy as in Section
3 and use a test function G(q,t) with is the analog of what we had in (3.4). Again, our
Theorem 5.1 would follow if we can show the analog of (3.5). We follow our notation as in
(3.2), and the analog of Theorem 3.1 is also valid when £ is replaced with L.

The following variant of Proposition 2.1 ensures that our particle system produces the
unique entropy solution of (1.1) in the interval [a_, a4 ].

Proposition 5.1 The function p(x,t) = p(z,t;q(t)), with q(t) evolving as in Definition
5.1(iii), is the unique entropy solution of p, = H(x,t,p), in (a_,ay) x (0,00).
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Proof As in Section 2, we can readily check that p(x,¢;q(t)) is a weak solution of (1.2)
because the Rankin-Hugoniot condition is satisfied. To satisfy the entropy condition, we
need to make sure that p(z—,t;q(t)) < p(z+,t;q(t)) at each discontinuity point. This is
an immediate consequence of the monotonicity of the fundamental solution that is stated in
Proposition 5.2(ii) below. The uniqueness of the entropy solution follows from the fact that
the end points a4 are both free. To see this, assume that p and p’ are two solutions that are
both concatenations of fundamental solutions. We use Kruzkov’s inequality [K] (as in the
proof of Proposition 2.1(iii)) to assert that weakly,
|p(IL‘, t) - p,(l'7 t)lt S(Q(l’, t, p(I7 t)u p,<CL’, t)))m
— sgn(p(@,t) — (@, 0) (ol ple, 1) — Hola,t, 9 (2,1)))
<(Q(z,t,p(x, 1), p'(z,1))), + cilp(x, ) — p(z, 1)),

where Q(z,t,p,p') = sgn(p — p/)(H(z,t,p) — H(z,t,p)). Here we have used Hypothesis
1.2(i) for the second inequality. As a consequence

e p(a,t) — p'(x,0)]], < e (Qla, t. pla.t). /(. 1))),.

As in the proof of Proposition 2.1(iii), we can integrate over [a_,a.] to assert

|:6_Clt / ) |P(£E7 t) - p,(l’, t)| dx Se_th<a+v t, p(a-i-? t)v p/(a-‘m t))
— e MQ(a-,t,pla-t),p'(a-,1)).

We claim that our free boundary conditions at a, imply that the right-hand side is nonpos-
itive. Indeed, FH,(ay,t, M(ay,t;y_,y+)) > 0 implies

Q(aﬂ:a t, p(aﬂ:7 t)a p,<a:i:7 t)) - :FlH(a:b t, p(aﬂ:a t)) - H(aﬂ:a 2 p,(aﬂ:a t)) ‘ .
This allows us to assert
at
{e‘clt/ lp(z,t) — p'(x,t)] de| <O.
a- t
As an immediate consequence we learn that if p(z,ty) = p'(x,to) for all x € [a_,a.], then
p(x,t) = p(x,t) for all (z,t) € [a_,ay] X [to, T). O
Proposition 5.2 (i) Ifzy < x9, and £(0; x;, t;y, 8) is a mazimizing path in (1.21) for x = x;,
then &(0; 21, t;y,8) < £(0; 22,85y, 8) for 0 € (s,1].

(ii) The fundamental solution M (x,t;y,s) is increasing in y.
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(iii) Gien s < T, and 6 € (0,1), there exist positive constants Coy = Cy(s,0,T), and
Cy = Cy(s,0,T) such that if |x| > Co, and |y| < (1 —0)|z|, then M(x,t;y,s) and —z have
the same sign, and

Proof(i) It is well known that under Hypothesis 2.1(i) the following statements are true
(see for example [Go):

(1) In (1.21) we may take the supremum over those & : [to, T] such that {(s) =y, £(t) =z,
and ¢ is weakly differentiable with £ € L?([s,t]; R).

(2) If the supremum in attained at &, then necessarily £ € C2.

(3) The maximizing path ¢ satisfies the Euler-Lagrange equation

(5.3) (L.(£09),6.£(0)), = L.(£(6).6,£(6)).

Equivalently, if p(8) = L,(£(0),0,£(0)), then the pair (£,p) satisfies the Hamiltonian
ODE

(5:4) £(6) = —H,(£(60).6,p(9)),  p(6) = Ha(£(6), 6, p(6)).

We now take 1 < o, and write {1, &% ¢ [s,t] — R for the maximizing paths in (1.21) for
r = z; and x = x5 respectively. We wish to show that £1(0) # £2(0) for every 6 € (s,t).
We argue by contradiction. Suppose to the contrary &(6y) = £2(6y) for some 6y € (s,t). We
define

(5.5)

2 _ 51(8>’ NS [8700]7 1 _ 52(0)7 0 € [8790]7
”w”‘{éwx 0 o,t), ”w”‘{ewx 0 € [0o.1].

Since £ maximizes the action, and 7’ is weakly differentiable with square integrable derivative
for i = 1,2, we learn

/:L(nlw),e,ﬁl(e)) df < /:L(gl(e),g,g(@)) a0,
i [ o.i0) av< [ 1ie0.0.80) o
Expressing the integrals on the left in terms of & would lead to

/SBOL(él(e),e,él(m) d9 — /SQOL(gz(e),g,gz(g)) 0
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This in turn implies that we have equality in (5.6). As a result, 1’ is also a maximizing
path with 7°(¢t) = x;. Hence by (2) above, " must be C'. This means that we must have
£1(6y) = €2(6y). Since we also have £'(fy) = £2(6), we may use the uniqueness of the
solutions to Euler-Lagrange equation (5.3), to deduce that &' = £2 on [s, t]. This contradicts
x = EYt) <y = £2(t). As a result, ¢! and £? cannot intersect in (s,t]. Since x; < x9, we
must have £'(0) < £2(0) for 6 > s.

(ii) We take y; < yo, and write £',&% : [s,t] — R for the maximizing paths in (1.21)
for 2 = (y1,5) and 2z = (ys, s) respectively. We wish to show that £1(0) # £2(0) for every
0 € (s,t). We again argue by contradiction. Suppose to the contrary £'(6y) = £2(6p) for some
0y € (s,t). We define n' and n? as in (5.5). Again, since £! (respectively £?) is a maximizer in
(1.21), and that n? (respectively n') is weakly differentiable with square integrable derivative,
we learn

[ 1r@00) ar< [ 1E0).0.80) @
5.7 [ 1o ws [ Lee.oeo) o

Expressing the integrals on the left in terms of £ would lead to

t

/ L(€(0),0,£4(0)) d@:/ L(€%(0),0,€%(0)) do.

90 00

This in turn implies that we have equality in (5.7), and that n' (respectively n?) is also a
maximizing path with n'(s) = v, (respectively n?(s) = y1). Hence by (2) above, n° must
be C! for i = 1,2. This means that we must have £'(6;) = £2(f). By the uniqueness of
the corresponding Euler-Lagrange equation, we must have ¢! = &2 on [s, t]. This contradicts
y1 = E(s) < yp = €%(s). As a result, £! and &2 cannot intersect in (s,t]. Since y; < yo, we
must have £'(f) < €2(6) for # < t. This in particular implies that £!(t) > £2(t). Moreover
€1(t) = £2(t) would imply €' = £2 by the uniqueness of the corresponding (5.3). As a result,
we must have £!(t) > £2(t). This, (1.22), and the strict concavity of L in v imply the desired
inequality M (z,t;y1,s) < M(z,t;ys, s).

(iii) Recall that the pair (§,p) satisfies (5.4), and the boundary conditions

(5.8) §s) =y, &) ==z, pt) = M(z,t;y,s).
From (5.3) and Hypothesis 1.2(i), we learn

5(0)] = |(Lu(£(9),0.£(0)),| = [La(€(6),8,£(8))] < e,

which in turn implies
(5.9) p(0) — p(t)] < ci(t — s),
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for 6 € [s,t]. This, and (5.4) imply

€)= [H,(€(6),0,p(0))] < cocy* + & [p(0)] < e(1+ [p(t)]),
for a constant ¢ = ¢(s,T'). Here we used

(5.10) —co + 2| Hy(2,0,p)| < |p| < co+ c1|Hy(x,0,p)

9

which follows from Hypothesis 1.2(i). As a result,
[z —yl = 1€(t) = &(s)| < (1 + [p(@)]),
for a positive constant ¢ = ¢/(s,T). On the other hand, if |y| < (1 — §)|z|, then we deduce
(5.11) 2| < 6711+ |p(t)]).
We next claim that there exists a constant Cj such that
(5.12) lz| > Cy = ap(t) <O.

To see this, observe that by (5.10) and the monotonicity of p — H,(z, 6, p), we can find a
constant ¢’ such that

(5.13) P> = Hya.0.p)p>0

for all (x,6). Let us assume that © > Cj, for a positive constant Cy (to be determined later).
Suppose contrary to (5.12), we have p(t) > 0. From (5.11) we deduce

p(t) > () tox — 1.
This and (5.9) imply
(5.14) p(0) > () 1oz —1—ci(t —5) > () 10C, — 1 — (T — s),

for all 6 € (s,t). Choose Cj large enough so that the right-hand side of (5.14) is at least ¢”.
This would guarantee
H,(£(0),0,p(0)) 20, for 6 € [s,t],

by (5.13). From this and (5.4) we deduce that £(8) < 0 for 6 € [s,t]. As a result, z —y =
£(t) — &(s) < 0. But this is impossible if y < (1 — §)z. Hence the condition x > C implies
that p(t) > 0. In the same fashion, we can show that the condition x < —Cj implies that
p(t) < 0. This completes the proof of (5.12). From this, (5.8), and (5.11), we can readily
deduce (5.2). O

We next give a recipe for the law of the process y;.
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Definition 5.2(i) We set

n

b
F(a7b7t710) = / A(g>(27t7 y) dZ, F(q7 t) = Zr(xiaxi+17tayi)'

=0
(ii) We define a measure p(dq,t) on the set A that is our candidate for the law of q(t). The
restriction of p to A, is given by

n

:U’n(dcb t) = g(ta dy()) €xp {_F(qv t)} H g(xza t7 Yi—1, yz) dxzdym

=1

where g solves (1.25) and ¢ solves (1.26). To simplify our presentation, we assume that
0(t, dyo) = £(t,y0) dyo is absolutely continuous with respect to the Lebesgue measure. Such
an assumption would allow us to express u™(dq,t) := u"(q,t) dq, where

n

dq = dyo H dridy;, — p*(q,t) = L(t, yo) exp{-T'(q,t)} H g(xirt,yi1, vi)-

=1 =1

Proposition 5.3 Let g be a solution of (1.25). Then A(g'), = A(g?)s.

Proof From integrating both sides of (1.25) with respect y, we learn

A

(5.15) A(gY) — A(g?). = A(QT(9)) — A(9J(9)).

On the other hand,

A(Q"(9))(y-) :/gl(y—,y*)/l(f)(y*) dy. —/gz(y—,y*)fl(gl)(y*) dy..
A(gJ(9))(y-) Z/gl(y-,y*)fl(g?)(y*) dy. — A(g*)(y-)A(g") (y-)
- [ # - 9)AlG ) dye + Al ) Al )

This implies that the right-hand side of (5.15) is 0. O

We are now ready to present the proof of Theorem 5.1, which is similar to the proof of
Theorem 2.1.
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Proof of Theorem 5.1 We wish to establish the analog of (4.1) in our setting. Theorem
3.1, and a repetition of the first step of the proof of Theorem 2.1 allow us to reduce the proof
of Theorem 5.1 to the verification of an analog of (4.4), namely

/ 6(qus) pl(da, s) = / G(q.5) (B (a0 5) dq
Ay Ay

(5.16) 4 / G (q, )1ty 8) (g - Ny o(da),
N

with G as in (3.5). For a more tractable expression for the left hand side of (5.16), we write

(517) M? = Xn TL7
where
63(87y0> - gs(xi787yi—17yi)
5.18) X" =-T(q,s) + —— + .
( ) g(&!/o) ; g(mi787yiflvyi>

On the other hand, by Proposition 5.3,

X1 Ti+1
2/ Alghs(z, s, 1) dz—Z/ A(g)).(z, 8, y:) dz

=3 (Al rien ) — Al 0)

A

:A(QQ)(anrla S, yn) - A( 3:07 S yO :Ela S yl) A(92)<£E“ S, yifl))'

M:

=1
From this, (5.18), (1.26), and (1.25) we deduce
A (L g°)( 75,y0 - +(g Ty S, Yi-1, i)
Xn:_AQQ avsayn+ +
(7)1 5,4 f(s Yo) ; 90,8, %1, i)
(519) + Z @('Ila S, Yi-1, yl)(A<g)(xl7 S, ?Jz) - A(g)(m’h S, yi—l))'

=1

We can rewrite the right-hand side of (5.16) as

/A 6 (q, )Y (@i (q, 5) da,
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where Y = YY" 4+ YJ", with Y" and Y;" corresponding to two terms on the right-hand side
of (5.16). Indeed, an integration by parts yields

Y, (q) =— Z@z(xu $; Yi-1, Yi)T'(s, @)a,
i=1

n

(5.20) = 0iwi, s, vi1,90) (A(9) (i, 8, 95) — Alg) (i, 5,9i1)).

=1

As for Y5, we write Y5' = Y;' + Y. + Y5, where the terms Y;" , Y5;, and Y3, correspond
to the boundary contributions associated with the conditions z; = a_, x; = x;41, with
i€{l,...,n}, and x, 41 = ay, respectively. More precisely,

(£* g*)(a—, s, 90)

g(‘gayO) ’

- Q+(9)($i737yi—1,yi)

Yo.(q) = )
2 ( ) Z 9(%737%—1,%)

Y (q) = Y (q) = —A(g%)(ax, 5, Yn),

=1

This, (5.17), (5.19), and (5.20) complete the proof of (5.16). O

6 Proofs of Proposition 1.1 and Theorem 1.3

Proof of Proposition 1.1 Let us write

K(g) =V (vg) — Q" (g9) +Q (g).

where v = (—0,1), and V = (9., 0;). To ease the notation, we do not display the dependence
of g, g,m, and h on (x,t). We certainly have

LDy ) = Alo9) 1) = Ala)(50) — 00 90) (Al0) ) — A(0)0-)
LDy ) = HEER ) - AN
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Hence

(B2 KDY ) vty (00 - ) ) + (Q@ - Q(g)) (v-0:)

g g

h; + B%h h; + B%h
=2 R ) - M )

i) | ) - BB ).

The right-hand side is 0, when h satisfies (1.31). This completes the proof because g (re-
spectively g) solves (1.25) if and only if K(g) = 0 (respectively K(g) = 0). O

The proof of Theorem 1.3, uses Doob’s h-transform that we now recall.

Proposition 6.1 Let P be the law of Markov jump process (y(x) D x € [a_,a+]), with the
gump kernel density g(x,y_,yy), and the generator L,. Assume that g is C* in x. Let U
be an interval, and let P denote the law of P, conditioned on the event y(x) € U for all

x € |a_,ay]. Then P is the law of a Markov jump process with a jump kernel density g,
given by

(6.1 o) = G gy, v o), p el
where
(6.2) W, y) =P(y(a) €U for a€lz,a]]|y(zx)=y).

Moreover, h is C' in x, and satisfies

(6.3) he + Loh = 0.

Proof (Step 1) We can write

n=0
where
(6.5) ho(,y) = / p(q, z,y) da,
X’ﬂ(‘rvy)
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where for n > 1,

an = (x17y17"'axn7yn)7 dqn = dezdyla

n

Mn(QnafE7?/) = exp{_r(qnwxay)}H g(xivyi—layi)v with Y =Y,
=1

q’rl?'r y ZF xu%-&-lyyz with o=, Yo=Y,

b
Maby) = [ (Ag)(ey) de
and the set X,,(z,y) consists of q, satisfying

r<r <--<xp<ay, Y.,y €U

When n = 0, we simply have ho(z,y) = exp { — I'(z,as,y)}. It is straightforward to verify
continuous differentiability of h, and deduce (6.3) from (6.4) and (6.5).

(Step 2) The law P is simply given by
=S
n=1
where fi,,(dq,) = fi,(qn) dq,, with

(6.6) fin(dn) = hla_, y)_l fin(dn) ]l(yb <o Yn € U)-

We wish to show that P is the law of a jump process associated with the jump density g.
To achieve this, we rewrite [i,, using the fact that h satisfies (6.3). Indeed, (6.3) implies

(6.7) o~ I Aoz POY) Ao PO Y
h(a,y-) h(b,y-)
This is equivalent to asserting

639 Zgziz_izexp( [ G0 - 40) o) i2)

( ( (g ® h) Ag)h> (w_)dZ)
expg b )dz>:exp</ab%dz>




which is evidently true. We set, g = a_, yo = y as before. Observe that fi,(q,) of (6.6)
can be written as

1 — [+ A OJ = *i z h(SE )
- f + A(g)(zvyn)dz +7 yn fg; 1 A(g yYi— 79 yl ) ] 4
e o € g<x2> Yi-1, yz)
h(at,yn) h(%, yn) g h(l’ifl, Yi-1)
1 _qa _ e . h(zi, ;)
- f - A )(2,yn)dz | | fz 1 g)( Yi—1)dz ir Yi ) A A
- o g(xla Yi—1, yz)
h(a-i-? yn) i=1 h(l’l, yi—l)

*fzai A(§)(2,yn)dz H *f:Z L A(9)(z,yi—1)dz

=1

g(xiu Yi—1, yi)7

where we used (6.8) and (6.7) for the first equality, and for the last equality we used the
definition of g, and h(ay,y,) = 1, which follows from the definition of h. The right-hand side
is the law of a Markov jump process associated with the kernel density g, as desired. O

Proof of Theorem 1.3 (Step 1) Recall that p(x,t) is the solution of (1.2) with the initial
condition p(x,ty) = p(x,to;yi,,s), where y;, is a jump process associated with the kernel
g(x,to,y—,ys). We wish to show that p(x,t) = p(z,t;y, s) for (z,t) € [a_,00) X [to,T]. Tt
suffices to verify this for (z,t) € [a_, ay] X [to, T], where a, is any large number in (a_, c0).

Pick any 0 € (0,1). From Proposition 5.2(iii), and (5.13), we learn that there exist
constants Cy = Cy(0), C7; = C1(0), and Cy such that

(69) |y+| < (1 - 5)6L+, ay = Co = M((I+,t0;y+, S) < _Cla-‘rv
(6.10) (x,0) e Rx [s,T], |p|>Cy = pH,(z,t,p) >0,

for every t € [to, T|. Note that (6.9) and Proposition 5.2(ii) imply that if a; > Cp, then
Y- <Ys, Y+l <A =0)ay, = Mlas, to;y-,s) < M(as, to;y+,s) < —Chay.

From this, and (6.2) we can readily deduce

(6.11) Y.<y <yr<(1-9ay, ar>C; = oz, t,y_,ys) >0,

for every t € [to, T|, where
03 = Imax {Co, 01_102, |Y_|}
We pick any a; > max{a_, Cs}.

(Step 2) We write W for the law of the Markov process (w(t) : t € [tg,T]), associated with
the generator B,_,, such that w(ty) = y°. We also define a family of probability measures
(P : t € [to, T]) with the following recipe: For each ¢, P; is the law of the Markov process
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yt : [a—,ay] = [Y_,00), associated with the generator B, ,, satisfying the initial condition

yi(a_) = w(t). We define 65 to be the smallest ¢ > t, such that w(t) ¢ U(J), where
U(S) :=[Y_, (1 —8ay) =:[Y_, Y.
We also define 75(t) to be the smallest > a_ such that y,(z) ¢ U(d). We set
Wo(A)=W(A |05 >T), PIA) =P (A]|75(t) > ay).

We write wo(t), t € [to, T] for the jump process that is distributed according to W°. For
each t € [tg, T], we write y? for the jump process that is distributed according to P2. By
Proposition 6.1, the process t — w°(t), and the processes x +— y?(x), t € [to, T] are again
Markov jump processes. We set

(2.t y) = B (15(t) > as | ya(z) = y),
Ot,y) = Wl >T | w(t)=y).

By (6.3), we have the following equations for h° and £°:

(6.12)  BY(x,t,y) + (B h?)(x,t,y) =0, v €(a,ay), y€U(S), t € [t,T],
(6.13)  £(t,y) + (Br ;) (s,y) =0, t € (t,T), y € U(©).

Since, h°(a_,t,y) = (¢, y), the equations (6.12) and (6.13) allow us to apply Proposition
1.2 to assert that h° satisfies

(6.14) W (z,t,y) + (BLR) (2, t,y) =0, hi(z,t,y) + (B2,h°) (2, t,y) = 0.

(Step 3) Since the jump process y§ takes value in [Y_, (1—d)a ), our Theorem 1.2 or Theorem
5.1 is applicable. More precisely, if the initial data of (1.2) is given by p(a:,to;yfo,s), for
some s < tg, and with yfo a Markov process distributed according to IP’Z)*’(S, then the solution
p(x,t) at a later time t > ¢, is given by P2. As a consequence, Theorem 1.3 is true when
the initial process satisfies y,(ay) € U(d). This condition is true with probability density
h%(a_,to,y°). The condition (1.29) would implies that h°(a_,t,3°) — 1, and y? — y; in
small ¢ limit, when restricted to the interval [a_, ay]. This completes the proof. U
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