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(Configuration) xi ∈ Rd , mi ∈ N, ri ∈ (0,∞), i ∈ I
are positions (centers) , masses and radii of particles
(bubbles).
(Dynamics)

xi travels as a Brownian motion of diffusion constant d(mi )

xi and xj coagulate when xi − xj = ε(ri + rj ) (or a smoother
variant with a potential). The new particle of mass
m = mi + mj is at xi with probability mi/m.
xi fragments into two particles of masses m and mi −m
with rate γ(m,mi −m). The new particles are at xi and y .
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(Details)
Relationship between initial total number of particles per
unit volume Kε and ε: Kε = | log ε| when d = 2, and
Kε = ε2−d when d ≥ 3.

Relationship between mass and radius: ri = mχ
i .

The central object to study is the cluster density of a given
size; Empirical measures

gεn(dx , t) = K−1
ε

∑
i

δxi (t)(dx)11(mi(t) = n),
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Theorem (FR and Hammond when χ = 0 and FR when
χ < (d − 2)−1, 2007)

gεn(dx , t) converges to fn(x , t)dx where fn is a solution to the
Smoluchowski’s equation.

Smoluchowski’s equation (solution is unique as we will see
later)

∂fn
∂t

(x , t) = d(n)∆x fn(x , t)+Q+,c
n (f)−Q−,cn (f)+Q+,f

n (f)−Q−,fn (f),

Fraydoun Rezakhanlou Coagulating Brownian Particles, Gelation and Smoluchowski Equation



The Model
Scaling Limit

Gelation
Smoluchowski Equation

Idea of Proof

Q+,c
n (f) = 1

2
∑n

m=1 α(m,n −m)fmfn−m

Q−,cn (f) =
∑∞

m=1 α(m,n)fmfn
Q+,f

n (f) =
∑∞

m=1 β(m,n)fn+m

Q−,fn (f) = 1
2
∑n−1

m=1 β(m,n −m)fn
α(m,n) = 2π(d(m) + d(n)) when d = 2.
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When d > 2
α(m,n) = Cap(unitball)(d(m) + d(n))(r(m) + r(n))

1
d−2

α(m,n) = c0(d(m) + d(n))(mχ + nχ)
1

d−2

Observe α(m,n) ≤ c1(d(m) + d(n))(mq + nq) with q ≤ 1 iff
χ ≤ (d − 2)−1.
(Conjecture) Instantaneous Gelation occurs when
χ > (d − 2)−1. Smoluchowski is no longer relevant.
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We verify the conjecture for a simpler model. Ignore the
location of particles.
Marcus-Lushnikov (ML) Process

(Configuration) Ln ∈ Z+ denotes the number of particles
of size n. We assume that the total mass

∑
n nLn = N is

fixed.

(Dynamics)
When n 6= m, (Ln,Lm,Lm+n)→ (Ln − 1,Lm − 1,Lm+n + 1)
with rate N−1α(m,n)LmLn

(Ln,L2n)→ (Ln − 2,L2n + 1) with rate N−1α(n,n)Ln(Ln − 1)
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Theorem (FR 2012)

Assume α(m,n) ≥ mq + nq with q > 1. Then for every δ ∈ (0,1),
δ fraction of particles are of size log N

log log N at a random time τ that
in average is of size const .| log N|−θ.

Assume α(m,n) ≥ mqn + nqm with q > 1. Then complete
gelation occurs at a random time τ ′ that in average is of size
const .

( log N
log log N

)1−q .

Remark: Jeon (2000) proved complete gelation under
α(m,n) ≥ mqn + nqm with no bound on τ ′.
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For simplicity, assume there is no fragmentation. Recall

∂fn
∂t

(x , t) = d(n)∆x fn(x , t) + Q+,c
n (f)−Q−,cn (f)

with
Q+,c

n (f) = 1
2
∑n

m=1 α(m,n −m)fmfn−m

Q−,cn (f) =
∑∞

m=1 α(m,n)fmfn
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Existence of Solution: Laurençot and S. Mischler (2002)
and Wrzosek (2004) provided limn→∞

α(m,n)
n = 0.

Uniqueness: If f and g are two solutions, then

d
dt

∫ ∞∑
n=1

n|fn(x , t)− gn(x , t)|dx

= c0

∫ [ ∞∑
n=1

n|fn − gn|

][ ∞∑
m=1

m2(fm + gm)

]
dx .

(After Ball and Carr (1997) similar inequality for the
homogeneous case)
Moral: We have uniqueness for solutions satisfying

‖
∞∑

m=1

m2fm‖L∞ <∞
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Conservation of Mass and Gelation:
d
dt

∫ ∑
m mfm(x , t)dx = 0 if there is no Gelation

d
dt

∫ ∑
m mfm(x , t)dx < 0 if there is Gelation

Gelation:

d
dt

∫ [∑
m

mfm +∞f∞

]
(x , t)dx = 0,

and
∫
∞f∞(x , t)dx > 0 for t > Tgel .

(FR and Hammond, 2007) No Gelation if∫ T

0

∫ ∑
n,m

nm(n + m)(d(n) + d(m))fn(x , t)fm(x , t)dxdt <∞
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How do we get various bounds on the solutions?

Theorem (FR and Hammond 2007)

L1 bounds: Under appropriate assumptions on the initial data,

sup
t
‖
∑

n

nafn(·, t)‖L1 <∞∫ ∞
0

∫ ∑
n,m

nm(na−1 + ma−1)(d(n) + d(m))fn(x , t)fmdxdt <∞,

provided

lim
n+m→∞

α(n,m)

(n + m)(d(n) + d(m))
= 0.
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Theorem (FR and Hammond 2007)
L∞ bounds: Under appropriate assumptions on the initial data,

sup
t
‖
∑

n

nd(n)d/2fn(·, t)‖L∞ <∞

provided that d(·) is nonincreasing.

Fraydoun Rezakhanlou Coagulating Brownian Particles, Gelation and Smoluchowski Equation



The Model
Scaling Limit

Gelation
Smoluchowski Equation

Idea of Proof

Using the previous results we obtain

Theorem (FR and Hammond)
L∞ bounds: Under appropriate assumptions on the initial data,

sup
t
‖
∑

n

nafn(·, t)‖L∞ <∞

for all a > 0, provided that d(·) is nonincreasing and d(n) ≥ n−b

for large n.

Fraydoun Rezakhanlou Coagulating Brownian Particles, Gelation and Smoluchowski Equation



The Model
Scaling Limit

Gelation
Smoluchowski Equation

Idea of Proof

Theorem (FR 2012)
L∞ bounds: Under appropriate assumptions on the initial data,

sup
t
‖
∑

n

nafn(·, t)‖L∞ <∞

for all a > 0, provided that the total positive variation of log d(·)
is finite and d(n) ≥ n−b for large n. In particular, if d(·) is
uniformly positive and bounded.
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Comment on L∞ bound when d(·) is nonincreasing:
If d(n) = d̄ is constant in n, then Mt = d̄∆M for
M =

∑
n nfn.

Dd/2PD(x , t) = (4π)−d/2 exp
(
−|x |

2

4Dt

)
is increasing in D.

d(n)d/2Pd(n)(x , t) = (4π)−d/2 exp
(
− |x |2

4d(n)t

)
is nonincreasing in n.
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Comment on L∞ bound when d(·) is nonincreasing:
If d(n) = d̄ is constant in n, then Mt = d̄∆M for
M =
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n nfn.
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The Model
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Gelation
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Idea of Proof

Comment on L∞ bound when the increasing part of d(·) is
controlled:

Set φ(1) = 1 and

φ(n) =
n−1∏
m=1

min
{

1,
d(m)

d(m + 1)

}
,

Then φ(·) and d(·)φ(·) are nonincreasing

Differentiate

G(t) =

∫
Rd
. . .

∫
Rd

∑
n

ΛnK
(
x
) k∏

r=1

γk
(
nr
)
fnr (xr , t)dxr .
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Here
γk (m) = md(m)d/2φ(m)

kd
2 −1,

x = (x1, . . . , xk ), n = (n1, . . . ,nk ), z = (z1, . . . , zk )

ΛnK
(
x
)

is

∫ (
|x1 − z1|2

d(n1)
+ · · ·+ |xk − zk |2

d(nk )

)1− kd
2

K (z)
k∏

r=1

d(nr )−
d
2 dzr .
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