NONNEGATIVELY CURVED sl3(R)-CONNECTIONS ON SURFACES

QIUYU REN AND ZHUOFAN XIE

ABSTRACT. We study the space of nonnegatively curved sl; (R)-connections on an ori-
ented surface (possibly with boundary) with prescribed hyperbolic boundary holonomies
and a nonzero (relative) euler number. When the euler number is no less than the
genus of the surface, we show that the embedding of the space of nonnegatively curved
connections into the space of all connections is a homotopy equivalence. When the
euler number is no more than the negative of the genus of the surface, we show that
the embedding of the space of flat connections into the space of nonnegatively curved
connections is a homotopy equivalence.

1. INTRODUCTION

Throughout this paper, let G denote PSLy(R). Let G be its universal cover, and
g = sl3(R) be its Lie algebra.

There is a faithful G-action on RP! arises in the natural way, namely by left multi-
plication. An element in g is said to be nonnegative (resp. nonpositive) if its associated
vector field on RP! does not point in the clockwise (resp. counterclockwise) direction
anywhere.

Let S be an oriented surface (with or without boundary). A g-connection A on S
with curvature Fy is said to be nonnegatively curved if Fu(vi,v2) € g is nonnegative
for all oriented (vi,v2) € TS, p € S. Equivalently, A is nonnegatively curved if at
any point in S, the infinitesimal parallel transport counterclockwisely gives rises to a
nonpositive element in g.

For a closed surface S with genus g, let A(S)c (resp. A>0(S)e, Af1at(S)e) denote the
space of all (resp. nonnegatively curved, flat) g-connections on S with euler number e.
More explicitly, we are considering connections on the principle G-bundle over S whose
associated RP!-bundle has euler number e.

For an open surface S with genus g and b > 0 boundary components 951, -+ , 05,
every G-bundle over it is trivializable since H?(S) = 0. We shall put constraint on
the boundary holonomies to obtain nontrivial results. Explicitly, for given hyperbolic
conjugacy classes C; of G, i = 1,---,b, let A(S,{C;})e (resp. A>0(S,{Ci})e, Af1ar(S,
{C;})e) denote the space of all (resp. nonnegatively curved, flat) g-connections on S
whose boundary holonomy along 95; belongs to C; for all i, and whose relative euler
number is e (see [Gol88, Section 3] for more discussions about relative euler numbers).
In general we just write Aq(S, {C;})e to denote both closed and open cases, with the
understanding that in the closed case the set {C;} is empty. Here A, denotes any of
A, A>0, At In the rest of the introduction section only, we will further abbreviate
the notation by writing Ae to denote Aq(S, {C;})e.
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In various settings described above, we will be interested in how the space of non-
negatively curved connections fits into the following sequence up to weak equivalence:

Afiat = Aso = A (1)
or perhaps the sequence module gauge equivalence:
Aftat/G — A>0/G — A/G (2)

where G denotes the gauge group on the corresponding G-bundle, which for our con-
venience is defined to act on A on the left by pushforward. Note that G acts freely
provided e # 0.

Here, our convention for weak equivalence follows [Seil9, Section 3]. All spaces of con-
nections and spaces of paths (which will arise later) are always assumed to be smooth.
Under this setting, weak equivalence is with respect to smooth maps from finite di-
mensional compact smooth manifolds (possibly with corners). For example, a space P
with some smooth structure is said to be weakly contractible if for every smooth map
f: M — P from a smooth manifold M, there is a smooth homotopy M x [0,1] — P
from f to a constant map. Note that between finite dimensional smooth manifolds, the
notion of weak equivalence coincide with the usual homotopy equivalence (by Whitney
approximation theorem and Whitehead theorem).

Under this convention, however, it does not make much sense to talk about weak
homotopy type of moduli spaces As/G. We will therefore refrain from such discussion,
and whenever we do so, the purpose is only to be pedantic.

The space of all connections is easy to understand. In the closed case, A is contractible
and G ~ Map(S,S') ~ S! x Z%, so

A/G ~ BG ~ CP> x T% = Sym™(S),

where T™ is the m-dimensional torus and Sym>(S) = ligSymk(S) is the infinite
symmetric product of S (for basic properties of symmetric products one may consult
[BGZ04]). In the surface with boundary case, evaluation on boundary yields a weak
equivalence
AS (SHe x 7zt =10 x 7L,
Note here hyperbolicity of C; is used. Moreover, let A" C A denote the space of g-
connections with certain fixed boundary values, and G’ C G be the group of gauge
transformations that fix the boundary values of connections in A’. Then A’ is con-
tractible and G’ ~ Map((S, 0S), (S',*)) ~ H'(S,0S) = Z29+*=1 (hyperbolicity is used
again), so
A/G ~ A' /G ~ BG' ~ T29H071 = §ym®(9).

The space of flat connections is also well understood. The horizontal tangent spaces
in the relevant G-bundle with respect to a flat connection integrate to a foliation, and
by looking at parallel transport we obtain the following description:

Agiar/G = {p: m(S)™ — G | p(9S;) € Ci, e(p) = e}/G = Rep(5,{Ci})e /G,

where e(p) is the euler number or relative euler number of the G-bundle given by p,
and G acts by conjugation. The space on the right has been examined by many people
including Goldman [Gol88], Hitchin [Hit87]. We refer to Mondello [Monl6] where the
following summary for both closed and open cases is available:
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Proposition 1.1 (Mondello). Suppose e # 0, then Rep(S, {C;})e/G ~ Sym—X5)=lel(g).
Here it is understood that Sym*(—) =0 for k < 0.

We want to understand how does Axg fits in ([IJ). Here is our main theorem which
answers this question partially, leaving some gaps for g > 2 cases.

Main Theorem. Let S be an oriented surface with genus ¢ and b boundary compo-

nents. Let Cq,--- , % be hyperbolic conjugacy classes of G.

(a) Suppose e > max{g,1}. Then the inclusion A>o(S, {C;})e = A(S, {Ci})e is a weak
equivalence.

(b) Suppose e < —max{g,1}. Then the inclusion Af4:(S, {Ci})e = A>0(S,{Ci})e is a
weak equivalence.

In this paper, we first introduce some basic notions and properties for the Lie group
G in Section [2| In particular, we prove that the space of nonnegative path in G with
given endpoints is weakly contractible, if not empty.

In Section |3 following [Seil9l Section 4], we establish weak equivalences from spaces
of nonnegative curved connections to some particular subsets of some G™ or G™ which
we call nonpositive representation spaces.

In Section [] we give two tricks to deform the terms appearing in the expression of
nonpositive representation spaces in the positive direction. Finally, in Section [5] using
these tricks, we deform relevant nonpositive representation spaces and prove our main
theorem. We also calculate the homotopy type of nonpositive representation spaces in
the genus zero case using an independent elementary method. This can be used to give
a nice way understanding the map in Proposition [1.1|in the genus zero case.

2. PRELIMINARY

We begin with some basic properties and notions about G, G. Whenever we write
elements in G in the form of a matrix, we are writing down one of its lift in SLa(R).

All elements in G except the identity I are classified into three types: elliptic, para-
bolic, and hyperbolic. An elliptic element is conjugate to exactly one of

7ne:(cos@—sin@)’ 06(0,7’(’). (3)

sinf cos6

A hyperbolic element is conjugate to exactly one of
(3.%), Ae(1,).

0 A
A parabolic element is conjugate to exactly one of
(35), e ==1,
and according to e = —1, 1, this parabolic element is said to be nonnegative, nonpositive,

respectively. The distinction of different type of elements is the clearest when one looks
at their action on RP?!,

Accordingly, we have the notion of elliptic, nonnegative/nonpositive parabolic, hy-
perbolic elements in G.

A smooth path p(t) in G is said to be nonnegative if for any ¢ € RP, p(t)(€),
treated as a path in RP!, does not move in the clockwise direction anywhere. It is
said to be positive if p(t)(£) moves in strictly counterclockwise direction everywhere.
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An equivalent condition for p to be nonnegative is that p'(t)p(t)~! is a nonnegative
element in g for any ¢; a sufficient condition for p to be positive is that p'(t)p(t)~! is a
positive element in g for any ¢. Here, nonnegative elements in g are defined as in the
introduction (i.e. those whose associated vector field on RP! point nonclockwisely),
and positive elements are defined to be the elements in the interior of the solid cone of
nonnegative elements (equivalently, those whose associated vector field on RP! point
strictly counterclockwisely). Explicitly, an element in g is nonnegative (resp. positive)
if and only if it can be written as

(bic b__ac) , €2 \/m (resp. ¢ > m) (4)

By definition it is clear that nonnegative/positive paths are invariant under conjuga-
tion. Multiplication of several nonnegative paths is nonnegative, and is positive if one
of the factors is. A path in G is said to be nonnegative/positive if its image in G is.
Likewise we have the notion of nonpositive/negative paths in G or G.

If there exists a nonnegative path from gy to g1, then we write gg < g1. Clearly, <
is a partial order on G. Moreover, for fixed § € G, the space of § € G with § < § is a
closed subspace of G (this will become clearer later in light of Corollary .

The lift from ¢ € G to § € G is equivalent to a lift of its action on RP! to an action
on R (viewed as the universal cover of R/7Z = RP!). Any § € G has a rotation number,
formally defined as

rot(g) = lim g'w) — for any z € R. (5)

n—00 ™

Specifically, if § is not elliptic, then its image g € G has an eigenvector £ € RP' which
lifts to some x € R and we have rot(g) = (g(z) — z)/m € Z. If g is elliptic, then it is
conjugate to an element whose action on R is the translation by some 6, and we have
rot(g) = 0/m & Z.

We shall always use I, € G to denote the lift of the identity element I € G with
rotation number k € Z.

Some general properties of rotation numbers are: they are continuous, nondecreasing
along nonnegative paths, increasing along positive paths inside the elliptic locus, and
satisfy the quasimorphism property

|rot(g1g2) — rot(g1) — rot(g2)| < 1.
We refer our readers to [Seil9) Section 3] and [LM97] for more details.

In general there is no canonical lift from G to G, but in the following two situations
there is such a lift:
(1) The commutator of go, g1 € G has a canonical lift to G: take any lift §o, §1 of go, g1,
then [go, g1] € G is independent of the choice of §o, §i. Later we shall sometimes abuse
the notation and write [go, g1] to denote this canonical lift.
(2) If g € G is not elliptic, then there is a unique lift of g with rotation number zero.
Later we shall sometimes write ¢ to denote this preferred lift.

We end this section by proving the following result about nonnegative paths, which
generalizes some discussions in Seidel [Seil9l Section 3].
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Proposition 2.1. Let gg,g1 € G be arbitrary. Then the space of nonnegative paths
from go to g1 is either empty or weakly contractible.

Before proving this proposition, it is beneficial for us to establish a new parametriza-
tion of G. For any 0 € R, let 7y be the lift of ry (which is defined by ) with rotation
number /7. We also define the displacement function for g € G to be

v5: R =R,z — g(z) — . (6)
For example, @7, = 0.
The following lemma is immediate.

Lemma 2.2. If ¢ is nonnegative and ¢5(0) = 0, then § is the identity or a nonnegative
parabolic element with rotation number 0. Furthermore, one can parametrize all such g

by

—_~—

o\ = (1), Ae[0,). 0

One can easily check pz,5(x) = pg(x) + 0 and @z, ,(x) = @g(x + ). Since pj; is
m-periodic, inf g := h is achieved by some §* € [0, 7). By checking that i ,7 . j7,-
do satisfy the conditions of Lemma we immediately see § = Tg«yp ®(N)7_g« for
some unique A € R>q. With a little bit abuse of notation, denote it by § = ®(X, 6%, h).
Furthermore, this decomposition is unique as long as A # 0, since the graph of g (» 6+ 1)
being a translation of ¢g(y) implies arg min ¢ is unique mod 7. We summarize this as
below.

Lemma 2.3. {®()\,0,h)} 0)crooxRP!/~her 5 @ global parametrization of G, where
(A1, 01) ~ (A2, 02) if and only if Ay = Xy = 0 or (A1, 01) = (A2, 62). O

Proof of Proposition [2.1. Replacing g1 by g, 131 if necessary, we may assume §o = Iy =
©(0,0,0).

We denote by G>q the set {§ € G | Iy < §}. Observe that when we fix  and increase
A and/or h, gz g, is increasing and thus g is moving in the nonnegative direction.
This implies, whenever h > 0, we have a nonnegative path t — ®(t\,0,th), t € [0,1]
from ®(0,60,0) = ®(0,0,0) to ®(\,0,h), and therefore ®(),0,h) € G>o. We denote
this “canonical path” from ®(0,0,0) to g € ézo by pz. One can check that in fact p;
depends smoothly on g.

Now for fixed g1 € GZO, let P denote the space of nonnegative paths from I to g1-
We have the following deformation retract

H:[0,1] xP = P,
Hy(p)(t) = p((1 — 8)t)pp1—s)-14, (1)
from P onto the one point space {p, }. O
The proof above also shows the following corollary.

Corollary 2.4. Let §o, g1 € G. Then jo < § if and only if Pgo < Py - g
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3. NONNEGATIVELY CURVED CONNECTIONS AND NONNEGATIVE PATHS

For a connection A € Q'(S;g) on the trivial G-bundle S x G — S and a loop
v:[0,1] — S, parallel transport along v gives a map 7,: G — G. The element
hols(y) = 7,(I) € G is called the holonomy of A along . In general, in an arbi-
trary G-bundle without a prescribed trivialization, the holonomy of a connection along
a loop is defined only up to conjugacy. When we speak of a holonomy without specify-
ing the trivialization, it is always understood that we are working on the trivial bundle
SxG— SoverS.

Let v1y2 denote the concatenation of loops v; and 2. Then the right G-equivariance
of parallel transport yields

holA(y17y2) = hol4(y2)hola(1). (7)

Assuming a fixed trivialization, any holonomy hol4(vy) has a canonical lift to G,
denoted hol 4(y). We still call this the holonomy of A along 7 and this abuse of notation
should not cause any confusion. Note still holds with hol replaced by hol.

As remarked in the introduction, a connection is nonnegatively curved if and only
if the infinitesimal holonomy is a nonpositive element in g everywhere. On a larger
scale, we will soon see a correspondence between nonnegatively curved connections and
nonnegative path in G (Lemma .

Equip the cylinder S! x [0, 1] with the orientation opposite to the product orientation.
Fix a basepoint * € S!. Let ¢, denote the loop consisting of the segment from (*,0) to
(*,5), the loop around S' x {s} with the usual (counterclockwise) orientation, and the
segment from (*, s) to (*,0), concatenated in this order.

For the next two lemmas, we essentially follow Seidel [Seil9, Section 4]. With Propo-
sition in hand, some results are generalized. Let A>o(S! x [0,1]) denote the space
of nonnegatively curved connections on S' x [0,1] and A>o(S* x [0,1],-,-) denote its
subspace with prescribed boundary behaviors (orientation for S* x {0} is taken to be
counterclockwise, as opposed to the induced one). Here - denotes a connection on S!,
an element in G, or a conjugacy class of G. For the unit disk D we similarly define
As>o(D, ). Here we always work on the trivial bundle.

Lemma 3.1. For any A € A>o(S' x [0,1]), the path p(s) = leglA(cS) is nonpositive.
Moreover, for a fired a € Q' (S'; g) with holonomy §o (with respect to the basepoint * ) and
a nonpositive path p: [0,1] — G with p(0) = Go, then the space of A € Aso(St x [0,1])
with Alsi 0y = a, l;glA(cs) = p(s) is weakly contractible.

Proof. See Seidel [Seil9, Lemma 4.16]. O

Lemma 3.2. Fiz a connection a € Q'(S'; g) with holonomy § € G. Then Aso(D,a) is
weakly contractible if g < Iy and empty otherwise.

Proof. (See also [Seil9, Proposition 4.21])

Let ¢4: D — D be a smooth family of smooth maps with ¢g = id, ¢s1 = id,
det(D¢;) > 0, and such that ¢; retracts a neighborhood of 0 to 0. Then pulling-back
by ¢: shows that A>q(D, a) is weak equivalent to its subspace consisting of connections
that are trivial near 0. Equivalently, it is weak equivalent to the space of connections
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in A>o(S! x [0,1]) that restrict to a on S' x {1} and restrict to zero on S* x [0,1/2].
Applying a similar pullback argument again, we see this space is in turn weak equivalent
to Azo(Sl x [0,1],0,a).

Let C denote the conjugacy class of g. Lemma gives a weak equivalence A>(S! x
0,1],0,C) — P, where P denotes the space of nonpositve path in G from Iy to some
point in C, which is empty if § L Io.

Assume now § < Iy, then by Proposition evaluating at the endpoint 1 yields
a homotopy equivalence P — C. Composition of the two maps above yields a weak

equivalence
Aso(S' x [0,1],0,C) = C, A hol4(cy). (8)
By applying a family of gauge transformations that are constant along each St x
{s} and trivial along S! x {1}, we can retract A>o(S' x [0,1],0,C) onto its subspace
’>0(S1 x [0, 1],0,C~’), where the prime indicate the subspace of connections that are
trivial when restricting to {x} x [0,1]. Then, replacing Ao by A%, in (8, we get a
weak equivalence whose fiber AL, (S! x [0,1],0, §) is weakly contractible.

Finally, the space A% (S x[0,1],0, §) retracts onto AL (S' x [0,1],0, a) via a family of
gauge transfromations that are trivial on S' x {0} U {x} x [0,1] and Asq(S* x [0, 1],0, a)
retracts onto ALy (S! x [0,1],0,a) via the previous family of gauge transformations.
Therefore Aso(S' x [0,1],0, a) is also weakly contractible and the statement follows. [

Now we begin to analyze our problem in hand.

First let us consider the closed case. Let S be a closed surface with genus g > 0.
Choose a basepoint * € S and loops «, ; at * generating 71(S). Furthermore assume
all these loops do not meet each other except at *. Then S can be regard as a 4g-
gon with edges Bg_l, a;l, Bgs g, -+, b1, @1 with the usual identifications. We may also
assume that this order of edges represents the positive orientation of S.

If h; is a family of loops in the 4g-gon based at * that shrinks the boundary loop
to some loop 77! where 7 is any path with 7((0,1]) disjoint from the boundary loop,
then, thinking as loops in S, Lemma implies that p(t) = hola(h) is a nonnegative
path in G from hol4(hg) to hols(hy) = I, for any A € A>¢(S).. The condition e on
euler number says precisely that p(t) lifts to a path in G from

hola(ho) = [hola(a1), hola(51)] -+ - [hol a(ag), hol a(By)]

to I.. Here, when defining hol, iLA(;l, we made a spherical blowup of S at 7(1) and fixed
a trivialization of the pullbacked bundle over the blown-up surface (and adjusted h;
accordingly; it is assumed that all h; avoided 7(1) for t < 1).

Proposition 3.3. The map

Aso(S)e =+ G¥, A (hola(an), hola(Br), -~ hola(ay). hola(5y)
1s a weak equivalence onto its image, which is given by

Rep<o(S)e = {(X1, Y1, - Xy, ¥y) € G* | [X0, Vi) [X,, V] < I}

Proof. Like in the proof of Lemma [3.2] we choose a family of self maps ¢, on S that
shrinks a neighborhood of the boundary of our 4g-gon to the boundary. Pulling-back by
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these maps yields a map ¢7 which is a weak equivalence onto its the subspace consisting
of connections that are flat in a neighborhood U of the boundary loop 8, 1a;1 - Brag.
We may assume that S\U is diffeomorphic to a disk. Also note that the pullback
preserves holonomy along the boundary loop. Now Lemma applying to S\U implies
that the image of the given map is P/{?p<0(5 )e, and that the fiber above each point in
the image is weakly contractible. The desired result follows. Il

Next we consider the case where S has genus g with b > 0 boundaries 051, - - - 0.5,
and let C; be fixed hyperbolic conjugacy class of G. Choose a basepoint x € S\9S
and loops o, 81, -+, g, Bg, 71, -+ Vb at * generating 71 (S), such that all these paths
do not meet each other except at endpoints, and that v; = o;7;0; ! where o; is a path
from * to a point on 05; and 7; is a loop around 9S;. Then S can be regarded as a
(4g + 3b)-gon with edges ogl, Thy Tp, -+ * ﬁfl, afl, B1, a1 with the usual identifications.
We may also assume that this order of edges represents the positive orientation of S.

If h; is a family of loops in the (4g+3b)-gon based at * that shrinks the boundary loop

to some loop 77!, then, thinking as loops in S, Lemmalmphes that p(t) = hol Alhy)

is a nonnegative path in G from holA(ho) to holA(hl) = Iy, for any A € A>o(S, {Ci})e.
Here we are working on the trivial bundle over S. This time, the condition e on relative
euler number says precisely that

rot(hol4(7;)),
1

b
e=—
i=

which is a gauge invariant integer.
Let 7w : G — G denote the covering map and let

Proposition 3.4. The map
As0(S,{Ci})e = G x €, A s (hola(ar), hola(Br), - , hola(ay), hol A(8,),
hola(71), -+, hola(s-1), hola() 1)

1s a weak equivalence onto its image, which is given by
%SO(S,{Q})@ ={(X1,Y1,--,Zy) € G¥ x C | [X1, V1] - [ Xy, Yy Z1 - Zy < I}

The proof is similar to the closed case and we skip. Note that the formula here
contains the closed case as a special situation where b = 0. Moreover, although we have
excluded the case S = S? in our previous discussion, the same conclusions hold for this
case as well, namely that A>(S?). is contractible if e > 0 and is empty otherwise. To
see this, one trivialize a neighborhood of some point in S? by the same pullback trick
as before, then Lemma [3.2] yields the desired result. Therefore, for later use we shall
simply refer to Proposition for the result for any surface S.
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Remark 3.5. One may also want to conclude that the map

A>0(5;{Ci})e/G = Rep<o(S, {Ci})e/G, [A] = [(hola(an), hola(Br), -+, hola(v))]

is a weak equivalence. Here
Rep<o(S, {Ci})e = {(X1, Y1, , ) € G* x C | [X1, V1] -+ (X, Yyl Z1 - Zy < I}

and G acts by conjugation. The quotient should be interpreted as the homotopy quotient
EG xg Rep<y(S,{Ci})e in case the conjugation action is not free.

To conclude this, one argues as follows: realize G as the semidirect product of Gy and
G, where Gy denotes the gauge that acts as identity at *. Then A>o(S,{C;i})/Go =
Rep<((S)e, and mod out the extra G corresponds to mod conjugation on the right hand
side.

However, we refrain from taking such perspective since we did not really define a
topology on A>¢(S,{C;}) and it does not make much sense to discuss the weak homo-
topy type of the quotient A>o(S,{C;})/G.

Lastly, we point out that all results in this section remains true if we replace the
pair (nonnegatively curved connections, nonnegative/nonpositive paths) by (flat con-
nections, constant paths) or (all connections, all paths). The proofs are similar, if not
easier. Note that the counterpart for Proposition in the all connection case, namely
that the space of all paths in G with given endpoints is weakly contractible, is trivially
true.

In particular we recover the following descriptions for Ay, and A (possibly b = 0):

Af1at(S,{Ci})e = Rep(S, {Ci})e;
A(S,{Ci})e = G x C.

Here
Rep(S, {Ci})e = {(X1, V1, . Z4) € G x C | [X1, V4] -+ [Xg, Yyl Z1 - 2y = L.}

By our construction, it is clear that in all cases, the following diagram commutes.
Here vertical arrows are weak equivalences.

Af1at (S, {Ci})e — A>0(S,{Ci})e — A(S,{Ci})e
l: l: Jz 9)
Rep(S, {Ci})e = Rep<(S, {Ci})e — G¥ x C.

Remark 3.6. Pedantically, one also have the corresponding commutative diagram for
moduli spaces:

Af1at(8,{Ci})e/G —— A>0(S,{Ci})e/G — A(S,{Ci})e/G

; ! ’

Rep(S,{Ci})e/G — Rep<o(S,{Ci})e/G —— (G* x C)/G,

where Rep(S, {C;}) is defined in the similar way as above.
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4. DEFORMATION TECHNIQUES IN G

In this section we perform two tricks to deform some particular elements in G in
some nice ways. More explicitly, we perform a way to deform the space of hyperbolic
elements in the positive direction and a way to deform a pair of elements in G such that
their commutator moves in the positive direction.

These two easy tricks will be the key for our analysis in Section [5| of nonpositive
representation spaces.

4.1. Deformation of Hyperbolic Elements. We begin by introducing a parametriza-
tion for hyperbolic elements in G.

For any hyperbolic element g € G, let £, (g),¢_(g) € RP! denote the eigenvector of
the left multiplication map g: R?/{#1} — R?/{+£1} with the larger, smaller absolute
value of eigenvalue, respectively, and let A(g) denote the larger absolute value of the

e ——

eigenvalue. Also, let £(g) denote the midpoint of the (counterclockwise) arc £_(g)&4+(g).
For example, when A > 1, for the element

9=(%'%)eqd

we have {_(g) =0, {4(g9) = 7/2, (9) = 7/4 and A(g) = \.
Let Hyp C G denote the set of hyperbolic elements. Then the map

£ x & x A Hyp — (RPH)*\A) x (1, 00),

is a diffeomorphism. Here A denotes the diagonal of RP! x RP!. The inverse of this
map is given by

V) = e (M6 WE) (0,0 (% ). o)
Lemma 4.1. Let (£_,&4,)) € (RPY)2 x (1,00) and a,b > 0. Then the path
p: (—e,¢) = G,
s W(E_ —at,&p + bt \)
18 positive.

Proof. Tt suffices to check the velocity vector at t = 0 is positive. After conjugation and
changing a,b we may assume {_ =0, & = 7/2.
Let py(t) = ©(0,bt, \). By we have

pe(t) = (A;l (A—l,i);an(bt)> ‘

Thus p/, (0) = (gb(rol—k)). Similarly for p_(t) = U(—at,7/2,\) we have p' (0) =
(a(,\—o)ﬁl) 8) . Therefore

POPO) = (A=A (40,

which is a positive element in g by . O
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1
RP &+

&

FIGURE 1. Deform ¥(£_,&4,\) in positive direction

Lemma 4.2. Let C = C)\ be a hyperbolic conjugacy class consists of g € Hyp with
Mg) = \. Let € € RPY be arbitrary. Then the path

Yo (0,m/2) = C, t = W(E—t,E+1,N) (11)

is positive. Moreover, for any e-neighborhood U of & (resp. & + m/2) in RPY, the
element o ¢(t) maps every point in RPI\U clockwisely (resp. counterclockwisely) into
U for sufficiently small t > 0 (resp. sufficiently large t < 7/2).

Proof. The first statement follows from Lemma [4.1] For the second statement, after
conjugation we assume £ = 0. By we have

Yoo(t) = (migt?i_iAI)I) cgzk(:ﬁ;)) ;

and the statement is clear. O

Corollary 4.3. There is a homotopy ~v: [0,1) x Hyp — Hyp satisfying:

() Y0 = idryp-

(b) For any Z € Hyp, the patht — v, (Z) stays in a fized conjugacy class and is positive.

(c) For any Z € Hyp and any e-neighborhood U of £(Z) + w/2 in RP!, the element
v(Z) maps every point in RP'\U counterclockwisely into U for sufficiently large t.

Proof. For any hyperbolic conjugacy class C and Z € C, let tg = 3(£4(2) — €-(Z)) €
(0,7/2) and take
1(Z) = voe(z)(tm/2 + (1 = t)to). O

4.2. Deformation~of Elements in a Commutator. Recall that the commutator has
a canonical lift in G.

Lemma 4.4. Suppose X,Y € G with rot([X,Y]) # 0, then both X and Y must be
hyperbolic. In particular, if rot([X,Y]) < 0, then & (X),é_(Y),61(X),£.(Y) € RP!
are distinct and are arranged in the counterclockwise order.

Proof. For the first statement, we proceed by contradiction and show that if X is not
hyperbolic, then [X,Y] must have a fixed point in R and hence rot([X,Y]) = 0. The
same argument will apply for Y being not hyperbolic. Let X,Y be arbitrary lifts of
X, Y.
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£+(Y)
RP! §+(X)

FIGURE 2. Conjugate X! by Y

If X is elliptic, we can apply simultaneous conjugation to assume X = 7. Hence
¢ ¢ = 6. On the other hand, from ({5)) we know that rot(g) € [min g/, max g /7] for
any § € G. In particular, we get min Oy g-1y-1 < —0 <max g g1y -1. By continuity,
there exists some 2 € R such that ¢y ¢ 151 (2) = —0, and z is therefore fixed by [X,Y].

If X is parabolic, say nonnegative parabolic, choose lift X with rotation number
0 and we have mingp ¢ = 0 (see Lemma [2.2). Suppose this minimum is attained by

zo € R. Note that Y X Y~ is a nonpositive parabolic element with rotation number
0 implies max ¢y ¢-1y-1 = 0. Suppose this maximum is attained by x; € R. Then we
have:

[X,Y](z1) > 21 and [X, Y]((}}Xflfffl)fl(a;o)) < (YXlefl)fl(xo).
By continuity, there exists some z fixed by [X,Y].
For the second statement, rot([X,Y]) < 0 implies [X,Y] moves all the points in

RP! clockwisely (referred to as negatively later). In particular, as ¢ (Y X 'Y 1) =
Y(£.(X)) and £ (YX 1Y 1) = Y(£_(X)) are both fixed by Y X 1Y~ X must move

them negatively. That is, Y ({4 (X)),Y(£-(X)) € £&+(X)E-(X). Especially, Y moves
€_(X) negatively and &, (X) positively. Hence &£ (X) € £ (V)4 (Y) and €_(X) €
&+ (Y)E-(Y), which finish our proof. O

Lemma 4.5. Fiz hyperbolic X € G and £_,&, € RP! satisfying £ (X),&_,6.(X), &4
are distinct and are arranged in the counterclockwise order, then the path

Txe_ ¢, (1,00) = Gt [X,U(E_, 64, 1)]
is negative. Moreover, for sufficiently small t, rot(tx¢_¢, (t)) > —1/2.

Proof. Let Y; denote W(£_,&,,t), then it suffices to argue that ;X ~'Y;™! is mov-
ing in the negative direction. Indeed, observe that A\(YV;X~'Y,') = \(X) is fixed,
£ (Y, X1Y,Y) = Yi(€, (X)) moves positively while we increase ¢, and £, (V; X 1Y, 1) =
Y:(€_(X)) moves negatively while we increase t. Therefore Lemma applies, which
shows that 7x ¢ ¢, is negative. The second statement is clear as limy,; Y3 = I implies

limy1 7x¢ ¢, () = [X, 1] = Ip. O

Remark 4.6. In fact, we always have rot(7x ¢ ¢, (t)) <O for all t and rot(tx¢_ ¢, () =
—1 for sufficiently large t.
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Let Br: G x G — G denote the lifted commutator map.

Corollary 4.7. There is a homotopy 7: [0,1] x G x G — G x G satisfying:

(a) 10 =idaxa, e =711 fort > 1/2, (X,Y) = (X,Y) if rot([X,Y]) > —1/2.

(b) For any X,Y € G, the path t — Br o7 (X,Y) is nonnegative. It is positive on
[0,1/2] if rot([X,Y]) < —1/2.

(c) For any X,Y € G, rot(Bron(X,Y)) > —1/2.

Proof. For rot([X,Y]) < —1/2, because of Lemma we may choose the unique (as

rotation number is strictly increasing along positive path in the elliptic locus) Ax y such

that rot([X, ¥(§-(Y),&+(Y),N)]) = —1/2. Then Axy < A(Y), with equality if and only

if rot([X,Y]) = —1/2. Note that the uniqueness of Ay y implies its continuity in X,Y".

Now for ¢t < 1/2, take

nx.y) =4 Y if rot([X, Y]) > —1/2
T LWL (Y), 4 (Y), (1 = 20A(Y) + 2tAxy)), if rot([X,Y]) < ~1/2. O

5. NONPOSITIVE REPRESENTATION SPACES

5.1. Proof of Main Theorem. By the commutative diagram @, to prove our main
theorem, it suffices to prove the corresponding statement in terms of representation
spaces:

Proposition 5.1. Let S be an oriented surface with genus g and b boundary compo-

nents. Let Cq,--- ,Cy be hyperbolic conjugacy classes of G.

(a) Suppose e > max{g,1}. Then the inclusion I/{E)<0(S, {CH)e = G x C is a
homotopy equivalence.

(b) Suppose e < —max{g,1}. Then the inclusion Rep(S,{C;})e — P/{E)SO(S, {Ci})e is
a homotopy equivalence.

As a shorthand, we use U to denote a generic element (X1, Y1, -+, Xy, Yy, Z1,--- , Zp) €
G?9 x C and P(U) to denote the product [X1,Y1]---[X,,Y,]Z1 - Zy € G. Similarly,
we use U to denote a generic element in G29 x C and ]5((? ) to denote the corresponding
product. Moreover, let v, 7 be as constructed in the previous section.

Lemma 5.2. The homotopy
:[0,1) xG¥ xC = G¥xC, Ty=(7)? x (7)°
satisfies:
(a) Ty = idgee - )
(b) For any U € G x C, rot(P(T4(U))) > —max{g, 1} for sufficiently large t.

(c) For any U € G*I x C, the path t — P(T'y(U)) is nonnegative. It is positive wherever

rot(P(I'+(U))) < —max{g, 1}.
Moreover, T' lifts to a homotopy T: [0,1) x G¥ x C — G?9 x C that satisfies the
corresponding properties.

Proof. (a) is immediate. For (b), write U = (X1, Y1, -, Zp). Then for sufficiently large
t, there exists some r; such that the displacement function ¢ defined by @ satisfies

PBrom(X;,Y;) = —Ti > —T;
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Zzg—l(ri - TF)/b, g>0
- N> =
SD’W(Z]) {—ﬂ'/b, g = 0

everywhere on R. Therefore
Chr. ) > max{g, 1}

and (b) follows. For (c), by construction of v, 7 we see P(I';(U)) is positive wherever
I'+(U) is nonconstant. Also, any maximal interval where I';(U) is constant must be of
form [top, 1) (in which case b =0, to = 0 or 1/2). Therefore (c) follows from (b).

The statement about lifting is clear. O

Reverse all the constructions in Section [4] to make hyperbolic elements or commuta-
tors deform in the negative direction, we get
Corollary 5.3. There is a homotopy I'": [0,1) x G?9 x C — G?9 x C satisfying:
(a) Fa = idGQgXC. ~
(b) For any U € G*9 x C, rot(P(T; (U))) < max{g, 1} for sufficiently large t.
(¢c) For anyU € G*9x C, the patht — P(T; (U)) is nonpositive. It is negative wherever

ot(P(T; (U)) > max{g, 1}.
Moreover, T~ lifts to a homotopy T~: [0,1) x G% x C — G29 x C that satisfies the
corresponding properties. O

Proof of Proposition[5.1 Let
Reps— (S, {Ci})e ={U € G x C | P(U) is either I,

or a nonpositive parabolic element with rotation number e}.

Par—

This space is the boundary of f{\eE)SO(S, {Ci})e as a (closed) subspace of G29 x C.
(a) For any U € G* x C, by Corollary we can find a minimal ¢ = ¢(U) € [0,1)
such that T'; (U) € Rep<((S,{Ci})e. Then t = 0 for Ue Rep<((S,{Ci})e, and t is the
unique time such that T'; (U) € Pf{\eE)W(S, {Ci})e for

U € (G* x C)\Rep<((S.{Ci})e URepp=(S,{Ci})e.

Here, to conclude uniqueness, we used the (strict) negativity statement in (c) of Corol-

lary i
Therefore is ¢ continuous in U, and

gives a deformation retract from G29 x C onto %SO(S, {Ci}e.

(b) For any U € R—\eE)SO(S, {Ci})e, by Lemma@ we can find a maximal t = t(U) € [0,1)
such that Ty(U) € %SO(S,{CZ-})@. Then t is the unique time such that T'y(U) €
%W(Sa {Ci})e, and

gives a deformation retract from I/{;IDSO(S, {C;})e onto l/%?ppar, (S, {Ci})e.
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If x(S) > 0, it is straighforward to check that f/{?pSO(S, {Ci})e = 0 for all e < 0,
and the original statement is trivial. Assume now x(5) < 0, then a result by Mondello
[Mon16, Theorem 2.19(e)| implies that the inclusion

Rep(5,{Ci})e/G = Repp=(5,{Ci})c/G

a deformation retract. Since e < 0 implies that the conjugation action is free and proper
(for properness see [Monl6, Lemma 2.10, Remark 2.13]), we see that

Repp=(5,{Ci})e = Repp=(S5,{Ci})c/G
is a fiber bundle with fiber G x Z29tmax{0.b=1} = Therefore the homotopy long exact
sequence and five lemma and Whitehead theorem implies that the inclusion
Rep(S, {Ci})e — Repp=(S, {Ci})e
is a homotopy equivalence. The statement follows. O

5.2. Nonpositive Representation Spaces in Genus Zero Case. Recall that Propo-
sition states that for e < 0, we have a homotopy equivalence

Rep(S, {Ci})e /G = SymX5(5). (12)

In this section, assuming genus zero, we prove the following proposition without invoking
part (b) of our main theorem.

Proposition 5.4. Suppose S has genus zero and b > 0 boundary components, € is an
arbitrary integer. Then the space Rep<o(9,{Ci})e/PSO(2) is homotopy equivalent to

Sym~x(S)te(g),

Since the G-action on Rep< (S, {Ci}). is free and proper for e < 0, a consequence is
that:

Corollary 5.5. Under the same setting, assume e < 0. Then the space Rep<((S,{Ci})e/G
is homotopy equivalent to Sym—X()+e(9).

While reading the following proof, one may want to visualize hyperbolic elements
using arrows as in Figure [T}

Proof of Proposition[5.4. Let £&: Hyp — RP! be as in Section
Step 1: The map = = £°: Rep((S, {C;})e — (RP')? is a homotopy equivalence onto
its image. -

Let &1, -+ ,& € RP! be given. Let Yc,e be asin . Via the map vo, ¢, X - X0, ¢, »
we may identify Z71(&1, - -+ , &) with a subset of (0,7/2)", denoted K. Then an element
(t1,--+ ,tp) € K implies that (¢}, -+ ,#;) € K forall0 < t; <t;. Hence K is contractible.

Step 2: Lift &,---,& € RP! to 1,--- , 2, € R such that 0 < ZTi+1 — x; < m. Then
(&1,--+,&) € im(Z) if and only if xp, — x1 > —em.
Let (Zy,-++,2Zy) € 27 4(&1,+ -+ ,&). Then we have

er >0y 5 (w) = 21+ Zy(wn) —xp > Z1 -+ Zyp-a () —

>Zl--~Zb,2(xb,1)—mb>--->a:1—acb.
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Conversely, assume z — x; > —em. Choose 0 < ¢ < (xp — x1 + em)/2 such the
closures of e-neighborhoods of & and &4 are disjoint unless & = &;11. Choose small
t > 0 satisfying (c¢) in Lemma with respect to € and each v, ¢, Let Z; = ¢, ¢, (2).
Then we have

cpzlmzb(a}b — 5) = Zl s Zb(a:b — 5) — (acb — E) < Zl s Zb—l(xb +5) — T — (xb — E)
<Zl~--Zb,2(:rb,1+s)—W—(mb—s) << (xpte)—m—(xp—¢) < em— .
Therefore (Z1,--- , Zy) € Rep<o(S5, {Ci})e and the claim follows.

Step 3: Rep<y(S,{Ci})e/PSO(2) ~ ']I‘Z:%%. Here T}" denotes the k-skeleton of the
m-dimensional torus T™ equipped with the usual cell structure (so that the number of
i-cells is (7).

Let ¥ be as in (10). We observe that the conjugation of ¥(£_,&4,A) by rg € PSO(2)
equals U(¢_ +6,&4 + 60, \). Therefore,

Rep<o(S, {Ci})e/PSO(2) = {(Z1,- -+ , Zy) € Rep<(S,{Ci})e | £(Z1) = 0 € RP'}.

which is in turn, by Step 1, homotopy equivalent to the the space of (£1,--- ,&) € im(E)
with & = 0. Let d; = (zj+1 — z;)/7 € [0,1) where z; are as in Step 2. Then

b—1
Repo(S, {Ci})e/PSO(2) ~ {(d1, -+ ,dp1) € T" ' | Y di > —e}, (13)
=1

where we have identified [0,1)°~! with T®~! via the natural bijection.

Finally, the reader may check by himself/herself that the right hand side of
is homotopy equivalent to Tg:% 4o For example, for e < 0 one can first deform its
complement, cell by cell, onto T~! and then deform Tbil\']l‘b_l cell by cell, onto

—e ) —e )

T2:5+6 (here the cell structure is shifted by (1/2,---,1/2)).

Step 4: SymF(9) ~ Tzfl for any k € Z.
Choose a homotopy equivalence (S')V(®=1 < S Identify (S!)V(—1) as a subset of the
group T®~! in the natural way. Then for any k € Z>o we have homotopy equivalences

Symk(S) & Symk((Sl)V(bfl)) = "]I‘Z_1

k
(01, 0k)] = > 0;.
i=1
where a homotopy inverse of the second map is given by
Tz—l N Symk((gl)\/(bfl))
igi — (61, ,6,,0,---,0)]
i=1

where 7 < min{k,b— 1} and 0y, --- ,6, € (S")V=D lie on different circles. O

Remark 5.6. Combined with Proposition [5.1] the constructions in the proof gives an
easy realization of the map ([12]) in the genus zero case.
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Also, by a carefully tracking of maps, one sees that the three chains of inclusions

Rep<((S,{Ci})e/PSO(2) (or Rep<((S,{Ci})e/G in the case e < 0), ']I‘Z:;Jre, SymP=2+¢(S9),

indexed by e, are homotopic to each other via the maps we have constructed.
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