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Abstract
Khovanov homology and smooth 4-manifolds
by
Qiuyu Ren
Doctor of Philosophy in Mathematics
University of California, Berkeley

Professor Ian Agol, Chair

The traditional way to study smooth 4-manifolds up to diffeomorphism, after the ground-
breaking work of S. Donaldson, is to employ gauge-theoretic or Floer-theoretic invariants,
including Donaldson invariants [Don90|, Seiberg-Witten invariants [SW94], and Heegaard
Floer invariants [OS04]. These tools, powerful as they are, typically come with constraints
on the topology of the 4-manifolds, and there is a sense in which their applicability to
new phenomena is approaching their natural limits. This thesis presents several studies
on smooth 4-manifolds via Khovanov homology |[KhoO0] and the associated Rasmussen s-
invariants [Ras10], tools that originate in representation theory and are combinatorial in
nature.

In the first chapter, we establish (relative) adjunction-type inequalities for surfaces in #*CP*\
int(B*), with a correction term coming from the s-invariant of the boundary link [Ren24a;
Ren25|. Compared to similar inequalities in Heegaard Floer theory, the adjunction inequal-

ity for the s-invariant has the advantage of potentially detecting an exotic copy of #FCP?,
whose existence is not currently known. The inequality is established as a consequence of
a full computation of the filtration structure of the Lee homology [Lee05] of all torus links.
Of independent interest, we also propose a conjectural formula for the rational Khovanov
homology of torus links T'(n, n).

In the second chapter, we review the construction of skein lasagna modules, a package of
smooth 4-manifold invariants introduced by Morrison—-Walker—Wedrich [MWW22]. We re-
view some formal properties, make some general observations, and introduce some natural
variants of skein lasagna modules, including skein lasagna modules with 1-dimensional in-
puts. Then we specialize to the theory of Khovanov and Lee skein lasagna modules.

In the third chapter, we present joint work with Michael Willis [RW24] on detecting pairs
of exotic 4-manifolds (with boundary) using Khovanov and Lee skein lasagna modules. We
introduce a lasagna analogue of Rasmussen’s s-invariants. We present some vanishing and



nonvanishing results for Khovanov skein lasagna modules and lasagna s-invariants. The
techniques developed in the first chapter are crucial for the main nonvanishing results.

In the last chapter, we present joint work with Ian Sullivan, Paul Wedrich, Michael Willis,
and Melissa Zhang on using Khovanov skein lasagna modules to prove excellent
functoriality properties for the theory of Khovanov homology in connected sums of copies
of S* x S? as defined by Rozansky and Willis . This provides an interesting
example of the theory of skein lasagna modules with 1-dimensional inputs; this theory admits
a forgetful map from the usual theory of Khovanov skein lasagna modules.

Compared with the original sources |[Ren24a; Ren25; RW24; Ren+25|, this thesis contains
significant additions in Sections [1.6.2] [2.4] 2.5 2.6.2.2] 2.6.4] 3.4.4] [3.5.1], 3.5.2] A.1.1] [4.1.3]
[4.2.3] simplifications or significant expositional changes have been made in Section[1.4]
Chapter [} Sections 3:3.1) B3:2, B4A1, B43, B44, B5.5, B5.0, E24, and Appendix

{ Chapter 1 } { Chapter 2 }
{ Chapter 3 } { Chapter 4 }

Figure 0.1: Logical dependence of chapters.
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Chapter 1

Lee filtration structure of torus links

1.1 Introduction

Khovanov homology is a link invariant introduced by Khovanov [KhoOO|, which categorifies
the Jones polynomial. Despite its computability for every given link diagram, few families
of links have had their Khovanov homology fully determined. Notable examples where the

complete answer is known include alternating links [Lee05] (more generally, quasi-alternating
links [MOO0S§|), and the torus links 7°(2,m) [Kho00|, 7°(3,m) [Tur08; Sto09; |Gil12; [Benl17].

Specifically, in the case of positive torus links 7'(n, m), although the Jones polynomials have
a well-known closed form, this is far from true for Khovanov homology. The investigation
of the Khovanov homology of torus links dates back at least to Stosi¢ [Sto07; [Sto09], who
computed, for example, some low (h < 4) homological degree parts of Kh(T(n,m)) and
the highest (h = 2kn?) homological degree part of Kh(T(2n,2kn)). More interestingly, he
showed the existence of the “stable Khovanov homology groups” of T'(n,m) as m — oo,
which has since been extensively investigated; see, for example, [GOR13]. It is also worth
remarking that the Khovanov—Rozansky triply graded homology of T'(n, m) was completely
determined [HM19]. However, a comprehensive understanding of the ordinary Khovanov
homology for torus links remains elusive.

Nevertheless, many useful knot or link invariants that are more computable and possess
desirable properties can be derived from Khovanov homology or its variants. A notable
example is Rasmussen’s s-invariant for knots, extracted from Lee homology [Lee05], whose
values on torus knots were computed and played a crucial role in providing the first gauge-
theory-free proof of Milnor’s conjecture on the slice genus of torus knots [Ras10]. In the case
of links, the quantum filtration structure of the Lee homology can be considered as a natural
generalization of the s-invariant for knots, encompassing the generalization proposed by
Beliakova—Wehrli [BW08] and Pardon [Par12] as special cases. In this chapter, we completely
determine the quantum filtration structure of the Lee homology of all torus links.
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In the statements below, let n, m be positive integers, d = ged(n, m), ny = n/d, m; = m/d.
For p,q > 0 with p + ¢ = d, let T'(n,m), , denote the torus link 7'(n,m) equipped with an
orientation in which p of the components are oriented oppositely to the other ¢ components.

Theorem 1.1.1. The s-invariant of T'(n,m),,, over any coefficient field, is given by

$(T'(n,m)pq) = (nalp — gl = 1)(ma|p — g| — 1) — 2min(p, q).

Here, the s-invariant of an oriented link over any field with characteristic not equal to 2 is
defined in the same way as in [BWO08§|. In characteristic 2, one should use the Bar-Natan
deformation (cf. [Bar05]) of Khovanov homology instead of the Lee deformation.

By construction of the Khovanov/Lee complex, the Lee homology of T'(n,m),,, as a ho-
mologically graded and quantum filtered vector space, is equal to that of the positive torus
link T'(n,m) := T(n,m)qo up to a bidegree shift. Thus we will only state the structure of
Khree(T(n,m)). By Lee |[Lee05, Proposition 4.3], Khre.(T'(n,m)) as a homologically graded
vector space is determined by the linking matrix of 7'(n, m). Explicitly,

2(9), p#q
@), r=4q

for every pair of nonnegative integers (p, ¢) with p+q = d, with other graded components be-
ing zero. The following theorem determines (the isomorphism type of) its quantum filtration
structure.

dim Kh7"™ P (T (n, m)) = {

Theorem 1.1.2. The isomorphism type of the Lee homology (over Q) of the positive torus
link T'(n,m) is determined, as a homologically graded and quantum filtered Sq-representation,

by

grommipats(Tnm)p.g)+2r=1( e p2Mmipd( ()

(d—rr), r=0,p#q
Jd=rr)@(d-r+1,r—1), 0<r<min(p,q) +1, p#q
) @d=r+1r-1), r=min(p,q) + 1, p#q

(d—rr), 0 <r <min(p,q), p=g,

for every pair of nonnegative integers (p, q) with p+q = d, with all other bigraded components
being zero. Here, the symmetric group Sy acts by permuting the strands in T (n,m) as a d-
cable, gr*V denotes the associated graded vector space of a filtered vector space V', and (a,b)
denotes the irreducible representation of Sqip given by the two-row Young diagram (a,b).

In particular, one recovers the graded dimension of the associated graded vector space of
Khiree(T(n,m)) from the formula

dim(d — r, ) = (ff) _ (Tfl) 0<r g
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In the special case m = n, this confirms a conjecture of Pardon [Par12, Section 5.2].

Since taking the mirror image of a link has the effect of taking the dual on the Lee homology,
the quantum filtration structure of T'(n, —m) is determined by that of T'(n, m). We can also
read off its s-invariants as follows (cf. the second paragraph in the proof of Theorem |1.1.1)).

Corollary 1.1.3. The s-invariant, over Q, of T'(n, —m),, is given by

1, P

S(T(n, —m)nq) _ {_(n1|p - (]! - 1)(m1|p - (]’ — 1), P 7: (]' )

As observed by Manolescu-Marengon—Sarkar—Willis [Man+-23], Theorem in the special
case m = n implies the following corollary, which is an adjunction-type inequality for s-
invariants of null-homologous oriented links in a connected sum of (S! x 5?)’s; as defined
in their paper. We remark that, however, one cannot deduce an adjunction-type inequality

from Corollary using the same proof.

Corollary 1.1.4. If X C Z = (I x £(S* x 52))#16@ is an oriented cobordism between two
null-homologous oriented links Lo, Ly C £(S* x S?) with mo(L1) — m0(X) surjective, then

s(L1) < s(Lo) — x(2) — [B]* = |[Z]/"
Here |[X]|" is defined as the sum Zle I[X] - 2| where 21, , 2, € Ho(Z) = Z*F are the

generators coming from the CP? factors.

Corollary holds over any coefficient field as long as ¢ = 0. For ¢ > 0, in [Man+23]|, the
s-invariant is only defined over fields with characteristic not equal to 2, although we expect
everything to hold in characteristic 2 as well.

The term [X]? above is well-defined, and the term |[[X]|’ is independent of the choice of

the decomposition Z = (I x £(S' x S?))#kCP? both thanks to the links L; being null-
homologous. Of course, one may also dualize and obtain a similar adjunction inequality in

(I x £(S* x S?))#kCP? (cf. Section [1.2.3).

In practice, the special case £ = 0 might be the most useful, where s reduces to Beliakova—
Wehrli’s generalization of classical Rasmussen’s s-invariant (defined in Section [1.2.2)). In

particular, this opens a new approach to detect exotic kCP? whose existence is not yet
known, for example by modifying the constructions in [MP23]. When ¢ = 0, Ly = 0, and
Ly = K is a knot, Corollary takes the following form.

Corollary 1.1.5 ([Man+23, Conjecture 9.8]). If (£, K) C ((kCP*)\B%,S?%) is a con-
nected orientable properly embedded surface with boundary a knot K, then

s(K) < 1—x(2) - [Z] - |[=]].
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Here |[Y]] is the L'-norm of [X] (denoted as |[X]|" in Corollary . O

The adjunction-type inequality parallel to Corollary for the 7-invariant in knot Floer
homology was established by Ozsvath and Szab6 two decades ago [OS03]|. The inequality
parallel to the more general Corollary appeared recently (for knots, and in some spe-
cial cases for links) in the work of Hedden and Raoux [HR23]. In fact, their inequalities
were stated for more general smooth 4-manifolds. This naturally leads us to the question of
whether Corollary and Corollary can be generalized to those settings, which could
be challenging since it (in its full generality) entails generalizing the s-invariant to rationally
null-homologous links in arbitrary closed oriented 3-manifolds. It is worth remarking, how-
ever, that in order to successfully construct exotic kCP*’s detectable by the s-invariant using
a modified version of the construction in [MP23], as explored in |[Qin25|, one should hope
that Corollary does not have a generalization applicable to arbitrary simply connected
negative definite 4-manifolds.

Ciprian Manolescu informed us that the adjunction inequality may fail for spatially refined s-
invariants defined by Lipshitz—Sarkar [LS14], Sarkar—Scaduto—Stoffregen [SSS20] and Schuetz
[Sch25]. We analyze the failure, and prove the following on the positive side.

Theorem 1.1.6. Theorem Corollary with £ = 0, and Corollary all apply

with s replaced by siql, the s-version of the even Sq'-refinement of s (defined for knots in

[LS1Y)], extended to all oriented links as in Section[1.2.4).

Of independent interest, we showed in |Ren24b|, using techniques similar to those in Sec-
tion of this chapter, that the s-invariant for knots in RP* defined by Manolescu-Willis
[IMW?25] satisfies an adjunction-type inequality for surfaces in DT'S?, the unit disk bundle
of the tangent bundle over S?. As observed by 1. So [So25], this can be used to establish a
refinement of the slice-Bennequin inequality for the slice genus, in the Stein manifold DTS2,
of transverse knots in RP? with its unique tight contact structure. As this topic is peripheral
to the main theme, we do not include it in the thesis.

We summarize the structure of this chapter and briefly describe the proofs of the main results
as follows.

In Section , we state a “graphical lower bound”, Theorem m (see also Figure
and Figure , for the Khovanov homology of the torus links 7'(n,n) and the torus knots
T(n+1,n). In the case of T'(n,n), in homological degrees 2pq with p + ¢ = n, the bound is
sharp, and the nonvanishing groups with the lowest quantum degrees are Z, which also give
rise to Lee homology generators. As we shall see in Section [I.2.2] this implies Theorem [I.1.1
in the special case m = n. The general case is then proved in Section [1.2.3]inductively using

the adjunction inequality (Corollary [1.1.4)). The proof of Theorem |1.2.1, which follows an
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induction scheme set up by Stosi¢ [Sto07; [Sto09], is a cumbersome verification that is not
illuminating and is deferred to Section [1.5]

As further illustrations of the power of the adjunction inequality, we give two applications. In
Section we provide an optimal bound on the change of the s-invariant when full twists
are applied to an oriented link. In particular, the s-invariant grows linearly when the twist
number is sufficiently large, answering positively a question in [Man+23]. In Section m,

we show there exist knots in S® with simultaneously large CP*-genus and CP?-genus.

Section is independent of Section [I.3] We exploit the Sy-symmetry on the homology
of d-cables established in [GLW18]. By working equivariantly, we are able to deduce Theo-
rem inductively from Theorem [1.1.1

Finally, in Section[I.6], we state some numerical observations as open questions. In particular,
we propose a conjectural (recursive) formula for the rational Khovanov homology of T'(n,n).

1.2 The s-invariants of T'(n,m)

1.2.1 A graphical lower bound for Kh(T(n,n)) and Kh(T(n+ 1,n))

In this section we state the core technical result of this chapter, which gives a “graphical lower
bound” on the Khovanov homology of T'(n,n) and T'(n 4 1,n), whose proof is postponed to
Section [I.5] We assume the reader is familiar with Khovanov homology and Lee homology,
and refer to the literature mentioned in the introduction for background. See also |[Bar02]
for a short introduction.

Before stating the theorem, we introduce two families of auxiliary functions ¢, », ¢u+1n: Z —
ZU{+00}, which serve as quantum lower bounds for the Khovanov homology of T'(n, n), T (n+
1,7n) in various homological degrees, respectively. Let

hmax(T<n7 n)) = Ln2/2J7 hmax(T(n + 17 n)) = Ln2/2J + Ln/2j :
The functions gy, are defined by:

(a) gnn(h) =400 for h <0 or h > hype(T(n,n));
(b) Gun(0) = n? — 2n;

(c) f p+q=mn,p>q>0,then for 2(p+1)(g— 1) < h < 2pgq,

h

The functions ¢,+1,, are defined by:
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h

54 A
52 Z°
50 VARWA Z5
18 Zs | Z° | Z™ Z
16 Z Z° Z5 | Z | Z°
i Lo &Ly | 22 (Zo)° | Z° 7
D) Zs 72 Z° Zs Z
10 72 | D@L | Lo dZs | 27
38 Z Z®2, | 77
36 zZ Z®Zs | Z7 z
34 ZZ| Z, | Z
32 Z|Z Z
30 Zs | Z
28 Z
% || Z
24 Pz

Figure 1.1: The Khovanov homology of 7'(6,6). The lower bound given by gg ¢ is drawn red.
The homology groups K h?P4:96.6(2r9) are colored green.

(2) Gui1n(h) = +oc for h < 0 or b > hpae(T(n+ 1,1));
(b) If p+qg=mn,p—22>¢q>0, then
Q1,0 (2pq + 1) = ¢npn(2pg + 1) + 1 = 3;
(c) For other 0 < h < hypar(T(n,n)),
Gn+1,0(h) = Gun(h) +n = 1;

(d) For hmaz(T(n,n)) < h < hypae(T(n +1,1)),

2

Gn+1n(h) = {%J +2h — 1.

Note the two definitions of ¢, 41, (Rmaz(T'(n,n))) via (c) and (d) above agree.

We now state the main technical theorem. See Figure [L.1] and Figure [1.2| for an illustration
of the case n = 6. The reader is warned that the same letter ¢ is (unfortunately) used for
two different purposes: the quantum degree or filtration degree and an integer between 0
and n that is complementary to p. It should be clear from context which of these is referred
to.

Theorem 1.2.1. (1) Kh™4(T(n,n)) = 0 for ¢ < q,.(h). Moreover, for every p+q = n,
p,q > 0, the saddle cobordism T'(n — 2,n —2) UU — T'(n,n) induces an isomorphism

=3

Kh2(p_1)(q_1)7qn72,n72(2(p_1)(q_1))_1(T(n —2.n— 2) L U) =y K h2Pa:an.n(2p9) (T(n, n))
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7 ‘8‘ 9 ‘10‘ 11 ‘ 12 ‘ 13 ‘ 14 ‘ 15 ‘ 16 17 ‘ 18 ‘ 19 ‘ 20 ‘21‘

61 Zs A
59 Ty ® L | 7o
57 Z Zy Z 7y
55 7® Ly Z ) | Z, 0 Zs
53 Z 7 Z, |Z20Z, |27,
51 Z Z (Z,)? |22, Z Zy
19 Lo®Ls | 1° DLy | LS Ly Ly Z
a7 7y VA Z (Z,) Z
45 77 |2, | 29 (2y)? VAl
13 Z 767, | Z Zy
a1 7 L& L | 1 Z

Figure 1.2: The Khovanov homology of 7'(7,6). The lower bound given by g7 is drawn red.
The homology group Kh*6-1a76(26-1) ig colored yellow.

(2) Kh(T(n+1,n)) =0 for ¢ < gni1n(h). Moreover, Kh?"~bant1tnn=1(T(n 4 1 n)) is
torsion.

Corollary 1.2.2. For any p+q=n, p,q > 0, we have Kh*%nn(r9)(T(n n)) = Z.

Proof. For pg = 0, this follows from Stosi¢’s computation [Sto07, Theorem 3.4] that Kh%*(T'(n,n)) =
Z for x = (n — 1)> £ 1 and 0 otherwise. The general case then follows by induction using
the last statement in Theorem [1.2.1)(1). O

The case p=n — 1, ¢ = 1 of Corollary confirms a conjecture of Stosi¢ [Sto07), Conjec-
ture 3.8].

1.2.2 Proof of Theorem [I.1.1]l for m =n

We prove Theorem in the special case m = n, assuming Theorem [1.2.1} By symmetry
we may assume p > ¢. The statement then takes the form s(T'(n,n),,) = (p —q¢—1)* — 2q.

We induct on n. The base cases n = 1,2 are easily checked. Assume n > 3. If ¢ = 0,
the result follows either from the sharpness of Kawamura—Lobb’s inequality on s-invariants
for nonsplit positive links [AT17, Corollary 2.4], or Stosi¢’s computation of Kh%*(T(n,n))
mentioned above, or a link version of [Kho03, Proposition 6.1]. Assume from now on ¢ > 0.

The linking matrix of T'(n,n) is (¢i;)1<i j<n Where ¢;; = 0 if ¢ = j and 1 otherwise. Thus by
Lee [Lee05, Proposition 4.3], K7 (T (n,n)) is the vector space spanned by the canonical
generators [s,], one for each orientation o of T'(n,n) realizing T'(n,n),, (see also [Rasl0]).
Moreover, the Lee homology of T'(n,n) is that of T'(n,n),, with a bidegree shift ¢*4¢%
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[Kho00, Proposition 28]E|. Here, t, ¢ denote homological and quantum degree shifts, respec-
tively. We hope that this new use of the letter ¢ does not lead to confusion.

According to Beliakova—Wehrli’s definition of the s-invariant [BWO08| Definition 7.1}, s(7'(n, n),.4)
over Q equals the quantum filtration degree of [s,] € Khre(T(n,n),,) plus 1, where o is any
orientation that realizes T'(n, n), ,. Taking into account the degree shift 6pg, we need to prove
5] € Khpee(T(n,n)) has quantum filtration degree (p — q — 1)* — 29 — 1 + 6pg = ¢, (2pq).

Every element of Kh3" (T (n,n)) is a linear combination of these [s,]’s, and thus has quantum
filtration degree no less than that of these [s,]’s. It remains to prove the lowest filtration
level of K% (T (n,n)) is gnn(2pq).

We prove this by showing the equivalent statement that the homology group K h?P%4n.n(2r0) (T'(n, n))®
Q = Q (cf. Corollary survives to the F., page in the Lee spectral sequence from

E, = Kh(T(n,n)) ® Q to Khre(T(n,n)). The differential on the E, page has bidegree
(1,4r). By Theorem , we have Kh*71*(T(n,n)) = 0 for x < ¢,n(2pg—1) = ¢un(2pq),

so Kh(T(n,n)) ® Q cannot be annihilated by differentials mapping into it. To see that all
differentials out of it are zero, we observe that the naturality of the Lee spectral sequence
applied to the cobordism T'(n—2,n—2) — T'(n,n) gives the following commutative diagram

on page F,.:

Kh2p=1(a=1)an-20-2Qe-DE=D)(T(n - 2,n —2)) @ Q _ = v K h2P:an.n(2pq) (T(n,n)) ®Q

= Ja

Erg(p_l)(q_1)+17Qn72,n72(2(p_1)(q_1))+4r (T(n _ 2’ n — 2)) E3PQ+17qn,n(2pq)+4r<T(n’ n))

Here the vertical map on the left is zero by induction hypothesis and the horizontal map on
the top is an isomorphism by Theorem [1.2.1{1). Consequently, the vertical map on the right
is also zero.

The proof above works with Q replaced by any coefficient field with characteristic not equal
to 2. For characteristic 2, one should replace the Lee homology with Bar-Natan homology,
and Lee spectral sequence with Bar-Natan/Turner spectral sequence [Bar05; Tur06] (whose
r' differential has bidegree (1,2r)), but everything else goes through. Thus the theorem is
proved in the special case m = n. O

1.2.3 Adjunction inequality and proof of Theorem [1.1.1

Manolescu-Marengon—Sarkar-Willis [Man+23, Theorem 6.10] proved the adjunction in-
equality (Corollary [1.1.4)) in the special case of null-homologous cobordisms, using the com-
putation of s(T'(2p, 2p),,,) in their paper. Having computed all s(T'(n,n),,), Corollary

!Note that the proposition contains a typo.
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in its full generality is proved exactly the same way. For completeness, we sketch their proof
here. Then we apply this inequality to prove Theorem [I.1.1]in its full generality.

Proof of Corollary[1.1.4. Turning the cobordism upside down and reversing the ambient
orientation, we obtain a cobordism X in Z! = (I x (S x S%))#kCP* from L; to Ly
with mo(L1) — mo(X") surjective. Choose embedded 2-spheres Sy, - - , Sy, representing gen-
erators Zi,- - ,Zr € Hy(Z') coming from the CP? factors. We may assume X! intersects
each S; transversely, in some p; points positively and ¢; points negatively. Since S; has
self-intersection 1, a tubular neighborhood v(.S;) has boundary S®, and the projection to
the core dv(S;) — S; is the Hopf fibration. Therefore, removing all v(S;) and tubing each
Ov(S;) to {1} x (S' x S?) C Z! gives a cobordism X} from Ly to Lo U (L;T(ni, n;)p,.q) in
I x ((S" x S?), where n; = p; +¢;. Topologically, ¥ is obtained by deleting >, (p; + ¢;) disks
in the interior of ¥* = ¥. Now by [Man+23, Theorem 1.5, Proposition 3.7] we have

(S(L(J) + Z S<T(ni7 ni)Pi,qi) - k) - S(Ll) 2> X(Et = Z pz + Qz

=1

By Theorem with m = n = n;, this simplifies to

k
s(Lo) — s(L1) =2 x(Z Z (Ipi — @il —1)* = 2min(pi, ¢;) — 1 +p; + Qi)
k
_Z’pi_qZ’P_'_Z’pi_qZ":X(Z>+[Z}2+|[ZH/' 0
i=1 i=1

Proof of Theorem[1.1.1. We induct on m + n. The base cases are m = n, which we have
already addressed. To perform the induction step, by symmetry we may assume n < m. If
pq = 0, we conclude as before. Assume p,q > 0; thus d > 2. There is a cobordism ¥ from
T(n,m —n),q to T(n,m),, in CP? obtained by adding a positive full twist. The surface

Y is a disjoint union of d annuli, which intersects a copy of CP* C CP? transversely at np
points positively and n,q points negatively. Applying Corollary to X, we obtain

$(T(n,m)pq) < s(T(n,m—n),q)+ni|lp—g|*~nilp—q| = (m|p—q|—1)(m1|p—g|—1)—2min(p, g).

On the other hand, since T'(n,m) is a d-cable on T'(ny,m;), there is a saddle cobordism
T(n—2ny,m—2my)p-14-1 U — T(n,m),, Thus

s(T'(n,m),q) > s(T'(n—2n1, m—2my)p—1,4,1U0)—1 = (n1|p—q|—1)(m1|p—q|—1)—2min(p, q),

which completes the proof. O]
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1.2.4 Spatially refined s-invariants

Using spatial refinements of Khovanov homology and odd Khovanov homology, Lipshitz—
Sarkar [LS14], Sarkar—Scaduto—Stoffregen [SSS20] and Schuetz [Sch25] defined refinements
of Rasmussen’s s-invariants for knots. Ciprian Manolescu informed us that the adjunction
inequality, in the form of Corollary [[.1.5] may fail for some of these refined s-invariants. The
counterexample he found is the knot 94 which bounds a disk in the punctured CP? with
homology class [CP'] whose geometric intersection number with CP' is 3 (see Figure ,
but for which some versions of the odd Sq'-, S¢?- and even S¢>-refined s-invariants are equal

to 2, violating Corollary [L.1.5]

IU

Figure 1.3: A diagram of the knot 945. Untwisting the twist region results in the unknot.

Let us see what may go wrong with the proof of Corollary [1.1.5, or more generally of
Corollary with ¢ = 0, if it were applied to these refined s-invariants. The proof relies
on the following three facts about s-invariants.

(a) s is defined for all oriented links in S3. If 3: Ly — L; is an oriented cobordism in I x S3
with m(Lg) — mo(X) surjective, then s(Lq) — s(Lg) > x(2).

(b) If T'(n,n),, is the torus link 7'(n, n), equipped with an orientation where p strands are
oriented against the other g strands, p > ¢, p+¢ = n, then s(T'(n,n),,) = (p—q)*—2p+1.

(c) s(LUT(n,n)p,) = s(L) + s(T'(n,n),,) — 1 for any oriented link L.

Lipshitz—Sarkar’s refined s-invariants are only defined for knots, but it is not hard to ex-
tend the definition to links and address item (a), which we will do in a while. For this
natural generalization, however, one can verify using KnotJob [Sch] that si‘f (T'(3,3)21) =
s(T'(3,3)2.1) + 2, violating item (b). The same violation for 7'(3,3),; appears for the odd
Sq'-refinement and the s-version of one of Schuetz’s two odd S¢?-refinements (once appro-
priately defined). These contribute to the failure of the corresponding refined s-invariants
to satisfy the adjunction inequality for the example of 945.
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To show Theorem m, it suffices to justify (a)(b)(c) for siql, for then the relevant state-
ments would follow from the same arguments as in Section [1.2.3] We address each of them
in the following three subsections, respectively.

1.2.4.1 Spatially refined s-invariants for links

We recall the construction and some properties of even spatial refinements of Rasmussen’s
s-invariant from Lipshitz—Sarkar [LS14], with the relevant definitions extended from knots
to oriented links in the natural way.

Let 6 be a stable cohomology operation of degree m over a field F and L be a nonempty
oriented link in S® with orientation o. Let W (L) = span{[s,], [s5]} C KhY .(L;F) (use Bar-
Natan homology Khpy |[Bar05; Tur06] instead of Lee homology Khp.. [Lee0d] if char(F) =
2, same below) denote the 2-dimensional subspace spanned by the canonical generators
corresponding to the orientation of L and its reverse. For an integer ¢ = #mo(L) (mod 2),
consider the maps

Kh™™4(L; ) LN Kh*(L;F) & H(CKh7% (L;F)) EN KhY (L;TF), (1.1)

where K'h is the Khovanov homology [Kho00], C'K .. is the Lee chain complex, and C Kh7?,
is its subcomplex consisting of elements with filtered degree at least q.

With respect to L, the integer ¢ is 6-half-full (resp. 6-full) if the subspace V(L) :=
J(p~H(im(0))) N W(L) of W(L) is at least 1-dimensional (resp. 2-dimensional); it is half-
full (resp. full) if the subspace im(j) N W(L) of W(L) is at least 1-dimensional (resp.
2-dimensional). Hence

e if ¢ is f-half-full (resp. #-full), then ¢ is half-full (resp. full);
e if ¢ is half-full (resp. full), then ¢ — 2 is f-half-full (resp. 6-full).

Note that in this language, the classical s-invariant of L over [F is
s"(L) = max{q: q is half-full} — 1 = max{q: ¢ is full} + 1.
Define the #-refined s-invariants of L by
7% (L) := max{q: ¢ is O-half-full} + 1, s% (L) := max{q: ¢ is 0-full} + 3.

Thus rf (L), s (L) € {s"(L), s"(L) + 2}. If 0 denotes the zero stable cohomology operation
over I, then s = r{ = 4.

For computational purposes, we note that s% (L) = s"(L) + 2 if and only if there exists
x € HY(CKRZ WY (L;F)) with j(z) = [s,] and p(z) € im(6). Similarly, % (L) = s¥(L) + 2
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if and only if there exists x € HO(CKh%i(L)H(L; F)) with j(x) = [s,] £ [s5] and p(x) € im(0)
for some sign +.

If ¥: Ly — L, is an oriented link cobordism in I x S® between nonempty links with 7o(Lg) —
7o(X) surjective, then Khpe.(3) maps W (Lg) isomorphically onto W (L;), which restricts to
monomorphisms V(L) — VItX®)(L). It follows that

(L) = (Lo) = x(2),  sL(L1) = sL(Lo) = X(%). (1.2)

Finally, we define r% () = s%(0) = 1. It is straightforward to check that (1.2) still holds
when L, L, are allowed to be the empty link.

The minus versions of the spatial refinements of s are defined by r? (L) := —r% (—L), s’ (L) :=

—s% (=L), where —L denotes the reverse mirror of L. We will not be using them.
1.2.4.2 Sq'-refined s-invariants for T'(n,n)

Proposition 1.2.3. Forp > q, p+ q = n, we have
siq (T(n,n)pq) = $(T(n,n)pg) = (p—q)* —2p + 1.

The same holds for riql when p = q.

Proof. Write for short T = T'(n,n),, and s(-) = s"2(-). By Theorem and Theo-
rem we know Kh%*TD)=YT) = Z and Kh'*™)~1(T) = 0. Since Sq' is the Bockstein
homomorphism, it follows that Sq*: Kh= (=Y (T:Fy) — Kh>*T)=Y(T;F,) is the zero map,
hence siql(T) = s(T'). Finally, since we will not be using this, we only remark that when
p = ¢, the induction scheme in Section easily implies that Kh=1*(T) = 0 for all *, hence

r37(T) = s(T). 0
1.2.4.3 siql under disjoint union with nice links

Proposition 1.2.4. Let T be an oriented link in S* such that
Sq': Khifl,sﬂ‘b(T)fl(T; Fy) — Khi,s%(T)fl(T; F,)
is zero for i = 0,1. Then, for any oriented link L in S3, we have
s (LUT) =57 (L) + 39 (T) — 1.

By arguments in the proof of Proposition |1.2.3|above, we know all torus links 7" = T'(n, n), ,
satisfy the conditions in Proposition (1.2.4]
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Proof. Write for short s(-) = s*2(-). When L =) or T' = (), the statement is trivial. Below
we assume that both T, L are nonempty. Since S¢': Kh™ (=T Fy) — KhO*D=Y(T;F,)
is zero, we know siql(T) = s(T).

Since s(LUT) = s(L) + s(T') — 1, it suffices to show that siql(L UT)=s(LuT)+2if
and only if siql(L) = s(L) + 2. Although the “if” direction is simpler, we prove the two
directions together.

We first observe that any filtered cochain complex C* over a field F is filtered isomorphic to
a filtered complex of the form

C* = H*(C) & (BuE)) ® (®pA5)

where each E, (resp. Ag) is a 2-term filtered cochain complex F = F in some homological
degree, which is not (resp. is) filtration-preserving. Thus, C* is filtered chain homotopy
equivalent to H*(C') @ (B, EY).

In particular, for each X € {L, T}, we can choose such a filtered chain homotopy equivalence
(which we simply denote as =) CKhjy(X) = Khpy(X) ® (DaFx ). Then Kh*(X;Fy) =

g7 (K Wy (X))@ (@097 (Ex o)), and px (75 ([50y]) € KROCO-1(X; Fy) (see (L) for nota-
tion; here ¢ = s(X)—1 and subscripts indicate dependence on the link) is the affine subspace
modeled on

Vi := px(ker(jx)) = Salm(HO (B — gr 07 (B )
that contains zy := gr*X)=1([s,,]).
For the disjoint union, we have
CKhpn(LUT) = Khipy(L) @ Khipy(T) @ (®aE] , ® Khipy(T))
S(@plhpy(L) © Epg) & (Sap L o ® ET )
and we will use the decomposition
KRS~ [ | T, F,) = Dhoez (KhMsD=14a( L Fy) @ KA~ D=1=4(T; F,))
= Kh* WL Fy) @ gr*D (K hipy(T)) @ Hopew
where
Hipew = KWW (LiFy) @ (@597 (D))
® (g 200 N D UL Fa) @ Kb~ O170(T Fy)).

We see that prur (577 ([8e,] @ [Sop])) € KhO*EUD=Y(L 1 T;F,) is the affine subspace con-
taining x; ® xy modeled on

Viur == prur(ker(jrur)) = Vi @ gr* YK (T) @ W
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for some subspace W C Hpen-

On the other hand, since Sq},+ = Sqt ® 1+ 1 ® Sqi, by our assumption on T, the image
im(Sqt ;) € KhOsUEUD=Y(L 11 T;Fy) is equal to

im(Sqr: KR~ E-Y L Fy) — KRS B YL Fy)) @ grsO =YK\ (T)) @ W
for some subspace W’/ C Hjer. It follows that

S (LUT)=s(LUT)+2
< v Qaxr € Viur + im(S(iuT)
< x; €V +im(Sq;)
— siql(L) =s(L) + 2. o

1.3 Applications of the adjunction inequality

1.3.1 Eventual linearity of the s-invariant under full twists

Let L be an oriented link in S®. A full twist can be performed to L along any (unoriented)
2-disk in S® that intersects L transversely in the interior. More generally, if Dy,---, D, C S®
are ¢ disjoint such 2-disks, we can independently perform any number of full twists along
these disks. Given 7 = (ny,---,ng), let L(Dy, Dy, -+, Dy i) C S® denote the oriented
link obtained by performing n; full twists (n; positive ones if n; > 0; —n; negative ones if
n; < 0) to L along D;. Let d; denote the algebraic intersection number of D; and L (which
is well-defined up to sign).

Proposition 1.3.1. For ny,--- ,ny large, the number

4
S(L; Dy, -+, Dy i) o= s(L(Dy, -+, Dy; i) = > maldi|(|d| — 1)
=1

is independent of nq,- -+ ,ny.
Therefore, the stable number, denoted s(L; Dy, -+, Dy), is an isotopy invariant of the ori-
ented link L together with 2-disks Dy, ---, D, in S2. In the special case n; = ny = - -- = ny,

this answers positively a question of Manolescu-Marengon—Sarkar-Willis [Man+23| Ques-
tion 9.1].

Remark 1.3.2. (1) By performing 0-surgeries on each 0D; C 5%, L can be regarded as an
oriented link in £(S! x 5?). Manolescu~Marengon—Sarkar-Willis [Man+23, Theorem 1.4]

proved Proposition in the special case d; = --- =dy =0, n; = - -+ = ny, and further
showed that in this case the stable number s(L; Dy, -, Dy) is an invariant of the null-

homologous oriented link L in ¢(S* x S?), which can then be defined as the s-invariant
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of L C ¢(S! x S?). However, as follows from their Remark 9.6, the stable number in the
general case does not define an invariant of L C £(S* x S?). In fact, sliding the strands
intersecting D; over 0D; changes the stable number by +2|d;|(|d;| — 1). It would be
interesting if one can use Proposition to define s-invariants of links in some other
3-manifolds, or to define s-invariants for links in £(S* x S?) valued in Z/gcd(dy, - -+ , dy).

(2) Manolescu—Marengon—Sarkar—Willis [Man+23, Conjecture 8.31] conjectured that when
di = --- =dy, = 0, if there is a generic projection of L, Dy,---, D, to R? which consists
of ¢ disjoint 2-disks corresponding to D;’s and a positive link diagram corresponding
to L, then the number s(L; Dy, -, Dy; i) already stabilizes when 7 = 0, i.e. it is
independent of 7 for nq,---,n, > 0. This is not true, because adding a positive full
twist appropriately to two oppositely oriented strands in the right-handed trefoil unknots
it, but the right-handed trefoil and the unknot have s-invariants 2 and 0, respectively.

The proof of Proposition[1.3.1}is an easy consequence of the following bound on the behavior
of the s-invariant under twists.

Proposition 1.3.3. Let L C S® be an oriented link, and D C S a 2-disk intersecting it
transversely in the interior, in p points positively and q points negatively, where p > q. Then
for m' > m,

[_2p+ 270]7 p>q

s(L; D;m') — s(L; D;m) €
[—2p, 0], pP=4q

Remark 1.3.4. By considering T'(n, —2n),,, T'(n,—n), 4, and a disjoint union of n unknots,
we see the bounds in Proposition are sharp (cf. Corollary [1.1.3]).

Proof. The lower bounds are exactly those in [Rob11, Theorem 1.2]. We prove the upper
bounds. Adding m’ — m full twists along D gives a cobordism L(D;m) — L(D;m') in
(m’ — m)CP? with BEuler characteristic 0 and homology class (p — ¢,---,p — ¢q). Thus
Corollary gives

s(L(D;m')) < s(L(D;m)) + (m —m)((p — 0)* = (p — 9)),
or equivalently s(L; D;m') < s(L; D;m). ]
Proof of Proposition [1.3.1. Proposition implies s(L; Dy, -+, Dy; 1) is nonincreasing in

the coordinates of 7, and has a lower bound independent of 77; consequently, it is constant
for large 7. O
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1.3.2 Knots with large CP*- and CP*-genus

For a closed oriented smooth 4-manifold M and a knot K in S®, the M-genus of K is the
minimal genus of a smooth orientable surface in M\ B* that bounds K. Marco Marengon
informed us of the following consequence of Corollary (see also [Mar+24] Proposi-
tion 2.1]).

Proposition 1.3.5. There exist knots with simultaneously arbitrarily large CP-genus and
CP?-genus.

Proof. Using Corollary and following the argument in [Mar+24, Proposition 2.1], it
suffices to construct a knot with large s-invariant, small 7-invariant, and vanishing Levine—
Tristram signature function. For example, such a knot can be taken to be a connected sum
of some copies of the untwisted negative Whitehead double of 7'(2, —3) (which has vanishing
Levine-Tristram signature [Lit79, Theorem 2] and 7 = —1 [HOO08, Theorem 1.2]) with some
copies of Piccirillo’s companion to the Conway knot, denoted as K’ in [Pic20] (which has
vanishing Levine—Tristram signature and 7 = 0 as it is topologically slice, and s =2). [

This is in contrast to the fact that the (CP*#CP?)-genus (and the (S? x S?)-genus) of any
knot is 0 [Nor69, Corollary 3 and Remark]|, and the fact that every knot has topological
CP*-genus and CP?-genus at most 1 [Kas+24, Corollary 1.15]. We remark that the proof
does not extend to kCP? for k > 1, and to our knowledge no knot is known to be non-slice
in 2CP2. In fact, all knots are topologically slice in 2CP? [Kas+24, Corollary 1.15].

1.4 The Lee filtration structure of 7'(n,m)

In this section we prove Theorem [1.1.2] The discussion here is a slightly simplified version
compared to |[Ren24aj, Section 4]. Most of our discussion here is presented for a general
d-cable of a framed knot.

1.4.1 An S;-symmetry

The torus link 7'(n,m) can be seen as the d-cable of the torus knot T'(ny,m;), taken with
framing nym;. Thus the braid group By acts on T'(n,m) by permuting the strands. More
generally, whenever K C S® is a framed oriented knot, its d-cable K (d) carries a Bg-action.

Theorem 1.4.1 (|[GLW18]|). The By-action on K(d) descends to an Sq-action on H(K(d)),
where H denotes either the Khovanov homology or the Lee homology. Furthermore, the Sg-
action descends to an action of the Temperley—Lieb algebra T Ly(1).
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Here, T'Ly(1) is the Temperley—Lieb algebra on d strands, with a closed circle evaluating
to —(1 +17') = —2, which comes with a map Z[Sy] — T'L4(1) sending (i i + 1) € Sy to
id + e; € T'Ly(1), where e; is the cap-cup diagram between the i-th and (i + 1)-th strands.
Over Q, the irreducible S;-representations are classified by the Young diagrams of size d,
and the ones pulled back from T'L4(1) are exactly those given by a two-row Young diagram
(d—rr), 0 <r < |d/2]. In particular, the irreducible Sy-representations that appear in
Khre(K(d)) or Kh(K(d); Q) must be of the form (d — r,7).

Note that the Bar-Natan formalism of Khovanov homology that we are using in this chapter
has an intrinsic sign ambiguity on cobordism maps; thus, the braid group action on K (d)
only gives an action on H(K(d)) up to sign. Part of the content of Theorem is to
establish a consistent convention for the choice of signs, which we will recall and use in the
next section.

1.4.2 Equivariance

The unknot U has Lee homology Khz..(U) = ¢'(Q[X]/(X? —1)), where X has homological
degree 0 and quantum degree —2. Flipping U induces an involution ¢ on Khy..(U) up to sign,
which we fix by requiring it to send 1, X to —1, X, respectively. Thus, Khp..(U) = 1@ €
as Sp-representations. Abusing notation, we also use 1,¢ to also denote the correspond-
ing subrepresentations of Khr..(U), then the quantum filtration structure of Khp..(U) is
determined by

q(e) =1, q(1) = -1 (1.3)
Let oy denote the orientation of U and oy its reverse. Rasmussen’s rescaled Lee canonical
generators [s] [Ras05] associated to the orientation oy of U and the reverse orientation oy
are defined up to signs, which we fix by requiring [s,,] = (X +1)/2 and [s57] = (X — 1)/2.
Thus the involution ¢ on Khp..(U) exchanges [s,,, | and [s5-].

A similar description applies to the Khovanov homology of U.

Proposition 1.4.2. Let d > 2, and let f € Z denote the framing coefficient of a framed
oriented knot K C S3. For H equal to Lee homology or Khovanov homology, the induced
map

2@ gSIE=D-1 (K (d — 2) U U) — H(K(d)) (1.4)
by the saddle cobordism is (Sy_o X Sg)-equivariant. Here Sy o X Sy C Sy via the natural
inclusion. Moreover, upon negating the involution on H(U), the induced map

H(K(d)) — t2 @S- g (K (d — 2) L U) (1.5)

by the (backward) saddle cobordism is (Sy—2 X Sa)-equivariant.
Proof. We only prove the equivariance of ([1.4]). The equivariance of ((1.5)) is proved similarly.

Note that the induced maps (|1.4)) and (1.5 each have a sign ambiguity, but this does not
affect the statement.
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Let X denote the saddle cobordism K(d—2)UU — K(d). For a braid a € By, let ¥, denote
the corresponding self-isotopy of K(d). Let X, denote the self-isotopy of U that flips itself
around, and let o; € By denote the usual Artin generators. Now observe that the following
pairs of cobordisms are isotopic rel boundary:

YoXg ~Ys5 02 t=1,2,---,d—=3; Yok, ~X,, 0.

These show the equivariance of ([1.4)) up to sign. Here o1, -+ ,04_1 are the usual braid group
generators.

To remove the sign ambiguity, we pass to Lee homology and look into the sign convention in
[GLW18, Section 7.2] which we adopted. Let o, denote the parallel orientation on K(d), o,
denote the alternating orientation on K (d), obtained from o, by reversing the evenly labeled
strands, and o,; denote the orientation obtained from o, by reversing the i-th and (i +1)-th
strands.

The sign of ¢; := Khpe(Xs,) is chosen so that ¢;([s,]) = [so,]. Grigsby-Licata—Wehrli
[GLW18] also considered maps ¢; on Khyp..(K(d)) corresponding to e; € T'Ly(1), namely it is
the map induced by the annulus cobordism K (d) — K (d—2) that annihilates the components
labeled 7,7 + 1, followed by the annulus cobordism K(d — 2) — K(d) that recreates two
components with labels 7, i+1. This defines 1; up to sign. We have v;([s,,]) = €1[50,]+€2[50, ,]
for some signs €1, €5 € {£1}, and the sign of 1); is fixed by requiring

$i([Sa.]) = —[S0a] £ [S0,,]
Under these two sign conventions, they showed that
s = id + ;. (1.6)
Note that these do not fix the signs for the rescaled Rasmussen generators.

Since we have shown that (|1.4)) is equivariant up to sign, to prove the full equivariance, it
now suffices to check on particular Lee generators.

First we check Khpe(X)pi = piKhre(X), 1 < ¢ < d — 3. Since 1; vanishes on any
[So] where the 4,7 + 1 components are parallel in o, we see ¢; = id on such generators.
Therefore Khiee(X)@i([80]©[50,]) = Khiree(X)([So] @ [Sop]) = @il hree(X)([50] @[S0, ]) (which
is nonzero) for any such o.

Next we check Khpe(X)t = @q-1Khpee(2). We have not been precise about how the
orientation of U is reflected in the saddle map K(d—2)UU — K(d), so for concreteness let’s
assume the saddle map can be realized as an oriented link cobordism (K (d—2)UU, o,Uoy) —
(K(d), 0,), although the other choice of orientation leads to exactly the same computation.
We observe that the composite cobordism K (d) — K(d —2) — K(d) inducing ¢4, factors
through the saddle ¥: K(d —2) UU — K(d), from which we see, for some sign choice for
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—_—

Khiee(%), that we have Khpee(X)([s0,] @ 1) = ¥a-1([50,]) = —[50,] £ [S0,.4_,]- It follows from

1 = [So,] — [S55] and our assumption on orientations that Khree(X)([So,] ®[Sor]) = —[S0,] and
Khiee(2)([So,] ® [s55]) = $[s/0:;} Now one can check, using (1.6)), that Khre(X)e([S0,] ®
[Sop]) = FlSowas] = Pa-1 8 iee(¥)([50,] @ [S0y])- O

1.4.3 Structure of symmetry on homology of cables

By exploiting the equivariance of the saddle maps studied in Proposition [1.4.2 we obtain
the following structural result on the homology of cables as representations of symmetric
groups.

Proposition 1.4.3. Let K,d, f be as in Proposition. For any 1 <r <d/2, the annulus
cobordisms K(d —2) — K(d) and K(d) — K(d — 2) induce isomorphisms

2@ D5 @ VHoms, ,((d —r — 1,7 — 1), H(K(d — 2))) = Homg,((d — r,), H(K(d)))

that are inverse to each other up to a scalar. Here, H denotes the Lee homology or the
rational Khovanov homology.

Proof. We suppress the grading shifts. By Proposition |1.4.2, the annulus cobordisms K (d —
2) —» K(d) - K(d — 2) induce maps
Homg, ,((d—r—1,r—1),H(K(d —2)))

S Homg, ,us,((d—7—1,r—1)®@ e, H(K(d—2)) @ H{U))

—Homs, ,xs,((d—7— 1,7 — 1) ® €, Resg? o H(K(d)))

— Homg, ,xs,((d—r—1,r—1)®1,H(K(d—2))® H(U))

S Homg, ,((d—r—1,r —1), H(K(d — 2))),
where the composition is an isomorphism since the composition K(d—2) — K(d) — K(d—2)
is a torus which evaluates to £2 in H, as seen by a neck-cutting (by the sign convention in
[GLW18], it evaluates to —2). Composing the other way, K(d) — K(d—2) — K(d) induces
an endomorphism of Homg, ,xs,((d —7— 1,7 — 1) ®¢, ResgjizxszH(K(d))) which is also
an isomorphism: this is because (1.6)) (which holds for Kh as well as for Khy..) shows that
the composition H(K(d)) — H(K(d)) is equal to the S;_s-equivariant map 41 —id where

@41 is the map induced by exchanging the last two strands in K (d). The statement now
follows from the isomorphism

Homg, ,xs,((d—7—1,r—1)®ck, Resgj_2X52H(K(d))) =~ Homg,((d — r,r), H(K(d))),
as seen from Frobenius reciprocity, Theorem about the descent to T'Ly(1), and
Indgj_QXsQ((d—r—l,r—1)®6) = (d—r,r)®&(d-r,r—1,1)®(d—r—1,r,1)®(d—r—1,r—1,1,1)

(non-Young diagrams are understood to be zero). O
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Corollary 1.4.4. Let K, f, H be as in Proposition d > 0. As graded/filtered Sy-
representations, we have
Ld/2]
H(K(d)) = @ /¥ H (K (d - 2r))% > @ (d—r,r). O (1.7)

r=0

A version of Corollary was also obtained by Ritter von Merkl [Rit25, Corollary 1.2].

Remark 1.4.5. In the discussions in this section up to this point, all statements have natural
generalizations to the setup where K U L is an oriented link with K a framed knot, and
where we consider the Sz-action on the homology of K(d) U L. One can also formulate the
analogous statements for annular Khovanov homology, as in [GLW18].

1.4.4 The invariant part of Lee homology of cables

Before returning to the case of torus links, we establish a last general result for cables
regarding the invariant part of their Lee homology.

Proposition 1.4.6. Let K C S be a framed oriented knot, with framing f # 0, and let
d > 0. Then for each (p,q) with p > q >0, p+ q = d, we have

6 fpg+sp,q(K) V.
g 1PrTEnaQ, p=q
for some s, ,(K) € Z, where V denotes the filtered vector space with gr(V) = Q & ¢*Q. At
other homological degrees, the Lee homology of K(d) is zero.

Proof. For an orientation o of K(d), let k(o) denote the number of strands in K (d) on which
the orientation o agrees with the one induced from K. For each p,q as in the statement,
the Lee homology of K(d) in homological degree 2 fpq is generated by Rasmussen’s rescaled
canonical generators associated to orientations o with k(o) = p or ¢. By the description of
the Sz-action on these canonical generators, we see that the invariant part has dimension 1
if p = ¢, and dimension 2 if p > ¢. It remains to prove that, when p > ¢, this 2-dimensional
vector space is of the form as described in the proposition.

Let s, := >, () [50] and similarly s,, so that Kh3P(K(d))5 is spanned by s, and s,. Then
s, and s, are conjugate to each other, in the sense that they agree in one quantum Z/4-
degree where Khp..(K(d)) is supported, and negatives of each other in the other quantum
Z/4-degree. This implies that |¢(s, + 5,) — ¢(s, — 5,)| > 2. On the other hand, consider the
operator L := Zle X; on Khpe(K(d)), where X; is a dot operation on the i-th strand of
K (d), with sign chosen so that X;[s,] = €[s,] for € = 1 if the orientation o on the i-th strand
agrees with the orientation induced from K, and € = —1 otherwise. We see L is of filtered
degree —2 exchanging s, & s, up to nonzero scalars, hence |q(s, + s,) — q(s, —8,)| < 2. The
statement follows, with s, ,(K) = q(s,) = q(s,). O
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1.4.5 The case of torus links

We return to the torus link 7'(n, m), the d-cable on the nym;-framed torus knot T'(ny, my),
n1,my > 0. By Corollary [1.4.4] it suffices to determine the structure of Khp.(T(n,m)),
since they recover the structure of the Lee homology of all torus links.

Lemma 1.4.7. In the notation of Proposition[1.4.6, we have s,.q(T(ny,m1)) = s(T'(n,m),q)—
1.

Proof. We induct on d. When d = 0, the statement follows from s(()) = 1. When d = 1, the
statement follows from the definition of s-invariants for knots.

Assume d > 2. The contribution to Kh2"""P!(T(n,m)) in (L.7) coming from T'(n,(d —
2r),my(d — 2r)) is zero if r > ¢, and is supported in quantum degree at least

6rymar(d—r)+6nimi (p—r)(q—7)+Sp-rg-r (K) = 6nimapg+(ni[p—gq|—1)(mi[p—q|—1)—2¢+2r—1

for 1 < r < ¢ by induction hypothesis and Theorem [1.1.1. On the other hand, if o is an
orientation of T'(n, m) with p strands oriented against the other ¢ strands, then

q([so]) = 6n1mapg + s(T'(n,m)p,) — 1 = 6nymapg + (nalp — ¢l — 1)(malp —q| — 1) = 2¢ — 1

is strictly smaller than the lower bound given by any term above. Since every element in
KR3™™PI(T(n,m)) is a linear combination of such canonical generators, all of which have
the same quantum filtration degree, we see no element can have filtration degree strictly less
than ¢([s,]). Thus, the r = 0 term in (1.7 must contribute ¢([s,]) as the bottom degree,
implying that s, ,(T(n1,m1)) = s(T'(n,m),,) — 1, as desired. O

Proof of Theorem[1.1.9. This is a consequence of Corollary[I.4.4] Proposition[I.4.6] Lemmal[l.4.7]
and Theorem [[.1.1] 0

1.5 Proof of Theorem [1.2.1]

We follow the induction scheme set up by Stosi¢ |[Sto07; [Sto09]. For ease of notation, in
this section, we write T, ,,, for the torus link T'(n,m). Define an auxiliary family of links
Di . m,n>0,0<i<n-—1,as the braid closure of the braid (o1 -0, _1)™0; -+ 0; € By.

n,m? )
Thus, Tpm = DY, = Dzv’mlfl. For i > 0, performing a O-resolution at the crossing of D},
corresponding to the last letter o; gives the link D~} while performing a 1-resolution gives

n,m?

another link which we denote by E!}. The reader is warned that these notations do not
agree with those in [Sto07} [Sto09].

For our purposes, the cases m = n,n — 1 will be useful. The following statements are easily
checked. The first two items appeared in [Sto09, Proof of Theorem 1]. See Figure[1.4] for an
illustration of the third item.
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—>— +1 — E— +1
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Figure 1.4: The oriented link EZ, ~ Dy,

Lemma 1.5.1.

[ En_2 ~ Dn_3 3 |_| U;

nn—1 — “n—-2n—
e En,nfl = anQ,anS? L= 07 17 T, 37

e Ei ~ D" i=1,2,--,n—2;

n—2n—2’

e B0, ~D0, ,UU. 0

Equip D!  with the orientation where all components are oriented in the same direction.

Equip E}Lm with the orientation coming from the right-hand sides of Lemma for m =
n,n — 1. Then all crossings in Df%m are positive, while Efw_l has 2n — 3 negative crossings
and E}m has 2n — 2 negative crossings. Keeping track of the degree shifts (see e.g. [Turl7,
Section 3.1 Case II]), the skein long exact sequences on Khovanov homology corresponding

to the resolution at the last letter o; in D}, ,, read

s KRR (L ) = KWM(Dy, ) = KRN D) = (1.8)
s KpMTEALe (B s KDY ) — KRN (DL ) = (1.9)

Moreover, the maps in the above long exact sequences are the maps induced by the obvious
saddle cobordisms between the relevant links. Since the author is not aware of this last
claim on cobordisms in the existing literature, we take a short detour and record this into
the following lemma.

Lemma 1.5.2. At a crossing of a link diagram, we have the following skein exact triangle
in Khovanov homology, where the morphisms are induced by the saddles as indicated. (For
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simplicity, we have suppressed all grading shifts.)
7
N
Kh (\/> X > Kh< >
/ SN

™00

Proof. Let CKh denote the Khovanov chain complex. Then by definition

CER( ) = Cone(CKh( =) = CKh() ().

This gives rise to an exact triangle as stated, except that we still have to check the top
and left morphisms in the exact triangle agree with the morphisms induced by the saddle
cobordisms given in the statement.

First we check the top morphism. Identify CKh( )= CKh( —)® CKh() () as modules,
we see that the top morphism in the exact triangle is induced by the projection of CKh( )
onto CKh( ). On the other hand, the morphism given in the statement is induced by the

chain map
X () -
CKh( <) — CKh( =) —— CKh( ) (1.10)

where (R17)~! denotes the chain homotopy equivalence induced by undoing the positive
twist. See [HS24| Table 1, Table 3] for succinct descriptions of the induced maps by saddle
cobordisms and Reidemeister I moves. On the direct summand CKh( ), (1.10) equals

CKh( =)= CKh(=)— CKh( =) (1.11)

where the first map is induced by the splitting saddle cobordism A: 1 — 1 ® X + X ®
1,X — X ® X on the top strand, and the second map is induced by the death cobordism
€: 1+ 0,X — 1 on the middle circle. Since (1 ® €) o A = 1, the composition (1.11)) is the
identity. On the direct summand CKh() (), equals

CKh() () = CKh( ) = CKh( =),

where the second map is identically zero. We have thus shown that the top morphism in the
exact triangle equals the stated morphism.

Next we check the left cobordism. The morphism in the exact triangle is induced by the in-
clusion of CKh( ) () into CKh( () as a direct summand. On the other hand, the morphism
given in the statement is induced by the chain map

CKR() () E5 ¢Kh(() & CKRh( ) (1.12)
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where R1~ denotes the chain homotopy equivalence induced by creating the negative twist,
which is equal to the map CKh() () — CKh()o() induced by the birth cobordism ¢: 1+ 1
creating the middle circle, followed by the inclusion CKh()o() — CKh( () as a direct
summand. On the direct summand CKh()o(), the second map in equals the merging
saddle cobordism m: 1 ®1 — 1,1 X — X, X ®1 — X, X ® X — 0 on the right two
components. Since mo (¢ ® 1) = 1, the composition equals the inclusion map, and
the proof is complete. O

Next we introduce some notations that will be convenient. For two functions f,g: Z —
Z ) {+o0o}, define min(f,g) to be the function Z — Z U {+oo} with min(f, g)(h) =
min(f(h),g(h)). We write f > g if f(h) > g(h) for all h with f(h) < +oo, and write
f<ug f>g, f<ganalogously. For h,q € Z, we define f[h]{q}: Z — Z U {+00} by
(fIh]{aH) (') = f(W — h) + q. For a function defined on a subset of Z that takes values in
Z U {+o00}, we abuse notation and use the same expression to denote its extension by +oo
to all of Z. Finally, define t,,(h) := inf{q: Kh™(T,,,) # 0} to be the quantum infimum
function for Kh(T, ), and similarly ¢, ,, d i to be the quantum infimum functions

%
n,m? en,m

for Kh(Tys1n), Kh(D},,,), Kh(E} ), respectively.
Thus, for example, the lower bound of Theorem m(l) Says tnn = Qnn-

Before launching into the proof of Theorem [1.2.1] we note the following relations among the
functions ¢y, and gy11,, defined in Section [1.2.1]

Lemma 1.5.3.
n—2,n—2[2n — 2]{6n — 8} = Gpn[n>20—2 = Gnn, (1.13a)
Gn—1,n—2[2n — 2|{6n — 6} > Qn+1,n|h§hmm(Tn+1,n)71, (1.13b)
Qn,n{n - 1} > Qniin, (1.13C)
Gnn—{n =1} = gnn, (1.13d)
Inn—1 L2} 140 b (T no1) 2 Gnin—1, (1.13e)
Gnn—1[2H{4} h<hmas (Ton—1) = Qnin-1- (1.13f)

Moreover, (1.13c|) is strict at h = 2n — 1. (1.13d)) is strict at h = 2pq for any p+ q = n,
p>q > 0; 4t is strict at h=2pg—1 foranyp+q=mn,p>q>1.

These are elementary. We sketch mostly geometric proofs of them.

Sketch proof. The functions g, , are thought of as staircases as indicated by the red segments
in Figure [1.1} The height of a step is usually 2, except 4 right after homological degrees
2pq. Thus to check the equality in , it suffices to note that the two sets {2pq: p+q =
n,p>q>0}and {2pg: p+q=mn—2,p > g > 0} are identical up to a shift of 2n — 2, and
that ¢,,(2n — 2) = ¢y—2,—2(0) + 6n — 8.
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The function g,,+1,, is thought of as a shift of ¢,, by {n — 1} with all but the first big step
flattened (by decreasing the height by 2 at 2pg+ 1, p > ¢ > 0), plus |n/2] short small steps
as tail, see Figure [1.2] This description immediately gives (L.13d)(L.13¢)(1.13f). Together
with , this also proves (we can apply the truncation in the end because the
tail of gy, 41, is one longer than that of ¢,—1,-2). Since 2n —1=2(n—1) -1+ 1, is
strict at h = 2n — 1.

Finally, (1.13d)) is more contrived, so we first calculate algebraically. At h = 0, ((1.13d]) is an
equality. For 0 < h < hypoe(Th—1,n-1), choose p+q¢=mn,p>¢g>0and p'+¢ =n—1,p >
¢ >0 with h € (2(p+1)(g —1),2pq] N (2(p' + 1)(¢' — 1),2p'¢']. Then

h h
Go-1n1(h)+2n—3—gun(h) = (n—1)*+2 [ﬂ — 20 +2n—3—n*-2 kw +2p = 2(¢'—q).
(1.14)
Ifh#20"+1)(¢ —1)+1orq¢ =1, (L.14) gives ¢gon_1{n —1}(h) = gn-1,n-1(h) +2n —3 >

Gnn(h)since ¢ > q. T h=2(p'+1)(¢ —1)+ 1 and ¢’ # 1, (1.14) gives gnn—1{n — 1}(h) =
In-1n-1(h) +2n —5 = g, »n(h) since ¢’ > q.

To prove for hmaz(Tn—1n-1) < h < himae(Thn—1), we note that in this range ¢, ,—1{n—
1} is a tail of short small steps while g, , is a combination of long small and long big steps.
Thus follows from its validity at h = hpae(Th—1,,-1), unless g, , has a big step right
after h = Nypay(Th—1,,—1). In this exceptional case, hyaz(Th—1,,—1) = 2pgq for some p+q = n,
p > ¢ > 0. This implies ¢ > ¢ in , SO is strict at h = hyae(Th—1,-1), and
also follows.

Finally we prove the addendum about the strictness of (1.13d). For 0 < h < hyaa(Th-1.n-1),

he2p+1)(g—1),2pg N2 +1)(¢' —1),20'¢], (1.13d) is strict if and only if ¢/ > ¢+ 1
orqd =q+1and h#2(p'+1)(¢ — 1)+ 1. This is the case for h = 2pq if p > g > 0, and for
h=2pqg—1ifp>q>1.

Now assume h = 2pq,2pq — 1, h > hypae(Th—1,n—1). The case for h = 2pq is trivial because
Gnn—1{n —1}(2pq) = Gun-1{n —1}(2pg — 1) + 2 > gun(2pq — 1) + 2 = ¢un(2pq) + 2.

For h = 2pg — 1, we divide into three cases.

Case 1: If 2pg — 1 > max(2(p+1)(¢ — 1) + 1, hypaa(Tr—1,n—1) + 1), then

nn-1{n—1}(2pq — 1) = gpn-1{n —1}(2pq — 3) + 4 > ¢n(2pq — 3) + 4 = ¢u.n(2pg — 1) + 2.

Case 2: It 2pg—1=2(p+1)(¢g—1) + 1, then p = ¢+ 1, 80 Ayaz(Trno1) = 2¢* + ¢ is less
than 2pg — 1 unless ¢ = 1, which is excluded in our hypothesis.

Case 3: If 2pg — 1 = hypaa(Th—10-1) +1 > 2(p+1)(¢ — 1) + 1, then the strictness of ((1.13d
at 2pq — 1 is equivalent to that at hpe.(T,—1,,—1). The latter is true because ¢’ > ¢ in ((1.14]
unless ¢ = 1. O
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A
i=n+1
[ Dd s
D5
D3
[Di s
Dg,l =T .Dg,s =Ty . Dg5 =Te5 >n

Figure 1.5: Flowchart of applying (L.15) to Dg 5

Proof of Theorem|1.2.1. With the notation above, we need to prove t,, > ¢un, tht1n >
In+1n, and the two addenda to (1)(2).

We induct on n. The base cases n = 1,2 are easily checked. Below we assume n > 3.
(1) The statements for T}, ,.

The long exact sequence (|1.8) gives
dy oy = min(ey (20— 2[{6n — T}, d; 1 {1}). (1.15)
Using Lemma [1.5.1} we thus have

tnn > min(t,_o,—a[2n — 2]{6n — 8}, dZ;bz_l{l}) =: min(A4, B),

where A > g,—2.,-2[2n — 2]{6n — 8} > ¢, by induction hypothesis and (|1.13a]). Inductively
applying (|1.15) (cf. Figure we obtain

B > min (n_n@igzotm,m_l [Z'(% - 2)} {Z'(& —8) +n— 1} ,

m>2

min o (320 2)] {608 40—} ). (1.16)

Here and henceforth, each Y is a sum over i € (m,n] with the same parity as m,n. By
induction hypothesis and (|1.13al), each term in the second minimum in ({1.16)) is bounded
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below by

G [Z'(m _ 2)] {Z'(m —8)+n— m} > gundn —m} > gone

Similarly, by induction hypothesis and ((1.13b))(|1.13d])(1.13f]), each term in the first minimum
in (1.16]) is bounded below by

Gt [Z'(zi 4+ 27’] {Z'(m C12) 4 dr - 1}

> Gnn—1[2r[{4r +n — 1} > min(gnn—1{n — 1}, tail) > g,

where tail is the function defined on [Ames(Thn—1), Pmaz(Thnn—1)+ 27| which consists of short
small steps (in the sense of the proof of Lemma [1.5.3) and agrees with g, ,—1{n — 1} at
h = hmax(Tn,n—l)‘

Now it remains to prove the statement about the saddle cobordism. The relevant induced
map « fits in the long exact sequence (|1.8])

N Khh—l,q—l<Ds;L2_1) iKhh—2n+2,q—6n+7(Tn72’n72 L)
& Kh(T, ) — K™Y (D2 ) — - (1.17)

n,n—1

for h = 2pq > 0, ¢ = gun(h). The map o would be an isomorphism if Kh=1a=1(D" 2 ) =

n,n—1

KhM=1(D"2 ) = 0, or equivalently, using the notation above, that B(h — 1), B(h) > q(=

n,n—1

Qn,n(h) = Qn,n<h —1)).

We re-examine the estimate B > ¢, above. The contribution from the second term in
is always strict. The contribution from the first term is strict for h, and is strict
for h — 1 if ¢ > 1, because is strict for such homological degrees by the second
addendum of Lemma If ¢ = 1, however, the inequality is strict at h — 1 = 2n — 3
for r > 0 (as the left-hand side is +00), but not for » = 0. In this exceptional case, the
addendum in the induction hypothesis for T;,,_; states that the relevant homology group
Kh2n=8ann—12n=8)(T, 1) is torsion, thus so is every Kh*'—34nn1Gn=8%(Di ) in view
of (1.9). This group for i = n — 2 and the group KhO=3=2(T, ., 1U) = Z appear as
the first two terms in (|1.17)), which implies  in is zero, thus « is an isomorphism.

(2) The statements for T}, 11 ,.
The long exact sequence (|1.9) gives

d.,, > min(e}, . [2n — 1]{6n — 4}, d;, 1 {1}). (1.18)

n,n ’ Ynon

Using Lemma [1.5.1, we obtain

tnitn > min(t, 1, o[2n — 1]{6n —4},d",2{1}) =: min(4, B)

» Ynon
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where A > gn_1,-2[2n — 1{6n — 4} > Gui1.0[1{2} | 2n—1<h<hmas (Thirn) = Gnt1,n DY induction

hypothesis and , and
B> min  tpn, [Z'(% - 1)} {Z/(Gi —6)+n— 1} . (1.19)

n—m=2r>0

By induction hypothesis and (1.13a))(1.13c))(1.13¢]), the 7 = 0 term in the summation is
bounded below by ¢, .{n — 1} > ¢n+1.n, and each of the r > 0 terms is bounded below by

G | 20 = D[ {3761 = 6) +n =1} = gualrl{2r + 1 = 1Hnzans

> Gn+ 10727 Hon—1<h<humas (Ton)+r = Ant1n-

It remains to show KA ~Lantra@n=U(T, . ) is torsion. This group sits in the long exact
sequence ([1.9))

e Kh?n—lqn+1,n(2n—1)—1(DZ;Q) N Khoy(Infl,an(O)(Tn_l n_2)

_)Kh2n—1,qn+1,n(2n—1) (Tn+1 n) N Kth_l’q"Jrl’"@n_l)_l(DZ;f) ...

Thus it suffices to show, upon tensoring Q, that ~ is surjective and K h?1~ansinGn=1)=1(Hr=2) —
0.

By Lemmam 7 is induced by a saddle cobordism DZ;ZQ — T—1pn—2. Let 0: K hOan—1n—20)+2(
To1n-2) — KR 2ane1nn=D)=1(Dr=2) e the map induced by the backward saddle cobor-
dism. Then by the neck-cutting relation |Bar05 Section 11.2] we have v o 6 = 2X, where

X: Kpbtrn2QF2(p 0y o KOt ) (1.20)

is the map induced by the dotted cobordism on 7;,_; ,,—2. By Stosi¢ [Sto07, Theorem 3.4],
Kho* (T, 1n2) = Z for x = g, 1, 2(0) + 1+ 1 and 0 otherwise, and Kh'*(T,,_1, o) =

——1,%
0. Hence the reduced Khovanov homology of T}, ,—9 has Kh (T},_1,-2) = 0, and thus

——0,%
Kh (Th-1n—2) = Z for ¥ = ¢,_1,,-2(0) + 1 and 0 otherwise, in view of the long exact
sequence

—~—1,%—1 ——1,%+1

——0,%+1 0.% ——0,%—1
-— Kh — Kh — Kh™" = Kh — Kh —>

applied to T},_1 ,—2. Consequently, (1.20]) is an isomorphism. This proves the surjectivity of
7 Q.

Next we show K2~ Hans1nGn=D=1(Dr2) @ Q = 0. Let d’,, o, denote the quantum infimum
function for Kh(D},,,) ® Q. The above estimates apply equally well with d,,, replaced
by dfl’m@. We now need to show the inequality dﬁ;ﬁQ{l} > Qn+1,n 1S strict at homological

degree 2n — 1. We re-examine the estimate for B above. The contribution from the r = 0
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term in is strict at 2n — 1, because is strict at 2n — 1 by the first addendum
of Lemma [1.5.3] The r > 2 terms are also strict because the left-hand sides are +oo.
For the » = 1 term, the contribution is not necessarily strict, but it would be if we could
improve the contribution coming from the first term in at homological degree 2n — 1
by an extra positive quantum shift, for each 7. Upon tensoring Q, we can indeed make
this improvement, by showing that the relevant maps Kh?'~24n-2n-2(0/F=26n=5(i~1) @
Q — KpOan-2n20F=2(Fi~1) @ Q in (LI®Q are surjective. Note that for i = n — 1
this map is exactly v ® Q, whose surjectivity has just been shown. The i < n — 1 cases
follow from exactly the same argument, using the fact that, by an induction on ¢ using
(L9), Kho*(Di 5, 5) ® Q = Q for * = g_9,2(0) +i+ 1+ 1 and 0 otherwise, and
Kh'*(D;}, 5, 5) = 0 (the base case for D} 5 = Tn 2, o follows again from [Sto07,

n—2n—

Theorem 3.4]). O

Remark 1.5.4. The argument above carries through with Q replaced by any F,, p # 2. This
shows the order of every element in K A"~ bnr1a(Cn=1(T ,\ Y is a power of 2.

1.6 Expectations

We make some comments and observations mostly related to Theorem [1.2.1} First, we
remark that the statements in Theorem [1.2.1] are almost designed minimally so that the
m = n case of Theorem can be proved. One may try to prove more about Kh(T'(n,n))
and Kh(T(n+1,n)) of independent interest using the same induction scheme. For example,
it seems true that the bound g, , is sharp not only for h = 2pq, but for any even h; not
only Kh?"—1ant1aCn=1)(T(n 41 n)) but also any K h?+1an+10(2pa+1) (T (n 41, n)) is torsion,
which equals 0 if n is odd. Moreover, one can similarly expect to obtain a “graphical upper
bound” for Kh(T(n,n)) and Kh(T(n+ 1,n)). This might lead to a proof of Corollary
(over any coefficient field) without resorting to Theorem . One may also try to prove
similar results on Khovanov homology of more general torus links T'(n, m).

By pushing the representation theory techniques further, one may try to prove a version of

Theorem for more general coefficient fields.

In the rest of the section, we turn to some speculation on the rational Khovanov homology
of T(n,n), T(n+ 1,n), and some more general cable knots and links.

1.6.1 Rational Khovanov homology of T'(n,n)
Let D}, ,, and E;, . be defined as in Section .

Conjecture 1.6.1. The saddle cobordism D;,, | — D1 | at the crossing of D! n_1 CoTTE-

n— n

sponding to the last letter o; induces a surjection in rational Khovanov homology.



CHAPTER 1. LEE FILTRATION STRUCTURE OF TORUS LINKS 30

Equivalently, the conjecture states that the exact triangle

t2n7296n77Kh<EqZ‘m,—r}—1) ? Kh(D;,n—O
qlKh<DZr}fl)

splits over QQ into a short exact sequence

0— "¢ TKWE, | ;Q) = Kh(D},, ;Q) = ¢'Kh(Dj | ;;Q) — 0.

An affirmative answer to Conjecture would enable one to express the rational Khovanov
homology of the torus links 7'(n,n) entirely in terms of those of the torus knots T'(n' 41, n').
Explicitly, let K,(t,q) denote the Poincaré polynomial of the Khovanov homology of T'(n +
1,n) and L, (t,q) denote that of T'(n,n), then Conjecture is equivalent to the following.

Conjecture 1.6.2. The Poincaré polynomials of Kh(T (n,n)) are recursively defined by
Lo=1, Iy =q ' +q,

L2t
L, :t2n72(q6n78 + q6n76)Ln,2 + Z Cifltm(niz)q&(nil)Ln72i
=1

1252 "9 L
+ Z <( ; ) _ (Z B 1)) 152Z(n—z)q6z(n—z)—0—n—22—1[(n_%_l7 n>2.
=0

Here C,, = #1(2:) is the n** Catalan number.

On the other hand, Shumakovitch and Turner have the following conjecture.

Conjecture 1.6.3 ([GOR13, Conjecture 1.8]). The Poincaré polynomials of Kh(T (n,n—
1)) are recursively defined by

K =Ky=q'+q Ks=q+¢ +1¢ +8¢,
Kn — q2n—4Kn_1 + t2n—4q6n—12Kn_2 4 th_qun_16Kn—37 n Z 4.
Conjecture and Conjecture together establish a recursive formula for the rational
Khovanov homology of T'(n,n).

With the help of the computer program KnotJob [Sch|, we have verified Conjecture for
the cases n < 8. The integral version of the conjecture is not true, and the first counterex-
ample is found at n =7, ¢+ = 6. We also verified Conjecture for n < 8.



CHAPTER 1. LEE FILTRATION STRUCTURE OF TORUS LINKS 31

One can also consider the (rational) annular Khovanov homology version of Conjecture|1.6.1}
With the help of the program implemented in [Hun+15|, we are able to verify the cases n < 4
for the annular version. Due to the existence of a spectral sequence from annular Khovanov
homology to the usual Khovanov homology, an affirmative answer to the annular version
implies the version as stated. We remark that, however, the recursion in Conjecture [1.6.3
does not hold in the annular version.

1.6.2 Invariant rational Khovanov homology of some cables

Corollary implies that Kh(T(n,n); Q) can be recovered from Kh(T(n',n); Q)% for
various n’. It is thus reasonable to study the latter group. Instead of reformulating Con-
jecture for the S,-invariants, we propose the following alternative conjectures which
imply both Conjecture and Conjecture [1.6.3]

To start, as in the setup of Corollary , let K C S? be a framed oriented knot and let
K (n) denote its n-cable, or more precisely its (n, 0)-cable, taken with respect to its framing.
Let K(n,—1) denote its (n, —1)-cable. Let f € Z denote the framing coefficient of K. Paul
Wedrich informed us of the following result, which follows from evaluating the computation
in [GW23|, Theorem 5.1] using a cabling functor coming from [GW23, Corollary 6.4] with
N =2.

Theorem 1.6.4 (|[GW23, Theorem 5.1, Corollary 6.4]). There is an exact triangle

RIO DG K (K (0~ 2): Q)% > Kh(K (n): Q)

‘k / (1.21)

" *Kh(K(n,—1);Q) ,

where the horizontal arrow is the dotted annulus creation map post-composed with sym-
metrization.

Note that ((1.21)) is independent of the orientation of K.

Remark 1.6.5. In the same spirit as Remark Theorem [1.6.4] can also be stated for a
link KU L where cables are taken along the knot component K.

Conjecture 1.6.6. (1) For any (unframed, unoriented) knot K C S3, there exist integers
Ni(K) so that splits if K is equipped with a framing f with f ¢ (N_(K), Ny (K)).
More precisely, for f > Ny(K), the map starting from the bottom row is zero; for
f < N_(K), the horizontal map is zero.

(2) For the unknot U, one can take N.(U) =0 and N_(U) = —1 in (1).
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Using (|1.7)), one can show that Conjecture is equivalent to the claim in Conjecture[L.6.6]
about the 1-framed unknot. Conjecture [1.6.3|is a consequence of Conjecture for the
(£1)-framed unknots.

Conjecture for 2-cables should be easy to establish. Using KnotJob [Sch|, we have
verified Conjecture for various cables of the unknot, as well as some 3-cables of the
trefoil knots.
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Chapter 2

Skein lasagna modules and variants

Skein lasagna modules are smooth 4-manifold invariants introduced by Morrison—Walker—
Wedrich [MWW?22]. Roughly speaking, for a functorial link homology theory in S? satisfying
some additional mild properties, the skein lasagna module construction associates a module
for each oriented smooth 4-manifold, which can be thought of as an upgrade of the input
link homology theory. In this chapter, we review the general construction in [MWW22] of
skein lasagna modules and some of their formal properties, as well as present some natural
variants of the construction, including skein lasagna modules with 1-dimensional inputs. We
also compute these variants of skein lasagna modules for all 4-manifolds, for the universal
trivial link homology theory. Then, we specialize to the case of Khovanov and Lee skein
lasagna modules, the main tools of Chapter |3| and present some background results. See
also [Wed25| for a recent survey.

2.1 Link homology theories

We abstract the allowed types of link homology theory for the purpose of constructing skein
lasagna modules. See also [MWW22; MWW24].

Define the cobordism category of admissible links in R?, denoted Linksgs, to be the category
with objects given by (framed, oriented) admissible links in R®, and morphisms given by
(framed, oriented) cobordisms in I x R3 up to isotopy rel boundary. Here, admissibility can
be any suitable condition imposed on the space of all links, so that each link type has an
admissible representative; for instance, for the purpose of defining Khovanov-Rozansky gl
homologies, one can take links with a generic projection onto the xy-coordinate plane to be
admissible. Endow Linksgs with a monoidal structure with the monoidal unit given by the
empty link () and the monoidal product given by disjoint unions of links, concretely realized
by rescaling the y-coordinates and juxtaposition. The higher structural maps are also given
by rescaling the y-coordinates. The admissibility condition is assumed to be closed under
disjoint unions. From now on in this thesis, we always work with framed oriented links and
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cobordisms between them respecting these structures, where the framing means a normal
1-framing, although one can equally consider other settings.

A link homology theory in R? is a lax monoidal functor
7 Linksgs — D,

where D = (D, 1p, ®) is a symmetric monoidal additive (R-)linear category, for some com-
mutative ring R. Here, the lax monoidality condition means Z comes with a morphism
1p = Z(0) and morphisms Z(L,) ® Z(Ls) — Z(L1 U Lo) that are natural in Ly, Ly, with
some higher structural maps satisfying the natural unitality and associativity axioms. Note
that the isomorphism type of Z(L) for an admissible link L is invariant under isotoping L
(not necessarily through admissible links), so one may talk about the “homology” (i.e. value
under Z) of a link type rather than a concrete admissible link.

For us, D will usually be the category of (graded and/or filtered) R-modules. Our conven-
tion for (Z-)filtered R-modules is that the zero element has —oo filtration degree, and we
allow nonzero elements to have filtration degree —oo so that the category is cocomplete.
Occasionally, we consider the case when D = K°(R) is the bounded homotopy category of
R-modules. In many examples relevant to us, Z will be strictly monoidal, in the sense that
the structural maps 1p — Z(0), Z(L1) ® Z(L2) — Z(L1 U Ly) are isomorphisms. This is
the case, for example, for the Khovanov-Rozansky gl chain complex or its deformations,
or the Khovanov-Rozansky gl, homology over a field R = or its deformations.

For the purpose of defining skein lasagna modules, we will need link homology theories with
less strict ambient spaces. Let Linksy denote the category whose objects are pairs (S, L),
where S is an oriented 3-manifold diffeomorphic to a finite disjoint union of 3-spheres and
L C S is a (framed, oriented) link, and whose morphisms from (Sp, Lg) to (Si, Ly) are
cobordisms (W, X)) from (Sy, Lo) to (S1, L1), considered up to diffeomorphisms rel boundary
of the pair, such that when capping off Sy by 4-balls, W becomes a disjoint union of 4-
balls. The identity morphism at (S, L) € Linksg is (I x S, I x L), and morphisms in Links
compose as cobordisms. The category Links, is monoidal under taking disjoint unions, with
monoidal unit (0, 0).

Definition 2.1.1. A lasagna (3, 1,0)-link homology theory is a lax monoidal functor Z: Linksy —
D for some monoidal category D.

Although this will always be the case for us, we do not require D to be additive or linear in
Definition [2.1.1, More importantly, we do not require Z to be strictly monoidal, in contrast
to the situation in Proposition below.

Morrison—-Walker—Wedrich [MW W22, Section 4] carefully established the following “concrete-
to-abstract upgrade” result.
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Proposition 2.1.2. If Z: Linksgs — D is a link homology theory in R3 that satisfies
the following additional conditions, then Z can be upgraded to a strictly monoidal lasagna
(3,1,0)-link homology theory Z: Linksy, — D.

(a) For any admissible link L, the isotopy from L to itself given by sweeping a strand on L
around the 2-sphere at infinity induces the identity map on Z(L).

(b) For any admissible link L, the isotopy from L to itself given by a 2mw-rotation in R3
induces the identity map on Z(L). O

As we will carry out a much more involved analogue of this “upgrade” in Chapter 4] when we
discuss skein lasagna modules with 1-dimensional inputs, we only give an incomplete sketch

proof of Proposition here, following [MWW22].

Sketch proof. Call a link L C S® = R? U {oo} admissible if it is an admissible link in R?.
Condition (a) is equivalent to saying that Z descends to a functor from the cobordism
category of admissible links in S3. For a link L in an oriented 3-manifold S diffeomorphic
to S3, an L-admissible parametrization ¢ of S is an orientation-preserving parametrization

¢: S = 5% so that ¢(L) is admissible.

We “define” Z(S, L) to be Z(¢(L)). Since Diff " (S3) is connected, any two such parametriza-
tions ¢g, ¢; are connected by a smooth path of parametrizations ¢, t € I. One uses ¢;(L)
to identify Z(¢o(L)) and Z(¢p1(L)). The identification depends on the homotopy class of
the path (¢;), and there is a priori Z/2 ambiguity coming from 7 (Diff " (S%)) = Z/2. But
this ambiguity is killed by (b). Formally, if we let I(.S, L) denote the indiscrete category
of L-admissible parametrizations of S, then Z(¢(L)) is defined as the limit of the functor
I(S,L) — D sending ¢ to Z(¢(L)).

For a link L in an oriented 3-manifold S = U™ | S; where each S; is diffeomorphic to S?, we

define Z(S, L) to be ®™,Z(S;, LN S;).

Finally, we assign a map Z(W,¥) = Z([(W, ¥)]) functorially to a morphism represented by
(W, %): (So, Lo) — (S1,L1). Assume S is diffeomorphic to a single 3-sphere; in general,
take a tensor product over connected components of S; (equivalently, of ). Delete a small
4-ball By in W away from ¥, pick a collection of arcs v in W\int(By) away from X, one for
each component of Sy, that connects 0By to components of Sy. Then, the outer boundary
of a tubular neighborhood v(By U~ U Sy) of By U~ U Sy, denoted S, is diffeomorphic to
a 3-sphere, whose intersection with ¥, denoted Ly, is the disjoint union of parts of Ly on
various components of Sy. The exterior of v(By U~ U Sy) in W is diffeomorphic to I x S3,
in which ¥ is a cobordism from Lg to L;. We define Z(W, X)) to be the composition

Z(So.Lo)= Q)  Z(Soi,LoN Sos) = Z(S§, L) = Z(S1, L),
[So,i]Eﬂ'o(So)
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where the middle map is defined via the structural maps coming from lax monoidality, and
the last map is defined by picking a parametrization of W\v(By Uy U Sp) = I x S and
applying the functoriality of Z in concretely parametrized 3-spheres. One checks that this
map is independent of the choices made, again using (a) and (b). One also checks this
assignment is functorial. m

A birth morphism (unique up to isomorphism) in Linksg is a morphism of the form (B, 0): (0,0) —
(S,0) where B is diffeomorphic to a 4-ball. A pants morphism in Links, is a morphism of

the form (P,X): (So U Si, Lo U Ly) — (So#S1, Lo U Ly) where Sy, S each have a single
component, Ly C Sy, L; C S, such that there is an arc v C P connecting Sy to S; disjoint
from Lo U L; so that (P,Y) is a slight thickening of (So U~y U Sy, Lo U L1). We shall say

a lasagna (3,1, 0)-link homology theory Z is multiplicative if the birth morphism and any
pants morphism induce an isomorphism on Z. This is not to be confused with the strict
monoidality of Z under disjoint unions as in the conclusion of Proposition [2.1.2]

If Z is a lasagna (3, 1,0)-link homology theory induced from a link homology theory Z in
R3 verifying the conditions in Proposition then Z(B, () for the birth morphism and
Z(P, %) for pants morphisms are defined via the structure maps for the lax monoidality of
Z as a link homology theory in R3.

It follows from the construction in Proposition that

Lemma 2.1.3. In the setup of Proposition Z (as a lasagna (3,1,0)-link homology
theory) is multiplicative if and only if Z (as a link homology theory in R?) is strictly monoidal.
O

Remark 2.1.4. One may use an operad-theoretic way to redefine the notion of a strictly
monoidal lasagna (3,1, 0)-link homology theory; see [MWW22, Section 5.1].

2.2 Skein lasagna modules

In this section, we fix a lasagna (3,1, 0)-link homology theory Z whose target category D
is cocompleteE], and define the Z-input skein lasagna modules. These are skein-theoretic
invariants defined for every pair (X, L), where X is a smooth oriented 4-manifold, possibly
noncompact and /or with boundary, and L C 90X is a (possibly empty) link on its boundary.
The definition we present is partly motivated by a conversation with Sungkyung Kang.

Let (X, L) be a pair as above. For the purpose of defining skein lasagna modules with 0-
dimensional inputs, or simply skein lasagna modules, a skein in X rel L is a pair (B, X),
sometimes abbreviated as X, where B C int(X) is a finite disjoint union of embedded 4-balls
in X, and 3 C X \int(B) is a properly smoothly embedded framed compact oriented surface

1So, D is not allowed to be K°(R) here.
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with X|sx = L. The components of B are called the input balls of the skein ¥, and the
restriction of —0%|gp to various components of 0B are called the input links of 3. Here, the
negative sign denotes orientation-reversal.

Definition 2.2.1. The category of skeins in X rel L is the poset category C(X;L) =
Co.>0(X; L) whose objects are skeins in X rel L, and whose morphisms are (B, Y) — (B, ¥')
for BC B, ¥ = X\int(B’).

A lasagna (3,1, 0)-link homology theory Z induces a functor, still denoted
Z:C(X;L) — D,

by
Z(B,Y) = Z(2) = Z(0B, —0%|s5) (2.1)

on objects and
Z((B,Y) = (B,X)) = Z(B'\int(B),~> N B’

on morphismg?
Definition 2.2.2. The Z-input skein lasagna module of (X, L) is
SZ(X; L) :=colim(Z: C(X; L) — D). (2.2)

The Z-input skein lasagna module of X is SZ(X) := S¢(X;0).

More explicitly, when D is the category of R-modules (perhaps graded or filtered), which is
the only case we will be considering in the rest of this thesis when it comes to skein lasagna
modules (as opposed to lasagna link homology theories), we have

SZ(X;L) = R{(X,v): ¥ is a skein in X rel L, v € Z(£)}/ ~

where ~ is the equivalence relation generated by R-linearity in v and (X, v) ~ (X', Z(e)(v))
for every morphism e: 3 — 3’ in C(X;L). Here Re denotes the R-linear span of a set e.
The pair (X, v) is called a (Z-input) lasagna filling of X rel L, and v is called the decoration
on the input links of ¥. If the lasagna (3,1, 0)-link homology theory Z is strictly monoidal,
v can be decomposed into a linear combination of tensor products of decorations on the
individual input links of .

It is instructive to see why our definition implies that if (B,¥) and (B’,Y’) are isotopic
skeins, via an isotopy that carries a decoration v to a decoration v’ then the lasagna fillings
(33, v) and (X',v") define the same class in the skein lasagna module, a feature apparent in
the more classical definitions of skein modules.

2To avoid B touching B’ on its boundary, one should shrink B slightly in order to define the assignment
on morphisms.
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Remark 2.2.3. One can consider various levels of “strictness” for defining the category of
skeins C(X; L). Our definition is the strictest possible, while the definition presented in
[RW24] Section 2.1] is more lax. The choice of strictness does not affect the resulting skein
lasagna modules, as can be seen from a compactness argument. The definition presented here
admits a cleaner comparison to the 1-input-ball version of skein lasagna modules presented

in Section P.4.11

2.3 Properties of skein lasagna modules

We present some properties of the skein lasagna modules, partly following Manolescu—
Neithalath [MN22]. Although their paper dealt with the case where the link homology
theory Z is the Khovanov-Rozansky gl homology, most proofs remain valid in a more gen-
eral setup. For simplicity, in this section, we assume the target category of Z is the category
of R-modules (possibly graded and/or filtered), so we can talk about lasagna fillings. Many
results we discuss should hold in a more general setting.

2.3.1 Gluing formulas

We mention some results for special types of gluings before presenting the general construc-
tion.

Proposition 2.3.1 (3,4-handle attachments, [MN22, Proposition 2.1]). If (X', L) is
obtained from (X, L) by attaching a 3-handle (resp. 4-handle) away from L, then there is a
natural surjection (resp. isomorphism) SZ(X; L) — SZ(X'; L). O

Proposition 2.3.2 (Sum formulas, [MN22, Theorem 1.4, Corollary 7.3]). Let (X3, L;)
and (Xo, Ly) be two pairs, (X1 % Xo, L1 U Ly) be their boundary connected sum or connected
sum, where x € {ti, #} and where the operation is performed along any chosen components
or boundary components of X1 and X5 away from L, and Ly. There are natural maps

SE(X1; L) @ SZ(Xy; Ly) — SE (X1 U Xo; Ly U Ly) — SZ(Xy % Xo; Ly U Ly),

where the first map is an isomorphism if Z is strictly monoidal, and the second map is an
isomorphism if Z is multiplicative.

Proof. The second map is defined by a gluing construction explained later in the section.
The claim on the isomorphism follows from [MN22, Theorem 1.4, Corollary 7.3].

If (X;, v;) are lasagna fillings of X; rel L;, i = 1,2, then (3, U, p(v; ®1vs)) is a lasagna filling
of X U X, rel Ly U Ly, where p denotes a structure map for the lax monoidality of Z. The
first map in the statement is defined by sending [(X1, v1)]|® [(X2, v2)] to [(X1LXs, p(v1 @v2))].
When Z is strictly monoidal, the functor C(X; U Xo; Ly U Ly) — D whose colimit defines
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SZ(X, U Xy; Ly U Ly) is a tensor product of the defining functors for SZ(X;; L;), i = 1,2, so
the map is an isomorphism. O

Remark 2.3.3. More generally, if D is a closed monoidal category, the first map in Proposi-
tion [2.3.2) exists and is an isomorphism when Z is strictly monoidal.

We now explain the setup for general gluing. Suppose (X, L) is a pair and ¥ C X is a
properly embedded oriented 3-manifold, with (possibly empty) transverse intersection with
L in some point set P C JY with framing and orientation. Then Y cuts (X, L) into a pair
(X', T"), where 0X’ = (0X\\0Y)U(YLU=Y), and 7" C 0X\\OY is a framed oriented tangle
with 07" = PU —P.

If Ty C Y is a framed oriented tangle with 0Ty = P, then T"U (T U —1Tp) is a framed oriented
link in 0X’. A lasagna filling of (X', 7" U (Ty U —Tp)) glues along Y to a lasagna filling of
(X, L) linearly, inducing a map

SEX T U(Thu —Ty)) — SE(X; L). (2.3)
Proposition 2.3.4. The gluing map

P SEXT U (Tyu—Th)) — SF(X; L)
ToCY
9To=P

1S @ surjection.

Proof. Every lasagna filling of (X, L) can be isotoped so that the input balls miss Y and the
skein intersects Y transversely in some tangle 7. ]

More generally, it is possible to write down a gluing formula to recover SZ(X; L) from
SZ(X';T" U (e U —e)) in terms of a coend. Since such a formula does not give too much
insight into explicit computations, we refrain from spelling it out.

We consider some specializations of gluings. When Y is separating, we may write (X', 7") =
(X1,T1) U (X2, Ty) where the boundary of X; (resp. Xs) contains Y (resp. —Y). Write
L, =T1UTyand Ly = =Ty UTs. A framed surface S C X, with 0S = L, is a lasagna filling
of (X3; Ls) (with empty input balls and input links, and decoration given by the image of
1 under the monoidal structure map R — Z(())), and plugging in its class in the second
tensorial summand of

SE(X1;L1) ® SZ(Xy; Ly) — SE(X'; Ly U Ly) — SE(X; L) (2.4)

defines a gluing map

SE(Xo;S): SE(X1; L) — SZ(X;L). (2.5)
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Here, the first map in (2.4) is defined by the monoidal structural maps of Z as explained in
the proof of Proposition [2.3.2

We specialize (2.5 further by assuming that Y is closed, Top = Ty = ), and S = (). Thus,
X = X Uy Xs is obtained from X; by gluing X5 to it along some boundary components of
X disjoint from L; = L. In this case, the inclusion i: X; < X induces a map

S7(i): S5 (X1; L) — Sy (X; L) (2.6)

One type of inclusion map not exactly included in (2.6]) is the following.

Proposition 2.3.5. Let (X, L) be a pair and X' be X with a union of some boundary
components or collar neighborhoods of boundary components not touching L removed. Then
the inclusion map X' C X induces an isomorphism SZ(X'; L) = SZ(X; L).

Proof. All skeins in X rel L and morphisms between them can be isotoped to be contained
in X' H

Corollary 2.3.6. The skein lasagna module SZ(X) is an invariant of int(X), the interior
of X. [

We discuss the natural maps in Proposition [2.3.1| and Proposition [2.3.2

The map in Proposition is defined using ([2.6)). For Proposition [2.3.2} the first map is

defined using the lax monoidality of Z; the second map for x = f is a special case of the
second map in (2.4) with Y = B3, and the second map for * = # is defined by first deleting
two 4-balls using the inverse of the map in Proposition [2.3.1] then using the second map in
[2.4) with Y = S3.

2.3.2 4D neck-cutting

The following 4-dimensional neck-cutting operation is often useful. For example, it is used
in the proof of Proposition concerning the second map being an isomorphism.

Lemma 2.3.7 (4-dimensional neck-cutting [MN22, Lemma 7.2]). Suppose Z is mul-
tiplicative. Let (X,v) be a Z-input lasagna filling of X rel L. Suppose By C int(X) is
a 4-ball not meeting the input balls of ¥, inside which ¥ is a neck: it is diffeomorphic
to [—-1,1] x K C [-1,1] x B® = By for some framed oriented link K C B?* under some
identification [—1,1] x B> = By. Then (3Z,v) is equivalent to a lasagna filling (X',0")
where ¥ = 3 outside By and ¥’ = ([-1,—-3/4] U [3/4,1]) x K with two extra input balls
([—3/4,—1/2) L [1/2,3/4]) x (1 — €)B? inside By, for some small € > 0.
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Proof. Let By := [—0.9,0.9] x (1 —¢/2)B® C By and By := ([—3/4,—1/2] U [1/2,3/4]) x
(1 —€)B?® C By, for some small € > 0 so that K C (1 — 2¢)B?. Let B denote the input balls
of ¥. Then there are morphisms e: (B, %) — (B U By, X\int(B;)) and f: (B U By, YY) =
(BU By, ¥\(=3/4,3/4) x (1 —€)B?) — (B U By, X\int(B;)) in C(X; L). Since f is induced
by a pants morphism, Z(f) is an isomorphism by the assumption on Z. Consequently (X, v)
is equivalent to (X', Z(f)"'Z(e)(v)), as desired. O

2.3.3 Recover the link homology theory

The skein lasagna modules SZ (e; ) upgrade the lasagna (3, 1, 0)-link homology theory Z in
the following sense.

Proposition 2.3.8. (1) Let (S,L) be an object in Linksy, and B be a disjoint union of
4-balls with OB = S. There is a natural isomorphism SZ (B; L) = Z(S, L).

(2) Let [(W,%)]: (So, Lo) — (S1, L1) be a morphism in Linksy, and By be a disjoint union
of 4-balls with 0By = Sy. Let By = BoUg, W, a disjoint union of 4-balls with 0B, = ;.
Under the natural isomorphisms in (1), the map Z(W,X) is given by the gluing map
SE(W;2): 8§ (Bo; Lo) = S§(Bi; L) as defined in (2.5)).

Proof. The statement on objects is proved in [MWW22, Example 5.6] and the statement on
morphisms is a simple exercise. [

2.3.4 Gradings

Every object 3 of C(X; L) represents a homology class in Ho(X, L), whose image under the
boundary homomorphism 0 in the long exact sequence

0= Ho(X) = Ho(X,L) S Hi(L) = Hi(X) — - -

is [L], the fundamental class of L. If [S]: ¥ — ¥’ is a morphism, then [X] = [¥'] € Hy(X, L).
This means SZ(X; L) admits a grading by HY(X) := 07!([L]), which we write as

SZ(X:L) = @SZXLa

a€HL(X)

We call the grading of SZ(X; L) by H¥(X) the skein grading, with more justification given in
Section Of course, HZ(X) is nonempty if and only if the image of [L] in H;(X) is zero,
i.e., L is null-homologous in X; in particular, SZ(X; L) is zero if L is not null-homologous.

Extra grading/filtration structures on the link homology theory Z usually induce grad-
ing/filtration structures on the skein lasagna module SZ. To make this precise, let’s say the
target category D of Z is the category of A-graded/filtered R-modules for some abelian group
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A, where the morphisms are all R-linear maps, not necessarily grading-preserving. We note
that the category Links is a Z-graded category, with the grading given on the morphisms
by |[[(W,%)]] := x(2). If the lasagna (3,1,0)-link homology theory Z: Linksy, — D is a
graded /filtered functor with respect to a homomorphism Z — A sending 1 to a € A, in the
sense that for every morphism [(W,X)], Z(W, X) is a graded/filtered R-linear map of degree
[[(W,%)]]a, then the skein lasagna module 87 (X; L) is an A-graded /filtered R-module, with

Z(%) in (2.1)) shifted by x(X)a.

The results discussed in Section and Section respect the extra grading/filtration
structures. With the exception of , all natural maps that appeared are grading/filtration-
preserving, and isomorphisms are as graded/filtered R-modules, while shifts the grad-
ing/filtration by x(X)a where a is as in the previous paragraph. The skein grading is also
respected in the natural sense; for instance, the self-gluing map respects the gluing

map Hy /U(TOH_TO)(X ") — HE(X) on the relative second homology.

2.3.5 The bordism set of skeins

The skein lasagna module 87 (X; L) decomposes as a direct sum over Qg >o(X; L) := m(C(X; L)),
the set of connected components of the category C(X; L) = Cp >o(X; L). We call Qg >0(X; L)
the bordism set of skeins in X rel L. In this section, we show that this decomposition is the

same as the skein grading by H¥(X) defined in Section [2.3.4}
Theorem 2.3.9. Taking homology defines a bijection

o)

Qo>0(X; L) = HE(X). (2.7)

By definition, ¢ >0(X; L) is the set of (properly embedded, compact, oriented) framed
surfaces ¥ in X outside finitely many open balls with 0%|sx = L (such X is called a skein
in X rel L) up to

(a) enclosing some small balls by some large balls and deleting the interior of the large balls,
or its inverse.

Although

(b) isotopies of ¥ rel boundary;

(c) isotopies of input balls in X (that drag ¥ along)

are not directly allowed in the imposed relations along morphisms, they can be recovered
from (a), as can be seen from a compactness argument.

In the context of studying skeins in X rel L, it is natural to consider the following cobordism
relation. We say two skeins ¥y, 37 in X rel L with input balls I_Iiint(Bi(O)), l_IZ-int(B(l)) are

i
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framed cobordant rel L if there is a properly embedded framed compact oriented 3-manifold
Y € (I x X)\v(I') for some tubular neighborhood v(I") of some 1-complex I' C I x int(X),
such that OY |gyxx = {k} x X, k = 0,1, and 9Y|rxox = I x L. It is understood that

v(D)N ({k} x X) = Ui{k} x mt(Bi(k)), k = 0,1, and that Y can have boundary on dv(I').

Lemma 2.3.10. Two skeins are equal in Qo >o(X; L) if and only if they are framed cobor-
dant.

Proof. One direction is clear: (a) is realized by taking the identity cobordism but gradually
enlarging the small deleted balls (with creations of new balls if necessary) so that they merge
with each other and become the large balls.

For the converse, after an isotopy we can decompose every framed cobordism of skeins in X
rel L into the following elementary moves:

(i) Proper isotopy of the surface and deleted balls rel 0.X;

(ii) Morse move away from deleted balls;

)

)
(iii) Pushing a Morse critical point into one deleted ball;
(iv) Deleting a local ball away from the surface, or its inverse;
)

(v) Choosing a path v between two deleted balls By, By disjoint from the surface and
replacing Bj, By by a small tubular neighborhood of B; U By U 7, or its inverse.

That these moves are sufficient can be proved by using (i)(iv)(v) to account for the topology
change of the 1-complex I' as one moves along the time direction (the I-direction), and
(1)(ii)(iii) to account for the topology change of the cobordism 3-manifold, assuming I" is
constant in time.

We see immediately that (i) is realized by (b) and (c), while (iii),(iv), and (v) are realized
by (a). Since a Morse move is local, we can use (a) twice to delete a local ball and reglue it
back to realize (ii). O

Proof of Theorem[2.3.9. First we show the map is surjective. Any class @ € H¥(X) can
be represented by an oriented embedded surface ¥ C X with 0¥ = L. The obstruction
to putting a framing on X lies in H?(3, L). Once we delete local 4-balls at points on each
component of ¥, this obstruction vanishes and we get a skein 3 with [X] = a.

Next we show the map is injective. Without loss of generality, assume X is connected.
Suppose two skeins Yy, 7 have the same homology class. By enclosing all input balls by
one large ball, we may assume Yg,%; € X° := X\int(B*) for some fixed ball B* in X.
Since [31] — [Eo] = 0 € Ho(I x X°, I x 0X), we can find a properly immersed compact
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oriented 3-manifold Y 9 I x X° that cobounds X, >;. By general position we may assume
that the self-intersection locus of Y is an embedded 1-manifold in I x X° with endpoints
on O(I x X°) and interior singularities of the immersion modeled on the Whitney umbrella
[Whi44]. Deleting a tubular neighborhood along the self intersection makes Y an embedded
cobordism between 3 and 3 in (I x X)\v(I') for some 1-complex I'. The obstruction to
putting a compatible framing on Y lies in H*(Y, 9Y |(arx xo)u(rxox)) = Hi(Y, dY |aury), which
can be made zero upon a further deletion of the tubular neighborhood of a 1-complex. This
yields a framed cobordism between ¢, ¥, showing that they are equal in Qg >¢(X; L) by
Lemma 2.3.101 ]

Remark 2.3.11. An alternative proof of Theorem [2.3.9 can be deduced from a relative and
noncompact version of [KMT12, Theorem 2] applied to (X°, L) together with the fact that
a framed link translation (as defined in their paper) can be undone in o >0(X;L) by a
neck-cutting and regluing (Lemma [2.3.7). However, for our purpose in Section [3.3} we need
a similar result for the space of a pair of skeins, which can be proved in the same way as we
demonstrated, but is inaccessible by directly applying [KMT12, Theorem 2].

2.4 Variants of skein lasagna modules

2.4.1 1 input ball version

In this section, we assume that X is connected.

In the definition of skeins, instead of allowing arbitrarily many input balls in X, we may
instead require that there is exactly one input ball, yielding an alternative definition of skein
lasagna modules. More formally, consider the full subcategory Links ; of Links, consisting
of (S, L) where S is diffeomorphic to S®. The corresponding category of skeins in X rel L,
denoted Cy1(X; L), is the full subcategory of Cy >o(X; L) consisting of skeins with exactly one
input ball. The restriction of a lasagna (3, 1,0)-link homology theory Z with a cocomplete
target to Linksg; induces a functor

Equivalently, (2.8)) is the restriction of Z: Cy>o(X; L) — D induced by Z.
Definition 2.4.1. The 1-ball Z-input skein lasagna module of (X; L) is

SZPN(X: L) 2= colim(Z: Cox(X: L) — D).

The inclusion Cy1(X; L) C Cyp>o(X; L) induces a forgetful map

SZN(X L) — SE(X; L). (2.9)
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Proposition 2.4.2. The forgetful map (2.9)) is surjective. It is an isomorphism when X is
simply-connected.

Proof. The map (2.9)) is surjective because every object in Cy>o(X; L) has a successor in
CO,l (X, L)

When X is simply-connected, we show that Cy1(X; L) is cofinal in Cy >o(X; L) in the sense
of [The25|, Tag 04E6], which implies is an isomorphism. Let x <+ y — 2’ be a diagram
in Cy >0 where x,2" € Cp1. We need to show that there is a zigzag in Cy; connecting = and
2/ under y. We shrink the input balls of z and 2’ to assume that they are each a tubular
neighborhood of a tree connecting the input balls of y. Thus, the union of the input balls of
x and 2’ is a tubular neighborhood of a graph connecting the input balls of y, which is by
assumption contained in a larger ball in X. Thus we may assume x = 2’ and the statement
is plain. O

However, when H;(X) # 0, is usually not an injection. In fact, a relative and non-
compact version of [KMT12, Theorem 2] or a relative version of [Tay12, Theorem 6.6] shows
that the relevant bordism set of skeins g1 (X; L) := m(Co 1 (X; L)) admits a surjection onto
HEI(X) = Qo 50(X; L) by taking homology, whose fiber over o € HZ(X) is a torsor over the
cokernel of the map o N 2a: Hy(X) — Hy(X), which is in general nontrivial. Thus, S
is often a strict refinement of SZ.

Example 2.4.3. Take Z = KhR,, the Khovanov-Rozansky gl, homology, in which case
we abbreviate S§" as S2. Let K C S® be an unframed, oriented knot. By neck-cutting
(Lemmal[2.3.7), unwinding and regluing, we see that the lasagna filling (K x S*,1) of S% x S*
(with any framing on K x S') is equivalent to some lasagna filling (7, 1) where T is a local
torus in S% x S'. Since every torus in B* evaluates to 2 in KhRy (see [Ras05| for a proof in
the K'h case, up to sign), (T, 1), and hence (K x S' 1), is equivalent to ((,2). However, the
neck-cutting relation no longer holds for So'™™! so (K x S',1) cannot be simplified there
in general. In fact, if the framing on K x S! has twists along the K factor, then K x S*
and () do not represent the same element in Qg;(S* x S'), so (K x S',1) is not equivalent

to (0,2) in S P(S3 x 1), as the latter represents a class that is nonzero in the quotient
S2(S? x ST [MWW23|, Corollary 4.2].

As noted in Example[2.4.3] in the 1-ball theory, we cannot perform a neck-cutting to separate
a surface locally of the form (—1,1)x L for some link L C B3. Since the proof of the connected
and boundary sum formulas (Proposition requires a neck-cutting, we also lose them
for S7'™. Thus, the computation of the refinement SZ'™"*" could be more challenging
than SZ.
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2.4.2 1-dimensional input versions

Embedded 4-balls in a 4-manifold X are essentially O-dimensional; they are tubular neigh-
borhoods of points in X. Deleting 4-balls from X does not destroy the smooth topology of
X, as there is a unique way to refill the balls since Diff*(S%) is connected [Cer68|. Hence,
allowing skeins to live in the complement of balls in X does not lose information about
the diffeomorphism type of X, giving some justification of the definition of skein lasagna
modules.

In this respect, it is natural to allow the “input balls” of skeins to take up more space in
X, namely allowing them to be tubular neighborhoods of embedded finite graphs (or, 1-
dimensional CW complexes) in X: One can show Diff " (57(S! x B?)) & Dift*(#7(S! x 52))
is surjective on 7, hence there is a unique way to refill these neighborhoods in. This leads
to a version of skein lasagna modules with 1-dimensional inputs, whose definition is justified
in that the construction does not destroy the topology of the 4-manifold in an obvious way.
The rest of this section is bookkeeping mimicking the discussions for the usual skein lasagna
modules. This discussion remains vacuous until we construct an interesting example of a
lasagna (3,1, 1)-link homology theory in Chapter [

A 4-dimensional 1-handlebody is a compact oriented 4-manifold admitting a handle decom-
position with only 0, 1-handles. Equivalently, it is an oriented manifold diffeomorphic to
Lk gmi(ST x B3) for some k > 0, my, -+ ,my, > 0. A 4-dimensional relative 1-handlebody
complement W is an oriented 4-dimensional cobordism, i.e. an oriented 4-manifold whose
boundary comes with a partition OW = (—0_W) U 0, W, such that W =, X;\int(X,) for
some 4-dimensional 1-handlebodies Xy, X; with Xy C int(X;), so that the diffeomorphism
¢ (usually dropped from the notation) restricts to 0_W = 0Xy, 0. W = 0.X;.

If W is a 4-dimensional relative 1-handlebody complement, then X, X; are uniquely deter-
mined by W up to diffeomorphisms. If W, W; are 4-dimensional relative 1-handlebody com-
plements and ¢: 04 Wy — O_W) is an orientation-preserving diffeomorphism, then Wy U, Wy
is also a 4-dimensional relative 1-handlebody complement; moreover, W; = X, \int(X;),
i=0,1, and WoUsW; = Xy\int(Xy), for some 4-dimensional 1-handlebodies Xy C X7 C Xo.

Let Links; denote the category whose objects are pairs (S, L), where S is an oriented 3-
manifold diffeomorphic to UF_ #™i (St x S?) for some k > 0, my,--- ,my, >0, and L C S
is a framed oriented link, and whose morphisms from (Sy, Lg) to (Si, L1) are cobordisms
(W, %) from (Sp, Lo) to (Si, L1), considered up to diffeomorphisms rel boundary of the pair,
such that W is a relative 1-handlebody complement from Sy to S; (as a cobordism). As in
the case of Linksy, identity morphisms and compositions in Links; are naturally defined,
and Links; is monoidal under taking disjoint unions.

A lasagna (3,1,1)-link homology theory is a lax monoidal functor Z: Links; — D for some
monoidal category D.
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A birth morphism in Links; is a birth morphism in LinksUEL and a pants morphism in
Links; is defined verbatim as in the case of Links, (although it does not have to be a
morphism in Linksy). A lasagna (3,1, 1)-link homology theory Z is multiplicative if the
birth morphism and any pants morphism induce an isomorphism on Z.

Let (X, L) be a pair as before, namely X is an oriented 4-manifold, and L C 0X is a framed
oriented link. A skein in X rel L with 1-dimensional inputs is a pair (B,Y), sometimes
abbreviated as 3, where B C int(X) is a 4-dimensional 1-handlebody, and ¥ C X \int(B)
is a properly smoothly embedded framed compact oriented surface with ¥|sx = L. The
manifold B is called the input manifold of the skein ¥, and the link —0¥|sp in 0B is called
the input link of 3.

The category of skeins in X rel L with 1-dimensional inputs is the poset category Cy >o(X; L)
whose objects are skeins in X rel L with 1-dimensional inputs, and whose morphisms are
containments as in Definition 2.2.11

A lasagna (3, 1, 1)-link homology theory Z: Links; — D induces a functor Z: C; >o(X; L) —
D as before, and when D is cocomplete, the Z-input skein lasagna module of (X, L) is

SE(X; L) := colim(Z: C1 >0(X; L) — D).

Our current discussion is vacuous in that we have not given an example of a lasagna (3,1, 1)-
link homology theory. A trivial example will be given in Section 2.5l Constructing an
interesting such example is the goal of Chapter [ For now, we remark on some properties
and variants of the 1-dimensional-input theory SZ(X; L).

2.4.2.1 Properties

The gluing map (2.3)) and its specializations are defined in exactly the same way for the
I-dimensional-input theory SZ, although Proposition may fail to hold. Most other
properties carry through.

Proposition 2.4.4. The statements on 3,4-handle attachments (Proposition M), sum
formulas (Proposition , and recovery of the lasagna link homology theory (Proposi-
tion all hold for the 1-dimensional-input skein lasagna module theory SZ. Here, for
the last statement on recovering Z, one should replace the appearance of 4-balls in Proposi-
tion with 4-dimensional 1-handlebodies.

Proof. These are proved in the same way as the 0-dimensional-input theory. We only remark
that to construct an inverse of the map SZ(X; U Xy; Ly U Ly) — SZ(X16Xy; Ly U Ly) when

3Tt is also natural to consider the variation where one regards all (B,0): (0,0) — (S,0) with B having
a single component to be birth morphisms. On the level of multiplicative lasagna (3,1, 1)-link homology
theories, this amounts to requiring that the empty link in S' x S? evaluates to the monoidal unit.
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Z is multiplicative, unlike in [MN22 Proof of Theorem 1.4], one may not be able to isotope
the input manifold of a lasagna filling to miss the gluing region. Instead, one directly deletes
a large ball around the gluing region, enclosing all of the skein (with the input manifolds)
within this region, and uses the multiplicativity assumption on Z to cut the neck. O]

The category Ci>o(X; L) is connected; hence, unlike the 0-dimensional-input case, we do
not get a nontrivial skein grading on SZ(X; L).

2.4.2.2 Variants

A lasagna (3,1,1)-link homology theory Z (with a cocomplete target) can be restricted
to various full subcategories of Links;, giving many variants of the Z-input skein lasagna
modules, as in Section [2.4.1} related to SZ via forgetful maps. For instance:

(1) Restricting to the full subcategory consisting of (.S, L) with L having 2-divisible homology
class, as will be a natural setup in Chapter , we obtain a theory SOZ 24V with a skein
grading HF(X;Z/2) on S7*™(X; L). Here, HX(X;Z/2) is the preimage of [L] under
the connecting homomorphism Hy (X, L;Z/2) — Hy(L;Z/2).

(2) Restricting to the full subcategory consisting of (S, L) with L null-homologous, we obtain
a theory SZ% with a skein grading HF(X) on SZ" V(X L);

(3) Restricting to the full subcategory Linksy, we get a lasagna (3,1,0)-link homology

theory Z|p, and we recover a theory SOZ 0" of skein lasagna modules with 0-dimensional
inputs.

(4) Restricting to the full subcategory Links;; consisting of (S, L) with S connected and

nonempty, we obtain a “l1-ball” version theory SOZ A-ball

: : Z,2-div,1-ball Z.0-div,1-ball
(5) Analogously, we obtain theories SZ* V1™l gpd 70 -ball

(6) Restricting to the full subcategory Links, ;, we obtain the 1-ball version theory SOZ lo-1-ball
for the theory (3).

These theories are related to one another by forgetful maps. More precisely, we have the
following.

Proposition 2.4.5. Suppose X is connected. The variants of SZ(X; L) considered above
are related to each other by forgetful maps which fit into the following commutative diagram:

SOZ|0,1—baH (X; L) — SOZ,O—dIV71—baH (X; L) N SOZ,Q—dIV,l—baH (X; L) — S()Z,l—ball(X; L)

l lg lg l% (2.10)

SHo(X: L) ——— 87"WV(X L) — 8§Z*W(X, L) —— SZ(X;L).



CHAPTER 2. SKEIN LASAGNA MODULES AND VARIANTS 49

If X is simply-connected, then the horizontal maps in (2.10) are surjective, and the first
vertical map is an tsomorphism.

Thus, unlike the 0-dimensional-input case, the “l-ball” versions ((4) and (5) above) of the
1-dimensional-input theory are not essentially new theories. When X is simply-connected,
we get four successive refinements of SZ(X; L) in (2.10)).

Proof. When X is simply-connected, every object in C; >¢(X; L) has a successor in Cy >o(X; L),
SO SOZ|°(X; L) — 8¢ (X; L) is surjective. Similarly, SOZlo(X; L) — SPFY(X; L) is surjective,
1 = 0,2, so the entire bottom row consists of surjective maps. The same argument applies
to the first row. The statements concerning the first vertical arrow are proved in Propo-
sition [2.4.2] and the statement concerning the other vertical arrows can be proved in an
analogous way, except that simple connectivity is no longer necessary for the cofinality of
C11(X; L) in Cy >0(X; L) and variants of this statement with the divisibility conditions. [

2.5 A universal trivial example

Before considering more interesting examples, we compute various versions of skein lasagna
modules for the universal trivial lasagna link homology theory where the target is symmetric
monoidal and additive.

For any monoidal categories C, D, the trivial functor from C to D is the functor that sends
every object to the monoidal unit 1p and every morphism to id;,. Let Ab denote the cat-
egory of abelian groups, the initial cocomplete symmetric monoidal additive category. The
universal trivial lasagna (3, 1, 1)-link homology theory (to a cocomplete symmetric monoidal
additive category) is given by H: Links; — Ab sending each object to Z and each mor-
phism to idz, and the universal trivial lasagna (3, 1, 0)-link homology theory is given by the
restriction H |y of H to Linksg, which is isomorphic to the theory induced by the Khovanov—
Rozansky gl; homology with grading information forgotten. See [MWW24| Section 3.2] for
an account of the gl; theory.

To exemplify, we compute the diagram ([2.10) for Z = H.
Proposition 2.5.1. For Z = H, (2.10) (for X connected) becomes
ZIQ1(X; L) — Z|HH(X)] —— Z|HE¥(X;Z2)2)] —— Z
Z[Hy (X)] —— Z[H3(X)] — Z[H3(X;Z/2)] — Z,

where Qo1(X; L) admits a natural map onto HY(X) whose fiber over a € HE(X) is a torsor
over coker(e N2«a: H3(X) — Hy(X)). Here, Z[S] denotes the abelian group freely generated
by elements in a set S.
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Proof. If Q4 >o(X; L) = m(C1,50(X; L)) denotes the bordism set of skeins in X rel L with
1-dimensional inputs, then there is a natural isomorphism

SHX; L) 2 Z[Q 50(X; L)) = Z{ea: @ € Q1 50(X; L)}

sending the class represented by a lasagna filling (X, 1) to ey, where [X] € € >o(X; L) is
the class represented by X. Similarly, to compute other variants of H-input skein lasagna
modules, it suffices to compute the corresponding bordism set of skeins. The statement
for Qo 1(X; L) follows from [KMT12 [Tay12] as observed in Section the statement for
Qo,>0(X; L) follows from Theorem [2.3.9] It remains to prove € >o(X; L) = * is a singleton,
OFSy = Hy(X;Z/2) and QIS5 (X5 L) = Hy (X).

We show any skein (B,Y) in X rel L with 1-dimensional inputs can be related to one that
is standard. By deleting extra balls, we may assume X has no closed components. Let
K = —0%|gp denote the input link of ¥. We may replace B by a tubular neighborhood
of K pushed slightly into B touching its boundary along K. Next, we may replace B by a
tubular neighborhood of ¥\ ((—2¢, 0] x L) and delete the part of ¥ inside it. Finally, we may
replace B by a tubular neighborhood of a slight push-in of L, and we have ¥ = [—¢,0] x L
is standard. This proves € >o(X; L) = *.

Taking homology gives a map ®: QF 9y (X; L) — Hy (X;Z/2). We show ® is an isomorphism
using an argument analogous to that in the proof of Theorem 2.3.9] We show @ is surjective.
For any o € HF(X;7/2), we may represent it by an unoriented immersed compact surface
Yo & X with 0%y = L, whose singularities are transverse double points. Delete a tubular
neighborhood, denoted B, of the union of the singularities of ¥y with a push-in copy of L
along ¥y and with some additional curves on ¥, so that ¥ := 3,\int(B) has no closed
components and is orientable. Orienting and framing 3 in a way compatible with L, we see
that (B,Y) is a skein in X rel L with 1-dimensional inputs that represents o € HX(X;7Z/2).
We show & is injective. Let (By, ¥g) and (Bj, ;) be skeins in X rel L with 1-dimensional
inputs with Z/2-null-homologous input links, that represent the same class in H¥(X;7/2).
We show that they are related to one another. We may assume By = B; = B. Find an
unoriented immersed compact 3-manifold Y in I x (X \int(B)) in general position cobounding
{0} x ¥g and {1} x 3;. We delete from I x (X\int(B)) the tubular neighborhood of a 2-
complex so that the complement of Y has no singularity and has an orientation and a framing
both compatible with Y, and ;. Putting the 2-complex in general position, we see that a
movie along the /-direction gives a sequence of skeins in X rel L with 1-dimensional inputs
with Z/2-null-homologous input links that relates ¥o to ¥y in C7 9y (X; L).

)
is an isomorphism. Alternatively, this follows from the fact that Qg >o(X; L) — Q¥dv(X;
is surjective as every object in C?:gB’(X : L) has a predecessor in Cy>o(X; L). ]

Using an analogous but simpler argument, one shows that the map Q?gia’ (X;L) — HE¥(X)
L)
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2.6 Khovanov and Lee skein lasagna modules

In the majority of the thesis, we will be employing the lasagna (3, 1, 0)-link homology theories
KhRy and KhRp. induced via Proposition [2.1.2|from the Khovanov-Rozansky gl, homology
and its Lee deformation, which are renormalizations of the usual Khovanov homology [Kho00]
and its Lee deformation |[Lee05|. In this section, we review some features of these link
homology theories, partly to establish renormalization conventions and notation. Then we
review some formal properties of the resulting Khovanov and Lee skein lasagna modules,
again partly following [MN22].

2.6.1 The link homology theories

We follow the convention in [MWW22|. Khovanov—Rozansky gl, homology is a renormal-
ization of the Khovanov-Rozansky sl homology defined in [KRO8| (and extended to Z-
coefficients in [Blal0]) that is sensitive to the framing of a link. Since conventionally most
computations have been done using the classical Khovanov homology [Kho00|, we write down
explicitly the renormalization differences between it and the gl, theory.

Let KhRy and Kh denote the Khovanov—Rozansky gl, homology and the usual Khovanov
homology, respectively. These theories are each Z2-graded, with the first grading the homo-
logical degree and the second grading the quantum degree. For a framed oriented admissible
link L C R3, they are related by [Bel+-23]

KhR;w](L) ~ Khh’quw(L)(—L), (211)

where —L is the reverse mirror of L, and w(L) is the writhe of L, defined as the linking
number between L and a slight pushoff of L in the framing direction. Admissibility of L
means that its projection to the first two coordinates is generic. When we want to emphasize
that we are working over a commutative ring R, write Kh(L; R) and KhRy(L; R) for the
corresponding homology theories.

A (possibly dotted) framed oriented cobordism S: Ly — L; in I x R?® induces a map
KhRy(S): KhRy(Lo) — KhRy(Ly) functorially in S, of bidegree (0, —x(S) + 2#(dots)),
which only depends on the isotopy class of S rel boundary [Blal0]. Here, a “dot” marks a
multiplication-by-X operation in the associated Frobenius algebra (see the paragraph be-
low). Let S: — Ly — —L; denote the mirror image of S. Then the identification (2.11])

is functorial in the sense that Kh(S): Kh(—Lo) — Kh(—L;) is equal to KhRy(S) under
(2.11]) up to sign.

Morrison—Walker—Wedrich [MWW22, Theorem 1.1] showed that the sweep-around move
induces the identity map on KhR,, so KhRy defines a link homology theory in S2. We will
note an alternative simple proof of this result in Section [2.6.4l Since the classical Khovanov
homology is only known to be functorial in R? up to sign [Jac04], KhRy can be thought of
as a sign fix and a functorial upgrade of Kh.
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Both the constructions of KhRy; and Kh depend on the input of the Frobenius algebra
V = Z[X]/(X?f}] with comultiplication and counit given by

Al=X®RI14+1X, AX=X®X, el =0, X =1.
Here X has quantum degree 2 in the KhR, case and —2 in the Kh case.

The Lee deformation of V over Q [Lee05| is the Frobenius algebra Vi.. = Q[X]/(X?* — 1)
with
Al=X@1+4180X, AX=X®@X+1®1, el =0, eX = 1.

Using V7. instead of V' defines the Khovanov-Rozansky gl, Lee homology and the classical
Lee homology, denoted KhRy.. and Khr.., respectively, which are related by an equation
analogous to . Since V.. is no longer graded but only filtered, the resulting homol-
ogy theories carry quantum filtration structures, instead of quantum gradings (although a
compatible quantum Z/4-grading is still present). We warn the reader that 0 € KhRp.. has
quantum filtration degree —oo while 0 € Khy., has quantum filtration degree +oo, since
the two filtrations go in different directions.

Either KhRy or KhRp.. changes only by a renormalization upon changing the orientation
of the link L. More precisely, if (L, 0) denotes the link L equipped with a possibly different
orientation o, then for e € {2, Lee},

ol =wL0)/2gtwle) w2 K R (L, 0) 2 KhR.(L). (2.12)
Here, t, ¢ indicate shifts in homological degree and quantum (filtration) degree, respectively.

It is sometimes more convenient to change from the basis {1, X} of Vi to the basis {a =
(1+X)/2, b= (1—-X)/2}. In this new basis,

ab=0,a’=a, b?=b, 1 =a+b, X =a—b, Aa=2a®Ra, Ab = —2b®b, ca = %, b = —

D=

Like the classical story in [Rasl0], the Khovanov—Rozansky gl, Lee homology of a framed
oriented link L has a basis consisting of canonical generators x,, one for each orientation o of
L as an unoriented link. The explicit renormalization convention of our choice of generators,
together with the proof of the following properties, can be found in Appendix [A]

Proposition 2.6.1.

(1) The unique canonical generator of the empty link ) is 1 € Q = KhRp.(0).

(2) The gly, Lee homology of the n-framed oriented unknot (U™, 0) is canonically isomorphic
to ¢ Wiee, with canonical generators given by x, = a, x5 = b, renormalized by ¢~ .

4Strictly speaking, the construction of KhR, uses the formalism of foams, but for simplicity, our expo-
sition remains in the classical Bar-Natan formalism throughout.
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Let L be a framed oriented link and o be an orientation of L as an unoriented link. Write
L = L,(0)UL_(0) as a union of sublinks on which o agrees (resp. differs) with the orientation
of L.

(8) x, is homogeneous with homological degree

(o) = =2tk(L(0), L_(0)) = (w(L,0) —w(L))/2.

(4) x, £ x5 is homogeneous with Z/4 quantum degrees

qz/a(®o £ 25) = (—w(L) — #L — 1+ 1) mod 4.
(5) If S: L — L' is a framed oriented link cobordism, then

KhRpee(S)(a,) = 2" >~ (=1)"-ODg (2.13)
D|L=0

where O runs over orientations on S that are compatible with the orientation o (thus
each (S,9) is an oriented cobordism from (L,0) to (L',Olr/)), S_(O) is the union of

components of S whose orientations disagree with O, and

() = TXEVH#E 0.5

Z (2.14)

for a surface X regarded as a cobordism from the negative boundary 0_3 to the positive
boundary 0,%.
Note that the function n(-) in (2.14]) is additive under gluing cobordisms.

The gl, s-invariant of L is defined to be

Sg[Q(L) 1= q(w,,) — 1

where oy, is the orientation of L and ¢: KhRp..(L) — Z U {—o0} is the quantum filtration
function. It relates to the classical s-invariant of oriented links (as defined in [BWO0§], after
[Ras10]) by

Sg1, (L) = —s(—L) —w(L). (2.15)

From now on, we will sometimes drop the gl, terminology and simply call KhRs and KhR..
Khovanov homology and Lee homology, respectively.
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2.6.2 Definition

The link homology theories KhRy and KhRy.. for links in R? both satisfy the conditions in
Proposition , so we obtain upgrades to lasagna (3,1, 0)-link homology theories. Defini-
tion applied to these two theories then yields two packages of skein lasagna modules,
which we abbreviate as S and SF*¢, called Khovanov skein lasagna modules and Lee skein
lasagna modules.

By the discussion on gradings in Section [2.3.4] if ¥ is a skein in X rel L, with input balls
LY B; and input links LY | K;, then for @ € {2, Lee}, the space of KhR,-lasagna fillings
with underlying skein > is

KhR,(X) = ¢ X® @F | KhR,(K;). (2.16)

2.6.2.1 Dots and (interior) decorations

Since the category of links Links; in our setup in Section has morphisms given by
undotted cobordisms, in the construction of 8 and SF¢, we have to first restrict to undotted
cobordisms and run the construction. If one instead modifies the setup to allow dotted
cobordisms, this would yield an equivalent theory of skein lasagna modules, but where the
skeins are allowed to carry dots on them.

We do not formally pursue this approach of generalization. Instead, we sometimes allow dots
and more generally dots labeled by elements in ¢~V or ¢!V, on skeins, by interpreting a
v-labeled dot as having the effect of deleting a small input ball around the dot, and putting
a v decoration on the resulting 0-framed unknot on its boundary (a dot is interpreted as an
X-labeled dot).

2.6.2.2 Monoidality and a multiplicative variant

The Khovanov homology KhRs, as a link homology theory in R3, is not strictly monoidal over
a general commutative ring. Indeed, if Ly, L; C R? are admissible links, we have, on the level
of Khovanov chain complexes, CKhRy(LoU Ly) = CKhRy(Ly) ® CKhRy(Ly), so unless we
work over a field, the monoidal structure map KhRs(Lo) @ KhRo(L1) — KhRy(LoUL;) may
not be an isomorphism. Consequently, the resulting lasagna (3,1, 0)-link homology theory
KhRy = KhRs(e; R): Linksy — 1\/Iod]Z;l2 is not multiplicative for a general commutative
ring R.

One could consider a multiplicative variant of the lasagna (3,1, 0)-link homology theory
KhR; as follows. We first consider the strictly monoidal link homology theory in R? given
by the Khovanov chain complex functor CKhRy = C KhRy(e;Z): Linksgs — K*(Z)%. By
the proof of the sweep-around move in [MWW22|, C Kh R, actually satisfies property (a) in
Proposition see also Section for an alternative proof. Property (b) is also easily
checked, so Proposition upgrades C KhRs to a strictly monoidal lasagna (3,1, 0)-link
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homology theory C KhRy: Linksy, — K°(Z)Z that is multiplicative by Lemma Taking
the homology with R-coefficients, we recover a lasagna (3, 1, 0)-link homology theory, denoted
by

KhRymu = KhRy (e R): Links, — Mod% |

where the target category is now cocomplete. We may then apply the skein lasagna module
construction to define the associated skein lasagna modules, denoted 35 ol 85 ’mul(o; o R).
It shares all properties enjoyed by S? presented in Section [2.6.3]

The strict monoidality and multiplicativity properties of the three Khovanov lasagna (3, 1, 0)-
link homology theories over a general commutative ring R are summarized as follows:

Lasagna link homology theory | Strictly monoidal | Multiplicative
CKhRs Yes Yes

KhRy Yes Not necessarily
KhRy mu Not necessarily Yes

When R = F is a field, by the Kiinneth isomorphism, the lasagna (3,1, 0)-link homology
theories K hRy and KhRj 1 are naturally isomorphic, thus so are the resulting skein lasagna
modules. When R is a general commutative ring, however, the two theories need not agree,
and the multiplicative version seems to enjoy better formal properties. For instance, the 4-
dimensional neck-cutting operation (Lemma D is available for Sg ™! hut not necessarily
for S2. For the two natural maps in the sum formula, Proposition [2.3.2 the first is an
. . 9 . . . . 2, mul

isomorphism for S§, while the second is an isomorphism for S5 .

Example 2.6.2. By Proposition [2.3.8] S?(B*) = KhRy()) = R. Take embeddings B* C
St x B3 ¢ B* The composition of these two embeddings is a collar thickening, so the
induced map SZ(B%) — S2(B%) is the identity map idg by Proposition [2.3.5l The same

Sg’mul. In the case of the latter theory, the neck-cutting operation

description applies to
(Lemma [2.3.7) shows that the map So™"(B*) — S&™(S' x B3) is surjective, which shows
S2™(S1 x B*) = R. In the case of S2, however, we are unable to compute S2(S' x B?),

unless R is a field in which case the theory is isomorphic to Sg mul,

Letting Z[E1, Es] = H*(BGL(2,C)) as a graded ring, the universal, or GL(2, C)-equivariant,
Khovanov chain complex functor on Linksgs upgrades to a multiplicative lasagna (3, 1,0)-
link homology theory

CKhRY"™: Linksy — K"(Modyg, g,))”

via Proposition|2.1.2] which specializes to the lasagna (3, 1, 0)-link homology theories C K h Ry,
CKhR[.. via base change maps Z[F, E5] — R, Ei, FEy — 0 and Z[E, Es] — Q, E; —
0, F5 — —1, respectively, which then gives rises to lasagna (3, 1,0)-link homology theories
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KhRy mu and KhRp... In this sense, it appears that the classical construction of Khovanov
skein lasagna modules SZ(e; R) takes homology “too early.”

Most of our computations in Chapter [3| will be carried out over the field Q, so we do not
dwell on the differences between S? and S¢™", and will refer only to S? for the rest of this
chapter and the next. On the other hand, to state our construction in Chapter {4 in its full

generality, it will be convenient to use the “mul” versions of the relevant invariants.

2.6.3 Properties

It follows from our general discussion in Section that for a pair (X, L) of a 4-manifold
X and a framed oriented link L C 90X, the Khovanov skein lasagna module

Se(X; L) = @ S344(X: Li )

is an R-module with a homological grading by h € Z, a quantum grading by ¢ € Z, and
a skein grading by o € HZX(X). Similarly, the Lee skein lasagna module SF¢(X; L) is a
Q-vector space with a homological Z-grading, a quantum filtration, a compatible quantum
Z/4-grading, and a skein grading by HZ(X). A Khovanov/Lee lasagna filling of (X, L) is
of the form (X, v), where X is a skein in X rel L with some input balls B;, possibly with
interior decorations, and v € ®;KhR,(—0%|sp,) is a decoration on the input links, e €
{2, Lee}. If v is homogeneous with homological degree h and quantum degree (or filtration
degree) ¢, and only dots appear as interior decorations on ¥, then the class represented by
(33, v) in §§(X; L) has homological degree h, quantum degree (or filtration degree at most)
q — x(2) + 2#(dots), and skein degree [¥X]. When we want to emphasize the base ring R,
write S5(X; L; R) = ®,S2(X; L; a; R).

Proposition 2.6.3 (Sum formulas). For any * € {U,f, #}, we have
S(X1 % Xo; L1 U Loy F) = S2(Xy; Ly; F) @ S3(Xo; Lo; F)
for any field F, and
SE(Xy % Xo; Ly U Ly) =2 SF¢(X1; Ly) @ SE“(Xy; Ly),

respecting all grading/filtration structures.

Proof. See the discussions about strict monoidality in Section [2.6.2.2] The statement follows
from Proposition [2.3.2] O]

Attaching 4-handles induces isomorphisms on skein lasagna modules, as stated in Proposi-
tion [2.3.1} In the case of 3-handles, one can be more explicit than Proposition [2.3.1}
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Proposition 2.6.4 (3-handle attachments). If (X', L) is obtained from (X, L) by attach-
ing a 3-handle along a 2-sphere S C 0X away from L, then for e € {2, Lee}, the inclusion
map induces a surjection S§(X; L) — S§(X'; L) whose kernel is generated by two relations
on the level of lasagna fillings: An undotted sphere S~ evaluates to zero, and a one-dotted
sphere S~ evaluates to 1. Here S~ denotes a slight push-in of S to the interior of X, which
15 one component of the skein of the lasagna filling under discussion.

Proof. The two relations are clearly in the kernel. Conversely, applying a Bar-Natan neck-
cutting relation in the proof of Proposition [2.3.1] shows that the kernel is contained in the
span of these relations. O

Next, we describe a formula of Khovanov and Lee skein lasagna modules for 2-handlebodies,
developed in [MN22]. From now until the end of this section, suppose X is a 2-handlebody
obtained by attaching 2-handles along a framed oriented link K = K,U---UK,, C S® = 0B*
disjoint from a framed oriented link L C S®. Then L can be regarded as a link in 0X. A
class o € H¥(X) intersects the cocore of the 2-handle on K; algebraically some «; times,
and the assignment o — («;); gives an isomorphism HY(X) = Z™. Write o = max(0, a;)
and «; = max(0, —«;). Write | - | for the L'-norm on Z™.

For k*, k™ € ZZ,, let K(k*,k~) UL C S° denote the framed oriented link obtained from
K U L by replacing each K; by k" + k; parallel copies of itself, with orientations on k; of
them reversed.

Proposition 2.6.5 (2-handlebody formula, [MIN22, Theorem 1.1, Proposition 3.8]@.
Let (X, L) and o be given as above. Then

S(X:Lia)= | @ ¢ KhR(K (et +r,a” +1)UL) / ~ (2.17)

TEZ’Z"O

where ® € {2, Lee} and ~ is the linear equivalence relation generated by

i) o;-x ~x forx € ¢ M 2MKRhRG(K (ot + 7,0 +7)UL) and 0; € Sia.|1or., where o;
() f q U | zH‘ 77
acts by permuting the cables for K; (cf. [GLW]S/E‘

(ii) ¢i(x) ~x for x € ¢ M2 KhR (K (at +r,a” +7) U L) where

bi: g 12K R (K (ot +ra” +7)UL) —
¢ 122 KR (K (o + 7+ e,a” 414 ¢) UL)

®The Kh in Proposition 3.8 in [MN22] should be KhR; instead.

6Strictly speaking, elements in S|a;|+2r; may permute cables of K; with different orientations, so it does
not act on ¢~ 12" KhRy (K (at + r,a~ 4+ ) U L). Nevertheless, since changing orientation only affects
KhR, by a renormalization, we can first work with K(a* + a~ + 27,0) U L and then renormalize. For the
symmetric group action on homology of cables, we follow the sign convention in [GLW18| Section 7.2].
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15 the map induced by the dotted annulus cobordism that creates two parallel, oppositely
oriented cables of K;, and where ¢; is the i coordinate vector.

(iii) pi(x) ~ 0 for v € ¢71MN=2"2KhR (K (at 4+ r,a” +7) U L) where

@i ¢ A2 KhRY(K (ot + 0 +r)UL) —
g 2 KRR (K (o + 7+ e,0” 4+ 1+ ¢) UL)

15 the map induced by the undotted annulus cobordism that creates two parallel, oppo-
sitely oriented cables of K.

Moreover, the relation (iii) is a consequence of (i) if 2 is invertible in the base ring. O

Proposition is proved using a general position argument together with some results
from [GLW18| on symmetric group action on cables. More generally, one can write down a
formula for the change of skein lasagna modules under a 4-dimensional 2-handle attachment;
see [MWW23] for details. We remark that [MWW23] also wrote down a formula for the
Khovanov skein lasagna module of 1-handlebodies (with some boundary links), but it is
often too complicated to be practical. One of our motivations for constructing the theory
of Khovanov skein lasagna modules with 1-dimensional inputs in Chapter [ is to circumvent
the complication involving 4-dimensional 1-handles.

In the case of Lee skein lasagna modules, or Khovanov skein lasagna modules over Q, it will
be convenient to rewrite (2.17)) as follows.

Proposition 2.6.6 (2-handlebody formula in characteristic zero). In the same nota-
tion as in Proposition [2.6.5, assuming we work over Q if @ = 2, then

S§(X; Lya) = colimrezgloq"o“_m’"'KhR.(K(Ofr + 7,07 4 1) U L) Sairer, (2.18)

Here, the colimit is taken along r — r+e;, i = 1,--- ,m, where the corresponding map 1is
gwen by ¢; composed with symmetrization, the symmetrized dotted annulus creation map.

Proof. Relation (iii) in Proposition is redundant. Relation (ii) expresses as a
colimit as in our setup. Relation (i) acts termwise by taking the (], Sja;|+2r, )-coinvariants.
In characteristic zero, coinvariants agree with invariants (this holds equally for filtered vector
spaces), so we obtain ([2.18)). O

Changing the orientation of a link only affects KhR, by a grading shift, given by .
Therefore for 2-handlebodies X, by (2.17), S§(X; L) is independent of the orientation of L
(as long as it is null-homologous) up to renormalizations, and S§(X; L; a) only depends on
the mod 2 reduction of o € HY(X) C Hy(X, L) up to renormalizations. Explicitly, suppose
B € Hy(X, L) has the same mod 2 reduction as o € H¥(X) such that 98 € Hy(L) is the
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fundamental class of L with a possibly different orientation. Let (L,df3) denote the link L
with orientation given by d3. Then /5 € HéL’dﬂ )(X ), and we have

S3(X: (L, 0B): ) = (tg~ )« P2S3 (X L a). (2.19)
This holds for any 2-handlebody X.

The bilinear product on H¥(X) in (2.19) (similarly for HQ(L’% ) (X)) is defined by counting
intersections of two surfaces in X with boundary L, one copy of which is pushed off L via
its framing. In particular, it is independent of the choice of K U L C S3.

Example 2.6.7. The 2-handlebody X = D? x S? is the trace on the O-framed unknot.
It follows from Proposition that SJ(D? x S?) can be computed from the Khovanov
or Lee homology of unlinks and dotted cobordism maps between them. Explicitly, [MN22,
Theorem 1.2] computed that S (D?x S?) = R[AF, A] as tri-graded R-modules, where A, has
tri-degree (0,0, 1) and A; has tri-degree (0, —2, 1). More explicitly, for every a € Hy(D?x 5?),

R, h=0,¢q<0,2|q

0, otherwise.

Sg’h’q(D2 x S%a) = {

Similarly, gr,Sj5c(D? x 5%; ) is given by the same formula with R replaced by Q.

Using Proposition , [MN22, Theorem 1.3] also obtained partial information on Khovanov
skein lasagna modules for D?-bundles over S? with Euler number n # 0, denoted D(n),
namely that

Z, n<0,*=0

0, otherwise.

S50+(D(n);0) = {

For n = #1, this also yields the corresponding computation for CP?, CP?, in view of Propo-
sition 2.3.1} In Chapter [3] these results will be improved for n > 0 in Example [3.2.2] and
for n < 0 in Example [3.5.1], Section [3.5.8, and Section |3.5.9

If I, L are two framed links in an oriented 3-manifold with the same underlying unframed
link, their framings differ by a tuple of integers, one for each link component. The total
framing difference between them, denoted w(L’, L), is the sum of these integers. For example,
if U™ denotes the n-framed unknot in S®, then w(U™, U™) = n — m.

Proposition 2.6.8 (Framing change). If L, L' C 0X are framed oriented links that are
equal as unframed oriented links, then for e € {2, Lee},

Sy(X; L) = g HSH(X; L).

Proof. For a given lasagna filling of (X, L), create new input balls near each component of L
that intersect the skein in disks. Change the framing of L to L' and push the framing change
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into the intersection disks. Then the sum of framings on the input unknots is w(L’, L).
Assigning these unknots the Khovanov or Lee class 1 (the element which corresponds to
1 € KhR4(U) under the Reidemeister I induced isomorphisms, where U is the O-framed
unknot) produces a lasagna filling of (X, L’). This assignment induces the claimed graded
isomorphism. O

Finally, in view of the trick for framing changes in the proof of Proposition we can
state a slight improvement of the gluing construction (2.5). In the general setup when
gluing (Xs, S) to (X, Ly) to obtain (X, L), in order to get an induced map on skein lasagna
modules, we needed to assume that S was framed, so that it could be regarded as a skein in
Xy rel Ly. In the Khovanov or Lee skein lasagna module setup, however, we can drop the
framing assumption, at the expense of deleting extra input balls to compensate. Thus, for
any unframed surface S C X5 with the previous assumptions, there is a gluing morphism

8o (X2;.5): & (Xv; Ln) — S§(X; L), (2.20)

which has homological degree 0 and quantum (filtration) degree —x(S) + x(Ty) — [S]?. If S
is already framed, this map agrees with the previous construction.

2.6.4 An alternative proof of sweep-around move

The main technical result of [MWW22| is to show that the sweep-around move induces the
identity chain map up to chain homotopy on the Khovanov-Rozansky gl chain complex
CKhRy for any N. In this short section, we note that the statement for N = 2 is a
consequence of the following result of Gujral-Levine [GL22|. Part of this trick was also
noted and used in our joint work with H. Yang [RY25, Section 3].

Theorem 2.6.9 (Gujral-Levine [GL22, Theorem 1.2, Remark 7.6]). Suppose LU Ly
and L} U LY are split framed oriented links in S*, and Cy U Cy: Ly U Ly — Ly U L) is a link
cobordism which restricts to link cobordisms C;: L; — L., i = 1,2. Then the induced chain
maps CKhRy(Cy1 U Cy) and CKhRy(Cy U Cy) are chain homotopic. O

Their result was stated in C’Kh with a sign ambiguity, but one can transfer it to CKhR,
using the natural isomorphism (up to sign) between them, and fix the sign using the Lee
homology.

To fix notation, let T be a framed oriented admissible (1, 1)-tangle in B* and T c R its
closure, which is a framed oriented admissible link in R?, where the pro jection of the segment
v = T\T to R%is a simple arc disjoint from B2. The sweep-around move for T is the isotopy,
denoted swy, from 71" to itself that sweeps the strand 4 around the S? at infinity.

Proof of CKhRy(swy) ~ id. Let U be the unknot, and s: 7L U — T be the saddle cobor-
dism that joins U with T. Let sw!. denote the isotopy from T UU to itself that keeps T
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fixed and loops U around T once. Then, provided the looping direction of sw/. is chosen
compatibly with the sweeping direction of swr, the two cobordisms swyos and sosw/, are iso-
topic rel boundary. It follows that C KhRs(swy) o CKhRy(s) ~ CKhRy(s) o CKhRy(swl).
Since C KhR5(s) admits a right inverse and C KhRs(swh) ~ id by Theorem [2.6.9] we have
CKhRy(swy) ~ id. O
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Chapter 3

Khovanov skein lasagna modules and
exotic 4-manifolds

In this chapter, we present some explicit computations for the Khovanov skein lasagna mod-
ules 82 and Lee skein lasagna modules SF¢ of smooth 4-manifolds, introduced in Section
in Chapter [2, and show that they can be used to detect exotic pairs of smooth 4-manifolds.
Throughout this chapter, the base commutative ring R, if not indicated in the notation, is
assumed to be Z, although most of the time we will be working over Q.

3.1 Introduction

The revolutionary work of Donaldson and Freedman in the 1980s revealed a drastic di-
chotomy between the topological and smooth categories of manifolds in dimension 4. Since
then, a central focus of smooth 4-manifold topology has been the discovery of new exotic
phenomena and the resulting refinement of our understanding of the geography of smooth
4-manifolds, largely through the development of increasingly sophisticated smooth invari-
ants.

A pair of smooth 4-manifolds X; and X5 is said to be exotic if they are homeomorphic but
not diffeomorphic. Under favorable conditions (typically involving the fundamental group),
showing two 4-manifolds are homeomorphic reduces to checking some algebraic topologi-
cal invariants agree, thanks to Freedman’s fundamental theorems [Fre82]. Showing that
they are non-diffeomorphic usually involves showing some gauge-theoretic or Floer-theoretic
smooth invariants (Donaldson invariants [Don90|, Seiberg-Witten invariants [SW94; [Wit94],
Heegaard Floer type invariants |[OS04], and various variations/generalizations) differ. These
tools, powerful as they are, typically come with constraints on the topology of the 4—manifolds
(for instance, hypotheses on by or related structural assumptions), and there is a sense in
which their applicability to new phenomena is approaching its natural limit.
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Figure 3.1: Kirby diagrams of X;, X5 in Theorem [3.1.2

The main result of this chapter is to present one of the first analysis-free detections of
compact orientable exotic 4-manifolds, using the theory of Khovanov and Lee skein lasagna
modules, introduced in Section [2.6]

Remark 3.1.1. To put our work in a broader historical context, some exemplary analysis-free
methods to detect exotic 4-manifolds include the following:

(1) For nonorientable examples, using Rohlin-type obstructions, exotic RP*’s were con-
structed by Cappell-Shaneson |CS76| (shown to be homeomorphic to RP* later; see
[Rub84] Page 221] and [HKT94]), and K3#RP* and 11(S? x S?)#RP* were shown to
be an exotic pair by Kreck [Kre84].

(2) For noncompact examples, exotic R*’s can be constructed from knots that are topologi-
cally slice but not smoothly slice |[Gom85|. The existence of such knots can be shown by
Freedman’s result [Fre82] and Rasmussen’s s-invariant [Ras10] from Khovanov homology.

(3) Exotic pairs of surfaces in B? with boundary were also known to be detectable by
Khovanov homology [HS24]. As noted in [Nah25|, this can be used to construct compact
orientable exotic pairs of 4-manifolds.

The n-trace on a knot K, denoted X,,(K), is the 4-manifold obtained by attaching an n-
framed 2-handle to B* along K C S® = 9B* We first state a special case of our main
exotica detection theorem, namely that the (—1)-traces on the mirror image of the knot 59
and the pretzel knot P(3,—3, —8) form an exotic pair.

Theorem 3.1.2. Let
X1 = X_1<—52), X2 = X_l(P(S, —3, —8))

Then Xy and X5 form an exotic pair of 4-manifolds. In fact, even their interiors are exotic.
The graded modules S3(X1) and S3(X3) are not isomorphic.



CHAPTER 3. KHOVANOV SKEIN LASAGNA MODULES AND EXOTIC
4-MANIFOLDS 64

The exotic pair X, Xy was first discovered by Akbulut [Akb91b; |Akb91a]. The fact that
X1, X5 are homeomorphic is standard after Freedman: a sequence of Kirby moves shows 0.X;
and 0X3 are homeomorphic and a suitable extension of Freedman’s Theorem [Fre82; |Boy86]
then implies X; and X5 are homeomorphic. On the other hand, the fact that X7, X5 are not
diffeomorphic was detected by an intricate computation of Donaldson invariants. Later, the
result was reproved by Akbulut—-Matveyev [AM97, Theorem 3.2] using a simplified argument
which essentially says X_1(—53) is Stein (since the maximal Thurston-Bennequin number
of =55 is 1) while X_;(P(3,—3,—8)) is not (since P(3, —3, —8) is slice). This latter proof is
elegant, yet still depends heavily on the computation of Seiberg—Witten invariants of Stein
surfaces, as well as deep results of Eliashberg [Eli90] and Lisca—Mati¢ [LM97]. In comparison,
our proof of Theorem depends on the much lighter package of Khovanov homology,
which is combinatorial in nature.

Since over a field, the Khovanov skein lasagna module of a connected sum or boundary
connected sum behaves multiplicatively (Proposition , X7 and X, remain exotic after
(boundary) connected sums with any 4-manifolds W with nonvanishing skein lasagna module
(at least when the support of SZ(W) is small in a suitable sense). Such tricks lead to many
new exotic pairs. We write down some explicit examples in the following corollary to give
the reader a flavor of what can be proven. For more choices of such candidates for connected
summands, one may look into Section |3.5

Corollary 3.1.3. Let X1, Xy be as in Theorem[3.1.3

(1) The 4-manifolds X4 X% and X34X5" form an exotic pair if a +b = o + V' and
(a,b) # (a',V'). The exotica remain under connected sums or boundary sums with any
copies of S* x S®, S? x D%, CP?, and the negative smooth E8 manifold. Moreover, the
interiors of such pairs are also exotic.

(2) Whenever a,b > 0, the first manifold in the pair in (1), namely X?9X%® possibly
with extra connected or boundary connected summands as chosen above, admits a self-
homeomorphism rel boundary that is not homotopic to a diffeomorphism.

Mukherjee [Muk23| informed us that most of these variations also appear to be achievable
via gauge/Floer-theoretic methods and topological arguments. Below, we present a family
of exotic knot traces generalizing Theorem that does not seem to be directly recover-
able by other methods, in particular because Rasmussen’s s-invariant s(K) appears in the
hypothesis of the theorem. Let P, ,, and ), ,, be satellite patterns drawn as in Figure ,
and P, ,(K), Qnm(K) be the corresponding satellite knots with companion knot K. These
satellite patterns were studied by Yasui |Yas15].

Theorem 3.1.4. If a knot K C S® has a slice disk X in kCP?\int(B*) and n,m are integers
satisfying
s(K) =[] - 2% n<—[Z]*, m >0,
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then X, (Pom(K)) and X,(Qnm(K)) form an exotic pair. Their interiors are also exotic.

In the special case when K = U is the unknot, k = 0, Y is the trivial slice disk of K in B*,
and n = —1, m = 0, Theorem recovers Theorem One can construct more exotic
pairs in the spirit of Corollary by taking connected sums of these examples and other
standard manifolds appearing in that corollary. One may also deduce the existence of exotic

pairs of compact contractible 4-manifolds (see Remark [3.5.10]) from Theorem [3.1.4]

Now, we turn to some explicit computations of 82, S¥¢¢, and other applications, some of
which build towards a proof of Theorem presented in Section In the current
section, many statements are presented in a specialized form. In such cases, we indicate the
corresponding generalizations in parentheses after the statement numbers.

Convention. Throughout this chapter, all 4-manifolds are assumed to be smooth, compact,
and oriented. All surfaces are oriented and smoothly and properly embedded.

3.1.1 A vanishing result and slice obstruction

For a knot K C S®, let TB(K) denote its maximal Thurston-Bennequin number. We have
the following vanishing criterion for the Khovanov skein lasagna module.

Theorem 3.1.5. If the knot trace X,,(K) for some knot K C S? and framingn > —TB(—K)
embeds into a 4-manifold X, then SG(X; L) =0 for any L C 0X.

For example, since S? x S? contains an embedded sphere with self-intersection 2, we see the
2-trace of the unknot embeds into S? x S?, implying S3(S? x S?) = 0. This recovers one of
the main results of [SZ24].

The folklore trace embedding lemma says that X, (K) embeds into X if and only if —K
is (—n)-slice in X, i.e. there is a framed slice disk in X \int(B*) of the (—n)-framed knot
—K C S* = —9B*. Therefore, the contrapositive of Theorem can be phrased as
follows.

Corollary 3.1.6. Suppose S2(X; L) # 0 for some L C 0X. If a knot K C S? is n-slice in
X, then n > TB(K). N

3.1.2 Lee skein lasagna modules and lasagna s-invariants

We show in Section that the structure of S&¢(X; L), except for the quantum filtration,
is determined by simple algebraic data of (X, L). Moreover, we extract numerical invariants
from the quantum filtration structure. For the purpose of exposition, in the current section
we assume L is the empty link. Let ¢: S§*¢(X) — Z U {—o00} denote the quantum filtration
function.
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Theorem 3.1.7. (Theorem The Lee skein lasagna module of a 4-manifold X is
SFee(X) =2 Q[H2(X)?], with a basis consisting of canonical generators T, o , one for each
pair oy, o € Hy(X).

Here, Q[S] denotes the Q-vector space with a basis given by elements in a set S. The
isomorphism SFe¢(X) & Q[Ho(X)?] is as (Z x Z/4 x HE(X))-graded vector spaces (recall
HLI(X) is an Hy(X)-torsor, introduced in Section [2.3.4)); see Theorem for grading

information.

Definition 3.1.8. (Definition [3.3.7) The lasagna s-invariant of X at a homology class
o€ HQ(X) is
s(X;a) = q(za0).

Remark 3.1.9. Morrison—Walker—Wedrich [MWW24] gave an independent proof of the struc-
tural theorem for Lee skein lasagna modules, stated in a more general form for deformed gl
homologies. They extracted slightly different invariants from the filtration structure, which
gives somewhat less useful information than ours in the gl, case. Our invariants generalize
Rasmussen’s s-invariants for links and enjoy nice functorial properties.

The lasagna s-invariants of X thus define a smooth invariant s(X;-) : Hyo(X) — ZU{—0o0}.

The genus function of a 4-manifold X, defined by
g(X;a) :=min{g(X): ¥ C X,[X] =a},

captures subtle information about the smooth topology of X. Like the classical s-invariant,
which provides a lower bound on the slice genus of links, the lasagna s-invariants provide a
lower bound on the genus functions of 4-manifolds.

Theorem 3.1.10. (Theorem [3.3.8(6) and subsequent corollaries) The genus function of a
4-manifold X has a lower bound given by

s(X;a) + a?

X;a) >
g( ,Oé)_ 2

2

Here, a* = « - v is computed via the intersection form on Hy(X).

Unlike the classical s-invariant, the lasagna s-invariants are not directly computable from
link diagrams. However, we are able to compute them in some special cases. We indicate
one special case where Theorem [3.1.10| does provide useful information.

The n-shake genus of a knot K is defined by ¢%,(K) := g(X,,(K); 1), where 1 is a generator
of Hy(X,(K)) = Z. Clearly, g%, (K) < g4(K), but the inequality need not be strict |[Akb77;
Pic19]. Theorem [3.1.10| specializes to a shake genus bound

s(Xp(K);1)+n
5 .

gon(K) = (3.1)



CHAPTER 3. KHOVANOV SKEIN LASAGNA MODULES AND EXOTIC
4-MANIFOLDS 67

Theorem 3.1.11. (1) If K is concordant to a positive knot, then for n < 0 we have
s(Xn(K);1) = s(K) — n, where s(K) is the Rasmussen s-invariant of K. Thus

g (K) = gu(K) = S(f), n < 0.

(2) If ¥ C k@\(mt(Bﬂ U int(B*)) is a concordance from K to a positive knot K', then
for n < [X]? we have s(X,,(K);1) > s(K') + [X)> + |[2]| — n. Thus

K’ Y2+ |2
S( )+[]+|[ H,TZS[ZP
2
Remark 3.1.12. Theorem [3.1.11{(1) gives a refinement of Rasmussen [Rasl0, Theorem 4]
which was used to provide the first analysis-free proof of the Milnor conjecture about the

slice genus of torus knots. The computation of the shake genus in Theorem [3.1.11)(1) can
also be carried out using Seiberg—Witten theory:

Qgh(K) >

(i) The adjunction inequality for Stein manifolds [LM97] implies
gen(K) = (1b(K) + [rot(K)[ + 1) /2 (3.2)

for any Legendrian representative K of K with tb(K) = n + 1. When n < TB(K),
take IC to be a stabilization of a maximal-tb representative of K with tb(KC) = n + 1
and |rot(K)| maximized. Then the right-hand side of agrees with s(K')/2 for
positive knots [Tan99, Theorem 2]. For example, Figure (left) shows a Legendrian
representative of —59 with tb = 0 and |rot| = 1, which implies that g_,'(—52) > 1. This
was used in the reproof of Theorem in [AMO97]; see also Section [3.1.5.2]

(ii) Two concordant knots have the same shake genus (by an easy topological argument).

3.1.3 Comparison results for 2-handlebodies

The Khovanov homology of a link admits a spectral sequence to its Lee homology. In
particular, in every bidegree, the rank of the Khovanov homology is bounded below by the
dimension of the associated graded vector space of the Lee homology. Although we are not
able to define a spectral sequence from SZ to SF¢, we do have a rank inequality when X
is a 2-handlebody. Let gr,V denote the associated graded vector space of a filtered vector
space V.

Theorem 3.1.13. If X is a 2-handlebody, then in any tri-degree (h,q,a) € Z2 x HE(X),
rank (S, (X Ly o)) > dim(grq(S&fle(X; L; ))).

In particular, if the quantum filtration on SE¢(X; L) is not identically —oo, then SZ(X; L) #
0.
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We state a comparison result for Lee skein lasagna modules of 2-handlebodies, which can
sometimes be used as a nonvanishing criterion for Khovanov skein lasagna modules in view

of Theorem (3.1.13} see e.g. Section [3.1.5.1]

Proposition 3.1.14. (Proposition [3.4.3) Suppose X (resp. X') is a 2-handlebody obtained
by attaching 2-handles to B* along a framed oriented link K C S3 (resp. K' C S3). If K
is framed concordant to K', then St*¢(X) = Sf*¢(X") as tri-graded, quantum filtered vector
spaces. Under the identification Hy(X) = Hy(X') induced by a link concordance, X and X'
have equal lasagna s-invariants.

3.1.4 A nonvanishing result for 2-handlebodies from link
diagrams

Using an argument that relies on choosing a link diagram, in Section [3.4.4] we prove a nonva-

nishing result for 2-handlebodies with sufficiently negative framings. For ease of exposition,

here we only state the case for knot traces. Let n_(K) be the minimal number of negative
crossings among all diagrams of a knot K.

Theorem 3.1.15. (Theorem[5.4.5) Let K be a knot and X = X,,(K) be its n-trace.

Q q=0
0, q#0.

(2) If K is positive, then for n <0, s(X;0) =0, s(X;1) =s(K) —n. Forn <0,

(1) If n < —2n_(K), then s(X;0) =0 and 83,07(1()(;0;@) = g?“q(SOL,SE(X;O)) = {

Q, ¢=s5(X;1),s(X;1) -2

S2,.(X;1;Q) = Sef(X;1)) =
0.0.0( Q) = g74(Soig" (X3 1) {0, otherwise.

3.1.5 Proofs of Theorem [3.1.2

We give two proofs that int(X;) and int(Xs) are not diffecomorphic. The first proof distin-
guishes them on the level of Khovanov/Lee skein lasagna modules, while the second proof
distinguishes their smooth genus functions. The following facts will be used:

e —5, is a positive knot, with s(—5s) = 2.

o P(3,—3,-8) is a slice knot.

3.1.5.1 First proof
Applying Theorem [3.1.15/(2) to —5s, we obtain s(X;;1) = 3,

@7 q:1a3

S2, (X1:1;Q) = Seec(X;1)) =
0,0,q( 151:Q) = gr( 0’0( 131)) {O, otherwise.
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Applying Theorem [3.1.15|(2) to the unknot, and then Proposition 3.1.14{to P(3, —3, —8) and
the unknot, we obtain s(X3;1) = 1, and

Q, ¢g==1

S5.04(X21 11 Q) D grg(Spp*(Xa; 1)) = { .
0, otherwise.

where the first containment follows from Theorem @ In particular, 8370771()(1; 1;Q) #

8370’_1()(2; 1;Q), hence X; and X, are not diffeomorphic. In fact, since skein lasagna modules

are smooth invariants of the interiors of 4-manifolds (cf. Corollary , int(X1) and

int(Xs) are not diffeomorphic. O

3.1.5.2 Second proof

Applying Theorem (1) to —5g, we obtain g_,'(—=52) = 1. On the other hand, capping
off a slice disk of P(3,—3,—8) by the core of the 2-handle in X_;(P(3,—3,—8)) shows that
g (P(3,-3,-8)) = 0. This proves int(X;) and int(X,) are non-diffeomorphic, without
actually computing S§(X;). ]

3.1.6 Example: Khovanov and Lee skein lasagna module of CP?

The results in Chapter 1} of this thesis have the following implications for the Lee and Kho-

vanov skein lasagna modules of CP?. Note the products a?, 52 below utilize the intersection
form on Hy(CP?).

Proposition 3.1.16. The lasagna s-invariants of CP? are given by s(CP* o) = |a|. The as-
sociated graded vector space of the Lee skein lasagna module of CIP? is given by grq ()Lfgz_ag)ﬂ(

@; a) =Q for

of—p2 — 141 0
B=a (mod?2), ¢= a22 + 18] , BF#
77 6207

and 0 in other tri-degrees. Moreover, for f = a (mod 2),

2 2. _
S8 —a2)/2.(02— 522413/ (CP7; @) = Z.

In fact, in Conjecture|3.5.15, we formulate an expected complete determination of 33(@]?2; Q).

A consequence of Proposition [3.1.16] is the following.

Corollary 3.1.17. If a 4-manifold X admits an embedding i: X — kCP? for some k, then
s(X;a) > |iwal, with equality achieved if « = 0. If in addition, X is a 2-handlebody, then
S50.4(X:) #0 for ¢ = 5(X;a), and for ¢ = s(X;a) —2 if a # 0 € Hy(X).
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If ¥ C kCP?\(int(B*) U int(B*)) is an oriented cobordism in kCP? between two oriented
links Lo, L1, the last part of Proposition [3.1.16| enables us to define an induced map

Kh(Z): Kh(Lo) — Kh(Ly)

between ordinary Khovanov homology of Ly and L, at least over a field and up to sign,
with bidegree (0,x(X) — [X]? + |[X]]). We carry out this construction in more detail in
Section B.5.11]

3.1.7 Organization of the chapter

In the short Section 3.2}, we prove Theorem by applying a bound on Khovanov homology
by Ng [Ng05], and we give some examples of 4-manifolds with vanishing Khovanov skein
lasagna module.

In Section |3.3| we develop the theory of Lee skein lasagna modules and lasagna s-invariants,
which can be thought of as a lasagna generalization of the classical theories of Lee |Lee05|
and Rasmussen [Ras10] for links in S3. A generalization of Theorem [3.1.7] in particular the
definition of canonical Lee lasagna generators, is presented in Section |3.3.1} The behavior of
canonical Lee lasagna generators under morphisms is given in Theorem in Section[3.3.2]
Building on these results, in Section [3.3.3] we define and examine the lasagna s-invariants,
generalizing Definition and Theorem We have also included a discussion about
the coefficient field Q at the end of Section [3.3]

In Section , we make use of a 2-handlebody formula by Manolescu—Neithalath [MN22] to
prove nonvanishing results for Khovanov and Lee skein lasagna modules of 2-handlebodies.
In Section [3.4.1], we prove Theorem [3.1.13|which shows that finiteness results for the quantum
filtration of Lee skein lasagna modules imply nonvanishing results for Khovanov skein lasagna
modules. In Section [3.4.2] we prove a generalization of Proposition[3.1.14 and in Section [3.4.3
we show that lasagna s-invariants can be expressed in terms of classical s-invariants of some
cable links. Finally, in the somewhat technical Section [3.4.4] we prove a vast generalization
of the diagrammatic nonvanishing criterion Theorem |3.1.15

Finally, in Section (3.5, we give examples and applications, mostly to the theory and tools
developed in Section [3.3] and Section [3.4 This includes proofs of Corollary [3.1.3] Theo-
rem [3.1.4] Theorem [3.1.11, and an expanded discussion of Section Other discussions
include a proof that s-invariants of cables of the Conway knot can obstruct its sliceness, that
the Khovanov skein lasagna module over Q does not detect potential exotica arising from
Gluck twists in S*, and a conjecture about skein lasagna modules of Stein 2-handlebodies.

Most of our developments are independent of proving Theorem |3.1.2 Readers only inter-
ested in Theorem [3.1.2| may want to look at its proof in Section [3.1.5| and delve into the
corresponding sections. In particular, to distinguish the smooth structures of the pair X, Xy
in Theorem [3.1.2] one can read certain statements in Section (mainly Definition [3.3.7]
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and Corollary , Section , and Section m The minimal amount of theory
needed to actually distinguish their Khovanov skein lasagna modules depends moreover on
Section and Section 2| (but not really on Corollary m 3.3.14] and Section [3.5.4 m Still,
the statements in those sections are often much more general than needed for Theorem [3.1.2]
which at times complicates the proofs.

3.2 Vanishing criterion and examples

In this section we prove Theorem [3.1.5( and give a few examples where the theorem applies.

The proof is a straightforward application of Ng’s maximal Thurston—Bennequin bound from
Khovanov homology [Ng05| and the 2-handlebody formula (2.17)).

Lemma 3.2.1 ([Ng05, Theorem 1]). For an oriented link L, the Khovanov homology
Kh"4(L) is supported in the region

TB(L) < q—h< —-TB(-L).

Proof of Theorem[3.1.5. 1t suffices to prove the case X = X,,(K), n > =T B(—K), since the
general case follows from it and Proposition applied to X7 = X,(K), Xy = X\int(X;).

We give K framing n and an arbitrary orientation. Any L C 90X can be isotoped to miss
the 2-handle, hence we may henceforth assume L is a framed oriented link in S® missing
K. Since —n < TB(—K), we can find a Legendrian representative L U £ of —K U —L with
K having Thurston—Bennequin number tb(K) = —n. In view of Proposition we may
assume without loss of generality that the framing of —L induced from L agrees with the
contact framing of L.

Let K(kT, k™) denote the Legendrian (k™ 4 k™ )-cable of K with the orientation on k= of
the strands reversed; in other words, K(kT, k™) is the link obtained by taking k™ + &k~
pushoffs of K by the Reeb flow associated to a compatible contact form on S2, and reversing
the orientation on k= of the components. The underlying link type of K(kT,k7) U L is
—(K(k*,k7)U L), and the contact framing on the former agrees with the framing on the
latter induced from K and L. We thus have

TB(—(K(k*, k) UL)) > th(K(k*, k") UL) = w(—(K(k*, k") UL)) = —w(K(k*, k) U

L).

(3-3)

By Lemma3.2.1]and (3.3)), Kh(—(K (k*,k~)UL)) is supported in g—h > —w (K (k*,k~)UL).
By our convention on KhRy (see (2.11))), KhRo(K(kT, k™) U L) is supported in ¢ + h <
w(K(k*, k")UL)—w(K(kT,k~)UL) = 0. Now Proposition [2.6.5 implies that SZ(X; L; ) =
0 for any a, as ¢ 12" Kh Ry (K (r+at, r+a~)UL) is supported ing+h < —|a|—2r - —oo
as r — oo yet the map ¢ in Proposition [2.6.5((ii) preserves the grading ¢ -+ h. O
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Example 3.2.2. The unknot K = U has maximal tb number —1. The n-trace on U is
D(n), the D*bundle over S? with Euler number n, which is also a tubular neighborhood
of an embedded sphere in a 4-manifold with self-intersection n. Therefore in this case,
Theorem says S2(X; L) = 0 whenever X contains an embedded sphere with positive
self-intersection. This is an adjunction-type obstruction for S2 to be nontrivial.

For example, D(n) with n > 0, CP?, S? x 52, or the orientation-reversal of the K3 surface
have vanishing Khovanov skein lasagna modules.

Example 3.2.3. The right-handed trefoil —3; has TB(—3;) = 1. Therefore, the +1-traces
on 3; both have vanishing Khovanov skein lasagna modules. The boundaries of these 4-
manifolds are the Poincaré homology sphere 3(2,3,5) for —1, and the orientation-reversal
of the Brieskorn sphere ¥(2,3,7) for +1.

One way to see embedded traces is through a Kirby diagram of the 4-manifold X. If there
is an n-framed 2-handle attached along some knot K not going over 1-handles, then the
2-handle together with the 4-ball is a copy of X,,(K) inside X. Consequently, if we see such
a 2-handle with n > —TB(—K), then S3(X; L) = 0 for any L.

Remark 3.2.4. As proved in [MN22, Theorem 1.3] (and will be reproved more generally in
Section , kCP? has nonvanishing skein lasagna module. Therefore, we obtain a slice
obstruction from Corollary , which states that if ¥ is a slice disk in k@\int(B‘*) for
a knot K, then

TB(K) + [Z)? < 0.

In this special case, however, the obstruction is somewhat weaker than the obstruction
coming from the adjunction inequality for Rasmussen s-invariant, Corollary which in
our case implies TB(K) + [X]> + |[2]| < 0 since TB(K) < s(K) [Pla06, Proposition 4].

3.3 Lee skein lasagna modules and lasagna
s-invariants

In this section, we explore the structure of the Lee skein lasagna module for an arbitrary
pair (X, L) of a 4-manifold X and a framed oriented link L. C 0X. In particular, we prove
the statements in Section [3.1.2] (except Theorem [3.1.11)) in a more general setup.

Recall from Section in Chapter 2] that the Lee skein lasagna module is defined to be the
skein lasagna module with KhRj.. as the link homology theory input. For a pair (X, L), its
Lee skein lasagna module S¥¢¢(X; L) is a vector space over Q with a homological Z-grading,
a quantum Z/4-grading, a homology class grading by HX(X), and an (increasing) quantum
filtration (so that 0 has filtration degree —o0). Since the filtration degree of an element
can decrease under a filtered map, a nonzero element in the colimit SF*¢(X; L) may also
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have filtration degree —co. Let q: S&°¢(X; L) — Z U {—o0} denote the quantum filtration
function.

We refer the reader back to Section [2.6.1] especially to Proposition [2.6.1], for our convention
on the Lee homology KhR ...

3.3.1 Structure of Lee skein lasagna module

For a pair (X, L), let L; be the components of L and [L;] € H,(L) be the fundamental class
of L;. Let 0: Hy(X, L) — Hi(L) be the boundary homomorphism. Define the set of double
classes in X rel L to be

H2L7><2(X) = {(044_,04_) € H2(X’ L>2: 80[;‘: = Zei,ﬂ:[[’i]u €+ € {07 1}7 €i,+ + €,— = 1} ’

i

Double classes are precisely those pairs of second homology classes which can be represented
by double skeins, to be defined below. First, though, we present the following generalization
of Theorem [3.1.7] the proof of which will occupy the remainder of this section.

Theorem 3.3.1. The Lee skein lasagna module of (X, L) is SF*(X;L) = Q[H)"*(X)],
with a basis consisting of canonical generators x,, o, one for each double class (o, ) €

HE2(X). Moreover,

(1) To, o has homological degree —2ay - a_;
(2) o, o has homology class degree o := ay + a_;
(3) Taya £ Ta o, has quantum Z/4 degrees —a* — #L — 1+ 1;

(4) ((Taia) = ¢(Ta_a,) = max(¢(Ta, o * Ta_a,)), which also equals min(q(za, o =+
Ta_ ) +2if ap # o in Hy(X, L; Q) (in particular if L # ().

Here, the bilinear product on Hy(X, L) is defined using the framing of L as the boundary con-
dition. When X = B*, the bilinear product computes the linking numbers of the boundary
links and thus, in view of Proposition [2.3.8, Theorem recovers classical structural re-
sults on KhRpe.(L) by Lee [Lee05, Proposition 4.3] and Rasmussen [Ras10, Proposition 2.3,
3.3, Lemma 3.5] [BWO0S§| Section 6.1].

Before starting the proof, for ease of notation, instead of allowing all skeins in X rel L and
morphisms between them, we will only allow the ones in the full subcategory C°(X; L) C
C(X; L) of skeins ¥ such that each component of ¥ touches at least one input ball. One
can redefine skein lasagna modules as a colimit indexed by the subcategory C°(X; L); this
is a definition equivalent to Definition since one can show that C°(X; L) is cofinal in
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C(X; L) in the sense of [The25| Tag 04E6]. To distinguish the terminology, we call an object
in C°(X; L) a punctured skein in X rel L.

We define a (punctured) double skein in X rel L to be a punctured skein ¥ together with
a partition of its components ¥ = ¥, U X_. Equivalently, a double skein is a pair (X, 9)
where ¥ is a punctured skein (which is already oriented) and O is an orientation of ¥ as an
unoriented surface. The equivalence is given by defining >, to be the union of components
of ¥ on which O matches the given orientation of . A double skein ¥ = ¥, UX._ represents
a double class ([X4], [2_]) € HI**(X).

Definition 3.3.2. Let (3, 9) be a double skein in X rel L, with input balls B; and input
links K;. The canonical Lee lasagna filling of (3,9) is the lasagna filling of (X, L) with
skein ¥ and decoration 27"(*)(—1)7"(*-) @, Toly,» With a filtration degree shift by —x(¥) as

in ([2.16) (suppressed from the notation).

Recall the relevant definitions in Section [2.6.1} In particular, n(-) is defined as in (2.14)),
with ¥ regarded as a cobordism from its input links to L C 0X.

If 3 is a punctured skein in X rel L with input links K;, then every element in KhRp..(2)
(recall the definition (2.16)) can be written as a linear combination of pure Lee lasagna
fillings, defined as the ones of the form ®,z,,, for some orientation o; of K; as an unoriented
link. A pure Lee lasagna filling with punctured skein X is incompatible if it is not a canonical
Lee lasagna filling for some double skein structure on .

Lemma 3.3.3. An incompatible pure Lee lasagna filling defines the zero class in SFe(X; L).

Proof. Let ¥ be a punctured skein with input links K;. If a pure Lee lasagna filling with
skein ¥ does not come from a double skein structure on ¥, then there are two different knot
components K;; and Ky, among the input links whose orientations are not compatible on
some component Y of X. Delete a small input ball on ¥y and put the decoration 1 on the
resulting unknot (U, 0) on its boundary; this does not affect the class in SF¢(X; L). If we
delete a tubular neighborhood of an arc on Xy from U to Kj;; and evaluate the lasagna filling,
either the decoration a or b on U dies; the other decoration dies under such an evaluation
connecting U to Ky ;. This proves the lemma. O]

If ¥ — ¥’ is a morphism in C°(X; L), a double skein structure O on ¥ induces one on ¥’ by
restricting the orientation, and ([,],[2_]) = ([¥,],[2"]) € Hy”*(X).

Lemma 3.3.4. If ¥ =%, UX_ is a double skein in X rel L and e: XX — ¥ is a morphism
in C°(X; L) inducing the double skein structure ¥, UX' on X', then

KhRpee(e)(x(X4, X)) = (X, X ) + -+
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where the term --- 1is a linear combination of incompatible pure Lee lasagna fillings. With
the same notation, we have KhRpe.(e)(-++)="--.

Proof. This is a consequence of the behavior of Lee canonical generators under cobordisms
described in ([2.13]). For example, for the first statement, we have

KhRLee<e> (ZE(E_H E—))
- 2*71(2)(_1)*?1(2—)2”(5)(_1)71(5—)2“(2 )(—1)"(2—)x(2/+, )4
() .

Now we are ready to prove Theorem |3.3.1]

Proof of the isomorphism in Theorem[3.5.1. We first prove the statement concerning the
isomorphism type of S¥¢¢(X; L), then the four addenda. We define an augmentation map

e: Sfee(X; L) — Q[Hy*(X)]. For any punctured skein X in X rel L, we define e: KhRp..(X) —
Q[HQL (X )] by mapping the class represented by a canonical Lee lasagna filling z(>,,3_)

to e(x,),m_]), the generator of the ([X], [¥_])-th coordinate of the codomain, and an incom-
patible pure Lee lasagna filling to zero. Lemma and Lemma guarantee that this
descends to a well-defined map € on SF¢(X; L).

We show e is an isomorphism. Any pair (o, a_) € Hy”*(X) can be represented by properly
immersed surfaces ¥4 C X with 90X forming a partition of L C X as an oriented unframed
link. By transversality we may assume all singularities of ¥ = ¥, UX_ are transverse double
points. Delete balls around these singularities to make ¥ embedded in X with some balls
deleted, and delete more local balls to make ¥ a punctured skein, so we can put a framing
on Y compatibly with L. Now the class represented by the canonical Lee lasagna filling
(X4, X_) is mapped to e(q, _), proving the surjectivity of .

We remark that the above proof for surjectivity is a replica of that of about the bordism
set of skeins, with minor changes. We do the same for injectivity but skip the details. It
suffices to show any z(¥,,% ), #(X, ") with ([2,],[2.]) = (X.],[2"]) € Hy**(X)
represent the same element in SF*¢(X; L). By mimicking the proof of Theorem , we see
that ¥ = ¥, UX_ and X' = ¥/, UX' are related by morphisms in C°(X; L) (or their reverses)
compatible with the double skein structures. Namely, we can find a zigzag of morphisms in
C°(X;L)
E:E()(—El—}Zg(—"'—}ng:Z/

and double skein structures on each ¥; compatible with 3, ¥’ and the morphisms. Taking
the corresponding canonical Lee lasagna fillings and applying Lemma [3.3.4] we obtain a
zigzag

(B4, 20) = 2(Bos, Bo-) 1 2(Bg, Bim) = oo 2(Bapy, Bopen) = (X, X0)
up to lasagna fillings that are zero in S&°¢(X; L). This proves the injectivity of e. O
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Definition 3.3.5. For any (o ,a ) € HQL’XQ(X), the Lee canonical generator xo. o_ of
Stee(X; L) is the class [#(X,, ¥ )] for any double skein 3 = ¥, UY_ representing (a4, o).

Proof of the additional items in Theorem[3.3.1 Let (X.,%¥_) be a double skein as in Defi-
nition 3.3.5] (2) is clear since [X] = [E;] 4 [X_] = ay + a_ = a. The proofs of (1) and
(3) will make use of Proposition [2.6.1(3)(4) about gradings of Lee canonical generators in
KhRpee.

Denote by K;’s the input links of 3, which also admit decompositions K;, UK,;_ induced from
the decomposition ¥ UX_. The Lee canonical generator zp), assigned to K; in the filling
(X4, X_) has homological degree —20k(K;, K;_). This proves (1) since > (k(K;;, K;_) =
[X4]-[X_]. To prove (3), note that the class z,_, is represented by z(X_, 3, ) associated to
the reverse double skein > = > U>., , which assigns canonical generators TS to each input

link of 3, which themselves are conjugates of o, (meaning that they are equal in quantum
7,4 degree —w(K;) — #K; and negatives of each other in degree —w(K;) — #K; —2). Taking
into account the extra renormalization factor (—1)"() and the quantum shift —y(X) as in
Definition [3.3.2] we see that (X, ,3¥_) and z(X_, 3, ) agree in quantum Z/4 degree

Y (Fw(K) = #EK:) = x(2) = 2(n(S4) +n(S-))
— (—a% = #0_%) = \(5) + X(E) — #L + #0_3
= - 052 - #La

and are negatives of each other in quantum Z/4 degree —a? — #L — 2, proving (3).

Finally we prove (4) which is more subtle. If ¢(z,, o) = ¢ > —00, we can find Lee lasagna
fillings (X, 00), 5 = 1,--- , M, where X0) is a punctured skein with [2Y)] = a . + a_,
h(oD) = h(a, .0 ) = =204 - a_ and g(v) < g for all j, so that Y. [(XY),00))] = 24, o
Define a conjugation action ¢ on @®; KhRre.(X)) by 1 on the quantum Z/4 degree —a? —#L
part and —1 on the other part.

Consider v :=} ) = DidalUo =D ;D 0 A(®ito,) € ®;KhRc.(XY), where in the j-th
summand, 0 = (0;) runs over orientations of the input links Ki(j) of ¥, Each term v,

represents C(0>x[2$)(9)17[2(_j)(9)] in SFe¢(X; L) for some constant ¢(0) if 0 comes from a double

skein structure 9 on X(), and zero otherwise. In the first case, [tv,] = C(°>x[z@(g)],[2$)(o)]
by (3). In the second case [tv,] = 0. Summing up, we have [w] = z4_ 4., thus ¢(za_a,) <
q(w) = q(v) < ¢(zqa, o). By symmetry, ¢(za, o ) = ¢(®a_ o, ). By the triangle inequality,
this also equals max(q(za, 0 + Za_,a,))-

Finally, suppose ooy # a_ in Hy(X, L; Q) and ¢(zq, o) = g > —00. We prove min(q(zq, o =+
Ta_a,)) =q—2. Since To, o £ Tq_ o, have different Z/4 grading, we know min(q(za, o =+
Ta_a,)) < q¢—2. We show the reverse inequality using an idea borrowed from the proof of

Proposition in Chapter [1}
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Let £ = + or — be the sign that minimizes ¢(zo, o £ 2o o, ) (the minimum a priori could
be —0), and let gy be any integer greater than or equal to this minimal value. Choose
lasagna fillings (X, 0W), j =1,---, M’, the sum of which represents z,, o &4 ., with
each ¥V punctured, 2] = a, + a_, h(v¥)) = —2a, - a_ and q(v")) < go. Then, like

before, we can rewrite
U::ZUU):ZZ)‘DID—F”" (3.4)
- ,

where © runs over orientations of X¢) with [¥

$0)

, +
for the canonical Lee lasagna filling x(ESZ) (D)%
of incompatible pure Lee lasagna fillings.

(O)]-[=Y (D)] = a4 -a_, To is a shorthand
@) (9)), and - - - denotes a linear combination

Let HY*(X; Q) be the subset of Hy(X; L; Q)? defined analogously to Hi"**(X), but with Q-
coefficients, and let A: HQL’“(X; Q) — Hy(X; L; Q) denote the map that takes the difference
of the two coordinates. By assumption, A(ay,a_) # 0, so we may pick a linear functional

¢ on Hyo(X; L; Q) with ((A(ay,a-)) = 1.

For each j = 1,---,M’, the set of double skein structures on ¥ can be identified with
+1}7EY) iy the natural way, which comes with a map to HX%(X;Q) by taking the
Y 2 y g
rational homology. The composition

{117 o gE(X,Q) & Hy(X; L;Q) 5 Q

extends to a linear map on Q“U(Z(j)), thus is defined by taking the inner product with some
j )
vector (al(cj))k»Ewo(E(j)) € Q="

Define an operator L) ZkEWO(Z(J ) aé )Xlgj) on KhRpe.(X9)), where X,ij) is a dot operation
on a chosen interior boundary component of the k-component of £): as such, for any
O € {21}, L0y = 3 ooy al Dy = ((EP(O)] — [£9(D)])xo. Let L be the
operator Y. L) on @; KhRpe.(%Y)). Then the sum of the lasagna fillings on £, ..., 501
with decorations given by components of

Lo=7Y L“)g Nowo +-++) = ;mz@w)} ~ BV ©O))rowo + -

J
represents the class ¥o, o F Ta_ o, by the choice of £.
Since the operator L has filtered degree 2, we conclude that
q= q(xcur,a, + l’a,,a+) S qo + 2.

Since gy > ¢(Ta, o ETa_ o, ) is arbitrary, we have ¢(za, o £ %o o, ) > ¢—2, as desired. O
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3.3.2 Canonical Lee lasagna generators under morphisms

The induced map on Lee homology of a link cobordism is determined by its assignment on
Lee canonical generators, given by (2.13). In this section, we prove a lasagna generalization
of this formula. In the most general form, the relevant cobordism map we examine is ([2.20)).

We recall the notation and explain the setup before stating the generalization. The 4-
manifold X = X;Uy X5 is obtained by gluing X3, X, along some common part Y, —Y of their
boundaries, where Y is a compact 3-manifold possibly with boundary. Two framed oriented
tangles T} C 0X;\int(Y) and Ty C Y glue to a framed oriented link L; C 0X;, and S C Xs is
a (not necessarily framed) surface with an oriented link boundary 05 = —Ty,UTy, = Ly C 90X,
where Ty is a tangle in 0X5\int(—Y). Then L = Ty U T, is a framed oriented link in 0X.
The gluing of (X5, S) to (X1, L1) along (Y, 7)) induces the cobordism map

SEe(Xy;9): SEe(Xy; Ly) — SE“(X; L) (3.5)

as in (2.20]), which has homological degree 0 and quantum filtration degree —x(S) + x (7o) —
[S]?>. We recall that by deleting local balls on S (one for each component) and putting a
compatible framing, the punctured surface S° is a skein in X5 rel L, with a natural lasagna
filling by assigning 1 to all boundary unknots, and is defined by putting the class of
this lasagna filling in the second tensor summand of the more general gluing map .

A class o € HY'(X)) and a class 8 € Hy*(X,) glue to a class a * 8 € HY(X). Similarly,
a double class (ay,a_) € HE?(X,) and a double class (81, 3-) € HF*"*(X,) glue to a
double class (ay, ) * (B, ) = (g % By, a_ % f_) € HP**(X) if they are compatible, i.e.
if Doy, 0P, (and thus da_, d5_) agree on Ty, and do not glue if they are incompatible.

The punctured surface S° represents the class [S] € Hi?(X,). Thus the cobordism map
(3.5) decomposes into direct sums of maps S¥e¢(Xy; Ly; o) — SFee(X; Ly a * [S]).

Theorem 3.3.6. The cobordism map (3.5) is determined by

S5 (Xe; 5) (Tap ) = 270N ()™M OEDg s e s @) (3.6)
O

Here the sum runs over double skein structures © on S compatible with (ay,a_), m(S, L)
s an integral constant depending only on the topological type of the input pair, which equals
n(S) if SN Ly is a link, thought of as the negative boundary of S, and Li_ is the sublink of
Ly with fundamental class Oa_.

Proof. This is almost tautological from the construction. Let ¥ = 3, UX_ be a double skein
in X rel L; representing (cvy, _). By Definition , Ta, o isTepresented by the canonical
Lee lasagna filling (X, ¥_) of the double skein X3, as defined in Definition . After gluing
(X3, 5°) to (X1,%), we decompose each label 1 on the unknots on S into a + b. Then we
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obtain a linear combination of pure lasagna fillings with underlying punctured skein > U S°,
the class represented by which is a linear combination of canonical Lee lasagna generators
over double skein structures O on S compatible with (3,,3_), as in the summation of the
theorem. Keeping track of the constants, we see that the theorem holds with

—x(S) + x(0S N Ly) + #(OSALy) — #L,
2

which is an invariant of the pair (S, Ly), and which equals n(S) if SN L; is a link by the
additivity of n(-). O

m(S, L) =n(XUS°)—n(X) =n(XUS)—n(X) =

3.3.3 Lasagna s-invariants and genus bounds
Let (X, L) be a pair as before. In view of Theorem |3.3.1, we make the following definition.

Definition 3.3.7. The lasagna s-invariant of (X, L) at a double class (ay,a_) € HE**(X)
1s

s(X;Lyog, o) i=q(xa, o) — 204 - € Z U {—00}.
The lasagna s-invariant of (X, L) at a class o € HF(X) is

s(X;Lya) == s(X; L;a,0) = q(x40) € Z U {—00}.

When L = (), we often drop it from the notation of lasagna s-invariants.

When X is a 2-handlebody, the isomorphism ([2.19|) respects the canonical Lee lasagna
generators in the sense that 4, 5 € S§*(X; (L,00); B) is identified (up to renormalizations)
With Za, o € SF(X; L;a) for the unique pair (ay,a ) € Hy”*(X) with oy —a_ =
By — B_. In particular,

s(Xs Liay, o) = (X5 (L, 0(oy — a-));aq — oo ). (3.7)

Thus, the double class version of lasagna s-invariants in Definition can be recovered
from the single class version. When X is not a 2-handlebody, however, it is not clear

that (2.19) holds in a filtered sense for Lee skein lasagna modules, so we do not have this
conclusion.

We prove a few properties of lasagna s-invariants.

Theorem 3.3.8. The lasagna s-invariants satisfy the following properties.

(0) (Empty manifold) s((;0;0) = 0.

(1) (Recover classical s) If x denotes the unique element in HE(B*), then
s(BY L;*) = sq, (L) + 1 = —s(—L) —w(L) + 1,

where s is the classical s-invariant defined by Rasmussen [Ras10] and Beliakova—Wehrli
[BW0S].
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(2) (Symmetries) s(X; Liay,a ) = s(X;Lya_,ay) = s(X; L™, —ay,—a_), where L de-
notes the orientation reversal of L.

(3) (Parity) s(X;L;ai,a ) = (ay +a_)?>+#L (mod 2) (by convention —oo has arbitrary
parity).

(4) (Connected sums) If (X,L = Ly U Ls) is a boundary sum, a connected sum, or the
disjoint union of (X1, Ly) and (Xa, Ly), and (ay 4, cu_) € Hy " *(X,), i = 1,2, then

s(X;Lyoq 4 + ag a1 +ag ) =s(Xy; Lison o, a1,-) + s(Xo; Lo; Qo 0y ).

(5) (Reduced connected sum) If (X,L = Li#k, x,L2) is a (reduced) boundary sum of
(X1, L1) and (X2, Ly) performed along framed oriented intervals on components K; C L;,
i =1,2, and (a; 4,0 ) € Hy"*(X;) are double classes compatible with the boundary
sum, then

S(Xs Lk, gy Lo oy ¥y _*ap ) = s(X1; Loy, o) +5(Xo; Loy ag ) — 1.

(6) (Genus bound) If (Xa, L) is glued to (X1, Ly) along some (Y, Tp) to obtain (X, L), and
(unframed) S C Xy is properly embedded with S = Ls, as in the setup of (3.5), such

that every component of S has a boundary on Ty, then for any compatible partition
S =5, US_ and double class (ay,a_) € Hy " *(X,),

s(X; Loy % [S4], o # [S_]) < s(Xy; Ly ay, an) — x(S) + x(To) — [S]°.

The special case of Theorem [3.3.8(5) when X; = X, = B*, in view of (1), recovers the
connected sum formula

s(Li# s, i, L2) = s(L1) + s(La)

for the s-invariant of links in S3, a fact that was proved only recently [Man+23 Theorem 7.1].

Since we performed gluing in its most general form, Theorem M(G) has a rather com-
plicated look. We state some special cases as corollaries, roughly in decreasing order of
generality. Note that for 2-handlebodies, by , the double class versions of the genus
bounds are equivalent to the single class versions.

Corollary 3.3.9. Suppose (X1, L1 U L), (Xo,—Lo U L) are two pairs that can be glued
along some common boundary (Y, Lo) where Y is a closed 3-manifold (in particular Ly, Ly ¢
Y). Suppose (unframed) S C Xy has S = —Lg U Ly and each component of S has a

boundary component on —Lg, then for any compatible partition S = Sy U S_ and double
class (oy, o) € Hy' "M% (X)),

s(X1 Uy Xo; Ly U Ly oy % [Sy],a- * [S_]) < s(X1; Ly U Loy ay, o) — x(S) — [S)?
In particular, for any class o € HFo(Xy),

s(X1 Uy Xo; Ly U Ly a % [S]) < s(X1; Ly U Loy a) — x(S) — [S)?.
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Proof. This is the special case of Theorem [3.3.8(6) when Y is closed, so Ty = Lo with

Remark 3.3.10. Although Theorem M(G) is more general than Corollary it is implied
by the latter. This is because we can replace (X5, S) by its union with a collar neighbor-
hood of (0Xi,L1). Nevertheless, the proof of Theorem [3.3.8(6) is only notationally more
complicated. The same remark applies to Theorem |3.3.6]

Corollary 3.3.11. Suppose (W, S): (Y1,L1) — (Ya, Lo) is an unframed cobordism between
framed oriented links in closed oriented 3-manifolds such that each component of S has a
boundary on Ly, and X is a 4-manifold that bounds Y,. Then for any compatible partition
S =S8, US_ and double class (o, o) € HE (X)),

s(X Uy, Wi Ly;ay % [Sy],a_ * [S_]) < s(X; Li;ay, o) — x(S) — [S]*.
In particular, for any class o € HX(X),
s(X Uy Wi Lysa  [S]) < s(X; Lizar) — x(S) — [S]”.

Proof. This is the special case of Corollary when 0X; =Y. O

In the special case of Corollary [3.3.11] when S C I x S? is a link cobordism between links
Li,Ly C S3, each component of which has a boundary on L, and when X = B*, in view
of Proposition and Theorem [3.3.§[(1), we have s(—L;) < s(—Ls) — x(S5). Of course we

can reverse the orientations to obtain
s(L1) < 5(La) = x(9),
which recovers the classical genus bound for link cobordisms from s-invariants [BW08, (7)]]

Corollary 3.3.12. Suppose (X, L) is a pair and S,,S_ C X are disjoint properly embedded
surfaces with 0S, U0S_ = L, then

29(Sy+) +29(S-) > s(X; L; [S4], [S-]) + [S4]* + [S-]* — #L.
In particular, if S C X is properly embedded with 0S = L, then
29(S) > s(X; L; [S]) + [S]* — #L.

Proof. Delete a local ball on each component of S, and S_, regarding the rest of X and Si
as a cobordism and applying Corollary [3.3.11] we get

SO L [84],[S.]) < (B IS5, poserdtso) )y (5%) — (8],

where s((BY)H@#S+F#5-), JUESH#5-). 4) = (#£S, + #S_)s(BLU; %) = #S. + #S_ by
Theorem [3.3.8|(1)(4). The statement follows by simplification. O

Note (7) in [BWO0S| incorrectly missed the condition about components of S having nonempty boundary
on one end.
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In the special case X = B* and L = K C S? is a knot, the single class version of Corol-
lary [3.3.12| recovers Rasmussen’s slice genus bound for knots |[Ras10, Theorem 1].

Corollary 3.3.13. Suppose X is a 4-manifold, and S, S_ C X are disjoint closed embedded

surfaces, then
29(S4) +29(S-) > s(X;[S4], [S-]) + [S+]* + [S-]~

In particular, if S C X is an embedded surface, then

29(5) > s(X; [S)) + [S]*.
Proof. This is the special case of Corollary [3.3.12] when L = (). ]
The genus function of a 4-manifold X, g(X;-): Ho(X) — Z>o, is defined by

9(X;a) =min{g(X): ¥ C X is a closed embedded surface with [¥] = «a}.

Corollary 3.3.14. (Theorem |3.1.10}) The genus function of a 4-manifold X has a lower
bound given by

X: 2
g(Xia) > S Fo7
2
Proof. This is a reformulation of the second part of Corollary |3.3.13| n

Lasagna s-invariants obstruct embeddings between 4-manifolds in the following sense.

Corollary 3.3.15. Ifi: X — X' is an inclusion between two 4-manifolds, then for any class
o€ HQ(X),
(X' i) < s(X;a).

Proof. This is the special case of the single class version of Corollary|3.3.11|when L; = Ly =
S = 0. O

Corollary 3.3.16. For any compact oriented 4-manifold X, we have s(X;0) < 0.

Proof. This is a consequence of Corollary [3.3.15[ and Theorem [3.3.8(0). O

We return to Theorem [3.3.8] It is an easy consequence of the hard work that we have done
in previous sections.

Proof of Theorem[3.3.8 (0) woo € SF¢(0) is represented by the Lee lasagna filling (), 1) on
the empty skein, which has filtration degree 0.
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(1)

T.o € SEe¢(B*; L) is represented by the Lee lasagna filling on the skein I x L C I x
53 = B*\int(3B*) with decoration z,, on the input link L. Under the identification
Ste¢(BY; L) 2 KhRp..(L) given by Proposition , Ty is equal to the Lee canonical
generator x,, , which has filtration degree sq, (L) +1 = —s(—L) — w(L) + 1 by (2.15).

The first equality is a consequence of Theorem [3.3.1[(4). Reversing the orientation of all
skeins defines an isomorphism SFe¢(X; L) & Ske¢(X; L") which negates the homology
class grading but preserves other gradings and the quantum filtration, and exchanges
the canonical Lee lasagna generators. This proves the second equality.

This is a consequence of Theorem [3.3.13).

This is a consequence of Proposition and the fact that the canonical Lee lasagna
generators behave tensorially under the various sum operations (as can be seen on the
canonical Lee lasagna filling level).

This is a consequence of Theorem [3.3.6, Under the condition on the components of S and
the compatibility assumption, the right-hand side of has exactly one term, which
has S1(9) = Si. The statement follows from the fact that SFe¢(X5,;S) has filtered
degree —x(S) + x(Tp) — [S])? (cf. the comment after (3.5)).

There is a framed saddle cobordism (I x 0X, S) from (0X, L = L1#xk, k,L2) to (0X, L
L), where 0X is bounded by X = X;4X5. Thus Corollary [3.3.11] (which is a corollary
of (6)) and (4) imply

S(XsLiay g gy ar—*ag ) > s(Xy; Lisag g, 00,-) + 5(Xo; Loy 4, ) — 1.

To prove the reverse inequality, by Theorem M(él), we can choose signs ¢; = +1,
1 = 1,2, such that

(%o o €iTa; i) = S(Xi Lisoiy, 05 -) —2, i =1,2.

By Theorem [3.3.6] the reverse S” of S induces SFe¢(I x 0X;S7): SFe¢(X; Ly U Ly) —
S5¢(X; L) that maps (Za, , a1 + €1%ay a1, ) ® (Tay 0 + €%as s, ) t0 a nONZETO
multiple of T, ,1as .01 sas_ £ Tay_san_ a1 rany- Since SF(I x 0X;S™) has filtered
degree 1, it follows that

$(X;Lian g x agqy 00— % an, )

IAINA

Lay 4,00, - + 611‘0&1,7,061,+) + q(l‘a2,+70¢2,7 + 62:13062,—,02,+) +3

(

(xa1’+*a27+,a1’_*a2’_ :i: mal,_*ag,_,a1’+*a27+) + 2

(

(X5 Ly on gy an =) + s(Xos Loy g 1 g ) — 1 [

q
q
S
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3.4 Nonvanishing criteria for 2-handlebodies

The Lee skein lasagna module of a pair (X, L) is never 0 by Theorem [3.3.1] However, in our
setup, it is appropriate to set the following convention.

Convention. The Lee skein lasagna module S§°¢(X; L) is vanishing if the filtration function
on it is identically —oo; equivalently, it is vanishing if the lasagna s-invariants of (X, L) are
all —oo. It is nonvanishing if it is not vanishing.

When X is a 2-handlebody, the Khovanov or Lee skein lasagna module of a pair (X, L) has
a nice formula . From now on, we will also mostly restrict to characteristic zero, so
the 2-handlebody formula takes the form in terms of a colimit along symmetrized
dotted annulus creation maps between symmetrized cables. In this section, we make use of
this 2-handlebody formula to provide some explicit criteria for SZ(X; L) or St¢(X; L) to
be nonvanishing. By our discussions in Section and Section this leads to smooth
genus bounds for second homology classes of 4-manifolds. This section is an expansion of

Section [3.1.3] and Section [3.1.4]

Throughout the section, we assume that X is the 2-handlebody obtained by attaching 2-
handles to B* along a framed link K = K;U---UK,, C 5%, and L C 0X is given by a
framed oriented link in S® disjoint from K, as in the setup of (2.17) and (2.18)).

3.4.1 Rank inequality between Khovanov and Lee skein lasagna
modules

In this section, we prove Theorem [3.1.13] which states that the rank of S3(X; L) is bounded
below by the dimension of gr(Sf¢¢(X;L)) in every tri-degree (h,q,a). In particular, if
SEee(X; L) is nonvanishing, so is SZ(X; L). By Theorem [3.1.5] this has the following conse-
quences.

Corollary 3.4.1. If a knot trace X,(K) embeds into a 4-manifold X for some knot K and
framing n > —TB(-K), then S¥*¢(X; L) is vanishing for any L C 0X. In particular, the
lasagna s-invariants of (X, L) are all —oc.

Proof. This is a consequence of Theorem and Theorem [3.1.13) when X = X,,(K). The
general case follows from this and Proposition [2.3.4] O

Recall that a knot K C S3 is n-slice in a 4-manifold X if there exists a framed slice disk in
X\int(B*) of the n-framed knot K C S* = —9B*.

Corollary 3.4.2. Suppose some class in SE°(X; L) has finite filtration degree. If K C S?
is n-slice in X, then n > TB(K).
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Proof. The folklore trace embedding lemma states that K is n-slice in X if and only if
X_,(—K) embeds in X Therefore the statement is the contrapositive of the first part of
Corollary [3.4.1] for ( —n) in place of (K, n). O

We turn to Theorem [3.1.13] We will only use the 2-handlebody condition in a mild way,
namely that the 2-handlebody formula (2.18)) expresses Sg(X; L) as a filtered colimit instead
of an arbitrary colimit ([2.2)).

Proof of Theorem[3.1.13 As shorthands, write S(r) := Sja, 420, X -+ X Sjay|42rm> K(1) =
K(a™ 4+ r,a” +r)UL. Then (2.18) for ¢ = Lee is rewritten as

S§e°(X; Lya) & colimyezm ¢~ K h Ry e (K (r))5), (3.8)
as h-graded and g-filtered vector spaces. Similarly for S3(X; L; a; Q).

The expression can be rewritten as a filtered colimit with terms given by KhRp..(K(r)).
More explicitly, consider the filtered index category Z with object set given by ZZ, and with
Hom(r,7") = {s € (ZsoU {—00})™: r; < 7l and (r; < s; < 7} or s; = —00), Vi}. Identity
morphisms are id, = (—o0, -+, —00), and compositions are defined by s’ o s = max(s, s)
taken componentwise. Then, SF*¢(X; L; «) is the colimit of the functor

Frng,.. = q 2 KhR; . (K(e)): T — Filt(Vectg)Z,

where a morphism s: r — 7 is sent to the map induced by a sequence of dotted annulus
cobordisms from K(r) to K(r') post-composed with symmetrization by S(s) on the sublink
K(s) C K(r"), where —oo components of s are understood to contribute no cable component
in K(s). Analogously, S3(X; L; a; Q) is the colimit of

Freng, = ¢ 172 KhRy (K (o);Q): T — Vect’ .

For every morphism s € Z, there is a formal linear combination of dotted cobordism maps
that induces both Fpg,,. (s) and Fkpr,(s). If {(E.,d,)}r>1 denotes the Lee spectral se-
quence with £y = KhRy that converges to KhRy.., we can use the same cobordism maps
to define functors Fg.: Z — Vecté2 for r € Z-o U {oco}. By naturality of the Lee spectral
sequence, each d, for r < oo defines a natural transformation from Fg,_ to itself, which in-
duces a differential colimd, on colim F,. . Since filtered colimits are exact in vector spaces,
objectwise convergence gives

colim Fg_, = colim(gr o Frpr,,.) = gr(colim Frpr,..)/97—cc(colim Fipg, .. ).
Moreover, for every r < oo,
colim Fg, ., = H,(colim Fg, , colimd,.).

Since we do not have a priori uniform control on convergence, the spectral sequence {(colim E,,
colimd,)},>1 need not converge to colim F.,. Nevertheless, E is a functorial subquotient
of each E,, a property preserved under filtered colimit, so colim F, is a subquotient of every
colim E,. Taking » = 1 recovers the theorem. O]
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3.4.2 Comparison results for Lee skein lasagna modules

In this section, we prove two sample comparison results for Lee skein lasagna modules of 2-
handlebodies, as an easy consequence of the structure theorem of Lee skein lasagna modules
(Theorem [3.3.1)) and the behavior of the canonical generators under gluing (Theorem (3.3.6]).

Recall that (X, L) is the pair that arises from K UL C S? after attaching 2-handles along K.
Let (X', L) be another such pair from K’ U L’. Suppose there is a concordance C: K — K’,
that is, a genus 0 component-preserving framed link cobordism in I x S? (thus topologically
C' is a disjoint union of annuli). Then the surgery on C' gives a homology cobordism W
between the surgery on K and the surgery on K’. In particular, W (and thus C') induces
an isomorphism pc: H,(0X) = H,(0X'). Moreover, X' = X Ugx W. If A C W is a
concordance between L and L, then (W, A) induces an isomorphism Hy (X, L) = Ho( X', L)
that restricts to ¢4: HF(X) = HF (X').

Proposition 3.4.3. Let (X, L) and (X', L) be obtained from K UL, K'UL" C S* as above,
and let C: K — K' be a concordance that induces a homology cobordism W: 0X — 0X'.

(1) If A C W s a framed concordance between L,L', then St*(X;L) = Ske(X';L') as
tri-graded (by 7 x 7./4 x H¥(X), where H¥(X) = HE (X') via ¢4), quantum filtered
vector spaces. Moreover, s(X; L;a) = s(X'; L'; pa(a)) for all « € HE(X).

(2) If L has components Ly,--- , Ly, L' has components Ly, --- | L, and pc([L;]) = [Lf] for
all i, then SEe¢(X; L) is nonvanishing if and only if S§°¢(X'; L) is nonvanishing.

Proof. (1) Gluing (W, A) to (X, L) defines a filtered (degree 0) map Ste¢(W; A): Sf*¢(X; L) —
Stee(X7; I'). Turning (W, A) upside down gives another filtered map SFe¢(X’; ') —
Sie¢(X; L). By Theorem , the two maps interchange the corresponding canonical
Lee lasagna generators, and thus are inverses to each other. The statement follows.

(2) By symmetry, it suffices to assume the filtration of S¢(X; L) is identically —oco and
prove the same for SFe¢(X'; I).
Under the given condition, we can find immersed cobordisms S;: L; — L) in W that
intersect each other transversely. After deleting some local balls, we can regard S =
S;U---USy as a punctured skein in W rel —L LI L’ and put on it a compatible framing.
For any double class (ay,a_) € HY**(X), there is a unique compatible double skein
structure S = S, US_. Gluing (W, S) with the canonical Lee lasagna filling z(S,, S_) to
(X, L) maps 2, o € S§(X; L) to a nonzero multiple of 2, +[s,],a_ss_] € SF(X'; L').
Since ¢(Ta,,a_) = —00, We see ¢(Ta +[s,],a_x[s_]) = —00 as well. Since all canonical Lee
lasagna generators of (X', L') arise this way, we conclude that the filtration function on
Stee(X'; L) is identically —oo. O
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3.4.3 Lasagna s-invariants and s-invariants of cables

In this section we show that the lasagna s-invariants of (X, L) are determined by the classical
s-invariants of cables of K U L. Recall that as in the setup of (2.17) and (2.18)), the choice
K UL C 52 gives an identification HI'(X) = Z™.

Proposition 3.4.4. For any o € H¥(X) = 7Z™,
$(X; L) = lim (sg,(K(a™ +7r,0” +7r)UL) —2|r|) — |a| + 1
r—00"™
= — lim (s(=(K(a" +ra +r)UL))+2|r|]) —w(K(a",a”)UL) - |a| + 1.

r—00™
Moreover, the quantity within the limit sign in the first (resp. second) line is nonincreasing
(resp. mondecreasing) in r.

Proof. The gl, s-invariant relates to the classical s-invariant via (2.15)). Since w(K(a™ +
r,a” 4+ r)U L) is independent of 7, the claims on the second row follow from the first. The
existence of the annulus creation cobordism from K(a®™+r,a”+r)UL to K(a™+r+e;,a” +
r+e;) U L implies that the quantity within the limit sign in the first row is nonincreasing in
r. In particular, the limit exists (which could be —o0). Thus, it remains to prove the first
equality.

We describe explicitly the isomorphism (2.17). Delete a 4-ball B* slightly smaller than the
0-handle of X and put K(r) := K(a® +r,a” +r)UL on its boundary. Cap off the sublink
K(at 4+ r,a” 4+ r) by some parallel copies of cores of the 2-handles of various orientations
corresponding to (a™ +r,a~ + ), and put a cylindrical surface I x L connecting the inner
link L € dB* and the outer link L C X . This gives a punctured skein in (X, L) with input
link K(r). Putting decorations on K(r) defines KhRy..(K(r)) — St*¢(X;L). Taking the
direct sum over r defines a map that descends to the isomorphism . It follows that
the canonical Lee lasagna filling on this punctured skein as a double skein (double skein
structure given by its own orientation) is given up to a scalar by the Lee canonical generator
of K(r) (with its own orientation) decorated on the input ball.

As in the proof of Theorem for @ = Lee is rewritten in our shorthand notation
as (3.8). For an orientation o of K(r), let ki ;(0) denote the number of strands in K(r)
parallel to K; on which the orientation o agrees with the one induced from K;, i =1,--- ,m.
We will be concerned with orientations o of K (r) that are compatible with the orientation
of L, with k(o) = a™ + r (componentwise). Let O(r) denote the set of such orientations,
and let KhRpee o) (K (r)) denote the subspace of KhRp..(K(r)) spanned by Lee canonical
generators associated to such orientations. By the description of the S(r)-action on the
canonical generators, we know S(r) acts on KhRpee o) (K (7)), with a 1-dimensional invari-
ant subspace KhRpe. o0 (K (r))*") spanned by the element z(r) := c, Y 0co(r) To shifted
by ¢~ 1¢1=2"l where the constant ¢, # 0 is chosen so that ™ (r) represents the canonical Lee
lasagna generator .0 € S§°°(X; L; ) under (3.8)). In fact, 2™™(r) is the unique element in
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KhRpeo(K(r))5") that represents x4, under (3.8). Define seit (K (r)) == q(z™(r)). Since
(3.8)) holds as filtered vector spaces, we have

s(X; L;a) = limm(sm:(K(r)) — |a] = 2|r|). (3.9)

It remains to show that the right-hand side of (3.9) is unchanged if we replace sji’(K(r))

by sq, (K (1)) + 1, the latter of which is equal to g(z,) where o0 is any element in O(r).

Since ™ (r) is a sum of z, and some S(r)-translates of it (all of which have the same
filtration degree), we have q(z™(r)) < q(x,), thus

i (5 (K () — o =2r]) < lm (s (K() + 1~ || = 2. (3.10)
Now suppose the right-hand side of (3.10)) is not —oo, so the value stabilizes to some limit M
for r sufficiently large. We claim that for r sufficiently large, in the sense that the right-hand
side of (3.10)) stabilizes to M at r — (1,--- , 1), we have ¢(z™"(r)) = q(x,) = M + |a| + 2|7,
from which the statement follows.

To this end, we follow the strategy in Section in Chapter [T, see in particular the proof
of Lemma m The point is that, by exploiting the maps q"o“_Q‘T|KhRL€e7D(T_€i)(K(r —
ei)) = ¢ 1T TKhR e 0 (K (r)) induced by the undotted annulus creations, and applying
Proposition m (really, a multi-component version of it; see Remark , we see that all
irreducible S(r)-subrepresentations of ¢=!“=2"'K'hRp.. o((K(r)) other than the invariant
subspace have a filtration level bounded from above by M — 2. Since the invariant subspace
is spanned by z(r) and r is in the stable range of the right-hand side of (3.10]), we must
have (2™ (r)) — |a| — 2|r| = M, as desired. O

3.4.4 Diagrammatic nonvanishing result

For simplicity, in this section we assume L = (). We give a diagrammatic criterion to
guarantee the nonvanishing of S2(X) and SF¢(X). The results presented here contain
a small improvement over those in [RW24, Section 5.4]. See also [Nah26| for a slightly
simplified approach to some nonvanishing results presented in this section in a simplified
setup.

We explain our setup. As before, assume X is a 2-handlebody obtained by attaching 2-
handles to B* along a framed oriented link K C S with components K7, - - , K,, and fram-
ings p1, -+ ,Pm. Let p=(p1, -+ ,pm) and P be the diagonal matrix with entries py,- -, pm.
Choose a link diagram D of K as an unframed link. Let N denote the crossing matrix of
D, where Nj; is the number of crossings of K; in diagram D, and N;; is half the number of
crossings between K; and K; in D for ¢ # j. Let w = (wy,--- ,w,,) be the writhe vector
of the diagram D, where w; is the writhe of the i-th component of D, and let W be the
diagonal matrix with entries wy,--- ,w,,. Finally, for f,n € Z™, let K/ denote the link K
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with framing f, and K/(n) denote the n-cable of K with framing f, obtained by replacing
K; by an fi-framed |n;|-cable, with orientation reversed if n; < 0. Thus, any K" (n) has
a natural diagram induced from D by taking blackboard-framed cables. (Here and below,
unless explicitly stated otherwise, the blackboard framing of a diagram of a framed link is
equal to the framing of the link.)

Finally, fix a class e € Hyo(X;7Z/2) = (Z/2)™, and let Z™ denote the subset of Z™ of elements
with mod 2 reduction €. Define

h:Z" =7, aw o' (P —W + N)a.

Theorem 3.4.5. In the notation above, suppose

(i) P —W + N is negative semidefinite.
(i) For any n € Z N ZZ, with h(n) = max(h), the link diagram of K*(n) induced from

D s positive.

Then,

(0) A class o € Z™ mazimizes the self-intersection number o if and only if it mazimizes
h(a), in which case a* = h(a) = max(h).

For every class o € Z™ that mazimizes o, or equivalently h(a), we have
(1) For e € {2, Lee}, S5 .o(X;a) =0.

(2) We have 8§o(X;0;Q) = gr(S5ee(X; ) as graded vector spaces, with total dimension
given by the number of maximal points of h on Z. If in addition, w; > p; for all i, and
no knot component of D is a crossingless unknot, then

Seo(X;;Q) = P ¢PITMKRRY(K (n); Q), (3.11)

neZMNLY,

h(n)=max(h)
where (-,-) is the inner product on 7.
(3) s(X;a) =—s(—KP(a)) —a? —|a| + 1.

Remark 3.4.6. (1) Since every K" (n) in the summation in is positive, each summand
can be easily computed using algebraic data of the link diagram D, as observed in
[KhoO3|, Proposition 6.1] in the case of knots. Explicitly, for a framed link L with a
nonsplit positive diagram D where each D; is nonsplit, we have

KhRS(L) =2 ¢ 9 P17 g ¢ 0P *27, (3.12)

where O(D) denotes the number of Seifert circles of D.
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(2) For every a € Z™, not necessarily maximizing o?, we can deduce the structure of

S3(X; o; Q) and SF°°(X; ) at the highest nontrivial homological degree, namely 3 (max(h)—
a?), from the special case in Theorem M(Q) by the renormalization formula (2.19)).

(3) It is possible to allow a boundary link L C 90X in the statement of Theorem but
we refrained from doing so to avoid making the statement too complicated.

Corollary 3.4.7. With the same notation as before, if P — W + N is negative definite,
then s(X;0) = 0, and both S§,(X;0;Q) and S§§°(X;0) are 1-dimensional, concentrated at
(filtration) degree 0. More generally, for any a € Ho(X), the highest homological degree
part of S2(X;a; Q) is equal to the associated graded vector space of the corresponding part
of St¢(X; a; Q), whose graded dimension is finite, and computable from the input data with
time complexity at most polynomial in the size of D and exponential in m.

Proof. By adding positive kinks to D if necessary, we may assume it does not contain
a crossingless unknot component. Apply Theorem [3.4.5(2)(3) with € = 0, where (ii) is
satisfied because the maximum of h is achieved at the unique point n = 0, and any diagram
of K*(0) = 0 is positive. So the right-hand side of has a single term KhR3(0) = Q
at degree 0. Also, s(X;0) = —s(0) +1=0.

For an arbitrary «, we may use (2.19)) to reduce to the case when o maximizes o within its
mod 2 homology class. Since P —W + N is negative definite, (3.11]) is a finite sum where the
number of summands is at most exponential in m, and each term can be computed using

3.12)) in polynomial time. O
poly

Proof of Theorem |5.1.15 Let D be any diagram of K. In the notation of Theorem [3.4.5|
we have m=1,p=n, P—W + N =n+2n_(D). Now (1) follows from Corollary [3.4.7]

For (2), take D to be a positive diagram of K with at least one crossing. Then for n < 0,
the conditions in Theorem are satisfied for both € = 0,1, and we obtain s(X;0) =
—s(0)+1=0,s(X;1)=—s(—K) —n—1+41=s(K) —n by Theorem [3.4.5(3). For n <0,
by tracking the grading shifts, the claim on Sg,(X; 1) follows from Theorem W(Z), where
the summation has only one term 1 € Z* N ZZ,. O

The rest of the section is devoted to proving Theorem [3.4.5|

3.4.4.1 Proof Strategy
We recall the 2-handlebody formula for X and a € Z%, (2.18):

S(X;a) = Colimrez%q_‘al_mr‘KhR.(Kp(a 4, 7)) Seter (3.13)

where when e = 2 we assume to work over Q. Here for a € Z%, S, := Hj Sa;-



CHAPTER 3. KHOVANOV SKEIN LASAGNA MODULES AND EXOTIC
4-MANIFOLDS 91

Step 1: For a maximizer a € Z" of h, give an upper bound on the rank of KhRy(KP(a+7, 7))
in the highest expected homological degree, namely homological degree zero. In particular,
this will show KhR;°(KP(a + r,7)) = 0, proving (1). The key technical input will be a
comparison lemma that provides an upper bound of KhRy(KP?(n)) in terms of KhRy(K9(n'))
for ¢ > p, 0 < n’ < n, in a spirit similar to that of Section [1.5]in Chapter

Step 2: For a maximizer « of h, give a lower bound on the dimension of KhRpe.(K?(a+r, 1))
in homological degree zero. This part is easy, because KhRp.. (disregarding the filtration
structure) is determined by algebraic data.

The two bounds in the first two steps will be equal to each other, thus we can determine
KhRY(K?P(a+1,7);Q) = gr(KhRY, (KP(a+1,7))). The equality also forces (0) (of course,
one can also prove (0) using easy algebra).

Step 3: Compute KhRy(KP(a+7,7); Q)%+2 in homological degree 0. Argue that the sym-
metrized dotted annulus creation maps in (3.13) are all injective in homological degree 0,
thereby computing Sg,(X;a; Q) = gr(Sy§°(X; a)), proving (2). By tracking Lee canonical
generators as in the proof of Proposition , we compute s(X; «), proving (3). The techni-
cal tools in this step are (multi-component versions of) Corollary and Theorem in
Chapter . The injectivity will follow from the splitting of in the relevant homological
grading, which is in turn deduced from a dimension count.

3.4.4.2 Setup and preliminaries

Every condition and conclusion of Theorem [3.4.5, with the possible exception of (2), is not
affected by adding positive kinks to D. Therefore, we may assume without loss of generality
that the extra assumptions in (2) hold throughout, namely

(ili) w; > p; for all 4.

(iv) No knot component of D is a crossingless unknot.

We also assume o € Z7" N ZY,, as the general case is only notationally more complicated
(and can indeed be deduced from the special case by reversing the orientations of some K;’s).

In the setup of Theorem [3.4.5] it is convenient to note the following;:

e P—W + N, — N_ is the intersection form of X on Hy(X) = Z™.

o w(K?(a)) = a? (P W + N, — N_)a for any a € Z. If v is a maximizer for h,
then w(KP(a )) = h(a) = max(h).

o If « € Z" is a maximizer of h, (Jaul,- - ,|am|) is also a maximizer.
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o If n € Z" NZY,, then w(K™(n)) < n"Nn, with equality achieved if n is a maximizer
of h.

Our bounds on the rank of homologies will be stated in terms of their Poincaré polynomials.
For a link L, let P(L)(t,q) be the Poincaré polynomial of KhRy(L). For convenience, we
will also consider the renormalized homology of L, defined to be

KhRy(L) = t0)/2g~ (D2 B Ry(L),
which is independent of the orientation of L (cf. (2.12)). Let P(L)(t,q) be the Poincaré

polynomial of mg(L), which is a Laurent polynomial in t*/2, ¢'/2.

For two (Laurent) polynomials P, Q in variables t'/2, ¢'/2, we write P < @ if every coefficient
of P is less than or equal to that of (). For two vectors a,b € Z™, write a < b if a; < b; for
all 1.

We will also make use of the following easy lemma. For a (Laurent) polynomial P in ¢t'/2, ¢'/2,

tmaz(P) denotes the maximal ¢-degree where it is nonzero.

Lemma 3.4.8. For n € Z7%, we have tyq(P(K¥(n))) < in’Nn.

Proof. For any framed link diagram D of L, t,,4.(P(L)) is at most the number of negative
crossings of D, and thus t,,,,(P(L)) is at most one half the total number of crossings of D.
For D the standard diagram of K*(n), this number is n” Nn. O

3.4.4.3 Step 1: Upper bound for KhR, and proof of (1)

For a > b, a,b € Z*, let (a,b) denote the irreducible S, j-representation (a,b) := ®;(a;,b;),
where (a;,b;) is the irreducible Sg, 4, -representation over Q given by the two-row Young
diagram (aj,b;). In the following lemma, for p,w € Z™, P,W will denote the diagonal
matrices with entries given by p,w, as in the setup of Theorem [3.4.5] For j = 1,---  m,
KP*ei/mi(n) will denote the framed link obtained from KP(n) by inserting a 1/n;-twist along
the components parallel to Kj; in particular, its writhe is n; more than that of K?(n), and
it is identical to KP(n) if n; = 0.

For the reader’s convenience, we note that for r,n € Zsq, r < n/2,

dim(n — r,r) = (77:”) - (rfl).

Lemma 3.4.9 (Comparison lemma).
(1) Forn € 7%y, p,w € Z™, with p < w, we have
P(E”(n)) < Y RuywwpP(K"(1)) (3.14)

0<n’'<n
2ln—n’
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for some polynomials Ry . € Z[tFY?, ¢F1/2) independent of K with

R w—p(t, )
n '—TL,»
m J 2 = / /
(w;—p;)nf? (w;—p;) (nfZ+2n]) n; +n; n; —n;
_ . i 1)1 . i 7 7 7 . 9 9 o
:t ZZ 2 qzz 2 H E dlm 2 ]—{—Tj,TJ—rj qT] _|_
j=1 r;=0
1 +n n—n"
_ (41 g T (W=P)n' _(w—pn’ Z (T n''|~|n’
n/gn//gn
2|n—n'’
where - - - are terms with lower t-degrees.

(2) Forn € Z%y, p,w € Z™, j € {1,--- ,m}, with p+¢; < w, we have

(1) PgP(EPT9 ™ () < Y Ruwra—p P (). (3.15)

0<n’'<n
2|n—n’
I
n=n;

Lemma is a consequence of an inductive argument pioneered by Stosi¢ [Sto09], which
we have employed in Section in Chapter [T Although it might have been implicit in
[Sto09, Proof of Theorem 1], or in more details in [Tagl3|, for completeness we sketch a

proof of Lemma in Appendix [B]

By assumption (iii), we may apply Lemma [3.4.9(1) to our setup using w,p given in the
statement of Theorem [3.4.5 By Lemma [3.4.8] we find that each summand on the right-
hand side of (3.14)) has ty < —30/7(W — P)n’ + in"Nn = h(n/) < L max(h). Therefore,

PUEP () < D BawuwpPEY(0) 4100, (3.16)

0<n’<n
2ln—n’
h(n')=max(h)

with the highest ¢-degree shown to be 3 max(h). If n = a + 2r, where o € Z" N ZZ, is a

maximizer of h and r > 0, renormalizing gives

" "
(w—p,n’) w1 Y O o O e L W P e
P(KP(a+r,r)) < Z g TP P(K®(n')) Z dlm( 5 g q +-e-
0<n/<n n'<n’’<n
2ln—n' 2ln—n/’
h(n')=max(h)

(3.17)
Here, each K™ (n’) in the summation is a positive link by assumption (ii), so it is supported in
nonpositive homological degree. In particular, KhR;°(K?(a+r,7)) = 0, and S5 . o(X;a) =0
in view of the 2-handlebody formula ([2.17)) (this holds over Z, as the comparison lemmam



CHAPTER 3. KHOVANOV SKEIN LASAGNA MODULES AND EXOTIC
4-MANIFOLDS 94

holds true over any coefficient field). Since gr(KhRpe.) is bounded from above by KhRj,
we also have §§<(X;a) = 0. This proves (1).

For each term n’ in the summation in (3.17)), let s(n) denote the number of split components
of the link K" (n’), or equivalently the number of connected components of its diagram as
a 4-valent graph; note that by assumption (iv), s(n’) depends only on the set of nonzero

indices in n’. Now by (3.12)) and (3.17)), we obtain

dim(KhR)(K"(a+7,7);Q) < Y 28<n’><n?n,>, (3.18)
0<n/<n 2
2|n—n’
h(n')=max(h)

where as usual, (}) for a,b € ZZ is a shorthand for [ ; (3).

3.4.4.4 Step 2: Matching lower bound for KhR..

For a link L, the dimension of KhRY (L) is given by the number of orientations o of L as an
unoriented link so that w(L,0) = w(L). In our setup, if n = a+2r, o € Z"NZZ, a maximizer
of h, r > 0, and o is an orientation of KP?(a+r,r) making it an algebraic n'-cable of K, then
—n <n' <n,2n—n, and w(KP(a+r,r),0) = w(K?(n')) =n'-n' = nT(P-W+N,—N_)n'.
In particular, w(K?(a +r,r)) = w(K?(«)) = max(h).

For any n' € Z" N ZZ, with h(n’) = max(h), by (ii) and Step 1, the link K?(n’) has
a positive diagram with a p — w framing change with s(n’) connected components. In
particular, the 2°(*) orientations on K”(n’) obtained from the one on K”(n/) by flipping the
orientations in blocks, one for each connected component of the diagram, all have writhe
w(KP(n')) = h(n') = max(h). Thus, by breaking the count of orientations into algebraic
cable types, we obtain

dim(KhR] (K" (a+7,7) = Y (é)z > 25<n’>(é). (3.19)

—n<n'<n 0<n’'<n
2|ln—n' 2|ln—n’
(n')?=max(h) h(n)=max(h)

Comparing (3.18) and (3.19), we conclude that all inequalities are equalities. In partic-
ular, for a € Z™, we have o = max(h) if and only if h(a) = max(h). Since a® <

h(a) always holds, (0) is proved. Furthermore, we know that KhR(KP(a + 7,7); Q)
gr(KhRY,_ (KP(a +1,7))) have graded dimension given by the right-hand side of ([3.17).

3.4.4.5 Step 3: Compute (KhRY)™, injectivity, and proofs of (2)(3)

Let a,7 and n = a + 2r be as before. From Step 2, we know that gr(S&ge(X;a))/gr,w(
Siet(X; ) = 85 (X; ; Q). We will compute the symmetrized terms in the colimit formula
(3.13) for @ = 2 over QQ in homological degree 0, and show that all morphisms between them
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are injective, which will compute 53 ,(X; a; Q) and show gr_(S§§°(X; a)) = 0, proving (2)
(the statement on the dimension follows from the discussion in Step 2).

We first prove that
q—|a|_2|T|KhR3<Kp(a + 7«7 T);@)SOHQT ~ @ q<w_pvn,>_|n/‘KhRg(Kw(n,); Q) (320)

0<n’'<n
2|ln—n'

h(n/)=max(h)

We convert back to Poincaré polynomials for this computation. After renormalizing, this
amounts to showing

~ ln’ —P)yn/ _(w—pn'y—|n'| $ w
P P (K7 ) = Y (£ gl ) e, (3.20)

0<n’'<n
2|ln—n'

h(n')=h(a)
where Pg,,,(K?(n)) denotes the Poincaré polynomial of mg([( P(n); Q).

Rewrite (3.16]) (which we know to be an equality for any n € Z" N ZZ; Step 1 and 2 only
showed this for n > «, but the same proof goes regardless) as

P(E*(n) = Y dim (n—;n”7n_2n//)

0<n’’<n
2|n—n'’
" Lo —P)n/ _(w—pn'y—|n'| $ w
gl 3T (g I g PR ) e (3:22)
0<n’/<n"
2|n—n’
h(n')=h(a)
On the other hand, a multi-component version of Corollary (see Remark [1.4.5) gives
- ) n + n// n — n// -
P(K"(n))= > dlm( R )Psym(Kp(n”)). (3.23)
0<n” <n
2|n—n'’

We obtain (3.21)) inductively in n € Z* N ZZ, from comparing (3.22)) and (3.23)).

Next, we show that the symmetrized dotted annulus creation maps in the colimit system

(3.13) are all injective. In view of (3.20), this will prove (2).
A multi-component version of Theorem [1.6.4] (see Remark [L.6.5)), deduced from [GW23]

Theorem 5.1], after renormalizing to our setup, gives exact triangles

¢ MK R Ry (KP (n — 2¢;); Q)5 » ¢~ I" KB Ry (K?(n); Q)5

/ (3.24)

(t q)n1/2 1- |ﬂ\KhR2(Kp+e]/nJ( ) ,
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where the horizontal map is induced by the symmetrized dotted annulus creation, and where
n; € L%y !is obtained from n by removing the j-th coordinate. We prove that the horizontal
map in is injective in homological degree % max(h), which amounts to the injectivity of
the morphisms in in homological degree 0. This is done by a dimension count, namely

we will show that at homological degree £ max(h), the dimension of %Q(Kp(n); Q)5 is

greater than or equal to the sum of those of the other two terms in ([3.24]).

At homological degree 1 max(h), from (3.20), the dimension of the middle term is

1
—~— 5 max(h
dim(KRR; " (kv @) = Y dim(KRRY(K" (W) Q).
0<n’'<n
2ln—n’

h(n’)=max(h)

and similarly for the term on the left. By the exactness of (3.24]), it follows that the term
on the bottom in this homological degree has dimension at least the difference, namely

1 max(h)+n;/2

dim(KhR2 (K7 /i(n);Q@)%) > Y dim(KhRY(K“(n/);Q)).  (3.25)

0<n/<n

2|ln—n’

h(n’)/:ima.x(h)
By Corollary [I.4.4] we then have
—~ 1 max(h +n; 2

dim(KhR} e (KP+ei/mi(n); Q)) (3.26)

‘ n+n//n_n//) ‘
> dim , dim(KhRY (K™ (n'); : 3.27
> ¥ (55250 ) dimnm Q). (s2)

n=n'=n"  (mod 2)

! "
n'.=n''=n;
J J J

h(n')=max(h)

On the other hand, part (2) of the comparison lemma [3.4.9) shows that (3.26]) is bounded
from above by (3.27). Thus, the inequalities (3.27) and (3.25) must both be equalities. In
particular, the horizontal map (3.24) at homological degree 1 max(h) is injective, proving

2). 2

To prove (3), we note that noted in the proof of Proposition says that s(X;«)
can be computed as the limit of the filtration levels of the invariant Lee canonical genera-
tors in the colimit formula (3.13)). Since gr(KhRY, (KP(a 4 r,7))%+2r) = KhRY(KP(a +
r,r); Q)%+2 and the symmetrized dotted annulus creation maps between the symmetrized
Khovanov homology groups are injective, we know that the corresponding maps on the
symmetrized Lee homology groups are filtration-degree preserving. Consequently, we have
s(X;a) = si'(K?(@)) — |a] in the notation of (3.9), where sji*(K?(«)) is the filtration

gly
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degree of the symmetrization of the Lee canonical generator x, of KP(«) associated to its
own orientation o, under the S,-action. Since all parallel strands in K?(a)) have the same
orientation, the S,-action acts trivially on x,. Thus,

s(X;a) = q(o) — |o] = sg,(K"()) +1 = |a] = =s(K"(@)) — a® — |a| + 1,

as desired. O

Remark 3.4.10. A multi-component version of Conjecture in Chapter [I] concerning the
injectivity of the morphisms in the colimit formula for a 2-handlebody would imply a
much stronger nonvanishing result than that stated in Theorem whenever the framings
of the 2-handles are small enough. We will come back to this speculation in Section

3.5 Nonvanishing examples and applications

In this section we present some explicit computations and applications for Khovanov and Lee
skein lasagna modules and lasagna s-invariants of some 2-handlebodies (with empty bound-
ary link). Roughly, the first half of this section utilizes the tools developed in Section ,
while the second half utilizes results in Chapter [I}

3.5.1 Knot traces of some small knots

Framing
Knot 4| -3 -2|—-1]0] 1 2 1314] 5|6
U NIN|N|N|NIV |V | VI IV|V |V
31 N | 7 T VIVIV IV IVIV]V ]V
—31 N|IN|N|N|N|? T TV |V
44 N|N|N|N|NI?V|?V|V|V| V|V

Table 3.1: Vanishing/nonvanishing of Khovanov skein lasagna modules of some knot traces.
An entry V/N means the corresponding knot trace has vanishing/nonvanishing Khovanov
skein lasagna module. An entry 7V means it has vanishing Lee skein lasagna module (mean-
ing the filtration function is identically —o0).

Example 3.5.1 (Unknot). By Theorem [3.1.15] for n < 0, the D*-bundle D(n) over S? with
Euler number n has s(D(n);0) = 0, s(D(n); 1) = —n. In particular, S§(D(n);a) # 0 for
a=0,1.

For n < 0, more explicitly we have S§y(D(n);0;Q) = Q concentrated in degree 0 and
S50(D(n); 1;Q) = Q? concentrated in degrees —n, —n — 2.



CHAPTER 3. KHOVANOV SKEIN LASAGNA MODULES AND EXOTIC
4-MANIFOLDS 98

For n = 0, a direct computation using the 2-handlebody formula yields (see Manolescu—
Neithalath [MN22, Theorem 1.2] or Example SZ(D(0)) = Z[AF, A1) as tri-graded
abelian groups, where Ay has tri-degree (0,0,1) and A; has tri-degree (0,—2,1). A sim-
ilar computation gives s(D(0);a) = 0 for all a. Alternatively, this follows from a direct
application of Proposition [3.4.4] or Theorem [3.4.5|

On the other hand, for n > 0, Example shows S2(D(n)) = 0 and consequently all

lasagna s-invariants of D(n) are —oo.

For other examples, we mostly only mention the vanishing/nonvanishing of the Khovanov
skein lasagna modules of the knot traces. For small knots, Corollary (which will
be proved in Section usually provides more effective nonvanishing bounds than The-
orem We emphasize however that Corollary does not provide an explicit

s-invariant in most cases.

Example 3.5.2 (Trefoils). The left-handed trefoil, or 31, has 3 negative crossings. Therefore,
Theorem [3.1.15(1) shows X,,(31) has nonvanishing Khovanov skein lasagna module for n <
—6.

We can do better as follows. The knot 3; can be obtained from the unknot by a crossing
change that is realized by a —1 twist on two parallel strands with the same orientation. By
Kirby calculus, the twist is realized by a (41)-framed 2-handle attached to B*, with the effect
that the O-framed unknot on dB* becomes the (—4)-framed unknot on 9(B* U 2-handle).
This implies that 3, is (—4)-slice in CP?, thus is n-slice in some kCP? for every n < —4.
It follows that X,,(3;) embeds in some kCP? for n < —4. By Corollary X,(31) has
nonvanishing Khovanov skein lasagna module for n < —4.

On the other hand, TB(—3;) = 1, so X,,(3;) has vanishing Khovanov skein lasagna mod-
ule for n > —1 by Theorem [3.1.5| It would be interesting to know whether X, (3;) has
nonvanishing Khovanov skein lasagna module for n = —3, —2.

The right-handed trefoil —3; is positive. By either Theorem or Corollary we
know X,,(—3;) has nonvanishing Khovanov skein lasagna module for n < 0. On the other
hand, since T'B(3;) = —6, X,,(—31) has vanishing Khovanov skein lasagna module for n > 6.
In this case we have a larger gap of unknown cases. We remark that Proposition [3.5.9] will
imply that X5(—3;) has vanishing Lee skein lasagna module, as there is a framed concordance

in CP? from the 1-framed unknot to the 5-framed —3;.

In the case of Xy(—3;), take D to be the standard 3 crossing diagram of —3;, w =3, p =0
in the notation of Theorem m Then the n-cable of D has 2n Seifert circles, so
and imply that S o(Xo(—31); &; Q) is infinite-dimensional in quantum degrees 0 and
2, and zero elsewhere, for any o € Hy(Xo(—31)). This answers [MWW23, Question 1.6] in
the negative.
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Example 3.5.3 (Figure 8). The standard diagram of the figure 8 knot, or 4, has 2 negative
crossings. Theorem [3.1.15(1) shows X,,(4;) has nonvanishing Khovanov skein lasagna module
for n < —4, while Corollary [3.1.17 shows so for n < 0 as 4, is O-slice in CP?>. On the other
hand, since —4; = 4; and T'B(4;) = —3, we know X, (4;) has vanishing Khovanov skein
lasagna module for n > 3 by Theorem [3.1.5]

It would be interesting to know whether X, (4;) has nonvanishing Khovanov skein lasagna
module for n = 1,2. Again, Proposition [3.5.9| will imply they both have vanishing Lee skein
lasagna modules.

3.5.2 Negative semidefinite plumbings and generalizations

Example 3.5.4 (Negative semidefinite plumbing tree). Let X be a negative semidefinite
plumbing tree of spheres, i.e. a plumbing of D2-bundles over 2-spheres along a tree, whose
intersection form is negative semidefinite. Then we can orient the unknots in the under-
lying Kirby diagram so that all crossings are positive. In particular, in the notation of
Theorem (3.4.50 P—W + N = P — W 4+ N, — N_ is the intersection form of X, which is
negative semidefinite. Therefore, Theorem implies s(X;0) = 0 and X has nonvanishing
Khovanov skein lasagna module.

Example 3.5.5 (The E8 plumbing manifold). The negative smooth E8 manifold, denoted
E8, obtained by plumbing eight (—2)-disk bundles over S? according to the negative ES
matrix, belongs to the family described in Example [3.5.4L In fact, since P — W + N is
negative-definite, we get a finiteness result. We give a more precise account as follows.

By the properties of the E8 lattice, we know that every element in Ho(E8) = Z8 has non-
positive even self-intersection. The zero element is the unique element with self-intersection
0. There are 240 elements with self-intersection —2, and two different such elements have
the same mod 2 reduction if and only if they are negatives of each other. There are 2160
elements with self-intersection —4 that come in 135 groups of 16 elements each according to
their mod 2 reductions. In total, elements in Z® with self-intersection at least —4 account
for all the 28 = 1 + 120 + 135 elements in Hy(E8;Z/2). We claim that

(a) S§o(E8;0;Q) = Q concentrated in degree 0; s(E8;0) = 0.

(b) For any o € Hy(E8) with o = =2, §5,(E8; a; Q) = Q? concentrated in degrees 0 and
2; s(E8; ) = 2.

(c) For any a € Hy(E8) with o = —4, 85 (E8; a; Q) = Q'° concentrated in degrees 0,2,4
with dimensions 7,8, 1, respectively; s(ES8; a) = 4.

Statement (a) follows directly from Theorem [3.4.5]
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To prove (b)(c), we first make the following observation. The Weyl group of the ES lattice,
generated by reflections along the roots of E8, acts transitively on the set of norm 2, norm
4 vectors in the E8 lattice, respectively. Since every root in the E'8 lattice is represented by
a (—2)-sphere in the E8 manifold, every reflection can be realized on the E8 manifold by a
Seidel twist. Thus, the orientation-preserving diffeomorphism group of E8 acts transitively
on the set of second homology classes with self-intersection —2 and —4, respectively. We
may therefore prove the claim on any preferred choice of a. We also add positive kinks, one
for each unknot in the standard plumbing Kirby diagram of ES8, so that in the notation of
Theorem , w=(1,---,1) > (=2,---,—2) = p and the condition about no crossingless
unknot in Theorem [3.4.5(2) is fulfilled.

For (b), we pick @ = (1,0, - ,0). Then we get from Theorem W(Q) that S5, (E8; oz Q) =
CIKRRY(UY Q) = ¢'KhRy(U;Q) = Q? concentrated in degrees 0,2, and from Theo-
rem [3.4.5(3) that s(E8;a) = —s(U) —a? —|a| +1=0+2—1+1=2.

For (c), to be explicit, we order the vertices in the plumbing tree so that the intersection
form on Hy(E8) = Z® is represented by

-2 1 0 0 o0 0 0 O
1 =21 0 0 0 0 O
o 1 -21 0 O 0 O
A o o0 1 -2 1 0 0 O
o o o 1 -2 1 0 1
o o0 o o 1 -2 1 0
o 0 o o0 o0 1 -2 0
o o o o 1 0 0 =2

We pick a = (0,0,0,0,0,1,0,1). By Theorem [3.4.5(3) we have s(E8;a) = —s(UUU) —a? —
la|+1=144—-2+1=4. By Theorem [3.4.5(2) we know S§,(ES8;; Q) = Q'°, although
to verify the claim on the grading we have to work harder. The 16 norm-4 elements in Z8
having the same mod 2 reduction as « are given by

v = (0,0,0,0,0,1,0, -1),
v, = (0,0,0,0,0,1,0,1),
v3 = (0,0,0,0,2,1,0,1),
vs = (0,0,0,2,2,1,0,1
5 =(0,0,2,2,2,1,0,1
(
(
(

0,2,2,2,2,1,0,1),
2,2,2,2,2,1,0,1),
= (2,4,6,8,10,7,4,5)

)
)
),
)
)
)

3:
Ve =
Vg =
Uy =
Vg =

and their negatives. In (3.11]), we have 7 direct summands, coming from n = vy, -, vg,
each summand being ¢*™ KhRY(KY(n); Q), for K the underlying link of the plumbing
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diagram. The term n = v, gives a contribution ¢*KhRY(U' U UYL Q) = ¢*(1 + ¢ 2)’Q =
(14+2¢*+¢")Q. Foreachi = 3,--- 8, the diagram of K1V (v;) is positive with 2|v;| Seifert
circles, hence it gives a contribution ¢/ KhRI(K 1D (v;); Q) = (1 + ¢*)Q by (8.12). The

claim follows.

It could be interesting to exploit the symmetry of E8 and the results above to obtain com-
putations of s-invariants of some cables of the plumbing link of E'8 that might otherwise be

difficult to access (see also the proof of Theorem [3.4.5(3)).

Example 3.5.6 (Traces on alternating chainmail links). Let G be a chainmail graph without
loops and with positive edge weights and nonpositive vertex weights, and K be its associated
chainmail link, in the sense of [Ago23, Section 2]. Then K has a standard positive diagram
(as an unframed link), and a negative semidefinite framing matrix which is equal to P—W+N
for its standard diagram. This means the trace X on K has nonvanishing Khovanov skein
lasagna module. This generalizes Example [3.5.4]

Example 3.5.7 (Branched double cover of definite surfaces of alternating links). Suppose
L C 83 is a nonsplit alternating link, and S C B* is an unoriented surface bounding L
with negative-definite Gordon-Litherland pairing |[GL78|. Greene [Grel7]| showed that every
such S is isotopic rel boundary to a checkerboard surface of some alternating diagram of L.
Conversely, one of the checkerboard surfaces of any alternating diagram is negative definite,
a fact that is much easier.

The branched double cover of S is a 4-manifold ¥(S) bounding the branched double cover
Y(L) of L. It is also considered by Ozsvath—Szabd [OS05] (denoted X, in Section 3 there),
and from the description there (see also |Grel3, Section 3.1]) we realize that 3(S) is a
special case of Example [3.5.6] hence it has nonvanishing Khovanov skein lasagna module. In
particular, ¥(L) bounds a 2-handlebody with nonvanishing Khovanov skein lasagna module.
Since ¥(L) = X(—L) we see 3(L) bounds such 2-handlebodies on both sides.

Example 3.5.8. One can further generalize Example by connect-summing some com-
ponents of K with 0-framed positive knots. The same argument shows the resulting trace
has nonvanishing Khovanov skein lasagna module.

3.5.3 More exotica from connected sums and non-smoothable
homeomorphisms
In this section we prove Corollary [3.1.3] One can distinguish the relevant pairs of manifolds

by their Khovanov skein lasagna modules, but we give a simpler argument by showing that
they have different lasagna s-invariants.
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Proof of Corollary[3.1.3. Write Wy := X1 X% and W, := XM X5 where a+b=d +b =
n and (a,b) # (', V).

Recall from Section that s(X1;0) = s(X5;0) =0, s(X3;1) = 3, s(Xo;1) = 1, where 1 is
a generator of Hy(X;). Since we did not specify the sign of 1, we equally have s(X;; —1) = 3,
s(Xq;—1) = 1.

We first prove (1). By the connected sum formula (Theorem [3.3.8(4)),
S(Wl; (617 U 7671)) =3a+b

for any ¢; = £1. If there were a diffeomorphism W; = W5, then by considering the intersec-
tion form we see it sends each class (e, - , €,) to some class (¢}, -+ ,¢€,), €, = £1. However,

s(Wa; (€}, ,€)) =3d" +V # 3a+ b, a contradiction.

r n

By (a Lee version of) [MWW23, Corollary 4.2] we know s(S* x S3;0) = 0. Since Hy(S* x
S3) = 0 the above argument remains valid under connected sums with S x S3. Since

s(CP%* 1) = 1 by Example for n = —1 and Proposition the argument remains
valid under further connected sums with CP?.

By the n = 0 case of Example|3.5.1 we know s(S*x D?; ) = 0 for all a. Any diffeomorphism

k(SY x SHH#MCP*#W15(S? x D?)ie 22 k(ST x S3)#mCP*#W,h(S? x D?)¥ sends each class
(€1, , Em+n, 0°) to some class (€], -+ €, ,, 00, -+ ,a.). Again, the s-invariant of the latter
class is not equal to the s-invariant of the former class, a contradiction.

By Example [3.5.5, we know the negative E8 manifold has s(£8;0) = 0. Any diffeomorphism
between the above pair with d further copies of E8 added sends each (1, -+ , €pin, 0, 0%)
to (€, - €1, , 0, 04), whose s-invariants still differ, leading to a contradiction.

Finally, by Corollary the interiors of any of the above pairs are not diffeomorphic.
This finishes the proof of (1).

Now we prove (2). If a,b > 0, by the connected sum formula, s(Wi;(1,0,---,0)) =3 > 1=
s(Wy; (0,---,0,1)), so there is no diffeomorphism of W, whose action on Ho(W;) sends e; to
€atb- On the other hand, by applying a result of Boyer [Boy86] following Freedman [Fre82],
any isometry of (Ha(Wi),-) can be realized by a homeomorphism of W; rel boundary, so
there are certain homeomorphisms of W; rel boundary whose action on Hs(W;) cannot be
realized by a diffeomorphism. Such homeomorphisms can be extended by the identity after
connect-summing W, with copies of the standard manifolds S* x S3, CP?, S? x D?, E8 above,
but the same argument shows that they still cannot be homotoped to diffeomorphisms. [

3.5.4 Nonpositive shake genus of positive knots

Proof of Theorem |3.1.11|(1). By Theorem [3.1.15(2), if K’ is a positive knot and n < 0,
then s(X,,(K');1) = s(K’) —n. By Proposition [3.1.14} if K is a knot concordant to K,
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then s(X,(K);1) = s(X,(K’);1). Thus (3.1) implies g% (K) > s(K’)/2. On the other
hand, since K’ is positive, Rasmussen’s bound s(K')/2 < g4(K’) achieves equality. Since
94(K") = g4(K) > g%, (K), all these quantities are equal. O

3.5.5 Another comparison result for lasagna s-invariants

We deduce a comparison result for lasagna s-invariants in the spirit of Proposition |3.4.3|in
Section As in the setup there, assume X is a 2-handlebody obtained by attaching
2-handles to a framed link K = K, U---U K,, C S? = 0B*, and X’ is one obtained by
attaching handles to K’ = K{U---UK],. For simplicity, the boundary link L is taken to be
empty.

Proposition 3.5.9. Suppose C: K — K’ is a framed concordance in kCP? that restricts to
concordances C;: K; — K. Then

s(X'a) < s(X;a) = |[C(a)]|

for any a € Hy(X) = Ho(X') 2 Z™, where [C(o)] =Y. ou[Cy] € Hg(k@) =~ 7F.

One can formulate a proof of Proposition [3.5.9 using the adjunction inequality for the s-
invariant, Corollary in Chapter [I] and the limit formula for lasagna s-invariants of
2-handlebodies, Proposition [3.4.4] as was done in [RW24]. We present a better proof below,

assuming the part of Proposition [3.1.16{ about the lasagna s-invariants of CP?. Since the
latter depends on the computation of the s-invariants of the torus links 7'(n,n),,, Theo-
rem in Chapter [1] it is not completely independent of the other approach.

Proof. By assumption, there is an embedding 7: X — X' #k@, under which 7, = a +
C(a). It follows from Corollary [3.3.15 and Theorem [3.3.8(4) that s(X;a) > s(X';a) +
s(kCP?% [C(a)]) = s(X'; ) + [[C(a)]|. O

We now deduce Theorem [3.1.11)(2).

Proof of Theorem[3.1.11)(2). Putting a framing on ¥ makes it a framed cobordism from
(K,n) to (K',n—[%]?). It follows from Propositionmthat S(Xn(K);1) > s(Xp_imp(K'); 1)+
I[Z]]. If n < [3]?, by Theorem we know s(X,,_g2(K'); 1) = s(K') —n+ [¥]?, thus the
statement follows. O

3.5.6 Yasui’s family of knot trace pairs

Yasui |Yasld, Figure 10] defined two families of satellite patterns P, ., Qnm, n,m € Z
(see Figure . The patterns P, o are also known as the (twisted) Mazur pattern [Maz61}
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Figure 3.2: Satellite patterns P, ,,, (left) and @, (right). The boxes denote full twists. The
shaded band gives rise to a concordance between (), ,, and the identity pattern.

Fig. 1], and have been the subject of study in many papers. Yasui showed that for any
n,m and any knot K C S3, the two manifolds X,,(P,,(K)) and X,,(Q,.m(K)), namely the
n-traces on the two corresponding satellite knots, are homeomorphic. Moreover, he showed
that if there exists a Legendrian representative IC of K with

to(IC) + |rot(K)| — 1 = 2g94(K) — 2, n < tb(K), m >0, (3.28)

then X,,(P,m(K)) and X, (Qnm(K)) are not diffeomorphic, thus form an exotic pair [Yas15,
Theorem 4.1]. In fact, under these conditions, the exotica were detected by a discrepancy in
shake slice genera: ¢% (Ppm(K)) = g4(K) + 1 > g% (Qnm(K)). Thus, the interiors of such
pairs are also exotic. The case K = U, n = —1, m = 0 yields the exotic pair X_;(—52) and
X_1(P(3,-3,-8)) in Theorem [3.1.2]

Using lasagna s-invariants, we present a different family (as stated in Theorem [3.1.4)) of
Yasui’s knot trace pairs that are exotic. We recall that our hypothesis on (K, n,m) is that
there exists a slice disk ¥ of K in some kCP? such that

s(K) =[Z]| = [8)%, n < —[Z]*, m >0. (3.29)

Before giving the proof, we compare and discuss the conditions imposed on K by Yasui

B-29) and by us (3:29).



CHAPTER 3. KHOVANOV SKEIN LASAGNA MODULES AND EXOTIC
4-MANIFOLDS 105

The adjunction inequality for the s-invariant (Corollary applied to the slice disk X
implies that s(K) > |[X]| —[X]?. Therefore the first condition in is that this adjunction
inequality attains equality for . Similarly, the first condition in is that the slice-
Bennequin inequality attains equality for IC. These two conditions are satisfied on somewhat
different families of knots. For example, as remarked by Yasui, his condition on K is satisfied
for all positive torus knots. On the other hand, our condition on K is satisfied for all negative
torus knots (cf. Lemma . Our condition also has the advantage of being closed under
concordances and connected sums of knots.

Proof of Theorem[3.1.4, As observed by Yasui, adding a band as indicated in Figure [3.2
and capping off the unknot component gives a concordance between (), ,,, and the identity
satellite pattern. Therefore, @, ,,(K) is concordant to K, thus by Proposition [3.1.14| and

Proposition we have

$(Xn(Qnm(K)); 1) = s(Xp(K); 1)

=— TILTO(S(_K(T +1,7r)+2r)—n—-14+1<—-s(-K(1,0)) —n=s(K)—n. (3.30)
Deleting a local ball in B* near ¥, turning the cobordism upside down and reversing the ambi-
ent orientation, we obtain a concordance —¥°: K — U in kCP?. Applying the satellite oper-
ation P, ,, gives a framed concordance Cy = P, 1 (—=X°): (Pym(K),n) = (Popzpm(U),n +
[$]?) in kCP® with [Cy] = [-%°] since P,,, has winding number 1. Since n < —[X]2,
there is a framed concordance Cy: (Poypsjzm(U),n + [E]?) = (P1m(U),—1) in k,CP? ob-
tained by adding k; positive twists along the meridian of the satellite solid torus, which has
[Cy] = (1,---,1) € ZFM = Hy(k,CP?), where k; = —1 —n — [X]?. Similarly, there is a null-
homologous framed concordance Cs: (P_1,,(U), —1) = (P-10(U),—1) = (=52, —1) in k:yCP?
where k3 = m (note that the two strands being twisted —m times in P, ,, are oppositely
oriented). Now Proposition applied to the concordance C; UCy U Cs: (P, n(K),n) —
(=59, —1) yields

(X (P (K)); 1) 2 s(X_1(=52); 1) + [[Ch]] + [[Co]| + [[C5]]

=3+ +k+0=|X)]-[EP-n+2=s(K)—-n+2. (3.31)
Together, (3.30) and (3.31]) imply that s(X,,(Pnm(K)):1) > s(X,(Qnm(K)); 1), proving the
theorem. ]

Remark 3.5.10. Let C U K be a two-component link in S®, where C is an unknot and
lk(C, K) = 1. Regarding C' as a dotted 1-handle and attaching an n-framed 2-handle along
P, (K) (resp. Qnm(K)) yields a Mazur manifold Zp (resp. Zg), namely a contractible 4-
manifold with one handle of each index 0, 1, 2. The manifolds Zp and Z; are homeomorphic,
and Hayden—Mark—Piccirillo [HMP21}, Theorem 2.7] showed that if C'U K satisfies the (very
mild) assumptions that
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e K is not the meridian of C,

e cvery self-homeomorphism of 0Zp preserves the JSJ torus (with orientation) given by
the image of the satellite torus of P, ,,,(K) in 0Zp,

then Zp being diffeomorphic to Zg implies that X, (P, ., (K)) is diffeomorphic to X, (Qnm(K)).
Therefore, by choosing suitable C' U K, Theorem also yields various families of exotic
Mazur manifolds. A more explicit detection of exotic Mazur manifolds using Khovanov

homology appears in [Nah25|, based on ideas in Section [3.5.11]

As an example, we present a family of knots K for which Theorem [3.1.4] applies.

Lemma 3.5.11. For every negative torus knot —T(p,q), there exists a slice disk ¥ in some
KCP? with |[S]] — [ = —(p — 1)(¢ — 1) = s(=T(p. ).

Proof. We induct on p+q. For p=¢ =1, —=T(p,q) = U is the unknot and we take 3 to be
the trivial slice disk in B*.

For the induction step, by symmetry, we may assume p > g > 1. There is a positive twist
along ¢ strands in —T'(p, q) that converts it into —T'(p — ¢,q). This gives a concordance
C: —T(p—q,q) — —T(p,q) in CP* with [C] = ¢[CP']. By induction hypothesis, there
is a slice disk X’ of —T(p — ¢,q) in k¥'CP? with |[¥']| — [¥]> = —(p —q¢ — 1)(¢ — 1). Then
Y =Y UC is aslice disk of —=T(p, q) in (K + 1)CP* with |[X]| - [Z]* = —(p—1)(¢—1). O

3.5.7 Conway knot cables can obstruct its sliceness

Recently, Piccirillo [Pic20] famously proved that the Conway knot, denoted Conway, is not
slice. Building on her proof, we show the following.

Proposition 3.5.12. Let Conway(nt,n™) denote the O-framed (n™ +n~)-cable of the Con-
way knot, with the orientation on n~ of the strands reversed. Then for some n > 0 we
have

s(Conway(n + 1,n)) > —2n = s(U@ D),

Here UY™ is the m-component unlink.

If Conway were slice, then any cable of it is concordant to the corresponding cable of the
unknot, implying that they have the same s-invariant. Therefore, Proposition shows
that, if one had enough computational power, we could have obstructed the sliceness of
the Conway knot by computing the s-invariants of its cables. In practice, however, the
computation of s(Conway(2,1)) seems already out of reach.
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Proof. Piccirillo [Pic20] found a knot K’ with Xo(K') = Xo(Conway) and s(K') = 2. Let
X be the orientation-reversal of this common trace, i.e. X = Xy(—Conway) = Xo(—K").
By Proposition [3.4.4] we have

s(X;1) = —Ji_}n;o(s(K’(n +1,n)) +2n) < —s(K'(1,0)) = —s(K') = —2.

Again, by Proposition we have lim,, o (s(Conway(n+1,n))+2n) = —s(X;1) > 2 and
hence s(Conway(n 4+ 1,n)) + 2n > 2 > 0 for all sufficiently large n. O

3.5.8 Knot traces of torus knots

In this section, we use the computation of the s-invariants of torus links with various orien-
tations presented in Chapter [T, namely Theorem [I.1.1] to determine the complete structure
of the Lee skein lasagna modules of large negative traces on negative torus links.

Recall the notation for torus links from Chapter [} for d =7+ s > 0 and coprime p, ¢ # 0,
T(dp,dq),s denote the torus link T'(dp,dq) equipped with an orientation where r of the
strands are oriented against the other s strands.

We study the s-invariant of T'(p, ¢)*(r, s), the k-framed (r + s)-cable of T'(p, q), where s of
the strands have their orientation reversed.

Lemma 3.5.13. For any p,q >0, k > pq, r,s > 0, we have
s(T(p,q)"(r,5)) = klr — s|> = (k = pg + p+ q)lr — s| — 2min(r, s) + 1.

Proof. When d := r + s = 0, the statement is true as s(f)) = 1. Suppose d > 0. Twisting
k — pq times along the d parallel strands in T'(dp, dq),.s = T(p, q)*(r, s) yields T'(p, q)*(r, s);
this gives rise to a cobordism in (k—pq)CP? from T'(dp, dq),.. to T(p, q)*(r, s). The adjunction
inequality for the s-invariant (Corollary applied to this cobordism, plus the compu-
tation of the s-invariants of positive torus links with various orientations (Theorem
implies that

s(T(p,)*(r,5)) <s(T(dp,dq)ys) + (k = pg)(|r — s = [r = s|)
=klr —s]* = (k—pq+p+q)|r—s| —2min(r,s) + 1.

On the other hand, since one can cap off min(r, s) pairs of oppositely oriented components
in T(p,q)*(r,s) by annuli to obtain T'(p, q)*(|r — s|,0), we have

s(T(p,a)*(r,)) = s(T(p,q)*(Ir = s/,0)) — 2min(r, s)
=klr —s]* = (k—pq+p-+q)|r—s| —2min(r,s) + 1

where the last equality holds as one can find a positive diagram of T'(p, q)*(|r — s|,0), say
obtained by adding k — pq full twists to a standard positive diagram of T'(p|r — s|, q|r — s|),
and then using the fact that the s-invariant of a link with a positive diagram D is equal to
the writhe of D minus twice the number of Seifert circles of D plus 1. O
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It follows from Lemma [3.5.13] and Proposition that for any p,q > 0, k > pqg and
a € Hy(X_(=T(p,q))) = Z, we have

s(X_k(=T(p,q)); )
= — lim (s(T(p, ¢)* (o + 7,07 +7)) +2r) + w(T(p, )" (@ + 1,07 +7)) —|a| +1
(k —

= — lim (k|a|* -

00

pq+p+q)lal —2r +1+2r) + ko> — |a] +1
=k —pg+p+q—1)al (3.32)

We remark that (3.32)) only yields vacuous lower bounds for the smooth genus function of

X_x(—=T(p,q)) via Corollary [3.3.14]

Theorem states that the Lee skein lasagna module of X p(—T(p,q)) is generated by
Lee canonical generators o+ o—, a®,a” € Ho(X_;(—=T(p,q))). The generator z,+ .~ has
homological degree —2a™ - a~ (- is the intersection form on Hy instead of the product on
Z) and homology class degree at + a~. Moreover, and imply it has quantum
filtration degree

(X x(=T(p,q));a" —a")+2a"-a” = (k—pg+p+q—1)]a" —a [ +2a"

These data (together with Theorem 3.3.1)(4)) completely determine the structure of S&e*(X _(
—T(p,q))). More explicitly, we have the following.

Proposition 3.5.14. If p,q > 0 are coprime and k > pq, then s(X_,(=T(p,q));a) =
(k—pq+p+q—1)|a|. Therefore, the associated graded vector space of SF*¢(X_1(—=T(p,q)))
s given by

9r:(S 502y 2 (X-k (=T (p,@)); 0)) = Q
for
OB (k—pg+prq—1)Bl—1£1, B#£0
SR p=0,

and 0 in other tri-degrees. [

In the standard diagram, the number of negative crossings of —7'(p, q) is pg — p or pq — q.
Thus the nonvanishing bound on & given by Proposition is better than the one given
by Theorem [3.1.15] However, Corollary gives an even better bound. For example,
—T(n,n+1) is n-slice in CP?, thus X_,(—7'(n,n+ 1)) has nonvanishing Lee and Khovanov
skein lasagna module for k > n?.

Finally we note that the computation of the s-invariants for negative torus links with various
orientations, Corollary [I.1.3] implies that for p,q > 0, s(X,e(T(p,q)); ) = —oo for all a.
However, since TB(—=T(p,q)) = —pq [EHO1], we already know from Corollary that
s(Xk(T(p,q)); ) = —oo for all k > pq and all .
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3.5.9 Expectations and computations for CP?

In this section, we present a conjectural formula for the full structure of the Khovanov skein
lasagna module of CP? over Q, before proving Proposition [3.1.16| which addresses the cases

that we can currently compute.

Since CP? is the (—1)-trace on the unknot with an additional 4-handle attached, the 2-
handlebody formula (2.18]) and Proposition express the Khovanov skein lasagna module

of CP? as a colimit
S2(CP?*; o; Q) = colim, o0q " KhRy (=T (Ja| + 27, || + 27 )0, 110 tr; Q)02 (3.33)

along the symmetrized dotted annulus creation maps. Conjecture [1.6.6] in Chapter [1] for
the 1-framed unknot, or equivalently Conjecture or Conjecture would imply that

these morphisms are injective, implying the following conjectural formula for SZ(CP?; Q).
Note that by (2.19), all SZ2(CP?* «; Q) are determined from those with a = 0, 1.

Conjecture 3.5.15. Let K,,(,q) denote the Poincaré polynomial of Kh(T(n,n—1); Q) for
n > 0. Then SZ(CP*0;Q) has Poincaré polynomial

I A Ly (O (W (3.34)
n=1
and SZ(CP* 1; Q) has Poincaré polynomial

Z t—2n2+2nq6n2—10n+4K2n_1(t’ q_l). (3'35)

n=1

More generally, Conjecture implies similar conjectural formulas for knot traces with
small enough framings, but the case of CP? is more explicit in that K,(t,q) also admits a
conjectural recursive formula due to Shumakovitch and Turner; see Conjecture [1.6.3, We

have verified that this conjecture as well as Conjecture |3.5.15are consistent with the data of
Kh(T(n,n)) for n < 8. Ritter von Merkl |Rit25, Conjecture 4.3] converted Conjecture|3.5.15

into a closed formula for SZ,(CP?; Q).

In the rest of the section, we present some computations available for CP?.
The p = g = k =1 case of Proposition gives

gT2p2+2pSé:i€2p2 ((C]P)Q’ 0) = Qa b Z 07

which by Theorem [3.1.13implies that rank(Sg,_2p2’2p2+2p(@; 0)) > 1.
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On the other hand, one can check that the only contribution to the term t*2p2q2p2+2p in
(3:34) comes from the n = p term in which Koyp(t,q7") = ¢~ =01 4 =@ —60+3) 1 ..
where - -+ are terms with higher ¢-degrees (cf. [KhoO3| Proposition 6.1], Theorem M(Q))
Thus Conjecture |3.5.15| predicts 83772p272p2+2p((CP2; 0;Q) =Q.

In fact, we can do better by directly resorting to Theorem M(l) to see that after renor-
malization, the generators of K h2(m+P)(n=p)a2n2n(2(n+p)(n=p))(T(2n, 2n)) = Z in the notation
there are identified along the dotted annulus cobordism maps in the 2-handlebody formula,
Proposition m (they are acted on trivially by the symmetric group, by comparing to the
statement over Q), thus descend to generators of

Sg,—2p2,2p2+2p(C]P)2; 0) = Za p 2 0. (336)

Similarly, L
Sg,—2p2+2p,2p2—1<CP2; )=7Z, p>1, (3.37)

and a generator comes from generators of Kh2(FP=1(n=p)a2n-12n-12n+p=1)(n=p)(T(2n —

1,2n — 1)) 2 Z. This verifies Conjecture 3.5.15|in these tri-gradings.

Proof of Proposition|3.1.16. The statements for lasagna s-invariants and Lee skein lasagna
modules follow from the p = ¢ = k = 1 case of Proposition and Proposition [2.3.1 The
statement for Khovanov skein lasagna modules follows from (3.36]) and (3.37)) for a« = 0, 1,

and (2.19)) in general. O

Proof of Corollary[3.1.17. By the connected sum formula for lasagna s-invariants (Theo-

rem |3.3.8(4)) and Proposition 3.1.16L s(kCP* ) = |al. Thus by Corollary [3.3.15] we have
s(X;a) > |isal. The equality when a = 0 follows from Corollary [3.3.16]

We have grq(Si5°(X;a)) # 0 for ¢ = s(X;a) by Definition (3.3.7, and for ¢ = s(X;a) — 2
if the image of @ in Hy(X;Q) is nonzero by Theorem [3.3.1(4). When X is a 2-handlebody,
the second part of the statement thus follows from Theorem [3.1.13] O]

For the purpose of the next section, we record the following local finiteness result for
SZ(CP* Q). By using the exact triangle (1.21)) from [GW23], we are able to simplify the

proof in [RW24].
Proposition 3.5.16. The Poincaré polynomials of Sg(@; a; Q) for a = 0,1 are bounded

above by (3.34)) and (3.35)), respectively. In particular, the total dimension ongZho’*((CIP’Z; a; Q)
is finite for every hy € Z, a € Hy(CP?) 2 7Z.

Proof. The upper bounds follow from the colimit formula (3.33) and the exact triangle (|1.21)).
The claim on the finiteness then follows from the upper bound on the homological degree
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of Kh(T(n,n — 1)) given by Theorem [1.2.1(2) in Chapter 1 for o = 0, 1, hence for all a by
@.19). 0

3.5.10 CP’-stably standard homotopy spheres

We show that the Khovanov skein lasagna module over Q is unable to detect potential exotic
4-spheres that dissolve after taking connected sums with copies of CP?. Note that homotopy
4-spheres coming from Gluck twists dissolve after a single connected sum with CP2.

Proposition 3.5.17. If ¥ is a homotopy 4-sphere with Y#kCP* = kCP? for some k, then
S2(2; Q) = Q, concentrated in tri-degree (0,0,0).

Proof. Applying S3 to 2#/1‘@ = kCP? and using the connected sum formula (Propo-

sition [2.3.2), we obtain S2(¥;Q) ® S2(CP% Q)% =~ S2(CP%:Q)%*. Since S2(CP*Q) is
nonzero and satisfies a suitable finiteness condition given by Proposition [3.5.16] we conclude

that S2(2; Q) = Q. O

In Section .7 in Chapter ] we will give a more direct proof that Gluck twists induce
isomorphisms on Khovanov skein lasagna modules.

3.5.11 Induced map of link cobordisms in kCP>

Unless otherwise stated, in this section we work over a field F, which will be dropped from
the notation throughout.

We begin with a general construction. Suppose X is a closed 4-manifold and Ly, L; C S? are
two framed oriented links. A cobordism from Ly to L; in X is a properly embedded framed
oriented surface ¥ C X°° := X\ (int(B*) Uint(B*)) with 0¥ = —LoU L; C S* U S3. Thus
Y is a skein in X°° rel —Ly L L; without input balls, which itself defines a lasagna filling
with homological degree 0, quantum degree —x(X), and homology class degree [X], which
represents a class ry, € Sg,o,fx(z) (X°°, —Lo U Ly; [X]).

On the other hand, since (X°°, —LoU L) = (X, 0)#(B*, —Lo)#(B*, L1), the connected sum
formula (Proposition [2.3.2)) and Proposition imply that over a field T,

S§(X°% —Lo U Ly; [X]) = S(X; [E]) ® S§(B"; —Lo) @ S5 (B Ln)
~S2(X; (%)) ® KhRy(—Lo) ® KhRy(Ly)
~S2(X;[2]) ® Hom(KhRy(Lg), KhRy(Ly)).
If 0 € (S3(X;[2]); .. is a dual Khovanov skein lasagna class, then we obtain a homomor-

ho,q0
phism
KhRy(2,0) := 0(xs): KhRy*(Lo) — KhRy o> (.
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In the case when X = CP?, there are natural dual lasagna classes, one for each homol-
ogy class a € Hy(X). In fact, by Proposition [3.1.16 for each a € Hy(CP?), we have
Sg}o’w(CIPQ; o;Z) = 7. Therefore over a field F and up to sign, (SZ(CP? @))p. 1o = F has a

laf =

canonical dual lasagna generator 6,. Thus for a cobordism X: Ly — L; in CP?, there is an
induced map

KhRy(S) := KhRy(3, 05)): KhRy*(Lo) — KhRy™ X~ PI(L,)

defined up to sign. Translate back to the more familiar Khovanov homology and reverse the
ambient orientation, we see if ¥: Ly — L; is a cobordism in CP? between unframed oriented
links, then there is an induced map Kh(X): Kh(Ly) — Kh(L1) defined up to sign, with
bidegree (0, x(X) — [£]? + |[X]]), at least over a field. This map only depends on the isotopy
class of ¥ rel boundary.

In fact, we can also give the following more direct construction of Kh(3): Kh(Lg) — Kh(L)
over Z, which was suggested to us by Hongjian Yang. By transversality, suppose ¥ intersects
the core CP' of CP? transversely, in some p points positively and ¢ points negatively. A
tubular neighborhood of CP' has boundary S® on which ¥ is the torus link —T'(p + ¢, p +
Q)pq C S? (the torus link —T'(p + ¢q,p + q) equipped with an orientation where p of the
strands are oriented against the other ¢ strands). Tubing this boundary S® with the negative
boundary of (CP?)°° changes ¥ into a cobordism %°: Ly U (=T(p + ¢,p + q)pq) — L1 in
I x S3, inducing a map

Kh(2°): Kh(Lo) ® Kh(=T(p+ ¢,p + q)pq) — Kh(Ly) (3.38)

up to sign with bidegree (0, x(X°)) where x(X°) = x(X) —p — ¢. On the other hand,
Corollary in Chapter [l implies that Kh0—(P—2)+2 max(pa) (—T(p + q,p + Q)pg; Z) = Z.
Plugging a generator of it into (3.38)) defines a map

Kh(X): Kh(Lo) — Kh(Ly)

over Z up to sign with bidegree (0, x(2°) — (p — q)? + 2max(p,q)) = (0, x(Z) — [Z]* + |[Z]])
as [X] = £(p — ¢)[CP'].

We argue briefly that this direct construction agrees with the previous one over a field.
We begin with the lasagna construction. Realize (CP?)*° as I x S3#B* with a 2-handle
attached to B* along a (—1)-framed unknot and another 4-handle attached. Then a suitable
generalization of the 2-handlebody formula (see [MWW23, Theorem 3.2]) gives

S2((CP?)*°; —Lo U Ly )

o~ (@ g1 SHI x S3H#BY, Lo UL U —T(a" + 70" + r)))) / ~ (3.39)
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for some equivalence relation ~, and the element xy, for a skein 3 with [3] = « is represented
by the class of ¥° as a lasagna filling in the right-hand side of (3.39) (X° is a skein without
input balls in I x S3#B* rel some —Lo U Ly U —T(p+ ¢,p + ), obtained by cutting out

a tubular neighborhood of a core CP* ¢ CP?). The evaluation of xy by the dual lasagna
class Oy € SF (CP?)* is realized by regarding ¥° as a skein in I x S° rel —Ly U L;, where

—T(p+q,p+ q)py C OB* is regarded as an input link on an input ball (so its orientation

is reversed) with decoration given by a generator of KhRY >™ P (T(p 1 ¢, p+ q)pq) =F.

Tubing this input ball to the negative boundary, then Proposition shows the equivalence
to the direct construction.

In the case when a cobordism ¥: Ly — Ly in CP? is given by a negative full twist along some
p+q strands of L (p of which oriented against the other ¢), the induced map Kh(X): Kh(Ly) —
Kh(Ly) can be described by putting a local torus link —7'(p+ ¢, p+ ¢), 4 near Ly, decorated
by a generator of Kh0—(=a*+2max(va)(_T(p + ¢, p + q),,), and performing p + ¢ saddles
between —T'(p+ ¢,p + q)p, and Ly to realize the twist.

We note that the same constructions of induced maps on Kh—both the lasagna approach
and the direct approach—also apply to cobordisms in kCP?. For the lasagna approach, this

is because the preferred dual lasagna classes 6, of CP? give rise to preferred dual lasagna

classes ®@F_,0,, of kCP?. For the direct approach, we simply cut out neighborhoods of every
core CP' in kCP?. We summarize as follows.

Proposition 3.5.18. For an oriented link cobordism Y: Ly — Ly in kCP?, there is an
induced map

Kh(X): Kh(Lg) — Kh(L)

defined over any coefficient field up to sign, with bidegree (0, x(X) — [X]? + [[X]|), which only
depends on the isotopy class of ¥ rel boundary. It agrees with the classical induced map for
link cobordisms in I x S® when k = 0. Moreover, if ¥': Ly — Lo is another oriented link
cobordism in some k'CP?, then Kh(X' o X)) = Kh(X') o Kh(X) up to sign. O

The two perspectives complement each other. The direct construction has the advantage
that the induced map is computable from diagrams; however, it is not a priori clear that it is
independent of the choices of the core CP'’s and the paths used to tube the extra boundaries
to the negative boundary. The lasagna construction is manifestly well-defined and satisfies
the functoriality statement in Proposition [3.5.18} yet it is not directly computable.

Our construction has been exploited by Nahm [Nah25| to detect an exotic pair of Mazur
manifolds.

If L C S?and D = U¥ | D;is a disjoint union of 2-disks intersecting L transversely in the
interior, such that the algebraic intersection between each D; and L is zero, then twisting
along the various D; induces maps whose colimit recovers the Khovanov homology of L
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regarded as a link in #%(S! x S?), the 0-surgery of S® along dD. This homology theory for
links in #*(S* x S?) is defined by Rozansky [Roz10] and Willis [Wil21], and will be the main
focus in Chapter [4]

3.5.12 A conjecture for Stein manifolds

Some similarities between skein lasagna modules and other gauge/Floer-theoretic smooth
invariants appear in our study. For example, the skein lasagna modules are sensitive to
orientations, and there is an adjunction-type inequality (Theorem for lasagna s-
invariants. However, a serious constraint on our computation is that we were not able to
produce any 4-manifold with b5 > 0 that has finite lasagna s-invariants or nonvanishing
Khovanov skein lasagna module. In fact, if one were able to find a simply-connected closed
4-manifold X with b (X) > 0 that has SZ(X) # 0, then X#CP? is an exotic closed 4-

manifold, as it has nonvanishing SZ while its standard counterpart (some kCP?#/(CP?) has
vanishing S7.

To pursue this thread, we propose the following conjecture, which seems plausible and de-
sirable.

Conjecture 3.5.19. If K is a knot and X = X, (K) for some n < TB(K) (hence X is
Stein [ELi90;| Gom98]), then s(X;0) =0 and s(X;1) = s(K) —n. In particular, S3(X) # 0.
More generally, any Stein 2-handlebody X has s(X;0) > —oo and nonvanishing Khovanov
skein lasagna module.

It might not be completely unreasonable to hope that one can take the constants N, (K), N_(K)
in Conjecture in Chapter [l|to be TB(—K),TB(K) — 1, respectively. This would imply
Conjecture [3.5.19| for the case of knot traces in a very strong sense.

The part concerning s(X; 1) in Conjecture implies the n-shake genus of K for n <
TB(K) (or more generally n < TB(K’) for some K’ concordant to K) is bounded below
by s(K)/2, generalizing Theorem [3.1.11)(1). This seems to be the proper refinement of the
bound from the Stein adjunction inequality (3.2).

By Proposition [3.4.4) Conjecture |3.5.19| is equivalent to an assertion on the s-invariants of
cables of K (or some link in the 2-handlebody case).
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Chapter 4

Khovanov skein lasagna modules with
lI-dimensional inputs

In Section in Chapter 2| we defined skein lasagna modules with input given by a lasagna
(3,1, 1)-link homology theory, but we have not provided an example of such a link homology
theory, except for a universally trivial one presented in Section It is the purpose of this
chapter to present an interesting such theory, built on the theory of Khovanov homology
for (admissible) links in #™(S! x 5?) defined by Rozansky |Roz10] and Willis [Wil21]. This
chapter contains some small modifications compared with [Ren+25|, which allow us to prove
the main functoriality result on the chain level over the integers up to homotopy.

4.1 Introduction

4.1.1 Main results and constructions of skein lasagna modules

For simplicity, we first state the main functoriality result and carry out the main construction
of this chapter in the special case of null-homologous links. Recall from Section that
Links; is the category whose objects are framed oriented links in oriented manifolds diffeo-
morphic to some L #™i(S! x S?) and whose morphisms are link cobordisms in relative
4-dimensional 1-handlebody complements. Let Links; ¢4y C Links; be the full subcategory
of null-homologous links. Let K~ (Frees,(Z))% be the homotopy category of bounded above
cochain complexes of finitely generated free graded abelian groups. The additional grading
is referred to as the quantum grading.

Theorem 4.1.1. There is a strictly monoidal multiplicative lasagna (3,1, 1)-link homology

theory
CKhR;, 4, Links; — K~ (Freey,(Z))” (4.1)

satisfying:
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(1) If L C #™(S* x %) is a null-homologous admissible link, CKhR; g (#™(S* x %), L)
1s naturally isomorphic to the Rozansky—Willis chain complex of L.

(2) It recovers the lasagna (3, 1,0)-link homology theory CKhRy (defined in Section
when restricting to Links.

(3) CKhRy 4,(S, L) =0 for any object (S, L) € Links, not contained in Links, gy
(4) CKhR; 4, (W, %) is homogeneous of quantum degree —x(%) for any morphism (W, X).
Consequently, by taking homology over a commutative ring R and passing to the cocomple-

tion, we obtain a multiplicative (but not necessarily strictly monoidal) lasagna (3,1, 1)-link
homology theory, denoted

KhRy o = KRy o (¢ R): Links, — Mod? .

The construction in Section yields a theory of 1-dimensional-input skein lasagna mod-

ules with input KhR; | o.g5y> denoted Sytdmulodiv_ g2.1dmul0-div g o Y See Section[2.6.2.2

for a discussion about the subscript and superscript “mul” in the setting of 0-dimensional
input Khovanov skein lasagna modules.

In the general case without assuming links in #™(S' x S?) to be null-homologous, the
unrenormalized Rozansky—-Willis homology has a grading ambiguity, so we work with a
renormalized version of it, which assigns to every admissible link in #™(S! x S?) a cochain
complex of finitely generated free graded abelian groups, with integral homological and
quantum gradings either both in Z, or both in Z + %, and with an additional Z/2-grading
called the Koszul grading that controls the sign convention in homological algebra, such that
the homological grading and the Koszul grading determine the same relative Z/2-grading.
With this in mind, let K—/2(Free;,(Z))% denote the homotopy category of bounded above
cochain complexes of finitely generated free graded abelian groups, with a quantum %Z—
grading and a Koszul Z/2-grading, in addition to a homological %Z—grading, where the
three gradings of each object are subject to the conditions described above. Morphisms are
homogeneous chain maps that preserve the homological and Koszul degrees.

Theorem 4.1.2. There is a strictly monoidal multiplicative lasagna (3,1, 1)-link homology
theory

—_——

CKhR, : Links, — K~/%(Free,(Z))” (4.2)
that extends renormalized Rozansky—Willis chain complexes for admissible links in #™(S* x
S%). For a morphism (W,%), CKhR, (W,X) is homogeneous of quantum degree —x(X).

See Appendix @ for a complete list of elementary moves and their induced maps on C'K hR; .
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By analogy with the preceding discussion in the null-homologous case, after taking homology
over a commutative ring R, we obtain a multiplicative lasagna (3, 1, 1)-link homology theory

KhRQ’mul: Lil’lks1 - MOdE%QZ) X7/2

and consequently a theory of skein lasagna modules with 1-dimensional inputs, denoted
Sg,ld,mul

, called Khovanov skein lasagna modules with 1-dimensional inputs.

The theory of Khovanov skein lasagna modules with 1-dimensional inputs enjoys formal
properties analogous to the 0-dimensional-input case, including the 3,4-handle attachment
formulas, the recovery of the lasagna (3,1, 1)-link homology theories, and the (boundary)
connected sum formulas, as described in Proposition [2.4.4) where in the case of 3-handle
attachment, the explicit formula given by Proposition [2.6.4] also holds.

As discussed in Section [2.4.2.2] see (12.10)), we also obtain four potentially different variants

of Sg /1d,mul by successively restricting I/(\h?%; mu tO subcategories of Links;. The Rozansky—

Willis chain complex is zero on links that are not Z/2-null-homologous, so Sg’ld’mul’2'div i

canonically isomorphic to 83’1‘*“‘“1. On null-homologous links, CKhR, is isomorphic to

S

- : . 2,1d,mul,0-div . . . . 2,1d,mul,0-di
CKhR; up to a grading shift, so Sy ™™ is canonically isomorphic to Sy ™"

up to a renormalization, and is obtained from by restricting to Links; ggiv,
renormalizing, and extending by zero, noting that Links; .4y is a cosieve in Links;. Finally,
since the restriction of CKhR,, 4, to Links, is the lasagna (3,1,0)-link homology theory
CKhRy by Theorem [£.1.1] the O-dimensional input skein lasagna modules induced from

CKhR, recover (up to renormalizations) the 0-dimensional-input Khovanov skein lasagna
modules S7™" and S5 that were previously defined in Chapter

4.1.2 Key ingredients

—_—~—

Our proof of the excellent functoriality of C KhR, is rather unconventional, and provides
a great instance of an application of the theory of Khovanov skein lasagna modules with 0-
dimensional inputs. Sullivan—Zhang [SZ24] proved that the Rozansky—Willis homology can
be recovered from the Khovanov skein lasagna module of §™(D? x S?) with boundary links,
in an appropriate sense (see Theorem [4.2.2)). To check the functoriality of Rozansky—Willis
homology in the strong sense we need, instead of checking all movie moves (“second order”
moves) relating sequences of elementary cobordisms (we are unaware of how to obtain a
complete set of movie moves in our setup), we employ Sullivan-Zhang’s result as a bypass.
As lasagna gluing operations are manifestly functorial, this alternative viewpoint significantly
simplifies the task, allowing us to perform checks only on the elementary cobordisms (“first
order” moves) themselves.

We remark that even the very special consequence of Theorem and Theorem that
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the Rozansky—Willis homology is functorial for link cobordisms in I x #™(S! x S?) was
previously unknown, and would be rather involved to prove if one proceeds otherwise.

We highlight three key ingredients, in addition to Theorem 4.2.2) in the proof of Theo-
rem that are of independent interest.

Proposition 4.1.3 (Proposition |4.5.7)). Let k > 1, my,--- ,my > 0. The diffeomorphism

group of Dyq := #5_,1m(D? x S?) rel boundary fits into an evact sequence

1— Diffa,loc(Dstd) — Diffa(DStd) — Zm(mfl)/Q % (Z/2)k71 1.

Here, Diff g joc(Dsta) denotes the subgroup consisting of diffeomorphisms isotopic rel boundary
to one supported in a local 4-ball, and m = Zle m;.

When Dy = D? x S?, this is a version of Gabai’s 4-dimensional lightbulb theorem |[Gab20),
Corollary 1.7]. We deduce Proposition as a consequence of Gabai’s result. The cok-
ernel of Diffy jo.(Dsta) — Diffg(Dsia) in Proposition is generated by Dehn twists along
embedded 3-spheres, as well as implanted barbell diffeomorphisms defined by Budney—Gabai
[BG19]. We rediscovered the barbell diffeomorphism during this work and will present an
alternative description of it in the proof of Proposition . Since Dy embeds into B*,
the map mo(Diff5(B*)) = 7o(Diff g 1oc(Dsta)) induced by a local embedding B* C Dy is
an isomorphism. By comparing to the work of Orson—Powell [OP25, Theorem A(1)], the
cokernel can also be identified with the topological mapping class group.

Corollary 4.1.4. The natural map
Diff5(Dsta) /Diff g joc( Dsta) = mo(Diffo(Dsta)) /mo(Diffo( B*)) — mo(Homeog(Dsta))

s an isomorphism. ]

In other words, modulo diffeomorphisms contained in B*, D4 = ,’lebmi(DZ x S?) does
not admit exotic diffeomorphisms. This is in contrast to the existence of such exotic diffeo-
morphisms on many 4-manifolds (including contractible ones) detected using gauge theory;
see [Rub98; KM21; [KMT23; |Qiu24] and references therein. We learned from Slava Krushkal
that Proposition and Corollary for the case k = 1 have been obtained in [Kru+24,

Theorem 1.8], so we do not claim originality.

Theorem 4.1.5 (Theorem [4.7.1)). Gluck twists induce isomorphisms on Khovanov skein
lasagna modules over any commutative ring.

In particular, Khovanov skein lasagna modules cannot detect exotica arising from Gluck
twists (to our knowledge, no such phenomenon has ever been detected on compact orientable
4-manifolds). This was already hinted at in Section in Chapter [3] See Theorem [4.7.1]
for a more precise statement as well as some formal properties enjoyed by the induced map.
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Theorem 4.1.6 (Theorem |C.2.1)). The universal, or GL(2,C)-equivariant, Khovanov—
Rozansky gl, homology for gly webs in S® and gly foams in I x S® between them is functorial
on the chain level up to chain homotopy, over H*(BGL(2,C)) = Z[E\, Es]. Moreover, it
can be extended to singular gly foams, and the map induced by such a foam is independent
of the embedding of the interior of 2-labeled faces.

See Appendix [C] for the precise setup we are using in Theorem [4.1.6] in particular our
definition of singular gl, foams. It suffices to say here that we are allowing transverse
double points between 1- and 2-labeled faces, or between 2- and 2-labeled faces, as well as
singular points on faces that introduce framing changes. The functoriality of gl, homology
for links and link cobordisms in S was proved by Morrison—Walker-Wedrich [MWW?22],
following the work of Jacobsson [Jac04], Blanchet [Blal0], and others; see also Section [2.6.4]
in Chapter [2| for an alternative proof of [MWW22|. The functoriality of gl, homology for gl,
webs in R? and gl, foams between them was proved by Queffelec [Que22]. Theorem is
a simultaneous generalization of these results.

After some preliminaries in Section 4.2}, we will be able to give a more comprehensive overview
of the rest of this chapter in Section [4.3] Throughout the chapter, we use the simpler Bar-
Natan formalism for Khovanov homology as opposed to the gl, webs and foams formalism.
Consequently, some constructions, definitions, and arguments will carry sign ambiguities at
various stages. We resolve the sign issues in Appendix [C]

4.1.3 Lee version

In this section, in the form of an expanded remark, we explain what can be done for
the Lee deformation of Rozansky—Willis homology, as studied by [Man+23|. Our proof
of Theorem does not work verbatim to establish functoriality for the Lee version of
Rozansky—Willis homology. Nevertheless, one may directly identify the Lee canonical gener-
ators and check on these generators, using the moves in Appendix [D] that the Lee homology
is functorial, giving rise to lasagna (3,1, 1)-link homology theories K hRT e o.aiv: Links; —

1
Filt(Vecté) and f(?ﬁ%Lee: Links; — Filt%Z(VectéZXZ/Q). Keeping track of the Lee canoni-
cal generators, one obtains smooth genus bounds for cobordisms in Links; in terms of the
s-invariants of the boundary links as defined in [Man+23|, in the spirit of Rasmussen [Ras10)].
We do not claim, however, to have a proof of the functoriality of an analogue of the Lee
spectral sequence.

We obtain the associated Lee skein lasagna modules with 1-dimensional inputs, denoted
SLee b0V for the unrenormalized and null-homologous-input version and Sg°'® for the

general version. We drop the “mul” superscripts since we work over the field Q.

For any pair (X, L), the forgetful map SF¢(X; L) — Sy*'** V(X L) is an isomorphism of
graded vector spaces and is filtered; in fact, it is filtration-preserving if X is simply connected.
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The images of the Lee canonical generators of SF¢(X; L), defined in Definition [3.3.5] give
Lee canonical generators of SOL ee’ld’o'diV(X : L), and we obtain 1-dimensional-input lasagna
s-invariants of (X, L) for double classes in X rel L; these invariants are bounded above by
the ordinary lasagna s-invariants defined in Definition When X is simply connected,
the two versions of the lasagna s-invariants agree, and hence SOL celd0-dV Jotects the exotic

4-manifold pairs in Theorems [3.1.2f and [3.1.4] in Chapter |3| via the s-invariants.

On the other hand, there is a canonical isomorphism Soive6 (X L) = Q[HY (L)(X )] of vector

spaces, where H, () (X) = I_IUHQ(L’U) (X), o ranges over orientations of L as an unoriented
link, and (L, 0) denotes L equipped with the orientation 0. We obtain another version of

lasagna s-invariants, defined for each class in Hy 2 (X).

4.2 Preliminaries

Convention. Throughout the rest of Chapter[]], unless otherwise indicated, chain complexes
are defined over Z, and follow the cohomological convention. The homology of a chain complex
15 taken over a commutative R, which is often suppressed from the notation. Khovanov skein
lasagna modules are also assumed to take coefficients in R. Homology groups of topological
spaces are taken with Z-coefficients unless otherwise indicated. The Khovanov(—Rozansky
aly) homology of the unknot is standardly identified as a unital algebra with R[z]/(x?).

Caveat. Throughout the rest of Chapter[{], we will exclusively work with the “mul” version
of Khovanov homology in the sense of Section[2.6.2.9, and omit the “mul” subscript from the
notation of homology groups like KhR;mul(L). Thus, on an admissible link L in a disjoint
union of S3, for instance, unlike in C’hapter or C’hapter@ over a general commutative ring,
KhRy(L) will not be the tensor product of its restriction on the individual S® components.
For the “mul” version of Khovanov skein lasagna modules, to avoid confusion, we still keep
the “mul” superscript.

4.2.1 Rozansky—Willis homology for framed links

Fix an integer m > 0. Rozansky |Roz10] and Willis [Wil21] defined Khovanov homology
for links in #™(S! x S?). For our purposes, we carefully describe the topological setup as
follows.

Fix once and for all a surgery diagram for #™(S* x S?) as the 0-surgery on an m-component
unlink, drawn in a standard way on the plane. Explicitly, this means that we have the
following data:

e a decomposition #™(S* x S?) = M U N, where N is a disjoint union of m solid tori;

e a diffeomorphism M = S*\v(U,,) for an m-component unlink U,,,;
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Figure 4.1: Left: Diagram of an admissible link near a surgery region. Right: A Rozansky
projector.

e a point co € int(M) C S?;

e a diffeomorphism S3\{oo} = R? that sends v(U,,) to the set of points within distance
0.01 to L™, {(x,0,2): (x —i)?+ 2% = 0.01}, and sends U, to U™ {(x, —0.01z,2): (x —
i)> + 22 =0.01}.

A framed oriented link L C #™(S'xS?) is admissible if L C int(M)\{oc} and the orthogonal
projection of L U U, onto R? x {0} is standard near the (projection of the) surgery regions
(say L, (1 — 0.2,4 4 0.2) x (—0.02,0.02) C R?) in the sense shown on the left of Figure [4.1]
The writhe of an admissible link L, denoted w(L), is the writhe of the framed oriented link
L regarded as a link in S3 via M C S3.

For an admissible link L C #™(S! x §?), its unrenormalized bounded below Rozansky—Willis
chain complez, denoted C KhR$ (L), is obtained by inserting Rozansky projectors in the
link diagram of L at each surgery region (shown pictorially in Figure , resolving all other
crossings and evaluating using the Khovanov functor. See Section for a discussion
of Rozansky projectors, which are bounded below chain complexes in Bar-Natan’s tangle
category. Consequently, C KhR; (L) is a bounded below chain complex of finitely generated
free abelian groups.

The unrenormalized bounded above Rozansky—Willis chain complex of an admissible link L
1s

CKhR; (L) := Hom(CKhR} (L), 7).

Here, — L denotes the reverse mirror of L, defined as the orientation-reversal of the image of
L under an orientation-reversing involution on #™(S! x S?) that preserves the decomposition
#™(S1 x 8?) = M U N and acts on M by inverting the z-coordinate in R3. After slightly
readjusting the position of U,, C R?, the involution respects the admissibility of links. On
the level of link diagrams, — L is obtained from L by switching each crossing. Alternatively,
CKhR, (L) is the chain complex obtained by inserting dual Rozansky projectors in the
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link diagram of —L at each surgery region, resolving all crossings and evaluating using the
Khovanov functor.

More generally, fix k > 0, my,--- ,my > 0, and write Syq = UF_ #™(S1 x S2). A link
L C Syq is admissible if its restrictions L;, ¢ = 1,--- ,k, to the components of Sy are
all admissible. In this case, its unrenormalized bounded above/below Rozansky—Willis chain
complex is CKhRF (L) := ®F ,CKhR(L;). The homology of CKhRs (L) ® R, denoted
KhR$(L) = KhR5(L; R), is the unrenormalized bounded above/below Rozansky-Willis ho-
mology of L (with R-coefficients). These homology groups are bigraded R-modules, bounded
from above/below in the homological grading, that are finitely generated in every homolog-
ical degree.

If an admissible link L C Sy is not Z/2-null-homologous, then CKhR; (L) = 0. If L is
an admissible link in S* no Rozansky projector is inserted, and we have CKhR; (L) =

CKhRj (L) = CKhRy(L).
By our gl, convention, for admissible links in #™ (S x S%), KhR; is related to the homology
Kh in |Wil21] by (compare ({2.11]))

KhRy™(L;Z) = Kp" 7" (—L).

In the rest of this chapter, we will work with the renormalized Rozansky—Willis chain com-
plezes, defined for any admissible link L C Syq as

+
CKhR, (L) = (t¢ "B/ 2CKhRE (L),

where ¢, g denote homological, quantum degree shifts, respectively. Here, the writhe w(L)
is defined as the sum of the writhes of the restriction of L to the components of Sgyq.
The bounded above/below versions are still dual to each other upon taking the reverse

mirror. Note that the gradings of C’/K\h/R:(L) take values in half-integers when w(L) is odd.
Technically, an integral, or at least a mod 2 homological grading is required for applying
the Koszul sign convention in homological algebra. For this purpose, it is better to regard
CKhR;(L) as 27y, X 374 % (Z/2)k-graded, where h, ¢ are homological, quantum gradings
taking values in half-integers as defined above, and k is the Koszul grading, defined as
the mod 2 homological grading of C KhRy(L), which controls the Koszul sign convention,
although most of the time we will not be dwelling on this difference and will often omit the
Koszul grading in our discussion.

The isomorphism type of KhRy (L) (in fact, the chain homotopy type of CKhR3 (L)) is
shown in |[Roz10; (Wil21] to be an invariant of L up to isotopy in Sgq, up to global grading
— 1+
shifts by multiples of t2¢2. The renormalized homology KhR, (L) has no such grading
+

ambiguity. Since every framed oriented link can be isotoped to be admissible, }?Efz? defines
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I =an M- =
NN )

Figure 4.2: The family of maps that constructs Py, via the cobar construction in [Hog20]
(grading shifts suppressed).

a bigraded R-module invariant up to isomorphism of isotopy classes of framed oriented links

—~~— +
in Ssq. However, KhR, is not known to be functorial with respect to link cobordisms in
I x Ssq. We will address its functoriality in Section [4.4]

In later sections, we will drop the adjectives “renormalized” and “bounded above/below,”

o~
and refer to both KhR, for admissible links in Sy simply as the (classical) Rozansky—Willis
homology.

4.2.2 Properties of Rozansky projectors

We collect some properties enjoyed by the Rozansky projectors that will be useful for us. This
section is not required for reading Section We work with the Bar-Natan formalism, and
this is the source of many sign ambiguities we will encounter later. We refer to Appendix
for a construction of Rozansky projectors using gl, webs and foams, which removes the sign
ambiguity.

Fix a nonnegative integer ¢. The Rozansky projector on ¢ strands, denoted sz,()’ is a certain
infinite complex in the Bar-Natan category of the disk with 2¢ endpoints, bounded from
below. One way to construct Pe\,/o is to take the family of maps

{1, — q"% ® o'}

apply the cobar construction of Hogancamp [Hog20, Section 3], and simplify by delooping
the circle components. Here, 1, is the identity tangle on ¢ strands, 6 runs over all crossingless
matchings of the ¢ points on the top, §' is the vertical reflection of 4, ® denotes vertical
composition of tangles going from top to bottom, and each map 1, — ¢*/?6 ® ' is given by
the £/2 natural saddles. See Figure for an illustration for ¢ = 4. For ¢ odd, there is no
such 0, so the projector PZO is zero.

The precise definition will not play a role in our proof. Instead, we make a list of properties
enjoyed by the Rozansky projectors Py,. These will be justified in Section in the gl,
webs and foams setup.

Proposition 4.2.1. The Rozansky projectors PZO satisfy the following properties.
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(1) Each P}y is a chain complex, where each term is a direct sum of (£, ) Temperley-Lieb
diagrams of through-degree zero, i.e. composites of the form o ® ', where a is an
(¢,0) diagram and B' a (0,¢) diagram. Differentials between different terms are linear
combinations of dotted cobordisms of through-degree zero, i.e. of the form > (f®g¢': a®
pt— o' @ B") for some dotted cobordisms f: o — o', g: 8 — . Informally, this means
that the projectors have an “empty region in the middle.”

(2) Py is unital: it comes with a chain map v;: 1o — Py, called the unit map.

(8) The Rozansky projector on 0 strands is the empty diagram. The unit map vo: 1o — P(XO
15 the identity map.

The maps 1, ®id,id @ 1,: P/, — P)y ® P), are chain homotopic.
0,0 00 @ Lo

id®id®t, L, ®id®id
e

(5) If T is an (Lo, £1)-tangle, then P) o @T Ppo@T®P)and T® P,
Pz\é,o RT® Pz\i,o are chain homotopy equivalences. In particular, 1y ® id and id ® ¢, in
(4) are chain homotopy equivalences.

(6) The unit map L = % (as well as its mirrored version) is a chain homotopy
equivalence.

(7) The unit maps in - E = — are chain homotopy equiva-
lences.

(8) Py is symmetric: there is a canonical chain homotopy equivalence between Py and the
planar rotation of Pe\,/o by 7 that makes ‘ ‘ \ : commute
-

up to homotopy.

4.2.3 A lasagna interpretation of Rozansky—Willis homology

Fix k > 0, my,---,mg > 0. The manifold Sy = UE #™i(S? x S?) is naturally the
boundary of Dy := #F_,5™i(D? x S?). Here, Dy is thought of as equipped with a standard
handle decomposition with one 0-handle, Zle m; O-framed 2-handles, k 3-handles, and
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a U 4-handle

N/

Figure 4.3: The Kirby diagram for the concrete #3_,™i(D? x S?) with 3-handles drawn,
(my, mg,m3z) = (3,0,1). The 4-handle is the one touching the outer belt point of each 3-
handle.

one 4-handle, so that the 3-handles are attached along S?*(1) + (10i,0,0) C R* C S3 =
0B* i=1,2,---,k, and the 2-handles in the i-th connected summand are attached inside
B3(1/2) + (104,0,0), along an unlink U,,. C S? in standard position. Here, S? denotes the
S3 boundary component of B* U (3-handles) containing (107,0,0), whose oo point is the
inner belt point of the corresponding 3-handle. In this description, S?*(R) and B*(R) are
the 2-sphere and 3-ball of radius R centered at 0 € R3, respectively. See Figure [4.3]

An admissible link L C Sgq = 0Dy determines a canonical class o € HE(D,y), char-
acterized by having trivial algebraic intersections with the 2-cocores of Dgy. In [SZ24],
Sullivan—Zhang showed that one can recover Rozansky—Willis homology from Khovanov
skein lasagna modules in the following sense. Their paper proves the theorem over QQ for the
case k = 1, but essentially the same proof applies more generally with a small change, as we
will point out below.

Theorem 4.2.2 ([SZ24), Remark 1.6]). For every admissible link L C Sgq = UF_ #™i (S x
S?), there is a canonical isomorphism of R-modules

mu ~J N+ mu.
So™ (Dsta; L) 2= KhRy (L) ® 87" (Dyta) (S7)

Moreover, in each skein grading o € HE(Dyy), the isomorphism in the forward direction is
homogeneous with (homological, quantum, skein) tridegree shift (a?/2, —a?/2, —ar).

The intersection pairing on H¥ (D) appearing in the grading shifts above is defined by

—~
using the framing of L as the boundary condition. The term KhR, (L) in (SZ)) is set to
concentrate in skein grading 0.

Recall from Section that Sg™"' is the skein lasagna module associated with the
lasagna (3,1, 0)-link homology theory obtained from the lasagna (3, 1, 0)-link homology the-
ory CKhRy by passing to homology over R, which is isomorphic to S when R is a field. Tt
enjoys all properties presented for 2 in Section , in addition to the general properties
presented in Section 2.3} The “non-mul” version of Theorem does not seem to hold for
k > 1 over a general commutative ring R.
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As it will be of importance, in the rest of this section, we examine the isomorphism (SZ)) in
more detail.

Write m = S2F m;. For n € Z™, let ny,n_ € Z™ be defined by (ny); = max(n;,0),
(n-); = max(—n;,0). Let [n| = 37", [n;] be the L'-norm of n.

Fix a homology class a € H¥(Dgq). Write a = ar + n for some n € Z™ = Hy(Dyy).
At the skein class «, the isomorphism (SZ)) is the composition of the following sequence of
isomorphisms.

Sy™ (Da; L; @)
Drezy, ¢ "M KRRy (LU (ny +r,n_ + 1) belts)/ ~

Tie

¢ =2 (1) 2 RR, (LU (ny + ,n + 1) belts)/ ~

(SZ1)

(SZ2)

= (') Brezm, ¢ 20 KhR, (L° (@74 P g) U (ng +7,n_ +7) belts)/ ~  (SZ3)
=t ')™ Orezm ¢ 2 KhR, (L° @ ® (R, P o) LU™ =) [ (SZ4)
(SZ5)

S (t )" Q/QKth (L) ® 8™ (D gyg; o0 — aur).

The individual steps are explained as follows.

(SZ1)): This is almost the 2-handlebody formula (2.17)), except that one also has to note
that the additional 3-handle attachments induce isomorphisms, by the 3-handle attachment
formula, Proposition since each attaching sphere bounds a 3-ball in §™(D? x S?)
which can be assumed to miss any given lasagna filling after a neck-cutting (Lemma ,
and that the additional 4-handle attachment induces an isomorphism by Proposition [2.3.1}{
Alternatively, one can resort to the connected sum formula, Proposition [2.3.2] to reduce to
the case k = 1.

Explicitly, the isomorphism is given as follows. Let v € KhRy(L U (ny + r,n_ + r) belts).
Then the class in the right-hand side represented by v is sent to the class in the left-hand
side represented by the lasagna filling ((I x L) U (ny 4+ r,n_ + r) cores, v), where the skein
has k input balls, the ¢-th of which is given by a slightly shrunken collar neighborhood of
B3(1) + (104, 0, 0) C S3 = OB" in the 0-handle B*, and the cores refer to parallel copies of
cores of 2-handles, slightly extended to the interior of B*. The inverse of this isomorphism
is given as follows. Any lasagna filling representing an element in the left-hand side is
equivalent to one of the form ((I x L) U (ny 4+ r,n_ + r) cores,v) by first pushing the
skein down the 3,4-handles and then applying general position as in [MN22]. The class
represented by such a lasagna filling is sent to the class on the right-hand side represented
by v € KhRy(L U (ny + r,n_ + ) belts).
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s

Figure 4.4: The belt-slide isomorphism (SZ4]), shown near one surgery region.

(SZ2)): This is the renormalization by the writhe of LU (ny +7,n_+r) belts, which is equal
to a?.

(SZ3): Here, L° denotes L regarded in LY, S3 but with a neighborhood of the surgery
regions removed, and ¢; denotes the geometric intersection number between L and the disk
in R? x {0} bounded by the j-th component of ¥ ,U,,.. The second ® symbol in this
line indicates disjoint union, while the first represents insertion of each Rozansky projector
Pe o at the deleted neighborhood of the j-th surgery region, placed immediately below the
J- -th collection of belts, as shown on the left of Figure 4.4 The map is induced by the unit
maps 1, — sz,m and is shown to be an isomorphism, over Q and after symmetrization, by
Sullivan—Zhang [SZ24]. Their proof uses a degree argument relying on results of Hogancamp
[Hog1§| concerning the categorified Jones—Wenzl projectors, which implies that the dotted
annulus cobordism map is nilpotent in every finite range. Utilizing [SZ24, Corollary 5.7]
rather than [SZ24] (5.2)], the same proof applies over any commutative ring R.

(SZ4): This follows from [Wil21, Lemma 3.12]. We sketch the proof. Each P} o is a chain
complex whose terms are direct sums of through-degree 0 Temperley-Lieb diagrams with
some quantum degree shifts. One can use simplifying Reidemeister II moves to slide the
belts off each term in the complex through the “empty region.” These sliding-off homotopy
equivalences (each well-defined up to sign), plus some higher differentials between cross terms
contributing to PZVO, can be patched together to form a chain homotopy equivalence that
slides the belts off the projectors, say to the right of the strands as shown in Figure |4.4] after
some compatible sign choices. Here U%* denotes the (a+b, 0)-cable of (a slightly shlfted copy
of) Uy, = UF_,U,,,, with the orientation on b strands reversed, a,b € Z . This isomorphism
has an overall sign indeterminacy. To fix the sign, see Appendix [C.4.1]

(SZ5)): Since the homology of an unlink is a finitely generated free R-module, the split

—~+
disjoint unions give rise to tensor products on KhR,. By definition, the first tensorial

—t
factor becomes KhR, (L), the Rozansky-Willis homology of the admissible link L C Sgq.
By the 2-handlebody formula (2.18), the second tensorial factor (under the direct sum,
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modulo the equivalence relation) becomes So™" (5 (D? x S?); v — avy,), which is isomorphic

to Sg ’m‘ﬂ(Dstd; a — ay) via the map induced by 3,4-handle attachments.

4.2.4 Khovanov skein lasagna modules of #(D? x S?)
As in Section [4.2.3} let k > 0, my,--- ,my > 0, and write Dyq := #5_5™(D? x S?), thought

1=

of as concretely built out of handles as indicated in Figure [£.3] We study the Khovanov
skein lasagna module of Dgy4. This section is not required for reading Section [4.3]

The computation in this section holds true for both S and Sy™".

Example 4.2.3. The Khovanov skein lasagna module of D? x 5% was studied in [MN22,
Theorem 1.2]; see also Example m The same computation holds true for the “mul”
version and gives

So™(D? x §%) = R[AE, Ay

where Ay is of tridegree (0,0,[S?]), represented by a one-dotted core 2-sphere, and A; is
of tridegree (0, —2,[S?]), represented by an undotted core 2-sphere. Applying Bar-Natan’s
neck-cutting relation, we see that the orientation-reversal of the one-dotted (resp. undotted)
core 2-sphere represents Ay’ (resp. —Ag?A;). More generally, any monic monomial in
R[AZ, Ay] is represented by a disjoint union of core 2-spheres and their orientation-reversal,
possibly with some dots.

An analogous computation, using first the 2-handlebody formula, Proposition [2.6.5] then

the 3-handle attachment formula, Proposition and finally the 4-handle attachment

formula, Proposition shows that
Sy (Duua) = RIAf

1,3,07 Ai,j,1: 1<i< k) 1< ] < mz] (43)

where A, ;o has tridegree (0,0,¢; ;) and A, ;; has tridegree (0,—2,¢; ), with explicit repre-
sentatives described analogously as before. Here e; ; € Ho(Dyyq) is the class represented by
the j-th core 2-sphere of the i-th connected summand in Dgy.

We rewrite (4.3]) more invariantly as
S5 (Dsta) = R[Hs(Dsta)] ©z Symy(Ha(Dita)), (4.4)

where the first factor is the group ring of Hy(Dgyg) over R, in which each o € Hy(Dgyq) has
tridegree (0,0, ), and where the second factor is the symmetric algebra of Ho(Dgq), in which
each 8 € Hy(Dgy) has tridegree (0, —2,0). Comparing and (4.4)), A; ;o corresponds to
le;j] ® 1, and A, j; corresponds to [e; ;] ® e; ;.

We claim that (4.4)) is independent of the explicit parametrization of Dy in terms of handles.
We prove this by giving an intrinsic description of the isomorphism from the right-hand side
to the left-hand side. Let a basis element f := [a] ® 1 - - - 3, in the right-hand side be given,
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where we may assume all 8, € Hy(Dgy) are primitive. We pick a disjoint union of one-dotted
oriented 2-spheres, denoted S, in Dy, that represents o — > Br € Hy(Dgia) = Ho(0Dgq).
Similarly, for each r, we pick an undotted oriented 2-sphere S, in 0D,y representing [,.
We claim that under (4.4)), f corresponds to the element in S’ ’mUI(DStd) represented by the
union S (U,.S,), where the copies of spheres are pushed slightly into the interior of Dy with
different depths so that they become disjoint. To show this, let S C dDgq be the collection
of m = ). m; 2-spheres that are shown in Figure as small spheres encircling each of
the O-framed 2-handles. We perform levelwise Bar-Natan neck-cutting along push-in copies
of the spheres in S and evaluate all the resulting local spheres. After these operations,
all remaining 2-spheres are parallel to core 2-spheres of D4, and one may easily check the
claim using the description for (4.3)).

Thus, Sg’mul(Dstd) is naturally an R-algebra, and in fact an R[H2(Dgyq)]-algebra. The sub-
algebra R[Hz(Dgq)] C Sg ’m‘ﬂ(Dstd) consists of exactly the quantum degree 0 elements.

Definition 4.2.4. The shifting automorphism by « € Hy(Dgyq) is the operator
idg: 8™ (Dya) = SE™(Dyra)

defined by multiplication by [a] ® 1, under the isomorphism (4.4)).

Thus, the shifting automorphisms assemble to a group action Hy(Dyg) — Aut(Se™ (Daq))
that is (homological, quantum) degree-preserving.

4.3 Proof outline

In this section, we sketch the proof strategy of our main theorem, Theorem [4.1.2 Theo-
rem about the null-homologous case will be recovered by restriction and extension by
zero, as explained in the introduction.

We introduce some terminology. If X is a smooth oriented manifold, by an abstract X we
mean a smooth oriented manifold that is diffeomorphic to X. If (S, L) € Links;, then S is
an abstract Sgq = LE_ #™i (St x §?) for some k > 0, my, -+ ,my, > 0, and an L-admissible

parametrization of S is an orientation-preserving diffeomorphism ¢: S — Syq.

4.3.1 Reduce to homology-level functoriality

The isomorphism (SZ]) is on the level of homology, while Theorem asserts the stronger
functoriality on the chain level. The gap is bridged by the following homological algebra fact
plus some special features of our construction.
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Lemma 4.3.1. If C, D are bounded above chain complexes of finitely generated free abelian
groups, and f,g: C'— D are chain maps that induce the same map on homology over any
coefficient ring, then f and g are chain homotopic. [

We will first establish the functoriality of the Rozansky—Willis homology, obtaining lasagna
(3,1, 1)-link homology theories

(%Z)2><Z/2

KhR, (= KhR,,,): Links, — Mod,; , (4.5)

one for each commutative ring R. This construction has the following special features which
allow the upgrade to the chain level.
First, for an object (S, L) in Links; and an L-admissible parametrization ¢ of S, the ho-

mology I?ﬁ; (S, L) is canonically isomorphic to the homology of C%; (¢(L)) over R,
and if ¢’ is another L-admissible parametrization of S, then the two canonical isomor-

phisms are related by the induced map on homology of a chain map ¢4 4 : C’/K\h/R; (p(L)) —
CKhR, (¢'(L)). Lemma {4.3.1) shows that ¢4 4 is well-defined up to homotopy, allowing us
to define CKhR, (S, L) by using any CKhR, (¢(L)) as a model.

Second, for a morphism (W, X): (Sp, Ly) — (S1, L) in Links; and L;-admissible parametriza-

tions ¢; of S;, j = 0, 1, in terms of the chain models given by ¢y, ¢1, I%;(W, Y): %;(%(Lo)) —
I?;J%; (¢1(Ly)) is well-defined and is equal to the induced map on homology by some chain

map C%;(%(LD)) — C/K\}L/R;(gbl(Ll)). Lemma [4.3.1| shows that the chain map is well-
defined up to homotopy, providing a model for C/I_(\}L/R; (W, %).

4.3.2 Turning cobordisms inside out

The main idea of supplying the morphism data for (4.5), namely cobordism maps on
Rozansky—Willis homology for morphisms in Links;, is to turn 1-handlebodies inside out and
1

5L)>XZ[2

upgrade Theorem |4.2.2|to the level of morphisms to obtain a dual result. Let Mod;’(
be the category of (homological, quantum, Koszul) graded R-modules in which the homo-
logical grading is bounded from below.

Theorem 4.3.2. There is a monoidal functor

—~—— + l 2
KhR, : Links? — Mod,, 2" **/*

that extends the renormalized Rozansky—Willis homology m; for admissible links in Sgq =
U#(S' x S?). For a morphism (W,X), the linear map m;(W, ¥) is homogeneous of
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degree (0, —x(X),0). The birth morphism and any pants morphism in Links, (as defined in
Section induce an isomorphism.

Theorem 4.1.2| is recovered from Theorem as follows. First, the special features of

our construction of mz in the dual sense explained in Section [4.3.1| allow us to upgrade
Theorem to a statement on the chain level that is exactly dual to Theorem {.1.2} in
particular, we obtain a strictly monoidal functor

—_~— +
CKhR, : Links}” — K*'/%(Free,(Z))”

—_~— +
that is multiplicative in the dual sense and recovers CKhR, on admissibly parametrized
objects, where multiplicativity follows from the chain map assignments in Section and

Section [4.6.5l Then we dualize by taking
—~ — —~— +
CKhR, := (8)" o (CKhR,)® o (),

where (—) is the autoequivalence of Links; sending an object (S, L) to its orientation-
reversal (—S, —L) and a morphism (W,X): (Sy, Ly) — (S1,L1) to its orientation-reversal
(=W, =%): (=Sp, —Lo) = (=S1, —L1), and (e)V: (K*1/2(Frees,(Z))2)? — K—/2(Free;,(Z))~
is the dualization functor which is an equivalence of categories by the finiteness and freeness
assumptions.

The rest of this chapter is devoted to proving Theorem 4.3.2]

The classical Rozansky—Willis homology, introduced in Section 4.2.1] is only defined for

—+
admissible links in concretely parametrized U#(S! x S?). Thus, the functor KhR, described
in Theorem has not even been defined on objects. Nevertheless, in the rest of the

—~+
section, we ignore parametrization issues, and sketch how the cobordism maps for KhR,
are defined.

Suppose (W, X): (So, Lo) — (S1, L1) is a morphism in Links;. Turning (W, %) upside down
and reversing the orientations of W and ¥, we obtain the transpose cobordism (W* 3): (S, Ly) —
(So, Lo)-

Write W = X;\int(Xy) for 4-dimensional 1-handlebodies X, X;. Choose an orientation-
preserving embedding X; < S* Taking the complement and reversing the orientation,
we get an embedding —(S*\int(X;)) — —(S*\int(Xy)), where each —(S*\int(X;)) is some
abstract #8_,5™i(D? x S?).

By construction of the skein lasagna modules, we have a gluing map

S W) s S (—(SNint(X0): L) - S5 ((SN\int(Xo)): L) (4.6)
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Upon fixing L;-admissible parametrlzatlons —(St\int(X;)) = 4Ry m?

and using the 1som0rphlsm can be regarded as a map

(D? x %), j =0,1,

KhR, (L) © S2™ (45 pm! >< x52>>%KhR2<Lo>®82m‘<#'f‘°u 7 (D? x $%)). (4.7)

We will analyze the map (4.7]) and extract the desired morphism 1?71722 (W, %): I%;(Sl, Ly) —
[%g (So, Lo) as the “first tensorial factor” of (4.7)), in an appropriate sense. As the gluing

—~
map (4.6 is manifestly functorial under composition, the functoriality of KhR, (W, ) will
be a formal consequence of our construction.

4.3.3 Organization of the remaining sections

The sketch proof of Theorem in Section is rather imprecise, with two major
omissions.

(A) We have to address the distinction between “links in an abstract U#(S' x S?)” and
“admissible links in the concrete LI#£(S x S2).”

(B) The choice of the embedding X; < S* up to isotopy corresponds to a spin structure on
X1, which is in a noncanonical one-to-one correspondence with H'(X;;Z/2). We have
to remove this choice.

In order to address item (A), we first need to prove the functoriality of Rozansky—Willis
homology for cobordisms in concrete #(S* x $?). This will be carried out in Section [4.4]
For a given cobordism between admissible links, we examine the map , whose definition
entails no choice in this setup. It will be sufficient to examine for a set of elementary
cobordisms that generate all cobordisms.

In Section [4.5] we address (A), with the extra assumption that our abstract LI#(S? x S?)
is equipped with a spin structure. This entails a study of the diffeomorphism group of
#n(D? x S?) rel boundary. After proving Proposition using Gabai’s 4-dimensional
lightbulb theorem [Gab20|, we reduce the problem mainly to understanding the action on
S2™(445(D? x S?); L) by barbell diffeomorphisms defined by Budney Gabai [BG19)], for
admissible links L C LI#(S* x S?).

In Section [4.6, we carry out the heuristics in Section [4.3.2| carefully for morphisms that come
with ambient spin structures, by decomposing an arbitrary such morphism into elementary
ones, and examining (4.7)) for each elementary morphism.

In Section , we remove the spin assumption and address (B). This requires a construction
of maps on 537““‘1 induced by Gluck twists on framed embedded 2-spheres in 4-manifolds.
Such induced maps will be isomorphisms that transform the grading in a specified way,
proving Theorem {4.1.5]
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Sign ambiguities will come up at various stages of our proofs. Appendix [C|employs the gl,
webs and foams formalism to fix the signs.

—_—

A complete list of elementary moves for Links; and their induced chain maps on CK hR;
is recorded in Appendix [D]

4.4 Functoriality in concrete #(S! x S?)

Fix k >0, my, -+ ,my > 0. Write for short S := UF_ #™(S1 x S?).

4.4.1 The statements

Let Linksg,, denote the category whose objects are admissible links in Sg4, and whose
morphisms are link cobordisms in I x Sy up to isotopy rel boundary. The identity morphisms
and compositions are defined in the natural way. The goal of this section is to extend
Rozansky-Willis homology to a functor on Linksg_,,.

Theorem 4.4.1. There is a functor

—~ + l 2
KhR, : Links? — Mod,; 2"/

—~
that extends the definition of KhR, on objects as in Section |4.2.1. For a morphism X,

—~—+
KhR, (%) is homogeneous of degree (0, —x(X)) (the Koszul grading is suppressed) and is
mduced by a chain map.

Write Dyyg = #5_ 4™ (D? x S§%). Thus 0Dgy = Sga. The following concept plays an
important role in this chapter.

Definition 4.4.2. For an admissible link L C Syq and any o € HZ (D), the lasagna quan-
tum grading on Sg’mUI(Dstd; L; «) is the contribution to the quantum grading coming from
the second tensorial factor in the right-hand side of the bigrading-preserving isomorphism

—~t
S D g Lia) = (61 q) 2KhR,y (L) @ SE™ (Dya; o — ay)

from Theorem [4.2.2]

For a link cobordism X: Ly — L in I X Syyq, let Xt: Ly — Ly denote its transpose, obtained

by turning > upside down, reversing its orientation and the ambient orientation.

Theorem 4.4.3. For a link cobordism Y: Ly — Ly between admissible links in Sgq, the
gluing map
ST X Saa; 811 Sy (Dta; L) — S (Dsta; Lo)



CHAPTER 4. KHOVANOV SKEIN LASAGNA MODULES WITH 1-DIMENSIONAL
INPUTS 134

18 momincreasing in the lasagna quantum grading. The corresponding associated graded map
grSE™ NI X Sqq; XY), under the isomorphism (SZ)), is of the form

+ -+ +
KhRy (2) ® gr(ida, «(sf-ay,): KRy (L) ® grSy™ (Daa) — KhR, (Lo) ® grSy ™ (Dta)

(4.8)

—~+ — —~
for some map KhR, (X): KhR, (L1) — KhR, (Ly) induced by a chain map.

We recall that id,, in (4.8) denotes the shifting automorphism on Sg ’mUI(DStd) by «, defined
in Definition 4.2.4] The star * denotes the natural concatenation map on homology.

The proof of Theorem takes up the bulk of Section [4.4] In Section [4.4.2] we decompose
it into various cases, which are treated individually in Sections [£.4.3H4.4.7. Before going
there, we deduce Theorem as a consequence of Theorem [4.4.3]

—~
Proof of Theorem[{.4.1] assuming Theorem[[.4.3. The functor KhR, is defined on objects
—~
in Section 4.2.1| Let X: Ly — Ly be a morphism. If the map (4.8)) is nonzero, KhR, () is
—~—— +
determined uniquely; if it is zero, define KhR, () to be zero. Since So™ (I X Sqq; X) is

homogeneous with bidegree shift (0, —x (X)), the same is true for I?ﬁ; (2).

It remains to check functoriality. If ¥X: L — L is the identity morphism, then Sg’mul(l X
—~—+

Ssta; X, hence (4.8)), is the identity map. It follows that KhR, (X) is the identity map. If

Y, Li — Ly, 1 =0, 1, are two morphisms in Linksg_,,, then Sg’mlﬂ([ X S5 (X1 020)") =

S X Sqq; X4) 0 ST™M(I X Sgq; X4). After taking the associated graded maps, we see

again from (4.8)) that I?E]/%;L(Zl 0¥y) = %;(EO) o }%;(21) O

We remark that taking associated graded maps is necessary for Theorem £.4.3] If ¥: () — ()
is the cobordism between two empty links given by the j-th core 2-sphere in the i-th disjoint
union summand in {1/2} x S, the induced map So™" (Dyq) — S7™(Dyq) is nonzero
(it is the multiplication map by A;;; in the notation of Example . However, since
I/(\hj%;(@) = R, any map of degree (0, —x(X)) = (0, —2) is necessarily zero. We will see that
taking associated graded maps, as well as introducing nontrivial shifting automorphisms id,,
is necessary only for one elementary move (handleslide) described in Proposition [4.4.4l

4.4.2 Decomposition into elementary cobordisms

If Theorem holds for two composable morphisms, then it holds for their composition
as well. Therefore, it suffices to decompose any cobordism into a composition of some
elementary cobordisms, and check Theorem for these elementary ones.

Proposition 4.4.4. Every morphism in Linksg,, is a composition of some elementary
morphisms of the following forms. See Figure[].5



CHAPTER 4. KHOVANOV SKEIN LASAGNA MODULES WITH 1-DIMENSIONAL
INPUTS 135

(i) é;)o . MO CBON MO

o Nl T
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el dbo )= BY

Figure 4.5: Type (i)~ (vi) moves in Proposition Here, for (iv), we have only drawn, for
simplicity, the case of pushing a crossing between the first two strands, but it is understood
that similar pushing is allowed for crossings between any two adjacent strands.

(i) Isotopies via admissible links;

(ii) Reidemeister moves or a Morse move (birth, death, saddle) away from the surgery
Tegions;

(111) Finger moves, also in reverse;
(iv) Crossing moves, also in reverse;

(v) Overpass/underpass moves;

(vi) Handleslides.

Proof. This follows from a general position argument, see e.g. [Wil21, Proposition 3.2]. [

4.4.3 Moves away from surgery regions

We prove Theorem for moves (i) and (i) in Proposition [4.4.4]
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By the description of the isomorphism (SZ1)) in Section at each o € HE(Dyy), the
map Sg™ (I X Syq; BF) in terms of row (SZ1)) is induced summand-wise by the map induced
by 3¢, namely

KhRy(Z' U (I % (ny +7,n_ +7) belts)):
KhRy(Ly U (ny +r,n_ +1) belts) - KhRo(LoU (ny +17,n_ +7) belts)  (4.9)

on each direct summand. Here n = o — ay, € Hy(Dgq) = ZX=1mi The same description
applies for the map in terms of row (SZ2]).

The isomorphisms (SZ3]) and (SZ4) are local near the surgery regions, and thus intertwine

with the maps on %2 induced by X on rows (SZ2))-(SZ4) summand-wise. It follows that
—~—+ —~+ —~+

S2™ (I % Syq; 2 = KhR, (X) ®id in terms of row (SZ5)), where KhR, (X): KhR, (Ly) —

—~—+

KhR, (Ly) is induced by an isotopy of the link diagram (for move ({il)) or a Reidemeister/Morse-

induced map on the link diagram (for move ) In particular, it preserves the lasagna quan-

tum grading, and the associated map is of the form (4.8)), as desired (note az, *[X] —ar, =0

since X' is disjoint from the 2-cocores of Dgy).

4.4.4 Finger moves

We prove Theorem for move in Proposition We only consider the move
pushing a downward-pointing finger up, as the reverse is similar. Thus, the reverse X' is
the move pushing a downward-pointing finger down, shown as the left to right direction in

Figure [4.5](iii).

By the description of the isomorphism (SZI]) in Section [4.2.3] the map Sg ’mul(_f X Sgq; L) in
terms of rows and is each induced by summand-wise cobordism maps pushing
the finger down across the belts, as shown in the first row of Figure [4.6, For simplicity, we
only depict the case of 2 belts at the surgery region with some orientations that are omitted
from the diagram. Similar simplifications in figures will not be further remarked upon.

We claim that in terms of row , Sg ’mul(] X Sga; X1) is equal to a map that is summand-
wise given by pushing the finger first down the relevant projector P, then down across
the belts, as shown in the second row of Figure 4.6 Here, the push-down map across the
projector, denoted f, is the “sandwich” composition

1.
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! I
e S -
1O f - O
Figure 4.6: Rows (SZ2))-(SZ4) of a finger move.

(the two maps are isomorphisms on homology by Proposition [£.2.1(5)). We need to prove
the upper half of Figure commutes. This is straightforward: the quadrilateral commutes
by locality, and the triangle commutes by definition of f and locality.

We claim that in terms of row , 85 ’mul(I X Sga; 17) is equal to a map that is summand-
wise given by pushing the cup down across the belts, as shown in the third row of Figure [4.6]
Namely, we need to prove the lower half of Figure commutes. We fill this lower rectangle
into Figure [4.7] where the middle map g is the “sandwich” map defined similarly to f,

namely as the composition

= da b & i
a s b b

For convenience, projectors in Figure [4.7| are labeled by 1 or 2, and the subscripts in the unit
maps t, and sliding maps s, refer to the corresponding projectors. All regions in Figure
commute by definition or locality, except the middle rectangle labeled R. We fill in the
rectangle R into the diagram of isomorphisms
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L
= SR
11 de

<4b f L3
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where all regions except A, B,C commute by definition or locality. We redraw regions

A B,C:

hS
ajs
Ll

Ll

ik

&J:

The commutativity of region A is exactly Proposition [1.2.1](4).

We consider region B. On the chain level, each projector is a chain complex of through-
degree 0 Temperley-Lieb diagrams. Each of the two chain maps si, sy is given termwise
by sliding the belts down the Temperley-Lieb diagram from above/below using simplifying
Reidemeister II moves, with some higher differentials going between cross terms. Explicit
chain homotopy inverses s;',s," can also be written down using [Gug72, Section 3]; see
also [Wil21}, Proof of Proposition 2.10] for an account in our situation, the relevant property
used here being that simplifying Reidemeister II moves are very strong deformation retracts
[Wil21], Definition 2.9]. As all terms in the complex of the chain model of the right-hand
side of region B have internal homological degree 0, the formulas in [Gug72] show that
the composition s, o 57! is given termwise by compositions of Reidemeister-induced maps,
without any nontrivial cross term. Each such termwise composition takes the form

& L
1S
=

IO

]HECZC
|
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for some crossingless tangles a, 3,~,d, where the first map slides the belts into the strands
from the top, and the second map slides them out from the bottom. We claim this composi-
tion is the identity chain map. By locality, we may ignore the «, § boxes. The composition
is the identity on homology up to sign because the composite cobordism is isotopic to the
identity cobordism in I x S3, and Khovanov homology is functorial in S* [MWW22, Theo-
rem 1.1]. Since the diagram is crossingless, this implies that the composition is identity on
the chain level up to sign. In Appendix [C.4.2] we show that under the appropriate setup
using webs and foams, the corresponding composition map is equal to the identity chain
map, rather than its negation, proving the commutativity of region B.

The commutativity of region C'is proved in exactly the same way.

Now, it follows that the map S¢™" (I x Syq; XF) = %;(E) ® id in terms of row (SZ5)),

—~+
where KhR, (X) is the map on homology induced by pushing the finger down the projector.
The statement follows.

4.4.5 Crossing moves

We prove Theorem for move in Proposition {4.4.4, We only consider the case of
pushing a positive crossing up the belts. The cases of pushing down or of a negative crossing
are similar.

The proof is analogous to the case of finger moves. The only difference is that we need to
prove the commutativity of the following analog of region C' in Section [£.4.4]

ﬁ - H“g

Assuming the commutativity of region D, we can conclude that Sg’mul(l X Sga; L) =

KhR, (¥) ® id where KhR, (¥) is the map on homology induced by pushing the cross-
ing down the projector, defined as the “sandwich” composition

I —
g - 5 -
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We prove the commutativity of region D. Let ® denote the endomorphism of the right-hand
side given by first sliding the belts into the strands from the top, then sliding them off
from the bottom. We show & is the identity map on homology. The same argument for
region B in Section no longer applies, because the terms in the twisted complex of the
chain model of the right-hand side of region D have nontrivial internal homological degrees,
hence cross terms may exist when applying |Gug72]. Nevertheless, |[Gug72] implies that ®
is nondecreasing in the external homological degree. By judiciously choosing Reidemeister
IIT induced chain maps within their chain homotopy class when passing the belts across
the middle crossing (see [MWW22, Section 3.5], in the gl, webs and foams context), we
may assume that ¢ is nondecreasingﬂ in the internal homological degree, and its internal-
degree-preserving part on the two resolutions of the middle crossing, within each term of the
twisted complex, is each given by the Reidemeister-induced maps. Since ® preserves the total
homological degree, it must therefore preserve both the internal and external homological
degrees. Consequently, by the same argument as before, ® is given by a termwise chain
map that is the identity on each term of the twisted complex up to termwise signs. In
Appendix [C.4.2] we remove the sign ambiguity and show that ® is termwise the identity
chain map, hence the identity map overall, proving the commutativity of region D.

4.4.6 Overpass/underpass moves
We prove Theorem for move (i) in Proposition We only consider the case of an

overpass move, as the underpass case is similar.

The proof is again analogous to the case of finger moves. The only difference is that we need
to prove the commutativity of the following analog of region C' in Section [4.4.4]

e

T 1 — - D
s s

Assuming the commutativity of region E, we can conclude that Sg’mm([ X Sga; XY =

—+ ——%

KhR, (¥) ® id where KhR, (X) is the map on homology induced by pushing the over-
passing strand down the projector, defined as the “sandwich” composition (both maps are
isomorphisms on homology by Proposition [4.2.1[6))

!Note that [MWW22] uses the homological convention instead of the cohomological convention that we
adopt here. Therefore, the words “increasing” and “decreasing” in their Lemma 3.12 have the opposite
meaning to ours.
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We prove the commutativity of region E. Consider the diagram

—

(-

for 2™ maps
(-]
(-

—_—
(@) Tw

e8| — tefo

where we expand the first projector to rewrite the diagrams as twisted complexes, and
the vertical maps slide the overstrand into the empty region by termwise Reidemeister II
simplifying maps, with some higher differentials. The two horizontal maps in the second
row are equal by the same argument as for region B in Section [4.4.4] If we take the pair
of horizontal maps that slide the belts off the second projector, one for each row in the
diagram, then the square commutes by locality. Thus, to prove the commutativity of region
FE, it suffices to show the square also commutes for the other pair of horizontal maps.

The proof is similar to the one for region B in Section 4.4.4 We repeat the argument again.
Redraw the relevant parts of this square termwise:
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ds1- ||</

Iho —
o]

Figure 4.8: The reverse of a negative handleslide, with orientations on the 2-handle attaching
curve and the sliding strand indicated.

—_—

& eI PR~
Eﬂﬂo =)

o> | |

‘CZC:

B

T

£

The two total chain maps are assembled from these termwise maps, with some higher differ-
entials. If we start from the lower-right corner and compose the chain maps or their explicit
homotopy inverses (which are termwise Reidemeister-induced maps plus some higher differ-
entials) in a loop, we obtain the termwise identity chain map up to individual signs, without
higher differentials, because the termwise composite cobordisms are isotopic to identity and
the source and target diagrams are crossingless. The sign ambiguity is removed in Ap-
pendix This proves the commutativity of region E.

4.4.7 Handleslides

We prove Theorem 4.4.3] “ 3| for move in Proposition “ 4.4.4, We only consider the case where
the sign of the handleslide is negatlve namely where X C I x Sgq C Dyq intersects the
2-cocores positively at one point, see Figure The positive case is similar. Suppose the
strand is sliding over the j-th 2-handle of Dgy.

We claim that the map Sg™" (I x Syq; B¢) in terms of row (SZ1)) is induced by the summand-
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cl-l-
—— saddle
EF;] C—— - dls
s <k is S
<l 1> <l 1> <l b)
11 11 11

S EFFM” =

Figure 4.9: Rows (SZ3)) and (SZ4]) of a reverse handleslide move.

wise saddle map

KhRy(Ly U (ny 4+ r,n_ + 1) belts) saddle, KhRy(Lo U (ny +e; +1,n_ + 1) belts),

or in local diagram, similar to the annular model situation in [HRW25| Section 4], as

ds

— I <>
I I
I I

On the lasagna filling level, the map Sg’m‘ﬂ(] X Sgq; 2" attaches to the standard skein
(I x Ly) U ((ny + r,n_ + r) cores) the cobordism X*. If one enlarges the input ball a
bit to make the new skein X' U (I X L;) U ((ny + r,n_ + r) cores) standard of the form
(I x Lo) U ((ny + € +r,n_+r) cores), the Khovanov decoration changes according to the
cobordism between the two balls, which is exactly given by the claimed saddle. This proves
the claim.

The same description of Sg’mul(_f X Ssq; 2') applies to row :SZQ. By the same argument as
in Section using an analog of the upper half of Figure [4.6] the map Sg™" (I x Syq; 2°)
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in terms of row (SZ3)) is summand-wise given by the first row of Figure 4.9 Here the first
map is the “sandwich” map as before.

We claim that Figure [4.9|commutes. This will imply Sg™" (I X Syq; Xt) in terms of row (SZ4)
is given by the bottom row of Figure 4.9, The two rectangles commute by locality, while the
commutativity of the triangle follows from the commutativity of region A in Section [4.4.4]

and region F':
F Q___i' i’ — -

I

The commutativity of region F' follows from the same argument as for region B in Sec-
tion 4.4.4] This proves the claim.

Now, by a Bar-Natan neck-cutting, the saddle map in the bottom row of Figure[4.9]is equal to
(birth) @ (dot)+ (dotted birth)®1. In terms of row (SZ5)), the first term decreases the lasagna
quantum grading while the second term preserves it. This proves that Sg’mlﬂ(] X Sga; XF)
is nonincreasing in the lasagna quantum grading. The associated graded map is given by
.f(?ﬁz;(z:) ® gr(u), where [?EJ/%;(E) [/(717%;(1)1) — I%;(LO) is the map on homology
induced by the slide-off chain map

= ,ﬁ, -
EFFI — (4.10)

and u: 8™ (Dyg) = Se™ (Dyq) is the gluing map that attaches a collar of the boundary
containing a copy of the dotted j-th core S? as skein. By the description of Sg’mul(Dstd) in
Section 4.2.4] u = id,,. Since e; = a, * [¥'] — avp,, this finishes the proof of Theorem m

4.5 Homology in abstract spin #(S! x S?)

As in the previous section, fix & > 0, mq,--- ,mp > 0, and write for short Sgq =
Lk #mi(ST x S?)) Dgg = #5 4mi(D? x §%). Equip Dyyg with its unique spin structure,
and Sgq = 0D with the induced boundary spin structure. When k& = 0, Sy = (), and the
statements in Section are trivial. Assume from now on k > 1.
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4.5.1 The statements

If X is a spin manifold, an abstract spin X is a spin manifold that is spin diffeomorphic to
X. The goal of this section is to construct the Rozansky—Willis homology for links in an
abstract spin Sy, as stated in the following theorem.

Theorem 4.5.1. Let S be an abstract spin Sgq and L C S be a framed oriented link. There

is a bigraded R-module [%;(S, L), called the Rozansky—Willis homology of (S, L), which
is an invariant of the pair (S, L) up to spin diffeomorphisms. When S = Sgq and L is

admissible, m;(S, L) is canonically isomorphic to %;(L)

Let (S, L) be as in Theorem . Ifp: S 5 Sstaq 1s a spin L-admissible parametrization of
S, then l%;(p([/)) would be a natural candidate for }%:(S, L). For this idea to work,
if p' is another spin L-admissible parametrization of S, we need to identify l/(ﬁ;(p(L))
with f{?ﬁz; (p'(L)) in a canonical and functorial way. This is the content of the following

proposition.

Proposition 4.5.2. Let L C Sqq be an admissible link and ¢ € Diff**"(Sqq) be an L-
admissible spin diffeomorphism of Sgq. There is a canonical isomorphism

KRR, (9): KhR, (6(L)) 5 KhR, (L) (4.11)

of graded R-modules induced by a chain map. If ¢' € Diff**"™(Sy) is ¢(L)-admissible, then

——+ —~+ —~+ —~— 1 =~
KhRy (¢) o KhRy (¢) = KhRy (¢ 0 ¢): KhRRy (¢'(4(L))) — KhR, (L).
Again, one could state the theorem in the covariant way by inverting the diffeomorphisms.

Proof of Theorem [{.5.1] assuming Proposition[[.5.3. Let P*"(S,L) denote the set of L-
admissible spin parametrizations of S. Then, I/(\h??; (S, L) can be defined as the “cross-
section” submodule of [] puin(s,p) [?h\/R;r(p(L)) consisting of elements (v,), with vy, =
I/(ﬁ;(p o (p) 1) (v,) for all p,p’ € P (S, L). More formally, I%;(S, L) is the limit of
m; (e(L)) regarded as a functor from the indiscrete category with object set PP (S, L)

(32)2%2/2 . o
to Mod, 2 , where morphisms are sent to the canonical identifications.

For any p € P*P""(S, L), the natural map KhR, (S,L) — KhR, (p(L)) is an isomorphism of
graded R-modules. The case S = Sg4 and p = id gives the last statement of the theorem. [
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Every spin diffeomorphism ¢ € Diff**""(S,;4) admits a lift b€ Diff*(Dy) in the orientation-
preserving diffeomorphism group of Dyy, as can be seen in Section [£.5.2] Proposition
is therefore a formal consequence of the following theorem.

Theorem 4.5.3. Let L, ¢ be as in Proposition and let ¢ € Diff " (Dyq) be a lift of ¢.
The pushforward map

S5™NG7): 8™ (Data; S(L)) = S5 (Dyta; L)

induces a map groSe™™ (Dga; d(L)) — groSe™ (Dya; L) on the 0-th associated graded spaces
with respect to the lasagna quantum grading. Under the isomorphism (SZ)), this induced map
15 uniquely of the form

—+ ——+ —+
KhR, (¢) ® gro(ida 0 ¢71): KhRy (¢(L)) @ groSe™ (Dyq) — KhR, (L) ® groSe™ (D)
(4.12)

for some isomorphism m;(@ independent 0fq~5 induced by a chain map, and some o €
Hy(Dgia) depending on ¢ and [L] € H1(Ssa). Here, ¢, in (4.12)) is defined as the pushforward
isomorphism Sg’mm(é): Sg’mul(Dstd) = Sg’mul(Dstd).

Note that by the description of S; ’mul(Dstd)Nin Section m, the map ¢, = So™"(¢): So™ (Dyrq) —
Sg ’mUI(DStd) only depends on the action of ¢ on Hy(Dsa) (hence, in particular, is independent
of the choice of ¢). Note also that the uniqueness statement in Theorem is trivial.

The proof of Theorem takes up the bulk of Section [4.5] In Section we decompose
it into various cases, which are treated individually in Sections[4.5.4H4.5.91 Proposition
is then a consequence.

—~+
Proof of Proposition assuming Theorem[{.5.3 We check that the assignment ¢ — KhR, (¢)
given by Theorem is functorial. If ¢ = id, taking ¢ = id in Theorem yields

—~—+ . ~

KhRy (¢) = id. If ¢; € Diff*"(S5q) with lifts ¢; € Diff " (Dy4), j = 0,1, where ¢ is L-
admissible and ¢ is ¢o(L)-admissible, then ¢ o¢y is a lift of ¢ 0. Since S ((progy) 1) =
S (po1) 0 Se™ ! (¢71), we know from Theorem that

KRR, (610 ¢0) ® gro(ida o S2™ (1 0 ¢o) ™))

— —+ ~ ~
= (KhRy (¢0) © KhRy (61)) © gro(idag 0 S¢™" (") 0 ida, 0 S5™ (é11))

for some a, a, oy € Ho(Dyg). It follows that a = ag + (¢o); (1) and [/(\h-f/%;_(cbl o ¢p) =
— o~ +
KhR, (¢0) o KhR, (). O

An important special case of Theorem [4.5.3|is when ¢ = id. We state this as a proposition
by itself, which will in turn be an ingredient of the proof of Theorem [4.5.3]
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Proposition 4.5.4. Let L C Sgq be an admissible link and v € Diffy(Dgq) be a diffeomor-
phism of Dgq rel boundary. The pushforward map

Sy ()1 85 (Dotas L) = So™™ (Dota; L)
induces a map on grg, which under the isomorphism takes the form
. . N+ mu N+ mu
id ® gro(ida): KhRy (L) ® groSa™ (Dyq) — KhR, (L) @ groSy™" (D)

for some o € Hy(Dygyq) depending on ¢ and [L] € Hy(Ssq)-

4.5.2 Decomposition into elementary diffeomorphisms

The independence of the map }%: (¢) in Theorem 4.5.3| on the choice of ¢ follows from

Proposition [£.5.4 Thus, assuming Proposition {.5.4, Theorem can be regarded as a
statement for the pair (L, ¢).

If Theorem holds for (L, 55) and (¢(L), @), then it holds for (L, ¢’ o¢) as well. Therefore,
it suffices to decompose any ¢ with ¢ being L-admissible into a composition of elementary
diffeomorphisms ¢,, o --- o ¢; with each ¢; being ¢; 1 o --- o ¢1(L)-admissible, and prove

Theorem for such elementary diffeomorphisms.

Proposition 4.5.5. The spin mapping class group of Sea, To(Diff?™(Syqa)), is generated
by mapping classes represented by the following spin diffeomorphisms:

(1) Switching the i-th and i'-th connected component when m; = my, 1 <i <i <k;

(i1) Switching the j-th and (j+1)-th connected summands in the i-th connected component,
when 1 < j<j+1<my;;

(i1i) Inverting the first connected summand in the i-th connected component by reflecting
both the S* factor and the S? factor, when m; > 0;

(iv) Sliding the first O-framed surgery circle negatively over the second 0-framed surgery
circle in the i-th connected component, when m; > 1.

Proof. This is standard. See e.g. |[Lau74, Theorem I11.4.3]. O

A strongly admissible link in Sgq is an admissible link so that on each connected component of
Ssta diffeomorphic to some #™(S! x S?) with m > 0, the diagram of the link is standard near
the (projection of the) collective surgery regions (say (0.8,m + 0.2) x (—0.02,0.02) C R?) in
that no strand passes through the regions between adjacent surgery regions; see Figure [4.10]
A diffeomorphism ¢ of Sy is L-strong-admissible if ¢(L) is strongly admissible.
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| |

Figure 4.10: Diagram of a strongly admissible link near the surgery regions.

Proposition 4.5.6. Fvery diffeomorphism gz~5 € Diff*(Dyyy) can be decomposed into a com-
position of some elementary diffeomorphisms of the following forms.

(1) Diffeomorphisms rel boundary;

(1) Isotopy insertions: a diffeomorphism that is trivial outside a collar neighborhood [—1, 0] x
Ssta of the boundary, and is an isotopy starting from idg_,, in this parametrized collar
neighborhood;

std

(111) Connected summand rearrangements: exchanging the i-th and i'-th connected sum-
mands, when m; = my, 1 <i<i <k;

(iv) Boundary summand rearrangements: exchanging the j-th and (j+1)-th boundary sum-
mands in the i-th connected summand, when 1 <7 < j4+1 < my;

(v) Inversions: inverting the first boundary summand in the i-th connected summand by
reflecting both the D? factor and the S* factor, when m; > 0;

(vi) Negative handleslides: sliding the first 0-framed 2-handle negatively over the second
0-framed 2-handle in the i-th connected summand, when m; > 1.

Moreover, we can arrange the following:

o Type f diffeomorphisms can be taken to be of some standard forms: type (fiil)
ones exchange the i-th and i'-th 3-handles together with the two corresponding collec-
tions of 2-handles while preserving all other regions (cf. Figure ; type f

ones can be locally visualized on the boundary in the presence of a strongly admissible

link as in Figure[].11]

o [f ) = q~5|gstd 18 ~L-ad7m'5>‘5ible for an admissible link L C Sgq, then the decomposition
¢ = Pmo---0¢dy can be chosen so that each ¢; is ¢;—1 o -+ o ¢1(L)-admissible, and

¢i1 00 ¢1(L)-strong-admissible if ¢; 1 is of type (i) —(vi).
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o

o dlbe b o
|

Figure 4.11: Elementary diffeomorphisms of types f in Proposition carrying the
strongly admissible links on right-hand sides to the admissible links on the left-hand sides.

Proof. Pick a sequence é1,--- , ¢, € Diff*""(S,,,), each of some standard form described
in Proposition [4.5.5] taken to be compatible with Figure [£.11] such that ¢, o --- o ¢; and
¢ represent the same mapping class. Pick standard lifts ¢q,--- , ¢, € Diff " (Dyy). Then
é = 4000 for some type diffeomorphism gzNSTH and some type ({il) diffeomorphism
¢ri2. The (strong) admissibility conditions on the decomposition in the presence of an
admissible link can be achieved by inserting extra type diffeomorphisms between each
pair of adjacent &;’s as well as before ¢;. n

4.5.3 The diffeomorphism group of #f(D? x S?) rel boundary

In order to prove Proposition |4.5.4, we need to understand Diffy(Dyy4), the diffeomorphism
group of Dgy4 rel boundary.

Write m = Zle m;, the second Betti number of Dy,q. Let S; denote the sphere obtained
from the j-th 2-core capped off by a standard disk in B*, and C; denote the j-th 2-cocore
of Dgyyq, for 7 =1,--- ,m. The boundary belt circles of the cocores, denoted Uy, --- ,U,,, are
equipped with the framings coming from the cocores. The intersection number can be defined
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between any two homology classes in the set Hy(Dgq)U (U;»”ZIH;] 7(Dya)), where HY? (Dyq) C

Hy(Dyia,U;) denotes the preimage of [U;] € Hy(U;) under the connecting homomorphism
Hy(Dya, U;) — Hy(U;j). When evaluating on the sequence ([S1],- -, [Sm), [C1], -+, [Cml]),
the intersection pairing takes the matrix form ( I?n 16" ), where I, is the identity m x m

matrix.

If ¢ € Diffs(Dgyq), then ¢, = id on Hy(Dgy). However, this need not be the case on
HY (Dsta). With respect to the sequence [S;], [C}], ¥, takes a matrix form (‘g X)) for some
m x m integral matrix X. Since 1, respects the intersection pairing, X € o(m;Z) is an
m x m integral skew-symmetric matrix. We have constructed a group homomorphism

hli Diﬁa(Dstd) — o(m; Z)

On the other hand, the set of spin structures on D,y rel the standard spin structure on Sy,
denoted Sping(Dsq), is affine over HY (D, Seta; 2./2) = Hy(Dya; Z./2) = (Z/2)5L. Every
element in Diff5(Dgy) acts on Sping(Dyy) as a translation by some class in H3(Dgq; Z/2),
giving rise to a map

hy: Diffg(Dsa) — H3(Dsia; Z/2),

which is a group homomorphism since Diffy(Dyy) acts trivially on Hs(Dgq; Z/2), noting
that H3(Dg;7Z/2) is generated from the boundary.

Recall from the introduction that Diff..(Dsa) denotes the subgroup of Diffs(Dsq) con-
sisting of diffeomorphisms that can be isotoped rel boundary to be supported in a local
4-ball.

Proposition 4.5.7. The group homomorphism h = hy X hy fits into the short exact sequence

1 = Diff joe(Dara) — Diffo(Dawa) 2 0(m; Z) x Hy(Daa; Z/2) — 1.

Proof. By choosing a local 4-ball disjoint from all S;, C;, we see that Diffy joc(Dsia) C ker(h).

We show the exactness at the last term. The map hs is surjective because we can insert Dehn
twists along the 3-core spheres of Dy,. To prove the surjectivity of hq, it suffices to exhibit
for each 1 < i < j < m a diffeomorphism f; ; € Diffs(Dsq) that sends [Ci] to [Cy] + [9;].
[C}] to [C;] — [Si], and each other [C}] to itself.

The union of the 0-handle, the i-th 2-handle and the j-th 2-handle in D4 forms a standard
h2(D? x S?). Thus it suffices to exhibit a diffeomorphism 8 = 3, 5 € Diffy(5*(D? x S?)) with
Be[C1] = [Cy] + [Sa], B«[Ca] = [Ca] — [S1]. This is provided by the barbell diffeomorphism
defined by Budney-Gabai [BG19, Section 5|. For our purposes, we give an alternative
description of this diffeomorphism below.

See Figure 4.12] Consider the positive Hopf link U; U U, C B3. Let D; be a spanning
disk for U; that intersects U;,; transversely at one point, ¢ = 1,2, index modulo 2. The
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[1,2]

Figure 4.12: The barbell diffeomorphism of §*(D? x 5?), determined by sending C; to Cj,
j=1,2.

manifold §%(D? x S?) is obtained from attaching 0-framed 2-handles along {i} x U;, i = 1,2,
in 9B*, where B* = [1,2] x B3. Let K, K, denote the cores of the 2-handles, with the usual
orientation convention that OK; = —{i} x U;, : = 1,2. The cocores of §?(D? x 5?) are given
by C} := —{1} x Dy, Cy := {2} x D; (interior slightly pushed into the interior of B*). Define
disks C] := (I x Uy) UKy, Ch := (I xUy)U(—K7). Then [C]] = [C1]+[S2], [C5] = [Ca] — [S4].
One can check, for example by cutting along d[1,2] x B* and regluing, that the complement
of C} U in 2(D? x S?) is diffeomorphic to B* via some diffeomorphism canonical up to
isotopy rel boundary. Thus there is a diffeomorphism 5 € Diff(5*(D? x S?)) that carries C;
to C!, as desired. The mapping class of § is well-defined.

We show the exactness at the middle term. Supposing ¢ € ker(h), we show that 1) can be
isotoped to be supported in a local 4-ball. By the relative Hurewicz theorem, each ¢(C})
is homotopic to Cj. Since the C}’s admit disjoint dual 2-spheres, and have trivial normal
bundles rel boundary, Gabai’s 4-dimensional lightbulb theorem [Gab20, Theorem 10.1] (see
also |[Gab21, Theorem 0.6]) implies that 1) is isotopic rel boundary to some 1)’ that fixes each
neighborhood of C; pointwise. The complement of a neighborhood of 0Dy U (U;C)) is a
4-sphere with k open 4-balls removed. Choose k£ — 1 disjoint embedded arcs in this holed
S* connecting the holes. Isotope v’ to some 1" rel the exterior of this holed S* that is the



CHAPTER 4. KHOVANOV SKEIN LASAGNA MODULES WITH 1-DIMENSIONAL
INPUTS 153

"g@ —

19191®1 — 1

Figure 4.13: Left: Diagram of a standard belt link near a surgery region. Right: The element
1 in the Rozansky—-Willis homology of a standard belt link.

identity on the k — 1 arcs. Since v acts trivially on Sping(Dgq), we may further assume
that 9" preserves the framings of the arcs, hence fixes a neighborhood of the arcs. It follows
that 10" is supported in a local 4-ball, as desired. O

4.5.4 Diffeomorphisms rel boundary

In this section we prove Proposition 4.5.4] and consequently Theorem for type (f)
diffeomorphisms in Proposition [£.5.6 Since the statement respects compositions in 1, it
suffices to check on a set of generators of Diffy(Dsq), which by the proof of Proposition [4.5.7]
can be taken to consist of elements of Diff jo.(Dsta), Dehn twists along 3-spheres, and barbell
diffeomorphisms implanted standardly in Dgy.

If ¢ € Diffy 1oc(Dsta), then SOZ’mUI(zb) = id because we can localize v to avoid any given skein.
If ¢ is a 3-sphere twist, by putting lasagna fillings in a general position with respect to
the twisting sphere, neck-cutting using Lemma [2.3.7] twisting and regluing, we know that
S2™ (1)) = id (here, we used the fact that m (Diff(S?)) = Z/2 acts trivially on Khovanov—
Rozansky gl, homology).

Let f8;; € Diffy(Dsq) denote the barbell diffeomorphism implanted in the union of the 0-
handle and the ¢, j-th 2-handles of Dgy4, ¢ < j. It remains to check Proposition for

Bij-

We formulate the following special case of Proposition [£.5.4] A standard belt link is an
admissible link in S,y which is a parallel cable of the union of the belt circles of the 2-
cocores in D4, with various orientations, that takes a standard form as indicated locally on
the left of Figure [4.13] A belt link is a framed oriented link in Sy, isotopic to a standard

—~—+
belt link. For a standard belt link U, define 1 € KhR, (U) to be the image of the class 1
(=1®---®1) in KhRy of U viewed as an unlink in L¥_, S3 under the unit maps that create
Rozansky projectors at the surgery regions (see the right of Figure [4.13)).
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Lemma 4.5.8. Let U C Syq be a standard belt link. The pushforward map Sg,mu1(5i7j>:
So™(Dyta; U) — S3™ (Dyia; U), under the isomorphism (S7), sends 1®1 to 1®id, (1) plus

terms with lower lasagna quantum gradings, for some « depending on i, j and [U] € Hq(Ssq)-

Note that by the description of (SZ) in Section m, the element 1 ® 1 € o™ (Dyq; U) is
represented by the skein given by the collection of cocores that caps U off.

Proof. Let C denote the disjoint union of 2-cocores in Dy, that cap U off. As observed,
1®1 is represented by the skein C' with empty decoration. The diffeomorphism f; ; preserves
each cocore except those parallel to the i, j-th 2-cocores Cj, C; of Dgyq, which are sent to

disks parallel to C, C} shown as Cf, Cj in Figure [1.12]

The element 8™ (53;;)(1®1) is represented by the skein 3; ;(C') with empty decoration. We

—
track this element in the sequence of isomorphisms relating Sg™" (Dyq; U) to KhR, (U) ®
S2™ (D) in Section

Let ny,n_ denote the number of positively, negatively oriented i-th belt circles in U and
my, m_ denote similarly those numbers of j-th belt circles. Thus, the homology class of

Bi;i(C) is ay + (ng = n)[S;] = (my. —m_)[Si].

Delete a slightly shrunken 0-handle from Dy, and evaluate the skein 3; ;(C') inside this ball.
We see that in terms of row , So™(B:,)(1®1) € 8™ (Dyya; U; oy + (m— —m ) [Si] +
(ns — n_)[S;]) is represented by 1 ® coev(1) € KhRy(U') ® KhRy(H{™™ L (—H'™™)) =
KhRy(U U (m_e; +niej, mye; +n_e;) belts) in the direct summand r = min(m,, m_)e; +
min(ny,n_)e;. Here U’ C S* are components of U that are not parallel to the i, j-th belt
circles, Him’") is the cable of the positive Hopf link defined as indicated in Figure , and
coev: R = KhRy(0) — KhRy(H™™ Li(—H{™™)) is the coevaluation map. The copy H{™"™
is thought of as the components of U that are parallel to the j-th belt circle together with
(ny,n_) belts coming from components of 3; ;(C) parallel to C!, and a similar description

applies to the reverse mirror copy —HJ(rm’n). See Figure for a sketch of f; ;(C'), especially
the induced orientation on the Him’") U (—Him’n)) part of the input link.

Tracing So™"(8;,;)(1®1) further down (SZ2)(SZ4)), we see that the corresponding elements

——F —~— 4
in these three rows are given by 1 € KhR, (U’) tensored with the image of 1 € KhR, ()
under the composition of maps shown in Figure [4.16]

In order to prove the lemma, with a = (m_ —my)e; + (ny —n_)e;, in view of Example |4.2.3]

Definition [4.2.4] and the proof of (SZ)), it suffices to show that the image of 1 in the last
o~ o~ o~

row of Figure 4.16|is equal to 1 ® 1 ® x ® x € KhR, (1,,) ® KhR, (1,,) ® KhR, (U™"~) ®

2Technically, in the description of the isomorphism (SZ1]), the standard skein comes with &k input balls
instead of a single input ball. This difference is insignificant.
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©,2)

Figure 4.14: The link HJ(rm’n) C S3 for (my,m_) = (3,1), (ny,n_) =(0,2).

jth 2 —handle

——e

U handles &

=~

ith 2 — handle

Figure 4.15: The skein f3; ;(C) is the union of an n-cable on C} and an m-cable on C7, and
other cocore components.
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Figure 4.16: The barbell move check.

—~ —~+ —~+
KhR, (U™ "™+) plus terms with lower quantum gradings in the KhR, (U"+"-)QKhR, (U™-"+)
factor. Here 1, denotes a standard belt link in S* x S? with £ strands positively oriented and

—~—+
{_ ones negatively oriented, U%" has the same meaning as in (SZ4), and 2 € KhR, (U*?)
denotes the element represented by z ® - - - ® x.

Following [Roz10; Wil21], Manolescu-Marengon—Sarkar—Willis [Man+-23, Corollary 2.2] showed
that the Rozansky projector can be approximated by full twists in a quantitative sense. For
us, this implies that, for [¢| even,

- +7077|€|

0,
Kk, ") = KRy (0], 0)es ) = KRS (0] (g])) = R,

where T'(|¢|, |¢|)¢, .. denotes the positive torus link 7°(|¢], |¢]) equipped with an orientation
where ¢_ of the strands have the orientation reversed. Similarly,

- +707<7|£‘

KhR, (1¢) = KL~ 1F2>=310/240 7 (|¢), ¢])) = 0,

4, <0, 2
KhRy (L) = Kh<"IT/24 (=T (|e],|])) = 0.
Here, the equalities about torus links 7(|¢|, —|¢|) follow from the calculation of Stosié¢ [Sto09,
Theorem 1, Theorem 3], suitably renormalized. Consequently, for degree reasons, the image

of 1 under the maps in Figure 4.16[is a scalar ¢ times 1 ® 1 ® x ® x plus lower terms. Note
—_~ —‘,—70,— el
that we used the fact that 1 € KhR, | (1y) is nonzero, which can be verified for example

by tracking the element 1 ® ---® 1 in the KhRs of the |¢|-component unlink in the diagram
in Figure [4.17, where the top right map is an equivalence by Proposition [4.2.1)(3)(5).

Now we prove ¢ = 1. In each row of Figure4.16, one may cap off the m strands in the left half
picture by |m|/2 dotted annuli, and the n strands in the right half picture by |n|/2 dotted
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saddy1 .
\ saddlyf

Figure 4.17: Tracking the element 1 ® - -- ® 1.

annuli. For the strands with Rozansky projectors, capping off means following the right
half of Figure to go from the bottom term to the top term, then capping circles off by
dotted caps. This capping off procedure commutes (up to sign) with the maps of Figure m
(passing from the middle row to the last row of Figure requires a termwise check, and
technically we have termwise sign ambiguities; this will be fixed in Appendix , SO

—~—
that we can consider the image of 1 € KhR, () in two ways. If we perform all of the
maps in Figure before capping off, we see the element ¢(1 ® 1 ® x ® x) mapping to

—~—T

te(x ® x) € KhR, (U™~ U U™ "™+) after capping off. If instead we cap off immediately

in the first row, the unit maps and belt pull-offs are identity maps and we see a cobordism

0 — H™ U (—H™™) — U+ L U™-™+ isotopic to a disjoint union of dotted annulus
~t

creations, so that 1 € KhR, () maps to +z ® z, proving that ¢ = +1. We will fix the sign

¢ =1 in Appendix [C.4.3| O

We are now ready to deduce Proposition from Lemma [£.5.8

Proof of Proposition[{.5.4. As already explained, it suffices to prove the statement for ¢ =
Bij-

Let © € S¢™(Dya; L) be represented by some lasagna filling (3, v). By an isotopy rel
boundary, we may assume that f3;; is supported in Dgq, a shrunk copy of Dgq. By an
isotopy, we may assume that the input balls of ¥ are disjoint from DZ,,. By neck-cutting
(Lemma [2.3.7]), we may assume that ¥ is disjoint from the 3-handles of Dy,. By general
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position and isotopy, we may assume that 3 intersects D.,, in a disjoint union of 2-cocores
with standard framings and various orientations, and that U := ¥ N 9dD.,, is a standard
belt link. By tubing and isotopy, we may assume that > has a single input ball, which is
contained in a collar neighborhood [0, 1] x S of 0D, outside D, in which ¥ takes the
form ([0, 1] x U) U ([1/2,1] x Lgy) where Ly is the input link of ¥, identified with a local link
in S away from U and the surgery regions. Let D?, = D.,, U ([0,1] x Ssq) and let ¥°

S

denote the part of ¥ in Dgyg4\int(D2,,) = [1,2] X Ssq. We have the commutative diagram

2,mul 327mlﬂ(ﬁi, i) 2,mul
S (D U) : — Sy (Dly; U)

= 2

8™ (Dl U L) 85 (Dl U L Lo) (4.13)
sé’m“l<[1721xsstd;z°>l lsévm“([l,z]xsstd;zw
2,mul Sgymul(ﬁi,j) 2,mul

Tracing the element 1®1 in the top left corner of (4.13)), by Theorem and Lemmal[4.5.8|
we get

1®1: y 1 ®idg(1) + - -
rel)el (v®1)®@ida(1) 4 - - -

l |

— + —~+
r=KhRy(X°)(v®1)®idy(1)+ -+ —— KhR, (X°)(v® 1) @ idgra (1) + -,

where - -- are terms with negative lasagna quantum gradings. The statement follows. O]

4.5.5 Isotopy insertions

We prove Theorem for type diffeomorphisms in Proposition [£.5.6]

By assumption, ¢ is supported in a collar neighborhood of the boundary, on which it takes
the form

®: [—1,0] X Sgq — [—1,0] X Sga, (t,z) — (t,Pi(x))
for some isotopy ¢; between id and ¢. By considering the action on lasagna fillings, we see

that So™(¢~1) is equal to the gluing map
ST X Sgq; @ H[=1,0] x ¢(L))): 8™ (Dyga; d(L)) = Sg™ (Dya; L).

Now the statement follows from Theorem {4.4.3, with f(?ﬁz;(@ = I%;((qfl([—l,O] X
¢(L)))")-
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Figure 4.18: Rows (SZ2)—(SZ4]) of a reverse standard boundary-summand-exchange diffeo-

morphism.

4.5.6 Connected summand exchanges
We prove Theorem for type diffeomorphisms in Proposition [4.5.6]

A standard such diffeomorphism acts on a standard lasagna filling of L in the sense of the
explanation of (SZ1|) in Section by exchanging the i-th and ¢’-th input balls, carrying
together the i-th and i’-th collections of 2, 3-handles and skeins within.

Alternatively, in terms of row , ngm‘ﬂ(&—l) acts by exchanging the i-th and i'-th ten-
sorial factors if one decomposes the KhRy of L U belts C L S® into a tensor product.
This description propagates along the sequence of isomorphisms f. We con-
clude that the statement holds (even without taking 0-th associated graded maps) with

[/(\hj%;(qb): I/(\hj%;(qb(L)) — I/(\hj%;r(L) being the map induced on the chain level by ex-
changing the i-th and #’-th tensorial factors, and o = 0.

4.5.7 Boundary summand exchanges

We prove Theorem for type diffeomorphisms in Proposition [4.5.6]
We follow the strategy in Section [4.4.4L We claim that the map Sg ’mul(ﬁ_l) in terms of rows
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(SZ2)—(SZ4) is given by the rows in Figure 4.18] where the second maps on the second and
third rows are the “sandwich” maps defined as before.

The claim for row comes from an easy examination of the isomorphism @ as before,
and the claim for row follows because the upper rectangle of Figure @ commutes.
To show the claim for row , it suffices to prove the lower rectangle of Figure m
commutes. By conjugating and sliding one belt-projector combination at a time, it suffices
to show the commutativity of the boundary of the following diagram of isomorphisms:

i =
T

"Ry

S )
[ S

Here, all but two regions commute by definition and locality, and the remaining two of them
commute by the commutativity of region B in Section and a variant of region E in
Section 4.6l The claim follows.

0

In particular, tracing through the isomorphism (SZ5|), we see that Theorem holds with
—~—+
KhR, (¢) induced by the composition
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and a = 0.

4.5.8 Inversions
We prove Theorem for type diffeomorphisms in Proposition [1.5.6]

We claim that the map S§™"(¢~!) in terms of rows (SZ2)—(SZ4) is given by the rows of
Figure 4.19, Here the second map on the second row is given by the usual “sandwich” map,
and the second map on the third row is induced by the chain map that moves, termwise,
the unknotted circles through the empty region of the projector (see Proposition [4.2.1)(1)).

It suffices to justify the commutativity of the diagram. We comment on the regions whose
commutativity are not immediate. The rectangle region in the upper half commutes because
the Rozansky projector is symmetric in the sense of Proposition M(8) The lower right
triangle region commutes by the commutativity of region B in Section [£.4.4] while the lower-
most triangle region commutes by checking termwise on the chain level, starting and ending
at one of the bottom terms (which is termwise crossingless).

——+
We conclude that Theorem [4.5.3| holds with KhR, (¢) induced by the rotation map

@

and a = 0 _(note that the belt orientations get flipped after the first map in the second row
of Figure |4.19) which reflects the action of ¢~' on Hy(Dsq) appearing in the second factor

of ([12)).

4.5.9 Handleslides
We prove Theorem for type diffeomorphisms in Proposition m
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Figure 4.19: Rows (SZ2)—(SZ4) of a reverse standard inversion diffeomorphism.

For ease of drawing diagrams, we draw &‘1 near the handleslide region as

|| 0 || 0
1 1 ||

with the isotopy putting the first 2-handle back to its standard position omitted.

We claim that So™"(¢!) in terms of rows (SZ2)(SZ4) is equal to rows 1,2, 4 of Figure m
Here, the second map in the second row (and other appearances of this local picture) is given
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[
saddles S

o o 11> d > 152
I | S <>
k ST B <P
> d s d s s
|1 118 =S S
Qloc.

o o

saddles S = S

(@) o (=)
o ) o

Figure 4.20: Rows (SZ2)—(SZ4) of a reverse standard negative handleslide diffeomorphism,
shown as rows 1,2, 4 in the figure.

by the composition of isomorphisms (see Proposition [1.2.1[7))

??;% étﬁ : (4.14)

and the third map in the second row is the usual “sandwich” map.

To see the claim for row (SZ2]), start with a lasagna filling (I X LU (ny +7,n_+7) cores,v),
standard in the sense of the explanation of (SZI)) in Section |4.2.3, When we slide the j-th
2-handle over the (j + 1)-st using ¢!, keep the input balls invariant and wrap the j-th
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collection of cores in the skein over the (j + 1)-st 2-core. After enlarging input balls of the
skein, the new skein now has input link L U (ny + 7+ (n_),€j41,n— + 7+ (ny)je;+1) belts,
and the evaluation map performed is given by the claimed saddles.

The claim for row (SZ3)) follows by the commutativity of the upper rectangle of Figure [£.20]
To show the claim for row (SZ4)), note that the lower rectangle of Figure commutes,

hence it remains to show the commutativity of the middle rectangle. We keep the rele-
vant parts of this rectangle and focus on one belt at a time; thus, it suffices to show the
commutativity of the boundary of the following diagram:

s G R

Ulac. =
ooy T
/ . \ e \
g s [ s s 7 i Y s
to [ t 1o Ho g 3

Here, two of the rectangles commute by locality. We justify the commutativity of regions
R; and Ry below.

The relevant parts of region R; are redrawn as

saddle E‘;ﬁ
ol — s

<l 1>

|

O
Ry
= Gaddle

I
I_‘_‘_l saddle I_‘_‘_l

o 1

where the upper triangle commutes. The commutativity of the lower triangle up to sign



CHAPTER 4. KHOVANOV SKEIN LASAGNA MODULES WITH 1-DIMENSIONAL
INPUTS 165

follows from the fact that on the chain level, the termwise diagrams

Ir

Al
w
TTe

TTo

commute up to sign, and that the lower row of R; is crossingless, hence no cross term exists.

The sign is fixed in Appendix [C.4.2]

The relevant parts of region Ry are redrawn as

where all regions except R3 commute by definition or locality. We fill in region R3 (and omit
one term) as
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==

Rs J ol

Here, region G commutes by the same argument as the commutativity of region B in Sec-
tion [4.4.4] and the lower triangle commutes because one can prove the commutativity of the
following region H using again the same proof as region B:

BB =

This proves the claim for row ((SZ4)).

At lasagna quantum degree 0, each unknotted circle appearing in row 4 of Figure [4.20| carries
an x label, which is sent to z ® x under a saddle map. We conclude that Theorem [4.5.3]

T . " . .
holds for KhR, (¢) induced by the composition map (4.14]) post-composed with an isotopy
that puts the first projector in standard position, and a = 0. This finishes the proof of
Theorem [4.5.3

4.6 Functoriality for spin morphisms

4.6.1 The statements

In this section, we prove a special case of Theorem assuming all objects and morphisms
are spin.

spin

More precisely, let Links;"" denote the category defined similarly as Links; in Section m
in Chapter , except that each S in an object (S, L) is assumed to be an abstract spin
Uk #mi (ST x S?), and each W in a morphism (W,X): (S, Lg) — (S1, L1) comes with a
spin structure making it a spin cobordism from Sy to S;. The goal of this section is to prove
the following theorem.
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— : (32)?%7
Theorem 4.6.1. There is a lax monoidal functor KhR, : (Links}"" ) — 1\/Iod;;(2 yEe

that extends the definition of Im; on objects as in Section . For a morphism (W, %),
%g(W, Y)) is homogeneous of degree (0, —x(X)).

Theorem is a formal consequence of the “turning cobordisms inside out” trick described
in Section [4.3.2] together with the following theorem.

"o

Theorem 4.6.2. Let Dy := #fi]l)h i (D?x5%), Sgaj := 0Dsiaj, and let L; C Sga; be an
admissible link, j = 0,1. If i: Dgq1 < int(Dgap) is a smooth embedding such that W' .=
Ditao\int(Dsta 1) is a 4-dimensional relative 1-handlebody complement with -W*' = —Sg4.,
Oy Wt = —Sg41, and X' C W' is a cobordism between Ly and Lg, then the map

Sy WSt So ™ (Dgrars Lt) = Sy™ (Dstao; Lo)

induces a map on the 0-th associated graded spaces with respect to the lasagna quantum
grading. Under the isomorphism (SZ)), this induced map is of the form

=t . =t mu =T mu
KhR, (X) ® gro(ida 04,): KhRy (L1) ® groSa™ (Datar) — KhRy (Lo) @ groSe™ (Datay)

for some [/(717%;(2) = m;(W,Z): I%;(Ll) — I%;(LO) induced by a chain map
and some o € Hy(Dgqyo). Here, i, denotes the pushforward map Sg™"(i): So™" (Daq1) —
S(?’mUI(Dstd,O)'

The proof of Theorem takes up the bulk of Section [4.6] In Section we decompose
it into various cases, which are treated individually in Sections 4.6.7. Before going
there, we deduce Theorem as a consequence of Theorem [4.6.2]

Proof of Theorem assuming Theorem[{.6.9. Let (W,X): (So, Lo) — (S1, L1) be a mor-
phism in Links{”". Write W = X \int(Xj) for spin 4-dimensional 1-handlebodies X, X .
Choosing a spin embedding X; < S*, we get an embedding —(S*\int(X;)) — —(S*\int(Xy)).
Choose parametrizations ¢;: — (S*\int(X;)) = Daya; = #fj{umi”(pz x 5?) so that ¢; =
g5j|5j is L;-admissible, j = 0,1. Then (W, X) gives rise to a map

Sy (o (W) ¢o(S1)) : Sg™ (Dsta,i; ¢1(L1)) — So™ (Dita05 do(Lo)), (4.15)

—~—t - ~ —~ —~
which determines a map KhR, (¢o(W), 9po(X)): KhRy (¢1(L1)) = KhR, (¢0(Lo)) by Theo-
rem [4.6.2) uniquely so if we insist it to be zero whenever (4.15)) is zero. This in turn uniquely
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determines a map I??vj%; (W, ¥) making

- KBy (do(W),do() 5+
KhR, (61(Ly)) e @lC®L 2R R, (¢o(Lo))

l% ;

—~—+ KhR, (W) —~
KhR2 (Sl,.[q) > KhR2 (SQ,L())

commute.

—_~— + ~ ~ ~ ~
We check that KhR, (W, ) is independent of ¢, ¢1. For another choice ¢y, ¢/, we have the
commutative diagram

mu o™ N (@ (W04 (28) 2 mu
Sy (Dsta; ¢ (L1)) ————""" Sg™ Y (Dyta; 04 (Lo))
Sé’m“l(éloé’lfl)l% Sg’md(éoo%fl)lg

So ™ (G (Wh)s0 (1))

Sg’mul(Dstd,l; $1(L1)) ’ Sgymm(DStd’O; %o(Lo))

By Theorem {4.5.3| and Theorem [4.6.2] this diagram descends to a commutative diagram on
gro, which under isomorphism (SZ)) becomes a commutative diagram

Khiy (3 (W), () @gro(idag ot

=t mu ) =t mu
KhRy ($4(L1)) @ gr085™ (Dyras) » KKhRy (¢4(Lo)) © 97085™ (Dyrao)

Rk (ofo0 e | KRB, 6oty e |
rolidayo(10617):) g70(idag o(d0061)-)

m; (do(W),¢0(X))®gro(ida, oix

T + mu ) N+ mu.
KhR, (¢1(L1)) & 97“083’ I(Dstd,l) » KhR, (¢0(L0)) ® 97"083’ l(Dstd,o)

for some g, oy, g, g, where i,i": Dyq1 < Dgiao are naturally determined by the parametriza-
tions. The two composition maps on the second tensorial factors are both nonzero, as they
each send the element gro(1) (1 is the element represented by the empty skein) to a nonzero

i [y -1 T, T
element. Therefore, the two composition maps KhR, (¢y0 ¢g ) o KhR, (¢05(W), ¢4(X)) and

I/(ﬁ;(g?)o(W), do(X)) o I/(ﬁ;(gb’l o ¢, ') on the first tensorial factors are equal up to some
scalar A € R. If they are nonzero, then the two compositions on the second tensorial fac-
tors are equal up to A!. Since either composition on the second tensorial factors, after
postcomposing with the map on grOSS’mul induced by an embedding Do C S*, sends
gro(l) € grDSg’mUI(Dstdyl) to gro(1) € grgSg’mUI(S4) >~ R, we have A = 1. This shows that
I%; (W,%) is independent of the choices of (5]-, 7 = 0,1. It is also independent of the
choice of the spin embedding X; < S%, as any two such embeddings are isotopic. Hence,

KhR, (W, %) is well-defined.
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—~
The functoriality of KhR, (W,Y) is proved similarly. The identity morphism induces the
identity map by Theorem [4.6.2, If (W;,%;): (S;,L;) — (Sj+1,Ljt1), j = 0,1, are two
composable morphisms in Links{”", then we can write W; = X,1\int(X;), j = 0,1, for
some spin 4-dimensional 1-handlebodies X, X1, X>. Choose a spin embedding X, < S*
and parametrizations ¢;: — (S*\int(X;)) = Dga,, so that ¢;: S; = Sga is Lj-admissible,
— 4
j = 0,1,2. We obtain concrete models for the abstract induced maps KhR, (W;,%;),
—~t
j =0,1,aswell as KhR, (W0, ¥10%). A similar argument as before using Theorem 4.6.2
shows that compositions are functorial on these concrete models, hence on the abstract
induced maps themselves.

4
The lax monoidality of KhR, is clear from the construction of the classical Rozansky-Willis
homology in Section [4.2.1] O

4.6.2 Decomposition into elementary morphisms

If Theorem holds for embeddings Dy 11 < int(Ds;) and composable link cobor-
disms in Dgq;\int(Dsiaj+1), 7 = 0,1, then it holds for the composition as well.

Therefore, it suffices to decompose any morphism into a composition of some elementary
morphisms, and check Theorem for these elementary ones. We first state such a
decomposition result for abstract morphisms, namely morphisms in Links;.

Proposition 4.6.3. Every morphism in Links; is a composition of some elementary mor-
phisms of the following forms. See Figure[4.21].

(i) Product morphisms: abstract (I X Ssa,2): (Ssta, Lo) — (Ssta L1) for some Sgq =
L #m (ST X S?).

(ii) Ball creations: abstract ((I X Sgq) U B*, T X L): (Sga, L) — (Ssq U S, L) for some
Ssta = Uf #™ (ST x S?).

(iii) Conmected sums: abstract (Wy, IXL): (Ssa, L) = (Sstau, L) for some Sgq = UF_ #™i (ST x
S2), k > 2, where Sgqu = (UFZ2#m (St x S2)) U (™17 (St x S2)), Wy, is a (stan-
dard) 1-handle attachment between the (k — 1)-th and k-th component of Sgq attached
near oo € #™(S' x §%), i =k — 1,k, and I x L is the trace of L in Wy.

(iv) 1-handle attachments: abstract (W, I x L): (Sstay L) — (Ssta+, L) for some Sgq =
Lk #mi (ST x S?), k> 1, where Sy = (WS 14m(ST x S2)) U (#™+1(St x S2)), W,
is a (standard) 1-handle attachment on the k-th component of Sgq that misses L, and
I x L is the trace of L in W,.

(v) Canceling 2-handle attachments: abstract (W_,1x L): (Ssta, L) — (Ssta,—, L) for some
Sea = UF_ #™(ST x S?), k > 1, my > 1, where Syq_ = (U #™(S x S?)) U
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o —

N

Figure 4.21: Forward: Type and morphisms in Proposition m Backward: Type
and morphisms in Corollary

(#™=1(S1 x §2)), W_ is a (standard) 2-handle attachment on the k-th component of
Sy that misses L and cancels the last S* x S? connected summand, and I x L is the
trace of L in W_.

Moreover, in each concrete model (W, X): (Ssta0, Lo) = (Sstan, L1) described above, Ly, Ly
can be assumed to be admissible.

The usage of “standard” in Proposition [4.6.3|is in a sense similar to that in Proposition |4.5.6|
We will not be pedantic about this distinction below.

Proof. We claim that it suffices to perform the decomposition of a morphism (W, X): (So, Ly) —
(S1, L) on the 4-manifold level. Indeed, if such a 4-manifold-level decomposition is given, by
general position, further decomposing and making the handles thin in the cocore direction,
we may assume that

e The boundary of each layer intersects X transversely.
e Each 1-handle is disjoint from X.

e FEach 2-handle intersects ¥ in a disjoint union of interior cocores. In particular, the
attaching region of each 2-handle is disjoint from 3.

By further splitting off product pieces, we can assume that 2-handles have short cores, thus
by general position,

e Each 2-handle is disjoint from X..
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Admissibility of boundary links can be achieved by choosing nice parametrizations. The
claim follows.

Now we forget about Ly, L1, and exhibit a 4-manifold-level decomposition for W. Write
W = X;\int(Xy) for 4-dimensional 1-handlebodies Xy, X;. Without loss of generality, say
W, hence X, is nonempty and connected. By the ball creation or the connected sum
operation, we may assume that Xg is nonempty and connected as well.

Fix a decomposition of Xy, X; into handlebodies each with a single O-handle. Assume the
O-handle of Xj is contained in that of X;. Now m(X7) is a free group with generators given
by the 1-handles of X;. For each 1-handle of X, attach a 1-handle to Xy inside int(X;)
that represents the corresponding generator in X; (up to isotopy, there is no choice for
this attachment). Next, each original 1-handle in X can slide over these new 1-handles
ambiently in X7 so that it represents the trivial element in 7;(X7;). Again, there is only one
possible configuration, hence we see after sliding, each original 1-handle can be canceled by
an ambient canceling 2-handle, making the rest of the X, complement a product. O]

Corollary 4.6.4. Any (i: Dsa1 < Dsiao, X' C W?) in the statement of Theorem can
be decomposed into a composition of elementary ones of the following forms.

(1) Cobordisms in twisted products: i: D % Dgta0 = Dgiao where (5 18 an orientation-

preserving diffeomorphism and the second map is a collar-thickening; ¥t is any cobor-
dism between admissible links.

(i1) Ball annihilations: Dggq1 = DStd’O#B“, i 1s the 4-handle attachment that caps off the
last S? boundary component; ¥t is the trace in W' of an admissible link L C Sstd
missing the last component.

(iii) Separating 3-handle attachments: Dggq; = #r-207™(D? x S?)#gme-1m(D? x §?),
Dgao = #F_,8™1(D? x S?), k > 2, i is a standard 3-handle attachment onto the last
summand of Ssaa that separates the first my_1 and the last my 2-handles; X' is the
trace in W* of an admissible link L C Sgq1 that misses the 3-handle attaching region.

(iv) Canceling 3-handle attachments: Dyq1 = #5157 (D? x S?)#4™+1(D? x S?), Dyao =

k mi(D?* x 8%), k> 1, i is a standard 3-handle attachment that cancels the last 2-

handle; ¥t is the trace in W' of an admissible link L C Ssq1 that misses the 3-handle
attaching region.

(v) Local O-framed 2-handle attachments: Dygy = #i-1™ (D? x S?)#5m—1(D? x §?),
Dgao = #F,8™(D?* x S?), k > 1, my > 1, i is a standard local 0-framed 2-handle
attachment in the last boundary component; Xt is the trace in W of an admissible link
L C Sga1 that misses the 2-handle attaching region.



CHAPTER 4. KHOVANOV SKEIN LASAGNA MODULES WITH 1-DIMENSIONAL
INPUTS 172

Proof. Turn the moves in Proposition upside down and use type morphisms to
absorb parametrization changes. O

4.6.3 Cobordisms in twisted products
We prove Theorem for type (i) morphisms in Corollary |4.6.4]

We first decompose such a morphism into a composition of the following more elementary
ones.

(a) A collar-thickening: i: Dyq < Dgyq is a collar-thickening; ¥ is any cobordism between
admissible links.

(b) A reparametrization: i: Dgy % Dyy < Dy where ¢ € Diff*(Dyy) with ¢ = )

L-admissible for an admissible link L C Ssta, and the second map is a collar-thickening;
¥ is the product cobordism from L to ¢(L);

Sstd

. é 7. . . .
(c¢) A name change: i: D1 — Dstg0 = Dsiap Where ¢ is a standard orientation-preserving

diffeomorphism that exch;nges some i-th and (¢ + 1)-th connected summands of Dgyq 1,
and the second map is a collar thickening; X is the product cobordism from some
admissible link L to ¢(L).

Theorem for each type of morphisms above is now a consequence of our previous work.

(a): The statement follows from Theorem [4.4.3]

(b): The statement follows from Theorem [4.5.3]

(¢): The statement follows from an argument similar to that of Section [4.5.6]

4.6.4 Ball annihilations

We prove Theorem for type morphisms in Corollary

In the sequence of isomorphisms (SZ1)—(SZ5) leading to (SZ), the effect of the extra 4-
handle i: Dgq1 <> Dstao comes in nowhere. Therefore, terms in each row (SZ1)-(SZ5)) for
(Dsta1, L) and (Dstap0, L) are isomorphic via the obvious isomorphisms. We conclude that

S (Wt 521 is equal to %;(Z) ® i, in terms of row (SZ5)), where I/(EE;(E) is induced
—~~—— + ~
by the canonical isomorphism CKhR, () — R, ) being the empty link in the last S® factor.

4.6.5 Separating 3-handles
We prove Theorem for type morphisms in Corollary [4.6.4
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The argument is as in Section as the separating 3-handle missing L intertwines with
the isomorphisms (SZI))(SZ5) in the evident way. We conclude that Sg™" (W*; $) is equal

—~— + —~— +
to KhR, (X)) ® i, in terms of row (SZ5)), where KhR, (X) is induced by the canonical chain
homotopy equivalence CKhR, (Lp_1UL) — CKhR, (Ly_1)®CKhR, (L;). Here L; denote

the part of L C Sgq,0 in the i-th boundary component.

4.6.6 Canceling 3-handles
We prove Theorem for type morphisms in Corollary [4.6.4}

This morphism can be visualized locally as the reverse of (iv) in Figure . In each colimit
summand in the term corresponding to Sg’mUI(Dstd,l; L) in each of the rows (SZ1)—(SZ4), a
tensorial factor corresponding to belts coming from the last 2-handle can be split off. The
canceling 3-handle evaluates the terms in these tensorial factors to scalars by sending = to 1

—~
and 1 to 0. We conclude that So™" (W*; ©f) is equal to KhR, (X) ®i, in terms of row (SZ5),

—~
where KhR, (X) is induced by the chain isomorphism that forgets the empty projector Fy,
coming from the last surgery region in Ssq .

4.6.7 Local 2-handles
We prove Theorem for type (v)) morphisms in Corollary [4.6.4!

This morphism can be visualized locally as the reverse of (v) in Figure [£.21] In terms of rows

(SZ1) or (SZ2), So™ (W*; %) is equal to the inclusion as the term with (ny)py, = (n_)nm =

T = 0, where m = >2F 'm;. In terms of rows (SZ3) or (SZ4), S7™" (W* ) is equal to
the map to this (n),, = (n_)m = 7 = 0 term induced by the unit map 1., — P,/ ; at the

—
last surgery region in Syqo. We conclude that S¢™" (W %) is equal to KhR, (X) ® i, in

—~—
terms of row (SZ3)), where KhR, (%) is induced by the unit map 1,,, — P’ ;. This finishes
the proof of Theorem

4.7 Remove the spin assumption
In this section, we remove the spin assumption in Theorem and promote it to The-

orem [£.3.2l To this end, we review the Gluck twist operation in Section and define
induced maps on Khovanov skein lasagna modules by Gluck twists in Section [4.7.2] This

—~—— +
allows us to define KhR, on objects of Links; in Section [4.7.3|and on morphisms of Links;
in Section [.7.4] strengthening results in Section [£.5] and Section [4.6] respectively.
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4.7.1 The Gluck twist operation

Let X be a compact oriented 4-manifold and S C int(X) be an embedded unoriented
2-sphere with trivial normal bundle. The closed tubular neighborhood v(S) of S is diffeo-
morphic to D? x S2. The boundary S* x S? admits a nonspin diffeomorphism 7 given by a
Dehn twist along the S?-factor, or more explicitly (6, x) — (0, rote(x)) where roty: S? — 52
is the rotation-by-6 map along some fixed axis. The Gluck twist of X along S, denoted Xg,
is the 4-manifold obtained by cutting out v(S) and regluing it back by a 7-twist. We make

some elementary observations:

(1) Since the natural inclusion O(2) x O(3) C Diff(S* x S?) is a homotopy equivalence
[Hat81], 71 (Diff* (D? x S?)) RN 71 (Diff T (St x S2)) is surjective, so the manifold Xg is
well-defined up to a canonical diffeomorphism (up to isotopy, omitted below).

(2) If S is isotopic to S, then Xg is diffeomorphic to X via a diffeomorphism determined
by an isotopy from S to S’.

(3) If S C X is unknotted, then Xg is diffeomorphic to X via some diffeomorphism deter-
mined by a bounding 3-ball B.

(4) The manifold Xg contains another copy of S, and the iterated Gluck twist (Xg)g is
canonically diffeomorphic to X.

(5) If S = SpU- - -US} is disjoint union of unoriented 2-spheres in int(X) with trivial normal
bundles, then the iterated Gluck twist (- - (Xg,)s, - - - )s, is independent of the ordering
of Sp, -+, Sk up to canonical diffcomorphisms. Write Xg or Xg, ... g, for this iterated
Gluck twist.

(6) Let Sp,S1 C int(X) be disjoint embedded unoriented 2-spheres with trivial normal
bundles, and v be a path in int(X) equipped with a nonvanishing normal vector field,
connecting Sy and S; with interior disjoint from Sy U Sy, whose tangent and normal
vectors at the endpoints are transverse to Sy, S1. Let So#51 = So#-51 be the connected
sum of Sp and S; along v. Then Xg 4g, is canonically diffeomorphic to Xg, s, via some
diffeomorphism determined by Sy, S1, 7y, as can be seen from relative Kirby diagrams of
the twisted v/(Sy U~ U Si)’s rel the common boundary, as shown in Figure [1.22] If one
switches the roles of Sy, S1, then the diffeomorphism changes by a barbell diffeomorphism
implanted from v(Sy U~y U Sy).

(7) Let X, S be as above and L. C X be an oriented link. We assign two distinguished
isomorphisms

Hy(7s)x: Hy (X) = Hy(Xs) (4.16)
as follows. Let ¥ C X be an oriented surface bounding L that intersects S transversely.

Take v(S) small so that ¥ Nv(S) is a disjoint union of cocore disks. Normally frame %
near XNv(S) and give ¥NJv(S) the induced framing. Take ¥’ ¢ X to be the immersed
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Figure 4.22: Kirby moves exhibiting a diffeomorphism from (v(So U~y U S1))s,xs, to (v(SpU
YUS1))s,.s, rel boundary. Each move slides the 2-handle on the left across one other handle.

surface given by X outside v(S), and #U embedded disks capping 7(U) off inside the
twisted v(5), each having self-intersection number £1. We demand Hs(75)+([2]) = [¥].
One can check that this is well-defined. If S is unknotted, then Hs(7¢)+ = id, where
the codomain and the domain are identified via the canonical diffeomorphism Xg = X
determined by a given bounding 3-ball of S. Similarly, under the canonical isomorphism
(Xs)s = X, we have Hy(7s)s o Hy(rs)x = idyz(x) and Hy(7s)2: HY(X) = HE(X) is
given by a +— a £ (a - [S])[S], where we give S an arbitrary orientation to regard [S] as
a class in Ho(X).

4.7.2 Lasagna induced maps by Gluck twists

Theorem 4.7.1. Let X be a compact oriented 4-manifold, L C 0X be a framed oriented
link, and S C int(X) be an embedded unoriented 2-sphere with trivial normal bundle. There
are two natural maps

Txpse: So (X L) = S (Xgi L) (4.17)

of R-modules. Moreover,

(1) Foranya € HX(X), Tx.1.5+ restricts to a map Sg™" (X; L; o) — Sg™ (X g; L; Hy(75)+ ()
homogeneous with bidegree shift (F(a - [S])?/2, £(a - [S])?/2). Here Ho(7s)+ is the iso-
morphism (4.16)).

(2) If S is unknotted, then Tx s+ = id, where the codomain and the domain of Tx s+
are identified via the canonical diffeomorphism Xg = X determined by a given bounding
3-ball of S.

(3) Under the canonical diffeomorphism (Xg)s = X, Txq .5+ °Tx s+ = id. In particular,
TX,L,5,+ 15 an isomorphism.

(4) If S = SoU- - -USy C int(X) is a disjoint union of unoriented 2-spheres, then the induced
Map Txg, . 5. LSt OO TX Lg% S™N(X: L) = 8™ (Xgy.. 5,3 L) is independent
of the ordering of Sy, --- , Sk up to canonical diffeomorphisms. Write for short Tx s+
for this composition.
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As we will only be using 7y 1,s+ in the sequel, write for short 7x 1 ¢ = 7x,1.5+-
The proof of Theorem takes up most of Section [4.7.2

A precursor of the fact that the Khovanov skein lasagna module is invariant under Gluck
twists was obtained in Section in Chapter [3| where it was shown that the Khovanov
skein lasagna module (over Q) does not detect potential exotic 4-spheres obtained from
Gluck twists.

Corollary 4.7.2. Let X, L, S be as in Theoreml|4. 7.1 If S is null-homologous, then So™" (X ; L)
and S;™" (Xs; L) are isomorphic as graded R-modules. O

Corollary 4.7.3. Let X, L, S be as in Theorem |{.7.1. For any o € HX(X), we have an
1somorphism
So™(X; Ly o+ (a- [S])[S]) = 5™ (X; L )

with bidegree shift ((a - [S])?, —(a - [S])?).
Proof. (Txg,1.50°Tx, ng)_l gives such an isomorphism. ]

We take a slight detour before giving the construction of (4.17)).

A belt link in S x S2, in the sense of Section [4.5.4] is a framed oriented link that is isotopic
to a union of some even number of S! fibers with standard framing and various orientations.

We defined, for a standard belt link U as shown on the left of Figure a distinguished

class 1 € So™(D? x S2,U) as the class 1® 1 € I%;(U) ® ST™(D? x S?) under the
isomorphism . It has homological degree 0, quantum degree —#U, and skein degree ay;.
Alternatively, it is the class represented by the standard union of cocores that cap off U as a
lasagna filling without input balls. We claim that in fact every collection of disks capping off
U with framing and orientation represents the class 1, and consequently, as every belt link
is isotopic to a standard one, there is a well-defined element 1 € Sg™"(D? x S2: U) for every
belt link U which is independent of the parametrization of the pair (D? x S? U). When
U = () there is nothing to show. When U # (), to see the claim, use Gabai’s 4-dimensional
lightbulb theorem |Gab20, Theorem 10.1] to isotope one component C; of the collection of
disks to standard position. The complement of v(C}) is diffeomorphic to a 4-ball, in which
the other #U — 1 components of U form an unlink on the boundary, capped off by other
disks in the collection. These #U — 1 disks evaluate to the standard element 1 ® --- ® 1
on the boundary (this can be seen by passing to Lee homology). Hence, one can replace
these #U — 1 disk components by standard cocores without changing the evaluation, and
the claim follows.

A twisted belt link is a framed oriented link in S' x S? that is 7(U) for some belt link
U cC St x S% A standard positive/negative twisted belt link is a twisted belt link that takes
a standard form as shown in Figure [4.23] which in particular is admissible. For a standard
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positive /negative twisted belt link 7', define a distinguished class 14 € SS’MH(D2 x S%T)

—~+
as the class 1. ® 1 € KhR, (T) ® So™(D? x §?) under the isomorphism (SZ). Here, if
U denotes the standard belt link with strands having orientations matching those of T,

—_—

~ —~— +
then we have a grading-preserving chain homotopy equivalence CKhR, (T)) — CKhR, (U)

given by termwise simplifying Reidemeister I, IT maps plus some higher differentials, well-
N—‘,—’O?—#T
defined up to sign, and 1y € KhR, (T') is defined as the element corresponding to

o~ ,0,—#U
1 € KhR, (U) under the induced isomorphism on homology. This chain homotopy

equivalence is induced by the following chain homotopy equivalence that “absorbs” the twist
into the Rozansky projector (see [Wil21, Lemma 2.26])

.
- b o

To fix the sign, see Appendix [C.4.4 The class 1+ € Sg™(D? x S%T) has homological
degree —a2./2, quantum degree a2 /2 — #7T', and skein degree ar-.

Alternatively, if 7" is a standard positive belt link, write n = #7', and say T has n, (resp.
—~+
n_) strands oriented upward (resp. downward). Then up to sign, 1, € KhR, (T) is the

—~—+,0,—n . —~—+,0,—n —~—+,0,—n
image of 1 under Z = KhR, (T'(n,n)n,m_;Z) — KhR, (T;Z) — KhR, (T)
where T'(n,n),, »_ is the torus link 7'(n,n) in S* with orientation on n_ of the strands
reversed, ¢ is induced by the unit map creating the Rozansky projector, which is an iso-
morphism by the proofs in [Man+23|, and the first isomorphism is due to [Sto09, Theo-
rem 3], suitably renormalized. To see this alternative description, it suffices to show that
—~+ —~+
1 € KhR, (U;Z) = KhR, (T;Z) is primitive, which follows from the fact that the Rozan-
sky projector is idempotent up to homotopy. By an abuse of notation, below we also write

frequently 1 € [?;J%;(T(n, n)n,n_) for the image of 1 € Z = [mjo’in(T(n, Nnym_; Z) in
%J’O’_”(T(n, N)nym ), and 1 € KhR3 (T(n,n),, ,_ ) for its image under the renormaliza-
tion. The signof 1 € %; (T'(n,n)n, n_) is fixed by demanding it to map to 1 € l%: (T)
under the unit map. By this alternative description, the element 1, € Sg’mlﬂ(D2 x 8% T) is

represented by the standard lasagna filling (I x T'(n,n),, ,_, 1) of (D*x S? T) with one input

ball being a shrunk 0-handle, input link T'(n,n),, ,_ with label 1 € KhRJ (T'(n,n)p, »_) =
—

(t~1q) "+ /2KhR, (T(n,n)n, n_), and a product skein contained in a collar neighborhood

of the boundary of the 0-handle.

Lemma 4.7.4. (1) For a standard positive/negative twisted belt link T C S' x S?, the
class 14 € ‘S'g’mul(D2 x S2;T) is independent of the parametrization of the pair (D* x
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Figure 4.23: Diagram of a standard positive/negative twisted belt link in S* x S2.

S2.T). In particular, for any twisted belt link T, there are two distinguished classes
1. € Sg™N(D? x §2,T).

(2) If 3: T — T" is an annular cobordism annihilating two components of a twisted belt link
T c S' x S%, where the annihilating annulus component is O-parallel, then 337““11(1 X
St x §2:%): SP™(D? x S%,T) — Sg™(D? x S, T") maps 1+ to 0.

(3) Let ¥: T — T" be the cobordism in (2) with an extra dot on the annihilating annulus
component, then Sg™ (I x S' x §2;%): Se™(D? x S%,T) — S3™(D? x 52, T") maps
1:|: to 1:|:.

(4) Let Ty € S*' x S% be a standard negative twisted belt link. Let Ty C S' x S* (resp.
U C S' x §2) be the standard positive twisted belt link (resp. standard belt link) with
the same number of components (with orientations) as Ty. The gluing map Sg’mlﬂ(D2 X
S2Ty) @SP™ (D2 x §2,T)) — S;™ (D2 x §2,U) as shown in Figure maps 1_®1,
to 1.

(5) Let Uy, Uy C S* x S? be belt links and Ty, Ty C S* x S% be twisted belt links, so that
T; has the same number of components (with orientations) as Uy, i = 0,1, as shown in
Figure [{.25. Suppose Uy and Uy together have n components, of which ny. are oriented
upward, and n_ downward. The image of 1®1®1 € S™(D? x §% Uy) @ So™" (D? x

—~+
S%Uy) @ KhRy (T(n,n)n, n_) in S™(D? x S%Ty) @ S§™(D? x S%T)) under the
gluing map shown in Figure is equal to 1, ®1ida(14) plus terms with lower lasagna
quantum gradings, for some o € Hy(D? x S?).

Proof. (1) Let T,1" C S! x S? be standard twisted belt links, both of which are posi-
tive/negative, and ¢: D? x S? — D? x S? be an orientation-preserving diffeomorphism map-
2,mul

ping T to T’ with framing and orientation. We need to show that S>™(¢): So™!(D? x
S2.T) — S3™(D? x $%: T") sends 1. to 1.
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Figure 4.24: A gluing map (D? x S? U D? x S%, T, UT,) — (D* x S%*U).

Q) _ (e
&

Figure 4.25: A gluing map (D? x S?UD?*x S2UBY Uy WU UT (n,n)p, n ) — (D? x S?4D? x

S%, Ty UT). The second map slides the strands on the left over the 2-handle on the right.

We decompose ¢: D? x S2 — D? x 52 into the composition of the following four diffeomor-
phisms:

(i) A diffeomorphism ¢; of D? x S? with ¢;, = ¢, on H,(S' x S?) (here and below,
dropping the tilde indicates restricting to the boundary) that sends 7" to a standard
positive /negative twisted belt link 77, which is either
(a) the identity diffeomorphism; or

(b) a diffeomorphism that sends the O-handle (resp. 2-handle) of D? x S? to itself,
preserving the core and the cocore of the 2-handle but reversing each of their
orientations.

(ii) A diffeomorphism ¢, that is the identity on the 2-handle of D? x S? as well as on
a shrunk copy of the 0-handle, and the trace of a braiding away from the 2-handle
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attaching region that permutes strands of 77 in a collar neighborhood of the boundary
of the 0-handle, that sends T} to 1.

(iii) A diffeomorphism ¢z that is the identity on a shrunk copy of D? x S2, and the trace
of an isotopy of S x S? in a collar neighborhood of 9(D?* x S?) which preserves T" as
a set, so that ¢3 0 ¢y 0 ¢ = ¢.

(iv) A diffeomorphism ¢, that is rel boundary.

Here, if T # (), changing the braiding in (ii) by a pure braid if necessary, one can always find
¢3 in (iii) as claimed, thanks to Waldhausen’s classical work [Wal68] applied to the Haken
manifold S x S?\T". If T = (), the existence of ¢3 is trivial.

We show that each QNSZ sends 14 to 14.

If ¢ # id, then we may choose it so that its effect on T is the composition of the inverse
of a standard inversion as in Proposition m(v), and the trace of some isotopy in Syq
that consists of only overpass/underpass moves and isotopies via admissible links, in the
sense of Proposition [4.4.4]1)(v). We note that in the proofs of Theorem and Theo-
rem [4.5.3] taking associated graded spaces and introducing shifting isomorphism were only
necessary for the handleslide move (Proposition [1.4.4[vi)), the barbell move and the trace of
an isotopy involving handleslides (special cases of Proposition (1)(11)) Since ¢ ' admits
a decomposition in which none of these special cases arise, the proofs of these theorems

show that So™'(¢1) is exactly equal to l/(ﬁ;(gbl_l) ® id: %;(T) ® Se™(D? x $%) —

KhR, (T))®S>™ (D?x 5?) under the isomorphism (SZ), where KhR, (¢7") is the composite
map

——+
To check that KhR, (¢;"') sends 1+ to 1i, by exploiting strategies similar to those in Sec-
tion [4.4] one reduces to show the commutativity of regions T'B, T'E shown as follows:
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Here, in each region, the second map is given by absorbing the +1 twist into the second
projector (see (4.18), and the first map is given by pushing the +1 twist up and absorbing
it into the first projector.

The commutativity of these regions is proved similarly as regions B, F' in Section [4.4] For
region T'B, the composition of the inverse of the first map with the second map is given
termwise by rotating the middle crossingless unlink by 27, hence is the identity chain map
up to sign. To fix the sign, see Appendix [C.4.4 This proves the commutativity of region
TB. The proof of region TFE exactly follows that of region E. This proves that Sp™" (¢)
sends 14 to 14.

2mul /7 . P —1 . et —1y. '
Analogously, S5 (¢2) is exactly equal to KhR, (¢5 " )®id, where KhR, (¢35 ): KhRy (T1) —

—+ ~

KhR, (T") is the map that braids the strands according to ¢, shown as a composition of
maps of the form (the braiding can happen between any two adjacent strands, either posi-
tively or negatively; only a special case is depicted)

4+
To check that KhR, (¢;') maps 1. to 1., in addition to the commutativity of region 7B
above, one also needs the commutativity of region 7'D (and its mirrored version):
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In order to apply the strategy for region D, we need to show that the chain map that pushes
the £1 twist up past the crossing (called X)) is nondecreasing in the homological degree
contributed by the distinguished crossing X. This can be realized by choosing the twist-
pushing map to be the composition of the creation of a canceling pair of twists above X (a
+1 twist above a F1 twist) and a rotation map that cancels the F1 twist above and the +1
twist below X, carefully chosen as the composition of two “p” maps in [CY25, Lemma 4.5].
This proves that So™"(¢) sends 1. to 1.

The diffeomorphism ¢5 induces the identity map, since any lasagna filling of (D? x S2,T")
can be isotoped to be I x T in a collar neighborhood of the boundary.

Finally, by Gabai’s 4-dimensional lightbulb theorem (or Proposition , b, is isotopic rel
boundary to a diffeomorphism supported on a local 4-ball, hence also induces the identity
map.

(2) Pick T',T" to be standard positive or negative twisted belt links and ¥ to be standard.
Then, by the same argument used for ¢;, ¢, in (1) above, the induced map takes the form
—~—

KhR, (¥) ® id under the isomorphism (SZ). This claim now follows from the fact that
0, HT 2

KhR, (T') = 0 by [Man+23; Sto09)].

(3) As in (2), pick T, 7", % to be standard. One shows that I%;(Z) maps 14 € I%;(T)

—~t
to 1. € KhR, (T") by using the commutativity of region T'B above, as well as the commu-
tativity of region T'C"

which is proved in the same way as for region C'

(4) Let n = #T; with n, (resp. n_) strands oriented upward (resp. downward). By
the description preceding Lemma 1, € S8™(D? x $2,Ty) is the image of 1 €
KhRy (T(n,n)n, n ) = S3™ (B T(n,n),, n_) under the natural 2-handle attachment map.
Thus, the image of 1_ ® 1, under the stated gluing map is also the image of 1_ ® 1 €
Se™(D? x S%Ty) @ Sg™(B*; T(n,n),, »_ ) under the gluing map given by n saddles fol-
lowed by an isotopy. The claim that the image equals 1 follows from the commutativity of
region T'X:
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—§

Figure 4.26: Check compatibility of various elements 1 under connected sums.

ﬁ
[TT1 ] JE——
+

_—
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where the first map is the composition of two absorptions of twists into the projector, and
the second map is the composition of Reidemeister-induced maps that cancel the two twists.
As in the proof of other similar regions, the composition of the inverse of the first map with
the second map is termwise the identity chain map up to sign as the composition of the
cobordisms is isotopic to identity. To fix the sign, see Appendix [C.4.4]

+
(5) Consider the diagram of isomorphisms on KhR, in Figure 4.26{ where the first map

on the second row is obtained by termwise sliding the strands connected to the bottom-left
projector across the empty region in the bottom-right projector, thereby undoing the +1
linking between the two groups of strands, plus some higher differentials. We first reduce to
checking the commutativity of Figure [4.26]

The image of 1 @ 1® 1 € 8™ (D? x §2;U;) @ So™(D? x S%:U) ® [m;(T(n,n)m,n_

in the middle term in Figure 4.25is v ® 1 € KhR, (L) ® S™(D? x $3D* x §2) =
Sg’mul(D2 x S?4D? x S?; L) where L is the admissible link shown on the boundary, and v
is the element in the (closure of the) bottom left term in Figure whose image in the
(closure of the) bottom right term under the composite isomorphism that goes through the
first row is equal to 1 ® 1. The image of v ® 1 in the last term in Figure [4.25] by the




CHAPTER 4. KHOVANOV SKEIN LASAGNA MODULES WITH 1-DIMENSIONAL
INPUTS 184

description of handleslide maps in Section [£.4.7 and the definition of the element 1’s, is
—~+

equal to f(v) ® (1 ®ida(1)) € KhR, (TyUT)) @ S™(D? x $24D? x S?) plus terms with

lower lasagna quantum gradings, where f is the first map on the second row of Figure [4.26]

To check f(v) =14 ® 14, it is thus sufficient to check the commutativity of Figure [£.26]

In turn, the commutativity of Figure is reduced to the commutativity of region T'G:

where the first map is the twist absorption into the projector on the top, and the second
map is obtained by sliding the strands connected to the bottom-left projector across the
bottom-right one and then performing two twist absorptions into the bottom projectors.
The commutativity of region T'G is checked by proceeding termwise as before. [

We also prove the following technical lemma as a consequence of Lemma [4.7.4)(5). This is
not needed for the proof of Theorem 4.7.1]

Lemma 4.7.5. Write Dyg := #F ,1m(D? x S?) and Sgq = 0Dgq. Let X be an abstract
Dy together with an orientation-preserving identification 0X = Sgq. Let Sy, S1 C int(X)
be unoriented 2-spheres, Sy#S1 be the connected sum of them along a given path v, and
L C Sgq be an admissible link. Suppose that

o : Xg,5, = Dsta and ¢': Xs,us, — Dsta are orientation-preserving diffeomorphisms
rel boundary;

e The complement of v(So U~y U Sy) in X is a 4-dimensional relative 1-handlebody com-
plement W with 0_ W' = —Sgq and 0, W' = —0v(Sy U~y U Sy).

Then, the composition

S2,mu1 -1 7*1
S0 (Daai L) 2 83 (X1 L) “2 S5 (X L)

=

TX,L,So#51 2,mul Sg’mm(d’/)
; 807 (XSO#SI; L)

o) (=23

Sg’mul(Dstd; L)

mduces a map on the 0-th associated graded spaces with respect to the lasagna quantum
grading. Under the isomorphism (SZ|), this induced map is equal to id ® gro(id,) for some
a € HQ(Dstd).
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Figure 4.27: Middle: The neighborhood X; = v(Sy U~y U S1) = Dgqa1, with the belt link
Uy U Uy shown on the boundary, the spheres Sy, S; shown in green, and the sphere Sy#5]
shown in blue. The parts of spheres shown are slightly pushed into the interior of the 0-
handle. Left: (X;)s,s, reparametrized as Dyyq 1, with Uy U U shown as the twisted belt link
To UTy on the boundary. Right: (X7)s,4s, reparametrized as Dgyq 1, with Uy U U; shown as
the admissible link 77 on the boundary.

Proof. Orient Sy, S; so that the connected sum operation respects the orientations. Let
X1 = v(Sy U~ U Sy), which is naturally identified with Dgqq = §*(D?* x S?) using the
orientations of Sy, S;.

A generic lasagna filling (X!, v) representing some element 2 € Sg™"(X; L) can be assumed
to have input balls away from X; and skein ¥ intersecting X in a disjoint union of cocores
transverse to Sy U S7. The boundary of these cocores is a belt link Uy U Uy in 0X; = Syq, as
shown in the middle of Figure Let (¥, v) denote the part of (X, v) outside X7, which
can be thought of as a lasagna filling of (W?* —(Uy U U;) U L). The spheres Sy, S, So#S1
are also shown in the middle of Figure .27 The Gluck twist (X)s,,s, can be naturally
reidentified with Dy via a diffeomorphism sending Uy U U; to the twisted belt link 7o UTy
shown on the left of Figure 4.27] More explicitly, the Gluck twist on S; is performed along
the copy of S; on dv(S;) closest to X, by a counterclockwise full rotation around the center
of the part of S; shown in Figure [£.27] (the north pole) and the center of the 2-core part
of S; (the south pole), j = 0,1, while the identification (X;)s,,s, = Dsa,1 pushes the effect
of these Gluck twists towards the boundary. By construction, 7x 1 s,us, () is the image of
1, ® 1, € 8™ (Dyg1; Ty UTh) under gluing the lasagna filling (X, v).

On the other hand, let X denote a slightly shrunken copy of X;. The Gluck twist (X7)g,£s,
can be naturally reidentified with Dy, via a diffeomorphism sending Uy U U; to the ad-
missible link 7” shown on the right of Figure [4.27, by a description analogous to the
previous case. The boundary parametrizations of (X1)s, s, and (X7)g,us, differ by ¢ =
Toos5,0(T5,07s, )+ € Diff*P"™(0Dq4.1), where here we abuse the notation and use S, S; to de-
note the two core spheres of D441, and 7 to denote the Dehn twist along the sphere S. The

mapping class of ¢ is trivial, hence the parametrization (X7)s,4s, = Dga1 extends by a lev-

elwise diffeomorphism to a parametrization (X;)syxs, = Dsq,1 Whose boundary parametriza-
tion agrees with that of (Xi)g, s, = Dsta,1. This levelwise diffeomorphism can be chosen to
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isotope the link 7" to Ty U T7 by sliding the strands on the left over the second 2-handle.
Let X7 be a slightly shrunken copy of X7, and push Sy#5S; slightly outside X7, within X].
To calculate 7.1 5,45, (), we start with 1 € Sg™(XV; Uy U U). Add in an input ball in
int(X1)\X{ with an input link 7'(n,n),, ,_ carrying the label 1 € KhRy(T'(n,n)n, n_), as
shown on the left of Figure [4.25, where n, and n_ denote the numbers of positively and
negatively oriented strands of Uy U Uy, respectively, and n = n, + n_. Then evaluate to
((X1)soms,, I"), implementing the effect of the lasagna Gluck twist along Sy#S; within Xj.
Next, evaluate to ((X1)s,xs,, 2o U T1) by gluing in the trace of the isotopy 17" ~ Ty U T7.
Finally, glue in (X, v) to obtain 7x 1 sxs,(2) € So™ (Xsyus,;L). By Lemma M(5),
Tx LSy, () is thus equal to the image of 1, ® idy(15) + - -+ € So™" (Dyrg; To U T1) under
gluing in the lasagna filling (X, v), for some o € Ho(D? x S?%), where - -- are terms with
negative lasagna quantum degrees.

Now, after changing ¢' by a diffeomorphism rel boundary if necessary (which does not affect
the statement thanks to Proposition , we may assume 1) and v’ agree outside X, and
differ by the composite diffeomorphism (X1)s,.s, = Dstan = (X1)sy#s, inside X;. As such,
the element So™" (1) (Tx.1.500s, () (resp. Sg™ (') (Tx 1.5y, (€))) is equal to the image of
2= 1, @14 € S§™ (Dya; ToUTh) (resp. 2o := 1, ®@ida(11) + - € 8™ (Dygra,1: ToUTY))
under gluing v, (X! v), the pushforward of (X*,v) under ¢. We drop v from the notation
near D41 in what follows.

By changing ., (X!, v) in its equivalence class, we may assume that it contains a single input
ball, which is near dDgq1. Further decompose 1. (Xf, v) into

(i) A lasagna filling in a collar neighborhood I x 0Dy of ODgqy vel —(To UTy) U (To U
Ty U Ly) with an input link Lo and skein I x (To U Ty) U [1/2,1] x Lo. Here, when
regarded as a link in 0Dy 1, Lo is admissible and distant from T U T7.

(ii) A link cobordism in (a shrunk copy of) (W) from T, U Ty Ul L to L.

—~+
Since gluing (i) amounts to putting some label v in the new tensorial factor KhR, (Lg) of

I?EEJ (To U Ty U Ly) (which does not contribute to lasagna quantum degrees), the images
of 21,2y under (i) also differ by a shifting isomorphism plus terms with negative lasagna
quantum degrees. Finally, in view of Theorem [£.6.2] their images under the whole gluing of
(X, v) differ by a shifting isomorphism plus terms with negative lasagna quantum degrees,
as desired. O]

We now give the proof of Theorem [4.7.1

Proof of Theorem[{.7.1 The map 7x s+ in (4.17) is constructed as follows.
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Let (2,v) be a lasagna filling of (X, L) representing a given element z € So™(X; L). By
general position, we may assume that the input balls of ¥ are disjoint from S, and that
Y. intersects S transversely at some finitely many points. Let v(S) = D? x S? be a closed
tubular neighborhood of S, so that ¥ intersects D? x S? in some finite number of cocore

disks, with some boundary U C S x S2.

If U has an odd number of components, then Theorem implies that (3, v) defines the
zero class when restricted to a lasagna filling of (D? x S?,U), hence it also defines the zero
class in S>™(X; L).

Suppose now U has an even number of components. Then U is a belt link. Write (X, ¥) =
(X\v(S),Z\v(9)) U (D? x S2, 3N D? x S?), we see that x = [(2,v)] is the image of 1 under
the map

Sy™(D? x §*U) — Sg™ (X L)

that glues in the lasagna filling (X\v(S),v) of (X\v(S5), LU(=U)) = (Xs\v(S), LU(—7(U))).

The Gluck twist Xg is obtained from X by cutting out D? x S? and regluing it back via the
Dehn twist 7. The belt link U, on the boundary of this glued-in D? x S2, is thus the twisted
belt link 7(U). We define 7x 1 s +(z) to be the image of 1. under the gluing map

Sy™ (D x S%7(U)) — Sg™ (Xsi L)
that glues in the lasagna filling (X\v(S), v) of (X\v(S), LU (=U)).

We check that 7x 1 ¢+ is well-defined.

First, by Lemma M(l), Tx.r.5+([(X,v)]) is independent of the parametrization v(S) =
D% x S2.

Next, we check that 7x 1, ¢+ ([(2,v)]) is independent of (X, v). It is clearly linear in the label
v. If (¥',0') is another lasagna filling whose input balls contains those of ¥ and are disjoint
from S, the two gluing maps leading to 7x . s+(x) are equal. Hence, it remains to check
that 7x 1 s+ ([(2,v)]) is invariant under isotoping the skein ¥ rel boundary.

By general position, every isotopy of the skein ¥ rel boundary is decomposed into some
finger/Whitney moves that create/annihilate transverse intersections ¥ N .S in pairs, and
some isotopies that do not create/annihilate intersections with S. We need to show that
Tx..5+([(X,v)]) is invariant under a finger move from ¥ to some ¥’ across S.

By a Bar-Natan neck-cutting, we may assume that the component of ¥ that undergoes
the finger move is a local 2-sphere Sy, which can be either undotted or dotted. When S
is undotted, 7x s+ ([(X,v)]) is zero since Sy evaluates to zero. For (¥',v), since a collar
neighborhood of the boundary of v(.S) outside v(.S) contains ¥’ as an undotted annulus anni-
hilation map, we conclude from Lemmal[d.7.4(2) that 7x 1,5+ ([(X', v)]) is also zero. Similarly,
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when Sy is dotted, we find using Lemma [£.7.4](3) that 7x,r,s+([(2,v)]) and 7x 1,5+ ([(¥',0)])
are equal. This shows that 7x 1 g+ is well-defined.

It is clear from the definition that 7x ¢+ preserves the homological and the quantum
degrees, and covers Hy(Tg)+ in the skein degree.

We prove the addenda (1) to (4). (4) is trivial. (1) follows by comparing the degree of
1 e §¢™(D? x S2,U) with those of 14 € 8™ (D? x S%; 7(U)).

(2) By general position, we may isotope any skein in X rel L to be disjoint from a given
3-ball bounding S. The statement follows.

(3) Push S C X to be disjoint from v(S) C Xg, and let S’ denote this pushoff copy. Find a
copy of D? x S? in int(X) containing v(S) Uv(S’) as the tubular neighborhood of two core
spheres. Any given lasagna filling (X, v) of (X, L) can be assumed to have input balls disjoint
from D? x S? and ¥ intersecting D? x S? in some number of cocores. The statement follows
from Lemma [£.7.4[4) applied to the gluing of ((D? x S?)\(v(S) Uv(S")), S\(v(S) U v(S"))
onto (v(S)Uv(S"), 7(0v(S)NE)Ur(dv(S) N)). O

4.7.3 [EFL/R;_ on objects

As before, let Dyy = #% 5™ (D? x S?) and Sgq = ODgq = UE_ #™i(ST x S%). We prove
the following theorem.

Theorem 4.7.6. Theorem[{.5.1] is still true when S is only assumed to be an abstract Syqf

In other words, if L C Sy is admissible and ¢ € Diff " (S,4) is any L-admissible orientation-

~—+ —~
preserving diffeomorphism, we wish to assign an isomorphism KhR, (¢): KhR, (¢(L)) —
—~
KhR, (L) functorially in ¢. This is provided by the following theorem.

Theorem 4.7.7. Let L C Syq be an admissible link and ¢ € Diff " (Syq) be an orientation-
preserving L-admissible diffeomorphism. Let S C int(Dgyq) be a O-parallel finite union of

disjoint embedded unoriented 2-spheres, and QE: Dgia = (Dsia)s be a diffeomorphism that
extends ¢. Then the composition

mu . std» ’ mu 827"1‘11((;5—1) mu
S (Dyyg; p(L)) =225 S2mul((D ) gs (L)) o2y S (Dyy; L)

3We warn the reader that the notation S is used both for a 3-manifold that is an abstract Sgq, and a
union of disjoint embedded 2-spheres in a 4-manifold. In the rest of this section, S will only appear for the
second purpose.



CHAPTER 4. KHOVANOV SKEIN LASAGNA MODULES WITH 1-DIMENSIONAL
INPUTS 189

induces a map on the 0-th associated graded spaces with respect to the lasagna quantum
grading. Under the isomorphism (SZ|), this induced map is uniquely of the form

—~—+ -t mu - mu
KhR, (¢) @ gro(ida 0 ¢71): KhRy (¢(L)) @ groSe™ (Dyq) — KhR, (L) ® groSe™ (D)
(4.19)

for some isomorphism [%;(@ independent of S and é induced by a chain map, and some
o € Hy(Dyy). Here, ¢, in [(£19) is defined as the composition So™ (Dyq) = Se™ (I x

Sy (Ix¢) mu ~ o2mu
Sarq) = ST X Saa) = So™ ! (Dyta).

The existence of an extension ¢ for some S as in Theorem can be seen as follows.
The set of spin structures on Sy is affine over H'(Sy4;Z/2). There is a distinguished spin
structure, denoted sy, which is the restriction of the unique spin structure on Dgy. Write
¢+ (50) = 50+ 3 for some 3 € HY(Sya;7Z/2) =2 Hy(Ssq;Z/2) = Hy(Dyia; Z,/2), represented by
some S = LU ,S; C int(Dsyq), a 0-parallel union of disjoint embedded unoriented 2-spheres.
The restriction of the spin structure on (Dgyg)s on Sgq 18 S+ [S] = ¢.(80), and the existence
of gf; follows from the surjectivity of Difft(Dyq) — Diff**"(Sqq).

Before deducing Theorem from Theorem [£.7.7] we make the following topological ob-

servations.

Lemma 4.7.8. If Sy, S1 C Ssq are two collections of disjoint embedded unoriented 2-spheres,
then Sy is related to some other collection S| that is disjoint from S; via a sequence of
(isotopies and) inverses of the connected sum operation.

Proof. Put Sy and S; into transverse position. Surger S, along innermost disks on S

bounded by Sy N S;. O

Lemma 4.7.9. If Sy, S1 C Sgq are two collections of disjoint embedded unoriented 2-spheres
with [So] = [S1] € Ha(Ssta; Z/2), then Sy is related to Sy via a sequence of (isotopies and)
connected sums, separating 2-sphere creations, and their inverses.

Proof. Without loss of generality, say Sgq is connected. Take connected sums to make both
So and S connected. If [Sy] = [Si] = 0, then Sp,S; are both separating, hence they are
related by the moves. If [Sy] = [S1] # 0, apply Lemma to make Sy disjoint from Sj.
Since S) is nonseparating, we may take connected sums outside S; to make Sy connected
again. Now form a connected sum S := Sy#S57, which may be assumed to be disjoint from
So U Sy. Since [S] = [So] + [S1] = 0, S is separating. Therefore, Sy is related to S; via one
separating sphere creation and one connected sum: Sy~ SoU S ~ S7. O

Lemma 4.7.10. Let Sy, S C Sgq = 0Dgq be two disjoint 2-spheres, v C Sgq be an arc
connecting them, and Dyq C S* be the standard embedding with complement a 4-dimensional



CHAPTER 4. KHOVANOV SKEIN LASAGNA MODULES WITH 1-DIMENSIONAL
INPUTS 190

1-handlebody. Then the complement of a neighborhood of SyUyUS; in S* is a 4-dimensional
1-handlebody.

Proof. Since Sy, Sp lie on the same connected component of Sy, by capping off extra com-
ponents if necessary, we may assume Dy = §™(D? x S?). Tt suffices to show that Sy, S;
bound disjoint 3-balls By, B; in S* whose interiors are disjoint from . We divide into four
cases.

Case 1: S), S; are both separating.

Write Dyg = (D? x S?)f---4(D? x S?) and Sgq = (S x S%)#--- #(S' x S?). By a spin
parametrization change of Ss,4 (which extends to Dgy), we may assume that S; is a copy of
the a;-th connected sum 2-sphere in Sg4, 7 = 0,1, 0 < ag < a; < m —1 (when a; =0, we
interpret this as saying that S; bounds a ball in Sy4). We may choose B; to be a copy of
the a;-th boundary connected sum 3-ball in Dy, j = 0,1 (when a; = 0, we interpret this
as saying that B, is a 0-parallel 3-ball).

Case 2: S is separating, Sy is nonseparating.

As in Case 1, Sy bounds a 3-ball By in Dyy. By applying a spin parametrization change of
Sq to make S standard, we see that S; is the belt sphere of the cocore of a 1-handle in the
4-dimensional 1-handlebody S*\ Dyy. Hence we may choose B; to be this cocore 3-ball.

Case 3: Sy U 9 is nonseparating.

By a spin parametrization change of Sy;4, we see that Sy, S; are belt spheres of the cocores of
two different 1-handles in S4\Dstd. Hence we may choose By, By to be these cocore 3-balls.

Case 4: Sj, S are nonseparating, but Sy U Sy is separating.

If Sy and S; are isotopic, they bound two parallel cocores of a 1-handle in S*\ Dy4. If they are
nonisotopic, by a spin parametrization change of Sgq = (S* x S?)# - - #(S* x S?), we may
assume that they are embedded in the i-th connected summand in Sy as two nonisotopic
S? factors, for some 1 < i < m. It is clear that they bound disjoint 3-balls By, B; in the i-th
boundary connected summand of S*\ Dyg = (S' x B3)f---5(S* x B3). O

Proof of Theorem assuming Theorem [{.7.7. This is similar to deducing Theorem
from Theorem [4.5.3] The only difference is that the lasagna level functoriality itself is more
involved, which we now address.

Suppose ¢; € Diff 7 (Sgq) with lifts éj: D4 = (Dsta)s;> j = 0,1, so that ¢ is L-admissible
and ¢ is ¢o(L)-admissible. Let N := (—1,0] x Sgq be a collar neighborhood of the boundary
of Dgq4. After some isotopies, we may assume that
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e S;C{-(j+1)/3} xSqa C N, j=0,1;

e o, =idx ¢;on N, j=0,]1.
The composition map ¢ := ¢; 0 ¢y extends to a map é: Dyy — (Dstq)s, where S = &1(50) U
S1. More precisely, we take ¢ as the composition

do (é1)s0

Dsta = (Dsta)sy —— (Dsta)s1)g,(s9) = (Dsta)s,
where the middle map is the natural map induced by ¢1.
Consider the following diagram of isomorphisms:
2,mul TDstq-0(L),S 2,mul Sg,mul(q;,1) 2,mul
S (Dsta; 9(L)) ——————= 55" ((Dsta)s; (L)) » Sg (Dsta; L)

T(Dygta)sy 4(L),61(S0) Se™ M (é1)50)

TDstdv¢(L>vsl Sg,mul(d")o—l)

Sg7mu1((Dstd>S1;¢(L)) Sg’mUI(Dstd; ¢0<L)> S0 8027mu1((Dstd)So;¢0(L))'

(4.20)

Sg,mul(é')l—l) TD g1 q-00(L)

The upper left triangle is commutative by Theorem M(él) The lower quadrilateral is
commutative by naturality of the lasagna Gluck twist construction. The upper right tri-
angle is trivially commutative. Note that the first row of (4.20)) is a lasagna defining map

for %;(qﬁ) Iaﬁ;(qﬁ(L)) — %;(L) in the sense of Theorem [4.7.7, even though S is
not necessarily d-parallel. This is because one may apply Lemma Iﬂl to change gzgl(So) by
some inverse connected sum operations within {—1/3} x Sg4 to make S O-parallel, while
Lemma and Lemma m guarantee that the induced map of the first row of ,
in terms of (£.19), is unchanged except possibly by altering the shift o € Hy(Dyg). Theo-
rem [4.7.6| now follows from Theorem by an argument analogous to that in the proof

of Theorem [4.5.1] In particular, %2 is defined on objects of Links; as a “cross-section”

—~— + —~—
of Hpep(&L) KhR, (p(L)), or alternatively the limit of KhR:(o(L)) over P(S, L), as in the
proof of Theorem [4.5.1, where P(S,L) is the set or indiscrete category of L-admissible
parametrizations of S. O

Proof of Theorem [{.7.7 The independence of the statement on the choice of ¢ follows from
Proposition [4.5.4]

We prove its independence on S, a O-parallel finite union of disjoint unoriented 2-spheres.
Suppose S’ is another such union of 2-spheres, then [S] = [S'] = ¢.(80)—50 € Ha(Dsta; Z/2) =
H>(Ss4;72/2). Note that every separating 2-sphere in Sy is unknotted in Dy, thus by
Lemma [4.7.9, S and S’ are related by a sequence of
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l...lo_)
b~ il

Figure 4.28: The Dehn twist on Sy along a core 2-sphere.

(a) unknotted 2-sphere creations,

(b) O-parallel connected sums,

or their inverses, through d-parallel union of 2-spheres. This sequence of moves determines
a canonical identification (Dytq)s = (Dsta)s rel boundary. Theorem [£.7.1)2) implies the
independence of S under type (a) moves, while Lemma and Lemma imply the
independence of S under type (b) moves.

In view of the commutative diagram (4.20[), now it suffices to decompose ¢ into elementary
diffeomorphisms and prove the theorem for each elementary one. The mapping class group
of Sgq is generated by the spin mapping class group mo(Diff**"*(S,,)) together with Dehn
twists along each of the Zle m; core S? factors, each of which can be taken to have a
standard form, visualized as in Figure in the presence of an admissible link.

When ¢ € Diff*""(S,4), choose S = (). The statement follows from the spin case, Theo-
rem [4.9.0l

When ¢ is the negative Dehn twist along the j-th S? factor in Sgq, let S C int(Dya) be

a slight pushin of the Dehn twist 2-sphere in Sgq and ¢: Dgq — (Dsia)s be the natural

diffeomorphism extending ¢, given by pushing the effect of the twist towards the boundary.
—~

Take a standard lasagna filling (I x¢(L)U(ny,n_) cores,v),v € KhRy (¢(L)U(ny,n_) belts)

representing some element z € S2™(Dyq: ¢(L)), no € ZXi=1™i By construction of the

Gluck twist map (4.17)) in the proof of Theorem and the alternative description of the
i

element 1, preceding Lemma . the image of x under the composition map Sg ’mul(é_l) o

TD.0.6(L),s is represented by the standard lasagna filling (I x L U (n4,n_) cores,w), where
w € KhRy (LU (ny,n_) belts) is the image of v ® 1 € KhR, (¢p(L) U (ny,n_) belts) ®
—~+

KhR, (T(¢,0)s, ;) under the composition (shown near the j-th surgery region)
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where ¢, ,¢_ denote the number of times L intersects the j-th surgery region positively,
negatively, respectively, and ¢ = ¢, + ¢_. Since this map is distant from the surgery region,

locality implies that the statement holds for S, ¢ with a = 0 and I/(\h?%;(gb) given by saddling

—~+
in 1 € KhR,(T(¢,€),, ) right above the j-th projector, composed with Reidemeister-
induced maps that cancel the +1 twists. This can be realized on the chain level as saddling

—~~— +
in a cocycle in CKhR, (T'(¢,)¢, ¢_) representing the element 1. Alternatively, one can check

—~—+
that KhR, (¢) is induced by the chain homotopy equivalence that absorbs the —1 twist into
the projector. O]

—~
4.7.4 KhR, on morphisms
We are finally able to prove Theorem [4.3.2]

Proof of Theorem[{.3.4 Let (W,X): (So, Lo) — (S1,L1) be a morphism in Links;, where
W = Xj\int(Xo) for 4-dimensional 1-handlebodies Xy, X;. As in the proof of Theo-
rem choose an orientation-preserving embedding i: X; — S* and parametrizations

¢;: — (SNint(X;)) — Dga; = #fj{bmij)(Dz x 5?) making ¢; = gi~>j|5j L;-admissible,
- ~ —~ 4

j = 0,1. Then the map KhR, (gboJEW), ®o(X)): KMEQ (¢p1(L1)) — KhR,y (¢o(Lo)) de-

termines a map KhR, (W,X): KhR, (S1,L1) — KhR, (So, Lo). We have to check that

I%; (W,Y) is independent of the embedding i: X; < S*. The functoriality will be auto-
matic, as we may pick any spin structure on the relevant 4-dimensional 1-handlebodies and
repeat the arguments in the proof of Theorem [4.6.1] Furthermore, it suffices to check the
independence on ¢ when (W, X) is an elementary morphism as described in Proposition m

Suppose i': X; < S* is another choice of embedding, and ¢;: — (S*\int(X)) = Dy are
parametrizations, j = 0,1. Choose a diffeomorphism

dre = (SNant(i'(X1))) = (=(S"N\int(i(X1))))s
rel boundary for some 0-parallel union of 2-spheres S, and let

o: — (SN\int(i'(Xo))) = (—(S"\int(i(X,))))s
be the extension of ¥ rel .
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We have the following commutative diagram

Se™ (S0 (((WH))i0 (i(2)))

Sg’mUI(Dsth; $1(L1))

S 155" (o)

mu L Sy (Whyi(sh) mu .
Sy (—(SM\int(i(X1))); L1) » So™(—(SN\int(i(Xo))); Lo)

> Sg™ (Dsta,0; do(Lo))

4

T—(s%\int(i(X1))),L1,S | = | T—(s4\int(i(X())),Lo,S

2 2

S ((— (SNint(i(X1))))s: L) oD, a0 it (1(Xo)) s Lo)

Sg,mul(wl)/\g %J/\Sg,mul (wo)
mu L Sy (W) (1)) mu L
So (= (S int(i'(X1))); Ly) — > Sy ™ (—(SM\int(i'(X0))); Lo)
Sy (eh) = =S5 ()

- S2 (G (i (W)):h (i (51)) M

S2 (Dutas (L) > S0 (Dotaoi #5(Lo))

—~
Here, the composition down the first column gives the lasagna defining map for KhR, (¢ o

—~—+ —~
Y KhRy (¢1(L1)) — KhR, (#,(L;)) in the sense of Theorem [4.7.7, because one can
commute the first two isomorphisms.

Similarly, we claim that the composition down the second column serves as lasagna defining

map for KhR, (poo¢y ), which will finish the proof that KhR, (W, ) is well-defined. Since
we have assumed (W, X) to be an elementary morphism as described in Proposition [4.6.3]
we check for each case.

@ (@): S C 9,W is parallel to O_W.

(ii): Up to capping off some unknots in W (which does not affect the composite map by
Theorem [4.7.1)(2)), S is parallel to 0_W.

(i) (iv): One can surger as in Lemma to make S C 9, W disjoint from the belt sphere

of the 1-handle (which does not affect the induced map on [/(\h?%; by Lemma {4.7.10| and
Lemma {4.7.5)), so that it is parallel to O_W.

The proof is complete. O
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Appendix A

Lee canonical generators

We explain our choice of canonical generators x, € KhRp..(L) in gl, Lee homology in
Section and prove Proposition To streamline the procedure, we define these
canonical generators using the formalism in [MWW24]; see especially their Section 3.1 and
Section 3.2. Note that [MWW24] uses a different renormalization convention from ours; see
their Remark 2.3. We will also remark on a description of the canonical generators x, up to
sign in terms of Rasmussen’s generators [Ras10| in the usual Lee homology.

As homologically Z-graded vector spaces, the gl, Lee homology canonically and functorially
decomposes into (twisted) gl; homologies [MWW24, Equation (1)]:

KhRpe (L) = @724+ L) (KRR (L, (0);Q) ® KhR{ P (L_(0);Q)). (A1)

Here, o runs over orientations of L as an unoriented link, and Ly (o) (resp. L_(0)) is the
sublink of L consisting of components whose orientations agree (resp. disagree) with o. The
functor KhR; is the Khovanov—Rozansky gl, homology. It is determined by canonical graded
isomorphisms KhR; (L) = Z for each framed oriented link L C S® where Z is concentrated in
(homological, quantum) bidegree (0, 0), such that the vacuum state in KhR;(()) corresponds
to 1 € Z; under these identifications, all Reidemeister I-induced framing-change maps induce
idz: Z — Z, and KhRy(X) =idy: Z — Z for each framed oriented cobordism ¥: Ly — L;.
Alternatively, KhR; is the universal trivial link homology theory H presented in Section
in Chapter , concentrated in bidegree (0,0). The superscript (1), d € Q* indicates a
d-twist on morphisms according to the Euler characteristic; explicitly, one may renormalize
so that there are canonical graded isomorphisms

KhR(L;Q) = Q
for any framed oriented link L C S* where Q is concentrated in bidegree (0,0), under

which the vacuum in K hRgd)((Z);Q) corresponds to 1 € Q; under these identifications the
Reidemeister I-induced framing-change maps each induce idg: Q — Q, and

KhR?(3;Q) = d"®idg: Q — Q
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for any framed oriented link cobordism ¥: Ly — Ly, where

—X(X) + #0:8 — #0_% c

n(¥) = 5

Z

is a normalized Euler characteristic as defined in (2.14)), which is additive under gluing
cobordisms.

In the formulation of [MWW24], the orientation o in corresponds to a coloring of
components of L by {£1}, so that Ly(o) is colored by +1. The colors 1,—1 are also
regarded as colors by idempotents a = (1 + X)/2,b = (1 — X)/2 in V.. = Q[X]/(X?* — 1),
respectively.

Note that one does not recover the quantum 7Z/4-grading and the quantum filtration on

KhRpe(L) from (A1).

Definition A.0.1. The canonical Lee generator z, € KhRp..(L), under the isomorphism

(A.1)), is the element
1®1 € KhR{P(Li(0);Q) ® KhR{ ) (L_(0); Q)

with homological degree shifted by —2¢k(L(0),L_(0)), in the o-th direct summand of the
right-hand side of (A.1)).

Remark A.0.2. There is a more natural renormalization for K hRgd), but it requires choosing
a square root d'/? of d, and extending the coefficient field to Q(d'/?) if necessary. Namely,
one may renormalize so that KhR(L;Q(dV?)) = Q(d"/?) and KhR\”(Z;Q(d"/?)) =
d—x&)/ 2id@(d1/g). We will not use this renormalization as this would require that we work

over Q(v/2,1).

The isomorphism (A.1]) is functorial in L in the sense that if S: Ly — L; is a framed oriented
cobordism, then KhRp..(S): KhRpe(Lo) — KhRpe.(L1) is determined in the canonical
bases by the matrix entries

KhRLee(S)%m%l = Z 2n($+(>3))(_2)n(57(9)) — on(9) Z (_1>n(Sf(D))’ (A.2)
D'LOZOO D|L0:00
D|L1:UI D|L1=Ul

where 0; runs over orientations of L;, i = 0, 1, O runs over orientations of S compatible with
00, 01, and S4 () denotes the union of components of S whose orientations agree/differ with
that of O.

Remark A.0.3. More classically, if D is a diagram of an oriented link L and o is an orientation
of L, Rasmussen |[Rasl0] defined a cocycle s§,(D) € CKhpe.(D), whose class [s,(D)] €
Khpe(L) in the Lee homology of L is independent of the choice of D up to a scalar of
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the form +2% k € Z. Better, Rasmussen [Ras05] defined a renormalized cocycle §,(D) :=
2wP)=r(P)/25 (D) € CKhree(D) @ Q(v/2), where w(D) is the writhe of D, and r(D) is the
number of Seifert circles in the oriented resolution of D. Its class [5,] = [8,(D)] € Khpe(L)®
Q(+/2) is well-defined up to sign, and behaves nicely under cobordisms as described in [Ras05,
Proposition 3.2]E|, consistent with the renormalization in Remark . We have used these
renormalized generators in Section in Chapter [ One can check, analogously to the
proof of item (4) below, that the canonical generator x, € KhRy..(L) for a framed oriented
link L in Definition corresponds, up to sign, to the element 2/%(5+():L-(0)=#L/2[g™ 1 ¢
Khre(—L) under the canonical (up to sign) isomorphism KhRpe.(L) = Khpe(—L) (cf.
; be aware that this isomorphism may involve conjugations on the Frobenius algebra
Viee, see [Bel4+23]), with changes in gradings and filtration suppressed.

Proof of Proposition [2.6.1]. (3) follows from the definition. (5) is a reformulation of (A.2]).

To prove the other items, one needs to understand the isomorphism (A.1)) more explicitly,
as described in [MWW24]. We sketch the arguments below. With appropriate (intricate)
sign fixes, one may also prove these in terms of Rasmussen’s generators.

(1) The canonical isomorphism KhRp..(0) = KhRP(0;Q) ® KhR{™(0;Q) is determined
by demanding that the vacuum corresponds to the vacuum. The canonical generator xy €
KhRp(0) thus corresponds to the vacuum 1 € Q.

(2) For (U,0) the O-framed oriented unknot, let D be the spanning disk of U in S*, with
interior pushed slightly into int(B?*). Then the canonical isomorphism KhRpe.(U) = ¢ Ve,
of homologically graded, quantum filtered vector spaces is determined by identifying the class
in KhRp..(U) born from the a, b-colored disk D with a,b (with filtration degree shifts),
respectively. On the other hand, the class represented by the a-colored (resp. b-colored) disk
corresponds to 1 ® 1 in the o-summand (resp. o-summand) on the right-hand side of .
This proves the statements for the 0-framed unknot. For a general n-framed unknot (U™, o),
the statements follow from the fact that Reidemeister-I-induced framing-change maps induce
a canonical isomorphism KhRp..(U") = ¢ "KhRp..(U), and that intertwines with the

Reidemeister-I-induced maps on the two sides.

(4) For L = (), the conclusion follows from (1) (note that 0 € Q is homogeneous of arbitrary
degree). For L the n-framed unknot, the conclusion follows from (2).

Next, we check the statement for L the positive (resp. negative) Hopf link where both
components have zero framings, and o an orientation on L making it a negative (resp.
positive) Hopf link. The corresponding canonical generator z, is denoted hy (resp. h_) in
IMWW24], which involves a scalar choice. Note that z, = h; determines z; by symmetry,
and h determines h_ by . Moreover, qz/4(x,%25) is independent of the scalar choice of

!The equation in |[Ras05, Proposition 3.2] missed a % multiplicative factor on the exponent on the

right-hand side.
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h.. Thus, for convenience, we may pick the diagram of L consisting of two counterclockwise
oriented crossingless circles, with exactly 2 positive (resp. negative) crossings between them,
and assign any z, for the purpose of proving (4). The advantage of this choice is that there is
a planar isotopy of the diagram exchanging the two components of L, sending o to 0. With
this choice of diagram, one may write down explicit representatives for x, and x3 analogously
to [MWW24, Example 3.7] and verify the claims about quantum Z/4 degrees.

If L = L, U L, is a split link, 0y, 05 are orientations on Li, Ly, and o is the corresponding
orientation on L, then

To £ T5 = Ty, ® Toy £ Ty @ X537 = %((xm + xﬁ) ® (%2 + 376) + (3701 - xﬁ) ® (%2 + 37@))

Hence if (L1,07) and (Lg, 09) both satisfy the claims on quantum Z/4 gradings, so does
(L,o0).

Finally, for any pair (L, 0) where L is a framed oriented link, and o is an orientation of L as
an unframed link, there exists a cobordism S: L — L’ so that

e [/ is a disjoint union of some unknots with some framings, and some O-framed positive
and negative Hopf links;

e there exists a unique orientation 9 of S compatible with o on L, whose restriction on
L', denoted o', does not agree with the orientation of any Hopf link disjoint summands
or their opposites.

In particular, (L', 0") satisfies the claims on quantum 7Z/4 degrees thanks to the previous
arguments. On the other hand, KhRp..(S) is homogeneous of quantum Z/4 degree —x(S5),
SO

qz/a(To + 5) = QZ/4(KhRLee(S)(l’o + 25)) + x(5)
= qz4(2" 9 (1" O (2 £ (=1)"Fz5)) + x(S)
= %/4(550' +ay) + 2”( )+ x(S)
—w(l)— #L—1+1,

as desired. ]
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Appendix B

Proof of comparison lemma

In this appendix, we prove Lemma [3.4.9, which was used in Section in Chapter |3] in

the proof of the diagrammatic nonvanishing result for Khovanov skein lasagna modules of

2-handlebodies with sufficiently small framings.

We first rewrite Lemma [3.4.9|in terms of the classical Khovanov homology. For a framed link
- 1

L, let Q(L)(t, q) denote the Poincaré polynomial of Kh(L), and Q(L)(t,q) := (tg®)"2°HQ(L).

Then by R.11), P(L)(t,q) = ¢ “MQ(~L)(t,¢™") and P(L)(t,q) = Q(—L)(t,q"). Thus
Lemma is equivalent to the following Khovanov version. For p,w € Z™, let P,W be
diagonal matrices with entries given by p, w.

Lemma B.0.1 (Comparison lemma).

(1) Forn € 7%, p,w € Z™, p > w, we have

QUEP(n)) < > RuwpwQK ()
0<n’<n
2ln—n’

for some polynomials Ry, s € Z[tT/2, ¢FV/?] independent of K with
b 7p

—ln/ —Win' —(p—w,n’ . n—l—n” n—n'" "N\
Rastyeat) = a0) 307 e 5 i g

2 72
n'<n/’<n
2|_n_n_//
where --- are terms with lower t-degrees.
(2) Forn € ZZy, p,w € Z", j € {1,--- ,m}, with p —e; > w, we have
(tq)nj/Qq_IC?(Kp_ej/nj (n)) < Z Rn,n’,p—wQ(Kw(n/))-

0<n’<n
2ln—n’

I —py .
nj—n]
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Lemma can be reduced to an elementary piece. Suppose J U L C S? is a framed
oriented link, where J is a knot and L is a link. Let J* be J with framing one higher. For
n >0, let J(n)UL denote the link obtained from JU L by replacing J by an n-cable of itself,
and J'(n) U L similarly. The link J'~*/"(n) U L is obtained from J'(n) U L by inserting a
(—1/n)-twist along cables around J (with writhe also dropped by n).

Lemma B.0.2 (Elementary comparison lemma).

(1) In the notations above,

QU'(n)UL)< > RywQ(J(n)UL) (B.1)
pi

for some polynomials R, € Z[t*'/? ¢*/?] independent of J U L with

n

/2 , El n4+n' n—n'
Rn ! t7 = (tg)" 2 g " di , _ —2r e
, ( Q) ( Q) q ;_0 1mm ( 9 r 5 7') q +

where - - - are terms with lower t-degrees.

(2) In the notations above,
(tq) 2t Q(J " (n) U L) < (tq)*éq*”@(J(n) UL). (B.2)

It is easy to check that Lemma is obtained by iteratively applying Lemma to
components of K until the framing drops to w. Therefore we only prove Lemma [B.0.2]

Before starting the proof, we introduce an auxiliary family of links defined by Stosi¢ [Sto07;

Sto09] and re-exploited by Tagami [Tagl3] (our notation aligns with Section [1.5]in Chapter|[l]
which is different from Stosi¢’s or Tagami’s).

Forn,m>0,0<i<n-—1,let thm denote the braid closure of (o - - 0,_1)™01 -+ - 0; € By,
regarded as an annular link. Thus DY ., = Dmel, Dy, is the annular torus link T'(n,n),
and D}, = 0 if n = 0. For i > 0, in the standard diagram of D}, defined by the braid
word, resolving the last letter o; leads to the O-resolution which is exactly D}, and some
l-resolution, denoted E .

Lemma B.0.3. The annular link E} is isotopic to some D or its flip (i.e. the braid
closure of Opg—iy -+ Ong—1(01 -+ - Ony—1)™, still denoted D}2 . by an abuse of notation), pos-
sibly disjoint union with a local unknot. Moreover,

(1) 0 < ng <mn, 2In—no.
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(2) If m < n, then we may assume mg < ng or ng = 0.

(3) Ex2y ~ Dr=3 sUU and E; ~ Dy, _5ifi <n—2. Here, we define Dy, = DY .

nn—1 — nn—1 — n

7
n,m

(4) If m < mn, then the number of negative crossings in the 1-resolution of D! . oriented via

Db (UU), denoted W

0,10 n,m’
m=mn— 1.

2 2
n<—ng
2

15 less than or equal to — 1, with equality if and only if

Sketch proof. The fact that E ! is isotopic to some D}2  or D 11U is checked carefully
in [Tagl3, Figure 15720], from which (1) and (2) are also clear. (3) is exactly a half of
Lemma [[.5.1]

2_(n—2)2

For (4), when m = n — 1 there are exactly 2n — 3 = =—3
claimed in the paragraph following Lemma [1.5.1

— 1 negative crossings as

When m < n — 1, we count the contribution as the turnback arc in Figure 15 to Figure 18
of [Tagl3| travels along the longitude. Note that the whole isotopy E} )} ~ D (LU) is
decomposed into #5* full longitude traversals of the turnback arc and an extra final move

according to the four types listed in Figure 15 to Figure 18 of [Tagl13].

Interpret n as the number of through strands in the bottom box and m as the number of
full oy ---0,_1 rotations. Then each full longitude travel decreases n by 2, decreases m by
0 or 2 (other than the last longitude travel of Type 4, which will be discussed below). The
negative crossing contribution of this full longitude travel is m +n — 2 + € if m is decreased
by 2 and m+ € if m is not decreased, where ¢ = 0 or 1 is the contribution outside the bottom
box. The last longitude travel has e = 0. The negative crossing contribution from the final
move is 0 for type 1,2, and at most n — 1 for type 3,4 (for these two types, the last longitude
travel decreases m by either 0 or 1, contributing m negative crossings). In total, the number
of negative crossings is at most

(n—ng)/2—1 (n—ng)/2-1 n2_n2 n— no n2 — n2
— 0 _ 0_
;—0 (m—=2r)+n—2r—1) < TE_O (2n—4r—3) = 5 5 < 2 L.

If the equality holds, we must have m = n — 2 and ng = n — 2. This implies ¢ =n — 1 or

n — 2. One can check Eﬁ;Z_Q o~ Dzjg’m_él ~ EQ;?LQ, and the 1-resolutions of Dz;bl_g, DZ;LQ_Q
2 2
have 2n — 4,2n — 5 crossings, respectively, which are strictly less than # —1. ]

Proof of Lemma[B.0.4 Let D, (J)UL C S be the link obtained by replacing J by its
D;, ,,, satellite. For i > 0, the resolution of D}, at the last letter o; induces a resolution

of D;,,.(J)U L into D;}(J) UL and E}\(J) U L, the latter of which is isotopic to some
D (J)U L possibly disjoint union with an unknot.

n0,Mo

Fix a framed link diagram of J U L. Then D}, (J) U L have (almost) standard diagrams
by taking the blackboard n-cable of J and inserting the standard diagrams of Dfl,m locally.
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Then, the number of negative crossings of D}, . (J) U L is
n*-n_(J)+n-n_(J,L)+n_(L)

where ny (J),ne (L), ne(J, L) are the numbers of positive/negative crossings of J, of L, and
between J, L, respectively. Since the orientations of “=* of the strands are reversed in the
1-resolution of D;7m(J ) U L, the number of negative crossings in the 1-resolution is

(5 (502 )y B B )

n + Ng n — Ny
_(J, L

ni(J, L) +n_(L),

The difference between the numbers of negative crossings of the I-resolution of D, (J)U L
and D), (J) U L itself is

2 2

2

W (S, L) = w(J) 4 (n — ng)lk(J, L) + w' (B.3)

7m'

The skein exact triangle on Khovanov homology corresponding to the resolution is

tw;,m(J,L)+1q3w;,m(J,L)+2Kh(E;;n11(J) UL) » Kh(D;,,,(J)UL)

k / (B.4)

¢ Kh(D;,(J) U L),

which implies that
Q(D;,,,(J)U L) < qQ(Di \(J) U L) + tnm P m B R2Q(EIL(T) U L), (B.5)

Start with J'(n) U L = Dp ' (J) U L and apply (B.F) or the identity D9, ., = Dr !

n.n—1
iteratively. By Lemma [B.0.3, each E! ! is some simpler D/ = (possibly with an unknot

component which contributes a multiplicative factor of ¢+ ¢! to @), and thus we must end
with an inequality
QU'(n)UL)< > SpwsrQJ(n)UL) (B.6)
0<n’'<n
2ln—n’
for some polynomials S, ,, ;1. These polynomials are determined as follows. Define a graph
with vertex set ({(n,m,i): 0 <i<n, 0 <m<n}U{(0,0,0)})/ ~ where the equivalence
relation identifies (n,m,0) with (n,m — 1,n — 1). For ¢ > 0, construct a directed edge
(n,m,i) = (n,m,i—1) with weight ¢, and a directed edge (n, m, i) — (ng, mo, io) with weight
ot gdnmt2 if pi-l ~ Dio - and weight t“nm g nmt2(q 4 ¢71) if BN ~ Do 11U

no,mo n0,Mmo
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(here, we demand (ng,mqg,i9) = (0,0,0) if D =@ or U). The weight of a directed path

ng,mo
from (n,m,i) to (n’,m’,4") is the product of its edge weights, with an extra multiplicative

n

n2— 2 / . . .
factor (tg®)" 2z —w)H=n)k(LL) t6 account for the renormalization factors in (B.3). Then
Snn.gr 1s the sum of the path weights over directed paths from (n,n,0) to (n/,0,0).

By Lemma M(él), the t-degree of every path (n,n,0) — (n/,0,0) is at most ”2_2”/2w(J) +
(n —n')lk(J,L) +
(n,m,i) — (ng,mo, i) that decreases n has m = n — 1. We can also enumerate all paths
that achieve equality thanks to Lemma m(3) A few path-counting combinatorics then

yield (cf. Figure

n—n'

2 2

n2—n/2 / n2—n/2 n-—n / 2 ! - !
St q) = (tq3) 5 w(J)+(n—n)ek(J,L) 4 "= q3 —nZ Z dim (n—;n 4 n—n r) G+

— 2
where - - - are terms with lower ¢-degrees. Since w(Jl( ) UL) = n*(w(J)+1)+2nlk(J, L)+
w(L) and w(J( ) UL) = n"w(J)+2n'tk(J, L) + w(L), (B.6) renormahzes to yield (B.).
The proof of | is analogous but much easier, and is mdeed a sub-counting of the path-
counting for l) (there is a unique path to be counted). ]
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Appendix C

Sign fixes

In this appendix, we prove Theorem [C.2.1] the precise version of Theorem [4.1.6] and explain
how to use the gl, webs and foams formalism to fix various sign ambiguities appearing in

Chapter

In Section , we recall the topological setup of gl, webs in S? and gl, foams between them,
and introduce singular gl, foams that are of interest to us. In Section [C.2], we show that the
closed Lee foam evaluation in R* agrees with the abstract Lee foam evaluation, assign maps
on gl, homology induced by singular foams, and deduce Theorem [C.2.1] In Section [C.3] we
sketch the definition of gl, Rozansky projectors. Throughout, if not otherwise indicated, we
work over Z, except finally in Section where we work over R as in the setup of Chapter
and address all sign issues in the proof of Theorem in Chapter [

C.1 gl, webs and singular gl, foams

We set up the notion of (embedded) gl, webs and foams relevant to us. See [QW24] for a
more general topological setup.

For us, a gl, web in R® (resp. S%) is an embedded trivalent graph W C R?® (resp. S%)
together with the following data:
(1) A label 1 or 2 on each edge;
(2) An orientation on each edge;

(3) An oriented ribbon R of W, i.e. a smoothly embedded oriented surface R C R3 (resp.
S3) that has W as its core.
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The data are subject to the following constraintsﬂ:

(1) At each vertex, two of the adjacent edges are labeled 1 and one is labeled 2;

(2) At each vertex, the two 1-labeled edges induce the same orientation on the vertex, which
is opposite to the orientation induced by the 2-labeled edge.

Each vertex of a gl, web W is assigned the orientation induced from the 2-labeled edge
adjacent to it. Moreover, the orientation of the ribbon R at a vertex coupled with the vertex
orientation induces a cyclic ordering of the three adjacent edges: for a positive vertex, we
take the cyclic ordering determined by the orientation of the ribbon, and for a negative one
the opposite.

A (regular) gly foam between gl, webs Wy, Wy in R? (resp. S?) is an embedded singular
surface F C I x R? (resp. I x S3) cobounding {0} x Wy and {1} x W;, whose interior
points have local neighborhood diffeomorphic to either R?> € R* or Y x R C R*, where
Y C R? C R? is the neighborhood of a trivalent vertex of an embedded graph in R? (a “Y
shape”), together with the following additional data:

(1) A label 1 or 2 on each face;
(2) An orientation on each face;
(3) An oriented ribbon R of F, i.e. a smoothly properly embedded oriented 3-manifold

R C I xR3 (resp. I x S?) that has F' as its core.

Points on £’ whose neighborhoods are of the form Y x R form a 1-manifold in I x R? (resp.
I x S3) cobounding vertices of Wy and vertices of W7, each component of which is called a
seam of F. Each component of the exterior of seams in F'is a face of F. The additional
data of F' are subject to the following constraints:

(1) Around each seam, two of the adjacent faces are labeled 1 and one is labeled 2;

(2) Around each seam, the two 1-labeled faces induces the same orientation on the seam,
which is opposite to the orientation induced by the 2-labeled face;

(3) The labels and orientations on faces are compatible with the labels and orientations
on edges when restricted to the boundary (here, as usual, for W, this means its edge
orientations are given by —0F);

HQW24] further requires the tangent vectors of all three edges at a trivalent vertex to point in the same
direction, as this would cut down the number of generic Reidemeister-type moves and movie moves (a similar
condition is posed on gl, foams in I x R3 or I x S3). We ignore this difference.
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1‘
L

Figure C.1: Examples of gl, foams between gl, webs that are contained in I x R? x {0} C
I x R3, shown locally, with ribbons given by thickenings of the pictures in I x R? x {0} with
the induced orientations from I x R? x {0}. The orientations of the vertices, edges, seams,
and faces, as well as cyclic orientations around vertices and seams are indicated.

(4) The ribbon restricts to the ribbons of the boundary webs, with compatible orientations.

Each seam of a gl, foam F' is assigned the orientation induced from the 1-labeled faces
adjacent to it. Moreover, the orientation of the ribbon R at a seam coupled with the seam
orientation induces a cyclic ordering of the three adjacent faces by the right-hand rule. As
a consequence, both the orientations on seams and the cyclic orientations around them are
compatible with those for vertices of the boundary webs.

See Figure for two examples of gl, foams contained in I x R?* x {0} C I x R? shown
locally, with orientation data indicated in the picture.

Below, when we speak about gl, webs and foams without specifications, we always mean gl,
webs in R3 or S% and gl, foams in I x R3 or I x S3.

A dotted gl, foam is a gl, foam with finitely many distinguished points (called dots) on the
interior of its 1-labeled faces.

For our purposes, we also wish to allow more general gl, foams.

Definition C.1.1. A singular gl, foam is a dotted gl, foam, but with finitely many singu-
larities away from the seams and the dots of the following types allowed:

(1) Transverse double points between 1- and 2-labeled faces or between 2-labeled faces.
The ribbon is also immersed near the transverse double points, but is embedded when
restricted to a neighborhood in each sheet.

(2) Framing points, which are Z-labeled points on the interior of faces of the foam away
from double points. In a closed neighborhood of such a k-labeled point, the foam is
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regular of the form D? = D? x {0} C D? x D?, but the ribbon is only immersed of the
form D? x (—¢,¢) — D? x D?, (2,t) = (2,tz¥), where we denote points in D? C C using
complex numbers.

Remark C.1.2. (1) After taking the Khovanov—Rozansky gl, functor (see Section [C.2)), the
framing points in a singular gl, foam play the same role as framing-changing input balls
in [MWW24, Definition 2.5] when N = 2 (note that they use a different renormalization
convention).

(2) We could also have allowed transverse double points between 1-labeled edges, and insist
that they act as immersion point input balls (as considered in the Lee case in [MW W24,
Example 3.7]) on the gl, homology. Theorem will still be valid once we fix cocycles
in the Khovanov—Rozansky gl, chain complexes of the positive/negative Hopf links (see
the construction in Section . This can be used to give a shortcut proving the main
theorem of [Car+25]. We remark that no choice of cocycles will result in cobordism
maps that are invariant under finger/Whitney moves between 1-labeled faces.

We think of 1, 2-labeled edges and faces as having thickness 1,2, respectively. The writhe of
a gly, web W, denoted w(W), is the linking number between W and a push-off of itself in the
normal direction of the ribbon. Analogously, by interpreting framing points as introducing
local twistings, one could also define the self-intersection number of a singular gl, foam
F: Wy — Wy; more explicitly, it is [F] - [F] := 2i(F) + i1 (F) + 4i2(F), where i(F) is twice
the sum of the signed intersection number between 1- and 2-labeled faces plus four times
the sum of the signed intersection number between 2-labeled faces, and i, (F') is the sum of
labels on the framing points on k-labeled faces, k = 1,2. Thus, [F] - [F] = w(W;) — w(W)).
In particular, the writhe of a gl, web in S® is the self-intersection number of any singular
gl, foam in B?* that bounds it (such a singular foam always exists). A regular gl, foam has
self-intersection number 0, and the writhe of a gl, web in S is a complete obstruction to
having a regular gl, foam in B* bounding it.

C.2 Functoriality of singular gl, foams

For M = R3,S3, let Links); denote the category of admissible framed oriented links in
M and framed oriented link cobordisms between them up to isotopy rel boundary, where
admissibility of the link is in the same sense as in Section [4.2.1] namely that the link
is contained in R?* and the projection onto R? x {0} is generic. The link diagram of an
admissible framed link comes with Z-labeled framing points away from crossings, which may
move freely along the link components, combine or split in a weight-preserving way, and
0-labeled framing points may be created or annihilated at willl Reidemeister I moves come
at a cost of +1-labeled framing points.

2Strictly speaking, a generic projection of the ribbon would only equip the diagram with +-half-framing
points, which create or cancel in pairs only when we isotope the ribbon. Since framing points only affect the
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Similarly, let Webs,, (resp. Websji;g) denote the category of admissible gl, webs in M and
dotted (resp. singular) gl, foams between them up to isotopy rel boundary (resp. isotopy rel
boundary, weight-preserving collision/separation of labeled framing points on the same face,
and creation/annihilation of 0-labeled framing points). Here, in addition to the requirements
of generality as in the case of links, the admissibility of gl, webs further requires that the
projection to R? x {0} is orientation-preserving on the ribbon at each trivalent vertex.
Framing points in a web diagram are not allowed to move across trivalent vertices. We have
the following diagram of functors

Linksps —— Linksgs

[ [

Websgs ——— Websgs (C.1)

[ [

Websp;* —— Webs;®.

Here, all vertical arrows are inclusions of categories. All horizontal arrows are full, but not
faithful. All functors except the vertical ones from the first row to the second are bijective
on objects.

The Khovanov—Rozansky gl, homology was first defined for links in R® and S and link
cobordisms by Khovanov [KhoO0| (referred to as Khovanov homology, where the renormal-
ization convention is different from ours), although its functoriality turns out to be more
difficult. The functoriality for links in R?, up to sign, was proved by Jacobsson [Jac04].
Many sign fixes appeared in the literature, but the one that first introduced webs and foams
in the language we will be using is due to Blanchet [Blal0]; thus, we obtain a functor

CKhR,: Linksgs — K*(Z)%, (C.2)

where the target is the bounded homotopy category of cochain complexes of quantum Z-
graded abelian groups, with quantum grading shifts allowed for morphisms. The func-
toriality for links in S® requires an additional check for a global elementary movie move
called the sweep-around move, and was obtained only recently by Morrison—-Walker—Wedrich
[MWW?22]. This means descends to a functor

CKhR;: Linksgs — K°(Z)?.

The Khovanov—Rozansky gl, homology was also extended to gl, webs in R3 or S® as the
N = 2 special case of Wu [Wul4] and studied by many other authors. For us, singularities in
the diagram of a gl, web, in addition to trivalent vertices, are crossings of various kinds and
Z-labeled framing points where the ribbon twists along the strands by multiples of full turns
rel the blackboard framing. One resolves the singularities and builds a cube of resolutions
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Figure C.2: Resolution of crossings or framing points in a web diagram into complexes of
planar webs. Here t and ¢ denote the homological and quantum degree shifts, respectively.

using the rules in Figure[C.2] The functoriality of C K hR; for webs in R? was proved recently
by Queffelec |Que22|. This means (C.2)) extends to a functor

CKhRy: Websgs — K°(Z)%.

We warn the reader that our convention differs from that of Queffelec by mirroring the
webs and foams (or on the level of diagrams, changing the signs of all crossings and framing
points).

One could also define the universal version of Khovanov-Rozansky gl, homology in the var-
ious settings above, by replacing the underlying Frobenius algebra Z[x]/(z?) by its universal
deformation Z[E1, Ey, x|/ (2* — Eyx+ Ey) over Z[Ey, Ey]. The proof of functoriality is similar,
and one obtains a functor CKhRY™ to K*(Z[E, F»])%, the bounded homotopy category
of cochain complexes of quantum Z-graded Z[F;, Es]-modules, from Linksgs, Linksgs, or
Websgs (see [MWW24, Theorem 2.2] for the functoriality for links in S®). Here, the free
variables F1, E5 have g-degrees 2,4, respectively. By setting F} = Ey = 0, one recovers the
functoriality results for the undeformed theories.

homology by global bigrading shifts, we ignore this technical difference. Once we restrict to integral framing
points (by imposing this as a part of the admissibility condition), homological shifts are always even.
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Theorem C.2.1. The universal Khovanov-Rozansky gl, homology on objects extends to a
functor

CKhRY"™: Websis® — HCh(Z[Ey, E,))~. (C.3)

Here, HCh® denotes the cohomology category of the dg category of bounded chain complexes,
i.e. the extension of K® where homological degree shifts are allowed for morphz’sm. More-
over,

1) The bigrading shifts of CKhRY"W(F): CKhRY™(Wy) — CKhRY™™ (W) for a singular
2 2 2
foam F: Wy — Wy is (t~1q) ) +22(F) g=x(F)=a(F)+2#(dols) - yyhere u(F) denotes the
closure of the union of 1-labeled faces in F.

(2) CKhRY™™(F) (up to homotopy) is independent of the embedding of the interior of the 2-
labeled faces of F'. In fact, up to sign, it is determined by the abstract dotted surface u(F).
The sign is further determined by the germ of u(F) in F with all data (orientations,
ribbon, dots, and framing points) and the mod 4 total Euler characteristic of the 2-labeled
faces.

Remark C.2.2. The functor CKhRY™ in Theorem gives rise to functors from every
term in the diagram . When restricted to the first two rows of , the image is
contained in the subcategory K°(Z[E), Es])? where morphisms preserve the homological
degree. Thus, Theorem is a simultaneous generalization of all previous functoriality
results in the context of gl, homology.

The proof of Theorem is divided into two steps. In Section [C.2.1] by proving a 4-
dimensional Lee foam evaluation formula, we upgrade Queffelec’s functoriality to webs in
S3 and nonsingular foams between them. In Section , we further extend the functori-
ality to singular foams. This allows the construction of (braided) monoidal 2-categories in
Section In Section we interpret the moves involving singular foams in terms of
sylleptic centers.

C.2.1 Functoriality of regular gl, foams
In this section, we show that Queffelec’s functor

CKhRY"™: Websgs — K'(Z[E,, F,])” (C.4)
descends to a functor

CKhRY™: Websgs — K*(Z[E,, Ey))”. (C.5)

This amounts to showing that the sweep-around movie move [MWW22, (1-1)] induces the
identity chain map up to chain homotopy (for us, the strand that sweeps around can be
either 1-labeled or 2-labeled).

3In fact, morphisms in the image of C KhRY™" are always of even homological degree.
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For a gl, web W (resp. gl, foam F'), let u(W) (resp. u(F')) denote the closure of the union
of 1-labeled edges (resp. faces), thought of as an unoriented link (resp. link cobordism). If
F: Wy — Wj is a gl, foam between admissible gl, webs, then w(F"): u(Wy) — w(W7) is an ori-
entable unoriented link cobordism between admissible unoriented links, and the Bar-Natan
formalism of Khovanov homology gives a chain map CKhRY" (u(F)): CKhRY™™ (u(Wy)) —
CKhRY" (u(W)), well-defined up to sign and chain homotopy, between the Khovanov chain
complexes of links u(Wp), u(W7), where the bigrading is only well-defined up to an overall
even shift. The main result of Beliakova-Hogancamp—Putyra—Wehrli |[Bel+23| implies that
there are isomorphisms ¢, canonical up to signs making the following diagram commute
up to sign and chain homotopy (as homologically Z/2-graded, Z-relatively graded chain

complexes).
CKhRY™™(F)

CKRRIm™ (W) s CKhRW (W)
%lLWO %’\LLVH (06)

C KRR (u(Wy)) D 6 jepy Rumiv (u (W7,)).

Now, let F': W — W be the movie of a sweep-around move. Then w(F): u(W) — u(W) is
either the movie of a sweep-around move (if a 1-labeled edge sweeps around) or the identity
movie (if a 2-labeled edge sweeps around) for links and link cobordisms, whose induced chain
map CKhRY"™(u(F)) is the identity chain map up to sign and chain homotopy. Indeed,
any version of Khovanov homology with analogs of commuting up to global sign and
homotopy inherit the triviality of the sweep-around move up to sign from CKhRY™™ for
which it is proven in [MWW24, Theorem 2.2] following [MWW22|. By the commutativity
of (C.6)), we deduce that C KhRy™™(F) is chain homotopic to the identity map up to sign.

To fix the sign, as usual, it suffices to do so on the level of an appropriately defined Lee
homology. To this end, we denote by

CKhRy..: Websgs — K(Q)?

the result of base-changing C KhRY™"™ to Q by tensoring all complexes with the Z[E;, Es)-
module Q, on which E; acts by 0 and Fy by —1. Further, we write KhR.. for the homology
of the complexes computed by CKhR.. and refer to this as Lee homology.

Returning to the movie of a sweep-around move F': W — W, we now check the induced
map KhRpee(F): KhRree(W) — KhRp..(W) is the identity map. Since the underlying
abstract gl, foam (by which we mean the underlying singular surface together with labels,
orientations, and cyclic orderings around seams) of F' is the same as that of the identity
foam cobordism W — W this follows from the next theorem using a tracing argument.

Theorem C.2.3 (4-dimensional Lee foam evaluation). Let F': ) — () be a closed dotted
gly foam in R, Then the following two rational numbers are equal:
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(a) The 4-dimensional Lee evaluation (F)re. of F, i.e. the eigenvalue of the endomorphism

KhRpeo(F) of KhRpe.(0) = Q provided by the functoriality of Lee homology.

(b) The Lee evaluation of F' as an abstract foam, defined as in Blanchet [Bla10, Section 1.5
and 4].

Corollary C.2.4. Let F: ) — 0 be a closed dotted gl, foam in R*. The 4-dimensional
Khovanov-Rozansky gl, evaluation of F' agrees with the gl, evaluation of F' as an abstract
foam, defined as in [Bla10].

Thus, if u(F’) contains a component that is not a one-dotted sphere or an undotted torus, then
the 4-dimensional evaluation is (F)y, = 0. Otherwise, (F)y, = 2#{torus components inu(f)}
with the sign determined by the remaining data of F' viewed as an abstract foam. In
particular, the sign is positive if F' has no 2-labeled faces.

Proof. If the g-degree shift of KhRy(F): KhRy(0) — KhRy(() is nonzero, then both the
concrete and the abstract gl, evaluations of F are zero. If the ¢g-degree shift of KhRy(F') is
zero, then (F)g, = (F)rce is equal to the abstract Lee/gl, evaluation. O

For our purposes, it is convenient to allow Lee idempotent-colored foams, namely (undotted)
gl, foams whose 1-labeled faces are decorated with colors + = (1 4+ z)/2 or — = (1 — x)/2
(which are idempotents in the Lee Frobenius algebra Q[z]/(z* — 1)). Every gl, foam can be
rewritten as a formal linear combination of idempotent-colored ones, and both evaluations
in Theorem are extended to closed idempotent-colored foams by linearity.

We refer the reader to |Que22, (3.1)-(3.19)] for a collection of local skein relations satisfied
by the Lee evaluation of abstract gl, foams, some of which will be useful to us. Relations
(3.1) and (3.3)-(3.12) therein can be converted into idempotent-colored skein relations in the
natural way. We also note one more skein relation that if the two 1-labeled faces around a
seam are colored by the same idempotent, then the abstract Lee evaluation is zero.

The local pictures in these skein relations can also be interpreted as foams embedded in B?,
with ribbon given by a thickening of the core surface, oriented as a submanifold of B3. To
evaluate in Lee homology an idempotent-colored foam F in R*, one can apply these local
relations to simplify F. More explicitly, this means that if in some local B3, F with its
ribbon is given by one side of a skein relation, then one can replace the local picture of F
by the other side of the skein relation (this is justified by Queffelec’s functoriality, since one
can rotate the local B3 to sit in the first three coordinates of I x R3 (with orientation) and
evaluate).

Proof of Theorem [C.2.3 Tt suffices to prove the case when F is idempotent-colored by +. If
two of the 1-labeled faces around a seam in F' are colored by the same idempotent, then both
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evaluations (a) and (b) are zero. Thus, it remains to prove Theorem for compatibly
idempotent-colored foams, namely the ones where two 1-labeled faces around each seam have
opposite colors =+.

Let F, F, denote the closures of the union of 1,2-labeled faces in F', respectively. As we
observed above, one may simplify F' by the skein relations [Que22, (3.1)-(3.19)] without
affecting the truth of the statement.

Step 1: We may assume that F} is connected.

This is because we can find a collection of paths connecting different components of F} in
the complement of F', and perform the inverses of [Que22, (3.15) or (3.18)].

Step 2: We may assume that F; and F; are disjoint smoothly embedded closed oriented
surfaces, or equivalently, F' has empty seams.

The collection of seams is an embedded multicurve v on the closed surface F;. The inverses
of |Que22, (3.4)] allow us to change « by oriented band surgeries on Fy. If v # (), since Fy
is compatibly colored, we may apply band surgeries to assume v has a single component,
which is necessarily a separating curve on Fi. By further band surgeries, we may assume ~
is a contractible curve on Fj. Since v bounds the surface F, in the complement of Fi, the
twisting of the germ of F, along v around F} is zero, hence we may apply the neck-cutting
relation [Que22, (3.2)] and then |Que22, (3.6)] to detach F, from Fj.

Step 3: A ribbon structure on F' is equivalent to framings on the embedded surfaces F, Fy C
R*. Changing these framings does not affect the Lee foam evaluation.

This is because F' with two different framings differ in a generic movie presentation levelwise
by some framing points, and the assignment of induced maps is insensitive to framing points.

Step 4: We may assume F' = 7(S! x H), where H C B3 is the positive Hopf link with one
1-labeled and one 2-labeled component, both O-framed, and 7: S! x B? — R* is the twisted
embedding induced by an oddly framed circle in R*.

Suppose W; U W, C I x R* is a paired oriented cobordism between F} U F, C R* and
some F| U F} C R%. Upon changing the framings of Fy, F,, we may assume Wi U W, to be a
framed cobordism (note that closed oriented 3-manifolds embedded in R® have trivial normal
bundles). By making the projection Wy UW, C I x R* — I Morse, we see that (F}, Fy) and
(FY, F3) (with all components of F] colored by the color of F}) are related by a sequence of
skein relations [Que22| (3.2)(3.15)(3.17)] and their inverses. The claim now follows from the
result by Sanderson [San87, Example 1.3] that the oriented unframed cobordism group of
the pair (Fy, Fy) in R? is isomorphic to Z/2, with the underlying unframed pair of 7(S* x H)
representing the nontrivial bordism class.

Step 5: Theorem holds for F = 7(S' x H).
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If W C R? is an admissible web and Ty, is the foam given by the trace of W under a
27-rotation in R3, then by choosing the rotation to be along the z-axis, we see the induced
map

CKhRY™ (Ty): CKhRY™ (W) — CKhRY™ (W)

is chain homotopic to the identity map. Therefore, we may replace the twisted embedding
7: S x B3 — R* by the untwisted embedding i: S' x B3 — R?* without affecting the Lee
foam evaluation. But i(S* x H) is a null-cobordant pair, so the proof is complete. n

C.2.2 A local statement

Before extending the functor of the previous section to singular foams, we establish
notation for a local version of functoriality in the spirit of Bar-Natan’s notion of canopolis
[Bar05], see [ETW18, Section 2.2] and [QW21|. We also prove a lemma that will be useful.
This section only plays a minor role in proving Theorem [C.2.1}

Let S denote an oriented surface, and let ¢ denote a collection of oriented points p C 95,
each with a label 1 or 2. We now consider the graded Z[FE;, Es]-linear additive category
Foamsg  of gl, foams in the thickened surface. (A version with e = () and £} = F5 = 0 was
defined in [QW21, Definition 3.1].) The category Foamsg . has as objects gl, webs W C S
with OW = ¢, as well as formal grading shifts and direct sums thereof. The morphisms in
Foamsg, are (matrices of) Z[E), Ey]-linear combinations of dotted gl, foams in I x S rel
I x € between such webs, up to isotopy rel boundary and appropriate skein relationg|

For tangled webs in the thickening of S we similarly define the category Webs;,g. with
objects admissible gl, webs W C I x S with 0W = {1/2} X ¢, and morphisms dotted gl,
foams in I x I x S rel I x {1/2} x € between such webs; these webs and foams are defined
analogously to Section with webs admissible if their projections onto S are generic. (A
version with € = () was defined in [QW21, Definition 4.6].)

The local invariant we consider is a functor of the form
Webs/ s u, Kb(Foams&E), (C.7)

where K’(Foamsg,) is the bounded homotopy category of cochain complexes in Foamsg_.
The existence of a functor that categorifies the evaluation of tangled webs in gl,
skein theory was proven for tangles (i.e. purely 1-labeled webs) in [QW21, Theorem 1.1],
conjectured in full in [QW21, Conjecture 4.8] and proven in [Que22|.

With this notation in place, we describe the central idea of the local lemma we will need.
Suppose we have a closed web W C B? within some larger web diagram W', and suppose

4Specifically, the relations [Que22, (3.3)-(3.12)] together with equivariant versions of sphere and neck-
cutting relations, see e.g. [Bel+23, Definition 2.6]. All these relations arise as local relations from (an
equivariant analog of) Blanchet’s abstract foam evaluation [Blal0], as explained in detail in [ETW18| Sec-
tion 2].



APPENDIX C. SIGN FIXES 215

that we would like to slide W either under or over some other strand in W’. We would
like to prove that such a move induces “the identity map on both CKhRY"" (W) and the
other strand.” To interpret this idea properly, we first note that for any planar gl, web
W € Foamsp2 g, the universal construction implies that we can neck-cut the identity foam
morphism idy, and write it as a finite sum

Y

where z;’s are foams representing a basis of KhRy™ (W), and z;’s are foams representing
a basis of KhRY" (—W) dual to the basis representing by the z;’s. If we now let Wy, (resp.
Wg) denote the (planar) web in Foamsp: . consisting of W sitting to the left (resp. right)
of a single strand through the disk D? (with endpoint data ¢), we can define the “identity”
map between such webs by the “shift” map Wy — W in Foamsp: . given by

k

shift,, :=E ‘
i=1 ﬁ

More generally, if W is any admissible closed web in B3 = I x D? we let W, Wg €
Webs;, p2 . be defined similarly and then define the shift map [W;] Lty [Wg] by applying
the shift described above termwise between the two complexes.

Lemma C.2.5. Let W be an admissible closed gly web in B> = I x D?, and let Wy, (resp.
Wg) be the web in Webs . p2 . formed by placing W to the left (resp. to the right) of an

arbitrarily oriented and labeled through-strand in {1/2} x D? (with endpoint data €). Let

Wi, 2% Wy (resp. Wi, Z% Wg) denote the foam in Webs,, p2 . tracing out the isotopy of

passing W under (resp. over) the through-strand. Then the three maps tsp, [un] , [100] are
equal morphisms in K°(Foamspe: ).

Remark C.2.6. One could reprove the sweep-around move required for the R? to S* functo-
riality upgrade using the equality of [1,,] and [1,,] in Lemma [C.2.5] similarly as in [CY25)]
Corollary 5.7]. Nevertheless, we proceeded as in Section , hoping that Theorem
or its proof might be of independent interest.
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Proof. We only prove [nu..]] = tsn, as the other half is analogous. We remark that, in the
case when the middle strand is 1-labeled and the web W is a (1-labeled) link, the equality
follows from the argument of the sweep-around move in [MWW22| Theorem 1.1]. Following
their idea, we proceed as follows:

Special case: W is planar.

The universal gl, homology of W is generated by foams capping it off in B3. Birthing a
foam on the left of the strand and sliding the boundary web under the strand to the right is
isotopic to birthing the foam on the right. By Queffelec’s functoriality [Que22|, this proves
the desired equality.

The general case:

The map Wy, 2% Wy can be decomposed into a sequence of elementary moves
Wy, =Wy W, 2o I W, = Wh,

where each n; is either a Reidemeister II move, a fork slide, or a Reidemeister III move
involving three strands having non-alternating orientations. Letting N denote the number
of crossings in W, each complex [W;] can be viewed as a twisted complex with terms indexed
by 6 € {0,1}" via the cube of resolutions for W, and we have termwise maps

[n1] | [nn]
[[WL]]J = [[Woﬂa M [[Wl]]a & M [[Wn]]5 = [[WR]]a

induced by the corresponding isotopies on the resolutions. If W;_; - W, is a Reidemeister
IT move or a fork slide, [n:] = @; [n:]; with no cross terms. If 7, is a Reidemeister III move
involving only 1-labeled strands (with non-alternating orientations), [MWW22] showed that
[7:] can be chosen carefully in its chain homotopy class to ensure that the cross terms [n;] —

D, [n:]s strictly increase the internal homological degree, defined as the homological degree

of the index J. Since the entire composition [Wy] LN [W1] preserves the (internal=total)

homological degree, the contributions from these cross terms vanish in the full composition
[7un].-

It remains to consider [n;] for Reidemeister IIT moves involving 2-labeled strands (with non-
alternating orientations). One can check, case by case, using [Que22, Appendix A], that in
these cases [n:] = @; [m]s again with no cross terms, so that [n.,] = @; [Munls, and the
desired statement follows from the planar case. We outline an alternative effortless proof.
Note that the endomorphism space between the local source and target of a Reidemeister
IIT induced map with 2-labeled strands involved in the quantum grading 0 is isomorphic
to Z. Thus the local map must agree with the local termwise Reidemeister maps up to
sign; combining this with the rest of the argument thus far, we see [n.,] = £t To fix
the sign, we pass to Lee homology. We add in a 1-labeled framed crossingless unknot as
needed to force W to have writhe zero, so that there exists a gl, foam that caps off W in B,
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compatibly idempotent-colored in the sense explained in the proof of Theorem [C.2.3] Then
the functoriality of [Que22] shows that birthing W on the left of the middle strand
and sliding it to the right induces the same map on Lee homology as birthing W on the
right of the strand. Since both maps are nonzero, this proves [1,,] = tsh. O

Remark C.2.7. In fact, by taking advantage of Bar-Natan’s canopolis formalism, one can
view (-); (resp. (-)r) as a functor Webs . p29 — Webs ,p2 . which plugs objects and
morphisms into a local thickened disc to the left (resp. to the right) of a through-strand in
{1/2} x D? with endpoint data e. In this language, the functoriality of ensures that
our maps in Lemma induce natural transformations (indeed, natural isomorphisms)
Lshy [Mun]l  [M00] between the functors

[()e] . [(-)r] : Websxp2 p — K*(Foamspz ().

Lemma implies that these natural isomorphisms are in fact equal.

C.2.3 Extension to singular gl, foams

We now extend the functor (C.5)) defined in Section to singular foams, obtain the
claimed functor ((C.3]) in Theorem |C.2.1, and prove the extra assertions in Theorem [C.2.1}

We first describe the link of singularity L for each singularity model in singular gl, foams,
fix admissible representatives of them, and fix explicit cocycles z(L) € CKhRY" (L), which
will be useful in the construction. Below, we follow the notation in [Que22|. In particular,
as,ay € {1} are free sign variables for the universal Khovanov—Rozansky gl, homology
theory, which affects only the sign assignments to morphisms.

(i) A positive transverse double point between 1- and 2-labeled faces:

€1
Hf, = Q - t2q2<>'_l
w

Co

Z(H12 = —ast” q 1 ®ci1 Acy

(ii) A negative transverse double point between 1- and 2-labeled faces:
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H1_2=O = 1272

Co

(iii) A positive transverse double point between 2-labeled faces:

Hj, = =t

(v) An n-labeled framing point on a 1-labeled face:

i O O
w
2O
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(vi) An n-labeled framing point on a 2-labeled face:

u - - ()

Now, for a singular gl, foam F' C I x S® between admissible gl, webs Wy, W, C S3, we
delete small 4-balls By, - - , By, from I x S? around singular points of F', and choose disjoint
framed paths in the exterior of F'U I_IleBi to tube each B; to {0} x S so that the links
of singularities land disjointly near {0} x co € {0} x S® as admissible links of one of the
standard models (i)-(vi) above, denoted Ly, -- , Ly. We have built a nonsingular dotted gl,
foam F°: Wy U (UF_,L;) — Wy in I x S3) which induces a map

CKhRY"™(F°): CKhRY™ (W) @ (®F_,CKhRY™™ (L;)) — CKhRY™™ (W).

Evaluating at cocycles z(Lq),- -+, z(Ly) at all but the first tensorial factor in the source, we
obtain a map

CKhRY"™(F) := CKhRY"™(F°)(— ® (®F_,2(Ly))): CKhRY™ (W) — CKhRY"™(Wy).

By the same argument as in [MWW22, Theorem 5.2], C KhRy"(F') up to chain homotopy
is independent of the choices of the ordering of singular points and of framed paths, and is
functorial under composition of singular foams ([MWW22| only argued this on the level of
homology, but the relevant facts, namely the triviality of the sweep-around move and the
m1(SO(3))-action, both hold on the chain level up to homotopy).

It remains to prove the two extra items in Theorem [C.2.1] Since Theorem [C.2.1(1) holds
for nonsingular dotted gl, foams and respects compositions, it suffices to check it when F
has a single singular point of type (i)-(vi) and is a product elsewhere. By our construction,
in addition to the contribution from y(u(F")), the bigrading shift of a singular point of type
(i)-(vi) is given by t72¢%, t2q72, t74¢*, t'q¢™*, ¢, (172¢?)", respectively, each of which is
consistent with Theorem [C.2.1[1), proving the statement.

Before proving Theorem [C.2.1|(2), we reinterpret the assignment C' KhRy™"(F) for singular
foams F' on the level of diagrams. If F' has a single type (i) singularity and is a product
elsewhere, then up to precomposing and postcomposing with isotopies, we may assume that
F takes a standard form, which is a negative-to-positive crossing change between a 1-labeled
edge and a 2-labeled edge as shown in Figure [C.3|
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The induced map C KhRY""(F) is represented by the movie which births the element z(H;})
in the complex for the Hopf link H}, near the point at oo, drags this Hopf link near the
relevant crossing (which maintains the element z(H;}) via Lemma[C.2.5), and then performs
the saddles and Reidemeister moves shown below.

_—>__>__)_) — —

On the level of the resolution cube, this becomes

tq7! 3 — tlg Z $—>t’lq 2 g\ — t7g Z

where the first map is the birth of z(Hj}), the second map is induced by two saddles, and
the third map is a Reidemeister II induced map, given explicitly by the downward arrow
in |Que22, (A.15)] (note that our diagrams correspond to the mirror of those in [Que22],
hence we are using his (A.15) instead of (A.16))f}] One can check that the composition of the
underlying foams is isotopic to the identity foam, and the total shift and coefficient carried
by the composition are t~2¢%. Therefore, the induced map of a standard type (i) singularity
as shown in Figure is the degree shift by ¢=2¢%.

In an analogous manner, one can compute the induced map of other type singularities
explicitly in terms of movies on diagrams. We collect the results as follows.

Lemma C.2.8. The induced map of a gl, foam with a single singularity, represented as a
chosen movie of diagrams, is given on the level of resolutions by the maps determined from

Table [C 1. O

We will not use the last two rows of Table[C.T], but they are included for readers’ convenience.
It would be reasonable to impose the additional constraint a3 = a4 in |[Que22] to remove the
extra sign twists in the descriptions.

°The foam F depicted in [Que22, (A.15)] and some other foams therein have some color inconsistency,
which the reader may ignore.
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Type of singularity Diagram Induced map on resolution
/S /

(i) 4 2
/ - X

(i) / t?q?

(iii) —t 4t

(iv) —ttg*

(V) /[ /[ qfn

(vi) (t2¢*)"
\ BN

(i) N\ azast—>q>
NS L \

(11) \ a3a4t2q_2

Table C.1: Induced maps by a singularity in a singular gl, foam.

Figure C.3: The movie of a standard type (i) singularity.
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Figure C.4: A movie of a local positive self-intersection of a 2-labeled face

We are now ready to prove Theorem |[C.2.1(2). We first show the following topological lemma.

Lemma C.2.9. If two singular gly foams F,F': Wy — Wy in I x S* have u(F) = u(F"),
along which the germs of all data in F' and F' agree, then F' is related to F' by a sequence
of the following moves:

(1) Creation of a local unknotted 2-labeled framed oriented 2-sphere disjoint from F, or its
muverse.

(2) Tubing 2-labeled faces along a framed arc ending on F with interior disjoint from F, or
1ts inverse.

(3) Trading a local -self-intersection (see Figure of a 2-labeled face with a £2-labeled

framing point, or its inverse.
(4) A finger/Whitney move between 1- and 2-labeled faces.
(5) A finger/Whitney move between 2-labeled faces.

(6) A fork version of the finger/Whitney move through a 2-labeled face, as shown in Fig-
ure [C4.

(7) A framing change in the interior of 2-labeled faces.

(8) Collision of framing points on 2-labeled faces in a weight-preserving way, or its inverse.

Proof. Let Fy, Fy denote the closures of the union of 1, 2-labeled faces in F', respectively. We
divide into two cases.

Case 1: F has empty seams.

Without loss of generality, assume F} # (). Further assume F} is connected by applying some
moves (2). The immersed surface ({0} x F»)U (I x OFy)U({1} x Fy) C (I x (I x S?)) bounds
an immersed 3-manifold W & I x (I x S?). By general position (and further modification
of W for the third item below if necessary), we may assume:
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Figure C.5: A time slice of a fork-Whitney move between a 2-labeled face and a neighborhood
of a point on a seam. The shaded blue region indicates a Whitney disk. Any compatible
orientation is allowed.

W has only transverse double point singularities along arcs and circles, where arcs may
end either on OW C (I x (I x S?)) or on Whitney umbrella singularities in int(W)
[Whid4].

W and I x F} are in general position.

The projection of W to the first I coordinate is Morse without index 3 critical points,
and with all critical points away from I x F}.

The projection of W N (I x F) to the first I coordinate is Morse.

The projection of the interior of the double point locus of W to the first I coordinate
is Morse.

Local neighborhoods of Whitney umbrella singularities on W are in general position
with respect to the Morse function; thus, they appear in the time movie as local
+-self-intersection creations/annihilations.

By going up the first I coordinate, we see that there exists some singular gl, foam F": Wy —
W1 that differs from F’ only by some framing points on 2-labeled faces, so that F' and F”
are related by a sequence of moves (1)(2)(3)(4)(5)(7). The self-intersections of F” and F’
are equal, since they are both determined by the common boundary data Wy, W7y; therefore,
they are further related by some moves (8), as desired.

Case 2: F has nonempty seams.

Using move (2), we assume Fy (and F}) to be connected. If p € F; is a self-intersection
point, pick a generic path v on F; connecting p to a point on a seam. One can then tube the
other sheet of F, at p along v and use move (6) to remove the intersection point p. Thus,
we may assume F5 (and F}) to have no self-intersections.
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Let s = 0F, = OF}, and v(s) be a tubular neighborhood of s. The relative homology classes
represented by Fy and Fj in I x S*\v(s) rel the common boundary differ by some meridian
spheres of seams of F. If sy is a seam of F', using move (3), we may create a local self-
intersection on F; near so. Then we may slide the self-intersection off the seam sg as in
the previous paragraph, changing the relative homology class of F3 by a meridian sphere of

so. Hence, we may arrange so that Fy and Fj are homologous rel the common boundary in
I x S3\v(s).

Since Fy and Fj are embedded and homologous rel boundary, there is an embedded 3-
manifold W C I x (I x S?) cobounding {0} x Fy and {1} x Fj, which agrees with I x F, in
I x v(s). Now the same Morse theory argument as in Case 1 shows that one may change F5
to F} by a sequence of moves (1)(2)(4)(7)(8). O

Hence, to prove Theorem [C.2.1(2), it suffices to show that C KhRY"(F') changes sign under
moves (1)(2) and is invariant under moves (3)-(8) described in Lemma

Let F and F’ be related by one of the moves (1)-(8).

(1)(2): F and F’ are related by a local skein relation [Que22, (3.2)] which introduces a sign
change.

(7): The induced maps by F' and F” are equal by the same proof as in Claim 3 of the proof
of Theorem [C.2.3]

(8): This follows from the description of induced maps for type (vi) singularities in Lemma|C.2.8

(4): If F” is obtained from F' by a finger move, then locally we can represent F' by the constant
movie and F’ by a movie that does a crossing change shown in the first row of Table |C.1],

followed by the inverse change shown in the second row of Table [C.I] Lemma implies
that F” induces the same map as F.

(5): This is similar to (4), where we use the third and fourth rows of Table instead of
the first two.

(3): For positive local self-intersections, we need to run through the moves in Figure and
show that the induced map of the composition agrees with that of a type (vi) singularity
with n = 2. By the description of moves [Que22, (A.3)(A.4)] and the third row of Table[C.1]
the composition induces the degree shift by t~4¢*, which agrees with the description in the
sixth row of Table for n = 2. The calculation for negative local self-intersections is
similar; alternatively, one may decompose a negative local self-intersection annihilation as a
positive local self-intersection creation followed by a Whitney move.

(6): If F’ is obtained from F' by a fork-finger move, then locally we can represent F' by the
constant movie and F’ by the movie
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— —_—

AN A P A A

or its reverse. The reverse of every move in the movie induces the inverse map of the
corresponding forward move. Hence it suffices to check that the forward movie induces the
identity map, or more conveniently, that the composition of the first two maps is equal
to the composition of the inverses of the last two maps. This follows from moves [Que22,
(A.57)(A.58)] and the second and fourth rows of Table [C.1]

The proof of Theorem is complete. O

Before moving on, we note that the proof of Theorem can be used to provide a singular
version of the functor (C.7) with domain Webs}% , namely:

Webs;"% L HCh!(Foamss,). (C.8)

C.2.4 Monoidal 2-categories and braidings

In Section , we regarded Foamsg ., Webs;, s . as 1-categories, with boundary conditions
fixed. In the special case S = I* one may instead leave the boundary data free (with certain
restrictions) and proceed as follows.

(1) We let Foams;> _ denote the monoidal 2-category defined as follows. Objects are finite
subsets o C (0,1) of {1,2}-labeled signed points. The morphism category from o
to o, is precisely Foams;2 () ), Where €(0g,01) = (=09 x {0}) U (o1 x {1}). Thus
I-morphisms are (direct sums of grading shifts of) planar webs from oy to oy, and 2-
morphisms are foams between them up to skein relations. The monoidal structure is
given by placing webs and foams side-by-side and rescaling. Every 1-morphism in the
endomorphism category of the distinguished object ), i.e. every closed web, is isomorphic
to a direct sum of grading shifts of idy, i.e. the empty web. Since End(idy) is the ground
ring Z[E1, Es], the representable functor Hom(idy, —) witnesses an equivalence with the
category of finitely generated graded free Z[E;, Ey]-modules which is braided (in fact,
symmetric) monoidal.

(2) We let Websii’;g}2 _ denote the braided monoidal 2-category with the same objects as

. . sing . 7.
Foams;> _, whose morphism category from oq to oy is Webs_, 12 c(o0.01)" The braiding

1-morphisms use standard crossings in I x I2.
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(3) We let HCh®(Foams;: ) denote the monoidal 2-category whose objects are the same
as in Foams;2 _, 1-morphisms are chain complexes over Foams;. _, and 2-morphisms
are equivalence classes of homogeneous closed morphisms between such chain complexes,
with components given by 2-morphisms in Foams;2 _, considered up to homogeneous
exact morphisms. It is expected, but not yet proven, that this monoidal 2-category
admits a braidingf such that the functors assemble into a braided monoidal 2-

functor
Webs:e, L, HCh"’(Foams;: ).

IxI?,—

Since endomorphisms of () in WebsiiE%Q ~ can be identified with Websiégg, composing

with a representable functor recovers the singular version

CKhRY™: Webs238 — HCh®(Z[E,, E,))”

R3
of Queffelec’s functor (C.4)).

(4) As in [MWW22, Section 6], one can construct a braided monoidal 2-category without

further higher-algebraic complications by a mixture between (2) and (3): objects and
1l-morphisms are as in Websii;l%@’_, but spaces of 2-morphisms are computed inside
HCh’(Foams;: ) after applying the functor . The axioms of a braided monoidal
2-category then follow from the functoriality of . We invite the reader to keep this

braided 2-category in mind for the following discussion of sylleptic centers.

Remark C.2.10. Note that all (higher) categories here decompose by Z-valued weight com-
puted on objects as signed sum of all labels.

C.2.5 Graded sylleptic considerations

Recall that in a braided monoidal 2-category, every pair of objects A, B admits a braiding
1-morphism
R
ARB % BRA

which is invertible up to 2-isomorphisms and equipped with higher coherence 2-morphisms
that express categorified analogs of the naturality and hexagon axioms of braided monoidal
1-categories. A braided 1-category is symmetric if the double braiding of any two objects is
the identity. For braided 2-categories the situation is more subtle. A coherent trivialization
of the double braiding:

Ra,B

vap: (ARB 25 BRA S ARB) S (AR B % AR B)

6Tn light of the homological algebra involved, it may be more natural to model this braided monoidal
2-category as a truncation of an Es-monoidal (oo, 2)-category, i.e. as a gly version of [Liu+24; SW24]. We
refer to these articles for an in-depth discussion of the necessary higher algebra, which then accommodates
all higher movie moves.
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is called a syllepsis. Coherence of the trivializations requires, amongst others, naturality in
both arguments. Note that a syllepsis can also be considered as a coherent identification

-1
Ra,B =

R
(AXB 2% BN A) —» (AKX B —% BK A)
between positive and negative (inverse) braiding 1-morphisms.

Given a braided monoidal 2-category, one can consider its sylleptic center [Cra98| Sec-
tion 5.1]E], which consists of objects A equipped with a coherent trivialization of the double
braiding with any other object B. True to the naming, the sylleptic center is then naturally
a sylleptic monoidal 2-category itself [Crad8, Theorem 5.1].

For the putative braided 2-category HCh®(Foams;: ) from Sectionwe expect that all
purely 2-labeled objects can be interpreted as objects in a Z-crossed analog of the sylleptic
center. Note that we have a natural Z-action on 1-morphisms (i.e. complexes of planar webs)
with the generator 1 € Z acting by the grading shift autoequivalence t2¢~2. We observe that
Section (with any choice of signs az and ay) provides for every purely 2-labeled object
A and every other object B a coherent identification

Ra,B

~ Ry!
(ARB 2% BRA) — (¢ HAHNBI2(AR B 2% BK A)
of the braiding of A and B with a grading shift of the inverse braiding, see Table

The (Z-crossed) sylleptic center is the natural home of objects whose identity 1-morphisms
admit a coherent system of unbelting 2-isomorphisms. The bottom projector P, to be
constructed in Section can be interpreted as projection onto the full sub-2-category on
purely 2-labeled objects and thus, possibly, into the Z-crossed sylleptic center.

C.3 gl, Rozansky projectors

In this section, we follow a recipe of Hogancamp in [Hog20, Section 5.2] to construct Rozan-
sky projectors in the universal gl, webs and foams setting. We also give sketch proofs of
properties of the Rozansky projectors stated in Proposition in this setup. We follow
the terminology in |[Hog20], with the caveat that we are applying the dual construction of
[Hog20] (see the comment at the beginning of Section 1.2 in [Hog20]).

Let o be an object in Foams;2 _, namely a finite {1, 2}-labeled signed subset of (0,1). Let
u(o) C o denote the subset of 1-labeled points, with signs forgotten, and let ¢ := #u(o).
We build a Rozansky projector P, € K*(Foams;>_(0,0)) which, upon forgetting the
thick edges, orientations, and setting £y = FE, = 0, recovers the Rozansky projector PZO
that appeared in Section 2.2l Here, K*(Foams:_(0,0)) denotes the bounded below
homotopy category of cochain complexes in Foams;> _(0,0) = Foams;2 ., ).

"Named 2-center there.
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Let By, denote the finite set of crossingless matchings of u(c) x {1} C I? up to isotopy rel
boundaryﬂ For each § € By, we pick a web W5 € Foams;> _(7,0) for some (necessarily 2-
labeled) object 7 so that forgetting the 2-labeled edges and orientations gives u(Ws) = . We
also pick a 2-morphism 7;: 1, — ¢“/?Ws ® W¢ which recovers the cobordism 1, — ¢*/2§ ® §*
given by ¢/2 saddles upon forgetting 2-labeled faces and orientations. Here, 1, is the identity
I-morphism at o, and (-)* denotes vertical reflection composed with orientation reversal.

Let C := q£/2(69563u<0)W5 ® W{) be an object in the monoidal category A = A, :=
Foamsp: _(0,0), equipped with the unit map

Ne = @oeByyy s 1o = C.

Then, an object in A is (left, or equivalently right) C-injective in the dual sense of [Hog20,
Definition 2.5] if and only if it factors through a purely 2-labeled object.

Let PY € KT(A) be defined by applying the cobar construction dual to [Hog20, (3.1)] to the
unital object C' in A, which comes with a unit map tc: 1, — PY. By Hogancamp [Hog20,
Theorem 3.12], (PY,tc) is an idempotent algebra in K*(A) characterized up to homotopy
by

(a) PY is a complex of C-injective objects;

(b) ide ® tc: C — C ® PY and/or 1¢c ® ide: C — PY ® C' is a homotopy equivalence.

Moreover, if PY, P} are two unital idempotent algebras in K (.A) satisfying (a) and (b),
then there is a unique homotopy equivalence PY ~ P’ up to homotopy that interwines with
the unit maps up to homotopy.

We may further deloop all loops formed by 1-labeled edges in the components of P to obtain
a preferred model of the Rozansky projector, denoted (P, t,). Properties (1) and (2) in
Proposition in their webs and foams versions thus follow from the construction. When
o is purely 2-labeled, we may choose C' = 1,, hence (after a further homotopy) PY, = 1,
with the identity unit map. This shows the analog corresponding to Proposition [4.2.1{(3).

The analog of Proposition [£.2.1(4) follows from [Hog20, Remark 3.4].

Let o~ denote the orientation-reversal of the flip of 0. The 7-rotation of P is a complex
in K*(A,-) satisfying the characterizing properties of P ;. Hence, there is a canonical
homotopy equivalence satisfying the analog of Proposition M(S)

To prove the analogs of Proposition |4.2.1(5)(6)(7) in our setup, we observe the following
property of the Rozansky projectors. Let Foams(llg‘r:) denote the collection of full sub-
categories of the hom-categories in Foams;2 _ on all 1-morphisms that factor through

8Note that for ¢ odd, Bu(o) = (), and the following construction will produce P(XO =0.
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purely 2-labeled objects. We think of Foamsg'i) as an ideal of Foams;: _ with respect

to the horizontal composition. Thus, by construction, F), € K+ (A1) ¢ K*(A), where

A1) = A3D) = Foamsglgi)(a, o). By [Hog20, Theorem 3.12], if X € K*(Foamsgi) (o',0))

for some o', then 1, ® idy: X = P;/,o ® X is a homotopy equivalence. Similarly, if
X € K*(Foamsg'i)(a, 0')) for some ¢’, then i, ® idy: X = Py, ® X is a homotopy
equivalence. Morally, one should think of P, as projecting K*(A) onto K*(A19), The
analog of Proposition [4.2.1](5) and the first part of (7) directly follow from these properties.
The second part of (7) follows by bending up the lower right half of the diagrams. Fi-
nally, (6) follows by bending down the two sides of the over/understrand, since the complex

in the source is then termwise, hence overall, homotopy equivalent to a complex in some
K™ (Foamsglf) (o, 0)).

C.4 The sign fixes

In this section we use the webs and foams formalism to resolve all sign ambiguities present
in the proof of Theorem throughout Chapter [, Throughout this section we consider
webs and foams versions of various earlier diagrams. In particular, in any previous diagram
involving P, we note that the orientations of the ¢ strands determine a (purely 1-labeled)
sign sequence o € Foams; _, and we replace such P, (boxes in the diagrams) with P},
from Section

C.4.1 Sliding belts down

In Section , when deriving the isomorphism by breaking it into a sequence of iso-
morphisms, the isomorphism on row by “sliding off” the belts was only well-defined
up to sign. In the webs and foams formalism, the “sliding-off” maps are termwise given
by singular foams that drag the belts off, hitting the 2-labeled strands in the middle level
transversely—these can be interpreted as components of the syllepsis in the sense of Sec-
tion [C.2.5] By Theorem [C.2.1] these termwise maps fit into a “sliding-off” isomorphism

supplying (SZ4).

C.4.2 Regions B to H and R,

We fix the sign in the proof of the commutativity of the lower triangle in region R; in
Section [£.5.9] It suffices to fix the sign termwise. On each term of the twisted complex, the
two composite cobordisms agree up to re-embedding the interior of 2-labeled faces, hence
the commutativity follows from Theorem [C.2.1]

We fix the sign in the proof of the commutativity of region B in Section 4.4.4] and the fixes
for regions C, D, E, F,G, H are analogous. This is a consequence of Lemma below.
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Figure C.6: The movie of a “sweep-around-across” singular foam, where T is an arbitrary
tangled web, the black strand has an arbitrary label, and all strands shown have arbitrary
orientations.

Lemma C.4.1 (Enhanced sweep-around move). The singular gl, foam given by the
movie in Figure [C.0 induces the identity chain map up to homotopy on the universal gl,
tangle invariant.

Proof. Say there are k incoming 2-labeled strands connected to 7T, and hence k outgoing
ones. When k = 0, the statement follows from applying Lemma twice. In general, use
k saddles to pair up the incoming and outgoing strands, exploiting functoriality and reduce
to the case k = 0. O

C.4.3 The barbell move
We fix the sign ¢ = 1 near the end of the proof of Lemma [4.5.8|

In the webs and foams formalism, when fixing the constant ¢, instead of capping the (m,,m_)
(resp. (ns,n_)) strands off by dotted annuli in each row of Figure [£.16] we need to perform
a combination of dotted annular caps and zips, illustrated on (4, +, +, —) (write for short,
ambiguously, still as (3, 1)) strands as

(CR))

@ B —— Q }) E— — O
(G1)

where the first map is a zip and a saddle, the second map is two dots, a cap, and a zip-
cap, and the third map is a cap. Here, cyclic orderings on seams and placements of dots
before zip-caps are fixed once and for all, for each sequence of +, — of even length. As this
capping procedure is more complicated than before, we present the relevant diagram chasing
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m@)”u S ’”t/@”u ~— (QDu-
ﬂ@onu ) W) ) ﬁ/@nu ) S -

- " - z—z—>m - in—"
| o+ /UO
T@Qﬂu—é@(}”u—

Figure C.7: Diagram chase for fixing ¢ = 1 in the proof of Lemma [4.5.8|

in Figure [C.7] Here, only a half of each term is drawn, where the other half is understood
as obtained by switching m and n, m’ and n’, and reversing the orientations on the m,m’
strands. All squares and the triangle commute by locality and Theorem |[C.2.1 The two
downward maps to the front middle term in the bottom are equal by Lemma [C.4.1 We
need to show that the composite maps from ) to the rightmost term are equal in KhRy,
under either the upward or the downward coevaluation map composed with any other path
of maps or their inverses (if invertible). For this purpose, we stay in the terms without
projectors in Figure [C.7] from which the equality of the two compositions follows from
Theorem

C.4.4 The Gluck twist

We fix the sign ambiguities in Section that arose when defining various element 1’s in
the homology of twisted belt links, as well as when showing some compatibilities of these
element 1’s in Lemma 7.4

Let T C S' x S% be a standard positive/negative twisted belt link and U C S* x S? be the
corresponding standard belt link obtained by untwisting. In the webs and foams formalism,
—~—+ —~—+
the isomorphism KhR, (T) = KhR, (U) is obtained termwise by pushing the 1 twist above
the Rozansky projector region to the vertical 2-labeled edges in the middle of the Rozansky
projector region by simplifying Reidemeister [,II moves and fork twist moves (in the sense
of [Que22|), post-composed with the singular gl, foam that undoes the +1 twist on the
2-labeled strands by crossing changes together with a F1 framing change on each strand.
—~ +
This sign fix consequently fixes the signs of 1y € KhR, (T), 11 € SY™!(D? x S2;T), and

1€ KhRy (T(n, 1), 0. ).
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It remains to fix the termwise signs when proving the commutativities of regions T'B, T'C,
TD, TE, TG, TX. For regions T'B, TC, T D, TFE, it suffices to check that the composition

DO—@ O

induces the identity map on homology (rather than its negative), where T is any tangle, the
first map is a twist around 7', the second map is an unlinking of the £1 twists together with
framing changes on 2-labeled edges. It suffices to check this after we close up the 2-labeled
strands. In the closed up diagram, the second map can be replaced by the map that cancels
the twists in the outer part without changing its induced map, thanks to Theorem [C.2.1]
The composition is now equal to the rotation by 27 around the core of the solid torus that
the closed up diagrams live in. Since this rotation extends to a 27 rotation in S?, it induces
the identity map. By a re-embedding of 2-labeled faces, the same argument applies to fix
the sign for region T'G. The sign fix for region T'X is easier and we omit the proof.
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Appendix D

Elementary moves on
Rozansky—W:illis homology

In Chapter [l we showed that the (bounded above, renormalized) Rozansky-Willis chain

—_—

complex CK hR; defines a lasagna (3,1, 1)-link homology theory. On the level of objects,
the functor o
CKhR, : Links, — K~'/*(z)%

is understood as follows. If (S, L) € Links;, and ¢: S — Sgq is an L-admissible parametriza-
tion, then the classical Rozansky—-Willis chain complex C KhR, (¢(L)) for the admissible link
o(L) is a model for CKhR, (L), and any two such models are canonically identified.

Thus, for a morphism (W, L): (So, Lo) — (S1, L1), to understand its induced map, it suffices
to assume Sy = Ssta0, S1 = Sstaq are admissibly parametrized with respect to Ly and
Ly, and describe CKhR, (W, L) as a chain map CKhR, (Ly) = CKhR, (L) between the
classical Rozansky—Willis chain complexes for the admissible links Ly, L;. In Section
Section in Chapter 4] we described a complete list of elementary moves that any such
(W, %) (with admissibly parametrized domain/target) decomposes into, in a dual setup. In
this appendix, we collect the necessary elementary moves and their induced chain maps on

CK hRQ_ in Table [D.1} The description for chain maps is obtained by a dualization of the
computations (or their inverse or mirrored versions) in Chapter [4]

In the diagrams representing Bar-Natan chain complexes in Table [D.I] the boxes denote
the dual of the Rozansky projectors introduced in Sections (or Section in the
proper gl, webs and foams setup), and are denoted P, where ¢ is the number of strands
passing through the projector. These projectors enjoy properties dual to those described in
Section and the main text of Chapter |4} in particular, the following maps are well-
defined up to chain homotopy:
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e Counit maps, denoted € = ¢: P,y — 1, that are dual to the unit maps ¢,: 1, — Pz\,/o'

e Slide-off maps that slide a winding strand off a projector, denoted slide, that are dual
to the homotopy inverses of the mirrored versions of (4.10)).

e Twist absorption maps that absorb a (positive/negative) full twist into a projector,
denoted absorb, that are dual to the homotopy inverses of (4.18]).

Finally, unlike in Chapter [4], for the description presented in Table we do not keep track
of the orderings of the connected components of a standard manifold Sy =
in which admissible links live, saving us some obvious elementary moves.

by the symmetric monoidality of C'K hR; under disjoint unions.

LI # (S % S?)
This is justified

We omit isotopies via

admissible links, which induce isotopies of the corresponding diagrams that give rise to
chain complexes via Bar-Natan’s construction. We also omit versions of moves E7 and E8
in which the pushing is performed on two adjacent strands that are not the leftmost ones,
an upside-down version of move E7, and mirrored versions of moves E8 and E9.

Table D.1: Elementary moves and their induced maps on %; .

Move Name Where Local picture Chain map
E1-E3 Reidemeister Sec“. 4, Classical See e.g. IMWW22, Section 3.3-3.5]
I-11T moves (i)
birth, Sec. 4
E4-E6 saddle, (11) ’ Classical Structural maps of the Frobenius algebra Z[z]/(2?)
death
Sec. 4, 0 ~ :| | | 0 | | | |

E7  finger move

E8 crossing
move
passing
E9 move
E10  handleslide

(iii)

Sec. 4,

(iv)

Sec. 4,

)

Sec. 4,

(vi)

e o
b T
|11 \

dbo ~ T
|

- | |C
dho~ b

LI_I'I

N

L 8L
SN
=2
[=

LR

|

d1-

Tr

\)

L
=

o=

_—

€

—_—

~

€
4_

slide

_—
~

C

Lﬁ%ﬁ

-

Continued on next page
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Move Name Where Local picture Chain map / induced map
Ell summand
exchange
E12 inversion
l 1 b l l 1 I l 1 .
2-handle Sec. 5, 2%
absorb
E14  Dehn twist Sec. 7 I | ‘T
E15 Dball creation Se(cii.)G, @,0) — (S*,0) 7 = Z
connected  Sec. 6, (#™1(S' x S?) LU #™2(S! x §? ) 14— - m~— = = -
E16 sum (111) Lg) — (#7n1+'m2 (Sl X SQ) L ) CKhRQ (Ll) & CKhRQ (LQ) — CKhRQ (L1 L Lg)
- 0 o~
B17 atltahcilrﬁglt S(Ef\./)ﬁ7 0 o Z — P
canceling o ¢ || 0 .
E18 2-handle (v) ’ Q —_— -
attachment | |
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