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Plan for the talk

® Motivations:
1. A generalization of Yang-Mills instantons
2. New moduli spaces
3. Nontrivial tests of M-theory/type IlA duality
® Properties of tetrahedron instantons:
1.  Construction in string theory
2. Instanton moduli space
3. Instanton partition function
®* The index of M-theory and matching with instanton partition function



Yang-Mills instantons

®* The Euclidean action of 4d Yang-Mills theory is
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which can be written as
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where FW = F__, and k is a topological invariant (instanton number).
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® In addition to the perturbative vacua of the theory, there are other minima with finite
action, the (anti-)instantons:
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Yang-Mills instantons
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®* Example: BPST instanton (SU(2),k = 1 in regular gauge):

20,,(x —2),

(x —2)* +p?

® This instanton solution is characterized by eight free parameters: the position 2y the
size p, and the global SU(2) gauge orientation.

A (x) =

® In general, the space of instanton solutions up to local gauge transformations is a
smooth manifold, the moduli space of instantons .7 ,.
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Yang-Mills instantons: ADHM construction

® All SU(n) instantons with instanton number k can be constructed from the ADHM data:

1. Two k X k complex matrices B,, B,, one k X n complex matrix /, and one n X k
complex matrix J

2. Momentmaps y* = [B|.B/| + [By,B]1 +1I' —=J'J, u“=[B|,B,] +1J
3. U(k) symmetry: (B,.1.J) ~ (gB,g " gl.Jg™"), ge Uk

e The moduli space %n,k s { (Bl,Bz, 1, J) ‘ /,t'R — ,uC — ()}/ U(k)

* To avoid the non-compactness of M,  due to small instantons, Nakajima introduced
a smooth manifold .4 2.k Which can be obtained from the Uhlenbeck

compactification of x by resolving the singularities

—r.uk=ﬂC=o}/U(k), >0

——

= {(Bl,Bz,I )| u




Yang-Mills instantons: String theory

® k Dp-branes probing a stack of n coincident D(p+4)-

branes in type |l string theory = SU(n) instantons with
instanton number k

M, = Higgs branch of supersymmetric gauge theory
on Dp -branes.

e Nekrasov and Schwarz interpreted 4 .k as the
moduli space of U(n) instantons on C2

o M ..k in string theory: turn on a nonzero constant
background B-field. 01,..p




Instanton partition function

Nekrasov introduced the instanton partition function

Z:Zq"z’k, ZkZJ

———

k>0 M 1 ¥
® The equivariant group T: a maximal torus of U(1)? x U(n), which rotate the
spacetime C? and the gauge orientation at infinity.

* # is the non-perturbative part of the supersymmetric partition function of a 4d
A = 2 theory (or its higher-dimensional lift) in the Omega background.

®* # can be evaluated exactly using localization techniques. The result can be
expressed as a statistical sum over a collection of random partitions.



Instanton partition function

Alday, Gaiotto, Tachikawa, 2009
Lalaay, ’ ’ ] [Nekrasoy, Okounkov, 2003]

Virasoro/W- Seiberg-Witten
algebra conformal theory
blocks (140, Kozcaz, Vafs, 2007]
z Refined topological
Quantum strings on CY3

integrable systems

[Nekrasov, Shatashvili, 2009] DIJ kg FGGF—VGFG
Topological matrix models
strings on Riemann 0®®
surfaces [Dijkgraaf, Vafs, 2002]

[™vekrasoy, 2009]



Tetrahedron instantons

Aim:Study DO-branes probing a configuration of intersecting D6-branes.
' st ¢ C, C; C,
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BPS bound states

* Supersymmetry is completely broken for generic v,

1 r
e Whenv, =v, = v, =y, = 3 + 3 the scalar potential is given by
2
2
V=Tr| ) [B.B]|+ D LIl —r| + ) Tr|Bi,| + ) Tr ‘ B,,B,)]
ac4d Ae4’ Ae4’ a<be4d

Here B, and I/, are from DO-DO strings and D0-D6, strings, respectively.

® |n order to obtain an analogue of %n,k, we need to take r > 0. In this case, the low-
energy theory on k DO-branes can be described by a supersymmetric gauged matrix
model with gauge group U(k), and it preserves two supercharges ., (..



Tetrahedron instantons: Quivers

Quivers for the supersymmetric gauge theory on DO-branes

2
B,
V="Tr [ Z [Ba, B;f] + Z IAIX — r] s . s

a€4 Ae4’

I193

+ Z Ir |B;l, 2+ Z It [Ba,Bb]
Ae4’ a<be4

I134 T1o4

° %n,k is the Higgs branch of this quiver gauge
theory. 134 1o




Instanton moduli space

®* The moduli space of tetrahedron instantons: the space of solutions to V = 0 modulo the
gauge symmetry U(k),

M, = {(BaeEnd (C*),1, € Hom (C”A,Ck)) ,uR—r-[Ik=,uC=0:O}/U(k)

p = [Bo B + X Ll u€ = (k5 = [Ba,Bb])abe4, o= (on=Bil),_,.
acd Ae4’ A

(B, 1) ~ (gB.g7 " gly), g€ Uk

° If n = (n123 = l,0,0,0) Sm—»k reduces to the moduli space of certain torsion free
sheaves on C°.

* If we drop o-equations, M-, becomes the moduli space of magnificent four model.

® The virtual dimension (#c€omponents of matrices - # constraints - # gauge) of M-, is 0.
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Instanton moduli space with k=1

* 1 = (n123 = n,0,0,0): B, B,, B; are unconstrained complex numbers,
l1p4 = I134 = 133, =0, and
n 2
_ _ i0
Bylyy3 =0, Z Lizo| =1 lip3~ el
a=1

Therefore, M, 1.0.0).1 = -

—

* n = (n123 =N, Njyy = m,0,0): B, B, are unconstrained complex numbers,
li34 = L3, = 0, and

n y) n )
_ _ _ i0
B3l = Byl 155 = 0, z , 1123,a T z , 1124,(1 =r, Iy~e"l
a=1 a=1

In general, )i, consists of several smooth manifolds with different
actual dimensions.
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Instanton partition function

We define the (K-theoretical) instanton partition function as

Z= i (—p)'Z, = i (=p) Ay (M 2( p)Try, [( DT Ta7 1 H TA“]
k=0 k=0 ac4 Aed’ a=1
Hae4qa=1

T: maximal torus of U(1)’ x H U(ny)
Ae4’

Z ;. the Hilbert space of the worldvolume theory with k DO-branes
7 .. the generator of the U (1) _rotation, satisfying |.7,.0,| = — 0., | 7. 0.| = O,

T(4 o the Cartan generators of the symmetry group U (n,)



Expectation value of codimension-two defects

Up to now, we treat all D6-branes on equal footing, but we can choose the physical
spacetime to be S; X C3,,, so that the bound states of DO- and D6, ,;-branes give rise to

Instantons on szy while the remaining D6-branes will produce codimension-two
defects.

7 — i (_p)k Jﬁd¢ (ZO—OZO—6123) H ZO—6A _ < H @ >
il A R AN k N
— = DT

Ae4’\{(123)} A4\ {(123))

© Nk k
where Zyr = 2 ( kli) [Hd¢iZ,8‘OZIS_6I23.
=0 Y=l

®* There is also an elliptic version if we perform a T-duality and studying D1-D7 system.
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Instanton partition function

Applying the supersymmetric localization techniques, we can express Z, as

k
Ze = ¢~ ((1 —q192) (1 — q193) (1 — g293) 11 qZA/z) y

HQEQ (1 T qa) Aeév

k

k k A -1
1 dz; (z; — z:) (5 — q1q274) (T — q193%:) (T — G2q3%:) (i — g4 ta)
XH/I:II z; 11~ 0 e e | 1 ——

i,;:.l Haeé_i (l'j - QaCL'z') i—1 Aedv a—1 (CB,, — tA,a)
177

The contour integral is evaluated using the Jeffrey-Kirwan residue prescription, and the
poles are labeled by a collection of plane partitions 77 = {ﬂ(A’“)}. effrey, Kirwan, 1993)

The poles:
{xl-} = {tA’aq;_SXq;_SYqCI_SZ, (SX, Sy, SZ) e 74D A = (abc) c4’,a=1,--, nA}

N1 TNy M3
1 Ty 73

Each plane partition » =
31 732 33

’ ﬂ'x,y > ﬂx+1,y’ ﬂx,y+1 > 0.
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Plethystic exponential form

Remarkably, the instanton partition function allows a plethystic expression

[Qﬂz] [%%] [%%] [Q]

Haeﬂ [qa]

This is a generalization of t ethystic expression for Donaldson-Thomas invariants.

[Nekrasov, 2009; Nekrasoy, Okounkov, 2014]



Magnificent four and Tachyon condensation

Magnificent four model: a system of DO-branes probing a D8-brane and an anti-D8-
brane, with a strong background B-field who's instanton partition function looks very

similar.

I [6]142] [41%] [426]3] [//i]
Z —_ PE?J%M ——1 1
Haeﬂ [Qa] [Iu?p] [/,ﬁp—ll
where 1 encodes the relative position of the D8-brane and the anti-D8-brane.

The tetrahedron instanton partition function ZM* = Z by substituting the following in the
magnificent four model

® Indicating that the annihilation of the D8-brane and the anti-D8-brane leaves behind a
system of D6-branes.
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Decomposition property

F— (7,19) s independent of 7, ,. We can take all D6-branes to be widely separated.

= decomposition property:

F,0,0,0) (717) = Z F1,0,0,0) (7 Clj ’ P)a

m+ 1 n

—> — = nt 1 - — b
Fnmoo (@-p) = Z M1,0,0,0) ( q.9%q, ° P) + Z "0,1,0,0) ( 9.9, * 4, 21?),
a=1 b=1

= [ (7,]9) has the structure of orbifold partition function. Crucial in matching M-
theory index



Cohomological limit

We Introduce g, = eP%a. Taking the limit # — 0 while keeping ¢, and p fixed, we have

> | a—
2 A

The cohomological instanton partition function (D-instanton probing intersecting D5-branes):

7' (€.p) =lim2(7.p) = [ s0
Ae4’

— Ha<b€A €, T &
( ) P Z Falts, ( )

where ./ ;(p) is the MacMahon function
MA(p) = ) PL(k)p* = — = PE [ ]

It is interesting that the all-genus A-model topological string partition function of 6?23 IS

(e1+ ) (e] +€3) (e + £3)

(ay(com)

o0
Z'P (&, &), €3, 1) = exp Z n8F, (€1, €, €)
g=0



Free field representation

®* Free massless multi-component scalar field ¢ on T

v, 2
<¢i @20 (0,0)> ~ _log (2] 7) exp( 7 (Imz) > 5,

T 27n(t)? Imz

® Introduce a vertex operator
7 7
7 4, (2,Z) =1 exp [i Z ap; (24 pi T+ Pi)] ;- €Xp [—i 2 ap; (2= piZ = Pi)] 3
i=1 i=1
1

Where o = (1, i, i, i,l,l,l) and P = 5 (81, 82, 83, 84, 812, 813, 823) .

o INntroduce a linear source operator Y = Py Z Z w,(2)0,¢(z), where 1" is a loop arount z = 0
mJ = gv
My 1
encircling all £p;, and @,(z) = Z log 0, (z — Ay, — ESA T) .
a=1
hol

o The instanton partition function admits a free field representation: Z = <equ98% %a’P(Z)dZ> .
T2



M-theory/Type IIA duality

Low-energy limit KK
M-theory S 11d Supergravity -
graviton monopole

weak-coupling limit KK reduction
\/ v
Low-energy effective theory 10d Typ e |IA
Type lIA string > ,
Supergravity

A bound state of a D6-brane and k DO-branes on S! can be lifted to an 11d bound state of

k KK gravitons on -TTN.

[Nekrasov, 2009;
Nekrasov, Okounkov, 2014;

ZM(@)|S' x C’ x TN|

Benini, Bonelli, Poggi, Tanzini, 2018]

Geometric Fugacities of global

symmetry

parameters
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M-theory Index

A system of intersecting D6-branes = superposition of KK monopoles, described by a
non-compact Calabi-Yau fivefold X'

Compute the twisted index of M-theory
M| gl M
TM S, L[ (v, -+, v5) = PE { FM (v, v5) |

Mapping (vl, ---,v5) — (7,]9), we find
SU(5) isometry of 2, f[vi =1 gZM (Vl’ B VS) = (79]7) + & (7)
. P (7) the contribution without DO-branes.

M [S} Mg ‘%] (Vl’ s VS) = ZP*" <7) Z (7’10)



Matching M-theory Index with instant partition function

Basic example (”123 — 1 n124 — n134 — n234 — O) SS
| _ Z?_l [Viz] symmetry
M-theory side: FM (vl, ---,v5) S/ X, CS] =—— S; X S,
_ Hl (il symmetry
N d1492| (4143 924
Type IlA string theory side: [F(IOOO)(q p) [ 1 2] [ : 3] [ ” 3] — _[%]1
aeg A qzp [qZp—l]
We can find the dictionary:
_44]

Q%T;M (Vl = {1,V = {r, V3 = {3, Vg4 = Q4p’ Vs = Q4p 1) gfl Ng (]:5

F(1,0,0,0 (7’17 ) | [611] fqzl [613]

Using the decomposition property, we can also find the correspondence for general n

F,0,0,0) (7»19) — Z F1,0,0,0) (7 6]5 _nglp) ......

a=1




Summary

® We introduced the tetrahedron instantons, which can be realized in string
theory by DO-branes probing a configuration of intersecting Dé-branes with a
suitable background B-field.

® We studied the moduli space of tetrahedron instantons.

® The instanton partition function can be computed exactly, and allows a
plethystic expression.

® | ifting the type IIA configuration to M-theory, the instanton partition function
can be reproduced from the M-theory index.



Outlook

Our discussion can be extension in several directions:

@ Other spacetime S! X €Y, X R in IIA string theory.

(2) Adding D2- and D4-branes. The M-theory index will also receive contributions
from M-branes.
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Possible action of Cohomological Hall algebra

Action of Cohomological Hall algebra (COHA) on the cohomology of moduli space of

spiked instantons [Rapeak, Soibelman, Yang, Zbao, 2018]
[Gaiotto, Pafmﬁ]

B ;
(] 123 le r3 I
- I123
Jas Y Y
a X R4 B k B
. /- B3 B4
& I1341J13 : :
T9 D4

1 D4 r2 -

PLOTS FROM [Rafmﬁ, Soibelman, Yany, Zhao, 2018]

Free field representation of tetrahedron instanton partition function might help.






Free field representation

®* Free massless multi-component scalar field ¢ on T

v, 2
<¢i @20 (0,0)> ~ _log (2] 7) exp( 7 (Imz) > 5,

T 27n(t)? Imz

® Introduce a vertex operator
7 7
7 4, (2,Z) =1 exp [i Z ap; (24 pi T+ Pi)] ;- €Xp [—i 2 ap; (2= piZ = Pi)] 3
i=1 i=1
1

Where o = (1, i, i, i,l,l,l) and P = 5 (81, 82, 83, 84, 812, 813, 823) .

o INntroduce a linear source operator Y = Py Z Z w,(2)0,¢(z), where 1" is a loop arount z = 0
mJ = gv
My 1
encircling all £p;, and @,(z) = Z log 0, (z — Ay, — ESA T) .
a=1
hol

o The instanton partition function admits a free field representation: Z = <equ98% %a’P(Z)dZ> .
T2



Generalized field theories

A generalized field theory is constructed by merging several ordinary field theories
across defects. Its spacetime X contains several intersecting components, X = U, Xj,.

The fields and the gauge groups G, = G|, on different components can be different,

and the matter fields living on the intersection X, N X, transform in the bifundamental
representation of the product group G, X Gp.

Exam ple . Sp|ked inStantOnS The D1-D5 system for spiked instantons.

R'? 1 2 3 4 5 6 7 8 9 0
The instanton partition c* x R!! ;! 23 4 ,
function of spiked instantons b1 x y
provides a unified treatment Dsay x x x x x x
of instanton partition e S o
functions of 4d A =2 D5 23, x x x x x x
theories, with local or surface S oo O N

defects.
4
B = 2 b dx**~! A dx*

a=1



Research Overview

My research interests span the areas of quantum field theory, supersymmetry, string
theory and mathematical physics. In addition to today's topic, | have been working on

@D N =2 supersymmetric gauge theories
® Derivation of Seiberg-Witten geometry via instanton counting
* Alday-Gaiotto-Tachikawa correspondence via non-perturbative Dyson-Schwinger equations

®* First-principle calculation of effective gravitational couplings [wit) jan Manschot and Greqory Moore] boith Sackyeok.yong]
® Correspondence with 2d topological strings

2 Donaldson invariants of four-manifolds

® K-theoretical/elliptic Donaldson invariants  [with Heeyeon Kim, Jan Manschot, Gregory Moore and Runkai Tao]

@ A =1 theories of class Sk [with Thomas Bourton and ELLi Pomoni]

4 Supersymmetric localization computations in field/supergravity theories [wit jun ian]

5 Generalization of the notion of symmetries beyond group theory [with Entico Andriolo, Hanno Bertle, E[li Pomoni

| | and Konstantinos Zoubos]
®* Hidden quantum /4 = 4 superconformal symmetry in /' = 2 superconformal theories



x| 2?23 |2t |2 | 22| 2B 2
° Two quartets of matrices
k D1 — | e ° ° ° ° ° ° o | — End (C*
123 D7123 — — — — — — _— ® ® _— ? o (BCl)ae B < En ( )
g D7iog | — | — | = | = | — | ® | ® | —| —|— I = <IA)Ae4V’ I, € Hom (C"A, Ck)
nzgaDlgg | — | — | — | @ | | — | — | — | — | — -
nag3a D734 | — | @ | @ | — | — | — | — | — | — | —
RY =~ s!x|]c, xR,
Strings | N =(2,2) N =(0,2) (U (k),U(na)) a4l
Voctor Vector 7
D1-D1 Chl.ralﬁp;lzB/;i+--- (Adj.1)
Chiral (a € A) Cure Qe =Sa k-
Fermi ¥, _ =9, _ +
D1-D74 Chiral Chiral 94 = I + - - (k, 7i1)

Fermi Wy _ =Y _ +---

k=0

k=0 = Ae4’ a=1
5 e



Noncommutative Instantons

® Open strings connecting D-branes in the presence of a strong background B-field can
usually be described by noncommutative field theory.

® The spacetime becomes | L1 s Cg, with
[Za’ Zb] — [Za’ Zb] — O? [Za’ Zb] — = 2®5ab



Instanton partition function

Applying the supersymmetric localization techniques, Z, = — [Hdgb Z'~ 1l_IZ1 ‘a|, where

- 1" Ae4”
Zl—l _ 271'77(7’)391 (612|7‘) 91 (513|7-) 91 (523|7_) k ) c
k 91(51‘7) 91(62| )91(€3|T) 91(54|7-) |

y ﬁ 01 (Gij| 7) 01 (@ij + 12| 7) 01 (@i + 13| 7) 01 (@ij + €23| T)
01 (

1 (@ij +e1]7) 01 (hij + e2| 7) 01 (dij + 3| 7) 01 (D + 4| T)

3
;@
A)

1,7=1
i#]

Zl TA o 91 aAa—5A|7')
=1 = =

=1 a=1

The contour integral is evaluated using the Jeffrey-Kirwan res:due formula,
and the poles are labeled by a collection of plane partltlons {JZ'(A 0‘)}

T 12 M3

1 o2 723

Each plane partition » =
31 73p 733

> ﬂy>ﬂ+1y’ xy+1>0



Dimensional reduction

®* Performing a T-duality, we get a D0O-D6 system in type |IA superstring theory:.

®* The K-theoretical instanton partition function is computed by the generalized Witten
Indices.

Z, = L )A ( = Ity [( 1) an HH TAG] _ 2mig,
Nz i
I1,.,4.~1

ac4 Ae4’ a=1 Qa = €
ac4 1a— .
. ty = eZmaA,a
2 (1 —_ Q1QQ) (1 — q1QB) (1 T QQQB) naj/2 |
Zr = ¢ q X
( [Toes (1 - da) AH !
k k
xl /H dx; H (7 — i) (T — q1q273) (T — q1q375) (T — q2G3T;) 5

k! P ) ii=1 Ha€4( anz)

1]

® Similar reduction to D(-1)-D5 system will give the rational instanton partition function.



Low-energy worldvolume theory

V1=—V2=V3=—V4
for spiked instantons

1 r
Whenv, = v, = v; = v, = c + 3 the scalar potential is given by

acd Ae4’ Ae4’ a<be4

2
V=Tr[Z[Ba,B;] + ZlAlj—r] + ZTr|BAIA|2+ y Tr|[Ba,Bb]|2.

When r > 0, susy is broken in the original string theory vacuum, but is restored after
transitioning to a nearby vacuum via tachyon condensation.

The moduli space of tetrahedron instantons: the space of solutions to V = 0 modulo the
gauge symmetry U(k)



