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Plan of the talk

● Motivation for dualities
● Calogero-Ruijsenaars family
● Spin chain family
● Spectral duality(within the families)
● QC and QQ dualities(between the families)
● Application for the integrable probabilities
● TASEP versus Goldfish in some details
● Toda and qKZ
● General comments



  

Calogero-Moser systems

Calogero-Moser system 

Integer QHE

Particles near black hole horizon

Dynamics of defects in SU(N) 4d Super YM

SU(N) 2d YM with heavy fermion on the cylinder



  

Calogero-Moser systems.Reminder

Moment map for coadjoint action 
of

Lax operator

Conserved quantities



  

Ruijsenaars-Schneider family 

Calogero model

Goldfish model(Calogero 80')

Ruijsenaars-Schneider'86



  

Ruijsenaars-Schneider family 

RS family
N particles 

N-soliton sector in sin-Gordon theory

Dynamics of defects in SU(N) 
5d SuperYM theory

SU(N) 3d Chern-Simons theory on the torus with 
marked point



  

XXZ and Gaudin spin chains

Nonlocal commuting
Hamiltonians



  

Inhomogeneous twisted spin chain

Monodromy matrix of inhomogeneous
Twisted GL(N) spin chain

Nonlocal Hamiltonians

Local Lax operator for XXX chain

Gaudin model



  

Spectral duality. Toy example

x

E1

E2

p

H(p,q)=E      fixed  energy level of some one-particle Hamiltonian.

System I — motion along the fixed energy level

System II- motion across the fixed energy levels

System II

System I



  

Spectral duality in CM-RS family

Differential operator
In q

Difference operator
In k

Action and coordinates
get interchanged in
dual systems

Ruijsenaars 88-90

In gauge theories Fock,Nekrasov
Roubtsov, A.G. 1999,



  

Spectral duality for the 
inhomogeneous spin chains

Classical spectral curves for the
dual systems are identical

Twists and inhomogenities in the
dual systems get interchanged

Quantum monodromy matrix.
generating function for the
Quantum Hamiltonians

The dual quantum systems have identical up to multiplicities systems of nested
Bethe anzatz equations. The off-shell Bethe vectors in the dual systems obey
the dual pair of Knizhnik-Zamolodchikov equations
Mukhin,Tarasov,Varchenko 07'-22'

Harnad,Adams. Hurtubise
90'



  

QC duality. Toy example

x

p

E1

E2

Bethe Anzatz equations at the quantum spin chain side are equivalent to
the intersection of two Lagrangian submanifolds H=E and x=x0 at the classical
Calogero-Ruijsenaars side

x=x0



  

QC duality between families

Identification of parameters
under QC duality

Zabrodin,Zotov, A.G. 13'
Gaiotto,Koroteev 13'
Beketov,Lyashuk, Zabrodin,Zotov 14'



  

QC duality

Bethe anzatz equations at the quantum spin chain side =

Intersection of two Lagrangian submanifolds at the

Calogero-Ruijsenaars side

Two Lagrangian submanifolds are as follows

1. Fixed coordinates(=fixed inhomogeneities)

2. Fixed Hamiltonians (=fixed twists)

BA equations= equations for classical momenta at CM-RS side)



  

QQ duality between families

KZ equation for the rational
spin model

Parameter k in front of derivative in KZ equation gets identified with
Planck constant in the quantum Calogero-Ruijsenaars models 

Full picture for QQ  -- Zabrodin,Zotov  17
Role of Matsuo-Cherednik in QQ – Bulycheva, A.G. 14



  

QQ duality between families

Solution to the KZ equation symmetric under
permutations of inhomogeneities
Matsuo-Cherednik projection 91-92

Solution to the Schrodinger equation at Calogero side coincides
with the symmetrized solution to KZ at the spin side. 
the spectrum of Calogero is expressed in terms of twists
as at a classical level



  

Consistency of spectral and QC-QQ 
dualities

Classical consistency

Quantum consistency



  

QC and QC duality via geometry

Bethe anzatz equation at the spin chain side yields the  cohomologies 
or K-theory or the particular complex manifolds 
Nekrasov-Shatashvili 2009

Hence according to QC and QQ duality we could expect that the classical
and quantum CM-RS systems describe the cohomologies and K-theory
as well

It is true indeed 

Open Toda    -  flags          Givental, Givental -Kim 94-96
Calogero ---
Ruijsenaars ----cotangent bundle to flags

Koroteev,Zeitlin,Pushkar,Smirnov, Sage  17'-21'



  

Spectral duality and SYM

Branes where the gauge
theory lives on

Spectrally dual
models
90 angle rotation      
Gukov,Mironov, A.G. 97'



  

QQ and QC duality in SYM

Gaiotto-Koroteev 13'



  

World of integrable probabilities

Probability ->Measure ->Process Okounkov-Reshetikhin, 03'



  

Dualities for the integrable 
probabilities as QQ duality 

● There were observations that the Macdonald 
measure is related with the measure for the 6-
vertex higher rank stochastic models

● The arguments of the Macdonald measure 
were identified with the local jump rates in 6-
vertex models

● The non-symmetric Macdonald polynomial was 
derived from the higher rank 6-vertex model on 
the cylinder with the twists

● These results have no good explanations



  

Example of duality 

Borodin, Petrov, Orr, Agarwall,Corwin, Bufetov     16'-19'

Two vev's in different stochastic models coincide

Height function



  

Example of duality

t=0 limit of Macdonald operator

6-vertex family
Macdonald family

Boundary variables in Gelfand-Tsetlin scheme



  

Inhomogeneous TASEP stochastic 
model

Jump rates are position dependent



  

Inhomogeneous TASEP stochastic 
model

Markov operator for  homogeneous ASEP

Analogue of the steady state for inhomogeneous
stochastic models

Transfer-matrix for
Inhomogeneous TASEP

Discrete time evolution



  

Inhomogeneous TASEP model

Relation from the Faddeev-Zamolodchikov algebra

For SL(2) chain
Unitarity constraint



  

Goldfish-(inhomogeneous 
multispecies)TASEP QC duality



  

Trigonometric Goldfish-TASEP QC 
duality



  

QQ Goldfish -TASEP duality
rational case

For general multiplicities of twists



  

QQ Goldfish-TASEP duality
trigonometric case

Trigonometric qKZ

Wave function of trigonometric
goldfish



  

Goldfish model and spectral duality 
with open Toda spin chain

KZ for nil-Hecke algebra

This KZ upon the Matsuo-Cherednik projection yields the wave function of
open Toda. The dual KZ yields the wave function of the Goldfish model.
Hence the QQ duality fits with the spectral duality for the TASEP-Goldfish

Ruijsenaars 90 



  

General comments

● Stringy interpretation.Spectral duality — version 
of T-duality (mirror symmetry). QC and QQ 
duality- so called 3d mirror symmetry ( version 
of Langlands, Gaiotto-Koroteev)

● Elliptic versions of these dualities are known 
only for  few examples.No complete picture yet.

(Mironov,Morozov,Zenkevich, 
Koroteev,Shakirov, Zotov,Grekov)

● Useful applications for SUSY Yang-Mills theory 
which I have not touched at all.



  

Conclusion

● The «mysterious» dualities between two 
families of stochastic models are just the 
counterpart of the QQ dualities for integrable 
many-body systems

● The stochastic processes suggest the 
interesting generalization of the QQ duality for 
the integrable models

● New duality between Goldfish model and 
periodic inhomogeneous higher rank TASEP



  

Thank you for attention!
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