The DELL System

Peter Koroteev

Aug 19th 2022, University of Queensland



Literature

[arXiv:2110.02157] Phys.Lett.B 826 (2022) 136919
Double Inozemtsev Limits of the Quantum DELL System
A. Gorsky, P. Koroteev, O. Koroteeva, S. Shakirov

[arXiv:1906.10354] Lett.Math.Phys. 110 (2020) 969
The Quantum DELL System
P. Koroteev, S. Shakirov

[arXiv:1805.00986] Commun.Math.Phys. 381 (2021) 175
A-type Quiver Varieties and ADHM Moduli Spaces
P. Koroteev

larXiv:1412.6081] JHEP 05 (2015) 095
Defects and Quantum Seiberg-Witten Geometry
M. Bullimore, H. Kim, P. Koroteev


https://arxiv.org/abs/2110.02157
spires-open-journal://
spires-search://a%20gorsky,%20alexander
spires-search://a%20koroteev,%20peter
spires-search://a%20koroteeva,%20olesya
spires-search://a%20shakirov,%20shamil
https://arxiv.org/abs/1906.10354
spires-open-journal://
spires-search://a%20koroteev,%20peter
spires-search://a%20shakirov,%20shamil
https://arxiv.org/abs/1805.00986
spires-open-journal://
spires-search://a%20koroteev,%20peter
https://arxiv.org/abs/1412.6081
spires-open-journal://
spires-search://a%20bullimore,%20mathew
spires-search://a%20kim,%20hee-cheol
spires-search://a%20koroteev,%20peter

[PK Shakirov]

The

antum Double Elliptic Model
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Hamiltonians ¥, = 0710, in involution Ho, Hp| =0

E)
N

Z 6n 2"

nez

= | ni(ng=1) ~ .
Z (_Z)an wz 1 H 9 tm nsz/wj ‘p) . .pNN
STV N —

— 00 1<J

Spectrum H;Z(p,x) = E;(p,a)Z(p, x)

Eigenfunction  2e-s+m+a
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V(Z) ~ ; g)($] — ZIZ‘@)
The Calogero-Moser (CM) system has several generalizations ‘CM —> tCM —> eCM
1
Viz) = sinh 22
Another relativistic generalization called Ruijsenaars-Schneider (RS) family rRS —> tRS —> eRS

Heyy = lim Hrg — nmc?

Geometrically described by Hamiltonian reduction of T*GL(n) c— 00




Algebraic Integrable Systems

- These are examples of complex algebraic integrable systems with n
degrees of freedom whose phase space is a Lagrangian fibration of

complex dimension 2n equipped with holomorphic symplectic 2-form

n
Q= Z dp: A dx; over a smooth base whose fibers are Abelian varieties
i=1
(admit group law)

« There are n Poisson commuting Hamiltonians H, ..., H,

» |n action-angle variables, Hamiltonian evolution is linearized on the fibers
which serve as level sets of the Hamiltonians



[Donagi Witten]
[Gorsky Nekrasov]

[Nekrasov Pestun
Shatashvili]

Hitchin Integrable System

Seiberg-Witten solution of /= 2 gauge theories leads to Hitchin integrable system (&, @)

Holomorphic G vector bundle over C, with holomorphic section ¢ (Higgs field) of KCp ® ad(E) ® O(p)

A=a,dd+ -

E — ./\/lvac(R3 X Sl) Hyperkéhler (3d Coulomb branch) dz

1 .
p = 5(5p+Wp)7+“'
B = M., (R4) Special Kéhler (4d Coulomb branch) {ai,...,an}

OF

The n-dimensional Abelian variety is parameterized by the period matrix ~ Tij = da;0a
1 Uty

Liouville tori can be found inside the Jacobians of the algebraic curve Coordinates

P
det(z o gp) — O L; — Wy
/

The Abelian nature of Lagrangian fibers suggests that coordinates and momenta take values in
g g gd C, CX,EZCX/QZ



Many-Body Systems of CM/RS type
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[Oblomkov]
[Etingof]

The Calogero-Moser Space

Let V be an N-dimensional vector space over C. Let ' be the subset of GL(V) X GL(V) X V X V* consisting of elements
(M, T, u,v) such that

gMT —TM = u @ v’
The group GL(N; C) = GL(V) acts on /' by conjugation
(M, T, u,v) — (gMg™',gTg™", gu,vg™")
The quotient of ' by the action of GL(V) is called Calogero-Moser space .7/

M,, = {A, B,C}/GL(n;C)

Also can be understood as moduli space of flat
connections on punctured torus ABA Bl =C
< >
C =diag(q, ....q,q"™")

Integrable Hamiltonians are ~TrT*




Trigonometric RS Model

Flatness condition

In the basis where M is diagonal with eigenvalues &, ...,

Define tRS momenta D;

gMT —TM = u @ v’

H(
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The tRS Lax matrix reads sz- —
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Quantum tRS Spectrum

Difference operators pzf(fz) — f(qu) pifj — C](Sij fipj

tRS eigenvalue problem
H;(&,p)V (& a) =ei(a)V (€, a)

What is the geometric meaning of V?

Answering this question will help us to understand elliptic models

Before we answer this question notice the symmetry of the flatness condition

gMT —TM = u v’

qg— q L, M T, 1 — M

3d mirror symmetry



Enumerative AG/Integrable Systems

Wn—1
Quantum equivariant K-theory of Nakajima quiver varieties q < e f ----------- N |
Vi V2 s V1
A®B=A®B+ » A®4B
= 2) d
= V(T) (Z) — Z eVpZ:*(OgiI' @ 7-|Z917 QMnonsingp2>zd < KTXC; (X)loc[[z]]

d
Saddle point limit yields Bethe equations for XXZ

Quantum classes satisfy interesting difference equations in equivariant parameters and Kahler parameters qKZ, Dynamical equation [Okounkov, Smirnov]

After symmetrization they can be rewritten as eigenvalue equations for trigonometric Ruijsenaars-Schneider (tRS) system [PK, Zeitlin] [PK]

— — —

mirror frame T-(a) = Z H tj,i__aij sz' Tr(a)\/'(a, C) — Sr(Ca t)V(a, C)

Jc{1,...,n} i€l " €T
J|=r J¢J

In terms of string/gauge theory tRS eigenproblem is Ward identity [Gaiotto, PK] [Bullimore, Kim, PK] 0




Quantum tRS Spectrum

Theorem 2.10. Let Vp(l) be the coefficient for the wvertex function for X ,.cc.. ... (~.o,. T*Fl,,
Define
. .
O "G a) )
29 V(l) — z ) V ’
29) o = U5aay
where 0(z,q) = (x,q)oo(qx ™1, q)oo is basic theta-function. Then V, are eigenfunctions for Vi
tRS difference operators (2.8) for all fixed points p
(2.10) TT(C)VS) = er(a)Vz(,l) , r=1,...,n,
where e, 1s elementary symmetric polynomial of degree r of ai,...,a, .
Quantum multiplication by class
tRS momenta D; = ikl il i -
Sl,l c o e e e S’L,Z Az% ® AZ—Fl%j—l

Chern roots s; , satisfy XXZ Bethe Ansatz equations

[PK]



Macdonald Polynomials

Proposition 2.11. Consider coefficient functions for K-theory of QM to X,, (2.9) for all
fized points of the maximal torus. Let A\ be a partition of k elements of length n and
Al > > Ay, Let

(2.18) ai—H:qzih, gi:)\i—I—l_)\i) izl,...,n—l.
%)

Then there exists a fixed point q for which
(2.19) Vo= Py(Cia,h).

a; = aqg R, i=1,....n

T1(C)Pr(C5 9, h) = (Z q" ﬁz") Px(¢;q, h)
1=1
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O C 7 — q§1 — &2
e
2 Hy = pip2
ai, a
Macdonald polynomials
A2

a1 = agM bl as = aq

Example: 7*+P!
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EllipticRSModel - o =

rational CMS < |0 trigonometric CMS, |, elliptic CMS

r ~=ere/antum cohomology
A /i A 4

R— 0l & D) R0
91 hC /C ra|ona/ e =0 elliptic
B@= 3 Hgmidh Hm HuZ"5(a, @) = M(@)27(a, e e L SO
JC{la 7n} €] 1 CZ/CJ 1€] ?wéo(// ‘w—0
Jl=r s e | dualelliptic CMS | dual ell S o
ptic ual elliptic RS Elliptic Cohomology
—

Conjecture 5.1. The solution of (5.2) is given by the K-theoretic holomorphic equivariant
Euler characteristic of the affine Laumon space

(5.3) 7 = Z /

y
where d = (q1,...,qn) s a string of C* -valued coordinates on the mazximal torus ofﬁgﬁ. The
ergenvalues &, are equivariant Chern characters of bundles A" % , where # 1is the constant »

bundle of the corresponding ADHM space. In other words they have the following form
(5.4) Er=er+» pel,
[=1

where e, are symmetric functions of the equivariant parameters ai,...,an.



eRS Spectrum

Euler characteristic of affine Laumon space (representation space of a chain-saw quiver)

2= Ll[q’”(” (@, h,q) P=q1- 0
I

Theorem 1.1. Let € = (x1,...xn) be the position vector of the eRS model and Z™*°(a, x) =
l1m Z6d/4d

st

(w, p, ) is its wavefunction. Then the following equality holds

(1.6) Hip, 2% (a, ) = M\p(a)Z25(a, ) k=1,...,N—1.

where the eigenvalues read

k—1 >
O(tN—")  ZB5(q, tPgwk)
1. A — ¢ —_ k — 1 e o o N_ 1
( 7) k(a) nlzlo (9(tn+1) ZRS(G,, tp) ) ’ ’

where Wy, is the k-th fundamental weight of representation of SU(N) and p = ((N —
1)/2,(N =3)/2,...,(3—=N)/2,(1 — N)/2) is the SU(N) Weyl vector.




[PK Shakirov]

N-particle DELL Hamiltonians Hq = Oaloa
0@ =) 0" = ), (-9="w [To¢ma:/z1p) 51 ... By
ncZ N1,e..,UN =—0C 1<
Quasiperiodicity
O(w2) = ()N M NNDg=7) 8(2), T =ji+.. +
N—1
So that there are only N — 1 independent operators Z (N) (2)
a=0
OtV (2)

. . cZ
Generator of all DELL Hamiltonians "
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Commutativity and Spectrum

e Y

Conjecture1: DELL Hamiltonians commute Hy, Hpy| =0

Conjecture2: et = (z1,...,zN) be the position vector, Z(p,x) be a properly nor-

malized equivariant elliptic genus of the affine Laumon space in the limit e — 0. Then
there exists a function \(z, a,w,p) such that

S

O(Z)"@p(pv CB) — )\(27 a’vva) Oog(p, m) ’
In particular, by expanding the currents in z, including  A(z, a,w,p) = ) An(a,w,p)z"

we get j_\cnz’6d/4d(wap7 QZ‘) — )‘n(aa wap)z’6d/4d(wap7 CE)

wnst st

Both conjectures have been verified till certain order in 7 expansion
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Operators O can be combined into genus-2 theta functions

a b TTogm - ki+a)2—a? _ (ko4b)2—b% ,2(ki+a)(ka+b 2\k1t+a 2\ k2+b
@|:OO:|<Q gp|gm 7_2) — Z p(l ) w(2) t(l )(2 )(_Q)l (P)Q

k1,ko=—0o0

Parameters g

qg=ce ’ t — €7T7jmg7 D= 677727'1, W — 677&'7'27 P — em;gp’ Q _ em;q
Limits w— 0 eRS model
0(z) 9<x1‘p) z<6’ (ml p)p +9($1 ’p)p>+z29 (xl‘p)pp I 04 H(t%p) 9(75%]9) i 09
i) i) t.fCQ To 1 O() 9 (ﬂ p) P1 + 9 (Q p) P2, 2 O() P1P2
2 1

p=0 o= X wd (1o n) (1)"

P2
— Z W™ ((1 — thl_lxl) (Zﬂ)nl p2 T (1 — t_2n1+1@> <p2>nl p1>
e Z2 P2 X1
2

X <
0(zp1|w)b(zp2|w) — m—; 0(ztp1|w)0 (ZP2|U}>

Dual eRS model
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C I as S I ca I D E L L [Braden I\[/Il?zarras?\znkol_\llol\l/lI(i)rvc\)/(r?c(z\(jI ]Morozov]

[Braden Gorsky Odessky Rubtsov]

Spectral curve

o0 1 17 ~
Zm” {8?9(65@)} - |OFH(¢, w,a)] =0 O 1 1 (z,Nm(m—al)),...,Nm(:B—aN)|H) =0
n—0 | 2 2
N
H(¢,w,a) :He(ec/ai\w) .
i=1 O h (Z|I1) = Z exp (mi(m+a)-1I-(m+a)+27i(Z+Db) - (m+a))
- - meZ9
(N+ 1) X (N+ 1) period matrix
/7-1 gm gm - -- gm\ / C& I
gm T o --- 0 | |
fe|gm 0 m -~ 0 /L\ [
0 “
\gm 0 0 7'2/

The Seiberg-Witten curve X for 6d (1,0)* theory compactified on T2

A; B; When m — 0 “small’ tori decouple



Toric Diagrams

DELL Spin DELL
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Spectrum

Eigenfunctions are computed as equivariant Euler characteristic of the instanton moduli spaces (ADHM)

y/
Torsion free sheaves on C? with framing at infinity i § i
X1=—1=—q) 1 —@)V V" +q@¥ V" +W"V S
Maximaltorus 71T = C» x C* x T(GL(k;C ~1 -1
T q2 ( ( . C)) X2 = (1 — QmQ1 do )Xl
Compute T-equivariant character on T*.4, , in the presence of ramification
%Aazzﬂmm a=1,....N m® = (my,...,mM1, M2, ..., M2, ..., Mg, ..., M)
— —— S—
nq no Ns
Instanton moduli space decomposes
" e 6d/4d k()
_ 1 ks(A)
Mk,N — @ Mkl,...,kS,N Z’imst o le -l Z’p,)\
A
kl,...,ks To T Fs—1




o 6d/4d
Turn off one of the equivariant parameters ff()g a,q1, Qm, P, w) — lim inst

Z

eo—0

Spectrum cont'd

)

Then O(2)Z

Macdonald function Gauge theory Relation
index j = (J1,...,Jn) Coulomb parameters a | ai = g~ k2N =2k
argument x = (x1,...,x,) | Defect Kahler classes x —
parameter q Equivariant parameter q; q = q 2
parameter ¢ Mass of the adjoint ), Q,, = t?>q?
parameter p Instanton parameter p —
parameter w 6d modular parameter w —

)\(Z) O()QP



Elliptic Macdonald Functions

As with g-hypergeometric series a truncation is expected for DELL, only now the truncated functions are no longer polynomials

CP.] (X> — %(ijv q,t, D, ”LU) A — q_ijtQN_Zk
a(z)ij (x) = A\j(2) 6OCPj (x) Can rewrite as ( d% AL(z) H(2) ) Pi(x) = 0

N=2 example (a1,a2) = (qt_l/Qvt_l/Z)

gt —1)(qt* — 1) ((z1 +22) 2 (¢t = 1) — (¢ — 1)(2¢t + ¢ + t + 2))
x1z2(q — t) (g2t — 1)°

(q—t)2(qt — 1)(qt + 1)? ) '
-<1+w T + O(w )>+ ,

Z(x)=(x1+x2) |14p

(t-D(@+D-t"  (g+1)(¢gt" +1)°
t3/2(q2t _ 1) 753/2q

)\1 _ —t_1/2 o t1/2q —p

(t — 1) (gt + 1)(t*q* — 3¢% + %3 + 2¢%t + 2212 + 283¢ + ¢*t + gt — t + 1)(q — t)?
t7/2q%(q*t — 1)

pw



EIIiptic Macdonald Polynomials

o n—1 i 0 (q ) i 41 (9( CC—|—1',I<:)
| —d; k 47 i, itk
Take limitp — 0 ﬁf(ij N Z H(x ) H S HH Tit1.k e
d; €Cp i=1 1+1 j’k:19(t_)d —di s 1=1k= 19( xj, )d —dii1k
Elliptic h tric series with T o0 (g r|w)
Iptic hypergeometric series wi O(x|lw)g = H 0(q'x|w) = (]w) They describe equivariant elliptic cohomology of T*[F,,
=0
Truncate as before
: here
J— i + S ; 0(¢"|p)
ﬂ)- T Qj‘ q,t p ij —2/ . _ B _ q p
i(7) = Z Hg—z+ﬁ—1][z+1] b=1q " 0(qlp)
Orthogonality
1 dx N 2 —2
| . T T P;(x
21 74 — P (CC) j)j’ (x) = 05,5 3)*(37561»7570) — g'2 Lol —) J( )2
| T J Fq(tz?)Tq(tz=2) || 5]



What's Next

Inosemtsev limit from DELL

Elliptic opers (quantum/classical duality)

Large number of particles — double elliptic hydrodynamics?
Proof of conjectures

Add you own!



