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The talk is based on joint recent paper with A. Grekov

A. Grekov, A. Zotov, Characteristic determinant and Manakov triple for the double
elliptic integrable system, SciPost Physics, 10:3 (2021), 055; arXiv:2010.08077.

In the end we also discuss a part of
A. Grekov, A. Zotov, On Cherednik and Nazarov-Sklyanin large N limit
construction for double elliptic integrable system, arXiv:2102.06853.



Plan of the talk:

• Integrable many-body systems and Ruijsenaars (action-angle) duality

• Determinant representation

• IRF-Vertex relation and factorized Lax operators

• Manakov triple

• Classification of L-matrices

• Some open problems

• Dell version of Dunkl-Cherednik operators



Calogero-Moser-Sutherland integrable many-body systems
The Hamiltonian

HCM =

N∑
i=1

p2i
2
− ν2

N∑
i>j

U(qi − qj) ,

where ν ∈ C – constant of interaction and
U(qi − qj) – potential of pairwise interaction (on a complex plane):

ϑ(z) :=

 z ,
sinh(z) ,
ϑ(z)

U(z) = −∂2z log ϑ(z) =


1/z2 ,

1/ sinh2(z) ,
℘(z) + const

Theta-function: (quasi-periodic function on the lattice z → z + 1, z → z + τ)

ϑ(z) = ϑ(z|τ) = −i
∑
k∈Z

(−1)keπi(k+
1
2 )

2τeπi(2k+1)z , Im(τ) > 0 .

p = e2πiτ , p→ 0 : ϑ(w)→ −ip 1
8 (
√
x− 1/

√
x) , x = e2πiz .



Briefly about elliptic functions (the Kronecker function)

φ(η, z) =



1/η + 1/z ,

coth(η) + coth(z) ,

ϑ′(0)ϑ(η + z)

ϑ(η)ϑ(z)
.

E1(z) =



1/z ,

coth(z) ,

ϑ′(z)

ϑ(z)

℘(z) =



1/z2 ,

1/ sinh2(z) + 1/3 ,

−E′1(z) +
1

3

ϑ′′′(0)

ϑ′(0)

Properties:
1. it has a simple pole at z = 0: Res

z=0
φ(η, z) = 1 .

2. The quasi-periodic behavior on the lattice of periods Z⊕ τZ (Στ = C/Z⊕ τZ)

φ(η, z + 1) = φ(η, z) , φ(η, z + τ) = e−2πıηφ(η, z) .

3. Fay identity – Riemann identities for theta functions (addition formula)

φ(η1, z12)φ(η2, z23) = φ(η2, z13)φ(η1 − η2, z12) + φ(η2 − η1, z23)φ(η1, z13) .



Addition formulae for 1/x function:

(z1 − z2) + (z2 − z3) + (z3 − z1) = 0

or, dividing by (z1 − z2)(z2 − z3)(z3 − z1)

1

(z1 − z2)

1

(z2 − z3)
+

1

(z2 − z3)

1

(z3 − z1)
+

1

(z3 − z1)

1

(z1 − z2)
= 0

For the function of two variables

φ(η, z) =
1

η
+

1

z

we have the (genus 1) Fay identity (can be viewed as functional equation)

φ(η1, z12)φ(η2, z23) = φ(η2, z13)φ(η1 − η2, z12) + φ(η2 − η1, z23)φ(η1, z13) ,

where zij = zi − zj . The upper addition formula is reproduced when η →∞.

Numerous applications in classical and quantum integrable systems: Lax equations,

r-matrix structures, quadratic algebras of Sklyanin type, Yang-Baxter equations, Dunkl

operators, Knizhnik-Zamolodchikov equations...



Lax matrices L(z) - N ×N matrix (function of z):

L̇(z) = [L(z),M(z)] − equations of motion ∀z

trLk(z) – conservation laws.
for the Calogero-Moser model (the Krichever’s Lax pair)

LCM
ij = piδij + ν(1− δij)φ(z, qij) .

MCM
ij = νdi δij + ν(1− δij)φ′(z, qij) , di =

∑
k 6=i

℘(qik) ,

The Ruijsenaars-Schneider model:

q̈i =

N∑
k 6=i

q̇iq̇k(2E1(qik)− E1(qik + η)− E1(qik − η)) , i = 1 . . . N ,

where qij = qi − qj , η – the coupling constant.
The Lax matrix has trigonometric (exponential) dependence on momenta:

LRS
ij = φ(z, qij + η)

∏
k 6=j

ϑ(qjk − η)

ϑ(qjk)
epj/c .



A short summary:
We have families of many-body integrable systems (Calogero-Ruijsenaars) with
rational, trigonometric and elliptic potentials in coordinates.
Their existence (integrability) is based on solutions of the functional equation

φ(η1, z12)φ(η2, z23) = φ(η2, z13)φ(η1 − η2, z12) + φ(η2 − η1, z23)φ(η1, z13) ,

Main set of solutions:

ϑ(z) =


z ,
sinh(z) ,
ϑ(z)

φ(η, z) =


1/η + 1/z ,
coth(η) + coth(z) ,
ϑ′(0)ϑ(η + z)

ϑ(η)ϑ(z)
.

The Lax matrices and other structures are constructed through these functions.
In momenta the dependence is either rational (Calogero) or trigonometric
(Ruijsenaars). What about elliptic case (dependence in momenta)?



P-Q duality (or Ruijsenaars duality or action-angle duality)
It interchanges action variables and coordinates in two models.
From the group-theoretical approach we have the moment map equations of type

LCM
ij (qi − qj) = ν(1− δij) LCM

ij = piδij + ν(1− δij)/(qi − qj)

or using notation e = (1, ..., 1)

[Q,LCM] = ν(eT ⊗ e− 1N ) , Q = diag(q1, ..., qN ) .

Using the eigenvector problem LCMΨ = ΨΛ (or LCM = ΨΛΨ−1)

AdΨ−1 : [Q,LCM] = ν(e⊗ e− 1N )→ [L̃,Λ] = ν(ξ ⊗ η − 1N )

Λ = diag(λ1, ..., λN )− action variables for LCM

The matrix L̃ = Ψ−1QΨ is again Lax matrix of (another) Calogero model with
coordinates λi and action variables qi: L̃

CM
ij = p̃iδij − ν(1− δij)/(λi − λj).



Similarly (but already not so easy):

A− gAg−1 = ν(eT ⊗ e− 1N )

can be solved
1. with respect to A with diagonal g – trigonometric Calogero model
2. or with respect to g with diagonal A – rational Ruijsenaars model.

The duality map interchanges the types of dependence. However, in the elliptic
case the group-theoretical approach does not work in this way.

But one can find the Hamiltonians for the systems dual to models elliptic in
coordinates. The answer is given in terms of higher genus theta-functions.
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We are going to deal with an alternative formulation.
P. Koroteev, Sh. Shakirov, The Quantum DELL System, Lett. Math. Phys. 110
(2020) 969–999; arXiv:1906.10354 [hep-th].
In what follows we also use the following (slightly modified) theta-function

θp(x) =
∑
n∈Z

p
n2−n

2 (−x)n , p = e2πiτ .

It is easily related to the previous:

θp(x) = ip−
1
8x

1
2ϑ(w| τ) , x = e2πiw .

In the trigonometric limit p→ 0

θp(x)→ (1− x) , ϑ(w)→ −ip
1
8 (
√
x− 1/

√
x) .



The Koroteev-Shakirov version of generating function of commuting Hamiltonians.
Consider

Ô(λ) =
∑

n1,...,nN∈Z
ω
∑

i

n2
i−ni
2 (−λ)

∑
i ni

N∏
i<j

θp(t
ni−nj xi

xj
)

θp(
xi

xj
)

N∏
i

qnixi∂i =
∑
n∈Z

λnÔn .

and
Ĥn = Ô−1

0 Ôn
The positions of particles qi enter through xi = eqi , t = eη – is exponent of the
coupling constant η, q = e~ – is exponent of the Planck constant ~; ∂i = ∂xi , so
that ∂qi = xi∂i. ω = e2πiτ̃ is the second modular parameter, λ is the (spectral)
parameter of generating function.
When N = 1 we have θω(λqx1∂x1 ).
Commutativity

[Ĥn, Ĥm] = 0

is an experimental result.



We define a modified version of the generating function Ô depending also on the
spectral parameter z:

Ô′(z, λ) =
∑
k∈Z

ϑ(z − kη)

ϑ(z)
λkÔ′k =

∑
n1,...,nN∈Z

ϑ(z − η
∑N
i=1 ni)

ϑ(z)
ω
∑

i

n2
i−ni
2 (−λ)

∑N
i ni

N∏
i<j

ϑ(qi − qj + η(ni − nj))
ϑ(qi − qj)

N∏
i

eni~∂qi .

Using the elliptic Ruijsenaars-Schneider Lax operator

L̂RSij (z, qi − qj , η, ~) =
ϑ(−η)ϑ(z + qij − η)

ϑ(z)ϑ(qij − η)

∏
k 6=j

ϑ(qjk + η)

ϑ(qjk)
e~∂qj . qij = qi − qj .

we are going to prove

Ô′(z, λ) = : det
1≤i,j≤N

{
L̂Dell
ij (z, λ | ~, η | τ, ω)

}
: ,

where

L̂Dell
ij (z, λ | ~, η | τ, ω) =

∑
k∈Z

ω
k2−k

2 (−λ)kL̂RSij (z, qi − qj , kη, k~)



Sketch of the proof: Consider the determinant

: det L̂ :=
∑
σ

(−1)|σ| : L̂σ(1)1L̂σ(2)2 ... L̂σ(N)N : .

Let us represent it as a sum of determinants. For this purpose collect all the terms
with

∏N
i q

nixi∂i :

: det L̂ :=
∑

n1,...,nN∈Z
ω
∑

i

n2
i−ni
2 (−λ)

∑
i ni×

×
∑
σ

(−1)|σ| : L̂RS
σ(1)1(z, n1η, n1~)L̂RS

σ(2)2(z, n2η, n2~) ... L̂RS
σ(N)N (z, nNη, nN~) :

=
∑

n1,...,nN∈Z
ω
∑

i

n2
i−ni
2 (−λ)

∑
i ni : det

1≤i,j≤N
L̂RS
ij (z, qi − qj , njη, nj~) : ,

where the matrix L̂RS
ij (z, qi − qj , njη, nj~) is constructed by combining rows from

different terms of the sum.



Using its explicit form let us rewrite it through the elliptic Cauchy matrix:

L̂RS
ij (z, qi − qj , njη, nj~) = ϑ(−njη)LCauchy

ij (z, qi − q̃j)
∏
k:k 6=j

ϑ(q̃j − qk)
ϑ(qj − qk)

enj~∂j ,

where

LCauchy
ij (z, qi − q̃j) =

ϑ(z + qi − q̃j)
ϑ(z)ϑ(qi − q̃j)

, q̃j = qj + njη .

Therefore,

: det
1≤i,j≤N

L̂RS
ij (z, qi − qj , njη, nj~) : =

= det
1≤i,j≤N

LCauchy
ij (z, qi − q̃j)

N∏
k=1

ϑ(−nkη)
∏

k,j:k 6=j

ϑ(q̃j − qk)
ϑ(qj − qk)

N∏
k=1

enk~∂k .



Plugging the Cauchy determinant identity

det
1≤i,j≤N

ϑ(z + ui − wj)
ϑ(z)ϑ(ui − wj)

=

ϑ
(
z +

N∑
i=1

(ui − wj)
)

ϑ(z)

N∏
p<q

ϑ(up − uq)ϑ(wq − wp)

N∏
r,s=1

ϑ(ur − ws)
.

we finish the proof. �



Recall the definition of the Hamiltonians: Ĥn = Ô−1
0 Ôn.

Generating function for these Hamiltonians is

Ĥ(λ) =
∑
n∈Z

λnĤn = Ô−1
0 Ô(λ),

where
Ô(λ) =

∑
n∈Z

λnÔn.

Define the operator Ô(1) = Ô(λ)|λ=1.
Let us prove that

Ĥ(λ) = Ô(1)−1Ô(λ) =
∑
n∈Z

λnĤn , Ĥn = Ô(1)−1Ôn

is also a generating function of the commuting Hamiltonians.
So that commutativity of Ĥn follows from commutativity of Ĥn.



Proof: First, let us notice that the operators Ĥk n = Ô−1
k Ôn = Ĥ−1

k Ĥn also

commute with each other due to commutativity of Ĥk. Therefore,
ĤmkĤnk = ĤnkĤmk, or acting on this equality by Ô−1

k from the right

Ô−1
m ÔkÔ−1

n = Ô−1
n ÔkÔ−1

m .

Next, summing up over k ∈ Z gives

Ô−1
m Ô(1)Ô−1

n = Ô−1
n Ô(1)Ô−1

m .

By taking its inverse we get ÔnÔ(1)−1Ôm = ÔmO(1)−1Ôn . Finally, multiplying
both sides by Ô(1)−1 from the left yields

Ô(1)−1ÔnÔ(1)−1Ôm = Ô(1)−1ÔmÔ(1)−1Ôn

for any n and m, which is equivalent to [Ĥn, Ĥm] = 0. �



Importance of

Ĥ(λ) = Ô(1)−1Ô(λ) =
∑
n∈Z

λnĤn , Ĥn = Ô(1)−1Ôn .

is as follows.
On the one hand Ô(1), compared to Ô0 is hard to invert since its Taylor series
expansion in ω starts not with 1.
On the other hand the advantage of Ô(1) is its determinant representation, while
there is no natural way to find a determinant representation for Ô0.
The generating function of the quantum Hamiltonians takes the form:

Ĥ(z, λ) =: ( det
1≤i,j≤N

Lij(z, 1)) :−1 : det
1≤i,j≤N

Lij(z, λ) : .

The operator Ô(1)−1 in really acts on Ô(λ) as a quantum operator, so that we can
not unify the normal orderings.
But in the classical case

H(z, λ) = det
N×N

[L−1(z, 1)L(z, λ)] ,



That is, the matrix

L(z, λ) = L−1(z, 1)L(z, λ) ∈ Mat(N,C)

with

L(z, λ) =
∑
n∈Z

(−λ)nω
n2−n

2 LRS(z, qn, tn)

arises, which determinant H(z, λ) is the generating function of the classical
Hamiltonians.

We call it spectral L-matrix. It is not Lax matrix since its traces (eigenvalues) are
not the Hamiltonians. Only determinant.



Expression H(z, λ) can be considered as an analogue of the expression

det(λ− l(z))

for the spectral curve of an integrable system with the Lax matrix l(z). It can be
seen from the limit ω = 0 we have

L(z, λ)|ω=0 = 1N − λLRS(z, q, t) ,

where 1N is the identity N ×N matrix. Then

L(z, λ) = L−1(z, 1)L(z, λ) = λ1N + (1− λ)
(

1N − LRS(z, q, t)
)−1

.

Therefore, equation H(z, λ)|ω=0 = 0 is indeed the spectral curve of the elliptic
Ruijsenaars-Schneider model (written in some complicated way).
If we had a true Lax matrix for the Dell model then detL(z, λ) should represent its
spectral curve. So, if the Lax representation exists we need to find a matrix L̆ of a
size M ×M (possibly M =∞) and a change of variables u = u(z, λ), ζ = ζ(z, λ)
satisfying

det
N×N

L(z, λ) = det
M×M

(
u− L̆(ζ)

)
.



L-A-B Manakov triple

d

dtk
L(z, λ) = [L(z, λ),Mk(z)] +Bk(z, λ)L(z, λ) ,

where
trBk(z, λ) = 0 .

Indeed, by differentiating L(z, λ) we get

Mk(z) = L−1(z, λ)
( d

dtk
L(z, λ)

)
and

Bk(z, λ) = L−1(z, λ)
( d

dtk
L(z, λ)

)
− L−1(z, 1)

( d

dtk
L(z, 1)

)
.

The property of trB = 0 follows from

d

dtk
detL(z, λ) =

d

dtk

detL(z, λ)

detL(z, 1)
.

The l.h.s. of equals zero since detL(z, λ) = H(z, λ), while the r.h.s. is proportional
to the trace of Bk(z, λ).



IRF-Vertex relation
Consider the intertwining matrix (Baxter, Jimbo, Miwa..)

g(z, q) = Ξ(z, q)
(
D0
)−1

with

Ξij(z, q) = ϑ

[
1
2 −

i
N

N
2

](
z −Nqj +

N∑
m=1

qm |Nτ

)
,

and
D0
ij(z, q) = δijD

0
j = δij

∏
k 6=j

ϑ(qj − qk) .

Relates dynamical and non-dynamical R-matrices:

g2(z2, q) g1(z1, q + ~(2))RF
12(~, z1 − z2| q) = RB

12(~, z1 − z2) g1(z1, q) g2(z2, q + ~(1)) .
where

RF
12(~, z1, z2| q) = RF

12(~, z1 − z2| q) =

=
∑
i6=j

Eii ⊗ Ejj φ(~,−qij) +
∑
i6=j

Eij ⊗ Eji φ(z1 − z2, qij) + φ(~, z1 − z2)
∑
i

Eii ⊗ Eii .

and RB,~
12 (z) =

∑
α

Tα ⊗ T−α ϕα(z, ωα + ~) .



For non-dynamical R-matrices we have ordinary exchange relations:

L̂1(z)L̂2(w)RB,~
12 (z − w) = RB,~

12 (z − w)L̂2(w)L̂1(z) .

Factorization of Lax operator (K. Hasegawa)
The Ruijsenaars Lax operator is represented in the form:

L̂RS(z) = g−1(z)g(z −Nη) qdiag(∂q1 ,...,∂qN )/c

Classical version

LRS(z) = g−1(z)g(z −Nη)eP/c ∈ Mat(N,C) , P = diag(p1, ..., pN )

and η = ν/c→ 0 provides

LCM(z) = P + ν ′g−1∂zg .

The gauged transformed is the Sklyanin’s Lax operator

L̂Skl(z) = : g(z −Nη) qdiag(∂q1 ,...,∂qN )/c g−1(z) : =
N∑
k=1

gik(z −Nη) g−1kj (z) e(~/c)∂qk .



For the systems of Calogero-Ruijsenaars type the Lax matrix can be specified by a
choice of two ingredients:
• the function f ,
• intertwining matrix Ξ(z): Then the Lax matrix is of the form:

LCR(z) = G−1(z) f(−adNη∂z)G(z) , ad∂z∗ = [∂z, ∗ ] ,

where the matrix G(z) is defined in terms of Ξ(z):

G(z) = g(z, τ)e
z

Ncη
P

= Ξ(z)D−1e
z

Ncη
P
, P = diag(p1, ..., pN )

The function f(w) is either: 1) linear: f(w) = w; or 2) exponent: f(w) = ew. The
first choice of the function f provides the Lax matrix of the
Calogero-Moser-Sutherland systems. The second choice of f gives rise to the Lax
matrices of the Ruijsenaars-Schneider models.
What is elliptic version for function f?



The choices of g(z) = Ξ(z)(D0)−1

1. Elliptic

Ξij(z, q) = ϑ

[
1
2 −

i
N

N
2

](
z −Nqj +

N∑
m=1

qm |Nτ

)
,

D0
ij(z, q) = δijD

0
j = δij

∏
k 6=j

ϑ(qj − qk) .

2. Trigonometric with spectral parameter

D0
ij = δij

∏
k 6=i

(e−2qi − e−2qk) ,

Ξ̃ij(z) =


xi−1j , i ≤ N,

xN−1j +
(−1)N

xj
, i = N

with xj = e−2qj+2z+2q̄. Here q̄ = 1
N

N∑
k=1

qk is the center of mass coordinate.



2∗. Trigonometric without spectral parameter

Ξij(z) = exp ((2i− 1−N)(z − qj)) ,

(D0)ij = δij
∏
k 6=i

sinh(qi − qk)

3. Rational with spectral parameter

(D0)ij(q) = δij
n∏
k 6=i

(qi − qk) ,

Ξij(q, z) = (z − qj + q̄)%(i) , q̄ = 1
N

N∑
k=1

qk

with

%(i) =

{
i− 1 for 1 ≤ i ≤ N − 1,
N for i = N .

3∗. Rational without spectral parameter

Ξij(z) = (z − qj + q̄)i−1

is the Vandermonde matrix



Based on the Koroteev-Shakirov Hamiltonians and/or the Manakov L-matrix
structure we come to elliptic version for the function f :

3) ratio of theta-functions: fλ(w) =
θω(λew)

θω(ew)
.

Let us slightly change the definition of fλ(w) as in transition from θp(e
w) to ϑ(w)

together with additional normalization factor ϑ′(0)/ϑ(log(λ)).
Then the function fλ(w) turns into the Kronecker elliptic function depending on
the moduli τ̃ (defined through ω = e2πıτ̃ ):

fu(w)→ λ1/2fu(w)
ϑ′(0|τ̃)

ϑ(u|τ̃)
= Φ(u,w|τ̃) =

ϑ′(0|τ̃)ϑ(w + u|τ̃)

ϑ(u|τ̃)ϑ(w|τ̃)
.

where u = log(λ).
In this way we come to the classification for the function fu(w) (responsible for the
momenta type dependence), which is parallel to the well known classification of the
coordinates dependence.



The Ruijsenaars-Schneider Lax matrix takes the form

L̃RS(z) = G−1(z) Ade−Nη∂z G(z)

with
G(z) = Ξ(z)D−1e

z
Ncη

P
= g(z)e

z
Ncη

P
, P = diag(p1, ..., pN )

Up to gauge transformation with the diagonal matrix exp ( z
NcηP ):

L̃RS(z) = G−1(z)G(z −Nη) = e
− z
Ncη

P
LRS(z) e

z
Ncη

P
.

For the double elliptic case we get

L(z, λ) = g−1(z)
∑
k∈Z

(−λ)kω
k2−k

2 g(z − kNη) ekP/c ,

or
L′(z, λ) = e

− z
cη
PL(z, λ)e

z
cη
P

= G−1(z)θω

(
λAde−Nη∂z

)
G(z) .



By introducing also

Θ(z, λ) = θω

(
λAde−Nη∂z

)
G(z) =

=
∑
k∈Z

(−λ)kω
k2−k

2 g(z − kNη) ekP/ce
z
cη
P

we come to the following expression for the Manakov’s L-matrix:

L′(z, λ) = Θ−1(z, 1)Θ(z, λ) .

In terms of the Kronecker function we may write the Manakov L-matrix as

Ľ(z, λ) = Φ[G(z, τ), u|τ̃ ] :=

=
ϑ′(0|τ̃)

ϑ(u|τ̃)

[
ϑ(− adNη∂z |τ̃)G(z)

]−1
ϑ(u− adNη∂z |τ̃)G(z) ,

where u = log(λ).
This gives a universal receipt for construction of the L-matrices in the table of
many-body systems.





Sklyanin type L-operator

LSkl(z) = G(z)L̃RS(z)G−1(z) =

= G(z −Nη)G−1(z) = Ξ(z −Nη) eP/c Ξ−1(z) .

In quantum case

L̂Skl(z) = : Ξ(z −Nη) qdiag(∂q1 ,...,∂qN )/c Ξ−1(z) : =

N∑
k=1

Ξik(z −Nη) Ξ−1
kj (z) e(~/c)∂qk .

Then for the Dell model we have

LDell(z, λ) = G(z)L(z, λ)G−1(z) =
(
f(−adNη∂z)G(z)

)
G−1(z) =

=
∑
m∈Z

(−λ)mω
m2−m

2 Ξ(z −mNη) emP/c Ξ−1(z) .

Hence, we have the answer similar to the one obtained through Ruijsenaars model:

LDell(z, λ) =
∑
m∈Z

(−λ)mω
m2−m

2 LSkl(z, {pi}, {qi},mη,mc−1) .



Let us quantize the Sklyanin L-operators in the fundamental representation. These
quantizations are described by Belavin’s R-matrices.
Then for

L̂Dell(z, λ) =
(

: L̂Skl(z, 1) :
)−1

: L̂Skl(z, λ) :

we get the following answer for L̂Dell(z, λ)

R12(z, λ) = R12(z, 1)−1R12(z, λ) ∈ Mat(N,C) .

with

R12(z, λ) =
N∑

a,b,c,d=1

Eab ⊗ EcdRηab,cd(z, λ)

and

Rηab,cd(z, λ) =
∑
m∈Z

(−λ)mω
m2−m

2 RB
ab,cd(mη, z) .

What is equation for R12(z, λ)?



Cherednik operators
Consider the coordinate trigonometric case in

Ĥn = Ô−1
0 Ôn ,

Ô(u) =
∑

n1,...,nN∈Z
ω
∑
i

n2i−ni
2 (−u)

∑
i ni

N∏
i<j

θp(t
ni−nj xi

xj
)

θp(
xi
xj

)

N∏
i

qnixi∂i =
∑
n∈Z

unÔn .

When p = 0: together with the change t to t−1, q ↔ q−1 and conjugation by the
function

∏
i<j xixj , the limit p→ 0 yields

DN (u) = DN (u|x1, ..., xN ) =
∑

n1,...,nN∈Z
ω
∑
i

n2i−ni
2 (−u)

∑
i ni

N∏
i<j

tnjxi − tnixj
xi − xj

N∏
i

γni .

where we have introduced the notation γi = q−xi∂i .



One more trigonometric limit ω → 0 being applied to provides (the trigonometric)
Macdonald-Ruijsenaars operators. Then the generating function is represented in
the following form:

DN (u)
∣∣∣
ω=0

=

(
det
[
xN−ji

]N
i,j=1

)−1

det
[
xN−ji (1− utj−1γi)

]N
i,j=1

. (1)

For the latter model there exists a set of N commuting operators (the Cherednik
operators)

Ci(t, q) = ti−1Ri,i+1(t)... RiN (t)γiR1,i(t)
−1... Ri−1,i(t)

−1 ,

acting on C[x1, ..., xN ], where the R-operators are of the form:

Rij(t) =
xi − txj
xi − xj

+
(t− 1)xj
xi − xj

σij ,

and σij permutes the variables xi and xj .



The commutativity of the Macdonald-Ruijsenaars operators for different values of
spectral parameter u [

DN (u)
∣∣∣
ω=0

, DN (u′)
∣∣∣
ω=0

]
= 0

follows from the commutativity of Ci(t, q) and the following relation between

DN (u)
∣∣∣
ω=0

and the Cherednik operators Ci(t, q):

DN (u)
∣∣∣
ω=0

=

N∏
i=1

(1− uCi)
∣∣∣
ΛN

, (2)

where ΛN is the space of symmetric functions in variables x1, ..., xN .



Introduce the double-elliptic (p = 0) version of the Cherednik operators:

Pθω(uCi) =
∑
n∈Z

ω
n2−n

2 (−u)ntn(i−1)Ri,i+1(tn)...RiN (tn)γni R1,i(t
n)−1 ... Ri−1,i(t

n)−1 ,

where Rij(t) is the previously defined trigonometric R-operator, and u is a spectral
parameter.
These operators do not commute with each other. However, we prove the following
relation:

DN (u) =

N∏
i=1

Pθω(uCi)
∣∣∣
ΛN

= Pθω(uC1)...Pθω(uCN )
∣∣∣
ΛN

.

This allows to compute large N limit for the Dell model. See A. Grekov, A. Zotov,
On Cherednik and Nazarov-Sklyanin large N limit construction for double elliptic
integrable system arXiv:2102.06853.





Thank you!


