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Plan of the talk:

• Macdonald-Ruijsenaars operators and many-body systems

• Commuting spin XYZ Macdonald-Ruijsenaars operators and R-matrix identities

• Classical analogues – relativistic interacting tops

• Polychronakos freezing trick and elliptic integrable long-range spin chains



Elliptic Macdonald-Ruijsenaars operators
For i = 1, . . . , N denote by pi the shift operator acting on function f(z1, . . . , zN ) as follows:

(pif)(z1, z2, . . . zN ) = exp

(
−η ∂

∂zi

)
f(z1, . . . , zN ) = f(z1, . . . , zi − η, . . . , zN ). (1)

The Kronecker elliptic function on elliptic curve C/Γ, Γ = Z⊕ Zτ with moduli τ (Im(τ) > 0):

φ(x, y) =
ϑ′(0)ϑ(x+ y)

ϑ(x)ϑ(y)
, and denote φ(z) = φ(~, z) (2)

S.N.M. Ruijsenaars proved (1987 Comm. Math. Phys.) commutativity for the following set of
operators:

Dk =
∑
|I|=k

∏
i∈I
j /∈I

φ(zj − zi)
∏
i∈I

pi, k = 1, . . . , N, (3)

where the sum is taken over all subsets I of {1, . . . , N} of size k. In the trigonometric limit the
operators Dk turn into the Macdonald operators:

DMacd
k = t

k(k−N)
2

∑
|I|=k

∏
i∈I
j /∈I

txi − xj
xi − xj

∏
i∈I

qxi∂xi , k = 1, . . . , N (4)

with t = exp(−2πı~), xk = exp(2πızk) and q = exp(−η).



Many-body systems:
The first Macdonald operator

D1 =
N∑
j=1

 N∏
k:k 6=j

tzj − zk
zj − zk

 q
zj∂zj , zj = e2πıqj , t = e2πıη , q = e~/c .

is the (first) Hamiltonian of the trigonometric Ruijsenaars-Schneider model. In the classical
elliptic case it is the elliptic Ruijsenaars-Schneider model

HRS =
N∑
j=1

 N∏
k:k 6=j

ϑ(qj − qk − η)

ϑ(qj − qk)

 evj/c .

In the non-relativistic limit we come to the Calogero-Moser-Sutherland model

HCM =
N∑
i=1

v2i
2
− ν2

N∑
i>j

℘(qi − qj) .

At classical level our results are related to spin Ruijsenaars-Schneider model introduced by
Krichever and Zabrodin. We will come to its anisotropic version.



Commutativity of elliptic Macdonald-Ruijsenaars operators
Following Ruijsenaars introduce notations. Let I, J be disjoint subsets of {1, . . . , N}. Denote

(I, J) =
∏
i∈I
j∈J

φ(zi − zj) (5)

and
pI =

∏
i∈I

pi , pi = e−η∂qi (6)

where pi are shift operators. Then the operators Dk take the following form:

Dk =
∑

I:|I|=k

(Ic, I)pI , k = 1, . . . , N , (7)

where Ic means the complement of a set I in {1, . . . , N}, and |I| is the number of elements in I.
We also use the notations I+ and I− to highlight the shifts of all zi, i ∈ I by ±η respectively:

(I±, J) = (p∓1
I Ip±1

I , J). (8)

I+ means that the arguments zi with i ∈ I are shifted as zi − η.



The commutativity

[Dk, Dl] = 0 ∀k, l = 1, . . . , N (9)

holds if and only if∑
|I|=k

((Ic, I)(I−, I
c)− (I, Ic)(Ic−, I)) = 0 ∀k ∈ {1, . . . , N} ∀N. (10)

It was argued that the identities considered as a functional equations for the function φ are
reduced to a single equation, which provides (among meromorphic functions on elliptic curve)
solution given by the elliptic Kronecker function only (up to some normalization factors).
Trigonometric and rational solutions are obtained by degeneration

φtrig(z, u) = π cot(πz) + π cot(πu) , φrat(z, u) = 1/z + 1/u . (11)

Our plan is to construct spin generalization of Dk and prove their commutativity in a similar way
- through some set of identities.



Spin XYZ elliptic Macdonald-Ruijsenaars operators. Main idea goes back to results by Uglov and
Cherednik. It was formulated clearly in recant paper by Lamers, Pasquier and Serban. Our goal is
to use representation of symmetric group through R-matrices.
By definition, any quantum R-matrix satisfies the quantum Yang-Baxter equation (QYB):

R~
12(u)R~

13(u+ v)R~
23(v) = R~

23(v)R~
13(u+ v)R~

12(u) (12)

or

R~
ij(u)R~

ik(u+ v)R~
jk(v) = R~

jk(v)R~
ik(u+ v)R~

ij(u) (13)

for any distinct integers 1 ≤ i, j, k ≤ N . Here R~
ij(u) ∈ End(H), H = (CM )⊗N . Also,

[R~
ij(u), R~′

kl(v)] = 0 for any distinct integers 1 ≤ i, j, k, l ≤ N (14)

We deal with the elliptic GLM Baxter-Belavin R-matrix normalized in a way that the unitarity
property is as follows:

R~
ij(z)R

~
ji(−z) = Idφ(~, z)φ(~,−z) = Id (℘(~)− ℘(z)) , (15)

where Id = 1MN is the identity matrix in End(H). In what follows we also use R-matrices R̄~
ij(z),

which are related to R~
ij(z) through

R~
ij(z) = φ(~, z)R̄~

ij(z) . (16)

Then
R̄~
ij(z)R̄

~
ji(−z) = Id . (17)



In M = 2 it is the Baxter’s 8-vertex R-matrix. It has the form

R~
12(z) =

1

2

(
ϕ00 σ0 ⊗ σ0 + ϕ01 σ1 ⊗ σ1 + ϕ11 σ2 ⊗ σ2 + ϕ10 σ3 ⊗ σ3

)
, (18)

ϕ00 = φ(z,
~
2

) , ϕ10 = φ(z,
1

2
+

~
2

) , ϕ01 = eπızφ(z,
τ

2
+

~
2

) , ϕ11 = eπızφ(z,
1 + τ

2
+

~
2

) .

In 4× 4 form it is as follows:

R~
12(z) = 1

2


ϕ00 + ϕ10 0 0 ϕ01 − ϕ11

0 ϕ00 − ϕ10 ϕ01 + ϕ11 0
0 ϕ01 + ϕ11 ϕ00 − ϕ10 0

ϕ01 − ϕ11 0 0 ϕ00 + ϕ10

 (19)

Our construction is valid for GLM Baxter-Belavin R-matrix and its trigonometric and rational
degenerations. The simplest one is the Yang’s rational R-matrix

R~
12(z) =

Id

~
+
P12

z
, R̄~

12(z) =
zId + ~P12

~ + z
. (20)

In this case we will obtain Hamiltonians for the rational (isotropic) spin Ruijsenaars model.
Possible degenerations of elliptic case include 11-vertex rational R-matrix, 7-vertex trigonometric
R-matrix and their higher rank versions.



Spin operators. Consider symmetric group SN generated by relations:

σi−1σiσi−1 = σiσi−1σi , (21)

σiσj = σjσi for j 6= i± 1 (22)

and
(σi)

2 = 1 . (23)

Obviously, it has representation σi = si,i+1, where si,i+1, i = 1, ..., N − 1 are permutations of
variables z1, ..., zN :

si,i+1f(z1, ..., zi, zi+1, ..., zN ) = f(z1, ..., zi+1, zi, ..., zN ) . (24)

Here f is any function (for which the action of Dk operators is well-defined). Denote by sω the
permutation operator representing w ∈ SN . For example, for the cycle (12 . . . j) we have

s(12...j) = s12 s23 . . . sj−1,j . (25)

For i1 < i2 < · · · < ik denote by {i1, i2, . . . , ik} ∈ SN the (shortest) permutation im → m for all
1 ≤ m ≤ k. It can be presented as a product of cycles:

{i1, i2, . . . , ik} = (k, . . . , ik)(k − 1, . . . , ik−1) . . . (2, . . . , i2)(1, . . . , i1) . (26)



The Macdonald-Ruijsenaars operators are symmetric with respect to the action of permutation
group. Therefore, each of these operators can be represented as a sum over certain permutations
acting on some ”first” term:

Dk =
∑

i1<i2<···<ik

s−1
{i1,i2,...,ik}(I

c
0 , I0)pI0 s{i1,i2,...,ik} , (27)

where we denote by I0 = {1, 2, . . . , k} the subset in k elements and its complement
Ic0 = {k + 1, . . . N}. The sum is over all (ordered) k-element subsets of {1, . . . , N}.
Another well known representation of the (braid) relations is given by
σi = R~

i,i+1(zi − zi+1)Pi,i+1 ∈ End(H), H = (CM )⊗N , where Pij are permutation matrix-valued
operators. In this case (21)-(22) are equivalent to the Yang-Baxter equations. If the R-matrix
entering representation is unitary, then the involution property holds as well.
Consider representation given by the composition of the previously discussed:

σi = R̄i,i+1(zi − zi+1)Pi,i+1si,i+1 . (28)

Then

σ(12...j) = σ12σ23 . . . σj−1,j = R̄12(z1 − z2)R̄13(z1 − z3) . . . R̄1j(z1 − zj)P(12...j)s(12...j) =

= P(12...j)s(12...j)R̄j1(zj − z1)R̄j2(zj − z2) . . . R̄j,j−1(zj − zj−1) .
(29)



Introduce the operators Dk (matrix generalization of the scalar operators acting in End(H)):

Dk =
∑

i1<i2<···<ik

σ−1
{i1,i2,...,ik}(I

c
0 , I0)pI0 σ{i1,i2,...,ik} . (30)

After some transformations the dependence on permutations sij and Pij are cancelled out:

Dk =
∑

1≤i1<...<ik≤N

 N∏
j = 1

j 6= i1...ik−1

φ(zj − zi1) φ(zj − zi2) · · · φ(zj − zik )

×

×


←−−
i1−1∏
j1=1

R̄j1i1

←−−−−−
i2−1∏
j2 = 1
j2 6= i1

R̄j2i2 . . .

←−−−−−−−−−
ik−1∏
jk = 1

jk 6= i1...ik−1

R̄jkik

×

×pi1 · pi2 · · · pik ×


−−−−−−−−−→

ik−1∏
jk =1

jk 6= i1...ik−1

R̄ikjk

−−−−−−−−−−−→
ik−1−1∏
jk−1 =1

jk−1 6= i1...ik−2

R̄ik−1jk−1 . . .

−−→
i1−1∏
j1=1

R̄i1j1

 ,

(31)

where k = 1, ..., N and R̄ij = R̄~
ij(zi − zj). In the scalar case (M = 1) R̄ij = 1 and (31) coincides

with the Macdonald-Ruijsenaars operators.



Introduce new short notations (useful for the proof of commutativity). For any pair I, J of
disjoint subsets in {1, . . . , N} define the product

RI,J =
∏

i∈I,j∈J,i<j

Rij (zi − zj) , (32)

where the ordering of R-matrices is as follows:

RI,J =
←−−∏
i1∈I
i1<j1

Ri1,j1 (zi1 − zj1)
←−−∏
i2∈I
i2<j2

Ri2,j2 (zi2 − zj2) . . .
←−−−∏
ik∈I
ik<jk

Rik,jk (zik − zjk ) . (33)

and arrows mean the ordering

−→
N∏
j=1

Rij = Ri1Ri2...RiN and

←−
N∏
j=1

Rij = RiNRi,N−1...Ri1

Here J = {j1, j2, . . . , jk} and the elements jm are in increasing order j1 < j2 < · · · < jk. Let also
I = {i1, i2, . . . , il} and i1 < i2 < · · · < il. In what follows we assume that the above ordering of
indices in I and J is fixed. By moving R-matrices the definition (33) is equivalently rewritten as

RI,J =
−−→∏
jl∈J
jl>il

Ril,jl (zil − zjl)
−−−−−−→∏
jl−1∈J

jl−1>il−1

Ril−1,jl−1

(
zil−1 − zjl−1

)
. . .
−−→∏
j1∈J
j1>i1

Ri1,j1 (zi1 − zj1) . (34)



Similarly, define the product

R′I,J =
∏

i∈I,j∈J,i>j

Rij (zi − zj) , (35)

with the following ordering:

R′I,J =
−−→∏
jl∈J
jl<il

Ril,jl(zil − zjl)
−−−−−−→∏
jl−1∈J

jl−1<il−1

Ril−1,jl−1(zil−1 − zjl−1) . . .
−−→∏
j1∈J
j1<i1

Ri1,j1(zi1 − zj1) . (36)

Again, we may rewrite it equivalently as

R′I,J =
←−−∏
i1∈I
i1>j1

Ri1,j1 (zi1 − zj1)
←−−∏
i2∈I
i2>j2

Ri2,j2 (zi2 − zj2) . . .
←−−−∏
ik∈I
ik>jk

Rik,jk (zik − zjk ) . (37)

The product of R′I,J and RI,J provides R-matrix analogue for the notation (I, J) used in the
scalar case.



It can be verified that

R′I,JRI,J =
←−−∏
i1∈I

Ri1,j1 (zi1 − zj1)
←−−∏
i2∈I

Ri2,j2 (zi2 − zj2) . . .
←−−∏
ik∈I

Rik,jk (zik − zjk ) (38)

and

R′I,JRI,J =
−−→∏
jl∈J

Ril,jl(zil − zjl)
−−−→∏
jl−1∈J

Ril−1,jl−1(zil−1 − zjl−1) . . .
−−→∏
j1∈J

Ri1,j1(zi1 − zj1) . (39)

Up till now we did not use the Yang-Baxter equation. Let us formulate it for the above products
since it plays a key role in deriving and proving R-matrix identities.
Let R(u) be an R-matrix satisfying the quantum Yang-Baxter equation and RA,B and R′A,B are
the corresponding products of R-matrices defined by (33) and (36) respectively. For any disjoint
subsets A,B,C of {1, 2, . . . , N} the following identities hold true:

RC,A∪BRB,A = RB∪C,ARC,B , (40)

R′A,BR′A∪B,C = R′B,CR′A,B∪C . (41)



Notice that we did not use the unitarity property in the above definitions and properties. For a
unitary R-matrix satisfying (15) we have (in addition to all the above mentioned statements):

RI,JR′J,I = Id
∏

i∈I,j∈J
i<j

φ(h, zi − zj)φ(h, zj − zi) (42)

and
R′I,JRJ,I = Id

∏
i∈I,j∈J
i>j

φ(h, zi − zj)φ(h, zj − zi) . (43)

All the same notations are used for the normalized unitary R-matrix R̄h(u). In this case we have

R̄I,JR̄′J,I = R̄′J,IR̄I,J = Id . (44)



In the above given notations our difference operators take the form:

Dk =
∑
|I|=k

(Ic, I) · R̄Ic,I · pI · R̄′I,Ic , (45)

where R-matrices are those with bars (R̄ijR̄ji = Id).
Example. N = 2:

D1 = φ(z2 − z1)p1 + φ(z1 − z2)R̄~
12 (z1 − z2) p2R̄

~
21 (z2 − z1) , (46)

and D2 = p1p2.
Example. N = 3:

D1 = φ(z2 − z1)φ(z3 − z1)p1+

+φ(z1 − z2)φ(z3 − z2)R̄~
12 (z1 − z2) p2R̄

~
21 (z2 − z1) +

+φ(z1 − z3)φ(z2 − z3)R̄~
23 (z2 − z3) R̄~

13 (z1 − z3) p3R̄
~
31 (z3 − z1) R̄~

32 (z3 − z2) ,

D2 = φ(z3 − z1)φ(z3 − z2)p1p2+

+φ(z2 − z1)φ(z2 − z3)R̄~
23 (z2 − z3) p1p3R̄

~
32 (z3 − z2) +

+φ(z1 − z2)φ(z1 − z3)R̄~
12 (z1 − z2) R̄~

13 (z1 − z3) p2p3R̄
~
31 (z3 − z1) R̄~

21 (z2 − z1) ,

and D3 = p1p2p3.



Example. N = 4:

D1 = φ(z21)φ(z31)φ(z41)p1+φ(z12)φ(z32)φ(z42)R̄12p2R̄21+

+φ(z13)φ(z23)φ(z43)R̄23R̄13p3R̄31R̄32+φ(z14)φ(z24)φ(z34)R̄34R̄24R̄14p4R̄41R̄42R̄43 ,

D2 = φ(z31)φ(z32)φ(z41)φ(z42)p1p2 + φ(z21)φ(z23)φ(z41)φ(z43)R̄23p1p3R̄32+

+φ(z21)φ(z24)φ(z31)φ(z34)R̄34R̄24p1p4R̄42R̄43+

+φ(z12)φ(z13)φ(z42)φ(z43)R̄12R̄13p2p3R̄31R̄21+

+φ(z12)φ(z14)φ(z32)φ(z34)R̄12R̄34R̄14p2p4R̄41R̄43R̄21+

+φ(z13)φ(z14)φ(z23)φ(z24)R̄23R̄13R̄24R̄14p3p4R̄41R̄42R̄31R̄32 ,

D3 = φ(z41)φ(z42)φ(z43)p1p2p3 + φ(z31)φ(z32)φ(z34)R̄34p1p2p4R̄43+

+φ(z21)φ(z23)φ(z24)R̄23R̄24p1p3p4R̄42R̄32+

+φ(z12)φ(z13)φ(z14)R̄12R̄13R̄14p2p3p4R̄41R̄31R̄21

and D4 = p1p2p3p4.



Identities

The operators Dk commute with each other iff the following set of identities holds for any
k = 1, 2, . . .m and any m ≤ N :∑

|I|=k

(
RIc,I · R′I−,Ic · RI−,Ic · R

′
Ic,I −RI,Ic · R′Ic−,I · RIc−,I · R

′
I,Ic

)
= 0. (47)

It is important that R-matrices here are without bars (not R̄. That is in M = 1 case these are the
Ruijsenaars identities.
Example. k = 1 N = 3:

Rh12(z1 − z2)Rh13(z1 − z3)Rh31(z3 − z1 − η)Rh21(z2 − z1 − η)

−Rh12(z1 − z2 − η)Rh13(z1 − z3 − η)Rh31(z3 − z1)Rh21(z2 − z1)

+Rh23(z2 − z3)Rh32(z3 − z2 − η)Rh12(z1 − z2 − η)Rh21(z2 − z1)

−Rh12(z1 − z2)Rh21(z2 − z1 − η)Rh23(z2 − z3 − η)Rh32(z3 − z2)

+Rh23(z2 − z3 − η)Rh13(z1 − z3 − η)Rh31(z3 − z1)Rh32(z3 − z2)

−Rh23(z2 − z3)Rh13(z1 − z3)Rh31(z3 − z1 − η)Rh32(z3 − z2 − η) = 0

(48)



Example. k = 1 N = 4:

Rh12(z1 − z2 − η)Rh13(z1 − z3 − η)Rh14(z1 − z4 − η)Rh41(z4 − z1)Rh31(z3 − z1)Rh21(z2 − z1)

−Rh12(z1 − z2)Rh13(z1 − z3)Rh14(z1 − z4)Rh41(z4 − z1 − η)Rh31(z3 − z1 − η)Rh21(z2 − z1 − η)

+Rh12(z1 − z2)Rh21(z2 − z1 − η)Rh23(z2 − z3 − η)Rh24(z2 − z4 − η)Rh42(z4 − z2)Rh32(z3 − z2)

−Rh23(z2 − z3)Rh24(z2 − z4)Rh42(z4 − z2 − η)Rh32(z3 − z2 − η)Rh12(z1 − z2 − η)Rh21(z2 − z1)

+Rh23(z2 − z3)Rh13(z1 − z3)Rh31(z3 − z1 − η)Rh32(z3 − z2 − η)Rh34(z3 − z4 − η)Rh43(z4 − z3)

−Rh34(z3 − z4)Rh43(z4 − z3 − η)Rh23(z2 − z3 − η)Rh13(z1 − z3 − η)Rh31(z3 − z1)Rh32(z3 − z2)

+Rh34(z3 − z4)Rh24(z2 − z4)Rh14(z1 − z4)Rh41(z4 − z1 − η)Rh42(z4 − z2 − η)Rh43(z4 − z3 − η)

−Rh34(z3 − z4 − η)Rh24(z2 − z4 − η)Rh14(z1 − z4 − η)Rh41(z4 − z1)Rh42(z4 − z2)Rh43(z4 − z3)

= 0 .

(49)



Example. k = 2 N = 5:

R−23R
−
24R

−
25R

−
13R

−
14R

−
15R51R41R31R52R42R32 −R23R24R25R13R14R15R

−
51R

−
41R

−
31R

−
52R

−
42R

−
32

+R23R
−
32R

−
34R

−
35R

−
12R

−
14R

−
15R51R41R21R53R43 −R34R35R12R14R15R

−
51R

−
41R

−
21R

−
53R

−
43R

−
23R32

+R34R24R
−
42R

−
43R

−
45R

−
12R

−
13R

−
15R51R31R21R54 −R45R12R13R15R

−
51R

−
31R

−
21R

−
54R

−
34R

−
24R42R43

+R45R35R25R
−
52R

−
53R

−
54R

−
12R

−
13R

−
14R41R31R21 −R12R13R14R

−
41R

−
31R

−
21R

−
45R

−
35R

−
25R52R53R54

+R12R13R
−
31R

−
21R

−
34R

−
35R

−
24R

−
25R52R42R53R43 −R34R35R24R25R

−
52R

−
42R

−
53R

−
43R

−
12R

−
13R31R21

+R12R34R14R
−
41R

−
43R

−
21R

−
45R

−
23R

−
25R52R32R54 −R45R23R25R

−
52R

−
32R

−
54R

−
12R

−
34R

−
14R41R43R21

+R12R45R35R15R
−
51R

−
53R

−
54R

−
21R

−
23R

−
24R42R32 −R23R24R

−
42R

−
32R

−
12R

−
45R

−
35R

−
15R51R53R54R21

+R23R13R24R14R
−
41R

−
42R

−
31R

−
32R

−
45R

−
35R53R54 −R45R35R

−
53R

−
54R

−
23R

−
13R

−
24R

−
14R41R42R31R32

+R23R13R45R25R15R
−
51R

−
52R

−
54R

−
31R

−
32R

−
34R43 −R34R

−
43R

−
23R

−
13R

−
45R

−
25R

−
15R51R52R54R31R32

+R34R24R14R35R25R15R
−
51R

−
52R

−
53R

−
41R

−
42R

−
43 −R

−
34R

−
24R

−
14R

−
35R

−
25R

−
15R51R52R53R41R42R43 =

= 0

Here R−ij(z) = R~
ij(z − η).

The proof of R-matrix identities is given in our first paper.



What kind of spin many-body systems appeared?
Classical integrability: Lax matrices L(z) - N ×N matrix (function of z):

L̇(z) = [L(z),M(z)] − equations of motion ∀z

Then trLk(z) – (generating functions in z of) conservation laws.
For the Calogero-Moser model we have the Krichever’s Lax pair with spectral parameter:

LCM
ij = piδij + ν(1− δij)φ(z, qij) .

MCM
ij = νdi δij + ν(1− δij)φ′(z, qij) , di =

∑
k 6=i

℘(qik) ,

LCM(z) =



p1 νφ(z, q1 − q2) νφ(z, q1 − q3) . . . νφ(z, q1 − qN )

νφ(z, q2 − q1) p2 νφ(z, q2 − q3) . . . νφ(z, q2 − qN )

...
...

...
. . .

...
νφ(z, qN − q1) νφ(z, qN − q2) νφ(z, qN − q3) . . . pN





The Kronecker function is the Green function for the operator ∂̄ with the above given boundary
conditions:

∂̄φ(z, u) = δ2(z, z̄) .

Similarly, the Lax matrix on elliptic curve is a section L(z) ∈ Γ(EndV ) of some holomorphic vector
bundle V . It has simple pole at z = 0, and it is fixed by its residue and boundary conditions:

∂̄L(z) = Sδ2(z, z̄) , Res
z=0

L(z) = S ,

L(z + 1) = g1L(z)g−1
1 , L(z + τ) = gτL(z)g−1

τ .

This viewpoint provides Hitchin type approach to many-body systems and their generalizations.
It was developed by Gorsky-Nekrasov and Levin-Olshanetsky.

Geometrical interpretation also shows how these models could be extended and classified.



Classification of holomorphic bundles over elliptic curve is due to Atiyah.

deg(V ) = 0: g1 = 1N , gτ = diag(e−2πıq1 , ...., e−2πıqN )

In this case the integrable system is the spin Calogero-Moser model
The residue matrix S is an element of Lie coalgebra, and when the Casimir functions are fixed it
reduces to a coadjoint orbit. The Poisson structure is given by the Poisson-Lie brackets:
{Sij , Skl} = −Silδkj + Skjδil and canonical {pi, qj} = δij .

Hspin =
N∑
i=1

p2i
2
−

N∑
i>j

SijSji℘(qi − qj) .

In the case of orbit of minimal dimension Sij = aibj the model turns into the spinless CM.
In quantum case the potential contains spin exchange operator

Ĥspin =

N∑
i=1

~2∂2
qi

2
−

N∑
i>j

Pij℘(qi − qj) , P12 =

M∑
k,l=1

Ekl ⊗ Elk

Permutation operator P12(u⊗ v) = v ⊗ u.



deg = 1: g1 = Q, gτ = Λ (Heisenberg group: exp( 2πı
N

)QΛ = ΛQ)

Qjk = δjk exp

(
2πi

N
k

)
, Λjk = δ

j−k+1=0 modN , QN = ΛN = 1N .

Integrable systems are tops like models. Dynamical variables: S =
∑
SijEij ∈ Mat(M)

Euler-Arnold equations:

Ṡ = [S, J(S)] , J(S) =
∑
Jij,klSklEij

J – inverse inertia tensor. The equations comes from the Hamiltonian H = 1
2

tr(SJ(S)) and the
linear Poisson brackets {Sij , Skl} = δilSkj − δkjSil .
Using special matrix basis

Tα = exp

(
α1α2

πi

N

)
Qα1Λα2 , α = (α1, α2) ∈ ZN × ZN , T0 = T(0,0) = 1N ,

we come to the Sklyanin’s type Lax matrix:

L(z) =
∑
α

SαTαϕα(z) , ϕα = exp(2πız
α2

N
)φ(z, ωα) , ωα =

α1 + α2τ

N



deg = M , rk = NM : g.c.d.(rk,deg)=M: Intermediate case: interacting tops
It can be viewed as anisotropic version of the spin Calogero model: N interacting GLM tops, i.e.
Sij → Sij ∈ MatM and

Htops =
N∑
i=1

p2i
2

+

N∑
i=1

Htop(Sii) +
1

2

N∑
i,j: i 6=j

V(Sii,Sjj , qi − qj) .

Htops =

M∑
i=1

p2i
2
− 1

2

M∑
i=1

∑
α 6=0

SiiαS
ii
−α℘(ωα)− 1

2N

M∑
i6=j

∑
α,β

κ2
α,βS

jj
β S

ii
−β℘(ωα +

qij
N

) .

N = 1 case is the single Euler-Arnold top
M = 1 case is the (spin) Calogero-Moser model

L(z) =


L11(z) L12(z) . . . L1M (z)

L21(z) L22(z) . . . L2M (z)
...

...
. . .

...
LM1(z) LM2(z) . . . LMM (z)




in one column
M blocks

of size N ×N



Relativistic interacting tops.

L(z) =
M∑

i,j=1

Eij ⊗ Lij(z) ∈ Mat(NM,C) , Lij(z) ∈ Mat(N,C) .

Lij(z) =
∑
α

TαSijα ϕα(z, ωα + qij + η) , qij = qi − qj , ωα =
α1 + α2τ

N
,

By introducing

Jη, qij (Sij) =
∑
α

TαSijα
(
E1(ωα + qij + η)− E1(ωα + qij)

)
, E1(x) = ϑ′(x)/ϑ(x)

equations of motion take the form

Ṡij = SijJη(Sjj)− Jη(Sii)Sij +

M∑
k:k 6=j

SikJη, qkj (Skj)−
M∑

k:k 6=i

Jη, qik (Sik)Skj .

q̈i =
1

N
tr
(
Ṡii
)

=
1

N

M∑
k:k 6=i

tr
(
SikJη, qki(Ski)− Jη, qik (Sik)Ski

)
,

For M = 1 case these are equations of motion introduced by Krichever and Zabrodin.
For N = 1 one obtains relativistic top described by the classical Sklyanin algebra.



Long-range spin chains
The Hamiltonian of the Haldane-Shastry spin chain

HHS =
1

2

N∑
i 6=j

1− Pij
sin2(π(xi − xj))

(50)

describes pairwise interaction of N spins being attached to equidistant points on a circle:
xk = k/N , k = 1, ..., N . Here Pij are the permutation operators (or spin exchange operators),
which act on the Hilbert space H = (CM )⊗N by permuting i-th and j-th tensor components. For
su2 case M = 2 and

Pij =
1

2

3∑
a=0

σ(i)
a σ(j)

a , σ(i)
a = 12 ⊗ ...12 ⊗ σa ⊗ 12...⊗ 12︸ ︷︷ ︸

σa is on the i−th place

∈ Mat2N , (51)

Integrable isotropic long-range glM spin chains on N sites of the Haldane-Shastry type are defined
by Hamiltonians of the form:

HXXX =
g

2

N∑
i6=j

Pij U(xi − xj) ∈ End(H) , (52)

where U(x) is a certain function, g ∈ C is a constant parameter and x1, ..., xN is a special set of
points.



Quantum spin Calogero-Moser-Sutherland models are defined by the Hamiltonian of the form:

HspinCM =
Id

2

N∑
k=1

η2∂2
zk +

1

2

N∑
i6=j

(~2Id− η~Pij)U(zi − zj) , Id = 1MN , (53)

where η is the Planck constant and ~ is a coupling constant
The procedure relating Calogero-Moser-Sutherland models and Haldane-Shastry chains is called
the Polychronakos freezing trick. Loosely speaking, it states that one should remove the terms
with differential operators from the spin Calogero-Moser Hamiltonians and fix the positions of
particles as equilibrium positions of the underlying spinless classical model.

hCM =
1

2

N∑
k=1

v2k −
ν2

2

N∑
i6=j

U(zi − zj) , (54)

where vk are momenta (with the canonical Poisson brackets {vi, zj} = δij) and ν is the classical
coupling constant. The set zk = xk = k/N , k = 1...N solves the system of equations

v̇k = z̈k = ν2
∑
j:j 6=i

U ′(zi − zj) = 0 , i = 1, ..., N (55)

for U(x) = 1/ sin2(πx) and U(x) = ℘(x).



Anisotropic models
A general form for anisotropic glM model is as follows:

Hanis =
g

2

N∑
i6=j

M∑
a,b,c,d=1

e
(i)
ab e

(j)
cd Uab,cd(xi − xj) ∈ End(H) , (56)

where e
(i)
ab is the standard matrix basis matrix eab ∈ MatM in the i-th tensor component of H.

This Hamiltonian becomes isotropic in the case Uab,cd(xi − xj) = δadδbc U(xi − xj).
Anisotropic spin Calogero-Moser Hamiltonian is of the form:

Hanis CM =
Id

2

N∑
k=1

η2∂2
zk +

g

2

N∑
i6=j

M∑
a,b,c,d=1

e
(i)
ab e

(j)
cd Uab,cd(zi − zj) . (57)

Example: XXZ gl2

HXXZ =
g

2

N∑
i 6=j

cos(π(xi − xj))(σ(i)
1 σ

(j)
1 + σ

(i)
2 σ

(j)
2 ) + σ

(i)
3 σ

(j)
3

sin2(π(xi − xj))
. (58)



q-deformed models
The q-deformed Haldane-Shastry model was introduced by D. Uglov. His construction was
revisited and clarified by Lamers, Pasquier and Serban.
The Hamiltonian is as follows:

Htrig
1 = 2πı(1− t)

∑
k<i

yiyk
(tyk − yi)(tyi − yk)

×

×R̄trig
i−1,i

(
yi−1

yi

)
. . . R̄trig

k+1,i

(
yk+1

yi

)
CikR̄

trig
i,k+1

(
yi
yk+1

)
. . . R̄trig

i,i−1

(
yi
yi−1

)
,

where yj = exp
(
2πı
N
j
)

and

C12 =


0 0 0 0

0 1 −
√
t 0

0 −
√
t t 0

0 0 0 0

 .

In the limit t→ 1 it reproduces the Haldane-Shastry model.



Recall anisotropic spin Macdonald-Ruijsenaars operators:

Dk =
∑

1≤i1<...<ik≤N

 N∏
j = 1

j 6= i1...ik−1

φ(zj − zi1) φ(zj − zi2) · · · φ(zj − zik )

×

×


←−−
i1−1∏
j1=1

R̄j1i1

←−−−−−
i2−1∏
j2 = 1
j2 6= i1

R̄j2i2 . . .

←−−−−−−−−−
ik−1∏
jk = 1

jk 6= i1...ik−1

R̄jkik

×

×pi1 · pi2 · · · pik ×


−−−−−−−−−→

ik−1∏
jk =1

jk 6= i1...ik−1

R̄ikjk

−−−−−−−−−−−→
ik−1−1∏
jk−1 =1

jk−1 6= i1...ik−2

R̄ik−1jk−1 . . .

−−→
i1−1∏
j1=1

R̄i1j1

 ,

(59)

where k = 1, ..., N , R̄ij = R̄~
ij(zi − zj) and pi, i = 1, ..., N are the shift operators.



Namely, consider expansion of Dk in variable η (near η = 0):

Dk = D[0]
k + ηD[1]

k + η2D[2]
k +O(η3) , k = 1, ..., N . (60)

Since D[0]
k = Dk|η=0

D[0]
k = Id

∑
|I|=k

∏
i∈I
j /∈I

φ(zj − zi) = IdD
[0]
k , (61)

where Id is the identity matrix in End(H). For the set of D[1]
k one gets

−D[1]
1 = Id

N∑
i=1

N∏
j=1
j 6=i

φ(zj − zi)
∂

∂zi
+

+

N∑
i=1

N∏
j=1
j 6=i

φ(zj − zi)
i−1∑
k=1

R̄i−1,i . . . R̄k+1,iR̄k,i

(
∂

∂zi
R̄i,k

)
R̄i,k+1 . . . R̄i,i−1 .

(62)



Therefore,
D[1]
k = IdD

[1]
k − H̃k , k = 1, ..., N , (63)

where H̃k ∈ End(H) are some matrix-valued functions, which contain R-matrix derivatives but do
not contain differential operators.
Let us now restrict the latter equality to the point zk = xk = k/N and denote

Hi = H̃i

∣∣∣
zk=xk

. (64)

It can be proved that these are commutative Hamiltonians

[Hi, Hj ] = 0 , i, j = 1, ..., N − 1 . (65)

It is proved in our second paper.



Using short notation

F̄ ~
ij(z) =

∂

∂z
R̄~
ij(z)

R̄ij = R̄~
ij(xi − xj) , F̄ij = F̄ ~

ij(xi − xj) .
(66)

we have

H1 =
N∑
k<i

R̄i−1,i . . . R̄k+1,iR̄k,iF̄i,kR̄i,k+1 . . . R̄i,i−1 . (67)

The second Hamiltonian is of the form:

H2 =
N∑

i,m,l=1
i<m<l

1

℘(~)− ℘(xm − xl)
(
R̄m−1,m . . . R̄i+1,mR̄i,mF̄m,iR̄m,i+1 . . . R̄m,m−1+

+R̄m−1,m . . . R̄1,mR̄l−1,l . . . R̄m+1,lR̄m−1,l . . . R̄i+1,lR̄i,l×

×F̄l,iR̄l,i+1 . . . R̄l,m−1R̄l,m+1 . . . R̄l,l−1R̄m,1 . . . R̄m,m−1

)
+

(68)

+
N∑

i,m,l=1
i<m<l

1

℘(~)− ℘(xi − xl)
R̄l−1,l . . . R̄m+1,lR̄m,lF̄l,mR̄l,m+1 . . . R̄l,l−1 .



Example: Hamiltonians for N = 3

H1 = R̄~
12(x1 − x2)F̄ ~

21(x2 − x1) + R̄~
23(x2 − x3)F̄ ~

32(x3 − x2)+

+R̄~
23(x2 − x3)R̄~

13(x1 − x3)F̄ ~
31(x3 − x1)R̄~

32(x3 − x2) ,
(69)

H2 =
1

℘(~)− ℘( 1
3
)

(
R̄~

23(x2 − x3)F̄ ~
32(x3 − x2) + R̄~

12(x1 − x2)F̄ ~
21(x2 − x1)+

+R̄~
12(x1 − x2)R̄~

13(x1 − x3)F̄ ~
31(x3 − x1)R̄~

21(x2 − x1)
)
.

(70)



Underlying identities. For xj = j
N

the following relation holds:∑
|I|=k
l∈I

∏
i∈I
j /∈I

φ(xj − xi) =
∑
|I′|=k
m∈I′

∏
i∈I′
j /∈I′

φ(xj − xi) for l,m = 1 . . . N. (71)

Denote by
g(x) = E1(~ + x)− E1(x) , (72)

and
f(x) = g(x)− g(−x) = E1(~ + x) + E1(~− x)− 2E1(x) . (73)

The following identities hold ∑
l 6=m

flm = 0 , (74)

∑
|I|=k
m∈I

∏
i∈I
j /∈I

φ(xj − xi)
∑
l∈I
l 6=m

flm

 = 0 . (75)

The identities lead to equilibrium positions (equal velocities and vanishing accelerations) in all
flows.



In the non-relativistic limit (R̄ij = Id + ~r̄ij + ...)

H2 =

N∑
i>j

∂r̄ij(xi − xj) . (76)

H3 =
N∑

i<j<k

[r̄ij(xi − xj) + r̄kj(xk − xj), ∂r̄ki(xk − xi)] , (77)

and
[H2,H3] = 0 . (78)

This model was previously introduced in our joint papers with I. Sechin through R-matrix valued
Lax pairs. It is anisotropic version of the Inozemtsev (long-range) chain.
This model can be also viewed as a result of the freezing trick being applied to the model of
interacting tops. Commutativity was verified by numerical calculations only. Now all higher
Hamiltonians can be derived and their commutativity is proved.



Thank you!


