LIMITS OF THE ELLIPTIC HYPERGEOMETRIC EQUATION
AND INTEGRABLE SYSTEMS

Vyacheslav P. Spiridonov

JINR, Dubna and HSE, Moscow

11 March 2022

Workshop “Elliptic Integrable Systems”

Abstract. We describe some new rational degenerations of the elliptic hyperge-
ometric equation and its solutions. They lead to new rational degenerations of the
Ruijsenaars and van Diejen elliptic integrable systems.
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An elliptic analogue of the Euler-(Gauss ,F’}-function
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The elliptic hypergeometric equation (EHE) V.S., 2004
D(t; ¢;p)(Ulgte, g~ 'tz) = U(t)) + (t <> t7) + U(t) =0,

V(ty,...,tsip, q)
Ult) = T T (1.
(t6t8 Dy Q) (t7t8 ' Dy Q)

B _9(2576;]9)9(756?58729) (8 ) °
D(t; q:p) = 2 (;p> 0 (%;p) 0 (t7;67p) H O(tsteip)

Here U(qt;, ¢ 'tx) = U(t) with ¢;,tx — qtj, ¢ 'ty, and (tg > t7) means permu-
tation of tg and t7 in the preceding expression.

From the p <» ¢ symmetry = the second (p-difference) equation
~1

After the change t = cz, t7 = cz7" = second order g¢-difference equation in z.

Discretization of some parameters = three-term recurrence relation for elliptic
biorthogonal rational functions V.S., Zhedanov, 1999



EHE in an Sg-symmetric form

H?:1 0(e;z: p) H§:1 O(ejz"";p) .
e qrp) ) TV S gy W V)
6
+]]¢ (%; ) (z) =0,
k=1 q
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q 4 C c

=— k=1,....5 = = — = —

Ek Ctka 3 s Yy €6 P Ct87 €7 qt87 €8 t87

so that Hizl er = p’q® with eg = ge7 and ¢ = tgt; = 52%.

A solution:
V(Q/Cgh RIS Q/CEE)) Ccz, C/Z7 6/88;]97 Q)
[(c22*1 /e, zHleg; p, q) '

f(z) o




The trigonometric limit: p — 0 for fixed q.
For fixed z and ¢:

1
, IimD(p%z:p,q) =1, 0 < a <1,
e o ("2, q)

lim I'(pz; p, q) = (g2
p—0

['(2;0,q) =
) e

Cleaning the V-balancing condition:

8 8
ti=p%g, Y =2 |]g=2
=1 j=1

for fixed g and g; the limit p — 0 becomes well defined. E.g.,

a;j=0,7=1,...,6, ar=a3=1, =
- (D)o [ (7 Do [lierslagr 2™ oo d
i V(£ p,q) = = — - . —.
P20 m T szl(gk‘z ;Q)oo <

EHE = e.g., difference equation for Rahman’s ¢g-biorthogonal rational functions.



EHE rational degeneration no. I: ¢ — 1
Jackson’s g-gamma function

U
Fq(U)-—(qu;q)m(l q) " ldl <L,

Koornwinder (1990): the limit lim,—; I',(u) = I'(w) is uniform on compacta

Rains (2006): OK for |¢| — 1 from inside T under fixed angle

Substitute z = ¢, g; = ¢, Z?Zl a; = 2, infinite products — 1/I",(u)

= Mellin-Barnes type integral
- 6
o k(q) [ [1i: Dy + u)
lim lim V' (¢; = —— d
151 po0 (£:p:4) 4t /ioo P(£2u) [[;o7s T(1 — aj £ u) "
the diverging factor

k() = (¢;9)°(1 — q) *loggq™".



Hyperbolic degeneration

Parametrize
—27vg; —2mou —2mvw —2Tvw
ti=e i z=e , p=e I g=e 2,
In the limit v — 07, Ruijsenaars, 1997
2 — _
r —2mou, | —2mvw] | —2T0w9 _ —W—W (2)(,,.
(6 ; € , € ) = € Y (u7w17w2>'

v—0T
Faddeev’s (1994) modular dilogarithm, or hyperbolic gamma function

(2 5 By g (uiw)

7P (u;w) = P (u; w1, wp) = €72 (W),

second order multiple Bernoulli polynomial

1 Wi+ Wy Wi+ ws
Bos(u:w) = _ _
2p(Uiw) = ((“ ) 2 )

) i (@ W ( [ dx)
Y(u;w) = — =exp | — — — :
(%2 Q) Ryio (1 —€17)(1 —e2?) x

w2
q=e¢e WQ7 q==¢€ w1,

o) .
27— ~ —2mi—=

It is well defined for wy,we > 0 (ie., |[q] = 1) and 0 < Re(u) < wy + ws.
Rains (2006): this limit is uniform on compactal



Then,

s
- - —2 (Zr+a5)
V(e 2k g Bl pmimin)  — oW \BiT e ) I (g),
v—=07T

e Tt e
h(g) o oo 7(2>(j:2z;w1,w2) 21\/(«01@2’

8
Re(g;) >0, > g; = 2w +wn),
j=1

Rains, 2006
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Hyperbolic hypergeometric equation van de Bult, Rains, Stokman, 2007
A(g, wa;w1)(Y (g6 + wa, g7 — w2) — Y(g)) + (g6 <> 97) + Y (g) =0,

where
sin 7-(g6 — gs — wa) sin (g6 + gs) sin 7-(gs — o)
sin 7-(g6 — g7)sin 2-(g7 — g6 — wa)sin 2-(g7 + g6 — w2)

5
Sm_ g7+gk—w2
XH )

sin 7-(gs + gk)

A<g7 W2; CU1) =

and a solution

I1(g; wi, wo)
Y (g6 £ gs, g7 £ gs; wi, W)’
From the symmetry wy <+ wy = second hyperbolic equation

A(g, wri; w2) (Y (g6 + w1, g7 — wi) — Y(u)) + (ug <> ug) + Y (u) = 0.

Y(giwi, wp) ==
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From hyperbolic to the rational limit no. 1
Ruijsenaars (1997):

1
(2) . — = m“’? — 1 mwl — 0.
’)/ <w1$7W> w1_>0’w2ﬁxed 27‘(‘ (27TW1> ’ q

»Qz

Shift gop — gap+ w2 (cleans the balancing condition: Z?Zl g; = 2w ) and apply
the inversion formula
’y<2)(aj + woyw) = ~2) (W) — z;w) "L

Then set g := wiayg, 2z ;.= wiu =

5
1w
In(g; w1, wa) w30 (%\/w—?) L1(a),

ico 8 .
Li(a) = L/ o1 0 Ty £ 0) Z '
U dm o T(E2u) [T, T(1 — ay j:u

where
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Fix a =4, b = 5 = an analytic difference equation

B(a)Z(ag+1,a7 — 1) — Z.(a)) + (ag <> a7) + L. (a) = 0,

where
5
(g — ag — 1)(ag + ag)(as — ag) oz7+ak—1
Bla) = 11
(g — ar)(ar —ag — (a7 + ag — 1) k::1 ag + ay,
I,
I.(a) = ) :
F(O{6 + Ctg)F(Ow + &8)

The symmetry wy <+ wy is broken = second hyperbolic hypergeometric equation
yields the identity

sinm(as £ as) [Ty sinm(ar + o) (Zr(a) = Zy(a)) + (ag ¢ a7) + Li(a) = 0,

sinm(ag — aq) [[o_ sinm(ag + o)
where

7 (q)= LI0—astay ¢ iy Dlon = ) [T 7 Dlon £ 0)
" dm Tlartas) S DE2) [, T0—aptu)
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Complex hypergeometric functions

Euler’s beta integral:

1x0‘_1 —xﬁ_lx:w e(a), Re
/0 (1= a)" e = 5O Ref). Re() > 0.

Take o,/ € C, « — o/ = n, € Z and
[2]® = 202Y = |22 2, /d2z = / d(Re z) d(Im z),
C R?

Z is a complex conjugate of z.

Then, the complex beta integral is Gelfand, Graev, Vilenkin, 1962
d? ()Gl —ao —
/[w . Zl]a_l[ZQ . w]ﬁ—l w _ (O‘) (6) ( a0 6) [22 . Zl]a—kﬁ—l.
C T 'l —ao)(1 =BT (a+ pB)
Complex gamma function
r I n+iz
['(z,n)=T(a|d) = (@) = 55 reC, neZ.

N(l—a) D(1+252)
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Applying linear fractional transformation to all variables
= the star-triangle relation:

/C[zl —w]* Mz — w]6_1[23 — ] —
L'(ala)L(B]8)T(v]Y)

[z — 2oz — 28)Plz — 2

, a+f+y=1

Mellin-Barnes form of this identity Derkachov, Manashov, Valinevich, 2018

i 3 3
Z/ HI‘ si+y,n+n;)L{t; —y,n—m;)dy = H L(s;+tg, nj+myg),
nez J,k=1
3 3
Z(n]’ + mj) =0 (S]' + tj) = —21.
j=1 j=1
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Nice applications to Feynman diagrams and non-compact spin chains:
Vasil’ev, Pismak, Khonkonen, Derkachov, Manashov, Valinevich, 1981 - 2020

Complex hypergeometric functions:

Emergence in 2d conformal field theory: Dotsenko, Fateev, 1985

Complex Selberg integral: Aomoto, 1987

3j-symbols of SL(2,C) for unitary principal series (real x): Naimark, 1959

6j-symbols of SL(2,C) and star-triangle relations: Ismagilov, 2006; Derkachov,
V.S., 2017; Sarkissian, V.S., 2020; Derkachov, Manashov, 2020; Derkachov, Sarkissian,
V.S., 2021

Rigorous spectral analysis: Molchanov, Neretin, 2018



15

From hyperbolic integrals to complex hypergeometric functions
Formally, special cases: Bazhanov, Mangazeev, Sergeev, 2008; Kels, 2014
Rigorous general consideration: Sarkissian, V.S, 2019

Take
omiL —2mi~2 272
. _ (6 “1 € “1 ) € “1 )OO
(W, wp) = (62715;6—2_ ezm%)
) o0

and set

w

ccbn — _1 — 1 + 5’ 5 N O+ CopT = 1 4+ 6([) 4+ b_1)2 N 1
%)

Special choice of the argument u:

u = iy/wiwy(n+xd), neZ, xeC.

{91
Then, for g = M 51

‘ @ ) . n+izx 0(5)
- el § — ] Q7 q o0 1 q L 2
(627r v 627“‘”2) (6 27r(5(n—|—1x—|—5x); ) ( ) (n — ) .

d—0+ Fq( 5 —|—O(5))
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—9omi¥2
Similarly for g = e T 51

s U o) W ~ B n+1x+0(5)
<€2m‘”_16_2m‘”_%; 6_271“)_%)00 _ (q ) (1 q) |
As a result,
(s w,wy) = r, <n+1x + O(log q)) (G @) (1= ) 142 4 O(log )

§—0t+ I (1 + 55 ”C + O(log q)) (¢;9)oo (1— q)l—Wﬂ)(logq)'

Finally, for , / Z—; = 1+ ¢, uniformly on the compacta

i, 2

YA (iywiwn(n + zd);wo,w)  ~ (4md) et T(x,n).

J—0t



17

Degeneration to the complex hypergeometric functions

Sarkissian, V.S., 2020
Parametrization in Ij,(g; w1, ws)

: : W :
z = iy/wiws(n +yd), g =iywiws(n; +s;0), /w_l =i+,
2

where n,n; € Z+v, v =0,1/2 (only the combinations n; &= n should be integer).
This yields the diverging asymptotics

1

[h@; Wi, w?) 5_?()4_ (47_‘_5)5F(§7 ﬂ)a

where

1 RN
Flow =g > [ 7+ [[Tlsu e midy
nel+v k=1
with the balancing condition
8 8
ZSj:—4i, an:()
j=1 j=1
In particular,
(—=1)* T(n+iy) I'(—n—iy) (4md) 2

(2) (19, = :
V(2] 2 (4md)2T(1+n—iy) 1 —n+iy) y?>+n?
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EHE rational limit no. II Sarkissian, V.S., 2021
The 6 — 07 limit of the first hyperbolic hypergeometric equation

B(g)(F(SG _ianG - 1,87—|—i,7’L7—|— ]-) _F(§7ﬂ)) + (36,7’1,6 g 87,7'1,7) —l_}‘(ﬁ?@) — 07

where B(a) is the same potential as in the rational limit no. I with

1
A = 5(18/f — nk)

and

F(s,n)
f‘ — —_ .
(§7 E) F(S(j + sg,ng = nS)P(S7 + sg, 7 & n8)

This is NOT an analytic difference equation in terms of the complex variables ay, !

Degeneration of the second hyperbolic equation

B(Q)(F(Sfi - ianﬁ + 17 S7+ian7 - 1) — F(§7ﬂ>) + (Sﬁanﬁ g 87,77/7) +‘F(§7ﬂ) — 07
the same B(a), but now

L,
ap = §(IS/<: + nyg).
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EHE rational limit no. III Sarkissian, V.S., 2020-2021

b= L =14i5, §— 0% copr =1+ 6(b+b"1)2 = 25,
W2

For generic values of the argument v (u;w) is finite, but

i, 2

(VA L) |2 oy ()

—

where n € Z, y € C and (a), is the standard Pochhammer symbol
ala+1)---(a+n—1), for n > 0,
a), = 1
(

a—1)(a—2)---(a+n) for n < 0.

Parametrization of the integration variable and parameters in I(g):

2 = \Jwiws(n + yd), g; = Vwiwa(n; + s;0),
where y,s; € Cand n,n; € Z+v, v =0, % Then

In(g) = R(s, n).
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where R(s,n) is a rational function of the form

' 8 . .
1 10 ny +isx £ (n + iy
Risw) == Y [ e [ (1- n+ 1) 1y
87T 100 2 nk:l:n—l

nelZ+v "> j=1

, : . 8 8
with the balancing condition » 5, s; =0, > - n; = 4.
First hyperbolic equation =

B(a)(R(sg—i,ng+1,s7+1i,n7—1)—R(s,n))+ (sg,ng <> s7,n7) + R(s,n) =0,
with B(a) as in the b — 1 limit of the second hyperbolic equation oy = 3 (isy, +ny),
R(s,n)

H 1 — n+ispt(ng+isg)
k=67 2

contour C'y separates poles from different 4 signs.
Second hyperbolic equation =

B(a)(R(s¢+1i,n6+ 1,87 —1,m7— 1) —R(s,n)) + (s, ng <> s7,n7) +R(s,n) =0,

R(s,n) =

)

) npEtng—1

for the potential of the same shape B(a), but with oy = 3(—isg + ny).
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Elliptic Ruijsenaars and van Diejen N-body problems
The elliptic Ruijsenaars model Hamiltonian
N N

=S ] Q(thZ;_le.;p)Tj,

=1 k=1,#j H(ijk 7p)

where z;,t,q € C*,p € C, \p\ < 1, and Tj are the g-shift operators
Tip(21, .oy 2jy ooy 2N) = (21,00, Q%5, - -, 2N).

The van-Diejen model
N

Hop = 3 (4,07 + 4, 0T)) +0(2),

J=1

where

8 N

Otz;z,t

) = gy Py II %“’%%’”,tmec&
7&
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Under the balancing condition
8
f2N =2 H )
m=1

Ai(...,p2,...) = Aj(z), and up to some inessential additive constant
N

Hop = 3 (AT = 1) + 4z )T = 1),

j=1
For N =1 the eigenvalue problem H(z) = A(z) is
Hj’:1 0(t;z: p) (b(q2) — b(2)) + H§:1 O(tjz"";p)
0(2.q2%p) 0(z72,qz7%p)
with Hilzl tm = p°q*. For

Y(g'2) = d(2) = Mp(2),

6

Lrts
ts = qtr, A= — | | 9(—;;0)
k=1 q

this is the elliptic hypergeometric equation, i.e. we know the general solution.
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Symmetric EHE rational reduction no. 1T (complex hypergeometric level)

H?ﬂ(ﬂj - 2)
22(22 — 1)

6
+]I B+ 8 W(u,m)=0, > B=2 Pfs=p+1
k=1 k=1

H§:1(ﬁj +2)
22(2z + 1)

(V(u—i,m—1)—V(u,m))+ (U(u+i,m+1)—V(u, m))

where . .
iy, —r; i —m
5 1
re = r7+1, = y7—I, g r; =0, g v =4, v e€C, r;eltp p=0, 3

Removing the constraint 8y = (87 + 1 and replacing ngl (Br + B7) = —A =
balanced N = 1 van Diejen Hamiltonian eigenvalue problem.
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Scalar product degenerations

General elliptic level (no balancing condition):

(P P)2(4: @)
e -1l - LTS

dxq dx

T Ty
where

N | P(taj 25 p,q) ﬂnizl Lty p, q)
==/ +1_+1. 19 .
1<j<k<N F(l'] L 5 P; Q) j=1 F($] 7p7Q)

No singularities in the annulus |q| < |z < |¢|™' = hermicity

<907 HUD¢>€ = <,HUD907 ¢>e-

Complex hypergeometric level

<90,¢>m—m > /ujeRw(u,m)w(u,m)

ijZ-HL

H L(y+u; £ up,nE£m;£my)

L<ihen I(fu; £+ ug, £m; £ my)

(u? + m?) du,;.

N T8
X H [HI‘(W:tuj,mimj)

j=1 Le=1

No balancing condition.



Rational degeneration no. II of the Hamiltonians.
Ruijsenaars model:

van Diejen model:
N

j=1
Té}mjf(g,m) =f(...,u; Fi,...,m; F1,...),

N
Bi(u,m) = H (B+ 2+ 2z)(B+ 25 — 1) H?Zl(ﬁl + ;)
T (2 + z1) (2 — ) 22i(2z; + 1)
k]
Here
Z._iuj—mj 5_17—7“ ﬁ_i%—?“k
J 2 ? T 2 ) k — 2 3

1

where uj, v, € C,r € Z, mj,mp € Z+ p, p =0, 3,

(otherwise no factorization)

8 8
@N =2y +> w=—4i, @N-2r+> =0
k=1 k=1

No singularities for Im(7), Im(yx) < —1 = the hermiticity condition
(s Herrh)rir = (Herrp, ¥)rir-

25

with the balancing condition
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Special scalar product = Selberg integrals

The elliptic Selberg integral (Van Diejen V.S., 2000, . )

‘ / (tx7 25 p, q)
trts=pq 47Tl NN' TN |<iekeN x;tlxilyp’ q)
41, N
HHg i (WJ P4 d% H( tip.g [I reutipa).
Sy 9
<1 F( L 7p7 Q) j=1 tp, q> 1<l<s<6

where 2N 2 TT_, t, = pq.
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Complex rational level

<11 t|7+7 9 — ———— Z / /inujj:uk,Tﬂ:mj:I:mk)
ra TTY8=TA T
n7+ng=0 877 NN' iz JuseR 1<j<k<N I'(*u; £ ugp, £mj £ my)

(u? + m?) du,;

N
X H [HI‘ Yo £ uj,ng £ my)

=1

J =
N .

_( N(2M+r¥) F(]Va]/r) T((i — .

= (—1) H—r( 5 I TG =Dy +7+7. G = Dr+r+r),
j=1 7 1<(<5<6

where r € Z,ny € Z + p, 7,y € C, and the balancing

6 6
@N =27+ ye=-2, @N-2r+) r=0.
(=1 (=1
A new complex hypergeometric generalization of the Selberg integral.
Should contain the Mellin-Barnes form of the Dotsenko-Fateev and Aomoto results.



