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Motivation

Problem of GenerationsHeirarhy ProblemCosmologial Constant ProblemFine-tuning problem in Standard Model
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Outline

Extra Dimensions: Big vs. SmallRandall�Sundrum modelLorentz Invariane ViolationMatter and NO-GO Theorem

Loalization/Deloalization of FieldsSpetrum of Field Perturbations
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GR

Hilbert-Einstein ation

S =
∫

XD

√

|g|dDx
(

MD−2
Pl R+Λ

)

Einstein equations

GAB := RAB −
1
2

RgAB = TAB

Λ1/D ≪≪ MPl

Want them omparable? Extra dimesions?
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Xdimensions: small ...

Spaetime R
1,3×K where K is ompat. [Kaluza, Klein 1925℄Simplest example K = S1 of radius 1/k.Quantum mehanial partie possesses momentum

pz ∼ nk, n ∈ Z (wave funtion periodiity)If k big (small Xdim), then hard to hekexperimentallyNevetheless may be employed in ombination withanother mehanisms.
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... and large!

for Cartesian produt

M = N(x)×K(y)
ds2 = ds2

N(x)+ds2
K(y)

for warped produt

ds2 = ds2
1(x,y)+ds2

2(x,y)

e.g. AdS5

ds2 =
R2

y2

(

dt2−dx2−dy2)
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Alternative to Compati�ation

Introdue a topologial de�et � 3� brane [Rubakov,Shaposhnikov 1983, ADD 1998 Randall Sundrum 1999℄
GAB = T (bulk)

AB +T (brane)
AB for

T (brane)
AB = diag(εb pb pb pb 0)δ (y− y(brane))/

√
g
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Braneworld
S = Sgravity+Sbrane =

∫

d5x
√

g
(

R−2M3Λ+δ (z− z(brane))L
)

way to solveSolve EE in bulk
GAB = T (bulk)

ABBoundary onditions for seond fundamental form

⇒ Israel juntion onds [Israel '66℄

[KA
B ]|(brane)= SA

B|(brane)− 1
3

S(brane)δ A
B
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Randall�Sundrum Model

5D matter T A
B = Λδ A

B , then a stati soution exists [Randall, Sundrum1999℄Metri (AdS5) ds2 = e−2k|z|(dt2−dx2)−dz2Brane with tension σ and

Λ = −σ2

6
M3, k =

σ
6Heirarhy between Λ and σHow the solution will hange if we put some matter in the bulk?
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5D Lorentz Invariane Violation

Consider spae with symmetry SO(3)×T 3×Z2Metri (GN gauge)

ds2 = e−2a(z)dt2− e−2b(z)dx2−dz2

LI violated, if a(z) 6= b(z). Brane loated at z = 0preserves LI.
Braneworld Models with Broken Bulk Lorentz Invariane � p. 11/39



Null Energy Condition (NEC)
TABξ Aξ B ≥ 0, gABξ Aξ B = 0Need to minimize bilinear form T over hypersurfae

gABξ Aξ B = 0

Examples p = wρ NEC reads w ≥−1 For vauum

w = −1.NEC implies for adiabati regime vs ≤ c.

It appears that w < −1 is not too badsometimes...(Phantoms...)
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LIV Solution

Metri

ds2 = e−2kξ |z|dt2− e−2kζ |z|dx2−dz2Matter � ideal reliativisti �uid
T A

B = uAuBρ − pδ A
B +Λ, uAuA = 1equation of state p = wρ, p5 = ωρ. NEC |w| < 1, |ω | < 1

ρ = −Λ+6k2ζ 2

w = −1+
3ζ 2−2ζ ξ −ξ 2

ρ

ω = −1+
3ζ (ζ −ξ )

ρ
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No-Go Theorem

Let the spartial urvature be equal to zero. Then if astati solution is singular then ALL its singularitiesare naked provided that both brane and bulk NECsare satis�ed. [Cline, Firouzjahi 2001℄The �exeptional� ase is the AdS spae
ds2

(D+1) = e−k|z|ds2
(D)−dz2

warped slied spae � the solution of braneworld setupwith Λ-term in the bulk and λ -term on the brane.NEC is satis�ed: ω = w = −1and the relation from juntion onditions

F(k,Λ,λ ) = 0
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NO�GO Theorem with Broken LI

Let the following onditions be satis�ed1. 5d NEC TABξ Aξ B ≥ 0, gABξ Aξ B = 02. brane NEC Tb,µνξ µξ ν ≥ 0, gb,µνξ µξ ν = 0

3. ρb +σ ≥ 04. Spartial brane urvature vanishes k = 05. LI is broken a(z) 6= b(z).Then a stati solution with symmetry SO(3)×T 3×Z2 does notexist. [PK, Libanov 2007℄The statement does not depend on the volume ∫ +∞
−∞

√
gdz ofthe extra dimension.
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Proof SkethBulk NEC leads to the inequalities

b′′−a′′−3b′2 +a′2 +2a′b′ ≥ 0

b′′−b′2 +b′a′ ≥ 0On the brane

2(b′(0)−a′(0)) = pb +ρbReshu�e and replae by equalities with φ(z) > 0, e.g.

b′′−a′′−3(a′−b′)2−4a′(b′−a′) = φ(z)(b′−a′)It follows
b′(z) = a′(z)−

exp
(

4a(z)+4
z
∫

0
φ(y)dy

)

3
z
∫

0
dy exp

(

4a(y)+4
y
∫

0
φ(t)dt

)

−CBraneworld Models with Broken Bulk Lorentz Invariane � p. 16/39



LIV ase

Theorem statement simpli�es b′′ ≥ 0. If weadditionally impose positiveness of bulk energy, ityields a new ondition for b.In partiular the following funtion �ts
b′′ =

{

(z− z0)
2, 0≤ z < z0,

0, z ≥ z0.i.e. the soution whih does not �deviate onsiderably�from Λ-term solutionThus we have lassi�ed all LIV stati solutions.
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�Resolution� of the issue � Spherial Brane

Metri

ds2 = dt2− e−2k|z|
(

1+ κ2

4 xixi
)2dx2−dz2,

Solution for anisotropi �uid

w = − (ξ 2 +2ξζ +3ζ 2)e−2ζ kz −4κ2/k2

6ζ 2e−2ζ kz −12κ2/k2
, ω = − (ξζ +ζ 2)e−2ζ kz −4κ2/k2

2ζ 2e−2ζ kz −4κ2/k2In order to �t NEC we need κ ∼ k, whih isunaeptable...
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Spetrum of Perturbations
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Loalization/Deloalization � Sketh

Geodesi equation

ẍA +ΓA
BCẋBẋC = 0reads

z̈ = a′e−2a (ẋ0)2−b′e−2b (˙x)2Combined with light one ondition
gABẋAẋB = 0yields

z̈ = −(b′−a′)e−2aẋ0 +b′ż2Whih roughly means that a′ < b′ � loalization and a′ > b′ �deloalization
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Loalization/Deloalization � ProofSalar 5D �eld

S =

∫

dtdx +∞
∫

−∞

dz
√

ggAB∂Aφ∂Bφ

EOM

[

−∂ 2
z +(a′ +3b′)∂z +e2a(z)∂ 2

t −e2b(z)∂ 2
i

]

φ = 0Fourrier transform, rede�nition of φ , and reparametrization of zyield Shr�odinger equation
χ ′′ +(E2−V )χ = 0for the potential

V = −1
4

a′2 +
9
4

b′2 + p2e2(b−a)− 1
2
(a′′ +3b′′)
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Loalization/Deloalization � Features

The behavior at in�nity whih is ontrolled by the Lorentzinvariane violation (the sign of b−a). The potential V aninrease/derease as y → ∞.The sign of the delta-funtion term. The potential may haveeither delta-well or delta-peak depending on this sign.
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Loalization/Deloalization � FeaturesIf the momenta-dependent term inreases as y → ∞, then onehas a disrete spetrum as in the box-type potential. Thepotential might have loal minima and maxima but thebehavior of this potential at in�nity qualitatively de�nes theharater of the spetrum. On the ontrary, if the potentialdeays at in�nity, then we have ontinuous spetrum of planewaves propagating along y-diretion. Some ombination ofthese two senarios is possible when V →V∞ = const as z → ∞.Then those modes with E2 < V∞ belong to disrete spetrumand modes with E2 > V∞ ontribute to ontinuous spetrum.The sign of delta-funtion term a�ets zero mode existene. Ina delta-well there might be a zero-mode and none in adelta-peak.
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Linear Parameterization
a(z) = ξ k|z|, b(z) = ζk|z|

The potential

Vp(y) = p2(1+ξ k|y|
)2(1−ζ/ξ )

+
9ζ 2k2

4(1+ξ k|y|
)2 −3ζkδ (y)
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Family of Potentials

1−4 2
1.0

−3

3.0

y

53−1

2.5

1.5

4−5 0−2

2.0
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Spae of Metris

Vp(y) = p2(1+ξ k|y|
)2(1−ζ/ξ )

+
9ζ 2k2

4(1+ξ k|y|
)2 −3ζ kδ (y)
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Spetrum of Model A

Put ξ = 0, ζ = 1. The potential

V (z) = p2e2k|z| +
9
4

k2−3kδ (z)Generi solution

χ(z) = NKν

( p
k

ek|z|
)

Mathing

p
k

Kν+1
( p

k

)Kν
( p

k

) =
3
2

+ν
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Spetrum of Model A
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Dispersion relations

zero mode at small momenta
E2 = 3p2

(

1− p
k

+O(p2)
)

higher modes at low momenta
E2

n =
9
4

k2+
π2k2n2

4log2 p
klarge momenta � everything E = p+ . . .
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Green Funtion and Stati PotentialPropagator

[

−∂ 2
z −E2 + p2e2k|z| +

9
4

k2−3kδ (z)

]

∆p(E, p,z) = δ (z) .Put E = 0 to �nd the Green funtion. On the brane z = 0

Gp(0, p,0) =
k

2p2 +
1

2por in oordinate representation
Gp(r) =

k
4πr

(

1+
2

πkr

)

Brane stati potential
V (r) =

+∞
∫

−∞

dze−2k|z| G(r) =
1

4πr

(

1+
2

πkr

)
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Spin�1
2 Fermioni Perturbations
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FermionsAtion

S =

∫

dtdx +∞
∫

−∞

dz
√

g
(

iΨ̄∇/ Ψ+mψΨ̄Ψ
)

Dira equation

iΓA∇AΨ(x,z)+mψΨ(x,z) = 0, mψ = msign(z)Resaling spinor

(

Eγ0−ek|z|γ i pi − γ5∂z

)

ψ −mψ ψ = 0Using speial rep os γ-matries
Eχ − ipσ3φek|z| +σ1φ ′−mψφ = 0

Eφ + ipσ3χek|z|−σ1χ ′−mψ χ = 0
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Represent

χ(z) = χ+(z)X+ + χ−(z)X−, σ2X± = ±X±, X± =





∓i

1



 .

Can be brought into

χ ′′
± +

(

E2−m2− p2e2k|z|∓ pk sign(z)ek|z|
)

χ± = 0Normalizable solution

χ>
± (z) = C>

±ξ±
( p

k
ek|z|
)

where

ξ±(x) =
√

x
[Kν+ 1

2
(x)∓Kν− 1

2
(x)
]

Mathing t = p/k

t2
(

∂
∂ t

(ξ+(t)ξ−(t))

)2

=
4m2
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Spetrum
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Dispersion RelationsAt m > k/2 the dispersion relation is

E = p

(

2m
2m− k

)

+O(p2)At m = k/2

E = − p
k

log
peγE

2k
+O(p log p)2At 0 < m < k/2

E = 2m
Γ
(

1
2 − m

k

)

Γ
(

1
2 + m

k

)

(

p√
2k

) 2m
k

(1+O(p))

The ase m = 0 is very neat
En = −πk(2n+1)

4log p
2k

+O(p), n ∈ N
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Higher modes at low momenta

En = m

√

√

√

√1+

(

πnk

k−2Ψ
(

1
2

)

m+2m log p
2k

)2

All modes at high momenta
E = p+O(p1/3)
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Chirality

ψR(E,p,z) = − i−1
2

ξ+(0)















−C̃+(E,p)

C̃+(E,p)

C+(E,p)

C+(E,p)















(

ξ+(z)
ξ+(0)

+
ξ−(z)
ξ−(0)

)

≡ uR(E,p) fR(z)

ψL(E,p,z) = − i−1
2

ξ+(0)















C̃+(E,p)

C̃+(E,p)

−C+(E,p)

C+(E,p)















(

ξ+(z)
ξ+(0)

− ξ−(z)
ξ−(0)

)

≡ uL(E,p) fL(z)
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E�etive ation

ψR,L(E,p,z) = ∑
n

α(n)R,Lu(n)R,L(E,p) f (n)R,L(z) ,and

L
(n) = iū(n)R γ0Eu(n)R ∣

∣

∣
f (n)R ∣

∣

∣

2
+ iū(n)R γ i piu

(n)R ∣

∣

∣
f (n)R ∣

∣

∣

2
ek|z|

+ iū(n)L γ0Eu(n)L ∣

∣

∣
f (n)L ∣

∣

∣

2
+ iū(n)L γ i piu

(n)L ∣

∣

∣
f (n)L ∣

∣

∣

2
ek|z|

− iū(n)R γ5u(n)L (

f (n)R )∗
∂z f (n)L − iū(n)L γ5u(n)R (

f (n)L )∗
∂z f (n)R

+mψ ū(n)R u(n)L (

f (n)R )∗
f (n)L +mψ ū(n)L u(n)R (

f (n)L )∗
f (n)R
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Some Outlook

Study Cosmology. Maybe evade NO-GO.Exoti: Holography. How will the priniple willhange if the onformal theory is broken?�AdS�/�CFT� �orrepondene�Study hihger odimensions
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