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Some interesting facts
about N=2 physics

A full partition function of N=2 d=4 theory can be
computed by localization [Nekrasov]

Recently a solid connection to non-SUSY CFTs was
outlined [Alday, Gaiotto, Tachikawa]

and connection to 2d sigma models
[Dorey, Hollowood, Tong] [Shifman,Yung] [Gaiotto, Moore, Neitzke]...
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4d / 2d duality
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BPS dyons
(Seiberg-Witten)

kinks interpolating
between different vacua

BPS spectra (as functions of masses, Lambda) are the same



Coulomb vs Higgs branches

b & Z = ZQb o +7he) JerZsZ

Baryonic
q R Branch
bl
N
$ ?){Z& A = ¢ — M
a — a

SR

Coulomb Branch Z = Z (miSi + mpih;)




Hanany-Witten construction e

[Hanany Tong]
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Understanding 2d theory:"ANQO’ String

U(N) gauge theory with fundamental matter ¢—UqV U € U(N)g, V € SU(N)p
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BPS equations for vortex
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Vortices

Simple vortex w/ N=1, k=1 (ANOQO) has two collective
coordinates-translations in X,y directions

[ A [

U(N) vortex ) \ q ) \
has more moduli A= 1T
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Modulispace gy v — 1) x vy = cp—

(k=1)
Vl,N ~ C x CPN-1
For higher k dim(V n) = 2kN
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T > 2mv? k| bound saturates for BPS states



[Auzzi, Bolognesi,

N O n -Abe I ia n Stri ng Evslin, Konishi, Yung]

[Shifman Yung]
(a1 0 ... 0)
q=U | o o Take Abelian string solution
0 ... ... 0 Make global rotation
(1 0 .. 0
sunny) 1 PN
Az’ o NU 0 o 1 0 U (&oz)f(p)
\0 0 ... —N+1/

Matrix U parameterizes
orientational modes

Gauge group is broken to Zy
All bulk degrees of freedom massive M? ~ €

Theory is fully Higgsed



Vortex moduli space

Nf=Nc color-flavor locked phase

U(N.) x SU(N SU(N
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Confined monopoles
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Hanany-Tong model as U(l) GLSM
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One loop twisted effective superpotential is exact in (2,2)
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gives vacua of the theory and its BPS spectrum
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AGT in NS limit



Omega background ........

7 |
| \ Rotational symmetry
X)X \ broken to maximal torus

SO(4) = SO(2) x SO(2)

S— —

6d Metric

AN

)

Gapdade” = Adzdz + (da™ + Q"dz + Q" dz)’

We will be interested in Nekrasov-Shatashvili limit

0" = (—iex?, text,0,0) = 756(990 €o — 0



The AGT duality

3g —3+n / ~ Coulomb branch
Liouville theory on 2-sphere | 4d U(2) SQCD w/ 4 flavors

with 4 punctures at 00,1,¢,0 | with masses 71,M2,73,174

central charge .

C:1+6Q27 Q:b_l_g

conformal dimensions of chiral operators
A =ap(@Q —a), Ag=pu(Q—po), Az=pu(Q—p1), Ay=a1(Q— )

&O:%Q—i_/j()? &:%Q—i_a) a1:%Q+ﬁl

Cont oer/ A/ oc/é mal C/7€5 wz‘Z(/7 1nSTanton pd/‘Z‘/Z‘/on

Function Zinst (@, 10, flo, fir, fiz) = (1 — q) 0@ mIF fo i (g)

b=¢€ =1/e In NS limit b — o0



But the proof already exists! iomonmorozos

at large ¢ conformal block becomes a hypergeometric function

s 0 [Zamolodchikov]
BAA A AA, () — oF) (A + Ay — Ag, A+ Az — Ay 2A: ) —

B n' 2A + k

n=0 :

Only chiral Nekrasov functions contribute
(Y, Y") = ([1"],0) or (@, [1"])

One can identify each term of the expansion in the instanton number

with the Taylor series in x for 2F|
Similar to Fateev-Litvinov

conformal blocks

EoZ‘/? p/‘oorp S are /‘aZ‘ /Ier £e orma/ ana/ a/ea/ wz‘Z‘/7 edCl/7 Z‘e/‘M
in the Series. Need riore p/}ys ical ana/erSZ‘dna//ng ..



Roadmap to proof

Liouville CFT on S U(2) N =2 SQCD
with four punctures |« I T lwith 4 flavors in
at z2=o00,1,¢,0 b — o0 AGT the NS limit ¢ —
CB satisfies KZ A
eq with Gaudin DHLC
Hamiltonian duality

V

Rational Gaudin model
on S* with singularities
a't Z — OO? ]‘7 Q7 O

(2,2) U(K) GLSM
with massive adjoint

equivalence A GLSM
of Bethe vacuum
equations bispectral equations
. . . duality v
Trigonometric Gaudin MTV . . .
L . Twisted anisotropic
model with singularities < > SL(2) XXX chain
at z=1,q




4d/2d in Omega background % ..

(b) NS5

N=2 SQCD in Omega background
in NS limit with Nf=2Nc

— —
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exact proof
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X

(2,2) GLSM w/ gauge group U(K)

massive adjoint and twisted masses
. 3 .
MF:T?LF—§E, MAF:T?LAF+§g

N
Magi = € K= ni—N
=1




Nekrasov-Shatashvili quantization

From 4d prepotential to 2d twisted superpotential

W(CL,G) — lim F(CL, €, E2) _ 8?(@,6,62)

e2—0 €9 862

ea=0

at small epsilon

W(a, €) = Fla)

+ ...
€

Twisted superpotential is multivalued on Coulomb branch

1 -
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Quantization of a-m cycle

Supersymmetric vacua




Vortex interpretation

SQCD in NS Omega background
L= 52 4 [Vind — FunQ 2 + S [67°6 — iV,,(Q76" — Q%) + grq — qr°ql
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+ 2021701 + & |Gia: — Népr* + S (Ja* — [91%)*. (
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¢a:ma_na€

(2,2) SUSY is the same as for BPS vortices
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XXX vs Gaudin o

Shatashvili]
Gaudin model - Hitchin system on S2 with punctures

[Nekrasov]
Effective twisted W2()) = Ey‘y‘f (A — ) _ EYY]C ( Mz’)
superpotential a=1 i=1 a=1 i=1

K
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Ground state equations
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: . Ai = TN, Vg > TV, T T
Large anisotropy limit N e
rational Gaudin model log q B Z Oa _ Z 2
€ a—1 i — Vg j=1 >\1, — )\j
Bethe equations obtained I
by diagonalizing (4 sites)

Gaudin Hamiltonians

N He o A
I s

dim(g)

> 300
L (U — 24)? Ha > >J
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Bispectral duality Tarason
Varchenko]

Trigonometric Gaudin vs XXX magnet

2 K2
./\/11—/\/12—6 Vy€ .
+ — 0, 2=1,..., Ko,
t; bz_;ti—zb Zt—t ?

i Equations have isomorphic

, spaces of solutions

H At M e 1 =1 v
— Ly~ y 2
)\i"’-/\/la,_'_/fa )\—)\ —I—E K1+&2:V1+V2
9752
/)2 Nice brane interpretation
ﬁ Rotation by 90 degrees

2D4's 1 2D4's 2D4's

nN

/ > NS5 K D2's

NS5




From Liouville to Gaudin

Gaudin Hamiltonian

in KZ equation

:HGaud\Ij(zz’)a = 1, L

[Babujian
T Flume]

Liouville CB satisfies 2nd order ODE
which in the NS limit becomes KZ [Teschner]
equation with Gaudin Hamiltonian

with rescaled

conformal
dimensions
AV
5 = ——
b2

lake home ress age CB in Liowille

— wave function in (zaudin



The Duality

2D4’ s 1 2D4’ s 2D4 s

Gaudin BAE NS5
q
4 K9 9
Z A Z C _p Higgs branch root
tz' — Zp tz — tj

b=1 7=

i g = Morg — Ng€, a=1,2
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AGT in

NS limit

Liouville conformal block at b — oo
on S? with four punctures

U(2), Ny =4 SQCD instanton
partition function in the NS limit

Rational Gaudin model from K7
equation on conformal blocks

SL(2) spin chain from the ground state
equation for the 2d GLSM dual to 4d theory

Puncture’s positions 25/ 2

Instanton number q

sly spin at 29 = ¢q

U(1) condition, number of D2 branes
emerging at NS5 brane at zo = ¢

Conformal dimensions of chiral operators
at points 2z = ¢q, 23 =0

Quadratic s[(2) Casimir eigenvalues on

. 1 ~ 1 ~
1 sp11n 571 1—|— UP and
—5N1 + 5Ng — 5 representations

Gaudin Hilbert space sectors with
different number k., of Bethe roots

Higgs branch lattice {n,}




Quiver Generalizations

2D4’s 1 2D4’s 2D4’s 2D4’s 2D4’s 2D4's

conformal dimensions
ao(Q —ag), po(Q —po),-.., mp(Q@—mp), oar(Q — aps)

Higgs branch

L
agp) _ mép) + nép)e 4+ Z Nl(cp)
k=1

Casimir eigenvalues and spins of representations at each NS5 from
the number of D2 branes

K, (K K, (Kp . |
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Strings Domain Walls
and Monopoles



SUSY algebra
{Qa, Q3 =20""P, 5 + 26" 7, 5 <

{Qa, Qs =2255 «

- S Z‘r/ngé

‘Monopo/ esS doricun wa/ /s

In N=2 SYM we only find dyons as BPS solitons
in the low energy effective theory

Let us see what happens in Omega background
Qs = %%J@ T %(5-mn)ézJan
12, @21, @127 Qil'

Four supercharges remain

Symmetry breaking pattern
SU(2)C X SU(2)R X SU(Q)R — U(l)c X SU(2)R_|_R

SUSY transform  6¢ = (A — Q™ (0:m)*N1a) + CLQ™(6m)“ A e
v = C15((0™™) P+ 116, 6167 + Va6 — 076)5%)
T EIB(Um)g(vm¢ — Fnf2") .



VOrticeS in Omega baCI(ground [PK Gorsky Chen]

in progress

Can view Omega deformation as formal replacement

| b ¢ —iQ"V,, + LQ™S,,
Lagrangian

L= q2(Fp,)" + Vg — Fp, QU+ 51670 — iV, (QM9" — QM%) +iQmQ"Fy, |
String central charge
current G =19, ((¢*"Q™ — ¢°Q™)B3) 02,0"" = L B0, (%€ — ¢%€)os 0"
Bogomolny completion

L= 3|BL 4+ 676 — iV (Q7¢" = Q"9")[* + 5| D19 +iDog" — (2 — i) BY[
+ O (BUQ™ " — QT ¢")) > 0, (BL(QA™" — Q™ ¢")).

central charge . p i a
A, e = [@ots= [z [dpp [ dpo(reeinB3)
if conical singularity o ‘O |

s present Sipnlar to cosruc 52ring

Loe ca/ / it epél‘/ ON —Sfr/‘ng



Monopoles and domain walls

Let’s try to find a monopole

[lto, Kamashita, Sasaki]

Bg — V3¢a — GZEmBgl =0
B — V0" +ex, B =0

On the solution adjoint scalar interpolates between different values
at large and small z, magnetic field pattern is spherically symmetric

Naturally suggests that this monopole is located on a domain wall
separating two vacua

Tension T =2((v+e)?— (v—r¢€)?) = 8uve

&€ 0 : /




Conclusions and open questions

Study of SQCD BPS (and beyond) spectrum can
effectively be done using 2d GLSM

4d/2d duality helps to understand AGT in NS limit
by reducing it to bispectral duality

Study dynamics of new solitons (eps strings, d.w.)

Generalize to other AGT pairs



