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4d/2d w/ 8 supercharges: what? and why!?
Solitonic flux tubes vs. type IIA string theory

(2,2) GLSM, NLSM

The Dictionary

Perturbation theory in GLSM

Less Supersymmetry

Heterotic deformation and Large-N solution - beyond BPS sector

Omega background (bonus)



4d/2d



‘ANO’ String

U(N) gauge theory with fundamental matter ¢—UqV U cU(N)a, V € SU(N)r
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BPS equations for vortex
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Vorticies

Simple vortex w/ N=1, k=1 (ANQO) has two collective
coordinates-translations in X,y directions

U(N) vortex E ()
has more moduli  *~ 4= |

Moduli space

(k=1)

For higher k  dim(V, v) = 2kN

SU(N)dlag/S[U(N — 1) % U(l)] ~ CpN-1

Vl,N >~ C X CPN_l

Again:
T > 2mv? k| bound saturates for BPS states
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Hanany-Witten
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T-dualized version  Heenymon

NS5—Branes
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D-term
take k=1to get U(l) theory on DI (semi- 3
2 2 _
local vortex) Qi — Q" =1

FI term -- separation of NS3sinx6 /i . ofor 6 25 HT model



4d / 2d duality

N =2 SUNN) SQCD

Ny =N+ N fund hypers
w/ masses

mi,...,1MMN AR Y

i) v,
T = |
g? 2T

on baryonic Higgs branch

[Dorey Hollowood, Tong]

2,2) U(1) GLSM e
N chiral +1 N chiral -1
w/ twisted masses

mi,...,MNN M1y HUpy
, 0
T = 1T
2T

vortex moduli space

—

BPS dyons
(Seiberg-Witten)

kinks interpolating
between different vacua

BPS spectra (as functions of masses, Lambda) are the same



UN:) N=2d=4 SQCD w/ N;quarks

{Qa, Q3 =20""P, 5 +26 7,
3

- strings

{Qa?Qﬁ} _ 22045\
monopoles domain walls

L= Tm T/d49Tr (Q’” Qi +Q'TeV Q; + dTe V@)
_ +Im |:7' / d*0 (TrWO‘2 +_m3-@in + Qicb@i)}

bosonic part = term\A -/
S = /d4:1?T1 {ZLQZF;’ —|D <I>| + |V,1Q| + g_ (QQ — { +|®Q + QM| }
BPS COndIthnS String tension
- 9*(QQ - &) =
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Nonabelian String ..

(¢2(T> 0 0 \ . .
I T Matrix U parameterizes
c 0 . o(r) O ’ orientational modes
\ 0 0 ¢1(7”))
(1 .0 0
A = Su T U @) feal)

1
AV = e, A =AY o

Gauge group is broken to 7,

All bulk degrees of freedom massive  M? = e?v?

Theory is fully Higgsed



Vortex moduli space

Nf=Nc color-flavor locked phase

Ne N N
single SUSY vacuum U(Ne) x SU(Ny) = SU(N)

SU(N)

local vortex SUN 1) < U(1) cph
SU(N + N
Nf>Nc semilocal T2 (Myaec) = T2 (SU(N) g E?UELN) )>< U(1)> =

Duality between two strongly coupled theories
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[Shifman, Yung]

Monopoles in Higgs Phase =

Add masses. New vacuum ¢ =diag(m;) , ¢%=vd" , ¢ =0

Pattern of symmetry breaking depends on the relationship between
the differences of masses and Fl parameter

AN \/
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ev > Am
U(N)G X SU(N)F — SU(N)diag AN U(l)N_1

diag

ev < Am
U(N)g x SUN)p == UL)g x UL)p™" — U(1)g}

diag



Confined monopoles

5 _ 62 ,02
g=0 g =0
1/2 l
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B i .y —1/2
Am| S
The 't Hooft—Polyakov Almost free monopole T
monopole
—1
Acp (1) l Am = 0

A cpr «<|Aml<&"”
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Confined monopole,
quasiclassical regime T

(Am)?
§

Confined monopole,
highly quantum regime

becomes 2d Fl term T




BPS dyons

N, Ny
4 = Z gba(ja + Tha) + Zmisi Centl"al Charge
a=1 1=1
Ne
Z =Y mi(S;+7h;) At baryonic root of Higgs branch

1=1

N,

_ : | N SWV curve degenerates
s (t_ H(u_mz)> S has Nc branching pts

Z =Y (m;S; +mp;h;) all quantum corrections in mD

N,
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(2,2) 2d GLSM

Consider U(I) gauge theory

N,
1 2 - 2 2 2
Lvortex — 292 ( 01 -+ ’80-| T Zzl ‘le‘ -+ |0 o mll |¢’L| Z |¢’L’ o T
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Fl term runs r(p) =nrg — % log (MUV) — — A= pexp ( 277;7('&)>
70 C
Effective twisted superpotential Vacua exp OV 8)/\/
. N,
; 1 2 = oo
N¢

Central charge 7= —i» (miS; + mpTy)
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Hanany-Tong model as U(l) GLSM

N, N
c - - 1
L= [ d*% chbff Vo, E:qﬂ? Vo, — rY vy
/ 1=1 Ze —I_z'zl ze ' 262

V =6070% (Ao + As) + 070 (Ag — As) — 6810 — 0~ 05 + 8201 + 620X + AF6D

One loop twisted effective superpotential is exact in (2,2)

N
o 1 V20 + m;
Weﬂf — —% E (\/50' + mz) (lOg A — 1) +

1=1

N ~
1 - 20 +m,;
| o E (V20 + ;) (log \[OA e 1) .

g=1

gives vacua of the theory and its BPS spectrum !!
[PK Monin Vinci]
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Worldsheet sigma model
from the 4d theory



Derivation from 4d theory v

Brane construction is not sensitive to IR physics

Blind to deformations within the same universality class

Need to know explicit metric on the vacuum manifold
in order to go beyond BPS sector

Let’s see if GLSMs from brane picture are the same as
stgma mooels what Live on Vortex



From GLSM
c= [0 (P 1%r) e = v+ i)

Take limit e — o0 solve forV

Kahler potential K =rlog(1+|X[) X = X,/X
For HT model
Lyt = /d46’ (’./\/;‘26‘/ + \Zj]2e_v — ’I“V) O(—l)N
Limit € — o0 defines vacuum manifold l
(O}

Kyr = 214 2 _ ] ( 244 2) ] 1 (I)iQ
Kahler potential e = /12 +4r[C[? = rlog (r+ /12 + 4r[([? ) + rlog(1 + |@i]?)

~

1P =137+ 19:1%) 3 = rVNyZ;, j=1,...,N

Let’'s see what is the metric on the vortex sigma model



|/2 BPS VO rtices [Shifrman Vinci Yung]

¢ 2
g _ /d41. Tr {é (Fm n %Z(QQ _ 5)) + String tension

+ |[ViQ +iVaQ|* + [PQ + QM|* + £ Fip +
T = f/d%TrFu = 27§

- g%(Fik)?"_ (VkQ)*(VkQ)+g_12(Fkl)2}’

i=1,2 k1=0,3.

Ansatz
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Bogomol’'ny equations

reduce to Abelian Higgs _gemodulus
réy(r) =0, $1(r) = VE 3= gcﬁz
rga(r) — f(r) ¢2(r) =0,

, can solve the rest of equations
ros(r) — (F(r) —1)¢s(r) =0,

analytically provided that

1 / 92 127, L ()2 _ 1
;f (r)+?(@2(r)—i-|@3(r)| §)=0. gVEIpl <<
e.g. gauge field

A, = —i (Bkn n* —nogn* —2n 'n.*(n.*ak'n.)>w(~r)

—inn’ (p*é)kp — porp* + 2|p|2(n*8kn.)>ﬂ,*(r)

after some work [Shifman Vinci Yung] we get...



Effective action

L? :
Lig = w& (ln —) |8k(p 'n.)‘2 — w€|Okp + p (n*On)|?

I
I already includes
4+ — [31‘-71*31;72' + (3kn*n)2] . subleading corrections
92
for large L can insert Log under derivative
L2 L~ |Am|™*
zZ=p [me In |_P|]

Arrive to a new model (ZN) with Kahler potential

K., = r|C]? +rlog(1+ |®;|*) €17 = 135171 + @]

N,
o, = Cdi=1,....N—1,
Nn

5j — T_l/QNNZj, jzl,...,N,

for one extra flavor reduces
to blow up of C¥V



ZN model vs HT model

Kyt = \/7“2 + 4r|C|? — rlog (,,,, + \/7"2 + 47“|C|2> + rlog(1 + \CIDZ-\Z)

w

K. = r|C]* + rlog(1 + |®]*)

Kyt = K, + O(KP)

IR physics of ZN and HT models is the same
BPS spectra are the same, but otherwise different



Perturbation theory



Perturbation theory

i (1)
Gel-Mann-Low function R;;" = Riz,
1 2) p_ k U
Bip=aVR + R+ .. ki = Ripn 1
T

Kaehler metric  gi; = 0:0,K (2, z;)

Ricci tensor Ri; = —0;0;log det(g;;)

r
— log det(ggﬂ)) = log(1 + |®;]*) — log <1 + \/Tg T 47“C|2>



FI term renormalization (GLSM)

~ ~

N-N M N-N_ M
Tl”en(:u) —To — o 10g ; | I'ren = 0 =——=> ro = > log X
c1(Mur) = (N = N) [wepw—1]

CIP)N—l

Kaehler class is renormalized only at one loop, hence the
result above should be the full answer for the coupling
renormalization

If so what does the extra term in the last formula on
the previous slide mean?

To understand why we need to compare
renormalization schemes used in both calculations



GLSM vs NLSM

1
/de/d49 (|<I>\26V —rV + — \Z\2>
c 1 p<<€ 1

V-massive vector field w/ propagator Ve

>

Integrating outV

~logdet(g;) = (N — N)log(1 + |:]2) — (N = 1)|¢2 + O(Ic[*).

Dimensional regularization (GLSM perturbation theory) mixes up UV
and IR divergencies. Need to single out the UV piece out, IR
contribution is not seen in the GLSM limit



Less SUSY |
Heterotic deformation



(O, 2) T h eO ry [Gorsky Shifman Yung]

In 4d introduce masses 4?0 1% (d*)?
breaks N =2 to N=1  On the flux tube (2,2) — (0,2
obtain heterotic Sigma model [Edalati Tong][Shifman Yung] [Distler Kachru]
L= /d49 (cpf{e‘/cbi —7rV — Bv) CP" ' x C
B-right handed superfield

can be treated as model w/ field dependent Fl term
K = (r + B)log(1 + |¢'])

Geometry becomes non-Kahler
due to generation of H field (field dependent theta
term)



Can do CP(N-1I) as well  wconn

Loy = / 0 [3es0(Da + AN (Dy — iAN: +iSNIN — 1)

+ 4esa DB DB + (1w B(S — 4D A) + Hee) |

lsovector N°'=n'+0& + 100F",
Spinor Ao = —i(7"0)0 A, + V2(7°0)a0s + V200 v,
Constraint S = V20, + vV20u + 306D

o=01+109, Ay = Uyt 10,

if negatively charged fields are included
v = |Vunil” + [Voupil” + €L VRE], + i€pV L&k + LV RN, + iRV L)
— 2ot nil* = 2[o*|pil* — D (‘nz|2 — |pil* = 7“0) — 4|wl*|o*

V20 (Al — Art}) — iV208pe] + He.
—iv2p; (e — An) + V207, + Hee |

%C_R@LCR — [Z.\/ZU)\LCR + HC} )

+ 4+ +



(0,2) GLSM PK Morin Vinc

N.—N;

/d46’ Zqﬂ eV ®; + Z Ol e VO, — (r+B)V A L sty

P =n'+ 06 +0+00F, i=1,..., N,
O = p) + 0 + 07 +00F, j=1,....N

N=oc+i0t A, —i0"A_+ 0707 (D —iFy)
B = w(é’_CR + é@ﬁf)
deformation adds
Lhet = ¢ + CtRaLCR — \w|2|0|2 — [iw)\LCR + H.C.]
Not enough SUSY non-pert. corrections out of

control
Have to dwell on large-N approach



Large-N solution of (0,2)

1 3 lo —m;|* + D o — my|”
‘/11001’_4_2( D+|0—m,|)log A’, +|0’—771-i| log Azl )
1
1 A 5 |0’—/.l--|2—D 9 |0—H‘|2
—4—2( D — |o — p;|”) log j<2 — |o— p;]" log A.ZJ
N-N
D.
M 47

Vers = Victoop + (| — mo|” + D) |nof* + (lo — po|” — D) |pof® +

for zero masses

(4m/N)V(0)
0'25f
- Symmetric masses
015 my = m e2FiN . k=0,....N—-1,
I e | ~
010 ,ul:,uez"tﬁ, [=0,....N—-1.
0.05




Vacuum equations

(o — mo|* + D)ng =0,

(lo — pol”> — D) po =0,

N-1 ) N—-1 )
1 jo—mi["+D 1 o —pi|” — D 2 2
___2:1 _____2:1 — _
N -1 p) N—-1
1 lo—m;|"+D 1
— o—m;)lo — } — o— ;i) lo

= (0 —mg) |no|* + (o — po) |pol” +

ulN
47

ag.



Solution of (2,2) model

Phase transitions - artifact of large-N
(|0—m0\2—|—D)n0:O, (’O-—,LLO|2—D))OOZO

Higgs in n (Hn) T:{ NQ‘,;"-'log%, o< m

po = 0 D — —‘O’ B m|2 XlogZ %log;‘f, > m.

Higgs in rho (Hrho) { N Jog i > m

g = 0 D= ‘0‘ B Iu‘z s-log T — - logh, p<m

g — Po — 0

renormalized Fl term vanishes in C phase
in (2,2) from exact superpotential
[[(c —my) . . .
@' _ AN-N o =0 is one of the solutions...
[1(o = 1)
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0, | =m'|

1/a

H=Mm

super conf. theory

(o) =0

y?2 = $2N(xN—N — 1)

Hn
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Nf=5 Cu phase
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B | :
i _Unbrol{'en (0,2)
6:— ,t —
: ,’ (o) =0
5 ’I — —
: Unbroken discrete
- /ymmetry/Conﬁning
VI g
Cus
() # 0 Hn
L
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IJ% 1" m
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[Bolokhov Shifman Yung]
S peCtrU m [PK Monin Vinci]

1 1 1 )
L = —EF/%I/ + 6_(6 Re O') + g(&ujﬂl 0‘)2 -+ Z’Jm(b 50.)€IL“/F/~LI/ . ‘/eff(O') 4 Fermions
S N
Y o Y .
Anomaly _9 o
= 3
N-1 1 N—1 {
i—1 0—772, j\ ;5’0—[[.i m’y — 60‘267|b|

Photon becomes massless in Cs phase!!  Cconfinement!

Note that Lambda vacua disappear at large deformations
Need to sit in zero-vacua

e.g.in Cm phase  m, =V6A (%)l/a ((%")Q/Q - (%)2e“/°) et

Massless goldstino in fermionic sector



Conclusions and open questions

Study BPS (and beyond) spectrum of SQCD can
effectively be done using 2d NLSM (and GLSM)

Rich variety of phases in (0,2) model at strong
coupling

Other heterotic deformations D®, ~ D®_

Are there flux tubes in theories without Fl term!?
(e.g. SU(N)) Omega deformed 4d theory may have
such solutions...

Connections to integrable systems in 2d...

Relationship w/ another 4d/2d duality [Vafa et al]



