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‘ANO’ String

string. As we’re used to by now, such winding is characterized by the homotopy group,
this time

Π1 (U(N) × SU(N)/SU(N)diag) ∼= Z (3.6)

Which means that we can expect vortex strings supported by a single winding number
k ∈ Z. To see that this winding of the scalar is associated with magnetic flux, we use

the same trick as for monopoles. Finiteness of the quark kinetic term requires that
Dq ∼ 1/r2 as r → ∞. But a winding around S1

∞ necessarily means that ∂q ∼ 1/r. To

cancel this, we must turn on A → i∂q q−1 asymptotically. The winding of the scalar at
infinity is determined by an integer k, defined by

2πk = Tr

∮

S1
∞

i∂θq q−1 = Tr

∮

S1
∞

Aθ = Tr

∫

dx1dx2 B3 (3.7)

This time however, in contrast to the case of magnetic monopoles, there is no long

range magnetic flux. Physically this is because the theory has a mass gap, ensuring
any excitations die exponentially. The result, as we shall, is that the magnetic flux is

confined in the center of the vortex string.

The Lagrangian of equation (3.1) is very spe- x3

phase of q

Figure 11:

cial, and far from the only theory admitting vor-
tex solutions. Indeed, the vortex zoo is well pop-

ulated with different objects, many exhibiting cu-
rious properties. Particularly interesting examples
include Alice strings [148, 149], and vortices in Chern-

Simons theories [150]. In this lecture we shall stick
with the vortices arising from (3.1) since, as we

shall see, they are closely related to the instantons
and monopoles described in the previous lectures.

To my knowledge, the properties of non-abelian vortices in this model were studied
only quite recently in [151] (a related model, sharing similar properties, appeared at
the same time [152]).

3.2 The Vortex Equations

To derive the vortex equations we once again perform the Bogomoln’yi completing the
square trick (due, once again, to Bogomoln’yi [14]). We look for static strings in the x3

direction, so make the ansatz ∂0 = ∂3 = 0 and A0 = A3 = 0. We also set φ = 0. In fact
φ will not play a role for the remainder of this lecture, although it will be resurrected

– 72 –

3. Vortices

In this lecture, we’re going to discuss vortices. The motivation for studying vortices
should be obvious: they are one of the most ubiquitous objects in physics. On table-
tops, vortices appear as magnetic flux tubes in superconductors and fractionally charged

quasi-excitations in quantum Hall fluids. In the sky, vortices in the guise of cosmic
strings have been one one of the most enduring themes in cosmology research. With

new gravitational wave detectors coming on line, there is hope that we may be able
to see the distinctive signatures of these strings as the twist and whip. Finally, and
more formally, vortices play a crucial role in determining the phases of low-dimensional

quantum systems: from the phase-slip of superconducting wires, to the physics of
strings propagating on Calabi-Yau manifolds, the vortex is key.

As we shall see in detail below, in four dimensional theories vortices are string like

objects, carrying magnetic flux threaded through their core. They are the semi-classical
cousins of the more elusive QCD flux tubes. In what follows we will primarily be inter-
ested in the dynamics of infinitely long, parallel vortex strings and the long-wavelength

modes they support. There are a number of reviews on the dynamics of vortices in four
dimensions, mostly in the context of cosmic strings [142, 143, 144].

3.1 The Basics

In order for our theory to support vortices, we must add a further field to our La-
grangian. In fact we must make two deformations

• We increase the gauge group from SU(N) to U(N). We could have done this

before now, but as we have considered only fields in the adjoint representation
the central U(1) would have simply decoupled.

• We add matter in the fundamental representation of U(N). We’ll add Nf scalar
fields qi, i = 1 . . . , Nf .

The action that we’ll work with throughout this lecture is

S =

∫

d4x Tr

(

1

2e2
F µνFµν +

1

e2
(Dµφ)2

)

+

Nf
∑

i=1

|Dµqi|2

−
Nf
∑

i=1

q†iφ
2qi −

e2

4
Tr (

Nf
∑

i=1

qiq
†
i − v2 1N)2 (3.1)

The potential is of the type admitting a completion to N = 1 or N = 2 supersymmetry.
In this context, the final term is called the D-term. Note that everything in the bracket
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of the D-term is an N×N matrix. Note also that the couplings in front of the potential
are not arbitrary: they have been tuned to critical values.

We’ve included a new parameter, v2, in the potential. Obviously this will induce a
vev for q. In the context of supersymmetric gauge theories, this parameter is known as

a Fayet-Iliopoulos term.

We are interested in ground states of the theory with vanishing potential. For Nf <
N , one can’t set the D-term to zero since the first term is, at most, rank Nf , while the
v2 term is rank N . In the context of supersymmetric theories, this leads to spontaneous

supersymmetry breaking. In what follows we’ll only consider Nf ≥ N . In fact, for the
first half of this section we’ll restrict ourselves to the simplest case:

Nf = N (3.2)

With this choice, we can view q as an N ×N matrix qa
i, where a is the color index and

i the flavor index. Up to gauge transformations, there is a unique ground state of the
theory,

φ = 0 , qa
i = vδa

i (3.3)

Studying small fluctuations around this vacuum, we find that all gauge fields and scalars
are massive, and all have the same mass M2 = e2v2. The fact that all masses are equal

is a consequence of tuning the coefficients of the potential.

The theory has a U(N)G ×SU(N)F gauge and flavor symmetry. On the quark fields

q this acts as

q → UqV U ∈ U(N)G, V ∈ SU(N)F (3.4)

The vacuum expectation value (3.3) is preserved only for transformations of the form
U = V , meaning that we have the pattern of spontaneous symmetry breaking

U(N)G × SU(N)F → SU(N)diag (3.5)

This is known as the color-flavor-locked phase in the high-density QCD literature [145].

When N = 1, our theory is the well-studied abelian Higgs model, which has been
known for many years to support vortex strings [146, 147]. These vortex strings also
exist in the non-abelian theory and enjoy rather rich properties, as we shall now see.

Let’s choose the strings to lie in the x3 direction. To support such objects, the scalar
fields q must wind around S1

∞ at spatial infinity in the (x1, x2) plane, transverse to the
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To find a string find need 
winding at infinity A✓ ⇠ 1/⇢

U(N) gauge theory with fundamental matter
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BPS equations for vortex
in the following lecture. The tension (energy per unit length) of the string is

Tvortex =

∫

dx1dx2 Tr

(

1

e2
B2

3 +
e2

4
(

N
∑

i=1

qiq
†
i − v2 1N)2

)

+
N
∑

i=1

|D1qi|2 + |D2qi|2

=

∫

dx1dx2 1

e2
Tr

(

B3 ∓
e2

2
(

N
∑

i=1

qiq
†
i − v2 1N)

)2

+
N
∑

i=1

|D1qi ∓ iD2qi|2

∓v2

∫

dx1dx2 TrB3 (3.8)

To get from the first line to the second, we need to use the fact that [D1, D2] = −iB3,
to cancel the cross terms from the two squares. Using (3.7), we find that the tension

of the charge |k| vortex is bounded by

Tvortex ≥ 2πv2 |k| (3.9)

In what follows we focus on vortex solutions with winding k < 0. (These are mapped

into k > 0 vortices by a parity transformation, so there is no loss of generality). The
inequality is then saturated for configurations obeying the vortex equations

B3 =
e2

2
(
∑

i

qiq
†
i − v2 1N) , Dzqi = 0 (3.10)

where we’ve introduced the complex coordinate z = x1 + ix2 on the plane transverse to
the vortex string, so ∂z = 1

2(∂1 − i∂2). If we choose N = 1, then the Lagrangian (3.1)

reduces to the abelian-Higgs model and, until recently, attention mostly focussed on
this abelian variety of the equations (3.10). However, as we shall see below, when the

vortex equations are non-abelian, so each side of the first equation (3.10) is an N ×N
matrix, they have a much more interesting structure.

Unlike monopoles and instantons, no analytic solution to the vortex equations is

known. This is true even for a single k = 1 vortex in the U(1) theory. There’s nothing
sinister about this. It’s just that differential equations are hard and no one has decided

to call the vortex solution a special function and give it a name! However, it’s not
difficult to plot the solution numerically and the profile of the fields is sketched below.

The energy density is localized within a core of the vortex of size L = 1/ev, outside of
which all fields return exponentially to their vacuum.

The simplest k = 1 vortex in the abelian N = 1 theory has just two collective

coordinates, corresponding to its position on the z-plane. But what are the collective
coordinates of a vortex in U(N). We can use the same idea we saw in the instanton
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Figure 12: A sketch of the vortex profile.

lecture, and embed the abelian vortex — let’s denote it q⋆ and A⋆
z — in the N × N

matrices of the non-abelian theory. We have

Az =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

A⋆
z

0
. . .

0

⎞

⎟

⎟

⎟

⎟

⎟

⎠

, q =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

q⋆

v
. . .

v

⎞

⎟

⎟

⎟

⎟

⎟

⎠

(3.11)

where the columns of the q matrix carry the color charge, while the rows carry the flavor

charge. We have chosen the embedding above to lie in the upper left-hand corner but
this isn’t unique. We can rotate into other embeddings by acting with the SU(N)diag

symmetry preserved in the vacuum. Dividing by the stabilizer, we find the internal
moduli space of the single non-abelian vortex to be

SU(N)diag/S[U(N − 1) × U(1)] ∼= CP
N−1 (3.12)

The appearance of CP
N−1 as the internal space of the vortex is interesting: it tells us

that the low-energy dynamics of a vortex string is the much studied quantum CP
N−1

sigma model. We’ll see the significance of this in the following lecture. For now, let’s
look more closely at the moduli of the vortices.

3.3 The Moduli Space

We’ve seen that a single vortex has 2N collective coordinates: 2 translations, and

2(N − 1) internal modes, dictating the orientation of the vortex in color and flavor
space. We denote the moduli space of charge k vortices in the U(N) gauge theory as
Vk,N . We’ve learnt above that

V1,N
∼= C × CP

N−1 (3.13)
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lecture, and embed the abelian vortex — let’s denote it q⋆ and A⋆
z — in the N × N

matrices of the non-abelian theory. We have

Az =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

A⋆
z

0
. . .

0

⎞

⎟

⎟

⎟

⎟

⎟

⎠

, q =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

q⋆

v
. . .

v

⎞

⎟

⎟

⎟

⎟

⎟

⎠

(3.11)

where the columns of the q matrix carry the color charge, while the rows carry the flavor

charge. We have chosen the embedding above to lie in the upper left-hand corner but
this isn’t unique. We can rotate into other embeddings by acting with the SU(N)diag

symmetry preserved in the vacuum. Dividing by the stabilizer, we find the internal
moduli space of the single non-abelian vortex to be

SU(N)diag/S[U(N − 1) × U(1)] ∼= CP
N−1 (3.12)

The appearance of CP
N−1 as the internal space of the vortex is interesting: it tells us

that the low-energy dynamics of a vortex string is the much studied quantum CP
N−1

sigma model. We’ll see the significance of this in the following lecture. For now, let’s
look more closely at the moduli of the vortices.

3.3 The Moduli Space

We’ve seen that a single vortex has 2N collective coordinates: 2 translations, and

2(N − 1) internal modes, dictating the orientation of the vortex in color and flavor
space. We denote the moduli space of charge k vortices in the U(N) gauge theory as
Vk,N . We’ve learnt above that

V1,N
∼= C × CP

N−1 (3.13)
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For higher k

What about higher k? An index theorem [154, 151] tells us that the number of collective
coordinates is

dim(Vk,N) = 2kN (3.14)

Look familiar? Remember the result for k instantons in U(N) that we found in lecture
1: dim(Ik,N) = 4kN . We’ll see more of this similarity between instantons and vortices

in the following.

As for previous solitons, the counting (3.14) has a natural interpretation: k parallel
vortex strings may be placed at arbitrary position, each carrying 2(N −1) independent
orientational modes. Thinking physically in terms of forces between vortices, this is a

consequence of tuning the coefficient e2/4 in front of the D-term in (3.1) so that the
mass of the gauge bosons equals the mass of the q scalars. If this coupling is turned

up, the scalar mass increases and so mediates a force with shorter range than the gauge
bosons, causing the vortices to repel. (Recall the general rule: spin 0 particles give rise

to attractive forces; spin 1 repulsive). This is a type II non-abelian superconductor. If
the coupling decreases, the mass of the scalar decreases and the vortices attract. This
is a non-abelian type I superconductor. In the following, we keep with the critically

coupled case (3.1) for which the first order equations (3.10) yield solutions with vortices
at arbitrary position.

3.3.1 The Moduli Space Metric

There is again a natural metric on Vk,N arising from taking the overlap of zero modes.

These zero modes must solve the linearized vortex equations together with a suitable
background gauge fixing condition. The linearized vortex equations read

DzδAz̄ −Dz̄δAz =
ie2

4
(δq q† + q δq†) and Dzδq = iδAzq (3.15)

where q is to be viewed as an N × N matrix in these equations. The gauge fixing
condition is

DzδAz̄ + Dz̄δAz = −ie2

4
(δq q† − q δq†) (3.16)

which combines with the first equation in (3.15) to give

Dz̄δAz = −ie2

4
δq q† (3.17)

Then, from the index theorem, we know that there are 2kN zero modes (δαAz, δαq),

α, β = 1, . . . , 2kN solving these equations, providing a metric on Vk,N defined by

gαβ = Tr

∫

dx1dx2 1

e2
δαAaδβAz̄ +

1

2
δαqδβq† + h.c. (3.18)
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T � 2⇡v2|k| bound saturates for BPS states
Again:



Hanany-Witten

We also need to turn on the FI parameter v2. This

x 4,5

x9

x 6

N D6−branes
0123789

Figure 15:

is achieved by taking the right-hand NS5-brane and pulling

it out of the page in the x9 direction. In order to remain
in the ground state, the D4-branes are not allowed to tilt
into the x9 direction: this would break supersymmetry and

increase their length, reflecting a corresponding increase in
the ground state energy of the theory. Instead, they must split

on the D6-branes. Something known as the S-rule [91, 162]
tells us that only one D4-brane can end on a given D6-brane
while preserving supersymmetry, ensuring that we need at

least N D6-branes to find a zero-energy ground state. The
final configuration is drawn in the figure 16, with the field theory dictionary given by

v2 =
∆x9

(2π)3gsl3s
(3.26)

Now we’ve built our theory, we can look to find the vortices.

δ x9k D2−branes

039

Figure 16:

We expect them to appear as other D-branes in the config-
uration. There is a unique BPS D-brane with the correct

mass: it is a D2-brane, lying coincident with the D6-branes,
with worldvolume 039, as shown in figure 16 [163]. The x3

direction here is the direction of the vortex string.

The problem is: what is the worldvolume theory on the
D2-branes. It’s hard to read off the theory directly because

of the boundary conditions where the D2-branes end on the
D4-branes. But, already by inspection, we might expect

that it’s related to the Dp-D(p − 4) system described in
Lecture 1 in the context of instantons. To make progress we
play some brane games. Move the D6-branes to the right. As they pass the NS5-brane,

the Hanany-Witten transition occurs and the right-hand D4-branes disappear [91]. We
get the configuration shown in figure 17.

Let’s keep the D6-branes moving. Off to infinity. Finally, we rotate our perspective
a little, viewing the D-branes from a different angle, shown in figure 18. This is our

final D-brane configuration and we can now read off the dynamics.

We want to determine the theory on the D2-branes in figure 18. Let’s start with the

easier problem in figure 19. Here the D4-branes extend to infinity in both x6 → ±∞
directions, and the D2-branes end on the other NS5. The theory on the D2-branes
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is simple to determine: it is a U(k) gauge theory with 4 real adjoint scalars, or two

complex scalars

σ = X4 + iX5 , Z = X1 + iX2 (3.27)

which combine to give the N = (4, 4) theory in d = 1 + 1. N D4−branes

NS5−branes
012345

01236

039
k D2−branes

Figure 19:

The D4-branes contribute hypermultiplets (ψa, ψ̃a) with a =

1, . . . , N . These hypermultiplets get a mass only when the
D2-branes and D6-branes are separated in the X4 and X5

directions. This means we have a coupling like

N
∑

a=1

ψ†
a {σ†, σ}ψa + ψ̃a {σ†, σ} ψ̃†

a (3.28)

But there is no such coupling between the hypermultiplets
and Z. The coupling (3.28) breaks supersymmetry to N =

(2, 2). So we now understand the D2-brane theory of figure
19. However, the D2-brane theory that we’re really interested in, shown in figure 18,

differs from this in two ways

• The right-hand NS5-brane is moved out of the page. But we already saw in the

manoeuvres around figure 16 that this induces a FI parameter on brane theory.
Except this this time the FI parameter is for the D2-brane theory. It’s given by

r =
∆x6

2πgsls
=

4π

e2
(3.29)

• We only have half of the D4-branes, not all of them. If a full D4-brane gives rise
to a hypermultiplet, one might guess that half a D4-brane should give rise to half

a hypermultiplet, otherwise known as a chiral multiplet. Although the argument
is a little glib, it turns out that this is the correct answer [164].
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directions. This means we have a coupling like
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ψ†
a {σ†, σ}ψa + ψ̃a {σ†, σ} ψ̃†

a (3.28)

But there is no such coupling between the hypermultiplets
and Z. The coupling (3.28) breaks supersymmetry to N =

(2, 2). So we now understand the D2-brane theory of figure
19. However, the D2-brane theory that we’re really interested in, shown in figure 18,

differs from this in two ways

• The right-hand NS5-brane is moved out of the page. But we already saw in the

manoeuvres around figure 16 that this induces a FI parameter on brane theory.
Except this this time the FI parameter is for the D2-brane theory. It’s given by

r =
∆x6

2πgsls
=

4π

e2
(3.29)

• We only have half of the D4-branes, not all of them. If a full D4-brane gives rise
to a hypermultiplet, one might guess that half a D4-brane should give rise to half

a hypermultiplet, otherwise known as a chiral multiplet. Although the argument
is a little glib, it turns out that this is the correct answer [164].
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FI parameter

We end up with the gauge theory in d = 1 + 1 dimensions with N = (2, 2) super-
symmetry

U(k) Gauge Theory + Adjoint Chiral Multiplet Z

+ N Fundamental Chiral Multiplets ψa

This theory has a FI parameter r = 4π/e2. Now this should be looking very familiar —

it’s very similar to the instanton theory we described in Lecture 1. We’ll return to this
shortly. For now let’s keep examining our vortex theory. The potential for the various

scalars is dictated by supersymmetry and is given by

V =
1

g2
Tr |[σ, σ†]|2 + Tr |[σ, Z]|2 + Tr |[σ, Z†]|2 +

N
∑

a=1

ψ†
aσ

†σψa

+
g2

2
Tr

(

∑

a

ψaψ
†
a + [Z, Z†] − r 1k

)2

(3.30)

Here g2 is an auxiliary gauge coupling which we take to infinity g2 → ∞ to restrict us
to the Higgs branch, the vacuum moduli space defined by

MHiggs
∼= {σ = 0, V = 0}/U(k) (3.31)

Counting the various degrees of freedom, the Higgs branch has real dimension 2kN .
From the analogy with the instanton case, it is natural to conjecture that this is the

vortex moduli space [151]

Vk,N
∼= MHiggs (3.32)

While the ADHM construction has a field theoretic underpinning, I know of no field
theory derivation of the above result for vortices. So what evidence do we have that
the Higgs branch indeed coincides with the vortex moduli space? Because of the FI

parameter, MHiggs is a smooth manifold, as is Vk,N and, obviously the dimensions work
out. Both spaces have a SU(N)×U(1) isometry which, in the above construction, act

upon ψ and Z respectively. Finally, in all cases we can check, the two spaces agree (as,
indeed, do their Kähler classes). Let’s look at some examples.

3.4.1 Examples of Vortex Moduli Spaces Revisited

One Vortex in U(N)

The gauge theory for a single k = 1 vortex in U(N) is a U(1) gauge theory. The adjoint
scalar Z decouples, parameterizing the complex plane C, leaving us with the N charged
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directions. This means we have a coupling like
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∑
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a {σ†, σ}ψa + ψ̃a {σ†, σ} ψ̃†

a (3.28)

But there is no such coupling between the hypermultiplets
and Z. The coupling (3.28) breaks supersymmetry to N =

(2, 2). So we now understand the D2-brane theory of figure
19. However, the D2-brane theory that we’re really interested in, shown in figure 18,

differs from this in two ways

• The right-hand NS5-brane is moved out of the page. But we already saw in the

manoeuvres around figure 16 that this induces a FI parameter on brane theory.
Except this this time the FI parameter is for the D2-brane theory. It’s given by

r =
∆x6

2πgsls
=

4π

e2
(3.29)

• We only have half of the D4-branes, not all of them. If a full D4-brane gives rise
to a hypermultiplet, one might guess that half a D4-brane should give rise to half

a hypermultiplet, otherwise known as a chiral multiplet. Although the argument
is a little glib, it turns out that this is the correct answer [164].
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T-dualized version
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Figure 3: The brane configuration for U(N) gauge theory with N +M hypermultiplets,
and k vortices.

shown in Figure 3.

Once again, it is a simple matter to read off the theory on the k D1-branes [17].

It consists of a U(k) field theory, still coupled to the chiral multiplets Z and ψ as in

Section 3, but now augmented with M further chiral multiplets ψ̃ which transform in

the k̄ representation of the gauge group. We shall write,

ψ̃ = ψ̃w
m m = 1, . . . , k ; w = 1, . . . , M

These fields also transform under their own U(M)E flavour symmetry, so the full global

symmetry group of the theory is therefore

G = SU(2)R × S(U(N)D × U(M)E) × U(1)F

where the overall U(1) of the U(N)D×U(M)E flavour symmetry lies in the U(k) gauge

group.

As in Section 3, we are interested in the Higgs branch of the D1-brane theory, which

we denote as M̂k,(N,M). This Higgs branch is expected to be isomorphic to the vortex

moduli space,

V̂k,(N,M)
∼= M̂k,(N,M).

Let us examine the Higgs branch in more detail. It is given by a U(k) quotient of
Ck(N+M+k), parameterised by Z, ψ and ψ̃. The D-term moment map is

Dm
n =

N∑

i=1

ψm
iψ

i†
n −

M∑

w=1

ψ̃m†
w ψ̃w

n − [Z, Z†]mn − rδm
n = 0 (5.27)

21

[Hanany Tong]

take k=1to get U(1) theory on D1 (semi-
local vortex)

Ñ

will refer to as HT model

|Qi|2 � |Q̃j |2 = r

D-term 

FI term -- separation of NS5s in x6



         4d / 2d duality [Dorey Hollowood, Tong]
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Nonabelian String [Shifman Yung]

act trivially on the BPS string. Imposing the conditions (4.2.17) and requir-
ing the left-hand sides of Eqs. (4.2.14) to vanish 16 we get, upon substituting
the ansatz (4.2.6), the first-order equations (4.2.11).

4.3 Elementary non-Abelian strings

The elementary ZN strings in the model (4.1.7) give rise to bona fide non-
Abelian strings provided the condition (4.1.13) is satisfied [117, 118, 119, 120].
This means that, in addition to trivial translational moduli, they have extra
moduli corresponding to spontaneous breaking of a non-Abelian symmetry.
Indeed, while the “flat” vacuum (4.1.14) is SU(N)C+F symmetric, the solu-
tion (4.2.6) breaks this symmetry 17 down to U(1)×SU(N − 1) (at N > 2).
This ensures the presence of 2(N − 1) orientational moduli.

To obtain the non-Abelian string solution from the ZN string (4.2.6) we
apply the diagonal color-flavor rotation preserving the vacuum (4.1.14). To
this end it is convenient to pass to the singular gauge where the scalar fields
have no winding at infinity, while the string flux comes from the vicinity of
the origin. In this gauge we have

ϕ = U

⎛

⎜

⎜

⎜

⎜

⎝

φ2(r) 0 ... 0

... ... ... ...

0 ... φ2(r) 0

0 0 ... φ1(r)

⎞

⎟

⎟

⎟

⎟

⎠

U−1 ,

ASU(N)
i =

1

N
U

⎛

⎜

⎜

⎜

⎜

⎝

1 ... 0 0

... ... ... ...

0 ... 1 0

0 0 ... −(N − 1)

⎞

⎟

⎟

⎟

⎟

⎠

U−1 (∂iα) fNA(r) ,

AU(1)
i = − 1

N
(∂iα) f(r) , AU(1)

0 = ASU(N)
0 = 0 , (4.3.1)

16If, instead of (4.2.17), we required other combinations of the SUSY transformation pa-
rameters to vanish (changing the signs in (4.2.17)) we would get the anti-string equations,
with the opposite direction of the gauge fluxes.

17At N = 2 the string solution breaks SU(2) down to U(1).
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Monopoles in Higgs Phase [Tong]

Add masses. New vacuum 

[Shifman, Yung]

of U(N)G, and a further Nf scalars q̃i transforming in the N̄. The bosonic part of the
Lagrangian is given by,

L = Tr

(

1

4e2
FµνF

µν +
1

2e2
|Dµφ|

2

)

+

Nf
∑

i=1

(

|Dµqi|
2 + |Dµq̃i|

2
)

−Tr

⎛

⎝

1

2e2
[φ†,φ]2 + e2|

Nf
∑

i=1

qiq̃i|
2 +

e2

2
(

Nf
∑

i=1

qiq
†
i − q̃†i q̃i − v2)2

⎞

⎠

−

Nf
∑

i=1

(

q†i |φ− mi|
2qi + q̃i|φ− mi|

2q̃†i

)

In the above expression we have introduced complex mass parameters mi and a real FI

parameter v2, each consistent with N = 2 supersymmetry. For generic values of these

parameters the theory has a unique vacuum state, up to Weyl permutations, given by,

φ = diag(mi) , qa
i = vδa

i , q̃a
i = 0 (1)

where a = 1, . . . , N is the colour index. The U(N)G gauge symmetry is completely

broken and the theory lies in a gapped, colour-flavour-locked phased.

The pattern of symmetry breaking at intermediate energy scales depends on the
relative values of mi and v2. For |mi −mj | ≫ ev, the flavour group is explicitly broken

by the masses at a higher scale than the spontaneous symmetry breaking induced by

the FI parameter,

U(N)G × SU(N)F
m
−→ U(1)N

G × U(1)N−1
F

v
−→ U(1)N−1

diag (2)

However, if ev ≫ |mi −mj |, then the spontaneous breaking due to the vacuum expec-

tation value of q occurs at a higher scale than the explicit breaking due to masses,

U(N)G × SU(N)F
v

−→ SU(N)diag
m
−→ U(1)N−1

diag (3)

For both patterns (2) and (3) the symmetry breaking due to the masses supports

magnetic monopoles (Π2(SU(N)/U(1)N−1) = ZN−1) while the symmetry breaking due
to the FI parameter breaks a U(1) factor, ensuring the stability of vortices (Π1(U(1)) =

Z). Moreover, the full symmetry breaking enjoys the topology required to support

both monopoles and fluxes. We shall now see that indeed the theory admits magnetic

monopoles attached to two vortex strings which whisk away their flux.

2

Pattern of symmetry breaking depends on the relationship between 
the differences of masses and FI parameter
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+
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2
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⎛

⎝

1

2e2
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⎠
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tation value of q occurs at a higher scale than the explicit breaking due to masses,
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For both patterns (2) and (3) the symmetry breaking due to the masses supports
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to the FI parameter breaks a U(1) factor, ensuring the stability of vortices (Π1(U(1)) =
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monopoles attached to two vortex strings which whisk away their flux.

2

of U(N)G, and a further Nf scalars q̃i transforming in the N̄. The bosonic part of the
Lagrangian is given by,

L = Tr

(

1

4e2
FµνF

µν +
1

2e2
|Dµφ|

2

)

+

Nf
∑

i=1

(

|Dµqi|
2 + |Dµq̃i|

2
)

−Tr

⎛

⎝

1

2e2
[φ†,φ]2 + e2|

Nf
∑

i=1

qiq̃i|
2 +

e2

2
(

Nf
∑

i=1

qiq
†
i − q̃†i q̃i − v2)2

⎞

⎠

−

Nf
∑

i=1

(

q†i |φ− mi|
2qi + q̃i|φ− mi|

2q̃†i

)

In the above expression we have introduced complex mass parameters mi and a real FI

parameter v2, each consistent with N = 2 supersymmetry. For generic values of these

parameters the theory has a unique vacuum state, up to Weyl permutations, given by,

φ = diag(mi) , qa
i = vδa

i , q̃a
i = 0 (1)

where a = 1, . . . , N is the colour index. The U(N)G gauge symmetry is completely

broken and the theory lies in a gapped, colour-flavour-locked phased.

The pattern of symmetry breaking at intermediate energy scales depends on the
relative values of mi and v2. For |mi −mj | ≫ ev, the flavour group is explicitly broken

by the masses at a higher scale than the spontaneous symmetry breaking induced by

the FI parameter,

U(N)G × SU(N)F
m
−→ U(1)N

G × U(1)N−1
F

v
−→ U(1)N−1

diag (2)

However, if ev ≫ |mi −mj |, then the spontaneous breaking due to the vacuum expec-

tation value of q occurs at a higher scale than the explicit breaking due to masses,

U(N)G × SU(N)F
v

−→ SU(N)diag
m
−→ U(1)N−1

diag (3)

For both patterns (2) and (3) the symmetry breaking due to the masses supports

magnetic monopoles (Π2(SU(N)/U(1)N−1) = ZN−1) while the symmetry breaking due
to the FI parameter breaks a U(1) factor, ensuring the stability of vortices (Π1(U(1)) =

Z). Moreover, the full symmetry breaking enjoys the topology required to support

both monopoles and fluxes. We shall now see that indeed the theory admits magnetic

monopoles attached to two vortex strings which whisk away their flux.

2
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An impressionistic rendering of the U(2) monopole in the Higgs phase when Lvort ≫ Lmon.

The solutions will turn out not to involve the fields q̃ and we set them to zero at this

stage. Moreover, the simplest configurations have Im(mi) = 0 which allows us to also
set Im(φ) = 0. In the following φ will therefore denote a real adjoint scalar field3. Since

the flux will leave the monopole in a tube, we must decide in which direction this string

will head: we choose the x3 direction. Restricting to time independent configurations

the Hamiltonian reads,

H =
1

2e2
B2
ρ +

1

2e2
|Dρφ|

2 + |Dρqi|
2 +

e2

2
(qiq

†
i − v2)2 + q†i (φ− mi)

2qi

=
1

2e2
(D1φ− B1)

2 +
1

2e2
(D2φ− B2)

2 + (D3φ− B3 − e2(qiq
†
i − v2))2

+|D1qi − iD2qi|
2 + |D3qi + (φ− mi)qi|

2 − v2B3 +
1

e2
∂ρ(φBρ)

≥ −v2B3 +
1

e2
∂ρ(φBρ) (4)

where we have left colour indices and traces implicit, summed over the flavour index i,
and introduced the spatial index ρ = 1, 2, 3. Both terms in the final line are topological

invariants. The first measures the flux carried by vortex strings lying in the x3 direction;

the second measures the magnetic charge carried by a monopole. As we shall see, we

can have strings without any need for monopoles, but the presence of a monopole will

require two, semi-infinite vortex strings to carry away its flux. In the Coulomb phase,

the integral of ∂ · (φB) is evaluated on the S2
∞ boundary. In the present case the

monopole’s flux does not make it to all points on the boundary and is instead captured
3It seems likely that interesting dyonic monopole-flux tube configurations can be built by relaxing

this condition to allow Im(mi) ≠ 0.
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Figure 2: Various regimes for the monopoles and flux tubes in the simplest case of two flavors.

down to U(1)(N−1) by a VEV of the SU(N) adjoint scalar

⟨ak
l ⟩ = − 1√

2
δk
l Ml . (6.3)

Thus, there are ’t Hooft–Polyakov monopoles embedded in the broken gauge

SU(N). Classically, on the Coulomb branch the masses of (N − 1) elementary
monopoles are proportional to

|(MA − MA+1) |/g2
2

This is shown in the upper left corner of Fig. 2 for the case

N = 2 , ∆m ≡ M1 − M2 .

In the limit (MA − MA+1) → 0 the monopoles tend to become massless, for-

mally, in the classical approximation. Simultaneously their size become infinite
[28]. The mass and size are stabilized by confinement effects which are highly
quantum. The confinement of monopoles occurs in the Higgs phase, at ξ ≠ 0.

• Now we introduce the FI parameter ξ which triggers the squark condensation.
The theory is in the Higgs phase. We still keep N = 2 breaking parameters h

and µ’s vanishing,

µ1 = µ2 = 0, h = 0, ξ ≠ 0, M ≠ 0. (6.4)
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BPS dyons

holomorphic gauge invariant operators formed from the hypermultiplet fields. For
Nf = Nc, these include the baryonic operators,

B = Qa1

1 Qa2

2 . . . Q
aNc

Nc
ϵa1...aNc

B̃ = Q̃a1

1 Q̃a2

2 . . . Q̃
aNc

Nc
ϵa1...aNc

where ai denote colour indices. There are also meson operators of the form Mij = Q̃iQj .

The classical spectrum of BPS states depends on the vacuum in which the theory

lives. We shall start by discussing the classical spectrum on the Coulomb branch,

only subsequently moving onto quantum corrected spectrum and, ultimately, to the

quantum spectrum on the Higgs branch. At a generic point on the Coulomb branch
the theory has an interesting mixture of BPS states arising from both elementary

excitations as well as non-perturbative monopole and dyon states. Among the former

are the Nc massless photons, together with Nc(Nc − 1) W-bosons with mass |φa − φb|
for a, b = 1 . . . , Nc. There are also NcNf BPS quark states which, for a = 1, . . . , Nc

and i = 1, . . . Nf have masses given by,

Mquark = |φa − mi| (1)

All further BPS states arise as solitons and have non-zero magnetic charges under the

unbroken gauge group U(1)Nc . We denote these magnetic charges as ha and require
∑

a ha = 0, reflecting the fact that monopole solutions only exist in the semi-simple

SU(N)C ⊂ U(N)C part of the gauge group. The classical mass of these monopoles is

given by

Mmon =
2π

e2

∣

∣

∣

∣

∣

Nc
∑

a=1

haφa

∣

∣

∣

∣

∣

(2)

In addition to these purely magnetic solitons, the classical spectrum also contains an

infinite tower of dyons. A unified mass formula for each of these objects can be given

in terms of the central charge Z. For BPS states with electric charge ja and magnetic

charge ha under U(1)Nc , and with charge si under the global flavour group U(1)Nf−1,
the mass of any BPS state is given by M = |Z| with

Z =
Nc
∑

a=1

φa(ja + τha) +

Nf
∑

i=1

misi (3)

The above discussion has been classical. Let us now turn to various aspects of the

quantum theory. The overall U(1) part of the gauge group becomes weakly coupled

4

Because of this degeneracy the classical central charge (3) may be written in the sim-
plified form,

Z =
Nc
∑

i=1

mi(Si + τhi) (6)

where we have redefined the charges as Si = sa +ja. We would now like to describe the
quantum corrections to this charge formula as encoded in the Seiberg-Witten solution.

(Recently the semi-classical computation of corrections to the monopole mass was

revisited in [13, 17], finding agreement with the exact result of Seiberg and Witten).

At the root of the baryonic Higgs branch, the Seiberg-Witten elliptic curve has a special

property: it degenerates [18]

F (t, u) =

(

t −
Nc
∏

i=1

(u − mi)

)

(

u − ΛNc
)

(7)

This form of the curve occurs naturally in the M-theory construction of [19], where the

degeneration corresponds to the fact that one of the IIA NS5 branes remains unbent

upon its ascent to M-theory. The curve is branched over the Nc points ei defined by,

Nc
∏

i=1

(u − mi) − ΛNc =
Nc
∏

i=1

(u − ei) = 0 (8)

In the quantum theory the central charge is given by the integral of the Seiberg-

Witten differential λSW = (u/t)dt over certain one cycles of the curve. The resulting
modification of the classical formula (6) is

Z =
Nc
∑

i=1

(miSi + mDihi) (9)

where all the quantum corrections are encoded in the functions mD i which are holo-

morphic in the hypermultiplet masses mi and Λ. They are given by

mDl − mDk =
1

2πi

∫ el

ek

dλSW =
1

2πi

∫ el

ek

u
dt

t
=

1

2π

Nc
∑

i=1

∫ el

ek

u du

u − mi

where, in the final equality, we have used the exact form of the curve (7). Evaluating

this integral, we find the expression for the contribution to the central charge given by

mDl − mDk =
1

2π
Nc(el − ek) +

1

2π

Nc
∑

i=1

mi log

(

el − mi

ek − mi

)

(10)
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(2,2) 2d GLSM [Witten]

The neutral chiral multiplet Z contains a single complex scalar field z, parameterising
the center of mass motion of the vortex. It corresponds to the C factor in (15). Since

this field is free, we pay it no more attention and ignore it in the following. Each

charged chiral multiplet Ψi also contains a complex scalar ψi, i = 1, . . . , Nc, while the

U(1) vector multiplet contains the two dimensional gauge field and a further, neutral,

complex scalar σ. The bosonic part of the Lagrangian describing the internal degrees

of freedom of the vortex is given by,

− Lvortex =
1

2g2

(

F 2
01 + |∂σ|2

)

+
Nc
∑

i=1

(

|Dψi|2 + |σ − mi|2|ψi|2
)

+
g2

2
(

Nc
∑

i=1

|ψi|2 − r)2 (17)

For vanishing twisted masses mi, the theory has a SU(Nc)D global symmetry which is

identified with the SU(Nc)diag symmetry in four dimensions. For generic mi ≠ 0, this
is broken to U(1)Nc−1

D . The theory also has a U(1)R symmetry which is inherited from

the U(1)R symmetry in four dimensions. This rotates the phases of both σ and mi.

For vanishing masses, the vortex theory has a Higgs branch of vacua given by σ = 0

with the chiral multiplets constrained to obey
∑

i |ψ|2 = r. After dividing by the U(1)

action we see the Higgs branch is CPNc−1 in agreement with (15). In the presence of

twisted masses, performing the same procedure results in a twisted potential on the
Higgs branch of the type constructed in [24] as we show explicitly in Appendix B. The

potential has Nc isolated vacua given by,

Vacuum i : σ = mi , |ψj |2 = rδij (18)

As described above, the ith vacuum corresponds to a vortex embedded in the ith U(1)

subgroup, carrying magnetic charge B = diag(0, . . . , 0, 1, 0, . . . , 0), where the 1 sits in

the ith entry.

So far we have discussed the relevant aspects of the classical two-dimensional theory

on the vortex worldsheet. Let us now turn to the quantum theory. When the twisted
masses vanish mi = 0, there is a one-loop correction to the FI parameter r, leading to

a logarithmic running at scale µ,

r(µ) = r0 −
Nc

2π
log

(

MUV

µ

)

(19)

where r0 is the bare FI parameter defined at the UV cut-off MUV . Note that, since

this theory describes the low-energy dynamics of a soliton, it is inappropriate to take
MUV to infinity. Instead it is set by the mass scale of the vortex: MUV = v2.
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the center of mass motion of the vortex. It corresponds to the C factor in (15). Since

this field is free, we pay it no more attention and ignore it in the following. Each

charged chiral multiplet Ψi also contains a complex scalar ψi, i = 1, . . . , Nc, while the

U(1) vector multiplet contains the two dimensional gauge field and a further, neutral,

complex scalar σ. The bosonic part of the Lagrangian describing the internal degrees

of freedom of the vortex is given by,

− Lvortex =
1

2g2

(

F 2
01 + |∂σ|2

)

+
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g2
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where r0 is the bare FI parameter defined at the UV cut-off MUV . Note that, since
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MUV to infinity. Instead it is set by the mass scale of the vortex: MUV = v2.
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As described above, the ith vacuum corresponds to a vortex embedded in the ith U(1)

subgroup, carrying magnetic charge B = diag(0, . . . , 0, 1, 0, . . . , 0), where the 1 sits in

the ith entry.

So far we have discussed the relevant aspects of the classical two-dimensional theory

on the vortex worldsheet. Let us now turn to the quantum theory. When the twisted
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FI term runs

Effective twisted superpotential

Σ whose lowest component is the complex scalar field σ, and includes F01 as part of
the auxiliary field. In the presence of twisted masses, this calculation was first done in

[3], resulting in the effective twisted superpotential,

W(Σ) =
i

2
τΣ − 1

4π

Nc
∑

i=1

(Σ − mi) log

(

2

µ
(Σ − mi)

)

Assuming no singularities in the Kähler potential, the Nc quantum vacua of the theory

are determined by the critical points of the twisted superpotential ∂W/∂Σ = 0 and

are given by,

Nc
∏

i=1

(σ − mi) − ΛNc ≡
Nc
∏

i=1

(σ − ei) = 0

which we notice as the same equation describing the branch points of the Seiberg-
Witten curve at the root of the baryonic Higgs branch (8). The classical BPS kinks

which we described above also survive in this effective theory [28] although their mass

is now corrected to include quantum effects. A kink interpolating between the Vacuum

i and Vacuum j has mass Mkink = 2∆W = 2W(ei) − 2W(ej). In the weak coupling

regime |mi − mj | ≫ Λ the leading contribution is precisely the classical result (21).

Deep in the strong coupling regime, |mi − mj | ≪ Λ, quantum effects are dominant.
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Hanany-Tong model as U(1) GLSM

On Weighted Nonlinear Sigma Models

Abstract

Sigma models on non-compact target spaces have a number of interest-
ing properties which their compact counterparts (e.g. CPN , O(N)) do
not possess. We discuss perturbative aspects of these models.

1 Introduction
Sec:Intro

2 From the Hanany-Tong model to the ZN model
Sec:HananyTongModel

The U(Nc) SQCD with Nf flavors is known to have semi-local string solutions [
Shifman:2006kd
1]. According

to Hanany and Tong conjecture [
Hanany:2003hp
2] the low energy e⇤ective theory on the worldsheet of the

string is given by the strong coupling limit e ⇥ ⇤ of the two-dimensional U(1) gauge theory
with the following Lagrangian

L =

↵
d4⇥

⌃

�
Nc⌦

i=1

⇥†
i e

V⇥i +
Ñ⌦

i=1

�⇥†
i e

�V �⇥i � rV +
1

2e2
�†�

⌥

 , (2.1) eq:LagrWeightedSigma

where � is the field strength for the vector multiplet V and Ñ = Nf �Nc. Matter superfields

⇥i = ni + ⇥̄⌅i + ⇥⌅̄i + ⇥̄⇥F i , i = 1, . . . , Nc

�⇥j = ⇧j + ⇥̄�j + ⇥�̄j + ⇥̄⇥F̃ j , j = 1, . . . , Ñ (2.2)

Vector field in Wess-Zumino gauge

V = ⇥+⇥̄+(A0 + A3) + ⇥�⇥̄�(A0 � A3)� ⇥�⇥̄+⌃ � ⇥�⇥̄+⌃̄ + ⇥̄2⇥⇤+ ⇥2⇥̄⇤̄+ ⇥̄⇥⇥̄⇥D , (2.3)

and twisted chiral field � = D+D̄�V reads

� = ⌃ + i⇥+⇤̄+ � i⇥̄�⇤� + ⇥+⇥̄�(D � iF01) . (2.4)

In components the model reads check all compts formulae!

L =
1

e2
|⌥µ⌃|2 +

1

e2
i⇤̄⌥/⇤� 1

4e2
Fµ�F

µ�

+ |⌅µni|2 +
⇧⇧⌅̄µ⇧i

⇧⇧2 + i⌅̄iL⌅R⌅
i
L + i⌅̄iR⌅L⌅

i
R + i�̄iL⌅R�

i
L + i�̄iR⌅L�

i
R

� |⌃|2|ni|2 � |⌃|2|⇧i|2 �D
�
|ni|2 � |⇧i|2 � r0

⇥

+
⇤
in̄i

�
⇤L⌅

i
R � ⇤R⌅

i
L

⇥
� i⌃⌅̄iR⌅

i
L +H.c.

⌅

+
⇤
�i⇧̄i

�
⇤̄L�

i
R � ⇤̄R�

i
L

⇥
+ i⌃̄�̄iR�

i
L +H.c.

⌅
. (2.5)

Note that the Fayet-Illiopolous (FI) parameter r in (
eq:LagrWeightedSigmaeq:LagrWeightedSigma
2.1) can have di⇤erent signs, as was

shown by Witten [
Witten:1993yc
3], interpolation between the regions with di⇤erent values of r corresponds

to transition between Calabi-Yau and Landau-Ginzburg sigma models. Also physics of the
model depends on the relationship between Nc and Ñ , to ensure

1

One loop twisted effective superpotential is exact in (2,2)

gives vacua of the theory and its BPS spectrum !!

V = �+�̄+(A0 +A3) + ���̄�(A0 �A3)� ���̄+⇤ � ���̄+⇤̄ + �̄2�⇥+ �2�̄⇥̄+ �̄��̄�D

We wish to emphasize here that (4.2) is exact only if applied to the BPS
sector of the theory. Once we start looking at perturbations around the
vacua given by minimization of the twisted superpotential, formula (4.2), or
its massive generalization, is of no use. Still, when we treat the model in the
large-N approximation, the e↵ective potential

V (�) =
���fW 0

e↵

���
2

, (4.4)

give the correct spectrum of the theory. We will address both questions in
the next section.

Finally let us note that twisted masses can be introduced in the theory
by gauging each U(1) factor in the U(1)Nf group by its own gauge field with
non-zero �-component (equal to associated mass) [18]. This leads to the
following generalization of the e↵ective twisted superpotential (4.2) to the
case of non-zero twisted masses:

fWe↵ = �
1

2⇡

NX

i=1

(
p
2� +mi)

 
log

p
2� +mi

⇤
� 1

!
+

+
1

2⇡

eNX

j=1

(
p
2� + emj)

 
log

p
2� + emj

⇤
� 1

!
. (4.5)

Clearly this e↵ective twisted superpotential identically coincides with the one
for HT model [18].

This fact together with the matching of the kink spectrum obtained at
the classical level in Ref. [1], leads us to claim the matching of the BPS
spectra of the zn and HT at both semiclassical and quantum levels. As a
consequence, the BPS spectrum of the bulk theory coincides with the BPS
spectrum of the true e↵ective theory on semilocal vortices, as expected.

5 Large-N Solution of the zn Model

In this section we will study the zn model at large N along the lines of
Witten’s analysis [17]. Namely, we will consider the limit N ! 1, eN ! 1,
while the ratio of eN and N is kept fixed. The representations (2.10) and
(3.4) suggest that to the leading order in N the solutions of zn and the HT
models are the same. The reason for this is that all terms in the second
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Brane construction is not sensitive to IR physics

Blind to deformations within the same universality class

Need to know explicit metric on the vacuum manifold
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From GLSM

Kahler potential

From GL�M to NL�M . Let us first illustrate the main idea with a
simple example. We will review here how a vacuum manifold of the CP1

NL�M emerges from the gauged description of the model in the limit when
the gauge coupling(s) are sent to infinity.

The corresponding gauged linear sigma model (GL�M) Lagrangian for
the CP1 model in the superfields formalism reads

L =

Z
d
4
✓

✓�
|X1|

2 + |X2|
2
�
e
V
� rV +

1

e2
|⌃|2

◆
, (6.1)

where X1, X2 are chiral multiplets, V is a twisted vector multiplet with field
strength ⌃, r is the FI parameter, and e is the gauge coupling. One can see
that the following term belongs to the Lagrangian:

D(|x1|
2 + |x2|

2
� r) , (6.2)

which gives rise to the D-term constraint and it comes from the terms linear
in V . Here x1,2 are the bottom components of fields X1,2. The constraint
modulo the U(1) symmetry (C2

� Z)//U(1), where Z is the locus of |x1|
2 +

|x2|
2
� r defines the vacuum target manifold of the model. In this particular

case is given by CP1
' S

2, the two-dimensional sphere of radius r. By making
the radius of the sphere very large we go into the flat limit and the target
manifold of the model should simply reduce to C1. However, this statement
is not evident from analyzing the D-term constraint (6.2). The reason for
this is that X1 and X2 are not the true coordinates of the vacuum manifold,
but their ratio is. Indeed, integrating out V in (6.1) we get

L =

Z
d
4
✓ r log

�
|X1|

2 + |X2|
2
�
. (6.3)

Now we need to fix the gauge in order to keep only physical degrees of
freedom, doing this we obtain the Kähler potential for the CP1 model

K = r log(1 + |X|
2) , (6.4)

where X = X2/X1. Let us further do the rescaling X ! X/
p
r and take the

limit r ! +1. What we get is

K = |X|
2
, (6.5)

which corresponds to the flat metric on C. Note that one could have con-
sidered (6.4) and instead of doing the rescaling expand the Kähler potential
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where � and �̄ are infinetissimal transformation parameters. This expresses
the SU(2)/U(1) invariance of the CP1 action. Indeed, under these transfor-
mations

1 + ��̄ !
�
1 + ��̄

� �
1 + ��̄

� �
1 + �̄ �

�
(6.17)

implying Kähler transformations of log (1 + |�|2) under which the CP1 ac-
tion is invariant. Let us supplement (6.16) by the following holomorphic
transformations of the variables zj

zj !
zj

1 + �̄ �
, z̄j !

z̄j
1 + � �̄

. (6.18)

We immediately confirm that |⇣|
2 is invariant under the combined action

of (6.16) and (6.18). Here it is obvious that this is the only independent
invariant of this type. Thus the observed symmetry only allows polynomials
in |⇣|

2 in the Kähler potential.

Vacuum manifold of the HT model. Using the same notations for the
superfields as for the zn model we can formulate the HT model (2.10) as the
following GL�M (e ! 1):

LHT =

Z
d
4
✓
�
|Ni|

2eV + |Zj|
2e�V

� rV
�
. (6.19)

Using the same change of variables as in (6.11), after integrating out V in
(6.19) we obtain the Kähler potential for the HT model,

KHT =
p
r2 + 4r|⇣|2 � r log

⇣
r +

p
r2 + 4r|⇣|2

⌘
+ r log(1 + |�i|

2) . (6.20)

ForN = 2, eN = 1, the Kähler potential (6.20) describes the so-called Eguchi–
Hanson space and was discovered by Calabi [25]. For generic eN the target

manifold in question is the O(�1) eN tautological fiber bundle over CPN�1.
For a mathematical derivation of the Kähler potential (6.20) see [26].

From the HT model to the zn model. At first sight the zn and HT
models look quite di↵erent, as much as their Kähler potentials (6.12) and
(6.20). This is indeed the case, but there is a domain of the target space
where they reduce to the same model. As we have already mentioned, the
target manifold of the HT model is the total space of the eN -th power of the

29

where � and �̄ are infinetissimal transformation parameters. This expresses
the SU(2)/U(1) invariance of the CP1 action. Indeed, under these transfor-
mations

1 + ��̄ !
�
1 + ��̄

� �
1 + ��̄

� �
1 + �̄ �

�
(6.17)

implying Kähler transformations of log (1 + |�|2) under which the CP1 ac-
tion is invariant. Let us supplement (6.16) by the following holomorphic
transformations of the variables zj

zj !
zj

1 + �̄ �
, z̄j !

z̄j
1 + � �̄

. (6.18)

We immediately confirm that |⇣|
2 is invariant under the combined action

of (6.16) and (6.18). Here it is obvious that this is the only independent
invariant of this type. Thus the observed symmetry only allows polynomials
in |⇣|

2 in the Kähler potential.

Vacuum manifold of the HT model. Using the same notations for the
superfields as for the zn model we can formulate the HT model (2.10) as the
following GL�M (e ! 1):

LHT =

Z
d
4
✓
�
|Ni|

2eV + |Zj|
2e�V

� rV
�
. (6.19)

Using the same change of variables as in (6.11), after integrating out V in
(6.19) we obtain the Kähler potential for the HT model,

KHT =
p
r2 + 4r|⇣|2 � r log

⇣
r +

p
r2 + 4r|⇣|2

⌘
+ r log(1 + |�i|

2) . (6.20)

ForN = 2, eN = 1, the Kähler potential (6.20) describes the so-called Eguchi–
Hanson space and was discovered by Calabi [25]. For generic eN the target

manifold in question is the O(�1) eN tautological fiber bundle over CPN�1.
For a mathematical derivation of the Kähler potential (6.20) see [26].

From the HT model to the zn model. At first sight the zn and HT
models look quite di↵erent, as much as their Kähler potentials (6.12) and
(6.20). This is indeed the case, but there is a domain of the target space
where they reduce to the same model. As we have already mentioned, the
target manifold of the HT model is the total space of the eN -th power of the

29

Kahler potential

For HT model

Similarly to the CP1 case described above we need to get rid of the unphysical
degree of freedom which is present in the above expression. If we define 11

�i =
Ni

NN
, i = 1, . . . , N � 1 ,

zj = r
�1/2

NNZj , j = 1, . . . , eN , (6.11)

we get the following Kähler potential for the zn model:

Kzn = r|⇣|
2 + r log(1 + |�i|

2) , (6.12)

where
|⇣|

2
⌘ |zj|

2(1 + |�i|
2) . (6.13)

Note that ⇣ is not a holomorphic variable in any sense. We use the notation
(6.13) as a shorthand. |⇣|

2 is the only combination involving zj’s which is
invariant under the global symmetries (2.9) of the model. Needless to say, so
is any power of |⇣|2.

The Kähler potential (6.12) describes geometry of the vacuum manifold
of the zn model in terms of (N + eN � 1) unconstrained complex variables.
The global SU(N) is realized nonlinearly much in the same way as in the
CPN�1 model while the SU( eN) symmetry is realized linearly on the zj fields.

For eN = 1, the Kähler potential (6.12) reduces to that describing the blow-
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Let’s see what is the metric on the vortex sigma model

Limit             defines vacuum manifold
CPN�1

O(�1)Ñ

e ! 1

�!



1/2 BPS vortices
String tension

Ansatz

[Shifman Vinci Yung]



Bogomol’ny equations
reduce to Abelian Higgs modulus

can solve the rest of equations 
analytically provided that

1

g
�
�|⇥|

<< 1

e.g. gauge field

after some work [Shifman Vinci Yung] we get...



Effective action

already includes 
subleading corrections

for large L can insert Log under derivative

Arrive to a new model (ZN) with Kahler potential
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for one extra flavor reduces 
to blow up of CN



ZN model vs HT model

IR physics of ZN and HT models is the same
BPS spectra are the same, but otherwise different

where � and �̄ are infinetissimal transformation parameters. This expresses
the SU(2)/U(1) invariance of the CP1 action. Indeed, under these transfor-
mations

1 + ��̄ !
�
1 + ��̄

� �
1 + ��̄

� �
1 + �̄ �

�
(6.17)

implying Kähler transformations of log (1 + |�|2) under which the CP1 ac-
tion is invariant. Let us supplement (6.16) by the following holomorphic
transformations of the variables zj

zj !
zj

1 + �̄ �
, z̄j !

z̄j
1 + � �̄

. (6.18)

We immediately confirm that |⇣|
2 is invariant under the combined action

of (6.16) and (6.18). Here it is obvious that this is the only independent
invariant of this type. Thus the observed symmetry only allows polynomials
in |⇣|

2 in the Kähler potential.

Vacuum manifold of the HT model. Using the same notations for the
superfields as for the zn model we can formulate the HT model (2.10) as the
following GL�M (e ! 1):

LHT =

Z
d
4
✓
�
|Ni|

2eV + |Zj|
2e�V

� rV
�
. (6.19)

Using the same change of variables as in (6.11), after integrating out V in
(6.19) we obtain the Kähler potential for the HT model,

KHT =
p
r2 + 4r|⇣|2 � r log

⇣
r +

p
r2 + 4r|⇣|2

⌘
+ r log(1 + |�i|

2) . (6.20)

ForN = 2, eN = 1, the Kähler potential (6.20) describes the so-called Eguchi–
Hanson space and was discovered by Calabi [25]. For generic eN the target

manifold in question is the O(�1) eN tautological fiber bundle over CPN�1.
For a mathematical derivation of the Kähler potential (6.20) see [26].

From the HT model to the zn model. At first sight the zn and HT
models look quite di↵erent, as much as their Kähler potentials (6.12) and
(6.20). This is indeed the case, but there is a domain of the target space
where they reduce to the same model. As we have already mentioned, the
target manifold of the HT model is the total space of the eN -th power of the
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⇣ ! 0

One can see from (6.21) that in the leading order the HT and zn models
have the same Kähler potential,

KHT = Kzn +O(|⇣|2) . (6.25)

This observation suggests that at one loop, in the leading order in |⇣|
2 the

two models have the same one-loop � functions. Nevertheless, beyond one
loop one expects the theories to have di↵erent � functions. Moreover, even
at one loop for large values of |⇣|2 the two models get di↵erent corrections.
We will give explicit expressions later on in this section.

6.2 Perturbation theory

For any Kähler nonlinear sigma model with the Kähler metric gi|̄ and cou-
pling constant g the Gel-Mann–Low functional (in what follows we shall call
it � function for short) reads [27]

�i|̄ = a
(1)
R

(1)

i|̄ +
1

2r
a
(2)
R

(2)

i|̄ + . . . , (6.26)

where a(k) are some constants (k = 1, 2, ...) and R
(k) are operators composed

from k-th power of the curvature tensors (see e.g. (6.27)). According to the
above series a contribution from the nth loop scales as r1�n. For the metric
of a general form the first several terms are known. The first two of them are

R
(1)

i|̄ = Ri|̄ ,

R
(2)

i|̄ = Rik̄lm̄R
k̄ lm̄
|̄ . (6.27)

In supersymmetric sigma models, however, most of the coe�cients a(k) from
(6.26) vanish. For example, in supersymmetric CPN�1 sigma model all terms
except the first one in (6.26) are zero [28]. The calculation was based on the
instanton counting [29] and the coe�cients of the � function were expressed
in terms of the number of the zero modes.

The common lore in perturbation theory of nonlinear sigma models sug-
gests that for generic Kähler manifolds the theory is nonrenormalizable, as
each order in the perturbation series (6.26) brings in a new operator, with a
di↵erent field dependence. For some particular symmetric target manifolds
e.g. for the Einstein manifolds, no new structures are produced. The renor-
malization is merely reduced to a single coupling constant renormalization.
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Gel-Mann-Low function

Kaehler metric

It is easy to see that the HT and zn model target spaces are not of this kind
and all terms in the series (6.26) have di↵erent field dependence. However,
let us have a closer look the one-loop perturbation theory and see how we
can deal with the above mentioned nonrenormalizability.

One-loop renormalization of the Kähler potential in the zn model.
For a Kähler manifold with the Kähler potential K(zi, z̄i) the metric is given
by

gi|̄ = @i@̄|̄K(zi, z̄i) , (6.28)

while all other components (such as gij = 0) vanish. The corresponding Ricci
tensor is therefore a total derivative and is given by

Ri|̄ = �@i@̄|̄ log det(gi|̄) . (6.29)

For Einstein manifolds Ricci tensor is proportional to the metric, therefore

� log det(gi|̄) = ↵K(zi, z̄i) (6.30)

up to a Kähler transformation. For instance, for the CPN�1 model the coe�-
cient ↵ in the above formula is equal to N . As we emphasized previously, for
the CPN�1 model this result is exact: higher loops do not give any corrections
to the � function.

Let us now examine the curvature tensors for the zn model. It turns out
that the calculation of the determinant of the metric tensor can be performed
exactly for any N and eN ; the answer is more intricate in the HT model. After
some calculations we get13

� log det(g(zn)i|̄ ) = (N � eN) log(1 + |�i|
2)� (N � 1) log(1 + |⇣|

2) . (6.31)

Let us at this point derive the same quantity for the HT model in order to
show how its one-loop result deviates from the one for the zn model. For
the HT model a generic formula is harder to get, we therefore focus on an
example for, say, N = 2, eN = 1. One gets

� log det(g(HT)

i|̄ ) = log(1 + |�i|
2)� log

 
1 +

rp
r2 + 4r|⇣|2

!
. (6.32)

13This result holds up to an additive constant which depends on r. Since the Ricci
tensor is a total derivative we can allow such a freedom. Certainly we can also change this
expression by a Kähler transformation.
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Ricci tensor
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exactly for any N and eN ; the answer is more intricate in the HT model. After
some calculations we get13

� log det(g(zn)i|̄ ) = (N � eN) log(1 + |�i|
2)� (N � 1) log(1 + |⇣|

2) . (6.31)

Let us at this point derive the same quantity for the HT model in order to
show how its one-loop result deviates from the one for the zn model. For
the HT model a generic formula is harder to get, we therefore focus on an
example for, say, N = 2, eN = 1. One gets

� log det(g(HT)

i|̄ ) = log(1 + |�i|
2)� log

 
1 +

rp
r2 + 4r|⇣|2

!
. (6.32)

13This result holds up to an additive constant which depends on r. Since the Ricci
tensor is a total derivative we can allow such a freedom. Certainly we can also change this
expression by a Kähler transformation.
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FI term renormalization (GLSM)

Based on the arguments given in [30, 31] the HT model in this case should
flow to the space with metric (6.35). Studying the fixed points of the RG
flow in NL�Ms is an interesting question, but it is beyond the scope of the
present paper. Hence we return to the one-loop renormalization of the zn

model.

Renormalization of the FI parameter. The first part of the renormal-
ization procedure is similar to the CPN�1 model. Indeed, we can extract
from the first term the coupling constant renormalization

rren(µ) = r0 �
N � eN
2⇡

log
M

µ
. (6.37)

The so-called dimensional transmutation occurs at the scale ⇤, when the
theory becomes strongly coupled, (rren(⇤) = 0),

r0 =
N � eN
2⇡

log
M

⇤
. (6.38)

Note that this does not happen for N = eN , the FI parameter remains un-
changed and the theory has an IR conformal fixed point.

It was shown in [26] that the first Chern class of the eN -th power of the
tautological fiber bundle over CPN�1, or in our notation the target space of
the HT model, restricted to the base is given by

c1(MHT)
���
CPN�1

= (N � eN) [!CPN�1 ] , (6.39)

where [!CPN�1 ] denotes the Kähler class of CPN�1. In the above calculations
this fact is reflected by (6.37). Since in the N = (2, 2) supersymmetric
theories the Kähler class is only renormalized at one loop [32, 30], (6.37)
represents the exact answer for the FI term renormalization. Unfortunately
one cannot say much about the exact part of the Kähler form. Generally
speaking, it is known to be modified at every order in perturbation theory
and its structure is unpredictable unless we carry out an explicit calculation.
We will place some argument in the next paragraph about renormalization
of such terms at small |⇣|2.

At this point we can make a connection with the GL�M one-loop com-
putation (3.11). We have mentioned earlier that in the GL�M formulation
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GLSM vs NLSM

at finite value of the gauge coupling e there are only two divergent one-loop
graphs which are regularized by the UV cuto↵ – the tadpoles emerging from
the D-term constraint. The FI renormalization (3.11) was obtained after cal-
culating these tadpoles. Equation (6.37) confirms this by the corresponding
NL�M calculation performed above. One may now ask if we can trace the
origin of the remaining terms in the one-loop � function, like the last term
in (6.31)?

The answer is quite tricky, we will sketch a part of it here. One needs
to look more carefully at the perturbation theory at finite e. There will be
one-loop (and also higher loop) graphs which will have log(µ/e), where µ is
the IR cuto↵ (it appears from propagation of light fields in the loops). After
we make a transition from the GL�M to the NL�M by increasing e, we will
hit the UV cuto↵ on the way e ⇠ M . In NL�M we identify M = e.

This argument shows us how additional structures, which were not present
in the genuine UV domain of the GL�M (i.e. the domain above e) appear in
the geometrical renormalization. From the standpoint of the finite-e GL�M

they are of the infrared origin.
Below we will analyze the renormalization of the linear term in |⇣|

2 in
(6.33).

Renormalization of the non-Einstein part. Equation (6.31) gives the
exact one-loop answer for the � function of the zn sigma model (after ap-
plying @i@̄|̄ to it). Nevertheless it is instructive to understand how the linear
term in |⇣|

2 (and higher order terms as well) appear in perturbation theory
in geometric formulation. At small |⇣|2 one can expand the logarithm in the
last term in Eq. (6.31) to get

� log det(gi|̄) = (N � eN) log(1 + |�i|
2)� (N � 1)|⇣|2 +O(|⇣|4) . (6.40)

Using (6.33) and the coupling renormalization (6.37) we obtain for the |⇣|
2

term

K
(1)

zn � |⇣|
2

✓
1 +

1

r

N � 1

2⇡
log

M

µ

◆
= Z|⇣|

2
. (6.41)

Therefore we can absorb this Z factor by redefining |⇣|
2
! |⇣|

2
/Z. The con-

tribution (6.41) arises in the following calculation. Since the general structure
of the e↵ective action is already known, we can perform a calculation at any
point in the target space. It is convenient to choose the background field
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V-massive vector field w/ propagator
1

p2

e2 �M2

1

�M2

p ⌧ e

Z
d2x

Z
d4✓

✓
|�|2eV � rV +

1

e2
|⌃|2

◆

Integrating out V

Dimensional regularization (GLSM perturbation theory) mixes up UV 
and IR divergencies. Need to single out the UV piece out, IR 
contribution is not seen in the GLSM limit
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Figure 4: The ratio of the fermion mass matrix eigenvalue to the mass of ⇥ as a function deformation
parameter u.

5 Superfield formulation of the heterotic N = (0, 2)
CPN�1 sigma model

Distler and Kachru [21] constructed a very wide class of heterotic (0, 2) Calabi-Yau sigma
models and provided gauged formulation for them. Their construction employs fiber bundles
over complex projective spaces and includes heterotic (0, 2) CPN�1 sigma model in it. In
this section we give a simple alternative derivation of the (0, 2) heterotic (weighted) CPN

sigma model from the Majorana formalism we used above.
Recall that for the O(N) sigma model we used the following trick – the constraint on

the isovector superfield was replaced by a di�erent one, but it did not a�ect the lowest
component constraint; thereby the geometry of the theory was not deformed. In order to
apply this trick for the CPN�1 model we write its action in the form found in [22] and deform
it by adding the coupling of chiral field

B = �⇤̄⇥ + 1
2 ⇤̄⇤F̄F , (5.1)

constraint superfield
S =

⌦
2⇧1 +

⌦
2⇤̄u+ 1

2 ⇤̄⇤D (5.2)

and spinor superfield

A� = �i(�µ⇤)�Aµ +
⌦
2(�5⇤)�⇧2 +

⌦
2⇤̄⇤ v�,

where ⇤ is a Majorana spinor, ⇧1, ⇧2, Aµ, u�, v� and D are real fields, while ⇥ and F are
complex ones 5. Introducing now the complex isovector superfield

N i = ni + ⇤̄⌅i + 1
2 ⇤̄⇤F

i, (5.3)

we can write the Lagrangian of the model in the following form

LCPN =

⇤
d2⇤

⌅
1
2⌥⇥�(D� + iA�)N †

i (D⇥ � iA⇥)Ni + iS(N †
i Ni � r0)

+ 1
4⌥⇥�D�B† D⇥B +

�
i⌃ B(S � i

2D�5A) + H.c.
⇥ ⇧

, (5.4)

5Note that for the present section we changed the notations of the fields in order for the reader to see
the equivalence with the Lagrangian from [17] more easily. Also for convenience we consider � to be a
right-handed fermion and use the definition ⇤L,R = ⇤0 ± ⇤1 instead of one mentioned in Appendix.
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where  is the complex-valued deformation parameter and D�5A = D� (�0�5)�⇥ A⇥. Some
comments about the Lagrangian are due. The advantage of the superfield formulation is
that the supersymmetry is manifest without an explicit check. Although the Lagrangian for
the undeformed theory is written using the N = (1, 1) formulation it possesses N = (2, 2)
symmetry due to the Kähler structure of the target space [23]. The field B is a superfield
only with respect to the half of supertransformations ⌅R ⇥ ⌅R + ⌦R, therefore the symmetry
of the deformed Lagrangian is N = (0, 2) one. Also it should be noted that the field A�

has the form (5.3) only if one considers a particular gauge. Starting from the most general
expression for the real spinor field

A� = a� + A⌅� � i(�µ⌅)�Aµ +
⌦
2(�5⌅)��2 + ⌅̄⌅

�
v� + i

2(�
µ�µa)�

⇥
, (5.5)

one can use the following gauge transformations

A� ⇥ A� �D��, (5.6)

with � being the scalar real superfield, to eliminate a� and A. The undeformed Lagrangian is
obviously gauge invariant, while the invariance of the deformation is more subtle. The trans-
formation of the term D� (�0�5)�⇥ A⇥ is proportional to (�0�5)�⇥ D�D⇥�, which is identically
zero since the operators D1 and D2 anticommute.

Carrying out the calculations and integrating out the auxiliary fields F and F we recover
the Lagrangian of the (0, 2) CPN�1 sigma model considered in [17]

LCPN = |↵µni|2 + i⌃̄iL↵R⌃
i
L + i⌃̄iR↵L⌃

i
R � 2|�|2|ni|2 �D

�
|ni|2 � r0

⇥

+
⌅
i
⌦
2n̄i

�
⇧L⌃

i
R � ⇧R⌃

i
L

⇥
� i

⌦
2�⌃̄iR⌃

i
L +H.c.

⇧
� 4| |2|�|2

+ i
2 ⇥̄R�L⇥R �

⌅
i
⌦
2 ⇧L⇥R +H.c.

⇧
, (5.7)

where the following complex fields have been introduced

� = �1 + i�2 , ⇧� = u� + iv�, (5.8)

and ↵µ = �µ � iAµ is a usual notation for the covariant derivative.
Analogously, the weighted CPN sigma-model considered in [19] which emerges from the

reduction of N = 1 supersymmetric QCD with gauge group U(Nc) and Nf flavors can be
easily deformed to the chiral version by (5.4), where the constraint N †

i Ni = r0 is replaced
by

Nc⇤

i=1

N †
i Ni �

Nf⇤

i=Nc+1

N †
i Ni = r0 . (5.9)

In components the Lagrangian reads

Lw
CPN = |↵µni|2 + |↵µ⌥i|2 + i⌃̄iL↵R⌃

i
L + i⌃̄iR↵L⌃

i
R + i⇤̄iL↵R⇤

i
L + i⇤̄iR↵L⇤

i
R

� 2|�|2|ni|2 � 2|�|2|⌥i|2 �D
�
|ni|2 � |⌥i|2 � r0

⇥
� 4| |2|�|2

+
⌅
i
⌦
2n̄i

�
⇧L⌃

i
R � ⇧R⌃

i
L

⇥
� i

⌦
2�⌃̄iR⌃

i
L +H.c.

⇧

+
⌅
�i

⌦
2⌥̄i

�
⇧̄L⇤

i
R � ⇧̄R⇤

i
L

⇥
+ i

⌦
2�̄⇤̄iR⇤

i
L +H.c.

⇧

+ i
2 ⇥̄R�L⇥R �

⌅
i
⌦
2 ⇧L⇥R +H.c.

⇧
, (5.10)
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the Lagrangian of the (0, 2) CPN�1 sigma model considered in [17]

LCPN = |↵µni|2 + i⌃̄iL↵R⌃
i
L + i⌃̄iR↵L⌃

i
R � 2|�|2|ni|2 �D

�
|ni|2 � r0

⇥

+
⌅
i
⌦
2n̄i

�
⇧L⌃

i
R � ⇧R⌃

i
L

⇥
� i

⌦
2�⌃̄iR⌃

i
L +H.c.

⇧
� 4| |2|�|2

+ i
2 ⇥̄R�L⇥R �

⌅
i
⌦
2 ⇧L⇥R +H.c.

⇧
, (5.7)

where the following complex fields have been introduced

� = �1 + i�2 , ⇧� = u� + iv�, (5.8)

and ↵µ = �µ � iAµ is a usual notation for the covariant derivative.
Analogously, the weighted CPN sigma-model considered in [19] which emerges from the

reduction of N = 1 supersymmetric QCD with gauge group U(Nc) and Nf flavors can be
easily deformed to the chiral version by (5.4), where the constraint N †

i Ni = r0 is replaced
by

Nc⇤

i=1

N †
i Ni �

Nf⇤

i=Nc+1

N †
i Ni = r0 . (5.9)

In components the Lagrangian reads

Lw
CPN = |↵µni|2 + |↵µ⌥i|2 + i⌃̄iL↵R⌃

i
L + i⌃̄iR↵L⌃

i
R + i⇤̄iL↵R⇤

i
L + i⇤̄iR↵L⇤

i
R

� 2|�|2|ni|2 � 2|�|2|⌥i|2 �D
�
|ni|2 � |⌥i|2 � r0

⇥
� 4| |2|�|2

+
⌅
i
⌦
2n̄i

�
⇧L⌃

i
R � ⇧R⌃

i
L

⇥
� i

⌦
2�⌃̄iR⌃

i
L +H.c.

⇧

+
⌅
�i

⌦
2⌥̄i

�
⇧̄L⇤

i
R � ⇧̄R⇤

i
L

⇥
+ i

⌦
2�̄⇤̄iR⇤

i
L +H.c.

⇧

+ i
2 ⇥̄R�L⇥R �

⌅
i
⌦
2 ⇧L⇥R +H.c.

⇧
, (5.10)
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if negatively charged fields are included



(0,2) GLSM
Z

d4�

2

4
NcX

i=1

⇥†
i e

V ⇥i +

Nc�NfX

i=1

⇥̃†
i e

�V ⇥̃i � (r + B)V +
1

2e2
�†�

3

5

B = !(✓̄⇣R + ✓̄✓F̄F)

Lhet
= L+ �̄R⇧L�R � |⌅|2|⇤|2 � [i⌅⇥L�R +H.c.]

deformation adds

Not enough SUSY non-pert. corrections out of 
control

Have to dwell on large-N approach 

On Weighted Nonlinear Sigma Models

Abstract

Sigma models on non-compact target spaces have a number of interest-
ing properties which their compact counterparts (e.g. CPN , O(N)) do
not possess. We discuss perturbative aspects of these models.

1 Introduction
Sec:Intro

2 From the Hanany-Tong model to the ZN model
Sec:HananyTongModel

The U(Nc) SQCD with Nf flavors is known to have semi-local string solutions [
Shifman:2006kd
1]. According

to Hanany and Tong conjecture [
Hanany:2003hp
2] the low energy e⇤ective theory on the worldsheet of the

string is given by the strong coupling limit e ⇥ ⇤ of the two-dimensional U(1) gauge theory
with the following Lagrangian

L =

↵
d4⇥

⌃

�
Nc⌦

i=1

⇥†
i e

V⇥i +
Ñ⌦

i=1

�⇥†
i e

�V �⇥i � rV +
1

2e2
�†�

⌥

 , (2.1) eq:LagrWeightedSigma

where � is the field strength for the vector multiplet V and Ñ = Nf �Nc. Matter superfields

⇥i = ni + ⇥̄⌅i + ⇥⌅̄i + ⇥̄⇥F i , i = 1, . . . , Nc

�⇥j = ⇧j + ⇥̄�j + ⇥�̄j + ⇥̄⇥F̃ j , j = 1, . . . , Ñ (2.2)

Vector field in Wess-Zumino gauge

V = ⇥+⇥̄+(A0 + A3) + ⇥�⇥̄�(A0 � A3)� ⇥�⇥̄+⌃ � ⇥�⇥̄+⌃̄ + ⇥̄2⇥⇤+ ⇥2⇥̄⇤̄+ ⇥̄⇥⇥̄⇥D , (2.3)

and twisted chiral field � = D+D̄�V reads

� = ⌃ + i⇥+⇤̄+ � i⇥̄�⇤� + ⇥+⇥̄�(D � iF01) . (2.4)

In components the model reads check all compts formulae!

L =
1

e2
|⌥µ⌃|2 +

1

e2
i⇤̄⌥/⇤� 1

4e2
Fµ�F

µ�

+ |⌅µni|2 +
⇧⇧⌅̄µ⇧i

⇧⇧2 + i⌅̄iL⌅R⌅
i
L + i⌅̄iR⌅L⌅

i
R + i�̄iL⌅R�

i
L + i�̄iR⌅L�

i
R

� |⌃|2|ni|2 � |⌃|2|⇧i|2 �D
�
|ni|2 � |⇧i|2 � r0

⇥

+
⇤
in̄i

�
⇤L⌅

i
R � ⇤R⌅

i
L

⇥
� i⌃⌅̄iR⌅

i
L +H.c.

⌅

+
⇤
�i⇧̄i

�
⇤̄L�

i
R � ⇤̄R�

i
L

⇥
+ i⌃̄�̄iR�

i
L +H.c.

⌅
. (2.5)

Note that the Fayet-Illiopolous (FI) parameter r in (
eq:LagrWeightedSigmaeq:LagrWeightedSigma
2.1) can have di⇤erent signs, as was

shown by Witten [
Witten:1993yc
3], interpolation between the regions with di⇤erent values of r corresponds

to transition between Calabi-Yau and Landau-Ginzburg sigma models. Also physics of the
model depends on the relationship between Nc and Ñ , to ensure

1
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Large-N solution of (0,2)
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Vacuum equations



Solution of (2,2) model

Q
i
(� �mi)

Q
i
(� � µj)

= �N�Ñ

in (2,2) from exact superpotential

� = 0 is one of the solutions...

Phase transitions -- artifact of large-N

renormalized FI term vanishes in C phase 

�0 = 0 D = �|⇥ �m|2

n0 = �0 = 0

n0 = 0 D = |� � µ|2

Higgs in n (Hn) 

Higgs in rho (Hrho)

Coulomb (C)

⇣
|⇥ �m0|2 +D

⌘
n0 = 0 ,

⇣
|⇥ � µ0|2 �D

⌘
�0 = 0



H

H

C

C m

μ
μ=m

1/α

Λ

Λ n

ρ

|�(0)
µ | = µ�

N � Ñ

Ñ

super conf. theory

y2 = x2Ñ (xN�Ñ � 1)2

|�(0)
� | = �

|�(0)
m | = m1/�

h�i = 0
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Spectrum
L = � 1

4e2�
F 2
µ⇥ +

1

e2⇤ 1

(⌅µRe⇤)2 +
1

e2⇤ 2

(⌅µIm⇤)2 + iIm(b̄ �⇤)⇥µ⇥F
µ⇥ � Ve�(⇤) + Fermions

Anomaly

m� = e� 2e� |b|

Photon becomes massless in Cs phase!!

Note that Lambda vacua disappear at  large deformations
Need to sit in zero-vacua

e.g. in Cm phase

Massless goldstino in fermionic sector

[Bolokhov Shifman Yung]
[PK Monin Vinci]

Confinement!



Conclusions and open questions
• Study BPS (and beyond) spectrum of SQCD can 

effectively be done using 2d NLSM (and GLSM)

• Rich variety of phases in (0,2) model at strong 
coupling

• Other heterotic deformations

• Are there flux tubes in theories without FI term? 
(e.g. SU(N)) Omega deformed 4d theory may have 
such solutions...

• Connections to integrable systems in 2d...

• Relationship w/ another 4d/2d duality [Vafa et al]

D̄�+ ⇠ D̄��


