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As usual, open strings ending on Bcc source the gauge-invariant combination F + B, where
B 2 H

2(X, U(1)) is the 2-form B-field mentioned earlier. For our family of branes Bcc

parametrized by ~ = �|~|ei✓, the values of [B/2⇡] 2 H
2(X, U(1)) and the integral class

[F/2⇡] 2 H
2(X,Z) are determined by the equation

F +B =
1

|~|(�!I cos ✓ + !K sin ✓) (2.32)

Note, the right-hand side of this equation is the real part of the holomorphic symplectic form

⌦ = � i

~⌦J =
1

2⇡~
dx ^ dy

2z � xy
(2.33)

which is holomorphic in complex structure J . If we denote the imaginary part of this 2-form
as

!X := Im⌦ =
1

|~|(!I sin ✓ + !K cos ✓) (2.34)

then J = !
�1
X (F +B) and �

!
�1
X (B + F )

�2
= J

2 = �1 (2.35)

This is precisely the condition for Bcc to be an A-brane in the sigma-model with target X

and symplectic form !X [KO]. In particular, when ~ is real, !X = !K and Bcc is a brane of
type (B,A,A), whereas for ~ purely imaginary !X = !I and Bcc is an (A,A,B)-brane.

Now comes the key point. On the one hand, in the presence of non-trivial background
F + B 6= 0, the space of open (Bcc,Bcc) strings with both ends on the canonical coisotropic
brane Bcc is the deformation quantization of the algebra of functions on X := MH(Cp, G),
holomorphic in complex structure J [AZ05, GW09]. On the other hand, the deformation
quantization of X := MH(Cp, G) (with respect to ⌦J) is known [Obl04a, Obl04b] to be the
spherical subalgebra A = S

..
H[SU(2)] ⇢

..
H[SU(2)] of the double affine Hecke algebra (1.3).

The combination of these two facts tells us that the algebra of (Bcc,Bcc) strings is the spherical
DAHA which we denote simply by S

..
H := S

..
H[SU(2)],

A = Hom(Bcc,Bcc) = S
..
H (2.36)

B B

B

Figure 3: Open strings that start and end on the same brane B form an algebra.

In general, for any brane B, in either A-model or B-model, the space of open string states
Hom(B,B) forms an algebra. This can be easily understood by considering the process of
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of (2.70) via the short exact sequence (2.84) with (2.76) when q = e
�⇡i/n and t

2 = q
2`+1

in the representation side. The correspondence between branes and representations in this
situation is illustrated in Figure 5. The presence of B�

F and BN leads to the same conclusion
up to the outer automorphism ◆.
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Figure 5: Compact supports of (B,A,A)-branes and corresponding finite-dimensional mod-
ules of spherical DAHA. This figure depicts the situation where ~ = �1/2n, ↵p/~ = �2`�1

2

and �p = 0.

Except the situations studied above, an A-brane at the global nilpotent cone is trapped
there and cannot move out to a generic fiber in the Hitchin moduli space.

[SN: Some comments on polynomials representations. Speculations on oper or Teichmuller
component with infinite-dimensional representations?]

Case 4 : Two conditions are simultaneously satisfied

Let us now consider the case when two conditions among Case 1, Case 2 and 2.49 are simul-
taneously satisfied.

First we consider the situation in which both Case 1 and 2.49 with n > k are satisfied. If
n� k � 1 is odd, then there is a short exact sequence

0 �! ◆(N2n�k�1) �! F�=�2
2n �! Vk+1 �! 0 , (2.83)

where ◆ : t ! qt
�1 is an outer automorphism of S

..
H that is the spherical version of (B.21).

Indeed, the quantum character variety (2.38) is invariant under ◆. For odd n� k� 1, we have
another irreducible module N2n�k�1 of dimension 2n� k� 1. Moreover, when k = n� 2, the
additional series Vk+1 of dimension k + 1 is isomorphic to the ordinary Verlinde algebra of
bsl(2)k with level k [Ver88]. Thus, the additional series Vk+1 at q = e

�⇡i/n with generic n is
called non-symmetric Verlinde algebra or perfect representation [Che05, §2.9.3].

On the other hand, if n� k � 1 is even, say 2`, then the two conditions imply the other
condition with the outer automorphism ◆:

Case 1 and 2.49 �! ◆(Case 2) where 2` = n� k � 1 .
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Main Conjecture

There is a (derived) equivalence

A�Brane(M,!) = Rep(a)

[Gukov PK Nawata Pei Saberi]

M- two-particle Calogero-Moser space
a - spherical double affine Hecke algebra (DAHA) for sl(2)

⇢
Fuk(M,!) ,�!

branes modules !



Spherical gl(n) DAHA
Spherical gl(n) DAHA is a flat 1-parameter deformation 
(quantization) of the space of Poisson-commuting functions on the

moduli space of flat GL(n;C) connections on a torus with one simple 
puncture (CM space)

ABA�1B�1 = C

Mn = {A,B,C}/GL(n;C)

An = \CJ [Mn]

[Oblomkov]

C = diag(t, . . . , t, t1�n)



Hitchin Moduli Space
x = TrA y = TrB z = TrAB

for   =1 Mn ' C⇥ ⇥ C⇥

Z2

Darboux coordinates on M 

electric magnetic dyonic

Elliptic fibration with one singular fiber of Kodaira type I0*

Nonabelian Hodge 

correspondence: Mflat(SL(2;C), T 2\{pt}) ' MH(SU(2), T 2\{pt})

MH : x2 + y2 + z2 + xyz � t2 � t�2 � 2 = 0 t

Consequently, in the presence of the ramification, the Hitchin moduli space MH(Cp, G)

becomes smooth at every point. As described in [29, 30], the singular fiber in the Hitchin
fibration, which is called the global nilpotent cone N := ⇡

�1(0), now contains five compact
irreducible components (all rational):

N = BunG [
4[

i=1

Di . (3.10)

In fact, it is the singular fiber of Kodaira type I
⇤
0 , in the elliptic fibration of ⇡ : MH(Cp, G) !

B. We demonstrate this fact in Appendix B (see also [31, 32]). Since complex structure I

varies holomorphically with �p + i�p as in Table 1, the global nilpotent cone N is no longer
holomorphic in complex structure I for �p + i�p 6= 0 while a generic fiber F stays a complex
Lagrangian submanifold in complex structure I. Therefore, the most “interesting” part of the
Hitchin fibration is indeed the global nilpotent cone N, which we shall investigate below.2

BunG

D4D3

D2D1

NF ⇠= T2

B

MH

0gen pt

⇡

x $ �x

y
$

�
y

Figure 3. Schematic depiction of the Hitchin fibration and global nilpotent cone.

The homology classes of BunG and Di spans H2(MH(Cp, G),Z) and their intersection
form is the Cartan matrix of the affine bD4 type in this basis (Figure 3). The intersection
matrix has only one null vector, which must be identified with the class of a generic fiber F,
providing the relation among the fiber classes

[F] = 2[BunG] +
4X

i=1

[Di] . (3.11)

The mapping class group �[T2] = SL(2,Z) of a torus T2 acts on MH(Cp, G) as well as
BunG. In particular, the modular S-transformation exchanges the meridian x and longitude

2Although an extensive investigation has been carried out on geometry of the moduli space of ramified
Higgs bundles over a curve in [23, S3], a genus of the curve is assumed to be greater than one. Therefore, our
setting is slightly different from [23, S3].
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Branes and Quantization
Hilbert space comes 

from (Bcc, B’) strings

Algebra acts naturally by attaching 

open strings to closed strings

Lagrangian              Module

A-brane                of DAHA

Fuk(M,⌦) ' Rep(A)B0 ! Hom(Bcc,B0
) gives a functor Hom(Bcc, ·)

dimV =

Z

M
ch(B0) ^ ch(Bcc) ^ Td(M)

Dimension of a module

compact  
branes

Finite dim

reps

The arrows must be reversed for c < 0 :

0 ! ◆&y(V2N�4|c|) ! V
�2

! V2N+4|c| ! 0 for c 2 �1� Z+ ,

0 ! ◆(V2N�4|c|) ! V2N ! V
+

2|c|
� V

�

2|c|
! 0 for c 2 �1/2� Z+ .

Thereofre, we obtain that up to ◆, &, there are three di↵erent series of �-invariant spherical

representations at roots of unity, namely,

• V2N�4c (integral N/2 > c > 0) ,

• V2|c| (half-integral �N/2 < c < 0) ,

• V2N+4|c| (integral �N/2 < c < 0) .

In particular, Cherednik calls V2N�4c the perfect representation. Interestingly, the part

V
sym

2N�4c
= {f 2 V2N�4c | Tf = tf} is also PSL(2,Z)-invariant. Note that the dimensions

of vector spaces are

dimV2N�4c = 2N � 4c , dimV
sym

2N�4c
= N � 2c+ 1.

When c = 1, the subalgebra V
sym

2N�4
of dimension N � 1 is isomorphic to the usual Verlinde

algebra of csl2 with level N . Thus, the irreducible module V2N�4c is called non-symmetric

Verlinde algebra. [SN: This representation should correspond to BunG ⇢ MH .]

1.3 Spherical DAHA of rank one

The element e = (T + t
�1)/(t+ t

�1) is the idempotent e
2 = e, and the algebra SḦ(sl2) :=

eḦ(sl2)e is called the spherical subalgebra. A presentation for the spherical subalgebra

SḦ(sl2) has been given in [2]. We now recall this presentation in our notation. First, let us

define

x = (X +X
�1)e

y = (Y + Y
�1)e

z = q
�1/2(XY +X

�1
Y

�1)e =
[x, y]q

(q � q�1)

⌦ = qx
2 + qy

2 + q
�1

z
2
� q

1/2
yzx .

Then, the spherical subalgebra is generated by x, y, z with relations

[x, y]q = (q � q
�1)z

[y, z]q = (q � q
�1)x

[z, x]q = (q � q
�1)y

⌦ = (q1/2t�1
� q

�1/2
t)2 + (q1/2 + q

�1/2)2 ,

where [a, b]q := q
1/2

ab� q
�1/2

ba denotes the q-commutator. Thus, ⌦ can be regarded as the

quadratic Casimir operator. [SN: Check notations!]

The spherical DAHA is realized as

SḦ[g] ⇠= K
G̃OoC⇥

(R) ⇠= bC[MHitchin(T
2
\pt, G)] ,
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[z, x]q = (q � q�1)y

[y, z]q = (q � q�1)x

(B,B)

B

A = (B,B)

(B,B,B)

A = (B,B)

X

X X = MH(Cp, G)

X A

A = (Bcc,Bcc)� �

H = (Bcc,B0)

Bcc Bcc Bcc B0 Bcc B0

(Bcc,Bcc) (Bcc,B0) (Bcc,B0)

X = MH(Cp, G)

[x, y]q = (q�1 � q)z

[y, z]q = (q�1 � q)x

[z, x]q = (q�1 � q)y

q
�1

x
2 + qy

2 + q
�1

z
2 � q

�
1
2xyz = (q�

1
2 t� q

1
2 t

�1)2 + (q
1
2 + q

�
1
2 )2 ,

q = e
2⇡i~

q

[a, b]q := q
�

1
2ab� q

1
2 ba .

q ! 1

(B,B)

B

A = (B,B)

(B,B,B)

A = (B,B)

X

X X = MH(Cp, G)

X A

A = (Bcc,Bcc)� �

H = (Bcc,B0)

Bcc Bcc Bcc B0 Bcc B0

(Bcc,Bcc) (Bcc,B0) (Bcc,B0)

X = MH(Cp, G)

[x, y]q = (q�1 � q)z

[y, z]q = (q�1 � q)x

[z, x]q = (q�1 � q)y

q
�1

x
2 + qy

2 + q
�1

z
2 � q

�
1
2xyz = (q�

1
2 t� q

1
2 t

�1)2 + (q
1
2 + q

�
1
2 )2 ,

q = e
2⇡i~

q

[a, b]q := q
�

1
2ab� q

1
2 ba .

q ! 1

Algebra-deformation
quantization of functions 
on MH

Bcc : L ! MH

F +B =
i

log q
⌦J

⌦J =
dx ^ dy

2z � xy

[Gukov Witten]
[Kapustin Witten]



Highest Weight Modules

Ra = x+ a�1
k z

La = x+ akz

Raising and lowering operators of sl(2) DAHA

Figure 1. Submodule V`

where

An,m = 1 � q
�m+n

2 t
�1

, Bn,m =
⇣
1 � q

m�n

2

⌘
Sm(q, t) , (1.60)

an,m = 1 � q
n�m

2 , bn,m =
⇣
1 � q

m+n

2 t

⌘
Sm(q, t) , (1.61)

where

Sm(q, t) =
(1 � q

m)
�
1 � t

2
q
m�1

�

(1 � tqm�1) (1 � tqm)
. (1.62)

We can first consider a module generated by Z0 = 1. One can check that L0Z0 = 0,
so this is the lowest weight module, let’s call it V . One then can act with raising operators
and generate the entire simple module which will be isomorphic to the entire Hilbert space
(1.50) provided that none of r` in (1.56) vanishes.

However, when
q
`
t
2 = 1 , or q

`+1 = 1 (1.63)

the lowering operator acts trivially and we get a submodule V`+1 ⇢ V, see Fig. 1.
The module structure depends on the parity of the dimension of the module. Indeed,

from q
`
t
2 = 1 (neither q or t are roots of unity) we conclude that t = ±q

� `

2 . First let us
consider ` = 2k. Close examining of Macdonald polynomials (1.49) shows that there is a
pole in the constant term at t = q

�k. Thus the ‘+’ branch cannot be realized whereas
t = �q

�k is perfectly acceptable and provides 2k dimensional module V2k.
For odd ` the situation is a bit more interesting. Due to fractional power in the value

for t which ensures that L2k+1Z2k+1 = 0 both branches t = ±q
�k+ 1

2 can be implemented.
Therefore in this case we have a pair of modules V±

2k+1.
Note that the condition

q
`
t = 1 , (1.64)

which arises in the action of raising operators, cannot be realized as a shortening condition
for a module as it leads to poles in the coefficients of Macdonald polynomials (note that q

is not a root of unity).
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RaZa = raZa+1

LaZa = laZa�1

and after setting � = 0 expressions in (2.4) become

hW i = X + X
�1

,

hT i = tX � t
�1

X
�1

X � X�1
$ +

t
�1

X � tX
�1

X � X�1
$

�1
,

hDi = X
�1 tX � t

�1
X

�1

X � X�1
$ + X

t
�1

X � tX
�1

X � X�1
$

�1
. (2.8)

Later we shall see that (X, $) represent Fenchel-Nielsen coordinates on the moduli space of
SL(2;C) flat connections on punctured torus X.

2.3 Highest Weight Vectors

Let us consider highest weight vector Z of Y with weight a 2 C
⇥

Y Z = aZ , (2.9)

Since we are interested in representations of spherical DAHA we will use

y Z = (Y + Y
�1)Z = (a + a

�1)Z (2.10)

instead. It can be shown (see [15] and references therein) that there are two formal solutions
of the above difference equation – one given by

Z(X, a, q, t) =
✓1(t�1

X, q)✓1(t X
�1

, q)

✓1(aX, q)✓1(a�1X�1, q)
· 2�1

�
t
2
, t

2
a
2; qa2; q; qt�2

X
�2

�
, (2.11)

and the other solutions is obtained by SU(2) Weyl reflection a ! a
�1. Here 2�1 is a q-

hypergeometric function, and ✓1(x, q) is theta function.
We have demonstrated above that for a generic value of weight a the eigenfunctions of

Macdonald operators are infinite hypergeometric series. However, under certain conditions
on a the above q-hypergeometric series truncate to polynomials. As discussed in [15] for one
highest weight vector (2.11) this condition reads

a
2 = q

�2`
t
�2

, ` 2 Z+ (2.12)

and correspondingly a
2 = q

2`
t
2 for the other solution. Thus when (2.12) holds series (2.11)

becomes
Z(X, a, q, t)

���
a
2
`
=q�2`t�2

= P`(X; q, t) , (2.13)

where P`(X; q, t) is the Macdonald polynomial of type A1 which is labelled by spin-` repre-
sentations

P`(X; q, t) := X
`
2�1(q

�2`
, t

2; q�2`+2
t
�2; q2; q2t�2

X
�2) . (2.14)

The eigenvalue of the Macdonald difference operator (2.10) is indeed

pl(y) · P`(X; q, t) = (q`t + q
�`

t
�1)P`(X; q, t) . (2.15)
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Shortening occurs when

2.6 Finite-dimensional representations

A finite-dimensional representation of spherical DAHA arises when a lowering operator L`

annihilates the Macdonald polynomial P`. Therefore, finite-dimensional representations of
spherical DAHA appear when the shortening condition pl(L`) · P` = 0 is satisfied. Namely,
the factor

(1 � q
2`)(1 � q

(`�1)
t
2)(1 + q

(`�1)
t
2)

(1 � q2(`�1)t2)
(2.25)

in the right hand side of (2.23) vanishes, which amounts to one of the following cases:

q
2N = 1 (Case 1)

t
2 = q

�(2k�1) (Case 2)
t
2 = �q

�n (Case 3)

where the exponent in the right hand side of Case 2 must be an odd integer in order for the
denominators of Macdonald polynomials as well as (2.25) to be non-zero. Let us investigate
in each case more in detail.

Case 1 : q = e
�⇡i/N is a 2N-th root of unity for N 2 Z>0 and t is generic

When q = e
�⇡i/N is a primitive 2N -th root of unity for N 2 Z>0, (2.23) tells us

pl(LN ) · PN (X; q, t) = 0 where PN (X; q, t) = X
N + X

�N
. (2.26)

Therefore, the quotient space

UN := Cq,t[X + X
�1]/(PN )

by an ideal (PN ) is an N -dimensional irreducible representation of spherical DAHA [5, Thm
2.8.5 (ii)]. It follows from the form of PN that the finite-dimensional module UN is invariant
under the sign flip ⇣x : x ! �x in (C.13) whereas it is not invariant under the sign flip
⇣y : y ! �y in (C.13), leading to another finite-dimensional module ⇣y(UN )

In addition, when q is the primitive 2N -th root of unity, the shift operator $
± acts

trivially on X
2N + X

�2N +�:

$
±(X2N + X

�2N +�) = X
2N + X

�2N +� ,

where � 2 C is a constant. Subsequently, it follows from the polynomial representation (2.20)
that spherical DAHA S

..
H commutes with X

2N+X
�2N+�. Hence, an ideal (X2N+X

�2N+�)

in the ring Cq,t[X+X
�1] of symmetric functions is kept invariant under the action of spherical

DAHA S
..
H, and the quotient space becomes a 2N -dimensional irreducible representation of

S
..
H [5, Thm 2.8.5 (iv)]

F
�
2N := Cq,t[X + X

�1]/(X2N + X
�2N +�) .

The ideal (X2N + X
�2N + �) is invariant under the sign changes ⇣x, and so is the module

F
�
2N . Besides, one can also show that it is invariant under the sign flip ⇣y by studying the

Macdonald eigenvalues in (2.15), but the details are omitted.
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0 ! S ! V ! V/S ! 0



generic fiber

Consequently, in the presence of the ramification, the Hitchin moduli space MH(Cp, G)

becomes smooth at every point. As described in [29, 30], the singular fiber in the Hitchin
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0 , in the elliptic fibration of ⇡ : MH(Cp, G) !

B. We demonstrate this fact in Appendix B (see also [31, 32]). Since complex structure I

varies holomorphically with �p + i�p as in Table 1, the global nilpotent cone N is no longer
holomorphic in complex structure I for �p + i�p 6= 0 while a generic fiber F stays a complex
Lagrangian submanifold in complex structure I. Therefore, the most “interesting” part of the
Hitchin fibration is indeed the global nilpotent cone N, which we shall investigate below.2

BunG

D4D3

D2D1

NF ⇠= T2

B

MH

0gen pt

⇡

x $ �x

y
$

�
y

Figure 3. Schematic depiction of the Hitchin fibration and global nilpotent cone.

The homology classes of BunG and Di spans H2(MH(Cp, G),Z) and their intersection
form is the Cartan matrix of the affine bD4 type in this basis (Figure 3). The intersection
matrix has only one null vector, which must be identified with the class of a generic fiber F,
providing the relation among the fiber classes

[F] = 2[BunG] +
4X

i=1

[Di] . (3.11)

The mapping class group �[T2] = SL(2,Z) of a torus T2 acts on MH(Cp, G) as well as
BunG. In particular, the modular S-transformation exchanges the meridian x and longitude

2Although an extensive investigation has been carried out on geometry of the moduli space of ramified
Higgs bundles over a curve in [23, S3], a genus of the curve is assumed to be greater than one. Therefore, our
setting is slightly different from [23, S3].
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When N �n = 2c is an odd integer, both (4.23) and (4.16) are satisfied. Hence, an brane
BN can exist and it further breaks up into individual branes ◆(BBunG

) and BDi
where they

share the total flux of the B-field asZ

N

B

2⇡
= �2 !

Z

BunG

B

2⇡
= 0 and

Z

Di

B

2⇡
= �1

2
.

As a result, under the condition that 1/~ = 2N , ↵p/~ 2 Z + 1
2 and �p = 0, an A-brane

B
�=0
F with trivial holonomy on a generic fiber F splits into two A-branes BBunG

and A-branes
◆(BDi

) (i = 1 . . . , 4) as it reaches to the global nilpotent cone N. Correspondingly, the module
F
�=2
2N is resolved into two copies of non-symmetric Verlinde algebra VN�2k and the involution

of (2.31) via the short exact sequence (2.33) after (2.28) when q = e
⇡i/N and t

2 = q
2k+1 in the

representation side. The correspondence between branes and representations in this situation
is illustrated in Figure 5. The presence of B�

F and BN leads to the same conclusion up to the
outer automorphism ◆.

Uk Vk�2`

⇣y(D
�
`
)⇣y(D

+
`
)

D
�
`

D
+
`

N

Nk+2`

F

F2k

B

MH

0gen pt

⇡

x $ �x

y
$

�
y

Figure 5. Compact supports of (B, A, A)-branes and corresponding finite-dimensional modules of
spherical DAHA. This figure depicts the situation where ~ = �1/2N , ↵p/~ = � 2k�1

2 and �p = 0.

Except the situations studied above, an A-brane at the global nilpotent cone is trapped
there and cannot move out to a generic fiber in the Hitchin moduli space.

[SN: Some comments on polynomials representations. Speculations on oper or Teichmuller
component with infinite-dimensional representations?]

5 DAHA and line operators on surface operators

space-time: S
1 ⇥ R ⇥ Cq ⇥ T

⇤
C ⇥ R

3

N M5-branes: S
1 ⇥ R ⇥ Cq ⇥ C ⇥ pt

(puncture) M5’-branes: S
1 ⇥ R ⇥ Cq ⇥ p ⇥ R

2

(surface operator) M5”-branes: S
1 ⇥ R ⇥ {0} ⇥ C ⇥ R

2

Riemann surface C. In addition, the term "non-symmetric" implies that the tame ramification ↵p changes
the dimension of the Hilbert space from the one without puncture.
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Matching
root of unity

Case 3 : t
2 = �q

�n for n 2 Z>0 and q is generic

When t
2 = �q

�n, we have pl(Ln+1) · Pn+1(X; q, t) = 0. Accordingly, the quotient space

Vn+1 := Cq,t[X + X
�1]/(Pn+1)

by an ideal (Pn+1) is an (n + 1)-dimensional irreducible representation of spherical DAHA
[17]. This representation is called additional series in [5, S2.8.2]. It is easy to check from
(2.15) that the y-eigenvalues of Vn+1 are invariant under the sign change ⇣y of y as a set when
t
2 = �q

�n. In addition, when t
2 = �q

�n, Macdonald polynomials obey parity

Pn+1(�X) = (�1)nPn+1(X) ,

which implies Vn+1 is also invariant under the sign change ⇣x of x. In conclusion, the addi-
tional series Vn+1 is invariant under the automorphisms ⇣x, ⇣y, and it is moreover PSL(2,Z)-
invariant.

Case 4 : Two conditions are simultaneously satisfied

Let us now consider the case when two conditions among Case 1, Case 2 and Case 3 are
simultaneously satisfied.

First we consider the situation in which both Case 1 and Case 3 with N > n are satisfied.
If N � n � 1 is odd, then there is a short exact sequence

0 �! ◆(N2N�n�1) �! F
�=�2
2N �! Vn+1 �! 0 , (2.32)

where ◆ : t ! qt
�1 is an outer automorphism of S

..
H that is the spherical version of (C.13).

Indeed, the quantum character variety (2.3) is invariant under ◆. For odd N � n � 1, we have
another irreducible module N2N�n�1 of dimension 2N � n � 1. Moreover, when n = N � 2,
the additional series VN�1 of dimension N � 1 is isomorphic to the ordinary Verlinde algebra
of bsl(2)N with level N [18]. Thus, the additional series Vn+1 at q = e

�⇡i/N with generic n is
called non-symmetric Verlinde algebra or perfect representation [5, S2.9.3].

On the other hand, if N �n� 1 is even, say 2k, then the two conditions implies the other
condition with the outer automorphism ◆:

Case 1 and Case 3 �! ◆(Case2) where 2k = N � n � 1 .

This implies the existence of the finite-dimensional module D
±

k
, and there is actually a short

exact sequence
0 �! ◆(D+

k
� D

�

k
) �! UN �! Vn+1 �! 0 , (2.33)

as well as its ⇣y-image.

In a similar fashion, even in the rest of cases, two simultaneous conditions imply the other
condition up to the outer automorphism ◆. For instance, let us consider the circumstance in
which Case 1 and Case 2 holds with N > 2k. Then, it is easy to verify

Case 1 and Case 2 �! ◆(Case3) where n = N � 2k � 1 ,
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`additional series’

by an ideal (P2`) is a 2`-dimensional representation of spherical DAHA. In fact, it is not
irreducible, and decomposes into two irreducible representations

D2` = D+
`
�D�

`
. (2.67)

In fact, Pj and P2`�j�1 have the same eigenvalue of the Macdonald difference operator (2.55)
when t = q

�(2`�1)/2. Consequently, their combinations form bases of D±

`

D±

`
=

`�1M

j=0

Cq,t

⌧
Pj(X)

Pj(t�1)
±

P2`�j�1(X)

P2`�j�1(t�1)

�
. (2.68)

Moreover, they are related by the sign flip ⇣1 : x ! �x, i.e. ⇣1(D
+
`
) = D�

`
.

In fact, the module D+
`

can be obtained by using the symmetric bilinear form

D+
`
= Cq,t[X +X

�1]/Ker [ , ] , (2.69)

and the other module D�

`
is included in the kernel Ker [ , ] when the central charge is

c = �(2`� 1)/2.
Even when t = �q

�(2`�1)/2, the shortening condition (2.66) holds and we obtain two
finite-dimensional irreducible representations isomorphic to D+

`
� D�

`
in (2.67). However,

in this case, the eigenvalues (2.55) of the y-operator have the opposite sign. Therefore, the
corresponding irreducible representations can be obtained by the sign flip ⇣2 : y ! �y in
(B.21) from D±

`
.

As a result, for t2 = q
�(2`�1), there are four irreducible finite-dimensional representations

D+
`
, ⇣1(D

+
`
) , ⇣2(D

+
`
) , ⇣2⇣1(D

+
`
) (2.70)

for all possible combinations of the signs [Che05, Thm 2.8.1]. Moreover, the �-transformation
� : x $ y (B.20) exchanges the modules ⇣1(D

+
`
) and ⇣2(D

+
`
) whereas the modules D+

`
and

⇣2⇣1(D
+
`
) are �-invariant. Moreover, the construction (2.69) tells us that the module D+

`
is

PSL(2,Z)-invariant whereas the other three modules are exchanged under PSL(2,Z).
In Case 2 of §2.3, we have seen that, when t

2 = q
�(2`�1), there is the `-dimensional module

D+
`
, which is invariant under the PSL(2,Z) transformation. For instance, when ` = 2, the

symmetric bilinear pairing provides the matrices

S

���
D+

`=2

=

 
2 2iq�

1
2 (q2 � q + 1)

1
2

2iq�
1
2 (q2 � q + 1)

1
2 �2

!
,

and the ⌧�-transformation (B.31) yields

T

���
D+

`=2

=

 
1 0

0 q

!
,

in the basis (2.68) [KSY18, §4.2]. If we change the normalization

T(A1,A2) := q
�

11
12 T

���
D+

`=2

, S(A1,A2) :=
q

7
4

2(1� q)
S

���
D+

`=2

,
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Before finding the corresponding module, let us mention one subtlety. As we have seen,
spherical DAHA S

..
H = Hom(Bcc,Bcc) enjoys the outer automorphism t ! qt

�1, which can
be interpreted as the involution of Bcc. Hence, the space of (Bcc,BDi

)-strings also must
respect this symmetry. Since the involution (2.87) involves the shift of the B-field, the total
flux of the B-field on Di must indeed satisfy

Z

Di

B

2⇡
= �1

2
(2.63)

in the presence of an A-brane BDi
. Consequently, an A-brane BDi

does not obey the deformed
flat condition (2.43), but it rather satisfies the condition (2.35) for a coisotropic A-brane. In
order for an A-brane BDi

to be subject to (2.35) with (2.63), the B-field should be set to

B
��
Di

= � 1

2c
Re⌦ ,

assuming FDi
= 0. As we will see below, an A-brane whose support includes an exceptional

divisor is generically subject to the condition (2.35) rather than the deformed flat condition
(2.43). As a result, the integral of F +B in (2.32) over Di provides

Z

Di

F

2⇡
= c+

1

2
2 Z . (2.64)

Thus, in order for the (Bcc,BDi
)-strings to exist, we must set c 2 Z+ 1

2 (Case 2 in §2.3).
Then, the dimension formula (2.44) is equal to that of the space H0(Di,Bcc⌦B�1

Di
⌦K

1/2
Di

)

which can be computed as

dimHom(Bcc,BDi
) = ±

Z

Di

ch(F +B) ^ ch(�FDi
�B) ^ Td(Di)

= ±
Z

Di

✓
F

2⇡
+ Td(Di)

◆
=

���c�
1

2

��� ,
(2.65)

where the Todd class shifts �1 that is minus a half of the Euler characteristic of Di
⇠= CP1.

In fact, due to (2.63), the dimension formula enjoys the involution (2.88) as a symmetry. Now
it is easy to read off that, when c = �2`�1

2 , the corresponding representations are (2.70).
Indeed, without loss of generality, one can first identify the space of (Bcc,BD1)-strings with
the module D+

`
. Then the other identifications follow from the reflections ⇣1 and ⇣2 as depicted

in Figure 5.

Case 2 : t
2 = q

�(2`�1) for ` 2 Z>0 and q is generic

When t = q
�(2`�1)/2, we have

pl(L2`) · P2`(X; q, t) = 0 . (2.66)

Therefore, the quotient space

D2` := Cq,t[X +X
�1]/(P2`)
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can be generic so that the brane B�

F gives rise to the module F�
2n (Case 1 in §2.3). It is natural

to expect that there is a connection between the complex numbers � and � parametrizing
the module and brane, respectively. As we will see below, � parametrizing the module F�

2n is
indeed related to the holonomy of Chan-Paton bundle of B�

F by

� = ±(� + 2) .

Case 1 : q = e
�⇡i/n is a 2n-th root of unity for n 2 Z>0 and t is generic

When q = e
�⇡i/n is a primitive 2n-th root of unity for n 2 Z>0, (2.57) tells us

pl(Ln) · Pn(X; q, t) = 0 where Pn(X; q, t) = X
n +X

�n
. (2.73)

Therefore, the quotient space

Un := Cq,t[X +X
�1]/(Pn)

by an ideal (Pn) is an n-dimensional irreducible representation of spherical DAHA [Che05,
Thm 2.8.5 (ii)]. It follows from the form of Pn that the finite-dimensional module Un is
invariant under the sign flip ⇣1 : x ! �x in (B.21) whereas it is not invariant under the sign
flip ⇣2 : y ! �y in (B.21), leading to another finite-dimensional module ⇣2(Un)

In addition, when q is the primitive 2n-th root of unity, the shift operator $± acts trivially
on X

2n +X
�2n +�:

$
±(X2n +X

�2n +�) = X
2n +X

�2n +� ,

where � 2 C is a constant. Subsequently, it follows from the polynomial representation (2.53)
that spherical DAHA S

..
H commutes with X

2n+X
�2n+�. Hence, an ideal (X2n+X

�2n+�)

in the ring Cq,t[X+X
�1] of symmetric functions is kept invariant under the action of spherical

DAHA S
..
H, and the quotient space becomes a 2n-dimensional irreducible representation of

S
..
H [Che05, Thm 2.8.5 (iv)]

F�
2n := Cq,t[X +X

�1]/(X2n +X
�2n +�) .

The ideal (X2n + X
�2n + �) is invariant under the sign changes ⇣1, and so is the module

F�
2n. Besides, one can also show that it is invariant under the sign flip ⇣2 by studying the

Macdonald eigenvalues in (2.55), but the details are omitted.
When � = �(t2n + t

�2n), the ideal becomes the kernel of the symmetric bilinear form
defined in (3.9) and (B.14)

Ker [ , ] = (X2n +X
�2n � t

2n � t
�2n) . (2.74)

In fact, it is easy to check

[X2n +X
�2n � t

2n � t
�2n

, P`(X)] = 0

for any ` 2 Z�0 when q = e
�⇡i/n. Therefore, in this special case, the module

F�(t2n+t
�2n)

2n := Cq,t[X +X
�1]/Ker [ , ] (2.75)
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becomes a 2n-dimensional functional representation of S
..
H [Che05, Thm 2.8.5 (iii)], which

will be explained in (3.10) of §3.
Moreover, at � = 2 specialization, we have X

2n + X
�2n + � = (Xn + X

�n)2 = P2n,
yielding a short exact sequence

0 ! ⇣2(Un) ! F�=2
2n ! Un ! 0 . (2.76)

We also take into account how the modules are transformed under PSL(2,Z). Since Macdonald
polynomials are transformed under the ⌧�-transformation as in (B.31), we have ⌧�(1) = 1

and ⌧�(P2n) = t
�2n

P2n. Thus, the ideals coincides

(X2n +X
�2n +�) = (⌧�(X

2n +X
�2n +�)) ,

only in the following two cases: either (i) � = 2 and t is generic, or (ii) t
�2n = 1. Therefore,

the module F�(t2n+t
�2n)

2n in (2.75) is invariant under the ⌧�-transformation only when t
�4n =

1, namely, the central charge (1.4) is subject to 2c 2 Z. It follows from (B.16) that it
is invariant even under the ⌧+-transformation with this condition, and it is consequently
PSL(2,Z)-invariant.

[SN: added. In this case, the infinite-dimensional modular S T matrices do not truncate,
but they are decomposed into infinitely many block 2n⇥2n modular matrices in the following.
I do not understand the connection to semisimplification and Kazhdan-lusztig theory.] The
modular S, T matrices acting on F�=2

2n can be written as

Tµ⌫ := �µ⌫e
i⇡j

2

2n t
�j

, Sµ⌫ = Pµ(e
i⌫⇡

n t
�1; q = e

�⇡i

n , t)P⌫(t
�1; q = e

�⇡i

n , t) ,

where 0  µ, ⌫  2n� 1. When n = 2, we can write them explicitly

T = diag(1,�(�1)3/4t�1
,�t

�2
,�(�1)3/4t�3) ,

S =

0

BBBBBB@

1 t
2+1
t

t
2 + 1

t2
(t2+1)(t4+1)

t3

t
2+1
t

i(t2�1)(t2+1)
t2

�(t2+1)(t4+1)
t3

� i(t8�1)
t4

t
2 + 1

t2
�t

6
�t

4
�t

2
�1

t3
t
4 + 2 + 1

t4
�(t2+1)(t4+1)2

t5

(t2+1)(t4+1)
t3

� i(t8�1)
t4

�(t2+1)(t4+1)2

t5

i(t2�1)(t2+1)(t4+1)2

t6

1

CCCCCCA
.

2.6 Other branes and bound states

Brane BN supported on the global nilpotent cone N

Here we study the situation in which all the irreducible components in the global nilpotent
cone N simultaneously become Lagrangian submanifolds with respect to !X. This is precisely
when (2.61) and (2.45) are satisfied, yielding

�p = 0 ,
↵p

~ = c , and ~ 2 R . (2.77)

However, �p can be arbitrary. This implies that both q = e
2⇡i~ and t = q

c have to take values
on the unit circle |q| = 1 = |t|. Under this condition, the canonical coisotropic brane Bcc is
of type (B,A,A) with (2.71), and both BunG and the exceptional divisors Di are Lagrangian
with respect to !K .
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two conditions at onceThis implies the existence of the finite-dimensional module D±

`
, and there is actually a short

exact sequence
0 �! ◆(D+

`
�D�

`
) �! Un �! Vk+1 �! 0 , (2.84)

as well as its ⇣2-image.

In a similar fashion, even in the rest of cases, two simultaneous conditions imply the other
condition up to the outer automorphism ◆. For instance, let us consider the circumstance in
which Case 1 and Case 2 holds with n > 2`. Then, it is easy to verify

Case 1 and Case 2 �! ◆(2.49) where k = n� 2`� 1 ,

so that the non-symmetric Verlinde algebra Vn�2` naturally appears under the conditions
Case 1 and Case 2. Moreover, we have a short exact sequence

0 �! ◆(Vn�2`) �! Un �! D+
`
�D�

`
�! 0 , (2.85)

as well as its ⇣2-image.
Let us note that the finite-dimensional module F�=2

2n is “decomposed” into Un and ⇣2(Un)

as in (2.76) when � = 2. Furthermore, under the conditions of Case 1 and Case 2, we have the
short exact sequence (2.85). In consequence, F�=2

2n is decomposed into (2.70) and two copies
of non-symmetric Verlinde algebra Vn�2` via the short exact sequences if the conditions of
Case 1 and Case 2 are satisfied.

Likewise, one can convince oneself that

Case 2 and ◆(2.49)
or

◆(Case 2) and 2.49
�! Case 1 where n = k + 1 + 2` .

Subsequently, we have the short exact sequence (2.85) or (2.84).

2.7 Mirror symmetry and 2d dual (re-)formulations

Before we embed the setup of the present section into higher-dimensional theories, it is in-
structive to pause and briefly discuss alternative formulations that do not require leaving the
two-dimensional world, with its mathematical rigor.

2.8 Old stuff from section 2

Our basic idea to study geometric representation theory of DAHA is to use branes in 2d
A-model of the Hitchin moduli space MH(Cp, G) with symplectic form !X = �Im(i⌦J/~)
[GW09, Guk11]. The A-model admits not only an A-brane with a Lagrangian support but
also a brane whose support is a coisotropic submanifold. Indeed, it is known that a coisotropic
brane brings about non-commutative deformation in A-model [Kap05, AZ05]. Moreover, of
most relevance to DAHA is the distinguished space-filling A-brane Bcc, called the canonical

coisotropic brane [KW07, GW08, GW09]. Therefore, let us first review the approach to
deformation quantization based on 2d topological A-model.
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Double Elliptic Model
8 PETER KOROTEEV AND SHAMIL SHAKIROV

1.4. Main Results. We propose the new quantum integrable system, called DELL, which
for N � 1 degrees of freedom3 is described by Hamiltonians

(1.10) bHa = bO�1
0

bOa , a = 1, . . . , N � 1 ,

where operators O0,O1, . . . ,ON�1 are Fourier modes of the following current
(1.11)

bO(z) =
X

n2Z

bOn zn =
1X

n1,...,nN=�1
(�z)

P
ni w

P ni(ni�1)
2

Y

i<j

✓
�
tni�njbxi/bxj |p

�
bpn1
1 . . . bpnN

N .

Here the canonically conjugate position and momentum operators obeying canonical q-
commutation relation bxibpj = q�ij bpjbxj act on functions of positions as

(1.12) bxif(x1, . . . , xN ) = xif(x1, . . . , xN ), bpif(x1, . . . , xN ) = f(x1, . . . , qxi, . . . , xN ) .

We shall now formulate three conjectures about the properties of the DELL model,
which we have checked in a number of cases. We expect that these conjectures will be
proven in the near future using methods of enumerative algebraic geometry and geometric
representation theory.

Conjecture 1.1. The quantum DELL Hamiltonians H1, . . .HN�1 in (1.10) commute,

(1.13) [ bHa, bHb] = 0 , a 6= b .

We were able to check the commutativity of DELL Hamiltonians up to several orders
(w2, p2 for N = 2, 3 and w2, p1 for N = 4) in expansion in elliptic parameters p and w,
which gives us confidence that the conjecture should hold. As the reader can see the DELL
Hamiltonians are highly non-local as they involve formal infinite series of functions of shift
operators, which severely limits the computational ability to verify the conjecture. We
expect that the general proof to be found some time in the near future.

The DELL Hamiltonians provide a two-parameter (w, p) generalization of the trigono-
metric Ruijsenaars-Schneider integrable system, whose eigenfunctions are also known as
Macdonald polynomials. The common eigenfunctions of the full DELL Hamiltonians are
therefore a natural candidate to replace the Macdonald polynomials in the double-elliptic
setting, and we will call them double elliptic Macdonald functions. They depend on four
parameters – q, t and p, w. We expect them to agree with ‘a�ne Macdonald polynomials’
in representation theory [EJ], similar in the number of parameters and limiting behavior.

We have also found the formal spectrum of DELL Hamiltonians which can be formu-
lated using defect partition functions of a 6d gauge theory on R4 ⇥T 2 and is similar to the
analogous 5d version, albeit with an important di↵erence.

3N degrees of freedom with removed center of mass
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(1.13) [ bHa, bHb] = 0 , a 6= b .

We were able to check the commutativity of DELL Hamiltonians up to several orders
(w2, p2 for N = 2, 3 and w2, p1 for N = 4) in expansion in elliptic parameters p and w,
which gives us confidence that the conjecture should hold. As the reader can see the DELL
Hamiltonians are highly non-local as they involve formal infinite series of functions of shift
operators, which severely limits the computational ability to verify the conjecture. We
expect that the general proof to be found some time in the near future.

The DELL Hamiltonians provide a two-parameter (w, p) generalization of the trigono-
metric Ruijsenaars-Schneider integrable system, whose eigenfunctions are also known as
Macdonald polynomials. The common eigenfunctions of the full DELL Hamiltonians are
therefore a natural candidate to replace the Macdonald polynomials in the double-elliptic
setting, and we will call them double elliptic Macdonald functions. They depend on four
parameters – q, t and p, w. We expect them to agree with ‘a�ne Macdonald polynomials’
in representation theory [EJ], similar in the number of parameters and limiting behavior.

We have also found the formal spectrum of DELL Hamiltonians which can be formu-
lated using defect partition functions of a 6d gauge theory on R4 ⇥T 2 and is similar to the
analogous 5d version, albeit with an important di↵erence.
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m = log t is the mass of the adjoint hypermultiplet and ✓ is the first theta function, see
(3.3). The holomorphic di↵erentials read

(1.6) d⇠ = !N+1 , d⇣ =
NX

i=1

!i ,

so that the integrals in the homology basis of the curve {A1, . . . AN ; B1, . . . BN} are

(1.7)

I

Ai

!j = �ij ,

I

Bi

!j = ⇧ij ,

where ⇧ij are matrix elements of a certain period matrix which obey
PN

j=1 ⇧ij = ⌧YM.
The coordinates on the phase space of the integrable system are then given by the Abel
map

(1.8) xi =
N�1X

j=1

PjZ

P0

!i ,

for N � 1 marked points P1, . . . PN�1 of the reduced Jacobian J0(⌃).

1.3. Quantization. As it was first shown in [BKK15] and later proven by Nekrasov (in the
case of the four-dimensional U(2) theory) [NS09,AT10,NPS18,Nek16,Nek17b] how to find
a formal spectrum of quantum elliptic integrable systems of Calogero or Ruijsenaars type.
The eigenfunctions of the corresponding Hamiltonians were shown to be supersymmetric
partition functions in the presence of monodromy-type defects of the Gauge/Bethe dual
4d and 5d theories with adjoint matter respectively. The eigenfunctions were represented
by vacuum expectation values of local chiral observables (in 4d) and Wilson lines (in 5d):

(1.9) HiZ(p,x) = Ei(p,a)Z(p,x) ,

where both Z(p,x) and Ei(p,a) are series expansions in the instanton counting parameter
p. As was argued in [AGG+10] and used later in [GGS13] the positions of a surface operator
in the U(N) N = 2 gauge theory are given by integrals over open paths of the corresponding
Kähler classes !i (1.8). This observation explains why insertions of defect operators should
be treated as the coordinates of the (complexified) integrable systems and the wavefunction
Z(p,x).

Mathematically the eigenfunctions of the above Hamiltonians are equivariant integrals
of certain characteristic classes over the a�ne Laumon spaces. Negut in [Neg09] has proven
that (1.9) holds for the elliptic Calogero-Moser Hamiltonians, in [Kor18] a conjecture was
made stating that the K-theoretic equivariant Euler characteristic of the a�ne Laumon
space is the eigenfunction of the elliptic Ruijsenaars-Schneider model.

Spectrum


