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Large-N Approach
Gauge theories are known to have effective descriptions when the  
rank of the gauge group becomes large U(N) N ! 1

For supersymmetric gauge theories we expect to do exact 
computations in the effective large-N theory

There are similar ideas which work in mathematics (stable limits)

String theory is a powerful tool study Large-N dualities
AdS/CFT, Gopakumar-Vafa BPS/CFT (i.e. AGT)



N=2 Theories at Large-n
We want to apply the idea of large-N asymptotics to theories 
or with 8 supercharges, such as N=2 in 4d or N=1 in 5d, in 
particular to those which have Seiberg-Witten description

Along the way we want to understand the origins of the 
BPS/CFT correspondence, which relates BPS counting in gauge 
theories with CFT correlators.  

Starting from a gauge theory whose gauge group has finite rank 
we expect to see how the CFT emerges when rank becomes large
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BPS/CFT (AGT)
Gauge theory in Omega background

R2
q1 ⇥ R2

q2 ⇥ S1 q1

Nekrasov used it to count instantons which localize on the tip

AGT states that ZNek = FCFT

Omega background data is matched with the CFT central charge and 
(q)VOA data

Mathematicians have now several proofs of AGT in limiting cases (no 
fundamental matter), but those proofs do not use the original class-S 
theory construction

Recent proof by Kimura and Pestun uses direct localization computations 



qW algebra

Start with quiver gauge 
theory compactified on a circle

Construction of qW algebra from free-boson representation of 
Nekrasov partition function with defects

QUANTUM EQUIVARIANT K-THEORY OF NAKAJIMA QUIVER VARIETIES AND INTEGRABILITY 3

We are interested in the case of the following quiver:

vn�1 . . . v2 v1

w1

We denote by aj the coordinates of the torus acting on w1 and by si,k the coordinates
of the torus acting on vi. In this case we have (Let’s relabel w1 to wn�1and put it on
the left vertex ):

TX = T (T ⇤Rep(v,w))�
X

i2I
(1 + ~�1)End(Vi) =(4)

n�1X

i=2

viX

k=1

vi�1X

j=1

✓
si,k
si�1,j

� si�1,j~
si,k

◆
+

v1X

k=1

w1X

j=1

✓
s1,k
aj

+
aj~
s1,k

◆
� (1 + ~�1)

X

i2I

j,k=viX

j,k=1

si,j
si,k

(5)

To get Bethe equations we need to use the following formula:

ba
✓
si,k

@

@si,k
TX

◆
= zi,

where ba (
P

nixi) =
Q⇣

x
1/2
i � x

�1/2
i

⌘ni

. We get the following equations

vn�2Y

j=1

sn�1,k � sn�2,j
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In this section we discuss the duality between XXZ spin chain and trigonometric Ruijsenaars-
Schneider model which was first derived in physics literature [GK13,BKK15]. It was there
referred to as quantum/classical duality. Here we shall reviews the arguments as well as
prove main statements.
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Theories with defects
These Virasoro constraints can be interpreted 
as equations of motion for a different 
integrable system 

[Alday Tachikawa]
[Nawata]

[Bullimore Kim PK]
[PK Sciarappa]

[Aganagic Shakirov Haouzi]

For balanced A-quivers (with adjusted masses) or quivers with 
adjoint hypers with codimension-2 defects the corresponding 
integrable system is trigonometric Ruijsenaars-Schneider 
model

2.1 3d N = 2⇤ Theory

As it was argued in [6] the space of supersymmetric vacua of the 3d N = 2⇤ T [U(n)] quiver

theory on R2 ⇥ S1 describes the phase space of the n-particle trigonometric Ruijsenaars-

Schneider system. The T [U(n)] theory has gauge group G = ⇥n�1
s=1U(s), with an associated

. . .1 2 n � 1 n

Figure 1: The T [U(n)] quiver

N = 4 vector multiplet for each factor in G, and N = 4 hypermultiplets in the bifunda-

mental of U(s) ⇥ U(s + 1) with s = 1, . . . , n � 1, where the last group U(n) is intended as

a flavor group. This theory depends on two sets of (exponentiated) parameters: twisted

masses µa, a = 1, . . . , n for the U(n) flavor group and Fayet-Iliopoulos parameters ⌧i with

i = 1 . . . , n6. In addition, we turn on the canonical N = 2⇤ deformation parameter t, which

corresponds to a twisted mass parameter for the adjoint N = 2 chiral multiplets contained

inside the N = 4 vector multiplets7.

Let us briefly review the connection between the T [U(n)] gauge theory and the trigono-

metric Ruijsenaars-Schneider system. One needs to analyze the supersymmetric vacua of

the T [U(n)] theory on its Coulomb branch. The theory on the Coulomb branch is described

by twisted e↵ective superpotential

fWe↵

⇣
µs, ⌧s, t, �(s)

a

⌘
, a = 1, . . . , s, s = 1, . . . , n � 1 , (2.1)

where �
(s)
a are scalars in the vector multiplets of the Cartan subalgebra of G. It was shown

in [6] that equations

exp

 
�(s)
↵

@fWe↵

@�
(s)
↵

!
= 1 , (2.2)

determining the supersymmetric vacua, i.e. the twisted chiral ring relations, reduce to

classical Hamiltonian equations of the trigonometric Ruijsenaars-Schneider model

D
(k)
n,~⌧ = Sk(µ1, . . . , µn) , k = 1, . . . , n , (2.3)

where Sk are symmetric polynomials of degree k of its variables, for example Sk(µ1, . . . , µn) =

µ1 + · · · + µn, and the left hand side presents n integrals of motion of the trigonometric

Ruijsenaars-Schneider model. The first Hamiltonian reads

D(1)
n (⌧i, p

i
⌧ ) =

nX

i=1

nY

j 6=i

t⌧i � ⌧j
⌧i � ⌧j

pi⌧ , (2.4)

6Here we introduced an additional topological U(1) as in [6], so that the physical FI parameter at the

s-th gauge node is ⌧j+1/⌧j .
7The bifundamental matter is also charged under the U(1)t symmetry, see [44] for details.

– 6 –

Partition functions of defect theories are the eigenfunctions

D(r)
n (⌧, p⌧ )Z = er(µ)Z



Defects from branes

5.4 Brane Construction

We have demonstrated in this work that the Higgs branch of U(n) 5d N = 1⇤ theory in

the large-n limit describes the moduli space of U(1) instantons. In this section we shall

illustrate this correspondence by using string theory.

First we shall summarize the brane construction of the 5d N = 1⇤ theory and describe

its Coulomb and Higgs branches along the lines of [47]. The theory in question can be

thought of as a lift of the 4d N = 2⇤ theory on R4, whose brane realization was developed

in [60], to the 5d theory on R4 ⇥ S1.

The starting point is the Type IIB construction of U(n) maximally supersymmetric

Yang-Mills theory in five dimensions which is realized as a theory on n coincident D5 branes

along x0, x1, x2, x3, x4, x6 with two compact directions – x4 and x6 with radii � � R6

respectively. At the energies much larger than R�1
6 we have a 5d theory on R4 ⇥ S1

� .

For the later purposes it will be convenient to T-dualize along x4 to obtain a Type-IIA

description where the D5 branes are located at a point along the x4 circle. Once we turn

on the Wilson line for gauge field A4 the stack of branes will in general separate into n

branes at di↵erent positions along the circle. The positions of branes in 45 plane are given

by VEVs of the complex scalar, which, due to the periodicity along x4, is convenient to

represent as an exponential µa = e�i�aa , as we used it in Sec. 2. In order to construct

N = 1⇤ theory from the N = 2 theory we introduce NS5 brane along 012345 such that

the periodic fourbranes break at the position of NS5 brane with an o↵set in 45 directions

given by the mass of the adjoint hypermultiplet t = e�i�m, see Fig. 5.
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Figure 5: The Coulomb branch of the 5d N = 1⇤ U(n) theory realized using Type

IIA branes. It is assumed in the picture that the 6-th direction is periodic and D4

branes reconnect to themselves.

In addition we introduce Omega deformation ✏1 in 23-plane, which in exponential

notation reads q = ei�✏1 . As it was discussed in [47] the theory possesses a lattice of Higgs

branch loci given in our notation by (2.13) and which is labelled by Young tableaux �.
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N=1* U(n)

System undergoes geometric transition

where

⇥q(x) = (q; q)1(x; q)1(q/x; q)1 , (x; q)1 =
1Y

s=0

(1 � xqs) . (2.10)

The second holomorphic block is obtained from the above expression by interchanging µ1

and µ2. Both blocks satisfy di↵erence equations of trigonometric Ruijsenaars-Schneider

system

D(1)
q B = (µ1 + µ2)B ,

D(2)
q B = µ1µ2B , (2.11)

where D
(1,2)
q are tRS Hamiltonians, they commute between each other. For completeness,

let us mention that the operator (2.6) is the first of a set of n commuting operators, given

by

D
(r)
n,~⌧ (q, t) = tr(r�1)/2

X

I⇢{1,2,...,n}
#I=r

Y

i2I
j /2I

t⌧i � ⌧j
⌧i � ⌧j

Y

i2I
Tq,i for r = 1, . . . , n (2.12)

In mathematical literature, the operator D
(1)
n,~⌧ is known as the first Macdonald di↵erence

operator; its eigenfunctions, known as Macdonald polynomials, are given by symmetric

polynomials in n variables ⌧l of total degree k 6 n, and are in one-to-one correspondence

with partitions � = (�1, . . . , �n) of k of length n.

Now we can make the following observation8. For a given partition � we identify

parameters µa as follows

µa = q�atn�a , a = 1, . . . , n . (2.13)

Having done so we see that the series expansion of holomorphic block (2.9) truncates and

it turns into a Macdonald polynomial P�(~⌧ ; q, t) corresponding to the partition � as

D
(1)
n,~⌧ (q, t)P�(~⌧ ; q, t) = E

(�;n)
tRS P�(~⌧ ; q, t) (2.14)

with an eigenvalue given by

E
(�;n)
tRS =

nX

j=1

q�j tn�j (2.15)

Thus for k = 2 we get

B(⌧1, ⌧2; t
�1/2q, t1/2q) = P (⌧1, ⌧2; q, t) ,

B(⌧1, ⌧2; t
�1/2, t�1/2q2) = P (⌧1, ⌧2|q, t) . (2.16)

In what follows it is instructive make the following change of variables

pm =
nX

l=1

⌧m
l , (2.17)

8See the end of Section 3 of [6].
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Higgs branch locus

Complex scalar

5.4 Brane Construction

We have demonstrated in this work that the Higgs branch of U(n) 5d N = 1⇤ theory in

the large-n limit describes the moduli space of U(1) instantons. In this section we shall

illustrate this correspondence by using string theory.

First we shall summarize the brane construction of the 5d N = 1⇤ theory and describe

its Coulomb and Higgs branches along the lines of [47]. The theory in question can be

thought of as a lift of the 4d N = 2⇤ theory on R4, whose brane realization was developed

in [60], to the 5d theory on R4 ⇥ S1.

The starting point is the Type IIB construction of U(n) maximally supersymmetric

Yang-Mills theory in five dimensions which is realized as a theory on n coincident D5 branes

along x0, x1, x2, x3, x4, x6 with two compact directions – x4 and x6 with radii � � R6

respectively. At the energies much larger than R�1
6 we have a 5d theory on R4 ⇥ S1

� .

For the later purposes it will be convenient to T-dualize along x4 to obtain a Type-IIA

description where the D5 branes are located at a point along the x4 circle. Once we turn

on the Wilson line for gauge field A4 the stack of branes will in general separate into n

branes at di↵erent positions along the circle. The positions of branes in 45 plane are given

by VEVs of the complex scalar, which, due to the periodicity along x4, is convenient to

represent as an exponential µa = e�i�aa , as we used it in Sec. 2. In order to construct

N = 1⇤ theory from the N = 2 theory we introduce NS5 brane along 012345 such that

the periodic fourbranes break at the position of NS5 brane with an o↵set in 45 directions

given by the mass of the adjoint hypermultiplet t = e�i�m, see Fig. 5.
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branes reconnect to themselves.

In addition we introduce Omega deformation ✏1 in 23-plane, which in exponential

notation reads q = ei�✏1 . As it was discussed in [47] the theory possesses a lattice of Higgs

branch loci given in our notation by (2.13) and which is labelled by Young tableaux �.
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Confold Transition
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Figure 4.2: (a) Theory II: n̂ D2 branes suspended between a D4 and an NS5. (b) Theory I:

D4 brane breaks on NS5.

The duality proposed in this paper relates the world-volume theory on a surface operator

probing the Higgs branch of a four dimensional gauge theory with a corresponding bulk

theory (ie the same four dimensional gauge theory without surface operator on its Coulomb

branch). As such it is reminiscent of the AdS/CFT correspondence and other large-N

dualities. This observation can be made precise in the context of geometric engineering

where the Nekrasov partition function of four-dimensional theory is computed by the closed

topological string on a suitable local geometry. More precisely we should consider the closed

string partition function computed using the refined topological vertex of [45]. On the

other hand, the partition function for gauge theory in the presence of a surface operator

corresponds to an open topological string partition function [46, 47]. The proposed duality

therefore asserts the equality of certain open and closed topological string partition functions

and it is natural to ask if it is related to the geometric transition of Gopakumar and Vafa

[31]. Strictly speaking the latter is defined only in the unrefined case corresponding to

ϵ1 = −ϵ2 = gs while our duality proposal applies only to the NS limit ϵ2 → 0. Nevertheless

there are strong similarities which suggest that a “refined” geometric transition should exist

and should be equivalent in the NS limit to the duality proposed in this paper (see also [28]).
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Figure 1: Conifold transition in type IIB string theory.

compactifications of M-theory on manifolds of G2 holonomy, where the resulting four

dimensional theories have N = 1 supersymmetry. There is, once again, an analog of

the flop transition; this time three-cycles shrink and grow and, as with the Calabi-

Yau example, the process is smooth [6, 7]. Other G2 geometrical transitions involving

shrinking CP2’s have also been discussed [7]. These proceed via a phase transition
but, unlike the conifold transition, do not appear to be related to condensation of any

particle state1. For related work, see [8].

The purpose of this paper is to study geometrical transitions in M-theory on eight-

dimensional manifolds with Spin(7) holonomy. Since the physics is very similar to the
conifold transition in Calabi-Yau manifolds, let us briefly recall what happens in that

case. As the name indicates, the conifold is a cone over a five dimensional space which

has topology S2 ×S3 (see Figure 1). Two different ways to desingularize this space —

called the deformation and the resolution — correspond to replacing the singularity

by a finite size S3 or S2, respectively. In type IIB string theory, the two phases of

the conifold geometry correspond to different branches in the four-dimensional N = 2
low-energy effective field theory. In the deformed conifold phase, D3-branes wrapped

around the 3-sphere give rise to a low-energy field q, with mass determined by the size

of the S3. In the effective four-dimensional supergravity theory these states appear as

heavy, point-like, extremal black holes. On the other hand, in the resolved conifold

phase the field q acquires an expectation value reflecting the condensation of these black

holes. Of course, in order to make the transition from one phase to the other, the field
q must become massless somewhere and this happens at the conifold singularity, as

illustrated in Figure 1.

In this paper we will argue that a similar phenomenon occurs in M-theory on a

Spin(7) manifold with a certain conical singularity. Apart from related orbifold con-
1However, we shall argue below that this interpretation can be given to the same transition in type

IIA string theory.

2

[Gopakumar Vafa]

µi = q�itn�i



M-theory construction
Starting with M-theory on S1 ⇥ Cq ⇥ Ct ⇥ T ⇤S3

With n M5 branes wrapping S1 ⇥ Cq ⇥ S3 ⇢

This setup provides us with the U(n) theory on M5 branes with 8 
supercharges



M-theory construction
Starting with M-theory on S1 ⇥ Cq ⇥ Ct ⇥ T ⇤S3

With n M5 branes wrapping S1 ⇥ Cq ⇥ S3 ⇢

This setup provides us with the U(n) theory on M5 branes with 8 
supercharges

When n becomes large the background undergoes through the 
conifold transition and the resolved conifold becomes a deformed 
conifold

So we are left with M-theory on S1 ⇥ Cq ⇥ Ct ⇥ Y

Reduction on Y leads us to a 5d U(1) N=1 super Yang-Mills theory



U(1) Instantons

Heisenberg algebra (elliptic Hall algebra) which we have seen 
earlier also appears in the study of moduli space of U(1) (non-
commutative) instantons [Nakjima]

[Schiffmann Vaserot][ai, aj ] =
1
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In other words, there is a direct connection, via the large-n limit, 
between instantons in N=1* U(n) theory and instantons of U(1) 
SYM!
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described by ADHM quiver

A The ADHM quiver and Bethe Ansatz Equations for ILW

In this Appendix we will consider the N = 2

⇤ ADHM quiver theory on C⇥S

1
� (or P1⇥S

1
�)

inside the 11d geometry Cq ⇥ Ct ⇥ C ⇥ O(�2)P1 ⇥ S

1
� . The field content of the quiver is

summarized in the table below.

� B1 B2 I J

D-brane sector D2/D2 D2/D2 D2/D2 D2/D6 D6/D2
gauge U(k) Adj Adj Adj k k

flavor U(N)⇥ U(1)

2 1(�1,�1) 1(1,0) 1(0,1) N(0,0) N(1,1)

twisted masses ✏1 + ✏2 �✏1 �✏2 �aj aj � ✏1 � ✏2

R-charge 2 0 0 0 0

Table 1. Matter content of the ADHM Gauged Linear Sigma Model.

U(k) U(N)
I, J

B

1

, B
2

Figure 7. The ADHM quiver.

The superpotential of the theory is given by W = Trk {� ([B1, B2] + IJ)}. In the case
✏1 + ✏2 = 0 the N = 2 vector supermultiplet and the N = 2 adjoint chiral supermultiplet
� combine into an N = 4 vector supermultiplet; on the other hand, when ✏1 + ✏2 6= 0

supersymmetry is broken to N = 2

⇤. The moduli space Mk,N of supersymmetric vacua in
the Higgs branch is obtained by setting to zero the VEV of the adjoint scalar field in the
� supermultiplet and it is given by the solutions of the F and D�term equations, modulo
the action of the gauge group U(k). More explicitly we have

Mk,N =

(
[B1, B2] + IJ = 0 (F -term)
[B1, B

†
1] + [B2, B

†
2] + II

† � J

†
J = ⇠ (D-term)

) ,
U(k) ,

where ⇠ is Fayet-Iliopoulos parameter. This manifold can be immediately identified with
the ADHM moduli space of k instantons for a pure U(N) Yang-Mills theory. In fact,
thinking in terms of a D2/D6 brane system, the k D2 branes wrapped on P1 ⇥ S

1
� can be

understood as a k-instanton for the pure U(N) supersymmetric theory living on the N D6

branes which wrap Cq ⇥Ct⇥P1⇥S

1
� (here q = e

i�✏1 , t = e

�i�✏2). As it is well known in the
context of D(p� 4)/Dp brane systems, the auxiliary 3d theory living on the D2 branes is
precisely our ADHM quiver theory and describes the instanton moduli space Mk,N . When
the radius of the S

1
� circle is sent to zero we go back to the setting of [28] with a system of

k D1 and N D5 branes wrapping respectively P1 and Cq ⇥Ct⇥P1 inside the 10d geometry
Cq ⇥ Ct ⇥ C⇥O(�2)P1 .
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Mk,1

U(1)

Moduli space

[ai, aj ] =
1
j �i+j,0

1�q|j|1

1�q|j|2

In other words, there is a direct connection, via the large-n limit, 
between instantons in N=1* U(n) theory and instantons of U(1) 
SYM!

It is related to the Kimura-Pestun answer by a Nahm transform!
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Figure 6: The Higgs branch of the 5d N = 1⇤ U(n) theory realized using Type

IIA branes. The dashed lines on top and bottom of the picture are identified. Semi-

infinite D2’ branes are suspended between the NS5 brane and the helical D4 brane

which in turn contains circular D2 branes in it.

is
P

i �i = k, whereas, as we have already noticed above, all D2’s disappear and the NS5

brane completely detaches from the system! We can now see that only a single long D4

brane remains together with k D2 branes. Note that the scaling limit which we have taken

made winding angle � to be e↵ectively zero, so D2 branes now wrap 016 directions.

Finally, in order to recover the desired ADHM brane construction, we T-dualize our

setup along x6 to obtain D1/D5 system. One can additionally apply another T-duality

along a circle inside 6789, which, if we recall the dual description of the NS5 brane, repre-

sents the Taub-NUT circle. The last T-duality brings us to k D2 branes probing a single

D6 brane.

0 1 2 3 4 5 6 7 8 9

D6 x x x x x x x

D2 x x x

This concludes our derivation of the eRS/�ILW correspondence detailed in Sec. 5.3.
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In the absence of the Omega deformation all D4 branes merge together consequently into

a single spiral-shaped brane which, if the adjoint mass is integral in units of the inversed

radius ��1, forms a rational winding of the 46-torus. However, when present, the end of

ith and the beginning of (i + 1)st D4 branes will be o↵set by (�i � �i+1)✏1.

Such brane configuration is known to have a dual description a lá Gopakumar-Vafa [61]

when the Coulomb branch is viewed as a resolution of the conifold singularity by a small S2

whose area is proportional to ✏. The Higgs branch therefore corresponds to the deformation

of the conifold by blowing up a three-sphere, which extends along x7. This equivalence

was used in brane constructions of supersymmetric gauge theories in Omega background

abundantly, see e.g. [62–66]. In other words, one needs to accommodate extra units of

magnetic flux through 23-plane for each Cartan direction of the gauge group given by ith

column of �. As was noted in [47] this can be achieved by allocating the corresponding

number of D2 branes along 01 plane and which wrap a single direction in 46-torus, which

needs to be done supersymmetrically. Since ith D4 brane worldvolume should now contain

�i units of magnetic flux there is a jump of the number of D2 branes for ith and (i + 1)st

D4 branes at the location of the NS5 brane where they meet. Since the orientation of these

fourbranes is mutually opposite there is an excess of �i � �i+1 D2 brane charge, which

should be compensated by adding additional D2 branes stretching from the D4 branes to

the NS5 brane, see Fig. 6. More precisely there are now two types of D2 branes – first

branes that wrap 01-plane and a 1-cycle in T 2
46 and those along 017 directions. The former

will be called D2’ and the mutual orientation of all branes in this phase is shown in the

table below.

0 1 2 3 4 5 6 7 8 9

NS5 x x x x x x

D4 x x x x cos � sin �

D2’ x x x

D2 x x � sin � cos �

Here � ⇠ tan�1 m/R is winding angle of branes on the fundamental domain of T 2
46 which can

be represented as a square in 46-plane. We can see that D2s and D4s form two orthogonal

rational windings of the torus.

One immediately notices that the net charge of all D2’ branes is zero, the fact which we

shall use momentarily as we explore the large-n limit. At the Higgs branch locus (2.13) we

can compute spectra of both elliptic Ruijsenaars-Schneider and �ILW models and compare

them (5.7). We can see that for finite n there are two contributions to the energy with the

additional term present in the first line of (5.7), which is suppressed by t�n.

Thus what happens with the brane system shown in Fig. 6 as we send n to infinity?

We shall apply a certain scaling to the vertical direction in the figure such that the size

of the D4 brane helix remains fixed, but the number of fourbranes goes to infinity. This

can be done, for example, if we scale the � with n appropriately. The number of circular

D2 branes is finite and is given by the number of columns of �. Therefore in the scaled

picture, where the size of the vertical direction (which is periodic) in Fig. 6 is 2⇡�, all D2

branes will be located on the top, or at a point in x4. The total number of D2 branes
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Figure 6: The Higgs branch of the 5d N = 1⇤ U(n) theory realized using Type

IIA branes. The dashed lines on top and bottom of the picture are identified. Semi-

infinite D2’ branes are suspended between the NS5 brane and the helical D4 brane

which in turn contains circular D2 branes in it.

is
P

i �i = k, whereas, as we have already noticed above, all D2’s disappear and the NS5

brane completely detaches from the system! We can now see that only a single long D4

brane remains together with k D2 branes. Note that the scaling limit which we have taken

made winding angle � to be e↵ectively zero, so D2 branes now wrap 016 directions.

Finally, in order to recover the desired ADHM brane construction, we T-dualize our

setup along x6 to obtain D1/D5 system. One can additionally apply another T-duality

along a circle inside 6789, which, if we recall the dual description of the NS5 brane, repre-

sents the Taub-NUT circle. The last T-duality brings us to k D2 branes probing a single

D6 brane.

0 1 2 3 4 5 6 7 8 9

D6 x x x x x x x

D2 x x x

This concludes our derivation of the eRS/�ILW correspondence detailed in Sec. 5.3.
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At large-n limit arrive at ADHM!!
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Stable limit
Trigonometric Ruijsenaars-Schneider (Macdonald) operators form a 
maximal commuting subalgebra inside DAHA for gl(n)

DAHA generators act on defect partition functions and may change 
vortex number. Its representation theory is quite complicated, but at 
least in low ranks it resembles that of gl(n) itself [Gukov, Nawata, PK, Sabieri]



Stable limit
Trigonometric Ruijsenaars-Schneider (Macdonald) operators form a 
maximal commuting subalgebra inside DAHA for gl(n)

Schiffmann and Vaserot showed that large-n limit of gl(n) DAHA is 
given by elliptic Hall algebra (a.k.a Ding-Iohara algebra)

DAHA generators act on defect partition functions and may change 
vortex number. Its representation theory is quite complicated, but at 
least in low ranks it resembles that of gl(n) itself [Gukov, Nawata, PK, Sabieri]

Another math result shows that qW algebra can be obtained as 
representation of Ding-Iohara algebra, which is a Hopf algebra itself. 
Thus the symmetry of CFT emerges directly in the 
limit



The Duality

This connection can be translated in gauge theoretical terms. While the �ILW sys-
tem corresponds to the ADHM quiver on C ⇥ S

1
� , the n-particle eRS system, as we have

mentioned earlier, has a gauge theory realization as a 5d N = 1

⇤
U(n) theory in Omega

background (1.2) coupled to a 3d T [U(n)] defect on C✏1 ⇥ S

1
� [6]. One may think of U(n)

global symmetry of the 3d theory as being gauged. The eigenfunctions and eigenvalues of
the eRS model correspond to the coupled 5d/3d instanton partition function Z

inst
5d/3d and

to the vacuum expectation values of the Wilson loop in the fundamental representation of
U(n) hWU(n)

⇤ i respectively, in the so-called Nekrasov-Shatashvili limit [39] when ✏2 ! 0.
In this work we will show that in the n ! 1 limit the Wilson loop VEV hWU(n)

⇤ i coming
from this coupled 5d/3d theory reduces to the hTr�i observable of the twisted chiral ring
of the 3d ADHM quiver, thus providing a remarkable connection between these two very
different supersymmetric gauge theories.

Line operators Tk act on instanton/vortex partition functions Z of the 5d/3d theory
by quantum shifts of the 3d Fayet-Iliopoulos parameters3

TkZ =

D
W

U(n)
k

E
Z , (1.3)

where k = 1, . . . , n is the rank of the antisymmetrization of the fundamental representation
of U(n). Thanks to integrability it will be sufficient to look at the fundamental representa-
tion. The partition functions are vectors in some (rather large) Hilbert space of states. In
order to take the large-n limit of (1.3), we need to understand separately large-n behavior
of Wilson operator VEVs hWU(n)

⇤ i and the states.
Let us start with the space of states. In the beginning we count (ramified) instantons

of the 5d U(n) theory. As we will shortly see, the presence of the U(1) factor in the gauge
group will play a crucial role in taking the limit. It will be demonstrated by an explicit
calculation in Sec. 4, as well as using string theory dualities in Sec. 5.4, that at large n

the 5d U(n) theory effectively transforms into a U(1) theory, therefore we expect that the
instanton calculus should be reinterpreted accordingly in terms of Abelian noncommutative
instantons. One of the noncommutativity parameters will be related to the adjoint mass
of the N = 1

⇤ theory, while the other parameter will be the remaining Omega background
velocity ✏1. In five dimensions any instanton solution can wrap S

1
� arbitrary many times, so

one needs to include the entire Kaluza-Klein tower of those solutions. Given a topological
sector k the moduli space of instantons is the Hilbert scheme of k points on C2 [40–42]. The
complete moduli space is therefore the union of those Hilbert schemes over all topological
sectors.

The localization formula for a fundamental Wilson loop in the five-dimensional theory
in (1.2) wrapping S

1
� contains an equivariant character �~�

of the universal bundle over the
instanton moduli space, which accounts for the propagation of a heavy particle along the
circle. We expect the expression for character �~�

to remain finite after the transition and
to depend on the Abelian instanton data. We will be able to prove that as n ! 1 the
Wilson loop VEV, up to a certain normalization, becomes

D
W

U(n)
⇤

E ���
�

⇠ E(�)
1 = 1� (1� q)(1� t

�1
)

X

s

�s

���
�

(1.4)

3The details will follow in the next section.
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There exists a stable limit of the equivariant Chern character of the 
universal bundle over the U(n) instanton moduli space in terms of 
the same character only for U(1) instantons
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• k = 3, partition (1,1,1)
For the partition � = (1, 1, 1, 0, . . . , 0) we have
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which in the limit n ! 1 becomes
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This matches (4.60) for p = �ep
p
qt

�1.

5.3 The Gauge/Hydrodynamics Correspondence

The above computations suggest the validity of conjecture (5.9): it is therefore possible to
recover the �ILW eigenvalues starting from the eRS eigenvalues by taking n ! 1 limit.
This is not surprising from the integrable systems point of view, since �ILW is expected
to arise as a hydrodynamic limit of eRS; nevertheless, this correspondence looks quite non-
trivial from the gauge theory viewpoint in which (5.9) can be rewritten as

1� (1� q)(1� t

�1
)Tr�

��
�
= lim

n!1

h
t

�n+1
(1� t

�1
)

D
W

U(n)
⇤

Ei ���
�
. (5.23)

Here we are proposing an equivalence between an observable in the 3d ADHM theory and
a Wilson loop in the 5d N = 1

⇤
U(n) theory at n ! 1. This indicates an infra-red duality

which relates the two theories in the large n limit. In the next section we shall provide
further evidence for this correspondence. For clarity let us introduce here the corresponding
dictionary:

elliptic RS 3d ADHM theory 3d/5d coupled theory, n ! 1
coupling t twisted mass e

�i�✏2 5d N = 1

⇤ mass deformation e

�i�m

quantum shift q twisted mass e

i�✏1 Omega background e

i�e✏1

elliptic parameter p FI parameter ep = �p/

p
qt

�1 5d instanton parameter Q

eigenstates � ADHM Coulomb vacua 5d Coulomb branch parameters

eigenvalues hTr�i hWU(1)
⇤ i in NS limit e✏2 ! 0

In general, we expect the ADHM local observable hTr�ri to be related to the n ! 1
limit of the 5d Wilson loop hWU(n)

r i in the rank r antisymmetric representation. Also
note that the second Omega background parameter e✏2 does not enter the table due to the
Nekrasov-Shatashvili limit.
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With elliptic parameter turned on



What’s next?
Add more equivariant parameters: 

from 4 to 5 to 6d
from cohomology to K-theory to elliptic cohomology

Math questions:
Quantization of integrable systems vs.

Enumerative geometry, etc.

….


