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Supersymmetry
From my PhD thesis at University of Minnesota

Chapter 1

Introduction

Supersymmetric gauge theories provide us with a vast and very mysterious framework

in which very powerful physical accomplishments can be made. Since the discovery

of supersymmetry in the early 70-th [1, 2, 3, 4], many theoretical physicists focused

their e↵orts on investigating the new quantum field theories with and without gravity

in order to uncover the mystery of the “superworld”. Throughout the years theorists’

attention was migrating from more formal aspects of supersymmetry (SUSY) involving

intricate and not less mysterious branches of mathematics to more phenomenologically

oriented studies and back. Nowadays SUSY community consists of several thousands

of researchers worldwide who are continuously attacking new problems of a constantly

growing complexity. In the current manuscript we shall only discuss problems of the

first kind as that is where the author’s current scientific interests are.

Let us mention, however, that the status of supersymmetry as a branch of theoretical

physics may soon completely change its form after new data on SUSY search will start

coming from the Large Hadron Collider (LHC) in CERN. Astonishingly the Higgs boson

discovery at mH ⇠ 126 GeV has happened [5, 6] while the author was preparing the

current thesis. Experimentalists in Geneva have done (and keep doing) an extraordinary

job, and steadily we will know the answers to many questions about how real the

supersymmetry is in the nearest future. As of the present day (Summer 2012) the

perspectives of finding SUSY at LHC are not very optimistic (see e.g. [7]). In the worst

case scenario, when the SUSY will be found not to be present, at least in the form we

use to think about it, phenomenological studies in this direction will be virtually over

1

2

and only abstract and formal aspects of supersymmetry will remain on the frontline of

physics.

Thus, in the accord with the current work, supersymmetry is to be treated as a

powerful tool in the study of gauge theories at strong coupling. Access to strongly

coupled dynamics becomes possible in some sectors of the Hilbert space of the theory

which are protected by supersymmetry. Such states are usually called Bogomolny-

Prassad-Somerfield (BPS) states [8, 9]. Although BPS sectors of gauge theories with

extended supersymmetry are elaborated on to a much better extent than non-BPS

sectors, it is the study of the latter which is important for a complete understanding of

the theory. However, in SUSY theories with gravity (supergravity or SUGRA) already

investigation of BPS objects is nowadays the cutting edge in the field due to much more

complicated structure of the space of BPS states. The progress in supergravity is thus

much more faint than in field theories.

Remarkably in the past decades supersymmetry proved to be a source of unexpected

inspiration to various branches of mathematics. For example, the Seiberg-Witten so-

lution of low energy e↵ective theories in four dimensions with extended SUSY [10, 11]

boosted the development of modular forms on the math side, and further development

of the ideas of Seiberg and Witten into string theory unveiled even more sophisticated

and complex mathematical structures like mock modular forms, etc. The moduli space

of BPS states of a gauge theory was found to have a nontrivial structure of domains,

separated from each other by walls, each of which possess di↵erent BPS spectra. Transi-

tion phenomena occur on these walls. Having known the spectrum in one of the domains

of the moduli space one may be interested in extending it to other domains. It is made

possible thanks to Kontsevich-Soibelman (KS) wall crossing formulae (WCF) which ap-

peared in mathematical literature [12]. Right after that WCF were elaborated in the

series of seminal papers by Gaiotto, Moore and Neitzke [13, 14, 15, 16, 17] in connection

with various aspects of nonperturbative physics and string theory.

Another example of the interplay between SUSY gauge theories and math can be

found in the celebrated N = 4 Super Yang-Mills theory [18] which was extensively

studied from various angles. Most notably, the N = 4 theory is related to the Langlands

duality [19, 20]. Yet another and very recent study of superconformal quiver gauge

theories by employing the Novikov-Shifman-Vainshtein-Zakharov (NSVZ) �-function



The Success of SUSY

• LHC says — `sorry folks…’ but: 

• SUSY helps solve theories at strong coupling 

• SUSY provides a plethora of exact computations (i.e. NSVZ, ADS, Gluino 
condensate, SW, etc.) 

• SUSY is indispensable for String Theory 

• SUSY gauge theories/String Theory provide powerful tools to approach 
mathematical problems (physical mathematics)



 3d Gauge Theories𝒩 = 4
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Figure 12. Quiver X2,4 (top) and its brane presentations, its Hanany-
Witten brane description (middle), and its description in terms of 4d BPS
boundary condition (bottom).

5.2.3. 3d Mirror Symmetry for Quiver Varieties. We are now ready to define the 3d mirror
for quiver X and formulate the main theorem about 3d mirror duals for a generic type A
quiver variety Yv,w.

Definition 5.9. Let A-type quiver varieties X and X
! have labels as in (5.6). Then we say

that X and X
! are 3d mirror dual to each other if the labels satisfy (5.8) and (5.7).

The following Theorem will be proven in the next section.
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Such diagrammatic prescription and the way how it defines quiver variety is due to Hanany-
Witten [HW]. One can look at the first and the second picture in Fig. 12) for the quiver
X2,4 with its brane interpretation.

Remark 5.6. As a matter of fact, all branes coincide with each other along two spatial
directions and the time direction. Thus in the field theory limit this brane construction
engineers a supersymmetric 3-dimensional gauge theory with eight supercharges. The mat-
ter content of this theory, and therefore the data of the quiver variety (which serves as a
description of its Higgs vacua) is described by the mutual orientation of branes in the other
seven directions. For the reference, D3 branes occupy directions 0123, D5 lie in 012456,
while NS5 branes span 012789. In the two-dimensional figure the third direction is hori-
zontal, while the vertical direction is one of 789. D5 branes are thus points (red circles) on
this two-dimensional plane.

The linear algebra data of a quiver variety is encoded via open strings which end on
various branes. Open strings may not end on an NS5 brane, however, other branes, like
D3 branes, can. The dictionary between the quiver variety data and the branes works as
follows:

Hom(Vi, Wi) Hom(Vi, Vi+1) Hom(Vi, Vi)

In other words, in order to describe Hom(A, B) the left end of the string needs to be
attached to a brane which corresponds to space A, while its right end to be attached to
the brane which stands for space B. Since strings are oriented Hom(A, B) is distinguished
from Hom(B, A).

5.2.2. Linking numbers and 3d Mirror map. In order to define the 3d mirror map we have
to to introduce the following concept of linking numbers.

Definition 5.7. The linking number r
!

i
for an NS5 brane can be defined as the number of

D3 branes ending from the right, plus the number of D5 branes on the left of it, minus the
number of D3 branes emerging from the left

(5.3) r
!

i = #D3(R) � #D3(L) + #D5(L) .

The linking number ri for a D5 brane is defined as

(5.4) ri = #D3(L) � #D3(R) + #NS5(R) .

The precise positions of the branes along the horizontal direction in Fig. 12 does not
a↵ect the quiver data, but the relative order of the NS5 branes is important. A D5 brane
and a NS5 brane can be transported across each other only if the number of D3 branes
in the system is changed appropriately, in order to keep constant the linking numbers of
each NS5 brane. The linking numbers can realized through the movement of D5 branes to
the to the right. When a D5 brane passes trough an NS5 brane a D3 brane (horizontal
segment) is created. One can then interpret r

!

i
as a linking number associated to an NS5

brane, counting the number of D3 branes which ends on it on the right minus the number
of D3 branes ending on it on the left. The number ri could be thought as a linking number

The second set of linking numbers r_
i
encode the weight w. In terms of the number of

Bethe roots, we have

r_1 = N1 , r_
i+1 � r_

i
= Mi +Ni�1 +Ni+1 � 2Ni = �i . (2.51)

where �i was introduced in (2.11). Thus these linking numbers are positive and non-
decreasing for a good quiver, i.e. for a weight in the fundamental Weyl chamber.

In the next subsection we shall review the universal construction of a mirror quiver using
a type IIB brane description. Before plunging into the details of the construction let us make
a possibly useful observation about the bispectral duality.

We have expressed bispectral duality as a relation between sectors of a given weight in a
spin chain with a given representation content. There is an alternative perspective which we
find very suggestive. Remember that the Fock space of L_ fermionic operators is the direct
sum of all antisymmetric powers of the SU(L_) fundamental representation:

FL_ = �n⇤
nL_ . (2.52)

We can thus define an SU(L_) XXZ spin chain with L spins valued in the Fock space
FL_ , simply by using the appropriate spin chain Hamiltonian for each irreducible SU(L_)
representation in the Fock space. Clearly, the space of states of this F

⌦L

L_ spin chain includes
once all the possible choice of Mi labels for a given total number of sites L. In other words,
the state of spaces includes all the possible compatible pairs of linking numbers ra and r_

i
.

Each of the FL_ Fock spaces carries an additional U(1) fermion number action. The linking
numbers ra are the charges under the corresponding U(1)L symmetries of F

⌦L

L_ .
This makes bispectral duality into a bijection between the eigenstates of the F

⌦L

L_ SU(L_)
spin chain and the F

⌦L
_

L
SU(L) spin chain. These Fock spaces are identical: they are the

Fock space FLL_ of LL_ fermionic operators. The constraint on linking numbers tell us that
bispectral duality relates sectors in the two spin chains with the same weights under the
Cartan generators of the SU(L_) ⇥ SU(L) symmetries of FLL_ .

It is natural to speculate that bispectral duality could be given an economical proof by
realizing the two spin chain Hamiltonians as commuting operators on the same FLL_ Fock
space. It would be interesting to pursue this point further.

2.4 Brane Description of Quiver Theories and Mirror Symmetry

Many three dimensional N = 4 supersymmetric quiver gauge theories can be described
by type IIB brane constructions of Hanany-Witten type [9]. The construction involves D3
branes which are stretched between NS5 and D5 branes as shown in an example in Fig. 2,
and the mutual orientation of the branes is shown in the table below.

0 1 2 3 4 5 6 7 8 9

NS5 x x x x x x
D5 x x x x x x
D3 x x x x

A specific quiver gauge theory is engineered in a simple way [11]. We start with L_ NS5
branes, and stretch Ni D3 branes in the interval between the i-th and (i+ 1)-th NS5 brane.
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Gauge group G =
rkgY

i=1

U(vi)

Flavor group GF =
Y

i

U(wi)

Bifundamental matter Hom(Vi, Vj)



Coulomb Higgs

µ : T ⇤Rep(v,w) ! Lie(G)⇤Moment map

Quiver variety X = µ�1(0)//✓G = µ�1(0)ss/G

W = ℂn

V = ℂkEx:  T*Grk,n

v1 = k, w1 = n

Parameterized by VEVs of hypermultiplets modulo 
gauge transformations

 vectormultiplet inside  multiplet
can be dualized to linear multiplet 
𝒩 = 2 𝒩 = 4

Altogether give a complex scalar
`monopole’ operator charged 
under topological  symmetryU(1)

Monopole operators receive quantum corrections

 vectormultiplet contains one more complex scalar𝒩 = 4

Classically Coulomb branch is MC ' (R3 ⇥ S1)rankG/WG

�3

� = �1 + i�2 Tr�k

J = ⇤F

X = e�3/g
2+i�

d ⇤ J = 0

No quantum corrections

interchanged by 
3d mirror



 Deformations𝒩 = 2
Flavor symmetry

 Mass deformation𝒩 = 2*

 R-symmetry𝒩 = 2
U(1)R jC + jH

jC � jH

twisted mass

for 

U(1)✏

GC ⇥GH

SU(2)C ⇥ SU(2)H

massesFI terms

SU(2)C ⇥ SU(2)H

 R-symmetry𝒩 = 4

Circle compactificaiton

We are interested in turning on yet another mass deformation, which breaks SUSY down
to N = 2. There is a simple way to describe the deformation. First, we can pick an N = 2
sub-algebra of the supersymmetry algebra. From the point of view of the N = 2 sub-algebra,
the theory has a flavor group GH ⇥GC ⇥U(1)✏. Indeed, with no loss of generality the N = 2
U(1)R R-symmetry generator can be taken to be the diagonal j3

H
+ j3

C
Cartan generator of

the N = 4 SU(2)H ⇥ SU(2)C R-symmetry algebra. The other Cartan generator j3
H

� j3
C

commutes with the N = 2 supercharges, and generates the U(1)✏ flavor symmetry.
We will denote the resulting theory as an 3d N = 2⇤ theory. In a gauge theory description

where the hypermultiplets are rotated by SU(2)H , the mass deformation contributes +✏/2
to the real mass of the N = 2 chiral multiplets which come from hypermultiplets, and �✏
to the real mass of the N = 2 chiral multiplets which come from vectormultiplets. In a
mirror description where hypermultiplets are rotated by SU(2)C , the charge assignments are
opposite. In flat space, given a gauge theory description of a theory, the massive vacua of
the N = 2⇤ theory can still be described as fixed points on the Higgs branch, including the
e↵ect of ✏ in the Higgs branch isometry. We will not pursue this characterization here, but
it might be interesting to do so.

Flavor symmetries in N = 2 SCFTs are also associated to canonical, real mass defor-
mations. The real masses for GH ⇥ GC correspond to the third components ma of the mA

a

triplets, and ti of the tI
i
triplets. The real mass ✏ for U(1)✏ is a new deformation parameter,

and breaks N = 4 to N = 2 explicitly. We will sometimes denote all the N = 2 mass param-
eters with a uniform notation u = (ma, ti, ✏/2) (note the factor of 2 inserted for convenience).
The remaining components of mA

a
and tI

i
become superpotential deformation parameters in

the N = 2 language. Unless otherwise specified, we will not turn them on.
Our next step is to compactify the three-dimensional N = 2⇤ on a circle of radius R.

The three-dimensional mass parameters can be naturally combined with the corresponding
flavour Wilson lines to give complex mass parameters

u2d = u3d
�

i

R

I

S1

Af , (2.1)

which behave as twisted masses in the language of the (2, 2) 2d supersymmetry. We will
usually omit the 2d superscript. As the flavor Wilson lines are periodic, it is often useful to
exponentiate the masses to ⌫ = e2⇡Ru, i.e.

µa = e2⇡Rma , ⌧i = e2⇡Rti , ⌘ = e⇡R✏ . (2.2)

The mass-deformed, compactified theory has generically a finite set of massive vacua for
each value of the mass parameters. Massless directions may open up at codimension two loci.
As we vary the mass parameters, the vacua describe a manifold L. Each massive vacuum
is associated to a specific low-energy e↵ective twisted superpotential W(u), which is defined
up to shifts by constants and integer multiples of the mass parameters. It is very useful to
consider the vev of the partial derivatives of W with respect to the mass parameters of the
theory, exponentiated in order to remove the shift ambiguities:

p⌫ = exp


2⇡R

@W

@u

�
, (2.3)
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q = eR✏

The resulting theory is  3d theory
on  

𝒩 = 2*
ℝ2 × S1

k

n SQCD with  squarksU(k) n

Space of massive vacua described by
 XXZ Bethe equationsSL(2)
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Next, in Section 2.7, (Definition 10), for a tautological bundle ⌧ 2 KT(Nk,n) as above,
we define a deformation which will be referred to as quantum tautological bundle:3

⌧̂(z) = ⌧ +
1X

d>0

⌧dz
d 2 KT(Nk,n)[[z]]

One of the goals of this paper is to study the spectrum of operators of quantum multi-
plication by quantum tautological bundles. The following theorem is the generalization
of Proposition 1 to the quantum level.

Theorem 2. The eigenvalues of operators of quantum multiplication by ⌧̂(z) are given

by the values of the corresponding Laurent polynomials ⌧(s1, · · · , sk) evaluated at the

solutions of the following equations:

nQ
j=1

si � aj
~aj � si

= z ~�n/2
kQ

j=1
j 6=i

si~� sj
si � sj~

, i = 1 · · · k.(9)

When z = 0 we obtain the statement of Proposition 1.

1.4. XXZ model and Baxter Q-operator. A specialist can immediately recognize
that (9) are nothing but the Bethe ansatz equations for the so-called XXZ spin chain.
Let us briefly recall some basic facts about this quantum integrable system, see also
[37], [8] for a more detailed outline.
Let us consider a system of n interacting magnetic dipoles (usually refered to as

spins) on a 1-dimensional periodic lattice. Each spin can take two possible configura-
tions “up” and “down”, such that the space of the quantum states of this system has
dimension 2n:

H = C2 ⌦ C2 ⌦ · · ·⌦ C2.(10)

In this system of spins only the neighboring ones (with labels i and i+1) can interact.
The energy of the interaction is described by the following Hamiltonian:

H2 = �
nX

i=1

�i

x
⌦ �i+1

x
+ �i

y
⌦ �i+1

y
+� �i

z
⌦ �i+1

z
,(11)

where � = ~1/2 + ~�1/2 is the parameter of anisotropy and �i

m
are the standard Pauli

matrices acting in the i-th factor of (10). The periodic boundary conditions are imposed
by identifying the first with (n+ 1)-th spin space. Up to a gauge transformation such
identification is given by a diagonal matrix. Modulo an irrelevant scalar this matrix
can be chosen to be in the following form:

✓
z 0
0 1

◆
: C2

(1) ! C2
(n+1).

This free parameter z, defining the periodic boundary condition will play the crucial
role in this paper, namely it is the parameter of deformation in the quantum K-theory.

3To the best of our knowledge, this object is introduced in the present paper for the first time.
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nY

l=1

si � al
si � qal

= z2qk
kY

j=1

qsi � sj
si � qsj



I got really fascinated by these (1+1)-dimensional models that are solved by the Bethe 
ansatz and how mysteriously they jump out at you and work and you don’t know why.  

I am trying to understand all this better.



Seiberg-like Duality
There is a bijection between the spaces of vacua for  and  theories U(k) U(n − k)

V

W
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0 ! V ! W ! V _ ! 0
Short exact sequence of bundles
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Q(u) =
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i=1
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Introduce Baxter Q-functions <latexit sha1_base64="WKG1DPUcU+D0csLxz7goZbl7w6k=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0Wom5KIr2XRjcsW7APaUCaTm3boZBJmJpUS+iduXCji1j9x5984bbPQ1gMXDufcy733+AlnSjvOt1VYW9/Y3Cpul3Z29/YP7MOjlopTSaFJYx7Ljk8UcCagqZnm0EkkkMjn0PZH9zO/PQapWCwe9SQBLyIDwUJGiTZS37Z7TywAzXgAWWNaSc/7dtmpOnPgVeLmpIxy1Pv2Vy+IaRqB0JQTpbquk2gvI1IzymFa6qUKEkJHZABdQwWJQHnZ/PIpPjNKgMNYmhIaz9XfExmJlJpEvumMiB6qZW8m/ud1Ux3eehkTSapB0MWiMOVYx3gWAw6YBKr5xBBCJTO3YjokklBtwiqZENzll1dJ66LqXlevGpfl2l0eRxGdoFNUQS66QTX0gOqoiSgao2f0it6szHqx3q2PRWvBymeO0R9Ynz9Yw5N7</latexit>

eQ(u)

Satisfy the QQ-relation

equivalent to the XXZ Bethe (SUSY vacua) equations

These are different UV descriptions of the same IR fixed point

<latexit sha1_base64="TfwB0kGgCorDson6FcSTl09iivQ="></latexit>

z eQ(qu)Q(u)� eQ(u)Q(qu) =
nY

i=1

(u� ai)



The Juxtaposition of Duality Frames
Consider both duality frames simultaneously. Compose a vector in ℂ2

<latexit sha1_base64="H3TDWQ6ULp9BR9Ovzhx7BrhJWdM=">AAACI3icbVDLSsNAFJ34rPFVdekmWIS6KYn4QhCKbly2YB/QhDKZ3LZDJ5MwM1FL6L+48VfcuFCKGxf+i9M2iLYeGDiccy5z7/FjRqWy7U9jYXFpeWU1t2aub2xubed3dusySgSBGolYJJo+lsAoh5qiikEzFoBDn0HD79+M/cY9CEkjfqcGMXgh7nLaoQQrLbXzl7KYHF25PnQpT+MQK0Efh2ZVi65rug80AEVZAGl1qCXTBR78pNr5gl2yJ7DmiZORAspQaedHbhCRJASuCMNSthw7Vl6KhaKEwdB0EwkxJn3chZamHIcgvXRy49A61EpgdSKhH1fWRP09keJQykHo66TerydnvbH4n9dKVOfCSymPEwWcTD/qJMxSkTUuzAqoAKLYQBNMBNW7WqSHBSZK12rqEpzZk+dJ/bjknJVOqyeF8nVWRw7towNURA46R2V0iyqohgh6Qi/oDb0bz8arMTI+ptEFI5vZQ39gfH0D0uykcA==</latexit>

s(u) =

✓
Q(u)
eQ(u)

◆

Consider its shifts by the  mass 𝒩 = 2* q = eRϵ

Calculate the determinant (q-Wronskian)

Almost reproduces the left-hand side of the QQ-relation

This brings us to a new geometric object - Oper

<latexit sha1_base64="TfwB0kGgCorDson6FcSTl09iivQ="></latexit>

z eQ(qu)Q(u)� eQ(u)Q(qu) =
nY

i=1

(u� ai)

<latexit sha1_base64="hqf3Jlt4cbT3akPy/gGEOnowi7g=">AAACKXicbVDLSsNAFJ34rPEVdelmsAh1UxLxtRGKblxasLbQlDKZ3NbBySTOTNQS+jtu/BU3Coq69UecpkW09cDA4ZxzmXtPkHCmtOt+WFPTM7Nz84UFe3FpeWXVWVu/VHEqKdRozGPZCIgCzgTUNNMcGokEEgUc6sH16cCv34JULBYXupdAKyJdwTqMEm2ktlNRpRuc7hz7AXSZyJKIaMnu+3Y1l33f9u9YCJrxELJqPxdtH0T4k2w7Rbfs5sCTxBuRIhrhvO28+GFM0wiEppwo1fTcRLcyIjWjHPq2nypICL0mXWgaKkgEqpXll/bxtlFC3ImleULjXP09kZFIqV4UmKTZ70qNewPxP6+Z6s5RK2MiSTUIOvyok3KsYzyoDYdMAtW8ZwihkpldMb0iklBtyrVNCd74yZPkcrfsHZT3q3vFysmojgLaRFuohDx0iCroDJ2jGqLoAT2hV/RmPVrP1rv1OYxOWaOZDfQH1tc3uQamXw==</latexit>

s(qu) =

✓
Q(qu)
eQ(qu)

◆

<latexit sha1_base64="o0iX8c4jfbmsL2jpTQI0AOfkapQ="></latexit>

s(u) ^ s(qu) =

✓
Q(u) Q(qu)
eQ(u) eQ(qu)

◆



q-Opers
Riemann sphere with multiplication

Mq : P1 ! P1
q

<latexit sha1_base64="IUHcwlQ5V4Z0iDkEjjyEa25Kkww=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNS1GXRjcsK9gHtUDJppg1NMmNyI5Shn+HGhSJu/Rp3/o1pOwttPRA4nHMvuedEqeAGfP/bK6ytb2xuFbdLO7t7+wflw6OWSaymrEkTkehORAwTXLEmcBCsk2pGZCRYOxrfzvz2E9OGJ+oBJikLJRkqHnNKwEld25MkNZDgR9svV/yqPwdeJUFOKihHo1/+6g0SaiVTQAUxphv4KYQZ0cCpYNNSzxqWEjomQ9Z1VBHJTJjNT57iM6cMcJxo9xTgufp7IyPSmImM3KQkMDLL3kz8z+taiK/DjKvUAlN08VFsBXYZZ/nxgGtGQUwcIVRzdyumI6IJBddSyZUQLEdeJa2LanBZrd3XKvWbvI4iOkGn6BwF6ArV0R1qoCaiKEHP6BW9eeC9eO/ex2K04OU7x+gPvM8fbbeRXA==</latexit>

u 7! qu

Vector bundle  of rank 2E

<latexit sha1_base64="9XDUJlcZXAo9hjqJHp2VSuHpIQs=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8co5gHJEmYnvcmQ2dl1ZlYIS/7AiwdFvPpH3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPaS9csWtujOQv8TLSQVy1Hvlz24/ZmmE0jBBte54bmL8jCrDmcBJqZtqTCgb0QF2LJU0Qu1ns0sn5MgqfRLGypY0ZKb+nMhopPU4CmxnRM1QL3pT8T+vk5rw0s+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpySDcFbfPkvaZ5UvfPq2e1ppXaVx1GEAziEY/DgAmpwA3VoAIMQnuAFXp2R8+y8Oe/z1oKTz+zDLzgf37WVjX4=</latexit>qu
<latexit sha1_base64="xXGhe73jRKts53g8Xq99LRv7430=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV016p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kD5O2NAw==</latexit>u

<latexit sha1_base64="EgLgUDuGPASJ+yvKIYjz8LFHzho=">AAAB83icbVDLSsNAFL2pr1pfUZduBovgqiTF17LYjcsK9gFNLJPppB06mYSZiVBCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSDhT2nG+rdLa+sbmVnm7srO7t39gHx51VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMmrnffaJSsVg86GlC/QiPBAsZwdpInhdhPQ6CrDl7rA/sqlNz5kCrxC1IFQq0BvaXN4xJGlGhCcdK9V0n0X6GpWaE01nFSxVNMJngEe0bKnBElZ/NM8/QmVGGKIyleUKjufp7I8ORUtMoMJN5RrXs5eJ/Xj/V4Y2fMZGkmgqyOBSmHOkY5QWgIZOUaD41BBPJTFZExlhiok1NFVOCu/zlVdKp19yr2uX9RbVxW9RRhhM4hXNw4RoacActaAOBBJ7hFd6s1Hqx3q2PxWjJKnaO4Q+szx/WeZGR</latexit>

C2
<latexit sha1_base64="EgLgUDuGPASJ+yvKIYjz8LFHzho=">AAAB83icbVDLSsNAFL2pr1pfUZduBovgqiTF17LYjcsK9gFNLJPppB06mYSZiVBCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSDhT2nG+rdLa+sbmVnm7srO7t39gHx51VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMmrnffaJSsVg86GlC/QiPBAsZwdpInhdhPQ6CrDl7rA/sqlNz5kCrxC1IFQq0BvaXN4xJGlGhCcdK9V0n0X6GpWaE01nFSxVNMJngEe0bKnBElZ/NM8/QmVGGKIyleUKjufp7I8ORUtMoMJN5RrXs5eJ/Xj/V4Y2fMZGkmgqyOBSmHOkY5QWgIZOUaD41BBPJTFZExlhiok1NFVOCu/zlVdKp19yr2uX9RbVxW9RRhhM4hXNw4RoacActaAOBBJ7hFd6s1Hqx3q2PxWjJKnaO4Q+szx/WeZGR</latexit>

C2

<latexit sha1_base64="gqeIFbuKVmrtBMcO9Z2aRddDJVg=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoMQL2FX4uMY9OIxgnlAsoTZyWwyZGZ2mZkVwpJf8OJBEa/+kDf/xtlkD5pY0FBUddPdFcScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJneZ33miSrNIPpppTH2BR5KFjGCTSbqanA/KFbfmzoFWiZeTCuRoDspf/WFEEkGlIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUokF1X46v3WGzqwyRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDGT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJsPCUbgrf88ippX9S8q9rlQ73SuM3jKMIJnEIVPLiGBtxDE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHfuuN5Q==</latexit>

s(u)

<latexit sha1_base64="REg0F1snkxoe3l9aJly5CC26qoQ=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoMQL2FXfB2jXjxGMA9IljA7mU2GzMwuM7NCWPILXjwo4tUf8ubfOJvsQRMLGoqqbrq7gpgzbVz32ymsrK6tbxQ3S1vbO7t75f2Dlo4SRWiTRDxSnQBrypmkTcMMp51YUSwCTtvB+C7z209UaRbJRzOJqS/wULKQEWwy6aaanPbLFbfmzoCWiZeTCuRo9MtfvUFEEkGlIRxr3fXc2PgpVoYRTqelXqJpjMkYD2nXUokF1X46u3WKTqwyQGGkbEmDZurviRQLrScisJ0Cm5Fe9DLxP6+bmPDaT5mME0MlmS8KE45MhLLH0YApSgyfWIKJYvZWREZYYWJsPCUbgrf48jJpndW8y9rFw3mlfpvHUYQjOIYqeHAFdbiHBjSBwAie4RXeHOG8OO/Ox7y14OQzh/AHzucPMo2Nsw==</latexit>

A(u)

Section

Connection
<latexit sha1_base64="4fPMqdEnQn6tIvI7nhw77mVfw/Y=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKLzxFJeAxgnlAsgmzk9lkyOzsOjOrhCX/4cWDIl79F2/+jZNkD5pY0FBUddPd5UWcKW3b39bC4tLyympmLbu+sbm1ndvZrakwloRWSchD2fCwopwJWtVMc9qIJMWBx2ndG9yM/fojlYqF4l4PI+oGuCeYzwjWRmpfFeKjS1Ru6RCV2w+dXN4u2hOgeeKkJA8pKp3cV6sbkjigQhOOlWo6dqTdBEvNCKejbCtWNMJkgHu0aajAAVVuMrl6hA6N0kV+KE0JjSbq74kEB0oNA890Blj31aw3Fv/zmrH2L9yEiSjWVJDpIj/myDw5jgB1maRE86EhmEhmbkWkjyUm2gSVNSE4sy/Pk9px0Tkrnt6d5EvXaRwZ2IcDKIAD51CCW6hAFQhIeIZXeLOerBfr3fqYti5Y6cwe/IH1+QNiUJEp</latexit>

A(u) : E ! Eq

<latexit sha1_base64="86CzymMh/PGbYHwe915+kDOKTZ0=">AAAB63icdVBNS8NAEJ3Ur1q/qh69LBahXkpS+3krevFYwdZCG8pmu2mX7iZhdyOU0L/gxYMiXv1D3vw3btsIKvpg4PHeDDPzvIgzpW37w8qsrW9sbmW3czu7e/sH+cOjrgpjSWiHhDyUPQ8ryllAO5ppTnuRpFh4nN5506uFf3dPpWJhcKtnEXUFHgfMZwTrhaSK8fkwX7BLdrNaa9aRIUsY0mxUy5UL5KRKAVK0h/n3wSgksaCBJhwr1XfsSLsJlpoRTue5QaxohMkUj2nf0AALqtxkeescnRllhPxQmgo0WqrfJxIslJoJz3QKrCfqt7cQ//L6sfYbbsKCKNY0IKtFfsyRDtHicTRikhLNZ4ZgIpm5FZEJlphoE0/OhPD1KfqfdMslp1aq3lQKrcs0jiycwCkUwYE6tOAa2tABAhN4gCd4toT1aL1Yr6vWjJXOHMMPWG+f4BSOKA==</latexit>

s(u)

q-gauge transformation
<latexit sha1_base64="KgKel9S+lfHcUo6tVXh1Cu0mkH0=">AAACB3icbVDLSsNAFJ34rPUVdSlIsAjtwpJIUZdVNy4r2Ae0sUymk3bozCTOQyihOzf+ihsXirj1F9z5N07aLLT1wIXDOfcyc04QUyKV635bC4tLyyurubX8+sbm1ra9s9uQkRYI11FEI9EKoMSUcFxXRFHcigWGLKC4GQyvUr/5gIUkEb9Voxj7DPY5CQmCykhd++CiqEsdBmOpIqdfvNelVOibuUuOvXHXLrhldwJnnngZKYAMta791elFSDPMFaJQyrbnxspPoFAEUTzOd7TEMURD2MdtQzlkWPrJJMfYOTJKzwkjYYYrZ6L+vkggk3LEArPJoBrIWS8V//PaWoXnfkJ4rBXmaPpQqKljMqelOD0iMFJ0ZAhEgpi/OmgABUTKVJc3JXizkedJ46TsnZYrN5VC9TKrIwf2wSEoAg+cgSq4BjVQBwg8gmfwCt6sJ+vFerc+pqsLVnazB/7A+vwB/iqXfQ==</latexit>

A(u) 7! g(qu)A(u)g(u)�1

<latexit sha1_base64="3wMR7cyPOUV8ZXHVUfesNxvKfxA=">AAACA3icbVDJSgNBEO1xjXGLetNLYxCSS5iRoB6jXjxGMAskQ+jpqSRNenomvSghBLz4K148KOLVn/Dm39hZDpr4oODxXhVV9YKEM6Vd99tZWl5ZXVtPbaQ3t7Z3djN7+1UVG0mhQmMey3pAFHAmoKKZ5lBPJJAo4FALetdjv3YPUrFY3OlBAn5EOoK1GSXaSq3Mocr1Tb75AGEH8GXO5JWtpoA+dluZrFtwJ8CLxJuRLJqh3Mp8NcOYmgiEppwo1fDcRPtDIjWjHEbpplGQENojHWhYKkgEyh9OfhjhE6uEuB1LW0Ljifp7YkgipQZRYDsjortq3huL/3kNo9sX/pCJxGgQdLqobTjWMR4HgkMmgWo+sIRQyeytmHaJJFTb2NI2BG/+5UVSPS14Z4XibTFbuprFkUJH6BjlkIfOUQndoDKqIIoe0TN6RW/Ok/PivDsf09YlZzZzgP7A+fwBa9aWGg==</latexit>

s(qu) ^A(u)s(u) 6= 0

(SL(2),q)-oper condition

<latexit sha1_base64="BoiGFrWaylvVOCtWFFkfi0w9jSg=">AAAB73icbVDLSsNAFL3xWeur6tJNsAh1EyZaH91V3bisYB/QhjKZTtqhk0mcmQgl9CfcuFDErb/jzr9x2gbU6oELh3Pu5d57/JgzpRH6tBYWl5ZXVnNr+fWNza3tws5uQ0WJJLROIh7Jlo8V5UzQumaa01YsKQ59Tpv+8HriNx+oVCwSd3oUUy/EfcECRrA2UuuylBwpU91CETllVKmcIBs5aIpv4makCBlq3cJHpxeRJKRCE46Varso1l6KpWaE03G+kygaYzLEfdo2VOCQKi+d3ju2D43Ss4NImhLanqo/J1IcKjUKfdMZYj1Q895E/M9rJzq48FIm4kRTQWaLgoTbOrInz9s9JinRfGQIJpKZW20ywBITbSLKmxDc+Zf/ksax4545p7flYvUqiyMH+3AAJXDhHKpwAzWoAwEOj/AML9a99WS9Wm+z1gUrm9mDX7DevwDMEo8t</latexit>

A(u)s(u)
<latexit sha1_base64="MtthsQipU91Zm53u28tjfJ3VhxU=">AAAB7HicdVDJSgNBEK2JW4xb1KOXxiDES5iJWW9BLx4jmAWSIfR0epImPT1jd48QhnyDFw+KePWDvPk3dhZBRR8UPN6roqqeF3GmtG1/WKm19Y3NrfR2Zmd3b/8ge3jUVmEsCW2RkIey62FFORO0pZnmtBtJigOP0443uZr7nXsqFQvFrZ5G1A3wSDCfEayN1FL5u/h8kM3ZBbtertSryJAFDKnXysXSBXJWSg5WaA6y7/1hSOKACk04Vqrn2JF2Eyw1I5zOMv1Y0QiTCR7RnqECB1S5yeLYGTozyhD5oTQlNFqo3ycSHCg1DTzTGWA9Vr+9ufiX14u1X3MTJqJYU0GWi/yYIx2i+edoyCQlmk8NwUQycysiYywx0SafjAnh61P0P2kXC06lUL4p5RqXqzjScAKnkAcHqtCAa2hCCwgweIAneLaE9Wi9WK/L1pS1mjmGH7DePgGxzo6j</latexit>

s(qu)



Singularities and Twists
Allow singularities
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4. (SL(N), q)-opers

4.1. Definitions. We now discuss the generalization of (SL(2), q)-opers to SL(N).

Definition 4.1. A (GL(N), q)-oper on P1 is a triple (E, A,L•), where (E, A) is a (GL(N), q)-
connection and L• is a complete flag of subbundles such that A maps Li into L

q
i+1

and the
induced maps Āi : Li/Li�1 �! L

q
i+1

/L
q
i are isomorphisms for i = 1, . . . , N � 1. The triple

is called an SL(N)-oper if (E, A) is an (SL(N), q)-connection.

To make this definition more explicit, consider the determinants

(4.1)
⇣
s(qi�1

z) ^ A(qi�2
z)s(qi�2

z) ^ · · · ^
⇣ i�2Y

j=0

(A(qi�2�j
z)
⌘
s(z)

⌘����
⇤iL

qi�1

i

for i = 1, . . . , N , where s is a local section of L1. Then (E, A,L•) is a q-oper if and only
if at every point, there exists local sections for which each Wi(s)(z) is nonzero. It will be
more convenient to consider determinants with the same zeros as those in (4.1), but with
no q-shifts:

(4.2) Wi(s)(z) =
⇣
s(z) ^ A(z)�1

s(qz) ^ · · · ^
⇣ i�2Y

j=0

(A(qjz)�1

⌘
s(qi�1

z)
⌘����

⇤iLi

.

As in the classical setting, we need to relax these conditions to allow for regular singular-
ities. Fix a collection of L points z1, . . . , zL 6= 0, 1 such that the q

Z-lattices they generate
are pairwise disjoint. We associate a dominant integral weight �m =

P
l
i
m!i to each zm.

Set `
i
m =

Pi
j=1

l
j
m.

Definition 4.2. An (SL(N), q)-oper with regular singularities at the points z1, . . . , zL 6=
0, 1 with weights �1, . . . �L is a meromorphic (SL(N), q)-oper such that each Āi is an

isomorphism except at the points q
�`i�1

m zm, q
�`i�1

m +1
zm, . . . , q

�`im+1
zm for each m, where it

has simple zeros.

znq
�1

znq
�2

zn

q

q
�lkn+1

zn
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Figure 1. Weight of the singularity zn as q-monodromy around the cylin-
der (P1 with 0 and 1 removed).

In order to express the locations of the roots of the Wi(s)’s, it is convenient to introduce
the polynomials

(4.3) ⇤i =
LY

m=1

`im�1Y

j=`i�1
m

(z � q
�j

zm)

Add Twists
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s(qu) ^A(u)s(u) = ⇤(u)
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⇤(u) =
Y

l,jl

(u� qjlal)
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Z = g(qu)A(u)g(u)�1

Section Z = diag(⇣, ⇣�1)Twist element

q-Oper condition with  —  QQ-systemA(u) = Z SL(2)
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s(u) =

✓
Q+(u)
Q�(u)

◆
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⇣�1Q+(u)Q�(qu)� ⇣Q+(qu)Q�(u) = ⇤(u)
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permuting the standard basis. Hence, the associated Miura opers are parameterized by the
Weyl group.

3. (SL(2), q)-opers

3.1. Definitions. We now consider a q-deformation of the set-up in the previous section.
It involves a di↵erence equation version of connections and opers.

Fix q 2 C⇤. Given a vector bundle E over P1, let E
q denote the pullback of E under

the map z 7! qz. We will always assume that E is trivializable. Consider a map of vector
bundles A : E �! E

q. Upon picking a trivialization, the map A is determined by a matrix
A(z) 2 gl(N, C(z)) giving the linear map Ez �! Eqz in the given bases. A change in
trivialization by g(z) changes the matrix via

(3.1) A(z) 7! g(qz)A(z)g�1(z);

thus, q-gauge change is twisted conjugation. Let Dq : E �! E
q be the operator that takes

a section s(z) to s(qz). We associate the map A to the di↵erence equation Dq(s) = As.

Definition 3.1. A meromorphic (GL(N), q)-connection over P1 is a pair (E, A), where
E is a (trivializable) vector bundle of rank N over P1 and A is a meromorphic section of
the sheaf HomOP1 (E, E

q) for which A(z) is invertible, i.e. lies in GL(N, C(z)). The pair
(E, A) is called an (SL(N), q)-connection if there exists a trivialization for which A(z) has
determinant 1.

For simplicity, we will usually omit the word ‘meromorphic’ when referring to q-connections.

Remark 3.2. More generally, if G is a complex reductive group, one can define a meromor-
phic (G, q)-connection over P1 as a pair (G, A) where G is a principal G-bundle over P1 and
A is a meromorphic section of HomOP1 (G,Gq).

Next, we define a q-analogue of opers. In this section, we will restrict to type A1.

Definition 3.3. A (GL(2), q)-oper on P1 is a triple (E, A,L), where (E, A) is a (GL(2), q)-
connection and L is a line subbundle such that the induced map Ā : L �! (E/L)q is an
isomorphism. The triple is called an (SL(2), q)-oper if (E, A) is an (SL(2), q)-connection.

The condition that Ā is an isomorphism can be made explicit in terms of sections. Indeed,
it is equivalent to

s(qz) ^ A(z)s(z) 6= 0

for s(z) any section generating L over either of the standard a�ne coordinate charts.
From now on, we assume that q is not a root of unity. We want to define a q-analogue of

the opers considered in Section 2.4. First, we introduce the notion of a q-oper with regular
singularities. Let z1, . . . , zL 6= 0, 1 be a collection of points such that q

Z
zm \ q

Z
zn = ? for

all m 6= n.

Definition 3.4. A (SL(2), q)-oper with regular singularities at the points z1, . . . , zL 6= 0, 1
with weights k1, . . . kL is a meromorphic (SL(2), q)-oper (E, A,L) for which Ā is an isomor-
phism everywhere on P1 \{0, 1} except at the points zm, q

�1
zm, q

�2
zm, . . . , q

�km+1
zm for

m 2 {1, . . . , L}, where it has simple zeros.

The second condition can be restated in terms of a section s(z) generating L over P1 \1:
s(qz) ^ A(z)s(z) has simple zeros at zm, q

�1
zm, q

�2
zm, . . . , q

�km+1
zm for every m 2

{1, . . . , L} and has no other finite zeros.

Scalar difference operator
<latexit sha1_base64="srNtP2y2tyMPOyVu46G4HtVxNdA="></latexit>✓
D2

q � T (qu)Dq �
⇤(qu)

⇤(u)

◆
s1 = 0
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z = ⇣2



Trig Ruijsenaars-Schneider Hamiltonians

Let 

qOper condition yields

tRS Hamiltonians!

T1
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(SL(2),q)-oper condition
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det

✓
Q+(u) ⇣Q+(qu)
Q�(u) ⇣�1Q�(qu)

◆
= ⇤(u)
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tRS Model with 2 Particles
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Relativistic Hamiltonians Symplectic form Integrals of motion
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Coordinates , momenta  coupling constant , energies ζi pi q Ei
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Pi

c
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⇣i = exp
Xi

cNonrelativistic limit
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Thus, we have arrived at a nondegenerate Z-twisted Miura (SL(2), q)-oper in the sense

of Section 4: A(z) = gα̌(z)e
Λ(z)
g(z) e, where g(z) = ζQ+(zq)Q+(z)−1.

6. Miura-Plücker q-opers, QQ-system, and Bethe Ansatz equations

In this section, we generalize the results of the previous section to an arbitrary simply
connected simple complex Lie group G. We establish a one-to-one correspondence between
the set of nondegenerate Z-twisted Miura-Plücker (G, q)-opers and the set of nondegenerate
solutions of a system of Bethe Ansatz equations associated to G. A key element of the
construction is an intermediate object between these two sets: the set of nondegenerate
solutions of the so-called QQ-system.

6.1. Miura (G, q)-opers and the QQ-system. First, we construct a one-to-one corre-
spondence between the set of nondegenerate Z-twisted Miura-Plücker (G, q)-opers and the
set of nondegenerate solutions of the QQ-system.

Recall that we have chosen a set of non-zero polynomials {Λi(z)}i=1,...,r, which we will
assume from now on to be monic, and a set of non-zero complex numbers {ζi}i=1,...,r that
correspond to a regular element Z of the maximal torus H ⊂ G by formula (3.1). In this
section, these data are assumed to be fixed. (In the next section, we will also consider
elements w(Z) of the orbit of Z under the action of the Weyl group WG of G and the
corresponding ζi’s.)

From now on, we will assume that our element Z =
∏

i ζ
α̌i
i ∈ H satisfies the following

property:

(6.1)
r∏

i=1

ζ
aij
i /∈ qZ, ∀j = 1, . . . , r .

Since
∏r

i=1 ζ
aij
i $= 1 is a special case of (6.1), this implies that Z is regular semisimple.

Introduce the following system of equations:

(6.2) ξ̃iQ
i
−(z)Q

i
+(qz)− ξiQ

i
−(qz)Q

i
+(z) =

Λi(z)
∏

j>i

[
Qj

+(qz)
]−aji ∏

j<i

[
Qj

+(z)
]−aji

, i = 1, . . . , r,

where

(6.3) ξ̃i = ζi
∏

j>i

ζ
aji
j , ξi = ζ−1

i

∏

j<i

ζ
−aji
j

and we use the ordering of simple roots from the definition of (G, q)-opers.
We call this the QQ-system associated to G and a collection of polynomials Λi(z), i =

1, . . . , r.
A polynomial solution {Qi

+(z), Q
i
−(z)}i=1,...,r of (6.2) is called nondegenerate if it has

the following properties: condition (6.1) holds for the ζi’s; for all i, j, k with i $= j and
aik, ajk $= 0, the zeros of Qj

+(z) and Qj
−(z) are q-distinct from each other and from the

zeros of Λk(z); and the polynomials Qi
+(z) are monic.

Recall Definition 4.3 of nondegenerate Z-twisted Miura-Plücker (G, q)-opers.

Theorem 6.1. There is a one-to-one correspondence between the set of nondegenerate Z-
twisted Miura-Plücker (G, q)-opers and the set of nondegenerate polynomial solutions of the
QQ-system (6.2).

[Frenkel, PK, Zeitlin, Sage, JEMS 2023]

Theorem: There is a 1-to-1 correspondence between the set of nondegenerate -twisted 
-opers on  and the set of nondegenerate polynomial solutions of the QQ-system 

based on 

Z
(G, q) ℙ1

̂L𝔤

<latexit sha1_base64="NvijPzhvdiUtqnTtbJEwj81p53g=">AAAC03icbVLLbhMxFPUMrzK8AizZWERIqZhEM4jXgqKqbFiwSCTSVoonI4/nJnXrecT2lEbWCITY8nPs+AW+As80rSDplSwdn3vOvfa1k1JwpYPgt+Neu37j5q2t296du/fuP+g8fLSvikoyGLNCFPIwoQoEz2GsuRZwWEqgWSLgIDn50OQPTkEqXuSf9bKEKKPznM84o9pScecP0XCm2zpmLgHy2pAvPAXNRQqYnPGY18THoymPTb/uVdstel73Frja7l9hbh2X+kaFLywW7mCPfLKnS2nM7Z6Uskhjc/we2y57fD4ZTY8vqzdENDV9agW8rvGF+N26eEPqY7 JYVDT1+E7oE5EWWvnSjzvdYBC0gTdBuAJdtIph3PlF0oJVGeSaCarUJAxKHRkqNWcCao9UCkrKTugcJhbmNAMVmXYcNX5mmRTPCmlXrnHL/uswNFNqmSVWmVF9pNZzDXlVblLp2dvI8LysNOTsvNGsElgXuHlgnHIJTIulBZRJbs+K2RGVlGn7DTw7hHD9yptg/8UgfD14NXrZ3d1bjWMLPUFPUQ+F6A3aRR/REI0Rc4bOqfPV+eaOXeN+d3+cS11n5XmM/gv351+zd+EW</latexit>

e⇠i Qi
�(u)Q

i
+(qu)� ⇠iQ

i
�(qu)Q

i
+(u) = ⇤i(u)

Y

j>i

h
Qj

+(qu)
i�aji Y

j<i

h
Qj

+(u)
i�aji

, i = 1, . . . , r,
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A(u) =
Y

i

✓
⇣i
Qi

+(qu)

Qi
+(u)

◆↵̌i

exp
⇤i(u)

gi(u)
ei
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Twisted 
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Figure 1. The network of dualities between various types of opers and
related integrable systems. Short vertical lines are the quantum/classical
dualities, diagonal arrows show the double scaling limits between the models,
while dashed lines designate the action of symplectic/bispectral dualities.
The momenta p and coordinates x of the many body systems may take
values in C⇥ or C which is displayed in the figure.

corresponding elliptic generalizations of the space of opers on P1 and on the elliptic curve
E which will describe the space of solutions of the novel elliptic QQ-systems. As of this
writing, the bispectral dual of the DELL system is not known.

1.5. Structure of the Paper. In Section 2 we study the top and right corners of the
diamond which correspond to Z-twisted (SL(r + 1), q)-opers and (SL(r + 1), ✏)-opers re-
spectively. Next, in Section 3 we address the bottom and right corners where di↵erential
SL(r+1)-opers on P1 are discussed, one is gauge equivalent to constant regular semisimple
element, another to a simple polar connection with residue given by regular semisimple
element. We call these SL(r + 1)-opers respectively as rationally Z-twisted and trigono-
metrically Z-twisted.

In both Sections we prove the respective quantum/classical dualities between the space of
opers and the QQ-systems (or the qq-systems for the di↵erential opers). We demonstrate,
for each corner of the diamond, that the conditions for the existence of the corresponding
canonical nondegenerate opers provide the recipe to compute the Lax matrices for the
related integrable systems. In the final Section 4 we provide the algebraic description of
the Calogero-Moser space which can be used in deriving the trigonometric Ruijsenaars-
Schneider hamiltonians. Then we consider three di↵erent double-scaling limits which will
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We started this section from the explicit definition of the principal minors by means of
Gaussian decomposition. The following proposition (see Corollary 2.5 in [FZ1]) provides a
necessary and sufficient condition of its existence for a given group element.

Proposition 4.7. An element g ∈ G admits the Gaussian decomposition if and only if
∆ωi(g) "= 0 for any i = 1, . . . , r.

Finally, we end this section with the fundamental relation ([FZ1], Theorem 1.17) between
generalized minors, which we will relate to the QQ-systems.

Proposition 4.8. Let, u, v ∈ W , such that for i ∈ {1, . . . , r}, !(uwi) = !(u) + 1, !(vwi) =
!(v) + 1. Then

(4.7) ∆u·ωi,v·ωi∆uwi·ωi,vwi·ωi −∆uwi·ωi,v·ωi∆u·ωi,vwi·ωi =
∏

j !=i

∆
−aji
u·ωj ,v·ωj ,

4.2. Generalized Wronskians and generalized minors. First, we introduce a notion
of generalized q-Wronskian which, as we will see later is, under certain nondegenracy con-
ditions, is equivalent to the definition of Z-twisted Miura (G, q)-oper.

Let V +
i be the irreducible representation of G with highest weight ωi with respect to B+.

It comes equipped with a line L+
i ⊂ V +

i of highest weight vectors stable under the action of
B+. Let ν+ωi

be a generator of the line L+
i ⊂ V +

i . It is a vector of weight ωi with respect to
our maximal torus H ⊂ B−. The subspace L+

c,i of Vi of weight c−1 · ωi is one-dimensional

and is spanned by s−1ν+ωi
.

Suppose we have a principal G-bundle FG and its B+-reduction FB+ and thus an H-
reduction FH as well. Therefore for each i = 1, . . . , r, the vector bundle

V
+
i = FB+ ×

B+

V +
i = FG ×

G
V +
i

associated to V +
i contains an H-line subbundles

L
+
i = FH ×

H
L+
i , L

+
c,i = FH ×

H
L+
c,i

associated to L+
i , L

+
c,i ⊂ V +

i .
Consider a meromorphic section G of FG. It is a section of FG on U , a Zariski dense set

of P1. Given the fact that can always choose U , so that restriction of FG to U is a trivial
G-bundle, one can express this section as an element G (z) ∈ G(z).

Definition 4.9. The generalized q-Wronskian on P1 is the quadruple (FG,FB+ ,G , Z), where
G is a meromorphic section of a principle bundle FG, FB+ is a reduction of FG to B+,
Z ∈ H = B+/[B+, B+], satisfying the following condition. There exist a Zariski open dense
subset U ⊂ P1 together with the trivialization ıB+ of FB+ , so that for certain {v+i , v

+
c,i}i=1,...,r

which are the sections of line bundles {L+
i ,L

+
c,i}i=1,...,r on U ∩ M−1

q (U) we have G as an
element of G(z) satisfy the following condition:

G
q · v+i = Z · G · v+c,i,(4.8)

where the superscript q stands for the pull-back of the corresponding section with respect
to the map Mq.

Effectively, the definition implies that there exists a Zariski open dense subset U ⊂ P1

together with a trivialization ıB+ of FB+ such that the restriction of G to U ∩ M−1
q (U)

u, v ∈ WG
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albeit written in a slightly different convention and normalization). The condition corre-
sponding to the whole q-Wronskian reads detW (z) = 1, whereas the others can be readily
written using minors of matrix W (z).

5.3. Lewis Carroll Identity. For the type A root system the relation (4.7) reads

(5.8) ∆uωi,vωi∆usiωi,vsiωi −∆usiωi,vωi∆uωi,vsiωi = ∆uωi−1,vωi−1∆uωi+1,vωi+1 ,

which as we have shown previously are equivalent to the corresponding QQ-system. As
was discussed in [KPSZ,KSZ] these equations can be reduced to the following determinant
identity known from the 19th century (Desnanot-Jacobi-Lewis Carroll Identity) using matrix
of the form (5.7).

(5.9) M1
1M

2
i −M1

i M
2
1 = M12

1i M ,

where Ma
b is the determinant of the quantum Wronskian matrix W (z) with the ath row

and bth column removed and M = detW (z).
The identification between (5.8) and (5.9) works as follows. We put u = 1 and v =

s1 · s2 · · · si−1. This way vsi = s1 · · · si is the element which permutes the first the the last
column of matrix M as well as
(5.10)
M = ∆ωi+1,vωi+1 , M1

1 = ∆ωi,vωi , M2
i = ∆siωi,vsiωi , M2

1 = ∆siωi,vωi , M1
i = ∆ωi,vsiωi

In other words, after acting with element v on the columns the Lewis Carroll identity
can be presented in terms of principal minors

(5.11) M̃1
1 M̃

2
2 − M̃1

2 M̃
2
1 = M̃12

12 M̃ ,

where M̃ = M · v.
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<latexit sha1_base64="2DfdF1l21+C75cp/xOVABOCQskw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqreZbV2X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuRmPPQ==</latexit>⇥

<latexit sha1_base64="oD+hozI0eJZZ6kQ0JOQwQtYQPik="></latexit>
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<latexit sha1_base64="9P4L8+Fj6iqY1wB/QNSvK8T4XdA=">AAACCXicbZC7SgNBFIZnvcZ4W7W0GQxCghB2JaiNENTCMgFzgexmmZ2cJENmL8zMBsKS1sZXsbFQxNY3sPNtnFwKTfxh4OM/53Dm/H7MmVSW9W2srK6tb2xmtrLbO7t7++bBYV1GiaBQoxGPRNMnEjgLoaaY4tCMBZDA59DwB7eTemMIQrIofFCjGNyA9ELWZZQobXkmdu6AK9JOnSiAHvHYOD/MJ4XCddU7azNNnpmzitZUeBnsOeTQXBXP/HI6EU0CCBXlRMqWbcXKTYlQjHIYZ51EQkzogPSgpTEkAUg3nV4yxqfa6eBuJPQLFZ66vydSEkg5CnzdGRDVl4u1iflfrZWo7pWbsjBOFIR0tqibcKwiPIkFd5gAqvhIA6GC6b9i2ieCUKXDy+oQ7MWTl6F+XrQviqVqKVe+mceRQcfoBOWRjS5RGd2jCqohih7RM3pFb8aT8WK8Gx+z1hVjPnOE/sj4/AGFPJjv</latexit>
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