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There are several ways to decompose an integer into sums of smaller integers
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Remark. Note that out n! fixed points of T acting on Xn only for single point q we
get a polynomial out of Vq. Other coe�cient functions Vp remain infinite series which we
shall further ignore. One can verify by examining (2.25) that in the n ! 1 limit these
coe�cient functions will be suppressed. A choice of fixed point q following the large-n limits
corresponds to zooming into a certain asymptotic region in which |aS(1)| � |aS(2)| � · · · �
|aS(n)|, where S 2 Sn is a permutation corresponding to the choice of fixed point q.
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Figure 2. Asymptotic regions of the space of GL(n) equivariant parame-
ters. In the n ! 1 limit, provided that (2.25) holds, we approach the given
fixed point.

Remark. The above theorem has an interesting interpretation from the point of view
of enumerative geometry viewpoint and Gromov-Witten theory in particular. Formulae
like (2.10), which are closed cousins of Givental J-functions, serve as generating functions
of the equivariant gravitational descendants of Xn. Due to (2.25) the q-hypergeometric-
type series truncate to polynomials thereby implying that these equivariant gravitational
descendants vanish identically starting from some order in ⇣i’s. The parameters of the
problem get adjusted in such a way that the equivariant volume of the moduli spaces of
quasimaps of degrees (d1, . . . , dn�1) which exceed (�1, . . . ,�n�1) become zero.3.

Example. Let us look at the simplest example X2 = T
⇤P1. The corresponding vertex

function is given by the q-hypergeometric function
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3I thank A. Okounkov and S. Katz for interesting discussions on these matters.
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Remark. Note that out n! fixed points of T acting on Xn only for single point q we
get a polynomial out of Vq. Other coe�cient functions Vp remain infinite series which we
shall further ignore. One can verify by examining (2.25) that in the n ! 1 limit these
coe�cient functions will be suppressed. A choice of fixed point q following the large-n limits
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Figure 2. Asymptotic regions of the space of GL(n) equivariant parame-
ters. In the n ! 1 limit, provided that (2.25) holds, we approach the given
fixed point.

Remark. The above theorem has an interesting interpretation from the point of view
of enumerative geometry viewpoint and Gromov-Witten theory in particular. Formulae
like (2.10), which are closed cousins of Givental J-functions, serve as generating functions
of the equivariant gravitational descendants of Xn. Due to (2.25) the q-hypergeometric-
type series truncate to polynomials thereby implying that these equivariant gravitational
descendants vanish identically starting from some order in ⇣i’s. The parameters of the
problem get adjusted in such a way that the equivariant volume of the moduli spaces of
quasimaps of degrees (d1, . . . , dn�1) which exceed (�1, . . . ,�n�1) become zero.3.

Example. Let us look at the simplest example X2 = T
⇤P1. The corresponding vertex

function is given by the q-hypergeometric function

(2.26) V
(1)
p =

X

d>0

✓
⇣1

⇣2

◆d 2Y

i=1

⇣
q
~
ap
ai
; q
⌘

d⇣
ap
ai
; q
⌘

d

=2�1

✓
~, ~ap

ap̄
, q

ap

ap̄
; q;

q

~
⇣1

⇣2

◆
.

3I thank A. Okounkov and S. Katz for interesting discussions on these matters.

12 PETER KOROTEEV

Remark. Note that out n! fixed points of T acting on Xn only for single point q we
get a polynomial out of Vq. Other coe�cient functions Vp remain infinite series which we
shall further ignore. One can verify by examining (2.25) that in the n ! 1 limit these
coe�cient functions will be suppressed. A choice of fixed point q following the large-n limits
corresponds to zooming into a certain asymptotic region in which |aS(1)| � |aS(2)| � · · · �
|aS(n)|, where S 2 Sn is a permutation corresponding to the choice of fixed point q.
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Figure 2. Asymptotic regions of the space of GL(n) equivariant parame-
ters. In the n ! 1 limit, provided that (2.25) holds, we approach the given
fixed point.

Remark. The above theorem has an interesting interpretation from the point of view
of enumerative geometry viewpoint and Gromov-Witten theory in particular. Formulae
like (2.10), which are closed cousins of Givental J-functions, serve as generating functions
of the equivariant gravitational descendants of Xn. Due to (2.25) the q-hypergeometric-
type series truncate to polynomials thereby implying that these equivariant gravitational
descendants vanish identically starting from some order in ⇣i’s. The parameters of the
problem get adjusted in such a way that the equivariant volume of the moduli spaces of
quasimaps of degrees (d1, . . . , dn�1) which exceed (�1, . . . ,�n�1) become zero.3.

Example. Let us look at the simplest example X2 = T
⇤P1. The corresponding vertex

function is given by the q-hypergeometric function
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3I thank A. Okounkov and S. Katz for interesting discussions on these matters.

12 PETER KOROTEEV

Remark. Note that out n! fixed points of T acting on Xn only for single point q we
get a polynomial out of Vq. Other coe�cient functions Vp remain infinite series which we
shall further ignore. One can verify by examining (2.25) that in the n ! 1 limit these
coe�cient functions will be suppressed. A choice of fixed point q following the large-n limits
corresponds to zooming into a certain asymptotic region in which |aS(1)| � |aS(2)| � · · · �
|aS(n)|, where S 2 Sn is a permutation corresponding to the choice of fixed point q.
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Figure 2. Asymptotic regions of the space of GL(n) equivariant parame-
ters. In the n ! 1 limit, provided that (2.25) holds, we approach the given
fixed point.

Remark. The above theorem has an interesting interpretation from the point of view
of enumerative geometry viewpoint and Gromov-Witten theory in particular. Formulae
like (2.10), which are closed cousins of Givental J-functions, serve as generating functions
of the equivariant gravitational descendants of Xn. Due to (2.25) the q-hypergeometric-
type series truncate to polynomials thereby implying that these equivariant gravitational
descendants vanish identically starting from some order in ⇣i’s. The parameters of the
problem get adjusted in such a way that the equivariant volume of the moduli spaces of
quasimaps of degrees (d1, . . . , dn�1) which exceed (�1, . . . ,�n�1) become zero.3.

Example. Let us look at the simplest example X2 = T
⇤P1. The corresponding vertex

function is given by the q-hypergeometric function
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3I thank A. Okounkov and S. Katz for interesting discussions on these matters.
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Remark. Note that out n! fixed points of T acting on Xn only for single point q we
get a polynomial out of Vq. Other coe�cient functions Vp remain infinite series which we
shall further ignore. One can verify by examining (2.25) that in the n ! 1 limit these
coe�cient functions will be suppressed. A choice of fixed point q following the large-n limits
corresponds to zooming into a certain asymptotic region in which |aS(1)| � |aS(2)| � · · · �
|aS(n)|, where S 2 Sn is a permutation corresponding to the choice of fixed point q.
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Figure 2. Asymptotic regions of the space of GL(n) equivariant parame-
ters. In the n ! 1 limit, provided that (2.25) holds, we approach the given
fixed point.

Remark. The above theorem has an interesting interpretation from the point of view
of enumerative geometry viewpoint and Gromov-Witten theory in particular. Formulae
like (2.10), which are closed cousins of Givental J-functions, serve as generating functions
of the equivariant gravitational descendants of Xn. Due to (2.25) the q-hypergeometric-
type series truncate to polynomials thereby implying that these equivariant gravitational
descendants vanish identically starting from some order in ⇣i’s. The parameters of the
problem get adjusted in such a way that the equivariant volume of the moduli spaces of
quasimaps of degrees (d1, . . . , dn�1) which exceed (�1, . . . ,�n�1) become zero.3.

Example. Let us look at the simplest example X2 = T
⇤P1. The corresponding vertex

function is given by the q-hypergeometric function
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3I thank A. Okounkov and S. Katz for interesting discussions on these matters.
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Partitions
Problem: Find all partitions of numbers 1,2,3,4,5,6,7,8,9 together with their Young diagrams
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Remark. Note that out n! fixed points of T acting on Xn only for single point q we
get a polynomial out of Vq. Other coe�cient functions Vp remain infinite series which we
shall further ignore. One can verify by examining (2.25) that in the n ! 1 limit these
coe�cient functions will be suppressed. A choice of fixed point q following the large-n limits
corresponds to zooming into a certain asymptotic region in which |aS(1)| � |aS(2)| � · · · �
|aS(n)|, where S 2 Sn is a permutation corresponding to the choice of fixed point q.

q
<latexit sha1_base64="gqhkYh7MBm9GaiVNDBxVo5M1bBY=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rWFtsQ9lsJ+3SzSbuTsQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFpeWV1rbhe2tjc2t4p7+7dmTjVHBo8lrFuBcyAFAoaKFBCK9HAokBCMxheTfzmI2gjYnWLowT8iPWVCAVnaKX7DsITBmH2MO6WK27VnYIuEi8nFZKj3i1/dXoxTyNQyCUzpu25CfoZ0yi4hHGpkxpIGB+yPrQtVSwC42fTi8f0yCo9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGJ77mVBJiqD4bFGYSooxnbxPe0IDRzmyhHEt7K2UD5hmHG1IJRuCN//yImmcVC+q3s1ppXaZp1EkB+SQHBOPnJEauSZ10iCcKPJMXsmbY5wX5935mLUWnHxmn/yB8/kDhq2RBA==</latexit><latexit sha1_base64="gqhkYh7MBm9GaiVNDBxVo5M1bBY=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rWFtsQ9lsJ+3SzSbuTsQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFpeWV1rbhe2tjc2t4p7+7dmTjVHBo8lrFuBcyAFAoaKFBCK9HAokBCMxheTfzmI2gjYnWLowT8iPWVCAVnaKX7DsITBmH2MO6WK27VnYIuEi8nFZKj3i1/dXoxTyNQyCUzpu25CfoZ0yi4hHGpkxpIGB+yPrQtVSwC42fTi8f0yCo9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGJ77mVBJiqD4bFGYSooxnbxPe0IDRzmyhHEt7K2UD5hmHG1IJRuCN//yImmcVC+q3s1ppXaZp1EkB+SQHBOPnJEauSZ10iCcKPJMXsmbY5wX5935mLUWnHxmn/yB8/kDhq2RBA==</latexit><latexit sha1_base64="gqhkYh7MBm9GaiVNDBxVo5M1bBY=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rWFtsQ9lsJ+3SzSbuTsQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFpeWV1rbhe2tjc2t4p7+7dmTjVHBo8lrFuBcyAFAoaKFBCK9HAokBCMxheTfzmI2gjYnWLowT8iPWVCAVnaKX7DsITBmH2MO6WK27VnYIuEi8nFZKj3i1/dXoxTyNQyCUzpu25CfoZ0yi4hHGpkxpIGB+yPrQtVSwC42fTi8f0yCo9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGJ77mVBJiqD4bFGYSooxnbxPe0IDRzmyhHEt7K2UD5hmHG1IJRuCN//yImmcVC+q3s1ppXaZp1EkB+SQHBOPnJEauSZ10iCcKPJMXsmbY5wX5935mLUWnHxmn/yB8/kDhq2RBA==</latexit><latexit sha1_base64="gqhkYh7MBm9GaiVNDBxVo5M1bBY=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rWFtsQ9lsJ+3SzSbuTsQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFpeWV1rbhe2tjc2t4p7+7dmTjVHBo8lrFuBcyAFAoaKFBCK9HAokBCMxheTfzmI2gjYnWLowT8iPWVCAVnaKX7DsITBmH2MO6WK27VnYIuEi8nFZKj3i1/dXoxTyNQyCUzpu25CfoZ0yi4hHGpkxpIGB+yPrQtVSwC42fTi8f0yCo9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGJ77mVBJiqD4bFGYSooxnbxPe0IDRzmyhHEt7K2UD5hmHG1IJRuCN//yImmcVC+q3s1ppXaZp1EkB+SQHBOPnJEauSZ10iCcKPJMXsmbY5wX5935mLUWnHxmn/yB8/kDhq2RBA==</latexit>

q
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<latexit sha1_base64="ZPVKn7sWcU0A41XCeU9vhhNw8LQ=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbRU0lEUG9FLx4rGFtIQ9lsN+3SzW7cnYgl9Gd48aDi1X/jzX/jts1BWx8MPN6bYWZelApuwHW/ndLS8srqWnm9srG5tb1T3d27NyrTlPlUCaXbETFMcMl84CBYO9WMJJFgrWh4PfFbj0wbruQdjFIWJqQvecwpASsFHWBPEMX5w/G4W625dXcKvEi8gtRQgWa3+tXpKZolTAIVxJjAc1MIc6KBU8HGlU5mWErokPRZYKkkCTNhPj15jI+s0sOx0rYk4Kn6eyIniTGjJLKdCYGBmfcm4n9ekEF8EeZcphkwSWeL4kxgUHjyP+5xzSiIkSWEam5vxXRANKFgU6rYELz5lxeJf1q/rHu3Z7XGVZFGGR2gQ3SCPHSOGugGNZGPKFLoGb2iNwecF+fd+Zi1lpxiZh/9gfP5A+qTkTU=</latexit><latexit sha1_base64="ZPVKn7sWcU0A41XCeU9vhhNw8LQ=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbRU0lEUG9FLx4rGFtIQ9lsN+3SzW7cnYgl9Gd48aDi1X/jzX/jts1BWx8MPN6bYWZelApuwHW/ndLS8srqWnm9srG5tb1T3d27NyrTlPlUCaXbETFMcMl84CBYO9WMJJFgrWh4PfFbj0wbruQdjFIWJqQvecwpASsFHWBPEMX5w/G4W625dXcKvEi8gtRQgWa3+tXpKZolTAIVxJjAc1MIc6KBU8HGlU5mWErokPRZYKkkCTNhPj15jI+s0sOx0rYk4Kn6eyIniTGjJLKdCYGBmfcm4n9ekEF8EeZcphkwSWeL4kxgUHjyP+5xzSiIkSWEam5vxXRANKFgU6rYELz5lxeJf1q/rHu3Z7XGVZFGGR2gQ3SCPHSOGugGNZGPKFLoGb2iNwecF+fd+Zi1lpxiZh/9gfP5A+qTkTU=</latexit><latexit sha1_base64="ZPVKn7sWcU0A41XCeU9vhhNw8LQ=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbRU0lEUG9FLx4rGFtIQ9lsN+3SzW7cnYgl9Gd48aDi1X/jzX/jts1BWx8MPN6bYWZelApuwHW/ndLS8srqWnm9srG5tb1T3d27NyrTlPlUCaXbETFMcMl84CBYO9WMJJFgrWh4PfFbj0wbruQdjFIWJqQvecwpASsFHWBPEMX5w/G4W625dXcKvEi8gtRQgWa3+tXpKZolTAIVxJjAc1MIc6KBU8HGlU5mWErokPRZYKkkCTNhPj15jI+s0sOx0rYk4Kn6eyIniTGjJLKdCYGBmfcm4n9ekEF8EeZcphkwSWeL4kxgUHjyP+5xzSiIkSWEam5vxXRANKFgU6rYELz5lxeJf1q/rHu3Z7XGVZFGGR2gQ3SCPHSOGugGNZGPKFLoGb2iNwecF+fd+Zi1lpxiZh/9gfP5A+qTkTU=</latexit><latexit sha1_base64="ZPVKn7sWcU0A41XCeU9vhhNw8LQ=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbRU0lEUG9FLx4rGFtIQ9lsN+3SzW7cnYgl9Gd48aDi1X/jzX/jts1BWx8MPN6bYWZelApuwHW/ndLS8srqWnm9srG5tb1T3d27NyrTlPlUCaXbETFMcMl84CBYO9WMJJFgrWh4PfFbj0wbruQdjFIWJqQvecwpASsFHWBPEMX5w/G4W625dXcKvEi8gtRQgWa3+tXpKZolTAIVxJjAc1MIc6KBU8HGlU5mWErokPRZYKkkCTNhPj15jI+s0sOx0rYk4Kn6eyIniTGjJLKdCYGBmfcm4n9ekEF8EeZcphkwSWeL4kxgUHjyP+5xzSiIkSWEam5vxXRANKFgU6rYELz5lxeJf1q/rHu3Z7XGVZFGGR2gQ3SCPHSOGugGNZGPKFLoGb2iNwecF+fd+Zi1lpxiZh/9gfP5A+qTkTU=</latexit>
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<latexit sha1_base64="POUg/p+BTGMpRpQXC9R/u1zjsc8=">AAAB8nicbVBNS8NAEJ34WetX1aOXYJF6KokI6q3oxWMFYwtNKJvtpl262cTdiVhC/4YXDype/TXe/Ddu2xy09cHA470ZZuaFqeAaHefbWlpeWV1bL22UN7e2d3Yre/v3OskUZR5NRKLaIdFMcMk85ChYO1WMxKFgrXB4PfFbj0xpnsg7HKUsiElf8ohTgkbyfWRPGEb5Q6027laqTt2Zwl4kbkGqUKDZrXz5vYRmMZNIBdG64zopBjlRyKlg47KfaZYSOiR91jFUkpjpIJ/ePLaPjdKzo0SZkmhP1d8TOYm1HsWh6YwJDvS8NxH/8zoZRhdBzmWaIZN0tijKhI2JPQnA7nHFKIqRIYQqbm616YAoQtHEVDYhuPMvLxLvtH5Zd2/Pqo2rIo0SHMIRnIAL59CAG2iCBxRSeIZXeLMy68V6tz5mrUtWMXMAf2B9/gBOsZFm</latexit><latexit sha1_base64="POUg/p+BTGMpRpQXC9R/u1zjsc8=">AAAB8nicbVBNS8NAEJ34WetX1aOXYJF6KokI6q3oxWMFYwtNKJvtpl262cTdiVhC/4YXDype/TXe/Ddu2xy09cHA470ZZuaFqeAaHefbWlpeWV1bL22UN7e2d3Yre/v3OskUZR5NRKLaIdFMcMk85ChYO1WMxKFgrXB4PfFbj0xpnsg7HKUsiElf8ohTgkbyfWRPGEb5Q6027laqTt2Zwl4kbkGqUKDZrXz5vYRmMZNIBdG64zopBjlRyKlg47KfaZYSOiR91jFUkpjpIJ/ePLaPjdKzo0SZkmhP1d8TOYm1HsWh6YwJDvS8NxH/8zoZRhdBzmWaIZN0tijKhI2JPQnA7nHFKIqRIYQqbm616YAoQtHEVDYhuPMvLxLvtH5Zd2/Pqo2rIo0SHMIRnIAL59CAG2iCBxRSeIZXeLMy68V6tz5mrUtWMXMAf2B9/gBOsZFm</latexit><latexit sha1_base64="POUg/p+BTGMpRpQXC9R/u1zjsc8=">AAAB8nicbVBNS8NAEJ34WetX1aOXYJF6KokI6q3oxWMFYwtNKJvtpl262cTdiVhC/4YXDype/TXe/Ddu2xy09cHA470ZZuaFqeAaHefbWlpeWV1bL22UN7e2d3Yre/v3OskUZR5NRKLaIdFMcMk85ChYO1WMxKFgrXB4PfFbj0xpnsg7HKUsiElf8ohTgkbyfWRPGEb5Q6027laqTt2Zwl4kbkGqUKDZrXz5vYRmMZNIBdG64zopBjlRyKlg47KfaZYSOiR91jFUkpjpIJ/ePLaPjdKzo0SZkmhP1d8TOYm1HsWh6YwJDvS8NxH/8zoZRhdBzmWaIZN0tijKhI2JPQnA7nHFKIqRIYQqbm616YAoQtHEVDYhuPMvLxLvtH5Zd2/Pqo2rIo0SHMIRnIAL59CAG2iCBxRSeIZXeLMy68V6tz5mrUtWMXMAf2B9/gBOsZFm</latexit><latexit sha1_base64="POUg/p+BTGMpRpQXC9R/u1zjsc8=">AAAB8nicbVBNS8NAEJ34WetX1aOXYJF6KokI6q3oxWMFYwtNKJvtpl262cTdiVhC/4YXDype/TXe/Ddu2xy09cHA470ZZuaFqeAaHefbWlpeWV1bL22UN7e2d3Yre/v3OskUZR5NRKLaIdFMcMk85ChYO1WMxKFgrXB4PfFbj0xpnsg7HKUsiElf8ohTgkbyfWRPGEb5Q6027laqTt2Zwl4kbkGqUKDZrXz5vYRmMZNIBdG64zopBjlRyKlg47KfaZYSOiR91jFUkpjpIJ/ePLaPjdKzo0SZkmhP1d8TOYm1HsWh6YwJDvS8NxH/8zoZRhdBzmWaIZN0tijKhI2JPQnA7nHFKIqRIYQqbm616YAoQtHEVDYhuPMvLxLvtH5Zd2/Pqo2rIo0SHMIRnIAL59CAG2iCBxRSeIZXeLMy68V6tz5mrUtWMXMAf2B9/gBOsZFm</latexit>

Figure 2. Asymptotic regions of the space of GL(n) equivariant parame-
ters. In the n ! 1 limit, provided that (2.25) holds, we approach the given
fixed point.

Remark. The above theorem has an interesting interpretation from the point of view
of enumerative geometry viewpoint and Gromov-Witten theory in particular. Formulae
like (2.10), which are closed cousins of Givental J-functions, serve as generating functions
of the equivariant gravitational descendants of Xn. Due to (2.25) the q-hypergeometric-
type series truncate to polynomials thereby implying that these equivariant gravitational
descendants vanish identically starting from some order in ⇣i’s. The parameters of the
problem get adjusted in such a way that the equivariant volume of the moduli spaces of
quasimaps of degrees (d1, . . . , dn�1) which exceed (�1, . . . ,�n�1) become zero.3.

3I thank A. Okounkov and S. Katz for interesting discussions on these matters.
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Example. Let us look at the simplest example X2 = T
⇤P1. The corresponding vertex

function is given by the q-hypergeometric function
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Here a1̄ = a2 and a2̄ = a1. One can easily see that Weyl reflection of sl2 interchanges V (1)
1

and V
(1)
2 . Then we have

(2.27) Vp =
✓(⇣1, q)

✓(a1⇣1, q)

✓(~⇣2, q)
✓(a2⇣2, q)

· V (1)
p .

The condition (2.23) reads a1 = aq
�1~�1

, a2 = aq
�2 . Then we have the following Macdon-

ald polynomials for some simple tableaux.

V = ⇣1 + ⇣2,

V = ⇣
2
1 + ⇣

2
2 +

(q + 1)(~� 1)

q~� 1
⇣1⇣2,

V = ⇣
3
1 + ⇣

3
2 +

�
q
2 + q + 1

�
(~� 1)

q2~� 1
⇣2⇣

2
1 +

�
q
2 + q + 1

�
(~� 1)

q2~� 1
⇣
2
2⇣1 .(2.28)

Here the Young tableaux at the subscripts have their heights equal to �2. Without loss
of generality we can assume �n = 0 for all formulae. In other words, for T

⇤P1 the corre-
sponding Macdonald polynomials depend only on one integer parameter (so-called Roger
polynomials4). Otherwise the resulting polynomial will simply be a product of the corre-
sponding Macdonald polynomial and a simple factor depending on �n. For instance

(2.29) V = ⇣2⇣1 + ⇣
2
2 = ⇣2V .

4To actually get Roger polynomials of one variable x one needs to put ⇣1 = ⇠ and ⇣1 = ⇠�1 and multiply
the resulting expression by ⇠�2
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✓(⇣1, q)

✓(a1⇣1, q)

✓(~⇣2, q)
✓(a2⇣2, q)

· V (1)
p .

The condition (2.23) reads a1 = aq
�1~�1

, a2 = aq
�2 . Then we have the following Macdon-

ald polynomials for some simple tableaux.

V = ⇣1 + ⇣2,

V = ⇣
2
1 + ⇣

2
2 +

(q + 1)(~� 1)

q~� 1
⇣1⇣2,

V = ⇣
3
1 + ⇣

3
2 +

�
q
2 + q + 1

�
(~� 1)

q2~� 1
⇣2⇣

2
1 +

�
q
2 + q + 1

�
(~� 1)

q2~� 1
⇣
2
2⇣1 .(2.28)

Here the Young tableaux at the subscripts have their heights equal to �2. Without loss
of generality we can assume �n = 0 for all formulae. In other words, for T

⇤P1 the corre-
sponding Macdonald polynomials depend only on one integer parameter (so-called Roger
polynomials4). Otherwise the resulting polynomial will simply be a product of the corre-
sponding Macdonald polynomial and a simple factor depending on �n. For instance

(2.29) V = ⇣2⇣1 + ⇣
2
2 = ⇣2V .

4To actually get Roger polynomials of one variable x one needs to put ⇣1 = ⇠ and ⇣1 = ⇠�1 and multiply
the resulting expression by ⇠�2





{7}, {6, 1}, {5, 2}, {5, 1, 1}, {4, 3}, {4, 2, 1}, {4, 1, 1, 1}, {3, 3, 1}, {3, 2, 2}, {3, 2, 1, 1}, 

{3, 1, 1, 1, 1}, {2, 2, 2, 1}, {2, 2, 1, 1, 1}, {2, 1, 1, 1, 1, 1}, {1, 1, 1, 1, 1, 1, 1}

n=7 p(7)=15

Partitions

{8}, {7, 1}, {6, 2}, {6, 1, 1}, {5, 3}, {5, 2, 1}, {5, 1, 1, 1}, {4, 4}, {4, 3, 1}, {4, 2, 2}, {4, 2, 1, 1}, 
{4, 1, 1, 1, 1}, {3, 3, 2}, {3, 3, 1, 1}, {3, 2, 2, 1}, {3, 2, 1, 1, 1}, {3, 1, 1, 1, 1, 1}, {2, 2, 2, 2}, 
{2, 2, 2, 1, 1}, {2, 2, 1, 1, 1, 1}, {2, 1, 1, 1, 1, 1, 1}, {1, 1, 1, 1, 1, 1, 1, 1}

n=8 p(8)=22

{9}, {8, 1}, {7, 2}, {7, 1, 1}, {6, 3}, {6, 2, 1}, {6, 1, 1, 1}, {5, 4}, {5, 3, 1}, {5, 2, 2}, {5, 2, 1, 1}, 
{5, 1, 1, 1, 1}, {4, 4, 1}, {4, 3, 2}, {4, 3, 1, 1}, {4, 2, 2, 1}, {4, 2, 1, 1, 1}, {4, 1, 1, 1, 1, 1}, 

{3, 3, 3}, {3, 3, 2, 1}, {3, 3, 1, 1, 1}, {3, 2, 2, 2}, {3, 2, 2, 1, 1}, {3, 2, 1, 1, 1, 1}, 

{3, 1, 1, 1, 1, 1, 1}, {2, 2, 2, 2, 1}, {2, 2, 2, 1, 1, 1}, {2, 2, 1, 1, 1, 1, 1}, {2, 1, 1, 1, 1, 1, 1, 1}, 
{1, 1, 1, 1, 1, 1, 1, 1, 1}

n=9 p(9)=30
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Remark. Note that out n! fixed points of T acting on Xn only for single point q we
get a polynomial out of Vq. Other coe�cient functions Vp remain infinite series which we
shall further ignore. One can verify by examining (2.25) that in the n ! 1 limit these
coe�cient functions will be suppressed. A choice of fixed point q following the large-n limits
corresponds to zooming into a certain asymptotic region in which |aS(1)| � |aS(2)| � · · · �
|aS(n)|, where S 2 Sn is a permutation corresponding to the choice of fixed point q.

q
<latexit sha1_base64="gqhkYh7MBm9GaiVNDBxVo5M1bBY=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rWFtsQ9lsJ+3SzSbuTsQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFpeWV1rbhe2tjc2t4p7+7dmTjVHBo8lrFuBcyAFAoaKFBCK9HAokBCMxheTfzmI2gjYnWLowT8iPWVCAVnaKX7DsITBmH2MO6WK27VnYIuEi8nFZKj3i1/dXoxTyNQyCUzpu25CfoZ0yi4hHGpkxpIGB+yPrQtVSwC42fTi8f0yCo9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGJ77mVBJiqD4bFGYSooxnbxPe0IDRzmyhHEt7K2UD5hmHG1IJRuCN//yImmcVC+q3s1ppXaZp1EkB+SQHBOPnJEauSZ10iCcKPJMXsmbY5wX5935mLUWnHxmn/yB8/kDhq2RBA==</latexit><latexit sha1_base64="gqhkYh7MBm9GaiVNDBxVo5M1bBY=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rWFtsQ9lsJ+3SzSbuTsQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFpeWV1rbhe2tjc2t4p7+7dmTjVHBo8lrFuBcyAFAoaKFBCK9HAokBCMxheTfzmI2gjYnWLowT8iPWVCAVnaKX7DsITBmH2MO6WK27VnYIuEi8nFZKj3i1/dXoxTyNQyCUzpu25CfoZ0yi4hHGpkxpIGB+yPrQtVSwC42fTi8f0yCo9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGJ77mVBJiqD4bFGYSooxnbxPe0IDRzmyhHEt7K2UD5hmHG1IJRuCN//yImmcVC+q3s1ppXaZp1EkB+SQHBOPnJEauSZ10iCcKPJMXsmbY5wX5935mLUWnHxmn/yB8/kDhq2RBA==</latexit><latexit sha1_base64="gqhkYh7MBm9GaiVNDBxVo5M1bBY=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rWFtsQ9lsJ+3SzSbuTsQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFpeWV1rbhe2tjc2t4p7+7dmTjVHBo8lrFuBcyAFAoaKFBCK9HAokBCMxheTfzmI2gjYnWLowT8iPWVCAVnaKX7DsITBmH2MO6WK27VnYIuEi8nFZKj3i1/dXoxTyNQyCUzpu25CfoZ0yi4hHGpkxpIGB+yPrQtVSwC42fTi8f0yCo9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGJ77mVBJiqD4bFGYSooxnbxPe0IDRzmyhHEt7K2UD5hmHG1IJRuCN//yImmcVC+q3s1ppXaZp1EkB+SQHBOPnJEauSZ10iCcKPJMXsmbY5wX5935mLUWnHxmn/yB8/kDhq2RBA==</latexit><latexit sha1_base64="gqhkYh7MBm9GaiVNDBxVo5M1bBY=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rWFtsQ9lsJ+3SzSbuTsQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFpeWV1rbhe2tjc2t4p7+7dmTjVHBo8lrFuBcyAFAoaKFBCK9HAokBCMxheTfzmI2gjYnWLowT8iPWVCAVnaKX7DsITBmH2MO6WK27VnYIuEi8nFZKj3i1/dXoxTyNQyCUzpu25CfoZ0yi4hHGpkxpIGB+yPrQtVSwC42fTi8f0yCo9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGJ77mVBJiqD4bFGYSooxnbxPe0IDRzmyhHEt7K2UD5hmHG1IJRuCN//yImmcVC+q3s1ppXaZp1EkB+SQHBOPnJEauSZ10iCcKPJMXsmbY5wX5935mLUWnHxmn/yB8/kDhq2RBA==</latexit>

q
<latexit sha1_base64="gqhkYh7MBm9GaiVNDBxVo5M1bBY=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rWFtsQ9lsJ+3SzSbuTsQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFpeWV1rbhe2tjc2t4p7+7dmTjVHBo8lrFuBcyAFAoaKFBCK9HAokBCMxheTfzmI2gjYnWLowT8iPWVCAVnaKX7DsITBmH2MO6WK27VnYIuEi8nFZKj3i1/dXoxTyNQyCUzpu25CfoZ0yi4hHGpkxpIGB+yPrQtVSwC42fTi8f0yCo9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGJ77mVBJiqD4bFGYSooxnbxPe0IDRzmyhHEt7K2UD5hmHG1IJRuCN//yImmcVC+q3s1ppXaZp1EkB+SQHBOPnJEauSZ10iCcKPJMXsmbY5wX5935mLUWnHxmn/yB8/kDhq2RBA==</latexit><latexit sha1_base64="gqhkYh7MBm9GaiVNDBxVo5M1bBY=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rWFtsQ9lsJ+3SzSbuTsQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFpeWV1rbhe2tjc2t4p7+7dmTjVHBo8lrFuBcyAFAoaKFBCK9HAokBCMxheTfzmI2gjYnWLowT8iPWVCAVnaKX7DsITBmH2MO6WK27VnYIuEi8nFZKj3i1/dXoxTyNQyCUzpu25CfoZ0yi4hHGpkxpIGB+yPrQtVSwC42fTi8f0yCo9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGJ77mVBJiqD4bFGYSooxnbxPe0IDRzmyhHEt7K2UD5hmHG1IJRuCN//yImmcVC+q3s1ppXaZp1EkB+SQHBOPnJEauSZ10iCcKPJMXsmbY5wX5935mLUWnHxmn/yB8/kDhq2RBA==</latexit><latexit sha1_base64="gqhkYh7MBm9GaiVNDBxVo5M1bBY=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rWFtsQ9lsJ+3SzSbuTsQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFpeWV1rbhe2tjc2t4p7+7dmTjVHBo8lrFuBcyAFAoaKFBCK9HAokBCMxheTfzmI2gjYnWLowT8iPWVCAVnaKX7DsITBmH2MO6WK27VnYIuEi8nFZKj3i1/dXoxTyNQyCUzpu25CfoZ0yi4hHGpkxpIGB+yPrQtVSwC42fTi8f0yCo9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGJ77mVBJiqD4bFGYSooxnbxPe0IDRzmyhHEt7K2UD5hmHG1IJRuCN//yImmcVC+q3s1ppXaZp1EkB+SQHBOPnJEauSZ10iCcKPJMXsmbY5wX5935mLUWnHxmn/yB8/kDhq2RBA==</latexit><latexit sha1_base64="gqhkYh7MBm9GaiVNDBxVo5M1bBY=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rWFtsQ9lsJ+3SzSbuTsQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFpeWV1rbhe2tjc2t4p7+7dmTjVHBo8lrFuBcyAFAoaKFBCK9HAokBCMxheTfzmI2gjYnWLowT8iPWVCAVnaKX7DsITBmH2MO6WK27VnYIuEi8nFZKj3i1/dXoxTyNQyCUzpu25CfoZ0yi4hHGpkxpIGB+yPrQtVSwC42fTi8f0yCo9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGJ77mVBJiqD4bFGYSooxnbxPe0IDRzmyhHEt7K2UD5hmHG1IJRuCN//yImmcVC+q3s1ppXaZp1EkB+SQHBOPnJEauSZ10iCcKPJMXsmbY5wX5935mLUWnHxmn/yB8/kDhq2RBA==</latexit>

q’
<latexit sha1_base64="ZPVKn7sWcU0A41XCeU9vhhNw8LQ=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbRU0lEUG9FLx4rGFtIQ9lsN+3SzW7cnYgl9Gd48aDi1X/jzX/jts1BWx8MPN6bYWZelApuwHW/ndLS8srqWnm9srG5tb1T3d27NyrTlPlUCaXbETFMcMl84CBYO9WMJJFgrWh4PfFbj0wbruQdjFIWJqQvecwpASsFHWBPEMX5w/G4W625dXcKvEi8gtRQgWa3+tXpKZolTAIVxJjAc1MIc6KBU8HGlU5mWErokPRZYKkkCTNhPj15jI+s0sOx0rYk4Kn6eyIniTGjJLKdCYGBmfcm4n9ekEF8EeZcphkwSWeL4kxgUHjyP+5xzSiIkSWEam5vxXRANKFgU6rYELz5lxeJf1q/rHu3Z7XGVZFGGR2gQ3SCPHSOGugGNZGPKFLoGb2iNwecF+fd+Zi1lpxiZh/9gfP5A+qTkTU=</latexit><latexit sha1_base64="ZPVKn7sWcU0A41XCeU9vhhNw8LQ=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbRU0lEUG9FLx4rGFtIQ9lsN+3SzW7cnYgl9Gd48aDi1X/jzX/jts1BWx8MPN6bYWZelApuwHW/ndLS8srqWnm9srG5tb1T3d27NyrTlPlUCaXbETFMcMl84CBYO9WMJJFgrWh4PfFbj0wbruQdjFIWJqQvecwpASsFHWBPEMX5w/G4W625dXcKvEi8gtRQgWa3+tXpKZolTAIVxJjAc1MIc6KBU8HGlU5mWErokPRZYKkkCTNhPj15jI+s0sOx0rYk4Kn6eyIniTGjJLKdCYGBmfcm4n9ekEF8EeZcphkwSWeL4kxgUHjyP+5xzSiIkSWEam5vxXRANKFgU6rYELz5lxeJf1q/rHu3Z7XGVZFGGR2gQ3SCPHSOGugGNZGPKFLoGb2iNwecF+fd+Zi1lpxiZh/9gfP5A+qTkTU=</latexit><latexit sha1_base64="ZPVKn7sWcU0A41XCeU9vhhNw8LQ=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbRU0lEUG9FLx4rGFtIQ9lsN+3SzW7cnYgl9Gd48aDi1X/jzX/jts1BWx8MPN6bYWZelApuwHW/ndLS8srqWnm9srG5tb1T3d27NyrTlPlUCaXbETFMcMl84CBYO9WMJJFgrWh4PfFbj0wbruQdjFIWJqQvecwpASsFHWBPEMX5w/G4W625dXcKvEi8gtRQgWa3+tXpKZolTAIVxJjAc1MIc6KBU8HGlU5mWErokPRZYKkkCTNhPj15jI+s0sOx0rYk4Kn6eyIniTGjJLKdCYGBmfcm4n9ekEF8EeZcphkwSWeL4kxgUHjyP+5xzSiIkSWEam5vxXRANKFgU6rYELz5lxeJf1q/rHu3Z7XGVZFGGR2gQ3SCPHSOGugGNZGPKFLoGb2iNwecF+fd+Zi1lpxiZh/9gfP5A+qTkTU=</latexit><latexit sha1_base64="ZPVKn7sWcU0A41XCeU9vhhNw8LQ=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbRU0lEUG9FLx4rGFtIQ9lsN+3SzW7cnYgl9Gd48aDi1X/jzX/jts1BWx8MPN6bYWZelApuwHW/ndLS8srqWnm9srG5tb1T3d27NyrTlPlUCaXbETFMcMl84CBYO9WMJJFgrWh4PfFbj0wbruQdjFIWJqQvecwpASsFHWBPEMX5w/G4W625dXcKvEi8gtRQgWa3+tXpKZolTAIVxJjAc1MIc6KBU8HGlU5mWErokPRZYKkkCTNhPj15jI+s0sOx0rYk4Kn6eyIniTGjJLKdCYGBmfcm4n9ekEF8EeZcphkwSWeL4kxgUHjyP+5xzSiIkSWEam5vxXRANKFgU6rYELz5lxeJf1q/rHu3Z7XGVZFGGR2gQ3SCPHSOGugGNZGPKFLoGb2iNwecF+fd+Zi1lpxiZh/9gfP5A+qTkTU=</latexit>

q”
<latexit sha1_base64="POUg/p+BTGMpRpQXC9R/u1zjsc8=">AAAB8nicbVBNS8NAEJ34WetX1aOXYJF6KokI6q3oxWMFYwtNKJvtpl262cTdiVhC/4YXDype/TXe/Ddu2xy09cHA470ZZuaFqeAaHefbWlpeWV1bL22UN7e2d3Yre/v3OskUZR5NRKLaIdFMcMk85ChYO1WMxKFgrXB4PfFbj0xpnsg7HKUsiElf8ohTgkbyfWRPGEb5Q6027laqTt2Zwl4kbkGqUKDZrXz5vYRmMZNIBdG64zopBjlRyKlg47KfaZYSOiR91jFUkpjpIJ/ePLaPjdKzo0SZkmhP1d8TOYm1HsWh6YwJDvS8NxH/8zoZRhdBzmWaIZN0tijKhI2JPQnA7nHFKIqRIYQqbm616YAoQtHEVDYhuPMvLxLvtH5Zd2/Pqo2rIo0SHMIRnIAL59CAG2iCBxRSeIZXeLMy68V6tz5mrUtWMXMAf2B9/gBOsZFm</latexit><latexit sha1_base64="POUg/p+BTGMpRpQXC9R/u1zjsc8=">AAAB8nicbVBNS8NAEJ34WetX1aOXYJF6KokI6q3oxWMFYwtNKJvtpl262cTdiVhC/4YXDype/TXe/Ddu2xy09cHA470ZZuaFqeAaHefbWlpeWV1bL22UN7e2d3Yre/v3OskUZR5NRKLaIdFMcMk85ChYO1WMxKFgrXB4PfFbj0xpnsg7HKUsiElf8ohTgkbyfWRPGEb5Q6027laqTt2Zwl4kbkGqUKDZrXz5vYRmMZNIBdG64zopBjlRyKlg47KfaZYSOiR91jFUkpjpIJ/ePLaPjdKzo0SZkmhP1d8TOYm1HsWh6YwJDvS8NxH/8zoZRhdBzmWaIZN0tijKhI2JPQnA7nHFKIqRIYQqbm616YAoQtHEVDYhuPMvLxLvtH5Zd2/Pqo2rIo0SHMIRnIAL59CAG2iCBxRSeIZXeLMy68V6tz5mrUtWMXMAf2B9/gBOsZFm</latexit><latexit sha1_base64="POUg/p+BTGMpRpQXC9R/u1zjsc8=">AAAB8nicbVBNS8NAEJ34WetX1aOXYJF6KokI6q3oxWMFYwtNKJvtpl262cTdiVhC/4YXDype/TXe/Ddu2xy09cHA470ZZuaFqeAaHefbWlpeWV1bL22UN7e2d3Yre/v3OskUZR5NRKLaIdFMcMk85ChYO1WMxKFgrXB4PfFbj0xpnsg7HKUsiElf8ohTgkbyfWRPGEb5Q6027laqTt2Zwl4kbkGqUKDZrXz5vYRmMZNIBdG64zopBjlRyKlg47KfaZYSOiR91jFUkpjpIJ/ePLaPjdKzo0SZkmhP1d8TOYm1HsWh6YwJDvS8NxH/8zoZRhdBzmWaIZN0tijKhI2JPQnA7nHFKIqRIYQqbm616YAoQtHEVDYhuPMvLxLvtH5Zd2/Pqo2rIo0SHMIRnIAL59CAG2iCBxRSeIZXeLMy68V6tz5mrUtWMXMAf2B9/gBOsZFm</latexit><latexit sha1_base64="POUg/p+BTGMpRpQXC9R/u1zjsc8=">AAAB8nicbVBNS8NAEJ34WetX1aOXYJF6KokI6q3oxWMFYwtNKJvtpl262cTdiVhC/4YXDype/TXe/Ddu2xy09cHA470ZZuaFqeAaHefbWlpeWV1bL22UN7e2d3Yre/v3OskUZR5NRKLaIdFMcMk85ChYO1WMxKFgrXB4PfFbj0xpnsg7HKUsiElf8ohTgkbyfWRPGEb5Q6027laqTt2Zwl4kbkGqUKDZrXz5vYRmMZNIBdG64zopBjlRyKlg47KfaZYSOiR91jFUkpjpIJ/ePLaPjdKzo0SZkmhP1d8TOYm1HsWh6YwJDvS8NxH/8zoZRhdBzmWaIZN0tijKhI2JPQnA7nHFKIqRIYQqbm616YAoQtHEVDYhuPMvLxLvtH5Zd2/Pqo2rIo0SHMIRnIAL59CAG2iCBxRSeIZXeLMy68V6tz5mrUtWMXMAf2B9/gBOsZFm</latexit>

Figure 2. Asymptotic regions of the space of GL(n) equivariant parame-
ters. In the n ! 1 limit, provided that (2.25) holds, we approach the given
fixed point.

Remark. The above theorem has an interesting interpretation from the point of view
of enumerative geometry viewpoint and Gromov-Witten theory in particular. Formulae
like (2.10), which are closed cousins of Givental J-functions, serve as generating functions
of the equivariant gravitational descendants of Xn. Due to (2.25) the q-hypergeometric-
type series truncate to polynomials thereby implying that these equivariant gravitational
descendants vanish identically starting from some order in ⇣i’s. The parameters of the
problem get adjusted in such a way that the equivariant volume of the moduli spaces of
quasimaps of degrees (d1, . . . , dn�1) which exceed (�1, . . . ,�n�1) become zero.3.

3I thank A. Okounkov and S. Katz for interesting discussions on these matters.
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Example. Let us look at the simplest example X2 = T
⇤P1. The corresponding vertex

function is given by the q-hypergeometric function

(2.26) V
(1)
p =

X

d>0

✓
⇣1

⇣2

◆d 2Y

i=1

⇣
q
~
ap
ai
; q
⌘

d⇣
ap
ai
; q
⌘

d

=2�1

✓
~, ~ap

ap̄
, q

ap

ap̄
; q;

q

~
⇣1

⇣2

◆
.

Here a1̄ = a2 and a2̄ = a1. One can easily see that Weyl reflection of sl2 interchanges V (1)
1

and V
(1)
2 . Then we have

(2.27) Vp =
✓(⇣1, q)

✓(a1⇣1, q)

✓(~⇣2, q)
✓(a2⇣2, q)

· V (1)
p .

The condition (2.23) reads a1 = aq
�1~�1

, a2 = aq
�2 . Then we have the following Macdon-

ald polynomials for some simple tableaux.

V = ⇣1 + ⇣2,

V = ⇣
2
1 + ⇣

2
2 +

(q + 1)(~� 1)

q~� 1
⇣1⇣2,

V = ⇣
3
1 + ⇣

3
2 +

�
q
2 + q + 1

�
(~� 1)

q2~� 1
⇣2⇣

2
1 +

�
q
2 + q + 1

�
(~� 1)

q2~� 1
⇣
2
2⇣1 .(2.28)

Here the Young tableaux at the subscripts have their heights equal to �2. Without loss
of generality we can assume �n = 0 for all formulae. In other words, for T

⇤P1 the corre-
sponding Macdonald polynomials depend only on one integer parameter (so-called Roger

Problem (a): Count the number of partitions with odd parts from the previous examples

Problem (b): Count the number of partitions with distinct parts from the previous examples
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Example. Let us look at the simplest example X2 = T
⇤P1. The corresponding vertex

function is given by the q-hypergeometric function

(2.26) V
(1)
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X

d>0

✓
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◆d 2Y
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⇣
q
~
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ai
; q
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d⇣
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; q
⌘

d

=2�1

✓
~, ~ap

ap̄
, q

ap

ap̄
; q;

q

~
⇣1

⇣2

◆
.

Here a1̄ = a2 and a2̄ = a1. One can easily see that Weyl reflection of sl2 interchanges V (1)
1

and V
(1)
2 . Then we have

(2.27) Vp =
✓(⇣1, q)

✓(a1⇣1, q)

✓(~⇣2, q)
✓(a2⇣2, q)

· V (1)
p .

The condition (2.23) reads a1 = aq
�1~�1

, a2 = aq
�2 . Then we have the following Macdon-

ald polynomials for some simple tableaux.

V = ⇣1 + ⇣2,

V = ⇣
2
1 + ⇣

2
2 +

(q + 1)(~� 1)

q~� 1
⇣1⇣2,

V = ⇣
3
1 + ⇣

3
2 +

�
q
2 + q + 1

�
(~� 1)

q2~� 1
⇣2⇣

2
1 +

�
q
2 + q + 1

�
(~� 1)

q2~� 1
⇣
2
2⇣1 .(2.28)



{7}, {6, 1}, {5, 2}, {5, 1, 1}, {4, 3}, {4, 2, 1}, {4, 1, 1, 1}, {3, 3, 1}, {3, 2, 2}, {3, 2, 1, 1}, 

{3, 1, 1, 1, 1}, {2, 2, 2, 1}, {2, 2, 1, 1, 1}, {2, 1, 1, 1, 1, 1}, {1, 1, 1, 1, 1, 1, 1}

n=7 p(7)=15

{8}, {7, 1}, {6, 2}, {6, 1, 1}, {5, 3}, {5, 2, 1}, {5, 1, 1, 1}, {4, 4}, {4, 3, 1}, {4, 2, 2}, {4, 2, 1, 1}, 
{4, 1, 1, 1, 1}, {3, 3, 2}, {3, 3, 1, 1}, {3, 2, 2, 1}, {3, 2, 1, 1, 1}, {3, 1, 1, 1, 1, 1}, {2, 2, 2, 2}, 
{2, 2, 2, 1, 1}, {2, 2, 1, 1, 1, 1}, {2, 1, 1, 1, 1, 1, 1}, {1, 1, 1, 1, 1, 1, 1, 1}

n=8 p(8)=22

{9}, {8, 1}, {7, 2}, {7, 1, 1}, {6, 3}, {6, 2, 1}, {6, 1, 1, 1}, {5, 4}, {5, 3, 1}, {5, 2, 2}, {5, 2, 1, 1}, 
{5, 1, 1, 1, 1}, {4, 4, 1}, {4, 3, 2}, {4, 3, 1, 1}, {4, 2, 2, 1}, {4, 2, 1, 1, 1}, {4, 1, 1, 1, 1, 1}, 

{3, 3, 3}, {3, 3, 2, 1}, {3, 3, 1, 1, 1}, {3, 2, 2, 2}, {3, 2, 2, 1, 1}, {3, 2, 1, 1, 1, 1}, 

{3, 1, 1, 1, 1, 1, 1}, {2, 2, 2, 2, 1}, {2, 2, 2, 1, 1, 1}, {2, 2, 1, 1, 1, 1, 1}, {2, 1, 1, 1, 1, 1, 1, 1}, 
{1, 1, 1, 1, 1, 1, 1, 1, 1}

n=9 p(9)=30



2

odd distinct

5 5
3,1,1 4,1

1,1,1,1,1 3,2

odd distinct

5,1 6
3,3 5,1

3,1,1,1 4,2
1,1,1,1,1,1 3,2,1

odd distinct

7 7
5,1,1 6,1
3,3,1 5,2

3,1,1,1,1 4,3
1,1,1,1,1,1,1 4,2,1

odd distinct

7,1 8
5,3 7,1

5,1,1,1 6,2
3,3,1,1 5,3

3,1,1,1,1,1 5,2,1
1,1,1,1,1,1,1,1 4,3,1

odd distinct

9 9
7,1,1 8,1
5,1,1,1 7,2
5,3,1 6,3
3,3,3 6,2,1

3,3,1,1,1 5,4
3,1,1,1,1,1,1 5,3,1

1,1,1,1,1,1,1,1,1 4,3,2

Table 1. Odd and Distinct partitions for n = 5, 6, 7, 8, 9

1.2. Odd and Distinct. Next lecture, after understanding the above connection, we
shall study partitions which are odd and distinct at the same time. They will be related
to some new type of partitions. Below I list all partitions of n = 9, 10, 11. The lists are
getting quite long, so at this point it is not worth drawing Young diagrams.

Problem: Find all partitions from the lists below which are simultaneously odd and
distinct:

n=9, p(9)=30

{9}, {8, 1}, {7, 2}, {7, 1, 1}, {6, 3}, {6, 2, 1}, {6, 1, 1, 1}, {5, 4}, {5, 3, 1}, {5, 2, 2}, {5, 2, 1, 1},
{5, 1, 1, 1, 1}, {4, 4, 1}, {4, 3, 2}, {4, 3, 1, 1}, {4, 2, 2, 1}, {4, 2, 1, 1, 1}, {4, 1, 1, 1, 1, 1}, {3, 3, 3},
{3, 3, 2, 1}, {3, 3, 1, 1, 1}, {3, 2, 2, 2}, {3, 2, 2, 1, 1}, {3, 2, 1, 1, 1, 1}, {3, 1, 1, 1, 1, 1, 1}, {2, 2, 2, 2, 1},

{2, 2, 2, 1, 1, 1}, {2, 2, 1, 1, 1, 1, 1}, {2, 1, 1, 1, 1, 1, 1, 1}, {1, 1, 1, 1, 1, 1, 1, 1, 1}

n=10, p(10)=42

{{10}, {9, 1}, {8, 2}, {8, 1, 1}, {7, 3}, {7, 2, 1}, {7, 1, 1, 1}, {6, 4}, {6, 3, 1}, {6, 2, 2}, {6, 2, 1, 1},
{6, 1, 1, 1, 1}, {5, 5}, {5, 4, 1}, {5, 3, 2}, {5, 3, 1, 1}, {5, 2, 2, 1}, {5, 2, 1, 1, 1}, {5, 1, 1, 1, 1, 1},
{4, 4, 2}, {4, 4, 1, 1}, {4, 3, 3}, {4, 3, 2, 1}, {4, 3, 1, 1, 1}, {4, 2, 2, 2}, {4, 2, 2, 1, 1}, {4, 2, 1, 1, 1, 1},
{4, 1, 1, 1, 1, 1, 1}, {3, 3, 3, 1}, {3, 3, 2, 2}, {3, 3, 2, 1, 1}, {3, 3, 1, 1, 1, 1}, {3, 2, 2, 2, 1}, {3, 2, 2, 1, 1, 1},

{3, 2, 1, 1, 1, 1, 1}, {3, 1, 1, 1, 1, 1, 1, 1}, {2, 2, 2, 2, 2}, {2, 2, 2, 2, 1, 1}, {2, 2, 2, 1, 1, 1, 1},
{2, 2, 1, 1, 1, 1, 1, 1}, {2, 1, 1, 1, 1, 1, 1, 1, 1}, {1, 1, 1, 1, 1, 1, 1, 1, 1, 1}}
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odd distinct

5 5
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7 7
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5,3 7,1

5,1,1,1 6,2
3,3,1,1 5,3

3,1,1,1,1,1 5,2,1
1,1,1,1,1,1,1,1 4,3,1

odd distinct

9 9
7,1,1 8,1
5,1,1,1 7,2
5,3,1 6,3
3,3,3 6,2,1

3,3,1,1,1 5,4
3,1,1,1,1,1,1 5,3,1

1,1,1,1,1,1,1,1,1 4,3,2

Table 1. Odd and Distinct partitions for n = 5, 6, 7, 8, 9

1.2. Odd and Distinct. Next lecture, after understanding the above connection, we
shall study partitions which are odd and distinct at the same time. They will be related
to some new type of partitions. Below I list all partitions of n = 9, 10, 11. The lists are
getting quite long, so at this point it is not worth drawing Young diagrams.

Problem: Find all partitions from the lists below which are simultaneously odd and
distinct:

n=9, p(9)=30

{9}, {8, 1}, {7, 2}, {7, 1, 1}, {6, 3}, {6, 2, 1}, {6, 1, 1, 1}, {5, 4}, {5, 3, 1}, {5, 2, 2}, {5, 2, 1, 1},
{5, 1, 1, 1, 1}, {4, 4, 1}, {4, 3, 2}, {4, 3, 1, 1}, {4, 2, 2, 1}, {4, 2, 1, 1, 1}, {4, 1, 1, 1, 1, 1}, {3, 3, 3},
{3, 3, 2, 1}, {3, 3, 1, 1, 1}, {3, 2, 2, 2}, {3, 2, 2, 1, 1}, {3, 2, 1, 1, 1, 1}, {3, 1, 1, 1, 1, 1, 1}, {2, 2, 2, 2, 1},

{2, 2, 2, 1, 1, 1}, {2, 2, 1, 1, 1, 1, 1}, {2, 1, 1, 1, 1, 1, 1, 1}, {1, 1, 1, 1, 1, 1, 1, 1, 1}

n=10, p(10)=42

{{10}, {9, 1}, {8, 2}, {8, 1, 1}, {7, 3}, {7, 2, 1}, {7, 1, 1, 1}, {6, 4}, {6, 3, 1}, {6, 2, 2}, {6, 2, 1, 1},
{6, 1, 1, 1, 1}, {5, 5}, {5, 4, 1}, {5, 3, 2}, {5, 3, 1, 1}, {5, 2, 2, 1}, {5, 2, 1, 1, 1}, {5, 1, 1, 1, 1, 1},
{4, 4, 2}, {4, 4, 1, 1}, {4, 3, 3}, {4, 3, 2, 1}, {4, 3, 1, 1, 1}, {4, 2, 2, 2}, {4, 2, 2, 1, 1}, {4, 2, 1, 1, 1, 1},
{4, 1, 1, 1, 1, 1, 1}, {3, 3, 3, 1}, {3, 3, 2, 2}, {3, 3, 2, 1, 1}, {3, 3, 1, 1, 1, 1}, {3, 2, 2, 2, 1}, {3, 2, 2, 1, 1, 1},

{3, 2, 1, 1, 1, 1, 1}, {3, 1, 1, 1, 1, 1, 1, 1}, {2, 2, 2, 2, 2}, {2, 2, 2, 2, 1, 1}, {2, 2, 2, 1, 1, 1, 1},
{2, 2, 1, 1, 1, 1, 1, 1}, {2, 1, 1, 1, 1, 1, 1, 1, 1}, {1, 1, 1, 1, 1, 1, 1, 1, 1, 1}}

Odd & Distinct Partitions
Find odd and distinct partitions for n = 1,2,…,11



3

n=11, p(11)=56

{{11}, {10, 1}, {9, 2}, {9, 1, 1}, {8, 3}, {8, 2, 1}, {8, 1, 1, 1}, {7, 4}, {7, 3, 1}, {7, 2, 2}, {7, 2, 1, 1},
{7, 1, 1, 1, 1}, {6, 5}, {6, 4, 1}, {6, 3, 2}, {6, 3, 1, 1}, {6, 2, 2, 1}, {6, 2, 1, 1, 1}, {6, 1, 1, 1, 1, 1}, {5, 5, 1},
{5, 4, 2}, {5, 4, 1, 1}, {5, 3, 3}, {5, 3, 2, 1}, {5, 3, 1, 1, 1}, {5, 2, 2, 2}, {5, 2, 2, 1, 1}, {5, 2, 1, 1, 1, 1},
{5, 1, 1, 1, 1, 1, 1}, {4, 4, 3}, {4, 4, 2, 1}, {4, 4, 1, 1, 1}, {4, 3, 3, 1}, {4, 3, 2, 2}, {4, 3, 2, 1, 1}, {4, 3, 1, 1, 1, 1},
{4, 2, 2, 2, 1}, {4, 2, 2, 1, 1, 1}, {4, 2, 1, 1, 1, 1, 1}, {4, 1, 1, 1, 1, 1, 1, 1}, {3, 3, 3, 2}, {3, 3, 3, 1, 1}, {3, 3, 2, 2, 1},
{3, 3, 2, 1, 1, 1}, {3, 3, 1, 1, 1, 1, 1}, {3, 2, 2, 2, 2}, {3, 2, 2, 2, 1, 1}, {3, 2, 2, 1, 1, 1, 1}, {3, 2, 1, 1, 1, 1, 1, 1},
{3, 1, 1, 1, 1, 1, 1, 1, 1}, {2, 2, 2, 2, 2, 1}, {2, 2, 2, 2, 1, 1, 1}, {2, 2, 2, 1, 1, 1, 1, 1}, {2, 2, 1, 1, 1, 1, 1, 1, 1},

{2, 1, 1, 1, 1, 1, 1, 1, 1, 1}, {1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1}}



Odd vs. Distinct

Lecture #2 01/21/20

1. Partitions

1.1. Table of partitions. We started our lecture by reviewing the notion of partitions
(see the accompanying keynote file). Then we recalled the notion of odd partitions (all
summands are odd numbers: 4 = 1 + 1 + 1 + 1 and 4 = 3 + 1) and distinct partitions
(all summands are di↵erent from one another: 4 = 3 + 1 and 4 = 4 + 0). We noticed
again that a partition can be odd and distinct at the same time or can be neither odd
nor distinct (keep this in mind, we’ll need this fact for the next lecture!).
We then reconstructed the table and even added some more columns:

n 1 2 3 4 5 6 7 8 9
p(n) 1 2 3 5 7 11 15 22 30
# odd 1 1 2 2 3 4 5 6 8
# dist. 1 1 2 2 3 4 5 6 8

From the last two rows the pattern is clear – the number of odd partitions is equal to
the number of distinct partitions. We now can prove this remarkable conjecture. In other
words, we need to show that for any integer n for any odd partition there should be only
one distinct partition and vice versa – for any distinct partition there is a unique odd
partition. Mathematicians say the there is a one-to-one correspondence between the set
of odd partitions and the set of distinct partitions.
We started with listing odd and distinct partitions for every integer. For small numbers

n = 1, 2, 3, 4 there are very few partitions of each kind, so we started making tables for
numbers 5 and higher (see Table 1).

One needs to come up with a rule which will provide the desired 1-1 correspondence
between left and right columns of the above partitions. This rule must be universal – it
should work in the same way for any integer and for any partition.
In class we started to make some guesses and some kids have understood the mapping.

If you have not finished the problem in class – see the first HW problem below for hints.

1
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Remark. Note that out n! fixed points of T acting on Xn only for single point q we
get a polynomial out of Vq. Other coe�cient functions Vp remain infinite series which we
shall further ignore. One can verify by examining (2.25) that in the n ! 1 limit these
coe�cient functions will be suppressed. A choice of fixed point q following the large-n limits
corresponds to zooming into a certain asymptotic region in which |aS(1)| � |aS(2)| � · · · �
|aS(n)|, where S 2 Sn is a permutation corresponding to the choice of fixed point q.

q
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Figure 2. Asymptotic regions of the space of GL(n) equivariant parame-
ters. In the n ! 1 limit, provided that (2.25) holds, we approach the given
fixed point.

Remark. The above theorem has an interesting interpretation from the point of view
of enumerative geometry viewpoint and Gromov-Witten theory in particular. Formulae
like (2.10), which are closed cousins of Givental J-functions, serve as generating functions
of the equivariant gravitational descendants of Xn. Due to (2.25) the q-hypergeometric-
type series truncate to polynomials thereby implying that these equivariant gravitational
descendants vanish identically starting from some order in ⇣i’s. The parameters of the
problem get adjusted in such a way that the equivariant volume of the moduli spaces of
quasimaps of degrees (d1, . . . , dn�1) which exceed (�1, . . . ,�n�1) become zero.3.

3I thank A. Okounkov and S. Katz for interesting discussions on these matters.
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Example. Let us look at the simplest example X2 = T
⇤P1. The corresponding vertex

function is given by the q-hypergeometric function
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Here a1̄ = a2 and a2̄ = a1. One can easily see that Weyl reflection of sl2 interchanges V (1)
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The condition (2.23) reads a1 = aq
�1~�1

, a2 = aq
�2 . Then we have the following Macdon-

ald polynomials for some simple tableaux.
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Here the Young tableaux at the subscripts have their heights equal to �2. Without loss
of generality we can assume �n = 0 for all formulae. In other words, for T

⇤P1 the corre-
sponding Macdonald polynomials depend only on one integer parameter (so-called Roger
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Problem: Why is the number of these partitions is the same for every n?



2

odd distinct

5 5
3,1,1 4,1

1,1,1,1,1 3,2

odd distinct

5,1 6
3,3 5,1

3,1,1,1 4,2
1,1,1,1,1,1 3,2,1

odd distinct

7 7
5,1,1 6,1
3,3,1 5,2

3,1,1,1,1 4,3
1,1,1,1,1,1,1 4,2,1

odd distinct

7,1 8
5,3 7,1

5,1,1,1 6,2
3,3,1,1 5,3

3,1,1,1,1,1 5,2,1
1,1,1,1,1,1,1,1 4,3,1

odd distinct

9 9
7,1,1 8,1
5,1,1,1 7,2
5,3,1 6,3
3,3,3 6,2,1

3,3,1,1,1 5,4
3,1,1,1,1,1,1 5,3,1

1,1,1,1,1,1,1,1,1 4,3,2

Table 1. Odd and Distinct partitions for n = 5, 6, 7, 8, 9

1.2. Odd and Distinct. Next lecture, after understanding the above connection, we
shall study partitions which are odd and distinct at the same time. They will be related
to some new type of partitions. Below I list all partitions of n = 9, 10, 11. The lists are
getting quite long, so at this point it is not worth drawing Young diagrams.

Problem: Find all partitions from the lists below which are simultaneously odd and
distinct:

n=9, p(9)=30

{9}, {8, 1}, {7, 2}, {7, 1, 1}, {6, 3}, {6, 2, 1}, {6, 1, 1, 1}, {5, 4}, {5, 3, 1}, {5, 2, 2}, {5, 2, 1, 1},
{5, 1, 1, 1, 1}, {4, 4, 1}, {4, 3, 2}, {4, 3, 1, 1}, {4, 2, 2, 1}, {4, 2, 1, 1, 1}, {4, 1, 1, 1, 1, 1}, {3, 3, 3},
{3, 3, 2, 1}, {3, 3, 1, 1, 1}, {3, 2, 2, 2}, {3, 2, 2, 1, 1}, {3, 2, 1, 1, 1, 1}, {3, 1, 1, 1, 1, 1, 1}, {2, 2, 2, 2, 1},

{2, 2, 2, 1, 1, 1}, {2, 2, 1, 1, 1, 1, 1}, {2, 1, 1, 1, 1, 1, 1, 1}, {1, 1, 1, 1, 1, 1, 1, 1, 1}

n=10, p(10)=42

{{10}, {9, 1}, {8, 2}, {8, 1, 1}, {7, 3}, {7, 2, 1}, {7, 1, 1, 1}, {6, 4}, {6, 3, 1}, {6, 2, 2}, {6, 2, 1, 1},
{6, 1, 1, 1, 1}, {5, 5}, {5, 4, 1}, {5, 3, 2}, {5, 3, 1, 1}, {5, 2, 2, 1}, {5, 2, 1, 1, 1}, {5, 1, 1, 1, 1, 1},
{4, 4, 2}, {4, 4, 1, 1}, {4, 3, 3}, {4, 3, 2, 1}, {4, 3, 1, 1, 1}, {4, 2, 2, 2}, {4, 2, 2, 1, 1}, {4, 2, 1, 1, 1, 1},
{4, 1, 1, 1, 1, 1, 1}, {3, 3, 3, 1}, {3, 3, 2, 2}, {3, 3, 2, 1, 1}, {3, 3, 1, 1, 1, 1}, {3, 2, 2, 2, 1}, {3, 2, 2, 1, 1, 1},

{3, 2, 1, 1, 1, 1, 1}, {3, 1, 1, 1, 1, 1, 1, 1}, {2, 2, 2, 2, 2}, {2, 2, 2, 2, 1, 1}, {2, 2, 2, 1, 1, 1, 1},
{2, 2, 1, 1, 1, 1, 1, 1}, {2, 1, 1, 1, 1, 1, 1, 1, 1}, {1, 1, 1, 1, 1, 1, 1, 1, 1, 1}}



Matching
7

One needs to come up with a rule which will provide the desired 1-1 correspondence
between left and right columns of the above partitions. This rule must be universal – it
should work in the same way for any integer and for any partition.
From Distinct to Odd. First, consider a distinct partition from any of the right columns
from the table. If this partition happens to be odd (remember, all numbers are odd), i.e.
5, 3, 1 or 7, then we do not need to do anything about it – exactly the same partition exists
in the left column. All other distinct partitions will have some even numbers in them, like
7, 2 or 4, 3, 1. Again we only need to worry about even numbers in these partitions and
leave out the odd numbers. After a short discussion in class we agreed on the following
rules:

2 ! 1, 1

4 ! 1, 1, 1, 1

6 ! 3, 3

8 ! 1, 1, 1, 1, 1, 1, 1, 1

Then the students were quickly able to explain the rule – each even number can be divided
by 2. If the result is odd, as in 6 : 2 = 3, then we represent this number as the sum of
two odd numbers (6 = 3 + 3 or 10 = 5 + 5). If the result of the division is even, we divide
by 2 again. We stop the division process until we get an odd number. We can see that if
the initial even number was a power of 2 (2,4,8,16, etc) then we will divide it by 2 until
we get 1. This is why 4 = 1 + 1 + 1 + 1 and 8 is a sum of eight 1s.

Keeping the above rule in mind we have the following matching of the partitions of 8:

8 ! 1, 1, 1, 1, 1, 1, 1, 1

7, 1 ! 7, 1

6, 2 ! 3, 3, 1, 1

5, 3 ! 5, 3

5, 2, 1 ! 5, 1, 1, 1

4, 3, 1 ! 3, 1, 1, 1, 1, 1

Note that we may need to reorder the terms to keep the resulting odd partitions in the
standard form (numbers are listed in non-increasing order).
From Odd to Distinct. Now we need to find a map from every partition in the left
column (odd) to a partition from the right column (distinct) such that no two partitions
are mapped to the same one.

First, if an odd partition is distinct already then we simply map to the same partition
in the right column.

Second, if we have some repetitive numbers, like in partition 3, 1, 1, 1, 1 of 7, we need
to combine them in such a way that the resulting partition will be distinct. There is
obviously some ambiguity in this process. Indeed, four 1s can be combined either into
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the initial even number was a power of 2 (2,4,8,16, etc) then we will divide it by 2 until
we get 1. This is why 4 = 1 + 1 + 1 + 1 and 8 is a sum of eight 1s.

Keeping the above rule in mind we have the following matching of the partitions of 8:

8 ! 1, 1, 1, 1, 1, 1, 1, 1

7, 1 ! 7, 1

6, 2 ! 3, 3, 1, 1

5, 3 ! 5, 3

5, 2, 1 ! 5, 1, 1, 1

4, 3, 1 ! 3, 1, 1, 1, 1, 1

Note that we may need to reorder the terms to keep the resulting odd partitions in the
standard form (numbers are listed in non-increasing order).
From Odd to Distinct. Now we need to find a map from every partition in the left
column (odd) to a partition from the right column (distinct) such that no two partitions
are mapped to the same one.

First, if an odd partition is distinct already then we simply map to the same partition
in the right column.

Second, if we have some repetitive numbers, like in partition 3, 1, 1, 1, 1 of 7, we need
to combine them in such a way that the resulting partition will be distinct. There is
obviously some ambiguity in this process. Indeed, four 1s can be combined either into
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3, 1 or into 4 (they cannot be combined into 2, 2 as this is not distinct). In class we kept
both options open until we tried to match the partitions explicitly from Table 2. Turns
out 1, 1, 1, 1 ! 3, 1 is not a good option. Indeed, we already have 3 in some partitions, so
grouping four 1s into 3 and 1 will not make the resulting partition distinct. Similarly, we
should not group six 1s intro 5 and 1 as some odd partitions may have 5 in them already.
In short, one should avoid all odd numbers except 1 (the latter is inevitable if we deal
with the odd amount of 1s in the odd partition).

After some discussion we proposed the following dictionary of mapping groups of 1s
into distinct subpartitions:

1 ! 1

1, 1 ! 2

1, 1, 1 ! 2, 1

1, 1, 1, 1 ! 4

1, 1, 1, 1, 1 ! 4, 1

1, 1, 1, 1, 1, 1 ! 4, 2

1, 1, 1, 1, 1, 1, 1 ! 4, 2, 1

1, 1, 1, 1, 1, 1, 1, 1 ! 8

1, 1, 1, 1, 1, 1, 1, 1, 1 ! 8, 1

This rule can be summarized as follows. Denote the amount of 1s by L. If L is even
then we group L 1s into groups of two 1s. For instance, for six 1s we have

1, 1, 1, 1, 1, 1 ! (1, 1) (1, 1) (1, 1)

Then we count the number of these groups. If this number is odd (as it is above) then
we leave out one group and combine the others into groups of four 1s

(1, 1) (1, 1) (1, 1) ! (1, 1, 1, 1) (1, 1) = 4, 2

We can keep the process of grouping until we have only one group left.
Now assume that L is odd. Then L � 1 is even and we proceed as above. For instance

nine 1s become

1, 1, 1, 1, 1, 1, 1, 1, 1 ! (1, 1) (1, 1) (1, 1) (1, 1), 1 ! (1, 1, 1, 1) (1, 1, 1, 1), 1 ! (1, 1, 1, 1, 1, 1, 1, 1), 1 = 8, 1

Since most kids knew about powers of two we immediately understood that after ap-
plying the above rules the numbers which appear in the resulting distinct partitions are
powers of two – 20 = 1, 21 = 2, 22 = 4, 23 = 8, . . . . Therefore we have (re)discovered
binary presentation of integers – each number (in this problem the number of times 1
appears – the so-called multiplicity) is a sum of powers of two:

3 = 21 + 20 , 5 = 22 + 20 , 8 = 23 .

Finally we need to address other repetitive odd integers from the left columns. If we
have, say, 5, 5, 5 or 7, 7, 7, 7 inside an odd partition we can first replace them with 1s and
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Remark. Note that out n! fixed points of T acting on Xn only for single point q we
get a polynomial out of Vq. Other coe�cient functions Vp remain infinite series which we
shall further ignore. One can verify by examining (2.25) that in the n ! 1 limit these
coe�cient functions will be suppressed. A choice of fixed point q following the large-n limits
corresponds to zooming into a certain asymptotic region in which |aS(1)| � |aS(2)| � · · · �
|aS(n)|, where S 2 Sn is a permutation corresponding to the choice of fixed point q.
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Figure 2. Asymptotic regions of the space of GL(n) equivariant parame-
ters. In the n ! 1 limit, provided that (2.25) holds, we approach the given
fixed point.

Remark. The above theorem has an interesting interpretation from the point of view
of enumerative geometry viewpoint and Gromov-Witten theory in particular. Formulae
like (2.10), which are closed cousins of Givental J-functions, serve as generating functions
of the equivariant gravitational descendants of Xn. Due to (2.25) the q-hypergeometric-
type series truncate to polynomials thereby implying that these equivariant gravitational
descendants vanish identically starting from some order in ⇣i’s. The parameters of the
problem get adjusted in such a way that the equivariant volume of the moduli spaces of
quasimaps of degrees (d1, . . . , dn�1) which exceed (�1, . . . ,�n�1) become zero.3.

3I thank A. Okounkov and S. Katz for interesting discussions on these matters.
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Remark. Note that out n! fixed points of T acting on Xn only for single point q we
get a polynomial out of Vq. Other coe�cient functions Vp remain infinite series which we
shall further ignore. One can verify by examining (2.25) that in the n ! 1 limit these
coe�cient functions will be suppressed. A choice of fixed point q following the large-n limits
corresponds to zooming into a certain asymptotic region in which |aS(1)| � |aS(2)| � · · · �
|aS(n)|, where S 2 Sn is a permutation corresponding to the choice of fixed point q.
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Figure 2. Asymptotic regions of the space of GL(n) equivariant parame-
ters. In the n ! 1 limit, provided that (2.25) holds, we approach the given
fixed point.

Remark. The above theorem has an interesting interpretation from the point of view
of enumerative geometry viewpoint and Gromov-Witten theory in particular. Formulae
like (2.10), which are closed cousins of Givental J-functions, serve as generating functions
of the equivariant gravitational descendants of Xn. Due to (2.25) the q-hypergeometric-
type series truncate to polynomials thereby implying that these equivariant gravitational
descendants vanish identically starting from some order in ⇣i’s. The parameters of the
problem get adjusted in such a way that the equivariant volume of the moduli spaces of
quasimaps of degrees (d1, . . . , dn�1) which exceed (�1, . . . ,�n�1) become zero.3.

3I thank A. Okounkov and S. Katz for interesting discussions on these matters.
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Remark. Note that out n! fixed points of T acting on Xn only for single point q we
get a polynomial out of Vq. Other coe�cient functions Vp remain infinite series which we
shall further ignore. One can verify by examining (2.25) that in the n ! 1 limit these
coe�cient functions will be suppressed. A choice of fixed point q following the large-n limits
corresponds to zooming into a certain asymptotic region in which |aS(1)| � |aS(2)| � · · · �
|aS(n)|, where S 2 Sn is a permutation corresponding to the choice of fixed point q.
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q
<latexit sha1_base64="gqhkYh7MBm9GaiVNDBxVo5M1bBY=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rWFtsQ9lsJ+3SzSbuTsQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFpeWV1rbhe2tjc2t4p7+7dmTjVHBo8lrFuBcyAFAoaKFBCK9HAokBCMxheTfzmI2gjYnWLowT8iPWVCAVnaKX7DsITBmH2MO6WK27VnYIuEi8nFZKj3i1/dXoxTyNQyCUzpu25CfoZ0yi4hHGpkxpIGB+yPrQtVSwC42fTi8f0yCo9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGJ77mVBJiqD4bFGYSooxnbxPe0IDRzmyhHEt7K2UD5hmHG1IJRuCN//yImmcVC+q3s1ppXaZp1EkB+SQHBOPnJEauSZ10iCcKPJMXsmbY5wX5935mLUWnHxmn/yB8/kDhq2RBA==</latexit><latexit sha1_base64="gqhkYh7MBm9GaiVNDBxVo5M1bBY=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rWFtsQ9lsJ+3SzSbuTsQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFpeWV1rbhe2tjc2t4p7+7dmTjVHBo8lrFuBcyAFAoaKFBCK9HAokBCMxheTfzmI2gjYnWLowT8iPWVCAVnaKX7DsITBmH2MO6WK27VnYIuEi8nFZKj3i1/dXoxTyNQyCUzpu25CfoZ0yi4hHGpkxpIGB+yPrQtVSwC42fTi8f0yCo9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGJ77mVBJiqD4bFGYSooxnbxPe0IDRzmyhHEt7K2UD5hmHG1IJRuCN//yImmcVC+q3s1ppXaZp1EkB+SQHBOPnJEauSZ10iCcKPJMXsmbY5wX5935mLUWnHxmn/yB8/kDhq2RBA==</latexit><latexit sha1_base64="gqhkYh7MBm9GaiVNDBxVo5M1bBY=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rWFtsQ9lsJ+3SzSbuTsQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFpeWV1rbhe2tjc2t4p7+7dmTjVHBo8lrFuBcyAFAoaKFBCK9HAokBCMxheTfzmI2gjYnWLowT8iPWVCAVnaKX7DsITBmH2MO6WK27VnYIuEi8nFZKj3i1/dXoxTyNQyCUzpu25CfoZ0yi4hHGpkxpIGB+yPrQtVSwC42fTi8f0yCo9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGJ77mVBJiqD4bFGYSooxnbxPe0IDRzmyhHEt7K2UD5hmHG1IJRuCN//yImmcVC+q3s1ppXaZp1EkB+SQHBOPnJEauSZ10iCcKPJMXsmbY5wX5935mLUWnHxmn/yB8/kDhq2RBA==</latexit><latexit sha1_base64="gqhkYh7MBm9GaiVNDBxVo5M1bBY=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rWFtsQ9lsJ+3SzSbuTsQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFpeWV1rbhe2tjc2t4p7+7dmTjVHBo8lrFuBcyAFAoaKFBCK9HAokBCMxheTfzmI2gjYnWLowT8iPWVCAVnaKX7DsITBmH2MO6WK27VnYIuEi8nFZKj3i1/dXoxTyNQyCUzpu25CfoZ0yi4hHGpkxpIGB+yPrQtVSwC42fTi8f0yCo9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGJ77mVBJiqD4bFGYSooxnbxPe0IDRzmyhHEt7K2UD5hmHG1IJRuCN//yImmcVC+q3s1ppXaZp1EkB+SQHBOPnJEauSZ10iCcKPJMXsmbY5wX5935mLUWnHxmn/yB8/kDhq2RBA==</latexit>

q’
<latexit sha1_base64="ZPVKn7sWcU0A41XCeU9vhhNw8LQ=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbRU0lEUG9FLx4rGFtIQ9lsN+3SzW7cnYgl9Gd48aDi1X/jzX/jts1BWx8MPN6bYWZelApuwHW/ndLS8srqWnm9srG5tb1T3d27NyrTlPlUCaXbETFMcMl84CBYO9WMJJFgrWh4PfFbj0wbruQdjFIWJqQvecwpASsFHWBPEMX5w/G4W625dXcKvEi8gtRQgWa3+tXpKZolTAIVxJjAc1MIc6KBU8HGlU5mWErokPRZYKkkCTNhPj15jI+s0sOx0rYk4Kn6eyIniTGjJLKdCYGBmfcm4n9ekEF8EeZcphkwSWeL4kxgUHjyP+5xzSiIkSWEam5vxXRANKFgU6rYELz5lxeJf1q/rHu3Z7XGVZFGGR2gQ3SCPHSOGugGNZGPKFLoGb2iNwecF+fd+Zi1lpxiZh/9gfP5A+qTkTU=</latexit><latexit sha1_base64="ZPVKn7sWcU0A41XCeU9vhhNw8LQ=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbRU0lEUG9FLx4rGFtIQ9lsN+3SzW7cnYgl9Gd48aDi1X/jzX/jts1BWx8MPN6bYWZelApuwHW/ndLS8srqWnm9srG5tb1T3d27NyrTlPlUCaXbETFMcMl84CBYO9WMJJFgrWh4PfFbj0wbruQdjFIWJqQvecwpASsFHWBPEMX5w/G4W625dXcKvEi8gtRQgWa3+tXpKZolTAIVxJjAc1MIc6KBU8HGlU5mWErokPRZYKkkCTNhPj15jI+s0sOx0rYk4Kn6eyIniTGjJLKdCYGBmfcm4n9ekEF8EeZcphkwSWeL4kxgUHjyP+5xzSiIkSWEam5vxXRANKFgU6rYELz5lxeJf1q/rHu3Z7XGVZFGGR2gQ3SCPHSOGugGNZGPKFLoGb2iNwecF+fd+Zi1lpxiZh/9gfP5A+qTkTU=</latexit><latexit sha1_base64="ZPVKn7sWcU0A41XCeU9vhhNw8LQ=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbRU0lEUG9FLx4rGFtIQ9lsN+3SzW7cnYgl9Gd48aDi1X/jzX/jts1BWx8MPN6bYWZelApuwHW/ndLS8srqWnm9srG5tb1T3d27NyrTlPlUCaXbETFMcMl84CBYO9WMJJFgrWh4PfFbj0wbruQdjFIWJqQvecwpASsFHWBPEMX5w/G4W625dXcKvEi8gtRQgWa3+tXpKZolTAIVxJjAc1MIc6KBU8HGlU5mWErokPRZYKkkCTNhPj15jI+s0sOx0rYk4Kn6eyIniTGjJLKdCYGBmfcm4n9ekEF8EeZcphkwSWeL4kxgUHjyP+5xzSiIkSWEam5vxXRANKFgU6rYELz5lxeJf1q/rHu3Z7XGVZFGGR2gQ3SCPHSOGugGNZGPKFLoGb2iNwecF+fd+Zi1lpxiZh/9gfP5A+qTkTU=</latexit><latexit sha1_base64="ZPVKn7sWcU0A41XCeU9vhhNw8LQ=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbRU0lEUG9FLx4rGFtIQ9lsN+3SzW7cnYgl9Gd48aDi1X/jzX/jts1BWx8MPN6bYWZelApuwHW/ndLS8srqWnm9srG5tb1T3d27NyrTlPlUCaXbETFMcMl84CBYO9WMJJFgrWh4PfFbj0wbruQdjFIWJqQvecwpASsFHWBPEMX5w/G4W625dXcKvEi8gtRQgWa3+tXpKZolTAIVxJjAc1MIc6KBU8HGlU5mWErokPRZYKkkCTNhPj15jI+s0sOx0rYk4Kn6eyIniTGjJLKdCYGBmfcm4n9ekEF8EeZcphkwSWeL4kxgUHjyP+5xzSiIkSWEam5vxXRANKFgU6rYELz5lxeJf1q/rHu3Z7XGVZFGGR2gQ3SCPHSOGugGNZGPKFLoGb2iNwecF+fd+Zi1lpxiZh/9gfP5A+qTkTU=</latexit>

q”
<latexit sha1_base64="POUg/p+BTGMpRpQXC9R/u1zjsc8=">AAAB8nicbVBNS8NAEJ34WetX1aOXYJF6KokI6q3oxWMFYwtNKJvtpl262cTdiVhC/4YXDype/TXe/Ddu2xy09cHA470ZZuaFqeAaHefbWlpeWV1bL22UN7e2d3Yre/v3OskUZR5NRKLaIdFMcMk85ChYO1WMxKFgrXB4PfFbj0xpnsg7HKUsiElf8ohTgkbyfWRPGEb5Q6027laqTt2Zwl4kbkGqUKDZrXz5vYRmMZNIBdG64zopBjlRyKlg47KfaZYSOiR91jFUkpjpIJ/ePLaPjdKzo0SZkmhP1d8TOYm1HsWh6YwJDvS8NxH/8zoZRhdBzmWaIZN0tijKhI2JPQnA7nHFKIqRIYQqbm616YAoQtHEVDYhuPMvLxLvtH5Zd2/Pqo2rIo0SHMIRnIAL59CAG2iCBxRSeIZXeLMy68V6tz5mrUtWMXMAf2B9/gBOsZFm</latexit><latexit sha1_base64="POUg/p+BTGMpRpQXC9R/u1zjsc8=">AAAB8nicbVBNS8NAEJ34WetX1aOXYJF6KokI6q3oxWMFYwtNKJvtpl262cTdiVhC/4YXDype/TXe/Ddu2xy09cHA470ZZuaFqeAaHefbWlpeWV1bL22UN7e2d3Yre/v3OskUZR5NRKLaIdFMcMk85ChYO1WMxKFgrXB4PfFbj0xpnsg7HKUsiElf8ohTgkbyfWRPGEb5Q6027laqTt2Zwl4kbkGqUKDZrXz5vYRmMZNIBdG64zopBjlRyKlg47KfaZYSOiR91jFUkpjpIJ/ePLaPjdKzo0SZkmhP1d8TOYm1HsWh6YwJDvS8NxH/8zoZRhdBzmWaIZN0tijKhI2JPQnA7nHFKIqRIYQqbm616YAoQtHEVDYhuPMvLxLvtH5Zd2/Pqo2rIo0SHMIRnIAL59CAG2iCBxRSeIZXeLMy68V6tz5mrUtWMXMAf2B9/gBOsZFm</latexit><latexit sha1_base64="POUg/p+BTGMpRpQXC9R/u1zjsc8=">AAAB8nicbVBNS8NAEJ34WetX1aOXYJF6KokI6q3oxWMFYwtNKJvtpl262cTdiVhC/4YXDype/TXe/Ddu2xy09cHA470ZZuaFqeAaHefbWlpeWV1bL22UN7e2d3Yre/v3OskUZR5NRKLaIdFMcMk85ChYO1WMxKFgrXB4PfFbj0xpnsg7HKUsiElf8ohTgkbyfWRPGEb5Q6027laqTt2Zwl4kbkGqUKDZrXz5vYRmMZNIBdG64zopBjlRyKlg47KfaZYSOiR91jFUkpjpIJ/ePLaPjdKzo0SZkmhP1d8TOYm1HsWh6YwJDvS8NxH/8zoZRhdBzmWaIZN0tijKhI2JPQnA7nHFKIqRIYQqbm616YAoQtHEVDYhuPMvLxLvtH5Zd2/Pqo2rIo0SHMIRnIAL59CAG2iCBxRSeIZXeLMy68V6tz5mrUtWMXMAf2B9/gBOsZFm</latexit><latexit sha1_base64="POUg/p+BTGMpRpQXC9R/u1zjsc8=">AAAB8nicbVBNS8NAEJ34WetX1aOXYJF6KokI6q3oxWMFYwtNKJvtpl262cTdiVhC/4YXDype/TXe/Ddu2xy09cHA470ZZuaFqeAaHefbWlpeWV1bL22UN7e2d3Yre/v3OskUZR5NRKLaIdFMcMk85ChYO1WMxKFgrXB4PfFbj0xpnsg7HKUsiElf8ohTgkbyfWRPGEb5Q6027laqTt2Zwl4kbkGqUKDZrXz5vYRmMZNIBdG64zopBjlRyKlg47KfaZYSOiR91jFUkpjpIJ/ePLaPjdKzo0SZkmhP1d8TOYm1HsWh6YwJDvS8NxH/8zoZRhdBzmWaIZN0tijKhI2JPQnA7nHFKIqRIYQqbm616YAoQtHEVDYhuPMvLxLvtH5Zd2/Pqo2rIo0SHMIRnIAL59CAG2iCBxRSeIZXeLMy68V6tz5mrUtWMXMAf2B9/gBOsZFm</latexit>

Figure 2. Asymptotic regions of the space of GL(n) equivariant parame-
ters. In the n ! 1 limit, provided that (2.25) holds, we approach the given
fixed point.

Remark. The above theorem has an interesting interpretation from the point of view
of enumerative geometry viewpoint and Gromov-Witten theory in particular. Formulae
like (2.10), which are closed cousins of Givental J-functions, serve as generating functions
of the equivariant gravitational descendants of Xn. Due to (2.25) the q-hypergeometric-
type series truncate to polynomials thereby implying that these equivariant gravitational
descendants vanish identically starting from some order in ⇣i’s. The parameters of the
problem get adjusted in such a way that the equivariant volume of the moduli spaces of
quasimaps of degrees (d1, . . . , dn�1) which exceed (�1, . . . ,�n�1) become zero.3.

3I thank A. Okounkov and S. Katz for interesting discussions on these matters.
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Remark. Note that out n! fixed points of T acting on Xn only for single point q we
get a polynomial out of Vq. Other coe�cient functions Vp remain infinite series which we
shall further ignore. One can verify by examining (2.25) that in the n ! 1 limit these
coe�cient functions will be suppressed. A choice of fixed point q following the large-n limits
corresponds to zooming into a certain asymptotic region in which |aS(1)| � |aS(2)| � · · · �
|aS(n)|, where S 2 Sn is a permutation corresponding to the choice of fixed point q.

q
<latexit sha1_base64="gqhkYh7MBm9GaiVNDBxVo5M1bBY=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rWFtsQ9lsJ+3SzSbuTsQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFpeWV1rbhe2tjc2t4p7+7dmTjVHBo8lrFuBcyAFAoaKFBCK9HAokBCMxheTfzmI2gjYnWLowT8iPWVCAVnaKX7DsITBmH2MO6WK27VnYIuEi8nFZKj3i1/dXoxTyNQyCUzpu25CfoZ0yi4hHGpkxpIGB+yPrQtVSwC42fTi8f0yCo9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGJ77mVBJiqD4bFGYSooxnbxPe0IDRzmyhHEt7K2UD5hmHG1IJRuCN//yImmcVC+q3s1ppXaZp1EkB+SQHBOPnJEauSZ10iCcKPJMXsmbY5wX5935mLUWnHxmn/yB8/kDhq2RBA==</latexit><latexit sha1_base64="gqhkYh7MBm9GaiVNDBxVo5M1bBY=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rWFtsQ9lsJ+3SzSbuTsQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFpeWV1rbhe2tjc2t4p7+7dmTjVHBo8lrFuBcyAFAoaKFBCK9HAokBCMxheTfzmI2gjYnWLowT8iPWVCAVnaKX7DsITBmH2MO6WK27VnYIuEi8nFZKj3i1/dXoxTyNQyCUzpu25CfoZ0yi4hHGpkxpIGB+yPrQtVSwC42fTi8f0yCo9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGJ77mVBJiqD4bFGYSooxnbxPe0IDRzmyhHEt7K2UD5hmHG1IJRuCN//yImmcVC+q3s1ppXaZp1EkB+SQHBOPnJEauSZ10iCcKPJMXsmbY5wX5935mLUWnHxmn/yB8/kDhq2RBA==</latexit><latexit sha1_base64="gqhkYh7MBm9GaiVNDBxVo5M1bBY=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rWFtsQ9lsJ+3SzSbuTsQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFpeWV1rbhe2tjc2t4p7+7dmTjVHBo8lrFuBcyAFAoaKFBCK9HAokBCMxheTfzmI2gjYnWLowT8iPWVCAVnaKX7DsITBmH2MO6WK27VnYIuEi8nFZKj3i1/dXoxTyNQyCUzpu25CfoZ0yi4hHGpkxpIGB+yPrQtVSwC42fTi8f0yCo9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGJ77mVBJiqD4bFGYSooxnbxPe0IDRzmyhHEt7K2UD5hmHG1IJRuCN//yImmcVC+q3s1ppXaZp1EkB+SQHBOPnJEauSZ10iCcKPJMXsmbY5wX5935mLUWnHxmn/yB8/kDhq2RBA==</latexit><latexit sha1_base64="gqhkYh7MBm9GaiVNDBxVo5M1bBY=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rWFtsQ9lsJ+3SzSbuTsQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFpeWV1rbhe2tjc2t4p7+7dmTjVHBo8lrFuBcyAFAoaKFBCK9HAokBCMxheTfzmI2gjYnWLowT8iPWVCAVnaKX7DsITBmH2MO6WK27VnYIuEi8nFZKj3i1/dXoxTyNQyCUzpu25CfoZ0yi4hHGpkxpIGB+yPrQtVSwC42fTi8f0yCo9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGJ77mVBJiqD4bFGYSooxnbxPe0IDRzmyhHEt7K2UD5hmHG1IJRuCN//yImmcVC+q3s1ppXaZp1EkB+SQHBOPnJEauSZ10iCcKPJMXsmbY5wX5935mLUWnHxmn/yB8/kDhq2RBA==</latexit>

q
<latexit sha1_base64="gqhkYh7MBm9GaiVNDBxVo5M1bBY=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rWFtsQ9lsJ+3SzSbuTsQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFpeWV1rbhe2tjc2t4p7+7dmTjVHBo8lrFuBcyAFAoaKFBCK9HAokBCMxheTfzmI2gjYnWLowT8iPWVCAVnaKX7DsITBmH2MO6WK27VnYIuEi8nFZKj3i1/dXoxTyNQyCUzpu25CfoZ0yi4hHGpkxpIGB+yPrQtVSwC42fTi8f0yCo9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGJ77mVBJiqD4bFGYSooxnbxPe0IDRzmyhHEt7K2UD5hmHG1IJRuCN//yImmcVC+q3s1ppXaZp1EkB+SQHBOPnJEauSZ10iCcKPJMXsmbY5wX5935mLUWnHxmn/yB8/kDhq2RBA==</latexit><latexit sha1_base64="gqhkYh7MBm9GaiVNDBxVo5M1bBY=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rWFtsQ9lsJ+3SzSbuTsQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFpeWV1rbhe2tjc2t4p7+7dmTjVHBo8lrFuBcyAFAoaKFBCK9HAokBCMxheTfzmI2gjYnWLowT8iPWVCAVnaKX7DsITBmH2MO6WK27VnYIuEi8nFZKj3i1/dXoxTyNQyCUzpu25CfoZ0yi4hHGpkxpIGB+yPrQtVSwC42fTi8f0yCo9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGJ77mVBJiqD4bFGYSooxnbxPe0IDRzmyhHEt7K2UD5hmHG1IJRuCN//yImmcVC+q3s1ppXaZp1EkB+SQHBOPnJEauSZ10iCcKPJMXsmbY5wX5935mLUWnHxmn/yB8/kDhq2RBA==</latexit><latexit sha1_base64="gqhkYh7MBm9GaiVNDBxVo5M1bBY=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rWFtsQ9lsJ+3SzSbuTsQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFpeWV1rbhe2tjc2t4p7+7dmTjVHBo8lrFuBcyAFAoaKFBCK9HAokBCMxheTfzmI2gjYnWLowT8iPWVCAVnaKX7DsITBmH2MO6WK27VnYIuEi8nFZKj3i1/dXoxTyNQyCUzpu25CfoZ0yi4hHGpkxpIGB+yPrQtVSwC42fTi8f0yCo9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGJ77mVBJiqD4bFGYSooxnbxPe0IDRzmyhHEt7K2UD5hmHG1IJRuCN//yImmcVC+q3s1ppXaZp1EkB+SQHBOPnJEauSZ10iCcKPJMXsmbY5wX5935mLUWnHxmn/yB8/kDhq2RBA==</latexit><latexit sha1_base64="gqhkYh7MBm9GaiVNDBxVo5M1bBY=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4rWFtsQ9lsJ+3SzSbuTsQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFpeWV1rbhe2tjc2t4p7+7dmTjVHBo8lrFuBcyAFAoaKFBCK9HAokBCMxheTfzmI2gjYnWLowT8iPWVCAVnaKX7DsITBmH2MO6WK27VnYIuEi8nFZKj3i1/dXoxTyNQyCUzpu25CfoZ0yi4hHGpkxpIGB+yPrQtVSwC42fTi8f0yCo9GsbalkI6VX9PZCwyZhQFtjNiODDz3kT8z2unGJ77mVBJiqD4bFGYSooxnbxPe0IDRzmyhHEt7K2UD5hmHG1IJRuCN//yImmcVC+q3s1ppXaZp1EkB+SQHBOPnJEauSZ10iCcKPJMXsmbY5wX5935mLUWnHxmn/yB8/kDhq2RBA==</latexit>
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Figure 2. Asymptotic regions of the space of GL(n) equivariant parame-
ters. In the n ! 1 limit, provided that (2.25) holds, we approach the given
fixed point.

Remark. The above theorem has an interesting interpretation from the point of view
of enumerative geometry viewpoint and Gromov-Witten theory in particular. Formulae
like (2.10), which are closed cousins of Givental J-functions, serve as generating functions
of the equivariant gravitational descendants of Xn. Due to (2.25) the q-hypergeometric-
type series truncate to polynomials thereby implying that these equivariant gravitational
descendants vanish identically starting from some order in ⇣i’s. The parameters of the
problem get adjusted in such a way that the equivariant volume of the moduli spaces of
quasimaps of degrees (d1, . . . , dn�1) which exceed (�1, . . . ,�n�1) become zero.3.

3I thank A. Okounkov and S. Katz for interesting discussions on these matters.
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Remark. Note that out n! fixed points of T acting on Xn only for single point q we
get a polynomial out of Vq. Other coe�cient functions Vp remain infinite series which we
shall further ignore. One can verify by examining (2.25) that in the n ! 1 limit these
coe�cient functions will be suppressed. A choice of fixed point q following the large-n limits
corresponds to zooming into a certain asymptotic region in which |aS(1)| � |aS(2)| � · · · �
|aS(n)|, where S 2 Sn is a permutation corresponding to the choice of fixed point q.
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Figure 2. Asymptotic regions of the space of GL(n) equivariant parame-
ters. In the n ! 1 limit, provided that (2.25) holds, we approach the given
fixed point.

Remark. The above theorem has an interesting interpretation from the point of view
of enumerative geometry viewpoint and Gromov-Witten theory in particular. Formulae
like (2.10), which are closed cousins of Givental J-functions, serve as generating functions
of the equivariant gravitational descendants of Xn. Due to (2.25) the q-hypergeometric-
type series truncate to polynomials thereby implying that these equivariant gravitational
descendants vanish identically starting from some order in ⇣i’s. The parameters of the
problem get adjusted in such a way that the equivariant volume of the moduli spaces of
quasimaps of degrees (d1, . . . , dn�1) which exceed (�1, . . . ,�n�1) become zero.3.

3I thank A. Okounkov and S. Katz for interesting discussions on these matters.
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Remark. Note that out n! fixed points of T acting on Xn only for single point q we
get a polynomial out of Vq. Other coe�cient functions Vp remain infinite series which we
shall further ignore. One can verify by examining (2.25) that in the n ! 1 limit these
coe�cient functions will be suppressed. A choice of fixed point q following the large-n limits
corresponds to zooming into a certain asymptotic region in which |aS(1)| � |aS(2)| � · · · �
|aS(n)|, where S 2 Sn is a permutation corresponding to the choice of fixed point q.
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Figure 2. Asymptotic regions of the space of GL(n) equivariant parame-
ters. In the n ! 1 limit, provided that (2.25) holds, we approach the given
fixed point.

Remark. The above theorem has an interesting interpretation from the point of view
of enumerative geometry viewpoint and Gromov-Witten theory in particular. Formulae
like (2.10), which are closed cousins of Givental J-functions, serve as generating functions
of the equivariant gravitational descendants of Xn. Due to (2.25) the q-hypergeometric-
type series truncate to polynomials thereby implying that these equivariant gravitational
descendants vanish identically starting from some order in ⇣i’s. The parameters of the
problem get adjusted in such a way that the equivariant volume of the moduli spaces of
quasimaps of degrees (d1, . . . , dn�1) which exceed (�1, . . . ,�n�1) become zero.3.

3I thank A. Okounkov and S. Katz for interesting discussions on these matters.
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shall further ignore. One can verify by examining (2.25) that in the n ! 1 limit these
coe�cient functions will be suppressed. A choice of fixed point q following the large-n limits
corresponds to zooming into a certain asymptotic region in which |aS(1)| � |aS(2)| � · · · �
|aS(n)|, where S 2 Sn is a permutation corresponding to the choice of fixed point q.
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Figure 2. Asymptotic regions of the space of GL(n) equivariant parame-
ters. In the n ! 1 limit, provided that (2.25) holds, we approach the given
fixed point.

Remark. The above theorem has an interesting interpretation from the point of view
of enumerative geometry viewpoint and Gromov-Witten theory in particular. Formulae
like (2.10), which are closed cousins of Givental J-functions, serve as generating functions
of the equivariant gravitational descendants of Xn. Due to (2.25) the q-hypergeometric-
type series truncate to polynomials thereby implying that these equivariant gravitational
descendants vanish identically starting from some order in ⇣i’s. The parameters of the
problem get adjusted in such a way that the equivariant volume of the moduli spaces of
quasimaps of degrees (d1, . . . , dn�1) which exceed (�1, . . . ,�n�1) become zero.3.

3I thank A. Okounkov and S. Katz for interesting discussions on these matters.
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Remark. Note that out n! fixed points of T acting on Xn only for single point q we
get a polynomial out of Vq. Other coe�cient functions Vp remain infinite series which we
shall further ignore. One can verify by examining (2.25) that in the n ! 1 limit these
coe�cient functions will be suppressed. A choice of fixed point q following the large-n limits
corresponds to zooming into a certain asymptotic region in which |aS(1)| � |aS(2)| � · · · �
|aS(n)|, where S 2 Sn is a permutation corresponding to the choice of fixed point q.
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Figure 2. Asymptotic regions of the space of GL(n) equivariant parame-
ters. In the n ! 1 limit, provided that (2.25) holds, we approach the given
fixed point.

Remark. The above theorem has an interesting interpretation from the point of view
of enumerative geometry viewpoint and Gromov-Witten theory in particular. Formulae
like (2.10), which are closed cousins of Givental J-functions, serve as generating functions
of the equivariant gravitational descendants of Xn. Due to (2.25) the q-hypergeometric-
type series truncate to polynomials thereby implying that these equivariant gravitational
descendants vanish identically starting from some order in ⇣i’s. The parameters of the
problem get adjusted in such a way that the equivariant volume of the moduli spaces of
quasimaps of degrees (d1, . . . , dn�1) which exceed (�1, . . . ,�n�1) become zero.3.

3I thank A. Okounkov and S. Katz for interesting discussions on these matters.

Problem: how many self-conjugated (symmetric) partitions are there?





{{9}, {8, 1}, {7, 2}, {7, 1, 1}, {6, 3}, {6, 2, 1}, {6, 1, 1, 1}, {5, 4}, {5, 3, 1}, {5, 2, 2},

 {5, 2, 1, 1}, {5, 1, 1, 1, 1}, {4, 4, 1}, {4, 3, 2}, {4, 3, 1, 1}, {4, 2, 2, 1}, {4, 2, 1, 1, 1}, 

{4, 1, 1, 1, 1, 1}, {3, 3, 3}, {3, 3, 2, 1}, {3, 3, 1, 1, 1}, {3, 2, 2, 2}, {3, 2, 2, 1, 1}, 

{3, 2, 1, 1, 1, 1}, {3, 1, 1, 1, 1, 1, 1}, {2, 2, 2, 2, 1}, {2, 2, 2, 1, 1, 1}, {2, 2, 1, 1, 1, 1, 1}, 
{2, 1, 1, 1,1, 1, 1, 1}, {1, 1, 1, 1, 1, 1, 1, 1, 1}}

p(9)



p(10)

{{10}, {9, 1}, {8, 2}, {8, 1, 1}, {7, 3}, {7, 2, 1}, {7, 1, 1, 1}, {6,4}, {6, 3, 1}, {6, 2, 2}, {6, 2, 1, 1}, 
{6, 1, 1, 1, 1}, {5, 5}, {5, 4, 1}, {5, 3, 2}, {5, 3, 1, 1}, {5, 2, 2, 1}, {5, 2, 1, 1, 1}, 

{5, 1, 1, 1, 1,1}, {4, 4, 2}, {4, 4, 1, 1}, {4, 3, 3}, {4, 3, 2, 1}, {4, 3, 1, 1, 1}, {4, 2, 2, 2}, {4, 2, 2, 
1, 1}, {4, 2, 1, 1, 1, 1}, {4, 1, 1, 1, 1, 1, 1}, {3, 3, 3, 1}, {3, 3, 2, 2}, {3, 3, 2, 1, 1}, {3, 3, 1, 1, 
1, 1}, {3, 2, 2, 2, 1}, {3, 2, 2, 1, 1, 1}, {3, 2, 1, 1, 1, 1, 1}, {3, 1, 1, 1, 1, 1, 1, 1}, {2, 2, 2, 2, 
2}, {2, 2, 2, 2, 1, 1}, {2, 2, 2, 1, 1, 1, 1}, {2, 2, 1, 1, 1, 1, 1, 1}, {2, 1, 1, 1, 1, 1, 1, 1, 1}, 

{1, 1, 1, 1, 1, 1, 1, 1, 1, 1}}



p(11)

{{11}, {10, 1}, {9, 2}, {9, 1, 1}, {8, 3}, {8, 2, 1}, {8, 1, 1, 1}, {7, 4}, {7, 3, 1}, {7, 2, 2}, {7, 2, 1, 
1}, {7, 1, 1, 1, 1}, {6, 5}, {6, 4, 1}, {6, 3, 2}, {6, 3, 1, 1}, {6, 2, 2, 1}, {6, 2, 1, 1, 1}, 

{6, 1, 1, 1, 1, 1}, {5, 5, 1}, {5, 4, 2}, {5, 4, 1, 1}, {5, 3, 3}, {5, 3, 2, 1}, {5, 3, 1, 1, 1}, {5, 2, 2, 2}, 
{5, 2, 2, 1, 1}, {5, 2, 1, 1, 1, 1}, {5, 1, 1, 1, 1, 1, 1}, {4, 4, 3}, {4, 4, 2, 1}, {4, 4, 1, 1, 1}, 

{4, 3, 3, 1}, {4, 3, 2, 2}, {4, 3, 2, 1, 1}, {4, 3, 1, 1, 1, 1}, {4, 2, 2, 2, 1}, {4, 2, 2, 1, 1, 1},

{4, 2, 1, 1, 1, 1, 1}, {4, 1, 1, 1, 1, 1, 1, 1}, {3, 3, 3, 2}, {3, 3, 3, 1, 1}, {3, 3, 2, 2, 1}, {3, 3, 2, 1, 
1, 1}, {3, 3, 1, 1, 1, 1, 1}, {3, 2, 2, 2, 2}, {3, 2, 2, 2, 1, 1}, {3, 2, 2, 1, 1, 1, 1}, 

{3, 2, 1, 1, 1, 1, 1, 1}, {3, 1, 1, 1, 1, 1, 1, 1, 1}, {2, 2, 2, 2, 2, 1}, {2,2, 2, 2, 1, 1, 1}, 

{2, 2, 2, 1, 1, 1, 1, 1}, {2, 2, 1, 1, 1, 1, 1, 1, 1}, {2, 1, 1, 1, 1, 1, 1, 1, 1, 1}, 

{1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1}}



Odd, Distinct, Symmetric

Lecture #4 02/04/2020

1. Partitions

Our new task was to study integer partitions which are odd and distinct at the same
time. We observed previously that they should match with symmetric partitions. Now
we are ready to prove that this is indeed the case.
Recall that symmetric partitions are partitions which do not change under reflection

along the diagonal. For example, partitions and are symmetric, but partitions

or are not.
The students were puzzled in the beginning so we started to list all symmetric and all

odd and distinct partitions on the board. We skipped small integers and started with
n = 7, see Table 1. We used toy blocks as well as grid paper to visualize partitions in the
left column and lists of integer partitions from the last homework to understand the right
column.
We can see that the number of partitions in both columns of Table 1 grows much slower

than the number of partitions with only odd parts:

n 1 2 3 4 5 6 7 8 9 10 11 12

p(n) 1 2 3 5 7 11 15 22 30 42 56 77
# odd 1 1 2 2 3 4 5 6 8 10 12 15

# distinct 1 1 2 2 3 4 5 6 8 10 12 15
# symmetric 1 0 1 1 1 1 1 2 2 2 2 3

# odd&distinct 1 0 1 1 1 1 1 2 2 2 2 3

Then we tried to understand how using these pictures to match the two columns. We
did not finish so this task carries over to the homework.

1

Problem: Show that Symmetric = Odd&Distinct



2

n Symmetric Odd&Distinct

7

8

9

10

11

12
Table 1. List of symmetric vs. odd and distinct partitions for n = 7, . . . , 12.

Homework

First, we need to finish the proof of the above statement.
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Matching12

For instance in the example below we have partition {5, 3, 1} becomes symmetric par-
tition {3, 3, 3}. The number of parts in the red partition is equal to the number of hooks
in the green partition:

3

One can see that the remaining entries in the table can be matched accordingly. We
can easily repeat this exercise for any symmetric partition (we did an example of a larger
partition in class).

1.2. Odd&Distinct to Symmetric. In order to finish the proof we nee to construct
the map backwards – given any odd and distinct partition we should be able to construct
a unique symmetric partition. Keep in mind that the one-to-one correspondence exists
provided that we can make identifications in both directions!

In this case the inverse mapping is more or less straightforward – we can merely reverse
the arrows in the previous argument. Indeed, since each part of the red partition is odd
we can ‘bend’ each column into an L-shaped hook. Since all parts are distinct we can
then stack all hooks one on top of each other in the same order as in the partition. For
instance in the example below we have partition 5, 3, 1

7!

becomes symmetric partition 3, 3, 3. The number of parts in the red partition is equal to
the number of hooks in the green partition.

⌅
If you understood the proof solve the following
Problem: Find symmetric partition which corresponds to the following odd and dis-

tinct partition {19, 17, 15, 13, 11, 9, 7, 5, 3, 1}

3.3. First part > Second part. Our next problem was the following: Count partitions
of n such that the first part is strictly greater than the second. For instance, for partitions
{3, 2, 1}, {5, 2, 1, 1}, {4} this condition is satisfied (if there is only one part, as in {4} we
count it as well). However, for partitions {2, 2, 1}, {3, 3, 3} the first and second parts are
equal, so we do not count them. Notice that we do not worry about how second and
third, third and fourth, etc parts are related.

We used the first slide of the Keynote to do the counting and quickly came up with the
following table (here we denoted the total number of such partitions with Q(n))

n 1 2 3 4 5 6 7 8

Q(n) 1 1 2 3 5 7 11 15

In particular, for n = 4 out of five partitions only in {2, 1, 1}, {3, 1} and {4} their first
parts are strictly greater than the second parts. We then asked the students if they have



2

It is instructive to do the same exercise using partitions. Consider odd and distinct
partition {25,21,17,13,9,5,1}.

If we convert it to a symmetric partition (check Lecture 4 if you forgot) we’ll get {13,12,11,10,9,8,7,6,5,4,3,2,1}

So the Young diagram has a shape of a triangle (well, almost, it’s more of a staircase,
however, if you put dots in the middle of blocks then it will become an actual right
triangle), hence the name – triangular number.

How can we know the number of blocks in this triangle without counting? Students
quickly realized that we need to complete this shape to a square or to a rectangle. In the
first case we can put on top of the above green diagram another triangular diagram which
is smaller by one row and one column
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quickly realized that we need to complete this shape to a square or to a rectangle. In the
first case we can put on top of the above green diagram another triangular diagram which
is smaller by one row and one column

Odd&Distinct vs Symmetric



Lecture #5 02/13/2020

1. Partitions

1.1. Square numbers. We started our class by reviewing our progress up to date which
is summarized in the table below

n 1 2 3 4 5 6 7 8 9 10 11 12

p(n) 1 2 3 5 7 11 15 22 30 42 56 77
# odd 1 1 2 2 3 4 5 6 8 10 12 15

# distinct 1 1 2 2 3 4 5 6 8 10 12 15
# symmetric 1 0 1 1 1 1 1 2 2 2 2 3

# odd&distinct 1 0 1 1 1 1 1 2 2 2 2 3

As a warm-up we asked the students to find symmetric partition will correspond to the
following odd and distinct partition {19, 17, 15, 13, 11, 9, 7, 5, 3, 1}

It took a little while for the students to recall the idea – we take each column and the
bend it around the middle block (which always exists since each part is odd). The result
is the following 10⇥ 10 square

or partition {10, 10, 10, 10, 10, 10, 10, 10, 10, 10}. Indeed, the first column 19 of the above
red partition can be bent into a hook whose arms have length 9 (including the middle
block: 19 = 9 + 1 + 9), then the second column 15 will give a hook 8 + 1 + 8, etc. Then
we stack the hooks together to get the square which contains 10⇥ 10 = 102 = 100 blocks.
Of course it means that the red partition above also contains 100 blocks.
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Square numbers



Computing Sums
Compute the sum. How many terms are in the sum?

1 + 3 + 5 + … + 117 + 119 = ?

1 + 5 + 9 + 13 + 17+ 21 + 25 = ?

1 + 5 + 9 + 13 + … + 81 = ?



Divisibility by 3
Consider partitions of n whose parts are not divisible by 3

Compare those with partitions of n in which each part is not repeated 3 or more times



Divisibility by 4
Consider partitions of n whose parts are not divisible by 4

Compare those with partitions of n in which each part is not repeated 4 or more times



Divisibility by n
Consider partitions of n whose parts are not divisible by n

Compare those with partitions of n in which each part is not repeated n or more times



Restricted Partitions24

7. Restricted Partitions

Next we would like to find recurrent relations within partitions with fixed number of
parts.

Problem 17. Restricted Partitions. Let us now look at integer partitions of n which
have exactly 4 parts. From the list of partitions of 7

{{7}, {6, 1}, {5, 2}, {5, 1, 1}, {4, 3}, {4, 2, 1}, {4, 1, 1, 1}, {3, 3, 1}, {3, 2, 2},

{3, 2, 1, 1}, {3, 1, 1, 1, 1}, {2, 2, 2, 1}, {2, 2, 1, 1, 1}, {2, 1, 1, 1, 1, 1}, {1, 1, 1, 1, 1, 1, 1}}
Only these qualify

{{4, 1, 1, 1}, {3, 2, 1, 1}, {2, 2, 2, 1}}
Make lists for n = 4, 5, 6 with all possible restricted parts, i.e. all partitions of 4 with 1,
with 2, with 3 parts, etc., same for n = 5 and n = 6. Count each number of partitions,
call it pk(n). Do you see any pattern?

In class we looked at restricted partitions from n = 1 to n = 10 and drew table 7
This table is larger than the one from the previous class so we had more information

and could observe more patterns. On the video you can see how those new patterns
appeared in front of our eyes.

Eventually we have found that if you take a number, say p5(10) = 7, then move to
its upper-left corner where p4(9) = 6 resides. Then we need to compensate for missing
7�6 = 1. There are a lot of 1s in the table, so it may be confusing which 1 to pick. Since
we?re after a pattern which should always work we need a simple rule which would tell
us how to pick the missing number. One suggestion in class was to take p5(6) = 1 works
perfectly. Still, there’s another 1 on top of it – p5(5), so we could as well picked that one.

In order to remove the ambiguity let us consider another example. Start with p4(10) =
9, then go towards its top-left corner, find it to be p3(9) = 7. We are short by 9 � 7 = 2.
Luckily for us there’s only one 2 corresponding to p4(6). So we conclude that

p4(10) = p3(9) + p4(6).

We did couple more examples and convinced ourselves that the rule indeed works, say

p3(11) = p2(10) + p3(8) (10 = 5 + 5)

Let?s now try to write this rule for all n-integer and k-number of parts. It states

(9) pk(n) = pk�1(n � 1) + pk(n � k)

Here we assume that k is less or equal n, otherwise we’ll get a negative number for n � k.
We concluded that in this case pk(n � k) should be zero. Indeed, this is correct and it
implies that

pk(n) = pk�1(n � 1)

for k > n One can check this by looking at the right half of the table. That?s why we
have diagonals of 1s, 2s, 3s on the right.





1 2 3 4 5 6 7 8

p(1) 1

p(2) 1 1

p(3) 1 1 1

p(4) 1 2 1 1

p(5) 1 2 2 1 1

p(6) 1 3 3 2 1 1

p(7) 1 3 4 3 2 1 1

p(8) 1 4 5 5 3 2 1 1



{{9}, {8, 1}, {7, 2}, {7, 1, 1}, {6, 3}, {6, 2, 1}, {6, 1, 1, 1}, {5, 4}, {5, 3, 1}, {5, 2, 2},

 {5, 2, 1, 1}, {5, 1, 1, 1, 1}, {4, 4, 1}, {4, 3, 2}, {4, 3, 1, 1}, {4, 2, 2, 1}, {4, 2, 1, 1, 1}, 

{4, 1, 1, 1, 1, 1}, {3, 3, 3}, {3, 3, 2, 1}, {3, 3, 1, 1, 1}, {3, 2, 2, 2}, {3, 2, 2, 1, 1}, 

{3, 2, 1, 1, 1, 1}, {3, 1, 1, 1, 1, 1, 1}, {2, 2, 2, 2, 1}, {2, 2, 2, 1, 1, 1}, {2, 2, 1, 1, 1, 1, 1}, 
{2, 1, 1, 1,1, 1, 1, 1}, {1, 1, 1, 1, 1, 1, 1, 1, 1}}

p(9)



p(10)

{{10}, {9, 1}, {8, 2}, {8, 1, 1}, {7, 3}, {7, 2, 1}, {7, 1, 1, 1}, {6,4}, {6, 3, 1}, {6, 2, 2}, {6, 2, 1, 1}, 
{6, 1, 1, 1, 1}, {5, 5}, {5, 4, 1}, {5, 3, 2}, {5, 3, 1, 1}, {5, 2, 2, 1}, {5, 2, 1, 1, 1}, 

{5, 1, 1, 1, 1,1}, {4, 4, 2}, {4, 4, 1, 1}, {4, 3, 3}, {4, 3, 2, 1}, {4, 3, 1, 1, 1}, {4, 2, 2, 2}, {4, 2, 2, 
1, 1}, {4, 2, 1, 1, 1, 1}, {4, 1, 1, 1, 1, 1, 1}, {3, 3, 3, 1}, {3, 3, 2, 2}, {3, 3, 2, 1, 1}, {3, 3, 1, 1, 
1, 1}, {3, 2, 2, 2, 1}, {3, 2, 2, 1, 1, 1}, {3, 2, 1, 1, 1, 1, 1}, {3, 1, 1, 1, 1, 1, 1, 1}, {2, 2, 2, 2, 
2}, {2, 2, 2, 2, 1, 1}, {2, 2, 2, 1, 1, 1, 1}, {2, 2, 1, 1, 1, 1, 1, 1}, {2, 1, 1, 1, 1, 1, 1, 1, 1}, 

{1, 1, 1, 1, 1, 1, 1, 1, 1, 1}}



p(11)

{{11}, {10, 1}, {9, 2}, {9, 1, 1}, {8, 3}, {8, 2, 1}, {8, 1, 1, 1}, {7, 4}, {7, 3, 1}, {7, 2, 2}, {7, 2, 1, 
1}, {7, 1, 1, 1, 1}, {6, 5}, {6, 4, 1}, {6, 3, 2}, {6, 3, 1, 1}, {6, 2, 2, 1}, {6, 2, 1, 1, 1}, 

{6, 1, 1, 1, 1, 1}, {5, 5, 1}, {5, 4, 2}, {5, 4, 1, 1}, {5, 3, 3}, {5, 3, 2, 1}, {5, 3, 1, 1, 1}, {5, 2, 2, 2}, 
{5, 2, 2, 1, 1}, {5, 2, 1, 1, 1, 1}, {5, 1, 1, 1, 1, 1, 1}, {4, 4, 3}, {4, 4, 2, 1}, {4, 4, 1, 1, 1}, 

{4, 3, 3, 1}, {4, 3, 2, 2}, {4, 3, 2, 1, 1}, {4, 3, 1, 1, 1, 1}, {4, 2, 2, 2, 1}, {4, 2, 2, 1, 1, 1},

{4, 2, 1, 1, 1, 1, 1}, {4, 1, 1, 1, 1, 1, 1, 1}, {3, 3, 3, 2}, {3, 3, 3, 1, 1}, {3, 3, 2, 2, 1}, {3, 3, 2, 1, 
1, 1}, {3, 3, 1, 1, 1, 1, 1}, {3, 2, 2, 2, 2}, {3, 2, 2, 2, 1, 1}, {3, 2, 2, 1, 1, 1, 1}, 

{3, 2, 1, 1, 1, 1, 1, 1}, {3, 1, 1, 1, 1, 1, 1, 1, 1}, {2, 2, 2, 2, 2, 1}, {2,2, 2, 2, 1, 1, 1}, 

{2, 2, 2, 1, 1, 1, 1, 1}, {2, 2, 1, 1, 1, 1, 1, 1, 1}, {2, 1, 1, 1, 1, 1, 1, 1, 1, 1}, 

{1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1}}



1 2 3 4 5 6 7 8 9 10 11 12

p(1) 1

p(2) 1 1

p(3) 1 1 1

p(4) 1 2 1 1

p(5) 1 2 2 1 1

p(6) 1 3 3 2 1 1

p(7) 1 3 4 3 2 1 1

p(8) 1 4 5 5 3 2 1 1

p(9) 1 4 7 6 5 3 2 1 1

p(10) 1 5 8 9 7 5 3 2 1 1

p(11)

p(12)



Partitions of n

Lecture #4 02/04/2020

1. Partitions

Our new task was to study integer partitions which are odd and distinct at the same
time. We observed previously that they should match with symmetric partitions. Now
we are ready to prove that this is indeed the case.
Recall that symmetric partitions are partitions which do not change under reflection

along the diagonal. For example, partitions and are symmetric, but partitions

or are not.
The students were puzzled in the beginning so we started to list all symmetric and all

odd and distinct partitions on the board. We skipped small integers and started with
n = 7, see Table 1. We used toy blocks as well as grid paper to visualize partitions in the
left column and lists of integer partitions from the last homework to understand the right
column.
We can see that the number of partitions in both columns of Table 1 grows much slower

than the number of partitions with only odd parts:

n 1 2 3 4 5 6 7 8 9 10 11 12

p(n) 1 2 3 5 7 11 15 22 30 42 56 77
# odd 1 1 2 2 3 4 5 6 8 10 12 15

# distinct 1 1 2 2 3 4 5 6 8 10 12 15
# symmetric 1 0 1 1 1 1 1 2 2 2 2 3

# odd&distinct 1 0 1 1 1 1 1 2 2 2 2 3

Then we tried to understand how using these pictures to match the two columns. We
did not finish so this task carries over to the homework.

1
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Recurrent Formula pk(n) = pk�1(n � 1) + pk(n � k)

p3(9) = p2(8) + p3(6)

3

For n = 12 and n = 15 it is the other way around – partitions with odd number of distinct
parts exceed partitions with even number of distinct parts by one (see previous lecture for
diagrams), etcetera. Thus the parity pattern alternates every other pentagonal number.
This is the reason for two pluses, two minuses, two pluses, etc. in Euler formula (1).

Therefore the following statement holds. We demonstrated its validity earlier by match-
ing odd and even partitions by moving blocks from top to bottom and back.

Theorem: If n is not a pentagonal number, then the number of even distinct partitions
of n, call it qe(n) equals the number of odd distinct partitions of n, call it qo(n). So qe(n) =
qo(n) and so the total number of distinct partitions of n, call it q(n) is q(n) = 2qo(n) which
is even.

If n is a pentagonal number, say n = Pj , then qe(n) = qo(n) + (�1)j and so q(n) =
2qo(n) + (�1)j which is odd.

Problem: Show that Pn = n(3n�1)
2 . You may use the fact that a pentagonal number

is a sum of a square number Sn = n2 and a triangular number Tn�1 = n(n�1)
2 or use

induction.

3
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347

We need to match each of 7 green diagrams on the left side of the picture with a
unique diagram of the right side and vice-versa (cf. odd vs. distinct or odd&distinct vs.
symmetric earlier in the course).

Notice that p3(9) counts diagrams with one less block and one less part than p2(8).
What does it mean exactly? We need to add one single block to any of the four orange
diagrams from p2(8) so that the new diagrams will have 9 blocks in them and 3 parts
(columns). How shall we do that? The only solutions is to add this block on the bottom-
right of each orange diagram! Indeed,

+ = + = + = + =

Now we need to math the remaining 3 green diagrams of partitions of 9 with 3 blue
diagrams of partitions of 6. This goes as follows

$ $ $



Matching
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We need to match each of 7 green diagrams on the left side of the picture with a
unique diagram of the right side and vice-versa (cf. odd vs. distinct or odd&distinct vs.
symmetric earlier in the course).

Notice that p3(9) counts diagrams with one less block and one less part than p2(8).
What does it mean exactly? We need to add one single block to any of the four orange
diagrams from p2(8) so that the new diagrams will have 9 blocks in them and 3 parts
(columns). How shall we do that? The only solutions is to add this block on the bottom-
right of each orange diagram! Indeed,

+ = + = + = + =

Now we need to math the remaining 3 green diagrams of partitions of 9 with 3 blue
diagrams of partitions of 6. This goes as follows

$ $ $
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Recurrent Formula pk(n) = pk�1(n � 1) + pk(n � k)

p3(9) = p2(8) + p3(6)
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Understanding p(n)

Lecture #4 02/04/2020

1. Partitions

Our new task was to study integer partitions which are odd and distinct at the same
time. We observed previously that they should match with symmetric partitions. Now
we are ready to prove that this is indeed the case.
Recall that symmetric partitions are partitions which do not change under reflection

along the diagonal. For example, partitions and are symmetric, but partitions

or are not.
The students were puzzled in the beginning so we started to list all symmetric and all

odd and distinct partitions on the board. We skipped small integers and started with
n = 7, see Table 1. We used toy blocks as well as grid paper to visualize partitions in the
left column and lists of integer partitions from the last homework to understand the right
column.
We can see that the number of partitions in both columns of Table 1 grows much slower

than the number of partitions with only odd parts:

n 1 2 3 4 5 6 7 8 9 10 11 12

p(n) 1 2 3 5 7 11 15 22 30 42 56 77
# odd 1 1 2 2 3 4 5 6 8 10 12 15

# distinct 1 1 2 2 3 4 5 6 8 10 12 15
# symmetric 1 0 1 1 1 1 1 2 2 2 2 3

# odd&distinct 1 0 1 1 1 1 1 2 2 2 2 3

Then we tried to understand how using these pictures to match the two columns. We
did not finish so this task carries over to the homework.

1



Odd and Even Number of parts
For each n count distinct partitions with odd and even number of parts

4

In the separate attachment you can find the list of partitions for n = 7, 8, 9. Notice
that for n = 8 and n = 9 both types contain equal number of partitions, however, for
n = 7 there are two odd and three even partitions.

In class we drew Young diagrams to illustrate both types of partitions and tried to find
a match between the two types where possible (we still need to explain the mismatch
for n = 7 and n = 12 which we also did in class). For instance, for n = 8 we have the
following distinct odd partitions (again, here odd means with odd numbers of parts, we
don’t worry about parity of each individual part)

and the following even-parted partitions

The first list of partitions has odd number of columns (1 or 3), while the second list
has two columns. In this case one can easily match three red partitions with three blue
partitions by throwing the bottom-right block in the last column (if it is there) on top of
the first column:

7! 7! 7!

Try this trick with distinct partitions for other n (see the attachment for higher n). See
why n = 5, 7, 12, . . . are special.

Homework

Problem 1. Calculate the sum 1 + 2 + 3 + · · · + 999.

Problem 2. Calculate the sum 3 + 6 + 9 + 12 + 15 · · · + 75.

Problem 3. Calculate
1 + 5 + 9 + 13 + · · · + 401
Note that in this sum we pick every other odd number.

n=8

4

In the separate attachment you can find the list of partitions for n = 7, 8, 9. Notice
that for n = 8 and n = 9 both types contain equal number of partitions, however, for
n = 7 there are two odd and three even partitions.

In class we drew Young diagrams to illustrate both types of partitions and tried to find
a match between the two types where possible (we still need to explain the mismatch
for n = 7 and n = 12 which we also did in class). For instance, for n = 8 we have the
following distinct odd partitions (again, here odd means with odd numbers of parts, we
don’t worry about parity of each individual part)

and the following even-parted partitions

The first list of partitions has odd number of columns (1 or 3), while the second list
has two columns. In this case one can easily match three red partitions with three blue
partitions by throwing the bottom-right block in the last column (if it is there) on top of
the first column:

7! 7! 7!

Try this trick with distinct partitions for other n (see the attachment for higher n). See
why n = 5, 7, 12, . . . are special.

Homework

Problem 1. Calculate the sum 1 + 2 + 3 + · · · + 999.

Problem 2. Calculate the sum 3 + 6 + 9 + 12 + 15 · · · + 75.

Problem 3. Calculate
1 + 5 + 9 + 13 + · · · + 401
Note that in this sum we pick every other odd number.
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In the separate attachment you can find the list of partitions for n = 7, 8, 9. Notice
that for n = 8 and n = 9 both types contain equal number of partitions, however, for
n = 7 there are two odd and three even partitions.

In class we drew Young diagrams to illustrate both types of partitions and tried to find
a match between the two types where possible (we still need to explain the mismatch for
n = 7 and n = 12 which we also did in class).

We have the following list

n = 8 : The following partitions have odd number of distinct parts

and the following even-parted partitions

The first list of partitions has odd number of columns (1 or 3), while the second
list has two columns. In this case one can easily match three red partitions with
three blue partitions by throwing the bottom-right block in the last column (if it
is there) on top of the first column:

7! 7! 7!

n = 9 : The following partitions have odd number of distinct parts

and the following even-parted partitions

n=9

4

In the separate attachment you can find the list of partitions for n = 7, 8, 9. Notice
that for n = 8 and n = 9 both types contain equal number of partitions, however, for
n = 7 there are two odd and three even partitions.

In class we drew Young diagrams to illustrate both types of partitions and tried to find
a match between the two types where possible (we still need to explain the mismatch for
n = 7 and n = 12 which we also did in class).

We have the following list

n = 8 : The following partitions have odd number of distinct parts

and the following even-parted partitions

The first list of partitions has odd number of columns (1 or 3), while the second
list has two columns. In this case one can easily match three red partitions with
three blue partitions by throwing the bottom-right block in the last column (if it
is there) on top of the first column:

7! 7! 7!

n = 9 : The following partitions have odd number of distinct parts

and the following even-parted partitions



n=10

5

The identification goes as follows

7! 7! 7! 7!

n = 10 : The following partitions have odd number of distinct parts

and the following even-parted partitions

The identification goes as follows

7! 7! 7! 7! 7!

Try this trick with distinct partitions for other n (see the attachment for higher n). See
why n = 5, 7, 12, . . . are special.

Homework

Problem 1. Calculate the sum 1 + 2 + 3 + · · · + 999.

Problem 2. Calculate the sum 3 + 6 + 9 + 12 + 15 · · · + 75.

Problem 3. Calculate
1 + 5 + 9 + 13 + · · · + 401
Note that in this sum we pick every other odd number.

5

The identification goes as follows

7! 7! 7! 7!

n = 10 : The following partitions have odd number of distinct parts

and the following even-parted partitions

The identification goes as follows

7! 7! 7! 7! 7!

Try this trick with distinct partitions for other n (see the attachment for higher n). See
why n = 5, 7, 12, . . . are special.

Homework

Problem 1. Calculate the sum 1 + 2 + 3 + · · · + 999.

Problem 2. Calculate the sum 3 + 6 + 9 + 12 + 15 · · · + 75.

Problem 3. Calculate
1 + 5 + 9 + 13 + · · · + 401
Note that in this sum we pick every other odd number.

n=11

5

The identification goes as follows

7! 7! 7! 7!

n = 10 : The following partitions have odd number of distinct parts

and the following even-parted partitions

The identification goes as follows

7! 7! 7! 7! 7!

n = 11 : The following partitions have odd number of distinct parts

6

and the following even-parted partitions

The identification goes as follows

7! 7! 7! 7! 7!

Try this trick with distinct partitions for other n (see the attachment for higher n). See
why n = 5, 7, 12, . . . are special.

Homework

Problem 1. Calculate the sum 1 + 2 + 3 + · · · + 999.

Problem 2. Calculate the sum 3 + 6 + 9 + 12 + 15 · · · + 75.

Problem 3. Calculate
1 + 5 + 9 + 13 + · · · + 401
Note that in this sum we pick every other odd number.

Problem 4. Divisibility by 4 and 5. Show that the Glashier’s theorem (see previous
lecture notes, there we proved it for parts which are not divisible by 3) holds for n = 4 or
n = 5. You may use partitions of n from the list that we gave you couple of lectures ago.

Problem 5. Recursive formula for number of partitions Below you can find the
list of total number of integer partitions for n = 1, . . . , 30. Using your imagination and
what we have learned about Fibonacci numbers last quarter (if you were there) try to find
a pattern (recursive formula) in these numbers. Keep in mind that the desired formula
is more complicated than the formula for Fibonacci numbers, albeit the idea behind it is
similar – express next numbers in the sequence using (some of) previous numbers.

1, 2, 3, 5, 7, 11, 15, 22, 30, 42, 56, 77, 101, 135, 176, 231, 297, 385, 490, 627,

792, 1002, 1255, 1575, 1958, 2436, 3010, 3718, 4565, 5604, . . .



Matching

21

n = 8 : The following 3 partitions have odd number of distinct parts

and the following 3 partitions have even number of distinct partitions

The first list of partitions has odd number of columns (1 or 3), while the second
list has two columns. One can easily match three red partitions with three blue
partitions by throwing the bottom-right block in the last column (if it is there) on
top of the first column:

7! 7! 7!

n = 9 : The following 4 partitions have odd number of distinct parts

and the following 4 partitions have even number of distinct partitions

The identification goes as follows

7! 7! 7! 7!

21

n = 8 : The following 3 partitions have odd number of distinct parts

and the following 3 partitions have even number of distinct partitions

The first list of partitions has odd number of columns (1 or 3), while the second
list has two columns. One can easily match three red partitions with three blue
partitions by throwing the bottom-right block in the last column (if it is there) on
top of the first column:

7! 7! 7!

n = 9 : The following 4 partitions have odd number of distinct parts

and the following 4 partitions have even number of distinct partitions

The identification goes as follows

7! 7! 7! 7!

22

n = 10 : The following 5 partitions have odd number of distinct parts

while the following 5 even-parted partitions

The identification goes as follows

7! 7! 7! 7! 7!

n = 11 : The following 6 partitions have odd number of distinct parts

while the following 6 have even number of distinct parts

n=8 n=9

n=10



n=12

6

and the following even-parted partitions

n = 12 : The following partitions have odd number of distinct parts

and the following even-parted partitions

We can see that the following ‘pentagon-shaped’ diagram is extra.

Try this trick with distinct partitions for other n (see the attachment for higher n). See
why n = 5, 7, 12, . . . are special.

Homework

Problem 1. Calculate the sum 1 + 2 + 3 + · · · + 999.

Problem 2. Calculate the sum 3 + 6 + 9 + 12 + 15 · · · + 75.

Problem 3. Calculate
1 + 5 + 9 + 13 + · · · + 401
Note that in this sum we pick every other odd number.

Problem 4. Divisibility by 4 and 5. Show that the Glashier’s theorem (see previous
lecture notes, there we proved it for parts which are not divisible by 3) holds for n = 4 or
n = 5. You may use partitions of n from the list that we gave you couple of lectures ago.

6

and the following even-parted partitions

n = 12 : The following partitions have odd number of distinct parts

and the following even-parted partitions

We can see that the following ‘pentagon-shaped’ diagram is extra.

Try this trick with distinct partitions for other n (see the attachment for higher n). See
why n = 5, 7, 12, . . . are special.

Homework

Problem 1. Calculate the sum 1 + 2 + 3 + · · · + 999.

Problem 2. Calculate the sum 3 + 6 + 9 + 12 + 15 · · · + 75.

Problem 3. Calculate
1 + 5 + 9 + 13 + · · · + 401
Note that in this sum we pick every other odd number.

Problem 4. Divisibility by 4 and 5. Show that the Glashier’s theorem (see previous
lecture notes, there we proved it for parts which are not divisible by 3) holds for n = 4 or
n = 5. You may use partitions of n from the list that we gave you couple of lectures ago.



Pentagonal Numbers

LECTURE 3. COLLECTING LIKE TERMS AND MISSED OPPORTUNITIES 45

Figure 3.1. Pentagonal numbers

the identity. A relevant extract from the memoir (taken from the book of G. Polya
[62]) is presented below.

3.2 What Euler wrote about his identity. “In considering the partitions
of numbers, I examined, a long time ago, the expression

(1 − x)(1 − x2)(1 − x3)(1 − x4)(1 − x5)(1 − x6)(1 − x7)(1 − x8) . . . ,

in which the product is assumed to be infinite. In order to see what kind of series
will result, I multiplied actually a great number of factors and found

1 − x − x2 + x5 + x7 − x12 − x15 + x22 + x26 − x35 − x40 + . . .

The exponents of x are the same which enter into the above formula; 1 also the
signs + and − arise twice in succession. It suffices to undertake this multiplication
and to continue it as far as it is deemed proper to become convinced of the truth
of these series. Yet I have no other evidence for this, except a long induction which
I have carried out so far that I cannot in any way doubt the law governing the
formation of these terms and their exponents. I have long searched in vain for a
rigorous demonstration of the equation between the series and the above infinite
product (1 − x)(1 − x2)(1 − x3) . . . , and I proposed the same question to some of
my friends with whose ability in these matters I am familiar, but all have agreed
with me on the truth of this transformation of the product into a series, without
being able to unearth any clue of a demonstration.”

3.3 Proof of the Euler identity. Let us collect terms in the product

(1 − x)(1 − x2)(1 − x3)(1 − x4) . . .

We shall obtain the (infinite) sum of the terms

(−1)kxn1+···+nk , k ≥ 0, 0 < n1 < · · · < nk.

The total coefficient of xn will be

1This is a reference to a preceding part of the Memoir containing an explanation of the
sequences 1, 5, 12, 22, 35, . . . and 2, 7, 15, 26, 40, . . . .

6

and the following even-parted partitions

n = 12 : The following partitions have odd number of distinct parts

and the following even-parted partitions

We can see that the following ‘pentagon-shaped’ diagram is extra.

Thus we have seen so far that the correspondence between odd distinct and even distinct
partitions fails for the following pentagonal numbers 1, 5, 7, 12, 15 . . .

Try this trick with distinct partitions for other n (see the attachment for higher n). See
why n = 5, 7, 12, . . . are special.

Homework

Problem 1. Calculate the sum 1 + 2 + 3 + · · · + 999.

Problem 2. Calculate the sum 3 + 6 + 9 + 12 + 15 · · · + 75.



Pentagonal Numbers

Pentagonal Numbers (Handout May, 2016)

The familiar sequences of triangular square numbers have a natural geometric interpreta-

tion:

This pattern extends to an entire sequence of sequences: the polygonal numbers. For

larger k, the k-gonal numbers are less natural to motivate; but we find the sequence of

pentagonal numbers worthy of special attention because of a surprising application to

partition theory as we will soon discover:

Explicit formulas for triangular, square and pentagonal numbers, and the associated gen-

erating functions, are easily deduced:

Tn =
1
2n(n+ 1) Sn = n2 Pn =

1
2n(3n� 1)

1P
n=0

Tnxn
=

x
(1�x)3

1P
n=0

Snxn
=

x(1+x)
(1�x)3

1P
n=0

Pnxn
=

x(1+2x)
(1�x)3

It is interesting to look at a table of values of Tn, Sn and Pn over a range of integer values

of n, including some negative values of n:

n �8 �7 �6 �5 �4 �3 �2 �1 0 1 2 3 4 5 6 7 8

Tn 28 21 15 10 6 3 1 0 0 1 3 6 10 15 21 28 36

Sn 64 49 36 25 16 9 4 1 0 1 4 9 16 25 36 49 64

Pn 100 77 57 40 26 15 7 2 0 1 5 12 22 35 51 70 92

You should notice that the triangular and square numbers take the same values for n 6 0

as for n > 0; this is explained by the relations

T�n�1 = Tn, S�n = Sn

1

1,2,  5,7,  12,15,  22,26,  35,40,  51,57,  70,77,  92,100,



Pentagonal Numbers

29

. . .

Pentagonal numbers are special for many reasons, most importantly for us they mark
integers for which the number of partitions with even distinct parts is not equal to the
number of partitions with odd distinct parts.

Indeed, for n = 1 and n = 2 we have one partition with one (odd) part and none
with two parts. For n = 5 and n = 7 we have by one more partition with even number of
distinct parts than that with odd number:

vs vs

For n = 12 and n = 15 it is the other way around – partitions with odd number of distinct
parts exceed partitions with even number of distinct parts by one (see previous lecture for
diagrams), etcetera. Thus the parity pattern alternates every other pentagonal number.
This is the reason for two pluses, two minuses, two pluses, etc. in Euler formula (10).

Therefore the following statement holds. We demonstrated its validity earlier by match-
ing odd and even partitions by moving blocks from top to bottom and back.

Theorem: If n is not a pentagonal number, then the number of even distinct partitions
of n, call it qe(n) equals the number of odd distinct partitions of n, call it qo(n). So qe(n) =
qo(n) and so the total number of distinct partitions of n, call it q(n) is q(n) = 2qo(n) which
is even.

If n is a pentagonal number, say n = Pj , then qe(n) = qo(n) + (�1)j and so q(n) =
2qo(n) + (�1)j which is odd.
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integers for which the number of partitions with even distinct parts is not equal to the
number of partitions with odd distinct parts.

Indeed, for n = 1 and n = 2 we have one partition with one (odd) part and none
with two parts. For n = 5 and n = 7 we have by one more partition with even number of
distinct parts than that with odd number:

vs vs

For n = 12 and n = 15 it is the other way around – partitions with odd number of distinct
parts exceed partitions with even number of distinct parts by one (see previous lecture for
diagrams), etcetera. Thus the parity pattern alternates every other pentagonal number.
This is the reason for two pluses, two minuses, two pluses, etc. in Euler formula (10).

Therefore the following statement holds. We demonstrated its validity earlier by match-
ing odd and even partitions by moving blocks from top to bottom and back.

Theorem: If n is not a pentagonal number, then the number of even distinct partitions
of n, call it qe(n) equals the number of odd distinct partitions of n, call it qo(n). So qe(n) =
qo(n) and so the total number of distinct partitions of n, call it q(n) is q(n) = 2qo(n) which
is even.

If n is a pentagonal number, say n = Pj , then qe(n) = qo(n) + (�1)j and so q(n) =
2qo(n) + (�1)j which is odd.
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For instance

5 = 3 + 2 ,

11 = 7 + 5 � 1 ,

15 = 11 + 7 � 2 � 1 ,

56 = 42 + 30 � 11 � 5 ,

77 = 56 + 42 � 15 � 7 + 1 ,

101 = 77 + 56 � 22 � 11 + 1 .

After several lectures of preparation we are ready to understand the recurrent formula
for the number of partitions which reads
(10)
p(n) = p(n�1)+p(n�2)�p(n�5)�p(n�7)+p(n�12)+p(n�15)�p(n�22)�p(n�26)+. . .

In class we checked that the formula on several examples (also see the video). We assume
that p(0) = 1 and p(m) = 0 for any negative m. The formula can also be illustrated using
the following ‘magic ruler’:
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Figure 3.2. A machine for computing p(n)

Pluses and minuses in the ruler on the left are placed at locations of pentagonal numbers.
The numbers in red are by now familiar pentagonal numbers which have the following

partitions

(P1, P�1) (P2, P�2) (P3, P�3) (P4, P�4) . . . 29
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Problem: Show that Pn = n(3n�1)
2 . You may use the fact that a pentagonal number

is a sum of a square number Sn = n2 and a triangular number Tn�1 = n(n�1)
2 or use

induction.

8.1. Generating Function for Pentagonal Numbers. Let us see how pentagon num-
bers appear in counting of partitions of n. First we need to learn how to multiply poly-
nomial expressions. Let z be a formal variable (a letter, a symbol, you can substitute any
number instead of it) which we can multiply by itself and by integers and add or subtract
those expressions:

z, 1 + z, 1 � z, 5z, z2, 5z4

Then consider the following product (we’ll ignore ⇥ in the future)

(1�z)(1�z2) = 1⇥(1�z2)�z⇥(1�z2) = 1⇥1�1⇥z2�z⇥1�z⇥(�z2) = 1�z�z2+z3

One can continue

(1�z)(1�z2)(1�z3) = (1�z�z2+z3)(1�z3) = (1�z�z2+z3�z3)1+(1�z�z2+z3)(�z3)

= 1 � z � z2 + z3 � z3 � z3 + z4 + z5 � z6 = 1 � z � z2 + z4 + z5 � z6

Notice that z3 in the last calculation got cancelled.

Problem: If you understood how to multiply polynomials calculate

(1 � z)(1 � z2)(1 � z3)(1 � z4)(1 � z5)(1 � z6)(1 � z7)(1 � z8)

Do you see any cancelations? Which terms remain? Do you see a pattern?

We can keep multiplying to infinity

�(z) =
1Y

k=1

(1 � zk) = (1 � z)(1 � z2)(1 � z3)(1 � z4) · . . .

we denoted this expression (function �(z)). If you have done the above problem then you
saw that

�(z) = 1 � z1 � z2 + z5 + z7 � z12 � z15 + z22 + z26 � . . .

Our favorite pentagon numbers again! Now they appear as powers of z. Also notice
familiar signs appearing in pairs.

8.2. Generating Function for p(n). Now let us consider the following expression which
is the inverse of �(z)

(11) p(z) =
1

�(z)
=

1Y

k=1

1

1 � zk
=

1

(1 � z)(1 � z2)(1 � z3)(1 � z4) · . . .

it may look at little scary at the moment, so let us break it down intro pieces. First look
at a simpler expression like 1

1�z . First we show that

(12)
1

1 � z
= 1 + z + z2 + z3 + z4 + . . .
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LECTURE 3

On Collecting Like Terms, on Euler, Gauss and
MacDonald, and on Missed Opportunities

3.1 The Euler identity. In the middle of 18-th century, Leonhard Euler
became interested in the coefficients of the polynomial

ϕn(x) = (1 − x)(1 − x2)(1 − x3) . . . (1 − xn).

He got rid of parentheses – and obtained the following amazing result:

ϕ1(x) = 1 − x
ϕ2(x) = 1 − x −x2 +x3

ϕ3(x) = 1 − x −x2 +x4 +x5 −x6

ϕ4(x) = 1 − x −x2 +2x5 −x8 −x9 +x10

ϕ5(x) = 1 − x −x2 +x5 +x6 +x7 −x8 −x9 −x10 . . .
ϕ6(x) = 1 − x −x2 +x5 +2x7 −x9 −x10 . . .
ϕ7(x) = 1 − x −x2 +x5 +x7 +x8 −x10 . . .
ϕ8(x) = 1 − x −x2 +x5 +x7 +x9 . . .
ϕ9(x) = 1 − x −x2 +x5 +x7 +x10 . . .

ϕ10(x) = 1 − x −x2 +x5 +x7 . . .

The dots mean the terms of the polynomials which have degrees > 10 (we have no
room for them all: for example, the polynomial ϕ10(x) has degree 55).

Following Euler, let us make some observations. First (not surprisingly), the co-
efficients of every xm become stable when n grows; more precisely, ϕm+1(x), ϕm+2(x),
ϕm+3(x), . . . all have the same coefficient of xm. (It is obvious: ϕm+1(x) =
ϕm(x)(1−xm+1), ϕm+2(x) = ϕm+1(1−xm+2), . . . ; hence multiplication by 1−xn

with n > m does not affect the coefficient of xm.) Because of this, we can speak of
the “stable” product

ϕ(x) = ϕ∞(x) =
∞∏

n=1

(1 − xn);
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Euler found that…



LECTURE 3. COLLECTING LIKE TERMS AND MISSED OPPORTUNITIES 45

Figure 3.1. Pentagonal numbers

the identity. A relevant extract from the memoir (taken from the book of G. Polya
[62]) is presented below.

3.2 What Euler wrote about his identity. “In considering the partitions
of numbers, I examined, a long time ago, the expression

(1 − x)(1 − x2)(1 − x3)(1 − x4)(1 − x5)(1 − x6)(1 − x7)(1 − x8) . . . ,

in which the product is assumed to be infinite. In order to see what kind of series
will result, I multiplied actually a great number of factors and found

1 − x − x2 + x5 + x7 − x12 − x15 + x22 + x26 − x35 − x40 + . . .

The exponents of x are the same which enter into the above formula; 1 also the
signs + and − arise twice in succession. It suffices to undertake this multiplication
and to continue it as far as it is deemed proper to become convinced of the truth
of these series. Yet I have no other evidence for this, except a long induction which
I have carried out so far that I cannot in any way doubt the law governing the
formation of these terms and their exponents. I have long searched in vain for a
rigorous demonstration of the equation between the series and the above infinite
product (1 − x)(1 − x2)(1 − x3) . . . , and I proposed the same question to some of
my friends with whose ability in these matters I am familiar, but all have agreed
with me on the truth of this transformation of the product into a series, without
being able to unearth any clue of a demonstration.”

3.3 Proof of the Euler identity. Let us collect terms in the product

(1 − x)(1 − x2)(1 − x3)(1 − x4) . . .

We shall obtain the (infinite) sum of the terms

(−1)kxn1+···+nk , k ≥ 0, 0 < n1 < · · · < nk.

The total coefficient of xn will be

1This is a reference to a preceding part of the Memoir containing an explanation of the
sequences 1, 5, 12, 22, 35, . . . and 2, 7, 15, 26, 40, . . . .
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coefficient for       equals: #distinct even partitions of n  

                                           -#distinct odd partitions of n
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1X
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Claim:

Pentagonal numbers!!



the number of partitions of n into an even number of distinct parts, and an odd number

of distinct parts, respectively, so that

qe(n) + qo(n) = q(n).

Theorem 2. If n is not a pentagonal number, then qe(n) = qo(n) and so q(n) =

2qo(n) which is even. If n is a pentagonal number, say n = Pj , then qe(n) = qo(n) +

(�1)
j
and so q(n) = 2qo(n) + (�1)

j
which is odd.

From our enumeration of the six partitions of 8 into distinct parts, we have seen that

qe(8) = qo(8) = 3 as predicted by Theorem 2 since 8 is not a pentagonal number. In the

case n = 7 = P�2 we have qe(7) = 3 partitions into an even number of distinct parts:

6+1, 5+2, 4+3;

and qo(7) = 2 partitions into an odd number of distinct parts:

7, 4+2+1,

as predicted by Theorem‘2. In the case n = 12 = P3, we have qe(12) = 7 partitions into

an even number of distinct parts:

11+1, 10+2, 9+3, 8+4, 7+5, 6+3+2+1, 5+4+2+1;

and qo(12) = 8 partitions into an odd number of distinct parts:

12, 9+2+1, 8+3+1, 7+4+1, 7+3+2, 6+5+1, 6+4+2, 5+4+3,

once again as predicted by Theorem 2.

The key to proving Theorem 2 is the following almost-bijective correspondence be-

tween partitions of n with an even number of parts, and partitions of n with an odd number

of parts. Given a Ferrers diagram for a partition, denote by b the length of the bottom

row (i.e. the size of the smallest part in the partition) and let r number of cells on the

rightmost 45
�
line. In the following example, we have b = 4 and r = 3:

6

21

n = 8 : The following 3 partitions have odd number of distinct parts

and the following 3 partitions have even number of distinct partitions

The first list of partitions has odd number of columns (1 or 3), while the second
list has two columns. One can easily match three red partitions with three blue
partitions by throwing the bottom-right block in the last column (if it is there) on
top of the first column:

7! 7! 7!

n = 9 : The following 4 partitions have odd number of distinct parts

and the following 4 partitions have even number of distinct partitions

The identification goes as follows

7! 7! 7! 7!

21

n = 8 : The following 3 partitions have odd number of distinct parts

and the following 3 partitions have even number of distinct partitions
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7! 7! 7! 7!

22

n = 10 : The following 5 partitions have odd number of distinct parts

while the following 5 even-parted partitions

The identification goes as follows

7! 7! 7! 7! 7!

n = 11 : The following 6 partitions have odd number of distinct parts

while the following 6 have even number of distinct parts

n=8 n=9

n=10
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If b 6 r, move the bottom row to the rightmost 45
�
line; but if b > r, move the rightmost

45
�
line down to the bottom. Here is one corresponding pair of partitions for n = 25:

and here is the complete correspondence for n = 8:

We obtain a well-defined bijection between partitions with an even number of distinct

parts, and partitions with an odd number of distinct parts, except when n is a pentagonal

number. If n = Pj where j > 0, then the correspondence fails just for the pentagonal

Ferrers diagram with j rows having b = r = j; whereas if n = P�j where j > 0, then the

correspondence fails just for the pentagonal Ferrers diagram with j rows having b = r+1

and r = j. Consider what happens in the cases n = P4 = 22 and n = P�4 = 26 as shown:

When n is not a pentagonal number, no such pentagonal Ferrers diagram exists, and we

obtain a well-defined bijection between partitions with an even number of distinct parts,

and partitions with an odd number of distinct parts, giving qe(n) = qo(n). For a pentago-

nal number n = Pj , there is just one left-over partition not covered by the bijection, and

it has j parts, so qe(n) = qo(n) + (�1)
j
. This proves the theorem.

Just as

Q(x) =
1X

n=0

q(n)xn
=

1X

n=0

�
qe(n) + qo(n)

�
xn

= (1 + x)(1 + x2
)(1 + x3

)(1 + x4
) · · · ,
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Recall that
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Problem: Show that Pn = n(3n�1)
2 . You may use the fact that a pentagonal number

is a sum of a square number Sn = n2 and a triangular number Tn�1 = n(n�1)
2 or use

induction.

8.1. Generating Function for Pentagonal Numbers. Let us see how pentagon num-
bers appear in counting of partitions of n. First we need to learn how to multiply poly-
nomial expressions. Let z be a formal variable (a letter, a symbol, you can substitute any
number instead of it) which we can multiply by itself and by integers and add or subtract
those expressions:

z, 1 + z, 1 � z, 5z, z2, 5z4

Then consider the following product (we’ll ignore ⇥ in the future)

(1�z)(1�z2) = 1⇥(1�z2)�z⇥(1�z2) = 1⇥1�1⇥z2�z⇥1�z⇥(�z2) = 1�z�z2+z3

One can continue

(1�z)(1�z2)(1�z3) = (1�z�z2+z3)(1�z3) = (1�z�z2+z3�z3)1+(1�z�z2+z3)(�z3)

= 1 � z � z2 + z3 � z3 � z3 + z4 + z5 � z6 = 1 � z � z2 + z4 + z5 � z6

Notice that z3 in the last calculation got cancelled.

Problem: If you understood how to multiply polynomials calculate

(1 � z)(1 � z2)(1 � z3)(1 � z4)(1 � z5)(1 � z6)(1 � z7)(1 � z8)

Do you see any cancelations? Which terms remain? Do you see a pattern?

We can keep multiplying to infinity

�(z) =
1Y

k=1

(1 � zk) = (1 � z)(1 � z2)(1 � z3)(1 � z4) · . . .

we denoted this expression (function �(z)). If you have done the above problem then you
saw that

�(z) = 1 � z1 � z2 + z5 + z7 � z12 � z15 + z22 + z26 � . . .

Our favorite pentagon numbers again! Now they appear as powers of z. Also notice
familiar signs appearing in pairs.

8.2. Generating Function for p(n). Now let us consider the following expression which
is the inverse of �(z)

(11) p(z) =
1

�(z)
=

1Y

k=1

1

1 � zk
=

1

(1 � z)(1 � z2)(1 � z3)(1 � z4) · . . .

it may look at little scary at the moment, so let us break it down intro pieces. First look
at a simpler expression like 1

1�z . First we show that

(12)
1

1 � z
= 1 + z + z2 + z3 + z4 + . . .

so
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This follows from the following. Fix integer N then consider

(13) 1 � zN = (1 � z)(1 + z + z2 + z3 + · · · + zN�1)

Problem: Verify the above equation for N = 5, namely:

1 � z5 = (1 � z)(1 + z + z2 + z3 + z4)

Check this by expanding the right hand side:(1� z)(1 + z + z2 + z3 + z4) = 1(1 + z + z2 +
z3 + z4) � z(1 + z + z2 + z3 + z4) = . . .

Since equation (13) holds for all N , we can make it arbitrarily large. It turns out that
if z is small enough (in fact, smaller than 1) zN is getting smaller and smaller as N is
getting larger and larger. So we get

1 � zN

1 � z
= 1 + z + z2 + z3 + · · · + zN�1

and as N approaches infinity we get formula (12).
Next consider

1

1 � zk

which stands inside the product of p(z) in formula (11). This expression looks almost
exactly like the one we saw above if we change variables as w = zk, where w is another
variable

1

1 � zk
=

1

1 � w
= 1 + w + w2 + w3 + w4 + . . .

Here we used formula (12) in terms of w-variable. Recalling that w = zk we get

1

1 � zk
= 1 + zk + z2k + z3k + z4k + . . .

Thus the generating function in (11) can be written as

p(z) =
1Y

k=1

(1 + zk + z2k + z3k + . . . )

which means the following infinite product of (also infinite expressions)

p(z) = (1 + z + z2 + z3 + . . . )(1 + z2 + z4 + z6 + . . . )(1 + z3 + z6 + z9 + . . . ) · . . .

Now we need to collect terms in front of each power of z. Each term zn in the resulting
product will look like

zk1 · z2k2 · z3k3 · · · · · zmkm = zk1+2k2+3k3+···+mkm

We want to count the number of such products with k1 +2k2 +3k3 + · · ·+mkm = n, that
is, the number of presentations

n = k1 + 2k2 + · · · + mkm = 1 + · · · + 1| {z }
k1

+ 2 + · · · + 2| {z }
k2

+ · · · + m + · · · + m| {z }
km
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2 . You may use the fact that a pentagonal number

is a sum of a square number Sn = n2 and a triangular number Tn�1 = n(n�1)
2 or use

induction.
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bers appear in counting of partitions of n. First we need to learn how to multiply poly-
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(1 � zk) = (1 � z)(1 � z2)(1 � z3)(1 � z4) · . . .

we denoted this expression (function �(z)). If you have done the above problem then you
saw that

�(z) = 1 � z1 � z2 + z5 + z7 � z12 � z15 + z22 + z26 � . . .

Our favorite pentagon numbers again! Now they appear as powers of z. Also notice
familiar signs appearing in pairs.

8.2. Generating Function for p(n). Now let us consider the following expression which
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(11) p(z) =
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This follows from the following. Fix integer N then consider

(13) 1 � zN = (1 � z)(1 + z + z2 + z3 + · · · + zN�1)

Problem: Verify the above equation for N = 5, namely:

1 � z5 = (1 � z)(1 + z + z2 + z3 + z4)

Check this by expanding the right hand side:(1� z)(1 + z + z2 + z3 + z4) = 1(1 + z + z2 +
z3 + z4) � z(1 + z + z2 + z3 + z4) = . . .

Since equation (13) holds for all N , we can make it arbitrarily large. It turns out that
if z is small enough (in fact, smaller than 1) zN is getting smaller and smaller as N is
getting larger and larger. So we get

1 � zN

1 � z
= 1 + z + z2 + z3 + · · · + zN�1

and as N approaches infinity we get formula (12).
Next consider

1

1 � zk

which stands inside the product of p(z) in formula (11). This expression looks almost
exactly like the one we saw above if we change variables as w = zk, where w is another
variable

1

1 � zk
=

1

1 � w
= 1 + w + w2 + w3 + w4 + . . .

Here we used formula (12) in terms of w-variable. Recalling that w = zk we get

1

1 � zk
= 1 + zk + z2k + z3k + z4k + . . .

Thus the generating function in (11) can be written as

p(z) =
1Y

k=1

(1 + zk + z2k + z3k + . . . )

which means the following infinite product of (also infinite expressions)

p(z) = (1 + z + z2 + z3 + . . . )(1 + z2 + z4 + z6 + . . . )(1 + z3 + z6 + z9 + . . . ) · . . .

Now we need to collect terms in front of each power of z. Each term zn in the resulting
product will look like

zk1 · z2k2 · z3k3 · · · · · zmkm = zk1+2k2+3k3+···+mkm

We want to count the number of such products with k1 +2k2 +3k3 + · · ·+mkm = n, that
is, the number of presentations

n = k1 + 2k2 + · · · + mkm = 1 + · · · + 1| {z }
k1

+ 2 + · · · + 2| {z }
k2

+ · · · + m + · · · + m| {z }
km
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k1

+ 2 + · · · + 2| {z }
k2

+ · · · + m + · · · + m| {z }
km
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This follows from the following. Fix integer N then consider
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which is the number of partitions of n! This can be illustrated by looking at the Young
diagram for partition

{m, . . . , m| {z }
km

, m � 1, . . . , m � 1| {z }
km�1

, . . . , 2, . . . , 2| {z }
k2

, 1, . . . , 1| {z }
k1

}

For example, consider partition {6, 6, 4, 3, 1} of 20

here m = 6 and k6 = 2, k5 = 0, k4 = 1, k3 = 1, k2 = 0, k1 = 1. Since the powers of z in
the product increase for every n there will be finitely many terms. Thus the coe�cient in
front of zn in p(z) is equal to p(n) - the number of integer partitions of n

p(z) = 1 + p(1)z + p(2)z2 + p(3)z3 + p(4)z4+

The first several terms look like

p(z) = 1+z+2z2+3z3+5z4+7z5+11z6+15z7+22z8+30z9+42z10+56z11+77z12+101z13+. . .

We recognize familiar numbers 1, 1, 2, 3, 5, 7, 11, 15, 22, 30, 42, 56, 77, 101, . . . .
⌅
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Proof.
1

ϕ(x)
=

1∏∞
n=1(1 − xn)

=
∞∏

n=1

(1 + xn + x2n + x3n + . . . )

(thus, the series
1

ϕ(x)
is itself a product of infinitely many series). What is the

coefficient of xr in the product

(1 + x + x2 + . . . )(1 + x2 + x4 + . . . )(1 + x3 + x6 + . . . ) . . . ?

We need to take one summand from each factor (only finitely many of them should
be different from 1) and multiply them up. We get:

x1·k1 · x2·k2 · · · · · xm·km = xk1+2k2+···+mkm .

We want to count the number of such products with k1 +2k2 + · · ·+mkm = r, that
is, the number of presentations

r = k1 + 2k2 + · · · + mkm = 1 + · · · + 1︸ ︷︷ ︸
k1

+ 2 + · · · + 2︸ ︷︷ ︸
k2

+ · · · + m + · · · + m︸ ︷︷ ︸
km

,

that is, the number of partitions of r. Thus, the coefficient of xr in
1

ϕ(x)
is equal

to p(r). !

Now use the Euler identity:

(1 − x − x2 + x5 + x7 − x12 − x15 . . . )(1 + p(1)x + p(2)x2 + p(3)x3 + . . . ) = 1,

that is, the coefficient of xn with any n > 0 in this product is equal to 0. We get a
chain of equalities:

p(1) −1 = 0
p(2) −p(1) − 1 = 0
p(3) −p(2) − p(1) = 0
p(4) −p(3) − p(2) = 0
p(5) −p(4) − p(3) + 1 = 0
p(6) −p(5) − p(4) + p(1) = 0
p(7) −p(6) − p(5) + p(2) + 1 = 0
p(8) −p(7) − p(6) + p(3) + p(1) = 0

or

p(n) = p(n − 1) + p(n − 2) − p(n − 5) − p(n − 7) + p(n − 12) + p(n − 15) − . . .

where we count p(0) as 1 and p(m) with m < 0 as 0. We can use this as a tool for
an inductive computation of the numbers p(n):

p(5) = p(4) + p(3) − 1 = 5 + 3 − 1 = 7
p(6) = p(5) + p(4) − p(1) = 7 + 5 − 1 = 11
p(7) = p(6) + p(5) − p(2) − 1 = 15 + 11 − 3 − 1 = 22
p(8) = p(7) + p(6) − p(3) − p(1) = 15 + 11 − 3 − 1 = 22
p(9) = p(8) + p(7) − p(4) − p(2) = 22 + 15 − 5 − 2 = 30

p(10) = p(9) + p(8) − p(4) − p(2) = 30 + 22 − 7 − 3 = 42

and further computations show that p(20) = 627, p(50) = 204,226, p(100) =
190,569,791.
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(that is, we subtract 1 from each of the s consecutive numbers in the right end,
collect these ones into one number s and place this s before m1) or, in formulas:

(m1, . . . , mk−1) !→ (n1, . . . , nk), ni =






s, if i = 1,
mi−1, if 2 ≤ i ≤ k − s,
mi−1 − 1, if i > k − s.

Examples:
(3, 4, 6) !→ (3, 4, 6

−1
) !→ (1, 3, 4, 5)

(5, 9, 11, 12) !→ (5, 9, 11
−1

, 12
−1

) !→ (2, 5, 9, 10, 11)

The terms

(−1)kxn1+···+nk and (−1)k−1xm1+···+mk−1

corresponding to each other cancel in the product (1 − x)(1 − x2)(1 − x3) . . . , and
there remain only terms corresponding to partitions of Type 3. These are

k k + 1 . . . 2k − 1 and k + 1 k + 2 . . . 2k,

and the corresponding terms in (1 − x)(1 − x2)(1 − x3) . . . are

(−1)kxk+(k+1)+···+(2k−1) = (−1)kx
k(3k−1)

2

and
(−1)kx(k+1)+(k+2)+···+2k = (−1)kx

k(3k+1)
2 .

!

Next we shall show two applications of the Euler identity.

3.4 First application: the partition function. The word “partition” which
we have been using before as a common English word, actually has a well estab-
lished meaning in combinatorics. From now on, we will use this word according to
the tradition: we call a partition of a number n a sequence of integers n1, . . . , nk

such that n = n1 + · · · + nk and 0 < n1 ≤ · · · ≤ nk. We hope that this termino-
logical shift will not cause any difficulties, but still want to mention that partitions
considered in Section 3.3 are partitions of a special kind: with all parts ni different.

For a positive integer n, denote by p(n) the number of partitions n = n1 +
· · · + nk, k > 0, 0 < n1 ≤ · · · ≤ nk. Compute p(n) for small values of n:

p(1) = 1
p(2) = 2 (2 = 1 + 1)
p(3) = 3 (3 = 1 + 2 = 1 + 1 + 1)
p(4) = 5 (4 = 1 + 3 = 2 + 2 = 1 + 1 + 2 = 1 + 1 + 1 + 1)

Can you find p(10)? It is not hard, although you might not be able to get the right
result from the first try. The answer is p(10) = 42. And what about p(20)? p(50)?
p(100)? It turns out that we can find these numbers relatively quickly if we use
the Euler identity.

Consider the series

p(x) = 1 + x + 2x2 + 3x3 + 5x4 + · · · = 1 +
∞∑

r=1

p(r)xr.

Theorem 3.1. ϕ(x)p(x) = 1.



"Read Euler, read Euler,  
he is the master of us all." 

{1, 1, 2, 3, 5, 7, 11, 15, 22, 30, 42, 56, 77, 101, 135, 176, 231, 297, 385, 490, 627}

28

For instance

5 = 3 + 2 ,

11 = 7 + 5 � 1 ,

15 = 11 + 7 � 2 � 1 ,

56 = 42 + 30 � 11 � 5 ,

77 = 56 + 42 � 15 � 7 + 1 ,

101 = 77 + 56 � 22 � 11 + 1 .

After several lectures of preparation we are ready to understand the recurrent formula
for the number of partitions which reads
(10)
p(n) = p(n�1)+p(n�2)�p(n�5)�p(n�7)+p(n�12)+p(n�15)�p(n�22)�p(n�26)+. . .

In class we checked that the formula on several examples (also see the video). We assume
that p(0) = 1 and p(m) = 0 for any negative m. The formula can also be illustrated using
the following ‘magic ruler’:
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Figure 3.2. A machine for computing p(n)

Pluses and minuses in the ruler on the left are placed at locations of pentagonal numbers.
The numbers in red are by now familiar pentagonal numbers which have the following

partitions

(P1, P�1) (P2, P�2) (P3, P�3) (P4, P�4) . . .
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Partitions

Lecture #4 02/04/2020

1. Partitions

Our new task was to study integer partitions which are odd and distinct at the same
time. We observed previously that they should match with symmetric partitions. Now
we are ready to prove that this is indeed the case.
Recall that symmetric partitions are partitions which do not change under reflection

along the diagonal. For example, partitions and are symmetric, but partitions

or are not.
The students were puzzled in the beginning so we started to list all symmetric and all

odd and distinct partitions on the board. We skipped small integers and started with
n = 7, see Table 1. We used toy blocks as well as grid paper to visualize partitions in the
left column and lists of integer partitions from the last homework to understand the right
column.
We can see that the number of partitions in both columns of Table 1 grows much slower

than the number of partitions with only odd parts:

n 1 2 3 4 5 6 7 8 9 10 11 12

p(n) 1 2 3 5 7 11 15 22 30 42 56 77
# odd 1 1 2 2 3 4 5 6 8 10 12 15

# distinct 1 1 2 2 3 4 5 6 8 10 12 15
# symmetric 1 0 1 1 1 1 1 2 2 2 2 3

# odd&distinct 1 0 1 1 1 1 1 2 2 2 2 3

Then we tried to understand how using these pictures to match the two columns. We
did not finish so this task carries over to the homework.

1



Homework
Write generating functions for distinct and odd partitions. 

Prove that distinct = odd using generating functions



Homework
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3.7. Prove that p(n) < Fn where Fn is the n-th Fibonacci number (F0 = F1 =
1, Fn = Fn−1 + Fn−2 for n ≥ 2).

Hint. Use the Euler identity and Exercise 3.6 (b.)

3.8. * Let Fn (k = 1, 2, . . . ) be the Fibonacci numbers (F1 = 1, F2 = 2, Fn =
Fn−1 + Fn−2 for n ≥ 3; in contrast to Exercise 3.7, we do not consider F0).

(a) Prove that every integer n ≥ 1 can be represented as the sum of distinct
Fibonacci numbers, n = Fk1 + · · · + Fks , 1 ≤ k1 < · · · < ks.

(b) Prove that a partition of n as in Part (a) exists and is unique, if we impose
the additional condition: ki − ki−1 ≥ 2 for 1 < i ≤ s.

(c) Prove that a partition of n as in Part (a) also exists and is unique, if we
impose the opposite condition: k1 ≤ 2, ki − ki−1 ≤ 2 for 1 < i ≤ s.

(d) Let Kn be the number of partitions of n as in Part (a) with s even and Hn

be the same with s odd. Prove that |Kn − Hn| ≤ 1.
(e) (Equivalent to (d).) Let

(1 − x)(1 − x2)(1 − x3)(1 − x5)(1 − x8) · · · = 1 + g1x + g2x
2 + g3x

3 + . . .

(or, in the short notation,
∞∏

k=1

(1 − xFk) = 1 +
∞∑

n=1

gnxn). Prove that |gn| ≤ 1 for

all n.
(f) (Generalization of (e).) Prove that for every k, ! > k, all the coefficients of

the polynomial (1 − xFk)(1 − xFk+1) . . . (1 − xF!) equal 0 or ±1.
(g) (An addition to (e).) Prove that, for any k ≥ 4,

gn = 0 for 2Fk − 2 < n < 2Fk + Fk−3.





Plane Partitions
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(1� xk)k
= 1 + x+ 3x2 + 6x3 + 13x4 + 24x5 + · · ·
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Appendix



{{9}, {8, 1}, {7, 2}, {7, 1, 1}, {6, 3}, {6, 2, 1}, {6, 1, 1, 1}, {5, 4}, {5, 3, 1}, {5, 2, 2},

 {5, 2, 1, 1}, {5, 1, 1, 1, 1}, {4, 4, 1}, {4, 3, 2}, {4, 3, 1, 1}, {4, 2, 2, 1}, {4, 2, 1, 1, 1}, 

{4, 1, 1, 1, 1, 1}, {3, 3, 3}, {3, 3, 2, 1}, {3, 3, 1, 1, 1}, {3, 2, 2, 2}, {3, 2, 2, 1, 1}, 

{3, 2, 1, 1, 1, 1}, {3, 1, 1, 1, 1, 1, 1}, {2, 2, 2, 2, 1}, {2, 2, 2, 1, 1, 1}, {2, 2, 1, 1, 1, 1, 1}, 
{2, 1, 1, 1,1, 1, 1, 1}, {1, 1, 1, 1, 1, 1, 1, 1, 1}}

p(9)



p(10)

{{10}, {9, 1}, {8, 2}, {8, 1, 1}, {7, 3}, {7, 2, 1}, {7, 1, 1, 1}, {6,4}, {6, 3, 1}, {6, 2, 2}, {6, 2, 1, 1}, 
{6, 1, 1, 1, 1}, {5, 5}, {5, 4, 1}, {5, 3, 2}, {5, 3, 1, 1}, {5, 2, 2, 1}, {5, 2, 1, 1, 1}, 

{5, 1, 1, 1, 1,1}, {4, 4, 2}, {4, 4, 1, 1}, {4, 3, 3}, {4, 3, 2, 1}, {4, 3, 1, 1, 1}, {4, 2, 2, 2}, {4, 2, 2, 
1, 1}, {4, 2, 1, 1, 1, 1}, {4, 1, 1, 1, 1, 1, 1}, {3, 3, 3, 1}, {3, 3, 2, 2}, {3, 3, 2, 1, 1}, {3, 3, 1, 1, 
1, 1}, {3, 2, 2, 2, 1}, {3, 2, 2, 1, 1, 1}, {3, 2, 1, 1, 1, 1, 1}, {3, 1, 1, 1, 1, 1, 1, 1}, {2, 2, 2, 2, 
2}, {2, 2, 2, 2, 1, 1}, {2, 2, 2, 1, 1, 1, 1}, {2, 2, 1, 1, 1, 1, 1, 1}, {2, 1, 1, 1, 1, 1, 1, 1, 1}, 

{1, 1, 1, 1, 1, 1, 1, 1, 1, 1}}



p(11)

{{11}, {10, 1}, {9, 2}, {9, 1, 1}, {8, 3}, {8, 2, 1}, {8, 1, 1, 1}, {7, 4}, {7, 3, 1}, {7, 2, 2}, {7, 2, 1, 
1}, {7, 1, 1, 1, 1}, {6, 5}, {6, 4, 1}, {6, 3, 2}, {6, 3, 1, 1}, {6, 2, 2, 1}, {6, 2, 1, 1, 1}, 

{6, 1, 1, 1, 1, 1}, {5, 5, 1}, {5, 4, 2}, {5, 4, 1, 1}, {5, 3, 3}, {5, 3, 2, 1}, {5, 3, 1, 1, 1}, {5, 2, 2, 2}, 
{5, 2, 2, 1, 1}, {5, 2, 1, 1, 1, 1}, {5, 1, 1, 1, 1, 1, 1}, {4, 4, 3}, {4, 4, 2, 1}, {4, 4, 1, 1, 1}, 

{4, 3, 3, 1}, {4, 3, 2, 2}, {4, 3, 2, 1, 1}, {4, 3, 1, 1, 1, 1}, {4, 2, 2, 2, 1}, {4, 2, 2, 1, 1, 1},

{4, 2, 1, 1, 1, 1, 1}, {4, 1, 1, 1, 1, 1, 1, 1}, {3, 3, 3, 2}, {3, 3, 3, 1, 1}, {3, 3, 2, 2, 1}, {3, 3, 2, 1, 
1, 1}, {3, 3, 1, 1, 1, 1, 1}, {3, 2, 2, 2, 2}, {3, 2, 2, 2, 1, 1}, {3, 2, 2, 1, 1, 1, 1}, 

{3, 2, 1, 1, 1, 1, 1, 1}, {3, 1, 1, 1, 1, 1, 1, 1, 1}, {2, 2, 2, 2, 2, 1}, {2,2, 2, 2, 1, 1, 1}, 

{2, 2, 2, 1, 1, 1, 1, 1}, {2, 2, 1, 1, 1, 1, 1, 1, 1}, {2, 1, 1, 1, 1, 1, 1, 1, 1, 1}, 

{1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1}}


