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My Background

• I work in Representation Theory and Algebraic Geometry with 
applications to Mathematical Physics, in particular, to Integrable Systems


• A theoretical physicist by training, I have now almost completely switched 
to pure math. Still, I try to write one or two papers per year in hep-th


• The term `Physical Mathematics’ (in a nutshell — using string theory/QFT 
intuition to prove math theorems) is perhaps the most precise two-word 
description of my research



Current Research

• Integrable Systems from Algebraic Geometry                                   
Enumerative counts for Nakajima quiver varieties, Opers, Geometric Langlands 
Correspondence.


• Geometric Representation Theory                                                        
Quantization by Branes. Algebras from deformation quantization of some nice families of 
hyperKähler spaces.


• Physics and Mathematics of  gauge theories and their stringy origins                                                                                                                 
The BPS/CFT correspondence

𝒩 = 2



Early Career Work

• Cosmology


• Nonperturbative aspects of Supersymmetric Quantum Field Theory


• Condensed Matter applications


• Resurgence in QFT
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Classical Integrability
• Classical integrable systems of  d.o.f. have  integrals of motion that are in 

involution with each other . 


• Examples include many-body systems like Calogero, Ruijsenaars, DELL, etc

, and continuous (1+1) dimensional models like KdV, 

Intermediate Long Wave, etc. 


• The former can be defined algebraically. The latter admit soliton solutions 
and are connected to the former. Both were shown to be connected to the 
Seiberg-Witten solution of  theories and to geometry


• Compact Lagrangians  are isomorphic to tori and evolution in their 
vicinity is linear (Liouville-Arnold)

n n
{Hi, Hj}PB = 0

∑
p2

i

2m
+ ∑

i≠j

1
(xi − xj)2

𝒩 = 2

{Hi = Ei}

[arXiv:1510.00972]  Lett.Math.Phys. 108 (2018) 45

[arXiv:1601.08238]  J.Math.Phys. 57 (2016) 112302
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Quantum Integrability
Quantum group  is a noncommutative deformation of the loop group with 

a nontrivial intertwiner — R-matrix

Uℏ(𝔤̂)

RV1,V2(a1/a2) : V1(a1)⌦ V2(a2) ! V2(a2)⌦ V1(a1)

Yang-Baxter equation

RV,W

V (a)

W (u)
Z

Integrability comes from transfer matrices 

which generates Bethe algebra

[TW (u), TW (u0)] = 0

Transfer matrices are usually polynomials in  whose 
coefficients are the integrals of motion

u
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TW (u) = TrW (u)((Z ⌦ 1)RV,W )

Classical IS can be quantized using methods of physics — Omega background [Nekrasov], 
Quantization by branes [Gukov, Witten]



I got really fascinated by these (1+1)-dimensional models that are solved by the Bethe 
ansatz and how mysteriously they jump out at you and work and you don’t know why.  

I am trying to understand all this better.



ClassicalQuantum

XXZ Spin chain with anisotropies 

and twisted periodic boundary conditions

n-particle trigonometric  

Ruijsenaars-Schneider model

coordinatestwist eigenvalues

energy (eigenvalues of Hamiltonians)equivariant parameters (anisotropies)

zizi

Ti(z, ~) = ei(a), i = 1, . . . , nBethe Ansatz Equations: exp
∂Y
∂σi

= 1
Energy level equations

ai ei(ai)

Planck’s constant Coupling constant

QQ-Systems q-Opers
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The Gauge/Bethe Correspondence 

Hilbert space of states of a quantum integrable system is identified with equivariant K-
theory of Nakajima quiver variety


gauge group G =
rkgY

i=1

U(vi) ( ) encode weight of a representation v1, v2, …

Bethe roots s live in the maximal torus of , by integrating over s we project on Weyl invariant 
functions thereof

G

Flavor group GF =
Y

i

U(wi) whose maximal torus gives parameters a

Bifundamental matter Hom(Vi, Vj)

QUANTUM K-THEORY OF QUIVER VARIETIES AND MANY-BODY SYSTEMS 11

Part (4) of the Theorem above immediately implies that the eigenvalues of the operator
of quantum multiplication by τ̂(z) can be computed from the asymptotics of the bare
vertex functions.

Corollary 2.14. The following expression:

(20) τp(z) = lim
q→1

V (τ)
p (z)

V (1)
p (z)

gives the eigenvalues of the operator of quantum multiplication by τ̂(z) corresponding to a
fixed point p ∈ XT.

3. Computations for Partial Flags

In this section we will study in detail and apply the formalism which we have developed in
the previous section to the case when Nakajima quiver variety X is the cotangent bundle to
the space of partial flags. In other words, we are interested in studying quantum K-theory
of the following quiver of type An

2

v1 v2 . . . vn−1

wn−1

The stability condition is chosen so that maps Wn−1 → Vn−1 and Vi → Vi−1 are sur-
jective. For the variety to be non-empty the sequence v1, . . . ,vn−1,wn−1 must be non-
decreasing. The fixed points of this Nakajima quiver variety and the stability condition
are classified by chains of subsets V1 ⊂ . . . ⊂ Vn−1 ⊂ Wn−1, where |Vi| = vi,Wn−1 =
{a1, . . . , awn−1}. The special case when vi = i, wn−1 = n is known as complete flag va-
riety, which we denote as Fln. It will be convenient to introduce the following notation:
v′
i = vi+1 − vi−1, for i = 2, . . . , n− 2, v′

n−1 = wn−1 − vn−2, v′
1 = v2.

Remark. In principle, in the computations below one could add extra framings to vertices
to study the most generic situation in the setting of An quiver, but we shall refrain from
doing it in this work to make calculations more transparent and simple.

3.1. Bare vertex for partial flags. The key for computing the bare vertex is the local-
ization theorem in K-theory, which gives the following formula for the equivariant push-

forward, which constituetes bare vertex V (τ)
p (z):

V (τ)
p (z) =

∑

d∈Zn
≥0

∑

(V ,W )∈(QMd
nonsing p2

)T

ŝ(χ(d)) zdqdeg(P)/2τ(V |p1).

2We are using standard quaternionic notations.

[Nekrasov Shatashvili]
[Aganagic Okounkov]



Quantum K-theory

1

2
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Vertex functions (vortex partition functions) are eigenfunctions of quantum 

tRS difference operators (Ward identities)!

[PK Zeitlin [arXiv:1802.04463]  

Math.Res.Lett. 28 (2021) 435]
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Ti(a)V (z, a) = ei(z)V (z, a)
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3d Mirror symmetry

For quantum deformation parameterized by  we study quasimaps from  to z ℙ1 X

C⇥
q
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p1 = 0, p2 = 1
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Classical K-theory of a quiver variety is generated by tensorial polynomials of tautological 

bundles and their duals

Saddle point approximation yields Bethe equations 

BAXTER Q-OPERATOR FROM QUANTUM K-THEORY 7

Next, in Section 2.7, (Definition 10), for a tautological bundle ⌧ 2 KT(Nk,n) as above,
we define a deformation which will be referred to as quantum tautological bundle:3

⌧̂(z) = ⌧ +
1X

d>0

⌧dz
d 2 KT(Nk,n)[[z]]

One of the goals of this paper is to study the spectrum of operators of quantum multi-
plication by quantum tautological bundles. The following theorem is the generalization
of Proposition 1 to the quantum level.

Theorem 2. The eigenvalues of operators of quantum multiplication by ⌧̂(z) are given

by the values of the corresponding Laurent polynomials ⌧(s1, · · · , sk) evaluated at the

solutions of the following equations:

nQ
j=1

si � aj
~aj � si

= z ~�n/2
kQ

j=1
j 6=i

si~� sj
si � sj~

, i = 1 · · · k.(9)

When z = 0 we obtain the statement of Proposition 1.

1.4. XXZ model and Baxter Q-operator. A specialist can immediately recognize
that (9) are nothing but the Bethe ansatz equations for the so-called XXZ spin chain.
Let us briefly recall some basic facts about this quantum integrable system, see also
[37], [8] for a more detailed outline.
Let us consider a system of n interacting magnetic dipoles (usually refered to as

spins) on a 1-dimensional periodic lattice. Each spin can take two possible configura-
tions “up” and “down”, such that the space of the quantum states of this system has
dimension 2n:

H = C2 ⌦ C2 ⌦ · · ·⌦ C2.(10)

In this system of spins only the neighboring ones (with labels i and i+1) can interact.
The energy of the interaction is described by the following Hamiltonian:

H2 = �
nX

i=1

�i

x
⌦ �i+1

x
+ �i

y
⌦ �i+1

y
+� �i

z
⌦ �i+1

z
,(11)

where � = ~1/2 + ~�1/2 is the parameter of anisotropy and �i

m
are the standard Pauli

matrices acting in the i-th factor of (10). The periodic boundary conditions are imposed
by identifying the first with (n+ 1)-th spin space. Up to a gauge transformation such
identification is given by a diagonal matrix. Modulo an irrelevant scalar this matrix
can be chosen to be in the following form:

✓
z 0
0 1

◆
: C2

(1) ! C2
(n+1).

This free parameter z, defining the periodic boundary condition will play the crucial
role in this paper, namely it is the parameter of deformation in the quantum K-theory.

3To the best of our knowledge, this object is introduced in the present paper for the first time.

SQED
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The QQ-System

V

W
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0 ! V ! W ! V _ ! 0Short exact sequence of bundles for T*Grk,n

Eigenvalues of operators  and  (generated by ) satisfy the QQ-relation Q Q̃ V∨

which is equivalent to Bethe equations
<latexit sha1_base64="zVAL4DL4UNgK8GhqxfEuSO5L3WI="></latexit>

z eQ(~u)Q(u)� eQ(u)Q(~u) =
nY

i=1

(u� ai)

Baxter Q-operator has eigenvalue
<latexit sha1_base64="RuhVa+vImBZll1BYHAzTJ9JQTYw=">AAACAnicbVDLSsNAFJ3UV62vqCtxEyxCu7AkUtRNoejGZQv2AW0Mk8mkHTqZCTMToYTixl9x40IRt36FO//GaZuFth64cDjnXu69x48pkcq2v43cyura+kZ+s7C1vbO7Z+4ftCVPBMItxCkXXR9KTAnDLUUUxd1YYBj5FHf80c3U7zxgIQlnd2ocYzeCA0ZCgqDSkmceNUtJudaPBQ+8lNScyf2olJxJj5Q9s2hX7BmsZeJkpAgyNDzzqx9wlESYKUShlD3HjpWbQqEIonhS6CcSxxCN4AD3NGUwwtJNZy9MrFOtBFbIhS6mrJn6eyKFkZTjyNedEVRDuehNxf+8XqLCKzclLE4UZmi+KEyopbg1zcMKiMBI0bEmEAmib7XQEAqIlE6toENwFl9eJu3zinNRqTarxfp1FkceHIMTUAIOuAR1cAsaoAUQeATP4BW8GU/Gi/FufMxbc0Y2cwj+wPj8AXvnljg=</latexit>

Q(u) =
kY

i=1

(u� si)
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Q(u) =
kX

i=1

(�1)kuk�i(⇤iV )(z)~

Relations in the extended Grothendieck ring for finite-dimensional representations of Uℏ( ̂g)

Relations in equivariant cohomology/K-theory of Nakajima quiver varieties

[Frenkel, Hernandez] ….

[Pushkar, Smirnov, Zeitlin] [PK, Pushkar, Smirnov, Zeitlin] ….

Spectral determinants in the QDE/IM Correspondence

Spectral determinants in the QDE/IM correspondence
[Bazhanov, Lukyanov, Zamolodchikov] [Masoero, Raimondo, Valeri] ….

Describes (q-)oper bundles [Frenkel, PK, Zeitlin, Sage]

[Frenkel, PK, Zeitlin, to appear]

Also:

Relations between generalized minors (Jacobi-like identities)
[Fomin, Zelevinski] ….



(G,q)-Opers

Mq : P1 ! P1

Principal bundle  over  ℱG ℙ1

q -connection  is a meromorphic section of (G, q) A Hom𝒪ℙ1
(ℱG, ℱq

G)

q-gauge transformation
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u 7! qu
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A(u) 7! g(qu)A(u)g(u)�1
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g(u) 2 G(C(u))

Triple  

 is the  connection 

 is a line subbundle

(E, A, ℒ)
(E, A) (SL(2), q)
ℒ ⊂ E

The induced map    is an isomorphismĀ : ℒ → (E/ℒ)q

in a trivialization ℒ = Span(s)
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s(qu) ^A(u)s(u) 6= 0

(SL(2),q)-oper

[PK, Sage, Zeitlin, Commun.Math.Phys. 381 (2021) 641]

Chose trivialization of  ℒ Z = diag(⇣, ⇣�1)Twist element
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s(u) =

✓
Q(u)
eQ(u)

◆
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z eQ(~u)Q(u)� eQ(u)Q(~u) =
nY

i=1

(u� ai)q-Oper condition with  — SL(2) QQ-systemA(u) = Z

q = ℏ
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q-Opers, QQ-System & Bethe Ansatz
[Frenkel, PK, Sage, Zeitlin to appear in JEMS]

Theorem: There is a 1-to-1 correspondence between the set of nondegenerate -twisted 
-opers on  and the set of nondegenerate polynomial solutions of the QQ-system 

based on 

Z
(G, q) ℙ1

̂L𝔤
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In terms of these holonomy variables, the space of SL(2,C)-representations ⇢ : ⇡1(Cp) ! SL(2,C) is a
cubic surface (see e.g. [Gol09, Guk11]):

Mflat(Cp, SL(2,C)) = {(x, y, z) 2 C3|x2 + y
2 + z

2 � xyz � 2 = Tr(⇢(c)) = t̃
2 + t̃

�2} . (2.10)

Here we used the fact that, according to (2.7), the holonomy of the complex flat connection around p

is conjugate to

⇢(c) ⇠
✓
t̃
�2 0
0 t̃

2

◆
. (2.11)

This section will be devoted to studying the deformation quantization O
q(X) of this coordinate ring

holomorphic in complex structure J , which is generated by x, y, z, and its representations geometrically.
For a complex surface defined by the zero locus of a polynomial f(x, y, z), the holomorphic sym-

plectic form (a.k.a. Atiyah-Bott-Goldman symplectic form) can be written as

⌦J =
1

2⇡i

dx ^ dy

@f/@z
=

1

2⇡i

dx ^ dy

2z � xy
. (2.12)

and the Kähler form is
!J =

i

4⇡
(dx ^ dx̄+ dy ^ dȳ + dz ^ dz̄) . (2.13)

In the special case ↵p = �p = �p = 0, the moduli space of SL(2,C) flat connections on Cp is simply
a quotient space

(C⇥ ⇥ C⇥)/Z2 (2.14)
by the Weyl group Z2. It can be understood as a moduli space of SL(2,C) flat connections on a torus
(without ramification), such that holonomy eigenvalues along A- and B-cycles each parametrize a copy
of C⇥. The “real slice” (S1 ⇥ S

1)/Z2 is the moduli space of SU(2) flat connections on the (punctured)
torus, and it is sometimes called the “pillowcase”. According to the theorem of [NS65] (resp. [MS80]),
it can be identified with the moduli space Bun(Cp, G) of stable (resp. parabolic) G-bundles on Cp. It
is easy to see that Bun(Cp, G) is a holomorphic submanifold of MH(Cp, G) in complex structure I.
Furthermore, because �' = 0 on Bun(Cp, G), it follows from (2.6) that Bun(Cp, G) is a holomorphic
Lagrangian submanifold with respect to ⌦I (in particular, Lagrangian with respect to !J and !K).
Following the notation in §2.4, we write it by V as a Lagrangian submanifold in the target (X,!X).

In addition to V, other special submanifolds of MH(Cp, G) will play a role in what follows. For
example, in complex structure I, the Hitchin moduli space is a completely integrable Hamiltonian
system [Hit87], i.e. a fibration

⇡ : MH(Cp, G) ! BH (2.15)
over an affine space, the “Hitchin base” BH , whose generic fibers are abelian varieties (sometimes
called “Liouville tori”). For G = SU(2), the map ⇡ takes a pair (E,') to Tr'2, which is holomorphic in
complex structure I. Specializing further to the case where Cp is a genus-one curve gives a particularly
simple integrable system: its generic fiber F is a torus that, just like V, is holomorphic in complex
structure I and Lagrangian with respect to !J and !K . We also note that the only singular fiber of
the Hitchin fibration ⇡ : MH(Cp, G) ! BH is the pre-image N = ⇡

�1(0) of 0 2 BH which, in the limit
↵p = �p = �p = 0, is the “pillowcase” V ⇠= (S1 ⇥ S

1)/Z2 with four orbifold points.
Now let us consider what happens when we go away from the limit ↵p = �p = �p = 0 and consider

generic values of the ramification parameters. From the viewpoint of the complex structure J , the
equation (2.10) describes the deformation of the four A1 singularities of the singular surface (2.14),
where t̃

2 (or, equivalently, �p+ i↵p) plays the role of the complex structure deformation. On the other
hand, turning on �p 6= 0 leads to a resolution of the A1-singularities. In other words, �p is the Kähler
structure parameter in complex structure J , cf. Table 1.

Recall that ↵p is the Kähler structure parameter in complex structure I. If we turn on ↵p while
keeping �p = �p = 0, then the four orbifold points are blown up in the Hitchin fibration. Consequently,
the singular fiber in the Hitchin fibration, called the global nilpotent cone N := ⇡

�1(0), now contains
five compact irreducible components (all rational) [Hau98, Guk11]:

N = V [
4[

i=1

Di . (2.16)

– 8 –

modulo gauge transformations. We denote this moduli space MH(Cp, G), where Cp is a Riemann
surface C with the tame ramification (2.4) at p 2 C. It is a hyper-Kähler space and the corresponding
Kähler forms are

!I = � i

2⇡

Z

C

|d2z| Tr
⇣
�Az̄ ^ �Az � �'̄ ^ �'

⌘
,

!J =
1

2⇡

Z

C

|d2z| Tr
⇣
�'̄ ^ �Az + �' ^ �Az̄

⌘
,

!K =
i

2⇡

Z

C

|d2z| Tr
⇣
�'̄ ^ �Az � �' ^ �Az̄

⌘
.

(2.6)

There is also a triplet of holomorphic symplectic forms ⌦I = !J + i!K , ⌦J = !K + i!I , and ⌦K =
!I + i!J , holomorphic in complex structures I, J , and K, respectively. In the absence of ramification,
it is easy to check that !J and !K are cohomologically trivial [KW07, §4.1], whereas !I is non-trivial
and, if properly normalized, can be taken as a generator of H

2(X,Z). On the other hand, in the
presence of ramification (2.4), the cohomology classes of !J and !K are proportional to �p and �p,
respectively.

The description of MH(Cp, G) as the moduli space of Higgs bundles given above is in complex
structure I. Another useful description, in complex structure J , comes from identifying a complex
combination AC = A+ i� with a GC-valued connection, where � = '+ '̄. The Hitchin equations then
become the flatness condition FC = dAC +AC ^AC = 0 for this GC-valued connection AC. According
to (2.4), it has a non-trivial monodromy around the point p:

U = exp(2⇡(�p + i↵p)) . (2.7)

which depends holomorphically on �p + i↵p and is independent of �p. Indeed, in complex structure
J , �p is a Kähler parameter and �p + i↵p is a complex structure parameter. Another useful fact, also
explained in [GW08], is that the cohomology class of the holomorphic symplectic form ⌦J = !K + i!I

is proportional to �p + i↵p and independent of �p.
Similarly, in complex structure I the Kähler modulus is ↵p, while �p + i�p is a complex structure

parameter. The cohomology class of the holomorphic symplectic form ⌦I = !J + i!K is �p + i�p.
There is a similar story for complex structure K and all these statements are summarized in Table 1.

Complex structure Complex modulus Kähler modulus
I �p + i�p ↵p

J �p + i↵p �p

K ↵p + i�p �p

Table 1: Complex and Kähler moduli of the moduli space MH with one ramification point.

In a supersymmetric sigma-model with target X, the Kähler modulus of the target space is always
complexified. This fact plays an important role in mirror symmetry. In the present setup, too, the
Kähler moduli are all complexified by the periods of the 2-form field B. For example, in complex
structure I, the complexified Kähler modulus is ↵p + i⌘p, where ⌘p 2 T

_ = Hom(⇤_
,U(1)) and

⇤_ is the cocharacter lattice of G. Therefore, taking into account the “quantum” parameter ⌘p, the
ramification data consists of the quadruple of parameters (↵p,�p, �p, ⌘p).

All of these structures can be made completely explicit in the case when Cp is a punctured torus.
In complex structure J , where X = MH(Cp, G) is the moduli space of complex flat connections on Cp,
we can then use an explicit presentation of the fundamental group

⇡1(Cp) = hm, l, c|mlm�1l�1 = ci . (2.8)

to describe flat connections concretely, in terms of holonomies along the (1, 0)-cycle m, the (0, 1)-cycle
l, and the loop c around p:

x = Tr(⇢(m)), y = Tr(⇢(l)), and z = Tr
�
⇢(ml�1)

�
. (2.9)

– 7 –

Deformation Quantization
<latexit sha1_base64="lS170yh8nOYOUCVLJfxPkLc9ZtQ=">AAACDXicbVDJSgNBEO2JW4xb1KOXxihEJGFG3C5C0IvHCGaBJIaeTidp0rOku0YyDvMDXvwVLx4U8erdm39jZzlo4oOCx3tVVNWzfcEVmOa3kZibX1hcSi6nVlbX1jfSm1tl5QWSshL1hCerNlFMcJeVgINgVV8y4tiCVeze1dCv3DOpuOfeQuizhkM6Lm9zSkBLzfRefxDmwgG+wNl+rn8X5az44AEf4jqwAUQ0pILTuJnOmHlzBDxLrAnJoAmKzfRXveXRwGEuUEGUqlmmD42ISOBUsDhVDxTzCe2RDqtp6hKHqUY0+ibG+1pp4bYndbmAR+rviYg4SoWOrTsdAl017Q3F/7xaAO3zRsRdPwDm0vGidiAweHgYDW5xySiIUBNCJde3YtolklDQAaZ0CNb0y7OkfJS3TvMnN8eZwuUkjiTaQbsoiyx0hgroGhVRCVH0iJ7RK3oznowX4934GLcmjMnMNvoD4/MHiieaow==</latexit>

qxy � yx = (q � q�1)z + cyclic

Spherical  DAHA𝔰𝔨2
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Figure 1: Schematic illustration of the Hitchin fibration MH(Cp, SU(2)) ! BH and global nilpotent
cone at �p = 0 = �p and a generic value of ↵p.

In fact, it is a singular fiber of Kodaira type I⇤0 [Kod64, Kod66] in the elliptic fibration ⇡. The irreducible
components V and Di of the global nilpotent cone are holomorphic Lagrangians with respect to ⌦I ,
sometimes called Lagrangians of type (B,A,A). The homology classes of V and Di provide a basis
for the second homology groups H2(MH(Cp, G),Z), and their intersection form is the affine Cartan
matrix of type bD4, as illustrated in Figure 1. The intersection form has only one null vector, which
must be identified with the class of a generic fiber F of the Hitchin fibration, resulting in the relation

[F] = 2[V] +
4X

i=1

[Di] . (2.17)

Once we move away from �p = �p = 0, we are deforming the complex structure modulus �p + i�p

of complex structure I, and so the structure of the Hitchin fibration drastically changes. For generic
values of (�p, �p), the embeddings of the two-cycles V and Di (i = 1, . . . , 4) into MH(Cp, G) are no
longer holomorphic with respect to complex structure I, and the singular fiber of type I

⇤
0 splits into

three singular fibers of type I2 [FW08, §3.4]. If we write the base genus-one curve Cp of the Hitchin
system by an algebraic equation y

2 = (x�e1)(x�e2)(x�e3) with e1+e2+e3 = 0 where the ramification
point p is located at infinity, then the singular fibers of type I2 are preimages of points

BH 3 bi := eiTr (�p + i�p)
2 (i = 1, 2, 3) , (2.18)

under the Hitchin fibration as depicted in Figure 2. In the singular fiber at bi 2 BH , two irreducible
components U2i�1 and U2i, which are topologically CP1, meet at two double points.

Hence, the two-cycles V and Di (i = 1, . . . , 4) are not projected to a point by the Hitchin fibra-
tion with a generic ramification, though they still give a basis of H2(MH(Cp, G),Z) and satisfy the
relation (2.17). An analysis by the Mayer–Vietoris sequence tells us that the homology class of each
irreducible component in a singular fiber I2 can be expressed as

[U1] = [V] + [D1] + [D2] , [U3] = [V] + [D1] + [D3] , [U5] = [V] + [D1] + [D4] ,

[U2] = [V] + [D3] + [D4] , [U4] = [V] + [D2] + [D4] , [U6] = [V] + [D2] + [D3] ,
(2.19)

and there is another two-cycle W as in Figure 2 with homology class [W] = [D1]. With respect to the
new basis

[U1], [U2], [U3], [U5], [W] 2 H2(MH(Cp, G),Z) , (2.20)
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1. Brane Quantization and DAHA

The geometric study of representations often reveals deeper layers of structure in the
form of categorification. I am working on understanding this structure for double a�ne
Hecke algebra (DAHA). Together with S. Gukov, S. Nawata, D. Pei, and I. Saberi I study
the geometric representation theory of DAHA in terms of Hitchin moduli space of once-
punctured torus [GKN+] using the formalism of branes and quantization by Gukov and
Witten [GW].

In string theory, the term “brane” is used for certain extended objects. Branes as partic-
ularly distinguished submanifolds of X on which open strings can end. In math literature,
branes may go by di↵erent names. For example, topological string theory branes come in
two flavors, known as the A- and B-branes. The category of branes of each type can be iden-
tified with a fairly well-defined mathematical structure. For the B-model, this is the derived
category of coherent sheaves on X, whereas the A-model is expected to be some appropri-
ately defined version of the Fukaya category Fuk(X). The homological mirror symmetry
proposal of Kontsevich [K1] identifies these categories for mirror Calabi–Yau three-folds,
and is the subject of ongoing intense mathematical research.

In the proposed framework of brane quantization [GW], it was suggested that the problem
of quantizing a symplectic manifold V could be approached by studying the topological A-
model of a di↵erent space X, a so-called “complexification” of V . This complexification
is equipped with a holomorphic symplectic form, whose real part recovers the data of the
symplectic form on V after restriction.

One then considers the A-model of the complexification with respect to the imaginary
part of the holomorphic symplectic form. This gives rise to a category ABrane(X) of A-
branes, which includes not only Lagrangian objects but also much more unfamiliar branes
supported on coisotropic submanifolds of X [KO]. One should imagine that ABrane(X)
contains Fuk(X) fully faithfully, but that additional exotic objects may be present. While
coisotropic branes remain mysterious in general and do not occur at all on simply-connected
Calabi–Yau three-folds, their existence was shown in [AZ] to be needed for mirror symmetry
to work, even on flat target spaces.

In our example, [GKN+] X is two dimensional and one can define a particularly useful
such exotic object, known as the canonical coisotropic brane. This brane was introduced
in [KW], where it played an important role, in connecting A-branes to D-modules. Its
support is the entire space X, and it is furthermore expected to have a very interesting
algebra of endomorphisms. Actually,

End(Bcc) = O
q(X) ,

where the object on the right-hand side is the deformation quantization of the ring O(X) of
holomorphic functions (with appropriate polynomial growth conditions at infinity) on the
complexification, taken with respect to its holomorphic symplectic form. In the case of an
a�ne variety, O(X) is merely the coordinate ring.

As with any category, there is an action of this algebra by pre-composition (by joining
strings at boundary conditions) on the space of morphisms from Bcc to any other A-brane.
In other words, there should exist a functor that allows us to generate a representation of
this algebra from an A-brane.

(1) Hom(Bcc,�) : DbABrane(X) �! DbRep(Oq(X))

(line ops in  theory)𝒩 = 2*

Geometric representation theory of double affine Hecke algebra (DAHA) in terms of Hitchin moduli space of once-punctured 
torus

Categorification

Wilson ’t Hooft Dyonic



Teaching at University of California
• I taught math and physics and various levels: undergraduate math 

courses at UC Berkeley and UC DavisTeaching

University of California, Berkeley
Math-55 Discrete Mathematics. 2022
Math-54 Linear Algebra. 2021
Math-53 Multivariable Calculus. 2020
Math-142 Elementary Algebraic Topology. 2019
Math-H185 Honors Introduction to Complex Analysis. 2019
Math-185 Introduction to Complex Analysis. 2019

University of California, Davis
MAT-125A Real Analysis. Spring quarter 2016
MAT-108 Introduction to Abstract Math. Winter quarter 2016
MAT-016A Short Calculus. Spring quarter 2017
MAT-25 Advanced Calculus. Winter quarter 2018
MAT-16B Calculus. Spring quarter 2018
MAT-21B Calculus. Fall quarter 2018

Workshop Organization

2022 Program ‘Geometric and Representation-Theoretic Aspects of Quantum Integrability’
(August 29th - October 21st 2022) [link] with focus workshop ‘Geometric Representa-
tion Theory, Integrability, and Supersymmetric Gauge Theories’ [link] at Simons Cen-
ter of Geometry and Physics at Stony Brook University.
2022 Zoom workshop on Elliptic Integrable Systems [link].

2021 2021 Zoom workshop on Elliptic Integrable Systems [link].

Selected Publications

1. q-Opers, QQ-systems, and Bethe Ansatz II: GeneralizedMinors
P. Koroteev and A. M. Zeitlin,
arXiv:2108.04184 [math.AG].
Crelle’s Journal, in press.

2. Branes andDAHARepresentations
S. Gukov, P. Koroteev, S. Nawata, D. Pei, and I. Saberi.
arXiv:2206.03565 [hep-th].
SpringerBriefs (2022), monograph, in press.

3. q-Opers, QQ-Systems, and Bethe Ansatz
E. Frenkel, P. Koroteev, D. S. Sage and A. M. Zeitlin,
arXiv:2002.07344 [math.AG].
J. of EuropeanMath. Society (2022) in press.
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My favorite course!!



Earlier Teaching Activities

• Physics teaching assistant at University of Minnesota


• Mentoring USPhO&USMO students


• Organizing school olympiads during my undergrad years


• Running Summer school for advanced high school students in STEM fields 



Teaching Philosophy
• Creating an adequate grading scheme


• Splitting tests (midterms/quizzes) throughout the term. It has been known 
by brain researchers that learning is more efficient if the new material is 
presented in smaller portions and then students are tested immediately 
after. Last-minute (day/week) learning does not develop long-term 
memory 


• A graduate-level course should be designed to prepare students for their 
independent research in mathematics. Ideally, after having completed a 
course, a grad student should be capable of investigating the topic on 
there own


• You don’t know it until you teach it! 



Berkeley/Stanford Math Circle

• The Bay Area has a long history of mathematical education with UC 
Berkeley, UC Davis, USCF, and Stanford around


• There are math circle programs for grade school students


• I teach in Berkeley and Stanford Math circles in both elementary and 
upper divisions


• I also help with math Olympiads in Berkeley and Stanford


• Olympiads/Circles, etc in Scotland/UK? I am ready to contribute 



Some Math Circle Problems

Show that the set of all distinct partitions of n is in bijection with the set of all odd partitions of n 

Find the number of ways to put in a row of length n dominoes of sizes 2×1 and 1×1 


Can a 10 × 10 square board be paved with the 4 × 1 rectangular plates? 



