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My heart's in the Highlands, my heart is not here,
My heart's in the Highlands, a-chasing the deer;
Chasing the wild-deer, and following the roe,
My heart's in the Highlands, wherever I go



Classical Integrability
Equations of motion Integrability — family of  conserved quantities


which Poisson commute with each other 
n
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{Hi, Hj} = 0 i, j = 1, . . . , n
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df

dt
= {H1, f}

Compact Lagrangians :  are isomorphic to toriℒ {Hi = Ei}

Liouville-Arnold Theorem

Evolution in the neighborhood of  is linearized in action/angle variables  ℒ {Ii, φi}n
i=1
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d'i

dt
= !i,

dIi
dt

= 0

Action/angle variables are hard to find



Examples
Many-body integrable systems — Calogero, Toda, Ruijsenaars (more on this later)

Continuous integrable models in (1+1)-dimensions: Korteweg-de-Vries, Intermediate Long-Wave, 
etc.

They admit soliton solutions. Sectors with N solitons are described by finite N-body integrable 
systems  
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ut = 6uux � uxxx

Inverse scattering method — Lax pair data  action/angle variables→



I got really fascinated by these (1+1)-dimensional models that are solved by the Bethe 
ansatz and how mysteriously they jump out at you and work and you don’t know why.  

I am trying to understand all this better.



I. Many-Body Systems
Calogero in 1971 introduced a new integrable system. Moser in 1975 proved its integrability using Lax pair

HCM =
nX

i=1

p
2
i

2m
+ g

2
X

j 6=i

1

(xi � xj)2

The Calogero-Moser (CM) system has several generalizations: rational CM  trigonometric CM  elliptic CM→ →
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where shrieks in the superscripts above designate the absence of terms with i = j in the
corresponding sums in (2.5), and where

(2.7) ζ̃(ξ|p) = ζ(ξ|p)− 2

π
η1ξ =

π

2ω1
cot

(
πξ

2ω1

)
+

2π

ω1

∞∑

l=1

p2l

1− p2l
sin

(
lπξ

ω1

)
,

i.e., ζ̃ is the standard ζ function without the linear term. Note that if we have included

the linear term we would have had δ−1uz term in the ILW equation. Note that ζ̃ = θ′1(ζ|p)
θ1(ζ|p) ,

which was used, say in [BSTV1]. Now, if we denote ũ = u0−u1 then the following equation
holds

(2.8) ut + uuz +
i

2
βũzz = 0 ,

which is equivalent to (2.1) provided that xj’s satisfy equations of motion for the elliptic
Calogero-Moser-Sutherland model for k particles

(2.9) ẍj = −β2∂j
∑

i #=j

℘(xj − xi) , i = 1, . . . , k ,

where the Weierstrass ℘ and ζ functions are related to each other via ℘(ξ) = − ∂
∂ξ ζ(ξ).

Notice that the potential for the integrable many-body system is represented by the same
function as in the pole ansatz for particles xj and momenta yj(2.5).

2.2. Quantization. The model is also quantum integrable, this was studied in details
earlier, see [KS1] and references therein. Complex velocity field u can be expanded intro
infinitely many oscillator modes u(z, 0) =

∑
ameimz which obey canonical commutation

relations. The quantum ILW Hamiltonians which provide quantization of (2.3) have the
following form (see [KS2] for review)

Î2 =
∑

m>0

a−mam ,

Î3 =
ε+m

2

∑

m>0

m
1 + (−p̃)m

1− (−p̃)m
a−mam +

1

2

∑

m,n>0

(a−m−naman + a−ma−nam+n) ,(2.10)

where ε = log q, m = log !, and p̃ is the elliptic parameter. The operators an for negative
n create ILW solitons from the Fock vacuum |0〉 which is annihilated by all positive modes
a>0|0〉 = 0. The operators an obey the following commutation relations of the doubly-
deformed Heisenberg algebra

(2.11) [an, am] = m
1− qm

1− !m
δm,−n ,

where the deformation is a rational function of parameters q and !. In the semi-classical
regime of the ILW model, when these two variables are expanded around unity this rational
function becomes equal to ε/m, which plays the role of the Planck’s constant.

One can see how the scaling limit ! → ∞ is manifest in the ILW pole Ansatz construction
(2.5) and (2.6). Due to (2.11) we are required to rescale generators an → an!

−n
2 in this

limit. If we return back to the oscillator representation of the velocity field u we see
that this rescaling entails shift in z-variable: z → z − i ε2 , where ! = eε, in order to
keep the decomposition u(z, 0) =

∑
ameimz in place. Additionally we put β = !ν, where

ν is a nonzero constant which can be fixed later after we shall complete the quantum

Another relativistic generalization called Ruijsenaars-Schneider (RS) family
rRS  tRS  eRS→ →

HCM = lim
c!1

HRS � nmc
2

x1

x2
xnx1 x2

xn
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V (x) '
X 1

(xi � xj)2
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V (x) '
X 1

sinh(xi � xj)2
<latexit sha1_base64="qIRKCL6ITjfS08CJzxPyg61h1Qs=">AAAB8nicbVBNSwMxEM36WetX1aOXYBHqpexKUY9FLx4r2A/YLiWbzrahyWZNsmJZ+jO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhS8tUUWhSyaXqhEQDZzE0DTMcOokCIkIO7XB0M/Xbj6A0k/G9GScQCDKIWcQoMVbyW5Wns65mAh5wr1R2q+4MeJl4OSmjHI1e6avblzQVEBvKida+5yYmyIgyjHKYFLuphoTQERmAb2lMBOggm508wadW6eNIKluxwTP190RGhNZjEdpOQcxQL3pT8T/PT010FWQsTlIDMZ0vilKOjcTT/3GfKaCGjy0hVDF7K6ZDogg1NqWiDcFbfHmZtM6r3kW1dlcr16/zOAroGJ2gCvLQJaqjW9RATUSRRM/oFb05xnlx3p2PeeuKk88coT9wPn8AXQqQqw==</latexit>

V (x) '



Example: tRS Model with 2 Particles
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T2 = p1p2

Hamiltonians Symplectic form
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⌦ =
X

i

dpi
pi

^ d⇠i
⇠i

Integrals of motion
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Ti = Ei

Quantization
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pi⇠j = ⇠jpiq
�ij
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q 2 C⇥

tRS Momenta are shift operators
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pif(⇠i) = f(q⇠i)

Eigenvalue Equations
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TiV = EiV

Coordinates , momenta  

coupling constant , energies 

ξi pi
ℏ Ei
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T1 =
⇠1 � ~⇠2
⇠1 � ⇠2

p1 +
⇠2 � ~⇠1
⇠2 � ⇠1

p2



Calogero-Moser Space
Let  be an N-dimensional vector space over . Let  be the subset of  
consisting of elements  such that 

V ℂ ℳ′￼ GL(V) × GL(V) × V × V*
(M, T, u, v)

ℏMT − TM = u ⊗ vT

The group  acts on  by conjugationGL(N; ℂ) = GL(V) ℳ′￼

(M, T, u, v) ↦ (gMg−1, gTg−1, gu, vg−1)

The quotient of  by the action of  is called Calogero-Moser space ℳ′￼ GL(V) ℳ

Flat connections on punctured torus

ABA�1B�1 = C

Mn = {A,B,C}/GL(n;C)

[my DAHA paper with Gukov, Nawata, Pei, Saberi

[arXiv:2206.03565]  SpringerBriefs (2023)]

Integrable Hamiltonians are ~ 

-Lax matrix

TrTk

T

https://arxiv.org/abs/2206.03565


II. Quantum Integrability
Quantum group  is a noncommutative deformation of the loop group with 

a nontrivial intertwiner — R-matrix

Uℏ(𝔤̂)

RV1,V2(a1/a2) : V1(a1)⌦ V2(a2) ! V2(a2)⌦ V1(a1)

Yang-Baxter equation

RV,W

V (a)

W (u)
Z

Integrability comes from transfer matrices 

which generates Bethe algebra

[TW (u), TW (u0)] = 0

Transfer matrices are usually polynomials in  whose 
coefficients are the integrals of motion

u

<latexit sha1_base64="n3IuoZVgYVkjxOCfdrX44IlKoV8=">AAACDnicbZDLSsNAFIYn9VbrLerSzWAppCAlkaJuhKIbl1XaptiGMJlO2qGTCzMToYQ+gRtfxY0LRdy6dufbOGmz0NYfBj7+cw5nzu/FjAppmt9aYWV1bX2juFna2t7Z3dP3DzoiSjgmbRyxiHc9JAijIWlLKhnpxpygwGPE9sbXWd1+IFzQKGzJSUycAA1D6lOMpLJcvdJybSOpXra4m2YwNYz7fiRpQAS0qndu2jmxp1VXL5s1cya4DFYOZZCr6epf/UGEk4CEEjMkRM8yY+mkiEuKGZmW+okgMcJjNCQ9hSFS+5x0ds4UVpQzgH7E1QslnLm/J1IUCDEJPNUZIDkSi7XM/K/WS6R/4aQ0jBNJQjxf5CcMyghm2cAB5QRLNlGAMKfqrxCPEEdYqgRLKgRr8eRl6JzWrLNa/bZeblzlcRTBETgGBrDAOWiAG9AEbYDBI3gGr+BNe9JetHftY95a0PKZQ/BH2ucP8T2aKQ==</latexit>

TW (u) = TrW (u)((Z ⌦ 1)RV,W )

Classical IS can be quantized using methods of physics — Omega background [Nekrasov], 
Quantization by branes [Gukov, Witten]



ClassicalQuantum

SU(n) XXZ spin chain on n sites w/ anisotropies 

and twisted periodic boundary conditions

n-particle trigonometric  

Ruijsenaars-Schneider model

coordinatestwist eigenvalues

energy (eigenvalues of Hamiltonians)equivariant parameters (anisotropies)

zizi

Ti(z, ~) = ei(a), i = 1, . . . , nBethe Ansatz Equations: exp
∂Y
∂σi

= 1
Energy level equations

ai ei(ai)

Planck’s constant Coupling constant
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The Quantum/Classical Duality

Why do we expect quantum and classical models to be related to each other?

1) Enumerative Algebraic Geometry Motivated by Physics

2) Geometric Langlands — Opers



The Gauge/Bethe Correspondence 

Hilbert space of states of a quantum integrable system is identified with equivariant K-
theory of Nakajima quiver variety


gauge group G =
rkgY

i=1

U(vi) ( ) encode weight of a representation v1, v2, …

Bethe roots s live in the maximal torus of , by integrating over s we project on Weyl invariant 
functions thereof

G

Flavor group GF =
Y

i

U(wi) whose maximal torus gives parameters a

Bifundamental matter Hom(Vi, Vj)
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Part (4) of the Theorem above immediately implies that the eigenvalues of the operator
of quantum multiplication by τ̂(z) can be computed from the asymptotics of the bare
vertex functions.

Corollary 2.14. The following expression:

(20) τp(z) = lim
q→1

V (τ)
p (z)

V (1)
p (z)

gives the eigenvalues of the operator of quantum multiplication by τ̂(z) corresponding to a
fixed point p ∈ XT.

3. Computations for Partial Flags

In this section we will study in detail and apply the formalism which we have developed in
the previous section to the case when Nakajima quiver variety X is the cotangent bundle to
the space of partial flags. In other words, we are interested in studying quantum K-theory
of the following quiver of type An

2

v1 v2 . . . vn−1

wn−1

The stability condition is chosen so that maps Wn−1 → Vn−1 and Vi → Vi−1 are sur-
jective. For the variety to be non-empty the sequence v1, . . . ,vn−1,wn−1 must be non-
decreasing. The fixed points of this Nakajima quiver variety and the stability condition
are classified by chains of subsets V1 ⊂ . . . ⊂ Vn−1 ⊂ Wn−1, where |Vi| = vi,Wn−1 =
{a1, . . . , awn−1}. The special case when vi = i, wn−1 = n is known as complete flag va-
riety, which we denote as Fln. It will be convenient to introduce the following notation:
v′
i = vi+1 − vi−1, for i = 2, . . . , n− 2, v′

n−1 = wn−1 − vn−2, v′
1 = v2.

Remark. In principle, in the computations below one could add extra framings to vertices
to study the most generic situation in the setting of An quiver, but we shall refrain from
doing it in this work to make calculations more transparent and simple.

3.1. Bare vertex for partial flags. The key for computing the bare vertex is the local-
ization theorem in K-theory, which gives the following formula for the equivariant push-

forward, which constituetes bare vertex V (τ)
p (z):

V (τ)
p (z) =

∑

d∈Zn
≥0

∑

(V ,W )∈(QMd
nonsing p2

)T

ŝ(χ(d)) zdqdeg(P)/2τ(V |p1).

2We are using standard quaternionic notations.

[Nekrasov Shatashvili]
[Aganagic Okounkov]



Quantum K-theory

1

2
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Vertex functions are eigenfunctions of quantum tRS difference operators in equivariant 
parameters and in twist parameters!

[PK Zeitlin [arXiv:1802.04463]  

Math.Res.Lett. 28 (2021) 435]
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Ti(a)V (z, a) = ei(z)V (z, a)
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3d Mirror symmetry

For quantum deformation parameterized by  we study quasimaps from  to z ℙ1 X

C⇥
q
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p1 = 0, p2 = 1
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Classical K-theory of a quiver variety is generated by tensorial polynomials of tautological 

bundles and their duals

Saddle point approximation yields Bethe equations 
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Next, in Section 2.7, (Definition 10), for a tautological bundle ⌧ 2 KT(Nk,n) as above,
we define a deformation which will be referred to as quantum tautological bundle:3

⌧̂(z) = ⌧ +
1X

d>0

⌧dz
d 2 KT(Nk,n)[[z]]

One of the goals of this paper is to study the spectrum of operators of quantum multi-
plication by quantum tautological bundles. The following theorem is the generalization
of Proposition 1 to the quantum level.

Theorem 2. The eigenvalues of operators of quantum multiplication by ⌧̂(z) are given

by the values of the corresponding Laurent polynomials ⌧(s1, · · · , sk) evaluated at the

solutions of the following equations:

nQ
j=1

si � aj
~aj � si

= z ~�n/2
kQ

j=1
j 6=i

si~� sj
si � sj~

, i = 1 · · · k.(9)

When z = 0 we obtain the statement of Proposition 1.

1.4. XXZ model and Baxter Q-operator. A specialist can immediately recognize
that (9) are nothing but the Bethe ansatz equations for the so-called XXZ spin chain.
Let us briefly recall some basic facts about this quantum integrable system, see also
[37], [8] for a more detailed outline.
Let us consider a system of n interacting magnetic dipoles (usually refered to as

spins) on a 1-dimensional periodic lattice. Each spin can take two possible configura-
tions “up” and “down”, such that the space of the quantum states of this system has
dimension 2n:

H = C2 ⌦ C2 ⌦ · · ·⌦ C2.(10)

In this system of spins only the neighboring ones (with labels i and i+1) can interact.
The energy of the interaction is described by the following Hamiltonian:

H2 = �
nX

i=1

�i

x
⌦ �i+1

x
+ �i

y
⌦ �i+1

y
+� �i

z
⌦ �i+1

z
,(11)

where � = ~1/2 + ~�1/2 is the parameter of anisotropy and �i

m
are the standard Pauli

matrices acting in the i-th factor of (10). The periodic boundary conditions are imposed
by identifying the first with (n+ 1)-th spin space. Up to a gauge transformation such
identification is given by a diagonal matrix. Modulo an irrelevant scalar this matrix
can be chosen to be in the following form:

✓
z 0
0 1

◆
: C2

(1) ! C2
(n+1).

This free parameter z, defining the periodic boundary condition will play the crucial
role in this paper, namely it is the parameter of deformation in the quantum K-theory.

3To the best of our knowledge, this object is introduced in the present paper for the first time.
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Next, in Section 2.7, (Definition 10), for a tautological bundle ⌧ 2 KT(Nk,n) as above,
we define a deformation which will be referred to as quantum tautological bundle:3

⌧̂(z) = ⌧ +
1X

d>0

⌧dz
d 2 KT(Nk,n)[[z]]

One of the goals of this paper is to study the spectrum of operators of quantum multi-
plication by quantum tautological bundles. The following theorem is the generalization
of Proposition 1 to the quantum level.

Theorem 2. The eigenvalues of operators of quantum multiplication by ⌧̂(z) are given

by the values of the corresponding Laurent polynomials ⌧(s1, · · · , sk) evaluated at the

solutions of the following equations:

nQ
j=1

si � aj
~aj � si

= z ~�n/2
kQ

j=1
j 6=i

si~� sj
si � sj~

, i = 1 · · · k.(9)

When z = 0 we obtain the statement of Proposition 1.

1.4. XXZ model and Baxter Q-operator. A specialist can immediately recognize
that (9) are nothing but the Bethe ansatz equations for the so-called XXZ spin chain.
Let us briefly recall some basic facts about this quantum integrable system, see also
[37], [8] for a more detailed outline.
Let us consider a system of n interacting magnetic dipoles (usually refered to as

spins) on a 1-dimensional periodic lattice. Each spin can take two possible configura-
tions “up” and “down”, such that the space of the quantum states of this system has
dimension 2n:

H = C2 ⌦ C2 ⌦ · · ·⌦ C2.(10)

In this system of spins only the neighboring ones (with labels i and i+1) can interact.
The energy of the interaction is described by the following Hamiltonian:

H2 = �
nX

i=1

�i

x
⌦ �i+1

x
+ �i

y
⌦ �i+1

y
+� �i

z
⌦ �i+1

z
,(11)

where � = ~1/2 + ~�1/2 is the parameter of anisotropy and �i

m
are the standard Pauli

matrices acting in the i-th factor of (10). The periodic boundary conditions are imposed
by identifying the first with (n+ 1)-th spin space. Up to a gauge transformation such
identification is given by a diagonal matrix. Modulo an irrelevant scalar this matrix
can be chosen to be in the following form:

✓
z 0
0 1

◆
: C2

(1) ! C2
(n+1).

This free parameter z, defining the periodic boundary condition will play the crucial
role in this paper, namely it is the parameter of deformation in the quantum K-theory.

3To the best of our knowledge, this object is introduced in the present paper for the first time.

Operator of quantum multiplication
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Part (4) of the Theorem above immediately implies that the eigenvalues of the operator
of quantum multiplication by ⌧̂(z) can be computed from the asymptotics of the bare
vertex functions.

Corollary 2.14. The following expression:

(20) ⌧p(z) = lim
q!1

V
(⌧)
p (z)

V
(1)
p (z)

gives the eigenvalues of the operator of quantum multiplication by ⌧̂(z) corresponding to a

fixed point p 2 X
T
.

3. Computations for Partial Flags

In this section we will study in detail and apply the formalism which we have developed in
the previous section to the case when Nakajima quiver variety X is the cotangent bundle to
the space of partial flags. In other words, we are interested in studying quantum K-theory
of the following quiver of type An

2

v1 v2 . . . vn�1

wn�1

The stability condition is chosen so that maps Wn�1 ! Vn�1 and Vi ! Vi�1 are sur-
jective. For the variety to be non-empty the sequence v1, . . . ,vn�1,wn�1 must be non-
decreasing. The fixed points of this Nakajima quiver variety and the stability condition
are classified by chains of subsets V1 ⇢ . . . ⇢ Vn�1 ⇢ Wn�1, where |Vi| = vi,Wn�1 =
{a1, . . . , awn�1}. The special case when vi = i, wn�1 = n is known as complete flag va-
riety, which we denote as Fln. It will be convenient to introduce the following notation:
v0
i = vi+1 � vi�1, for i = 2, . . . , n� 2, v0

n�1 = wn�1 � vn�2, v0
1 = v2.

Remark. In principle, in the computations below one could add extra framings to vertices
to study the most generic situation in the setting of An quiver, but we shall refrain from
doing it in this work to make calculations more transparent and simple.

3.1. Bare vertex for partial flags. The key for computing the bare vertex is the local-
ization theorem in K-theory, which gives the following formula for the equivariant push-

forward, which constituetes bare vertex V
(⌧)
p (z):

V
(⌧)
p (z) =

X

d2Zn
�0

X

(V ,W )2(QMd
nonsing p2

)T

ŝ(�(d)) zdqdeg(P)/2
⌧(V |p1).

2We are using standard quaternionic notations.

k

n

Baxter Q-operator has eigenvalue

Equivariant parameters , 

twist , 

Planck constant 

ai
z

ℏ

<latexit sha1_base64="RuhVa+vImBZll1BYHAzTJ9JQTYw=">AAACAnicbVDLSsNAFJ3UV62vqCtxEyxCu7AkUtRNoejGZQv2AW0Mk8mkHTqZCTMToYTixl9x40IRt36FO//GaZuFth64cDjnXu69x48pkcq2v43cyura+kZ+s7C1vbO7Z+4ftCVPBMItxCkXXR9KTAnDLUUUxd1YYBj5FHf80c3U7zxgIQlnd2ocYzeCA0ZCgqDSkmceNUtJudaPBQ+8lNScyf2olJxJj5Q9s2hX7BmsZeJkpAgyNDzzqx9wlESYKUShlD3HjpWbQqEIonhS6CcSxxCN4AD3NGUwwtJNZy9MrFOtBFbIhS6mrJn6eyKFkZTjyNedEVRDuehNxf+8XqLCKzclLE4UZmi+KEyopbg1zcMKiMBI0bEmEAmib7XQEAqIlE6toENwFl9eJu3zinNRqTarxfp1FkceHIMTUAIOuAR1cAsaoAUQeATP4BW8GU/Gi/FufMxbc0Y2cwj+wPj8AXvnljg=</latexit>

Q(u) =
kY

i=1

(u� si)

<latexit sha1_base64="NFV2ZNxSyXSSlBT7jeLwqrTAvCg="></latexit>

Q(u) =
kX

i=1

(�1)kuk�i(⇤iV )(z)~

[Pushkar Smirnov Zeitlin]



The QQ-System for A1
V

W
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0 ! V ! W ! V _ ! 0

Short exact sequence of bundles

Eigenvalues of Q-operators

Satisfy the QQ-relation

equivalent to the XXZ Bethe equations

<latexit sha1_base64="NFV2ZNxSyXSSlBT7jeLwqrTAvCg="></latexit>
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<latexit sha1_base64="zVAL4DL4UNgK8GhqxfEuSO5L3WI="></latexit>

z eQ(~u)Q(u)� eQ(u)Q(~u) =
nY

i=1

(u� ai)
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Consider vector bundle  over  ℱG ℙ1
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-connection  is a meromorphic section of (G, q) A Hom𝒪ℙ1
(ℱG, ℱq

G)

Locally q-gauge transformation of the connection

-simple simply-connected complex Lie groupG

Compare with (standard) gauge transformations
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A meromorphic (G,q)-oper 
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of A to the Zariski open dense subset U∩M−1
q (U) can be written as a section of the trivial G-

bundle on U ∩M−1
q (U), and hence as an element A(z) of G(z).1 Changing the trivialization

of FG|U via g(z) ∈ G(z) changes A(z) by the following q-gauge transformation:

(2.1) A(z) #→ g(qz)A(z)g(z)−1 .

This shows that the set of equivalence classes of pairs (FG, A) as above is in bijection with
the quotient of G(z) by the q-gauge transformations (2.1).

Following [FRS,SS], we define a (G, q)-oper as a (G, q)-connection on a G-bundle on P1

equipped with a reduction to the Borel subgroup B− that is not preserved by the (G, q)-
connection but instead satisfies a special “transversality condition” which is defined in terms
of the Bruhat cell associated to the Coxeter element c. Here is the precise definition.

Definition 2.1. Ameromorphic (G, q)-oper (or simply a q-oper) on P1 is a triple (FG, A,FB−),
where A is a meromorphic (G, q)-connection on a G-bundle FG on P1 and FB− is a reduc-
tion of FG to B− satisfying the following condition: there exists a Zariski open dense
subset U ⊂ P1 together with a trivialization ıB− of FB− such that the restriction of the
connection A : FG −→ F

q
G to U ∩M−1

q (U), written as an element of G(z) using the triv-
ializations of FG and F

q
G on U ∩ M−1

q (U) induced by ıB− , takes values in the Bruhat cell
B−(C[U ∩M−1

q (U)])cB−(C[U ∩M−1
q (U)]).

Note that this property does not depend on the choice of trivialization ıB− .
Since G is assumed to be simply connected, any q-oper connection A can be written

(using a particular trivialization ıB−) in the form

(2.2) A(z) = n′(z)
∏

i

(φi(z)
α̌i si)n(z),

where φi(z) ∈ C(z) and n(z), n′(z) ∈ N−(z) are such that their zeros and poles are outside
the subset U ∩M−1

q (U) of P1.
We remark that the choice of a particular Coxeter element c in this definition can be

viewed as a choice of a particular gauge, at least for orderings differing by a cyclic permu-
tation. Indeed, we will see below in Proposition 4.10 that the spaces of q-opers we consider
for such a pair of Coxeter elements are isomorphic under a specific q-gauge transformation.

2.3. Miura q-opers. We will also need a q-difference version of the notion of differential
Miura opers introduced in [F2,F3]. These are q-opers together with an additional datum:
a reduction of the underlying G-bundle to the Borel subgroup B+ (opposite to B−) that is
preserved by the oper q-connection.

Definition 2.2. AMiura (G, q)-oper on P1 is a quadruple (FG, A,FB− ,FB+), where (FG, A,FB−)
is a meromorphic (G, q)-oper on P1 and FB+ is a reduction of the G-bundle FG to B+ that
is preserved by the q-connection A.

Forgetting FB+ , we associate a (G, q)-oper to a given Miura (G, q)-oper. We will refer to
it as the (G, q)-oper underlying the Miura (G, q)-oper.

The following result is an analogue of a statement about differential Miura opers proved
in [F2,F3].

Suppose we are given a principal G-bundle FG on any smooth complex manifold X
equipped with reductions FB− and FB+ to B− and B+ respectively. We then assign to

1Throughout the paper, if K is a complex algebraic group, we set K(z) = K(C(z)).
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viewed as a choice of a particular gauge, at least for orderings differing by a cyclic permu-
tation. Indeed, we will see below in Proposition 4.10 that the spaces of q-opers we consider
for such a pair of Coxeter elements are isomorphic under a specific q-gauge transformation.

2.3. Miura q-opers. We will also need a q-difference version of the notion of differential
Miura opers introduced in [F2,F3]. These are q-opers together with an additional datum:
a reduction of the underlying G-bundle to the Borel subgroup B+ (opposite to B−) that is
preserved by the oper q-connection.

Definition 2.2. AMiura (G, q)-oper on P1 is a quadruple (FG, A,FB− ,FB+), where (FG, A,FB−)
is a meromorphic (G, q)-oper on P1 and FB+ is a reduction of the G-bundle FG to B+ that
is preserved by the q-connection A.

Forgetting FB+ , we associate a (G, q)-oper to a given Miura (G, q)-oper. We will refer to
it as the (G, q)-oper underlying the Miura (G, q)-oper.

The following result is an analogue of a statement about differential Miura opers proved
in [F2,F3].

Suppose we are given a principal G-bundle FG on any smooth complex manifold X
equipped with reductions FB− and FB+ to B− and B+ respectively. We then assign to

1Throughout the paper, if K is a complex algebraic group, we set K(z) = K(C(z)).
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of A to the Zariski open dense subset U∩M−1
q (U) can be written as a section of the trivial G-

bundle on U ∩M−1
q (U), and hence as an element A(z) of G(z).1 Changing the trivialization

of FG|U via g(z) ∈ G(z) changes A(z) by the following q-gauge transformation:

(2.1) A(z) #→ g(qz)A(z)g(z)−1 .

This shows that the set of equivalence classes of pairs (FG, A) as above is in bijection with
the quotient of G(z) by the q-gauge transformations (2.1).

Following [FRS,SS], we define a (G, q)-oper as a (G, q)-connection on a G-bundle on P1

equipped with a reduction to the Borel subgroup B− that is not preserved by the (G, q)-
connection but instead satisfies a special “transversality condition” which is defined in terms
of the Bruhat cell associated to the Coxeter element c. Here is the precise definition.

Definition 2.1. Ameromorphic (G, q)-oper (or simply a q-oper) on P1 is a triple (FG, A,FB−),
where A is a meromorphic (G, q)-connection on a G-bundle FG on P1 and FB− is a reduc-
tion of FG to B− satisfying the following condition: there exists a Zariski open dense
subset U ⊂ P1 together with a trivialization ıB− of FB− such that the restriction of the
connection A : FG −→ F

q
G to U ∩M−1

q (U), written as an element of G(z) using the triv-
ializations of FG and F

q
G on U ∩ M−1

q (U) induced by ıB− , takes values in the Bruhat cell
B−(C[U ∩M−1

q (U)])cB−(C[U ∩M−1
q (U)]).

Note that this property does not depend on the choice of trivialization ıB− .
Since G is assumed to be simply connected, any q-oper connection A can be written

(using a particular trivialization ıB−) in the form

(2.2) A(z) = n′(z)
∏

i

(φi(z)
α̌i si)n(z),

where φi(z) ∈ C(z) and n(z), n′(z) ∈ N−(z) are such that their zeros and poles are outside
the subset U ∩M−1

q (U) of P1.
We remark that the choice of a particular Coxeter element c in this definition can be

viewed as a choice of a particular gauge, at least for orderings differing by a cyclic permu-
tation. Indeed, we will see below in Proposition 4.10 that the spaces of q-opers we consider
for such a pair of Coxeter elements are isomorphic under a specific q-gauge transformation.

2.3. Miura q-opers. We will also need a q-difference version of the notion of differential
Miura opers introduced in [F2,F3]. These are q-opers together with an additional datum:
a reduction of the underlying G-bundle to the Borel subgroup B+ (opposite to B−) that is
preserved by the oper q-connection.

Definition 2.2. AMiura (G, q)-oper on P1 is a quadruple (FG, A,FB− ,FB+), where (FG, A,FB−)
is a meromorphic (G, q)-oper on P1 and FB+ is a reduction of the G-bundle FG to B+ that
is preserved by the q-connection A.

Forgetting FB+ , we associate a (G, q)-oper to a given Miura (G, q)-oper. We will refer to
it as the (G, q)-oper underlying the Miura (G, q)-oper.

The following result is an analogue of a statement about differential Miura opers proved
in [F2,F3].

Suppose we are given a principal G-bundle FG on any smooth complex manifold X
equipped with reductions FB− and FB+ to B− and B+ respectively. We then assign to

1Throughout the paper, if K is a complex algebraic group, we set K(z) = K(C(z)).
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Note that this property does not depend on the choice of trivialization ıB− .
Since G is assumed to be simply connected, any q-oper connection A can be written

(using a particular trivialization ıB−) in the form

(2.2) A(z) = n′(z)
∏
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(φi(z)
α̌i si)n(z),

where φi(z) ∈ C(z) and n(z), n′(z) ∈ N−(z) are such that their zeros and poles are outside
the subset U ∩M−1

q (U) of P1.
We remark that the choice of a particular Coxeter element c in this definition can be

viewed as a choice of a particular gauge, at least for orderings differing by a cyclic permu-
tation. Indeed, we will see below in Proposition 4.10 that the spaces of q-opers we consider
for such a pair of Coxeter elements are isomorphic under a specific q-gauge transformation.

2.3. Miura q-opers. We will also need a q-difference version of the notion of differential
Miura opers introduced in [F2,F3]. These are q-opers together with an additional datum:
a reduction of the underlying G-bundle to the Borel subgroup B+ (opposite to B−) that is
preserved by the oper q-connection.

Definition 2.2. AMiura (G, q)-oper on P1 is a quadruple (FG, A,FB− ,FB+), where (FG, A,FB−)
is a meromorphic (G, q)-oper on P1 and FB+ is a reduction of the G-bundle FG to B+ that
is preserved by the q-connection A.

Forgetting FB+ , we associate a (G, q)-oper to a given Miura (G, q)-oper. We will refer to
it as the (G, q)-oper underlying the Miura (G, q)-oper.

The following result is an analogue of a statement about differential Miura opers proved
in [F2,F3].

Suppose we are given a principal G-bundle FG on any smooth complex manifold X
equipped with reductions FB− and FB+ to B− and B+ respectively. We then assign to

1Throughout the paper, if K is a complex algebraic group, we set K(z) = K(C(z)).
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Locally:

A(u) = n0(u)
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i

(�i (u)
↵̌i si )n(u), �i (u) 2 C(u), n(u), n0(u) 2 N(u)

Here N = [B,B], H = B/[B,B].

~-Drinfeld-Sokolov reduction: Semenov-Tian-Shansky, Sevostyanov’98

Locally <latexit sha1_base64="bjOlc1pw8QWDq97mQPVPQg8oa80="></latexit>

A(u) = n0(u)
Y

i

(�i(u)
↵̌
i si)n(u) <latexit sha1_base64="XzLkOCnES9L1ytyHorBY0x126rU="></latexit>

�i(u) 2 C(u), n(u), n0(u) 2 N�(u) = [B�(u), B�(u)]



(SL(2),q)-Opers
Let G = SL(2) The q-oper definition can be formulated as

Triple  

 is the  connection 

 is a line subbundle

(E, A, ℒ)
(E, A) (SL(2), q)
ℒ ⊂ E

The induced map    is an isomorphismĀ : ℒ → (E/ℒ)q

in a trivialization ℒ = Span(s)

Allow singularities
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4. (SL(N), q)-opers

4.1. Definitions. We now discuss the generalization of (SL(2), q)-opers to SL(N).

Definition 4.1. A (GL(N), q)-oper on P1 is a triple (E, A,L•), where (E, A) is a (GL(N), q)-
connection and L• is a complete flag of subbundles such that A maps Li into L

q
i+1

and the
induced maps Āi : Li/Li�1 �! L

q
i+1

/L
q
i are isomorphisms for i = 1, . . . , N � 1. The triple

is called an SL(N)-oper if (E, A) is an (SL(N), q)-connection.

To make this definition more explicit, consider the determinants

(4.1)
⇣
s(qi�1

z) ^ A(qi�2
z)s(qi�2

z) ^ · · · ^
⇣ i�2Y

j=0

(A(qi�2�j
z)
⌘
s(z)

⌘����
⇤iL

qi�1

i

for i = 1, . . . , N , where s is a local section of L1. Then (E, A,L•) is a q-oper if and only
if at every point, there exists local sections for which each Wi(s)(z) is nonzero. It will be
more convenient to consider determinants with the same zeros as those in (4.1), but with
no q-shifts:

(4.2) Wi(s)(z) =
⇣
s(z) ^ A(z)�1

s(qz) ^ · · · ^
⇣ i�2Y

j=0

(A(qjz)�1

⌘
s(qi�1

z)
⌘����

⇤iLi

.

As in the classical setting, we need to relax these conditions to allow for regular singular-
ities. Fix a collection of L points z1, . . . , zL 6= 0, 1 such that the q

Z-lattices they generate
are pairwise disjoint. We associate a dominant integral weight �m =

P
l
i
m!i to each zm.

Set `
i
m =

Pi
j=1

l
j
m.

Definition 4.2. An (SL(N), q)-oper with regular singularities at the points z1, . . . , zL 6=
0, 1 with weights �1, . . . �L is a meromorphic (SL(N), q)-oper such that each Āi is an

isomorphism except at the points q
�`i�1

m zm, q
�`i�1

m +1
zm, . . . , q

�`im+1
zm for each m, where it

has simple zeros.

znq
�1

znq
�2

zn

q

q
�lkn+1

zn
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Figure 1. Weight of the singularity zn as q-monodromy around the cylin-
der (P1 with 0 and 1 removed).

In order to express the locations of the roots of the Wi(s)’s, it is convenient to introduce
the polynomials

(4.3) ⇤i =
LY

m=1

`im�1Y

j=`i�1
m

(z � q
�j

zm)

Add Twists
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q-Opers, QQ-System & Bethe Ansatz
Chose trivialization of L

q-Oper condition — SL(2) QQ-system

Z = diag(⇣, ⇣�1)Twist element

QQ-system to XXZ Bethe equations
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<latexit sha1_base64="nLYqISZQh/rjR13VEyJC/YXebOs=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KGVGiroRim5cVrAPmA4lk2ba0EwyJHeEMvQz3LhQxK1f486/MW1noa0HAodz7iH3njAR3IDrfjuFtfWNza3idmlnd2//oHx41DYq1ZS1qBJKd0NimOCStYCDYN1EMxKHgnXC8d3M7zwxbbiSjzBJWBCToeQRpwSs5PMbr9obKDDVcb9ccWvuHHiVeDmpoBzNfvnLJmkaMwlUEGN8z00gyIgGTgWblnqpYQmhYzJkvqWSxMwE2XzlKT6zygBHStsnAc/V34mMxMZM4tBOxgRGZtmbif95fgrRdZBxmaTAJF18FKUCg8Kz+/GAa0ZBTCwhVHO7K6YjogkF21LJluAtn7xK2hc177JWf6hXGrd5HUV0gk7ROfLQFWqge9RELUSRQs/oFb054Lw4787HYrTg5Jlj9AfO5w9M85Ch</latexit>

i = 1, . . . , k

<latexit sha1_base64="9UGymDQdFp/Z4/3kJcrcFQdRZqU="></latexit>

nY

l=1

si � qrlal
si � al

= ⇣2qk
kY

j=1

qsi � sj
si � qsj

<latexit sha1_base64="SR1fA+sjpBhhC1E2Oa4asfZc1wU=">AAACG3icbZDLSsNAFIYn9VbjrerSTbAIFbEkpagboejGZQv2Ak0Ik+lpO3QyCTMTsYS+hxtfxY0LRVwJLnwbpxdEWw8MfPz/Ocw5fxAzKpVtfxmZpeWV1bXsurmxubW9k9vda8goEQTqJGKRaAVYAqMc6ooqBq1YAA4DBs1gcD32m3cgJI34rRrG4IW4x2mXEqy05OdKspAcX7oB9ChP4xArQe9HZs0/0bLrajjVYLrAOz+un8vbRXtS1iI4M8ijWVX93IfbiUgSAleEYSnbjh0rL8VCUcJgZLqJhBiTAe5BWyPHIUgvndw2so600rG6kdCPK2ui/p5IcSjlMAx0p96vL+e9sfif105U98JLKY8TBZxMP+omzFKRNQ7K6lABRLGhBkwE1btapI8FJkrHaeoQnPmTF6FRKjpnxXKtnK9czeLIogN0iArIQeeogm5QFdURQQ/oCb2gV+PReDbejPdpa8aYzeyjP2V8fgPzUKAm</latexit>

s(u) =

✓
Q+(u)
Q�(u)

◆

<latexit sha1_base64="UbyyMkVzx0T0wVOqJfxvwAZdGIk=">AAACCnicbVC7TsMwFHXKq5RXgZHFUCG1S5WgCliQCiwMDEWiD6mNKse5aa06TrAdUFV1ZuFXWBhAiJUvYONvcB8DtBzpSsfn3Gv7Hi/mTGnb/rZSC4tLyyvp1cza+sbmVnZ7p6aiRFKo0ohHsuERBZwJqGqmOTRiCST0ONS93uXIr9+DVCwSt7ofgxuSjmABo0QbqZ3dV/m7pNB6AL8D+DyfFJQpfIZb1+YOn5hDO5uzi/YYeJ44U5JDU1Ta2a+WH9EkBKEpJ0o1HTvW7oBIzSiHYaaVKIgJ7ZEONA0VJATlDsarDPGhUXwcRNKU0His/p4YkFCpfuiZzpDorpr1RuJ/XjPRwak7YCJONAg6eShIONYRHuWCfSaBat43hFDJzF8x7RJJqDbpZUwIzuzK86R2VHSOi6WbUq58MY0jjfbQAcojB52gMrpCFVRFFD2iZ/SK3qwn68V6tz4mrSlrOrOL/sD6/AGdaphQ</latexit>

s(qu) ^A(u)s(u) = ⇤(u)
<latexit sha1_base64="OMlgfE/kk8h2OmHqkjdqf4w41Ek="></latexit>

⇣ Q�(u)Q+(qu)� ⇣�1Q�(qu)Q+(u) = ⇤(u)

<latexit sha1_base64="g+aJMxzlnGibneNlh5mOw7lEUGM=">AAACBHicbVDLSsNAFJ3UV62vqMtugkVoEUsiRd0Uim5ctmAf0MYwmUzaIZNJmIdQQhdu/BU3LhRx60e482+cPhZaPXDhcM693HuPn1IipG1/GbmV1bX1jfxmYWt7Z3fP3D/oiERxhNsooQnv+VBgShhuSyIp7qUcw9inuOtH11O/e4+5IAm7leMUuzEcMhISBKWWPLPY8k7KqlIfpDwJvCyqO5O7uKxOhRdVPLNkV+0ZrL/EWZASWKDpmZ+DIEEqxkwiCoXoO3Yq3QxySRDFk8JACZxCFMEh7mvKYIyFm82emFjHWgmsMOG6mLRm6s+JDMZCjGNfd8ZQjsSyNxX/8/pKhpduRliqJGZovihU1JKJNU3ECgjHSNKxJhBxom+10AhyiKTOraBDcJZf/ks6Z1XnvFpr1UqNq0UceVAER6AMHHABGuAGNEEbIPAAnsALeDUejWfjzXift+aMxcwh+AXj4xuut5bc</latexit>

Q+(u) =
mY

k=1

(u� sk)



q-Miura Transformation

Z-twisted q-oper condition

The q-oper condition becomes the SL(2) QQ-system

Difference Equation
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permuting the standard basis. Hence, the associated Miura opers are parameterized by the
Weyl group.

3. (SL(2), q)-opers

3.1. Definitions. We now consider a q-deformation of the set-up in the previous section.
It involves a di↵erence equation version of connections and opers.

Fix q 2 C⇤. Given a vector bundle E over P1, let E
q denote the pullback of E under

the map z 7! qz. We will always assume that E is trivializable. Consider a map of vector
bundles A : E �! E

q. Upon picking a trivialization, the map A is determined by a matrix
A(z) 2 gl(N, C(z)) giving the linear map Ez �! Eqz in the given bases. A change in
trivialization by g(z) changes the matrix via

(3.1) A(z) 7! g(qz)A(z)g�1(z);

thus, q-gauge change is twisted conjugation. Let Dq : E �! E
q be the operator that takes

a section s(z) to s(qz). We associate the map A to the di↵erence equation Dq(s) = As.

Definition 3.1. A meromorphic (GL(N), q)-connection over P1 is a pair (E, A), where
E is a (trivializable) vector bundle of rank N over P1 and A is a meromorphic section of
the sheaf HomOP1 (E, E

q) for which A(z) is invertible, i.e. lies in GL(N, C(z)). The pair
(E, A) is called an (SL(N), q)-connection if there exists a trivialization for which A(z) has
determinant 1.

For simplicity, we will usually omit the word ‘meromorphic’ when referring to q-connections.

Remark 3.2. More generally, if G is a complex reductive group, one can define a meromor-
phic (G, q)-connection over P1 as a pair (G, A) where G is a principal G-bundle over P1 and
A is a meromorphic section of HomOP1 (G,Gq).

Next, we define a q-analogue of opers. In this section, we will restrict to type A1.

Definition 3.3. A (GL(2), q)-oper on P1 is a triple (E, A,L), where (E, A) is a (GL(2), q)-
connection and L is a line subbundle such that the induced map Ā : L �! (E/L)q is an
isomorphism. The triple is called an (SL(2), q)-oper if (E, A) is an (SL(2), q)-connection.

The condition that Ā is an isomorphism can be made explicit in terms of sections. Indeed,
it is equivalent to

s(qz) ^ A(z)s(z) 6= 0

for s(z) any section generating L over either of the standard a�ne coordinate charts.
From now on, we assume that q is not a root of unity. We want to define a q-analogue of

the opers considered in Section 2.4. First, we introduce the notion of a q-oper with regular
singularities. Let z1, . . . , zL 6= 0, 1 be a collection of points such that q

Z
zm \ q

Z
zn = ? for

all m 6= n.

Definition 3.4. A (SL(2), q)-oper with regular singularities at the points z1, . . . , zL 6= 0, 1
with weights k1, . . . kL is a meromorphic (SL(2), q)-oper (E, A,L) for which Ā is an isomor-
phism everywhere on P1 \{0, 1} except at the points zm, q

�1
zm, q

�2
zm, . . . , q

�km+1
zm for

m 2 {1, . . . , L}, where it has simple zeros.

The second condition can be restated in terms of a section s(z) generating L over P1 \1:
s(qz) ^ A(z)s(z) has simple zeros at zm, q

�1
zm, q

�2
zm, . . . , q

�km+1
zm for every m 2

{1, . . . , L} and has no other finite zeros.

Scalar difference operator

Miura q-oper: , where  is a q-oper and  is preserved by q-connection (E, A, ℒ, ℒ̂) (E, A, ℒ) ℒ̂ A

<latexit sha1_base64="ZMh9iCoim8vJu/mN+qkOsHRp100=">AAAB/nicbZDLSsNAFIYnXmu9RcWVm8EitAtLIkXdCFU3LivYC7axTKaTduhkEudSKKHgq7hxoYhbn8Odb+O0zUJbfxj4+M85nDO/HzMqleN8WwuLS8srq5m17PrG5ta2vbNbk5EWmFRxxCLR8JEkjHJSVVQx0ogFQaHPSN3vX4/r9QERkkb8Tg1j4oWoy2lAMVLGatv7l3lduBjkH3XhHg4MPyTH7qht55yiMxGcBzeFHEhVadtfrU6EdUi4wgxJ2XSdWHkJEopiRkbZlpYkRriPuqRpkKOQSC+ZnD+CR8bpwCAS5nEFJ+7viQSFUg5D33SGSPXkbG1s/ldrahWcewnlsVaE4+miQDOoIjjOAnaoIFixoQGEBTW3QtxDAmFlEsuaENzZL89D7aTonhZLt6Vc+SqNIwMOwCHIAxecgTK4ARVQBRgk4Bm8gjfryXqx3q2PaeuClc7sgT+yPn8AbwGT4Q==</latexit>

A(u) = v(qu)Zv(u)�1 Z = diag(⇣, ⇣�1)
<latexit sha1_base64="5mkLmb0xfgxKBLlxRsKz4SWEbxk="></latexit>

A(u) =

✓
g(u) ⇤(u)
0 g(u)�1

◆

<latexit sha1_base64="ZPfETPZsmEI749Nsbaoo4R/r2pI=">AAACCnicbZBNS8MwGMfT+TbnW9Wjl+gQNoTRylAvwtCLxw3cC6ylpFm6haVpTVJhlp29+FW8eFDEq5/Am9/GrNtBNx8I+fH/Pw/J8/djRqWyrG8jt7S8srqWXy9sbG5t75i7ey0ZJQKTJo5YJDo+koRRTpqKKkY6sSAo9Blp+8Prid++J0LSiN+qUUzcEPU5DShGSkueedgvJeVL54Eo5AQC4bThnZTuYFIeZ6RvzyxaFSsruAj2DIpgVnXP/HJ6EU5CwhVmSMqubcXKTZFQFDMyLjiJJDHCQ9QnXY0chUS6abbKGB5rpQeDSOjDFczU3xMpCqUchb7uDJEayHlvIv7ndRMVXLgp5XGiCMfTh4KEQRXBSS6wRwXBio00ICyo/ivEA6QTUTq9gg7Bnl95EVqnFfusUm1Ui7WrWRx5cACOQAnY4BzUwA2ogybA4BE8g1fwZjwZL8a78TFtzRmzmX3wp4zPHwHzmTM=</latexit>

g(u) = ⇣
Q+(qu)

Q+(u)

<latexit sha1_base64="OMlgfE/kk8h2OmHqkjdqf4w41Ek="></latexit>

⇣ Q�(u)Q+(qu)� ⇣�1Q�(qu)Q+(u) = ⇤(u)

<latexit sha1_base64="fGgFR76A97a+4YDUcXkFotPLAK0="></latexit>

v(u) =

✓
Q+(u) ⇣Q�(u)Q+(qu)� ⇣�1Q�(u)Q+(qu)

0 Q+(u)

◆
2 B+(u)

<latexit sha1_base64="srNtP2y2tyMPOyVu46G4HtVxNdA="></latexit>✓
D2

q � T (qu)Dq �
⇤(qu)

⇤(u)

◆
s1 = 0



tRS Hamiltonians

Let 

qOper condition yields

tRS Hamiltonians!

T1
<latexit sha1_base64="yQBvVrSRtnzPtUd/7gwTLR5LpvU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rFiv6ANZbPdtEs3m7A7EUroT/DiQRGv/iJv/hu3bQ7a+mDg8d4MM/OCRAqDrvvtrK1vbG5tF3aKu3v7B4elo+OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8N/PbT1wbEasGThLuR3SoRCgYRSs9Nvpev1R2K+4cZJV4OSlDjnq/9NUbxCyNuEImqTFdz03Qz6hGwSSfFnup4QllYzrkXUsVjbjxs/mpU3JulQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMb/xMqCRFrthiUZhKgjGZ/U0GQnOGcmIJZVrYWwkbUU0Z2nSKNgRv+eVV0qpWvMtK9eGqXLvN4yjAKZzBBXhwDTW4hzo0gcEQnuEV3hzpvDjvzseidc3JZ07gD5zPH9YXjYA=</latexit>

T2
<latexit sha1_base64="pk5lO2eHRk17H1Ahs1pYPstRuKY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rFiv6ANZbPdtEs3m7A7EUroT/DiQRGv/iJv/hu3bQ7a+mDg8d4MM/OCRAqDrvvtrK1vbG5tF3aKu3v7B4elo+OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8N/PbT1wbEasGThLuR3SoRCgYRSs9NvrVfqnsVtw5yCrxclKGHPV+6as3iFkacYVMUmO6npugn1GNgkk+LfZSwxPKxnTIu5YqGnHjZ/NTp+TcKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY3viZUEmKXLHFojCVBGMy+5sMhOYM5cQSyrSwtxI2opoytOkUbQje8surpFWteJeV6sNVuXabx1GAUziDC/DgGmpwD3VoAoMhPMMrvDnSeXHenY9F65qTz5zAHzifP9ebjYE=</latexit>

Recover 2-body tRS Hamiltonian from an (SL(2),q)-Oper

<latexit sha1_base64="gTA1IvwHrW8F6ONDVJQVi90vMXI="></latexit>

det

✓
Q+(u) ⇣Q+(qu)
Q�(u) ⇣�1Q�(qu)

◆
= ⇤(u)

<latexit sha1_base64="3nkIL16iOr47q3SECf4Fh2Lo5lA=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoMQCYZdCepFCHrxmIB5QLIss5PZZMjs7DAPISz5DS8eFPHqz3jzb5wke9DEgoaiqpvurlAwqrTrfju5tfWNza38dmFnd2//oHh41FaJkZi0cMIS2Q2RIoxy0tJUM9IVkqA4ZKQTju9nfueJSEUT/qgngvgxGnIaUYy0lfrNoFI257fmQgSVoFhyq+4ccJV4GSmBDI2g+NUfJNjEhGvMkFI9zxXaT5HUFDMyLfSNIgLhMRqSnqUcxUT56fzmKTyzygBGibTFNZyrvydSFCs1iUPbGSM9UsveTPzP6xkd3fgp5cJowvFiUWQY1AmcBQAHVBKs2cQShCW1t0I8QhJhbWMq2BC85ZdXSfuy6l1Va81aqX6XxZEHJ+AUlIEHrkEdPIAGaAEMBHgGr+DNMc6L8+58LFpzTjZzDP7A+fwBIbqQdQ==</latexit>

Q+(u) = u� p+
<latexit sha1_base64="WIVSjsCYFRobaOssRRv3I1Zasoc=">AAAB83icbVBNSwJRFL1jX2ZfVss2jySwhTITUm0CqU1LhUxBh+HN840+fDPzeB+BiH+jTYsi2vZn2vVveuosSjtw4XDOvdx7Tyg4U9p1v53c2vrG5lZ+u7Czu7d/UDw8elSpkYS2SMpT2QmxopwltKWZ5rQjJMVxyGk7HN3N/PYTlYqlyYMeC+rHeJCwiBGsrdRrBpWyOb8xFRFUgmLJrbpzoFXiZaQEGRpB8avXT4mJaaIJx0p1PVdof4KlZoTTaaFnFBWYjPCAdi1NcEyVP5nfPEVnVumjKJW2Eo3m6u+JCY6VGseh7YyxHqplbyb+53WNjq79CUuE0TQhi0WR4UinaBYA6jNJieZjSzCRzN6KyBBLTLSNqWBD8JZfXiWPF1Xvslpr1kr12yyOPJzAKZTBgyuowz00oAUEBDzDK7w5xnlx3p2PRWvOyWaO4Q+czx8n3JB5</latexit>

Q�(u) = u� p�

<latexit sha1_base64="wv+wtud5tfCF6+lnqhCL2+TtCvE="></latexit>

u2 � u


⇣ � q⇣�1

⇣ � ⇣�1
p+ +

q⇣ � q⇣�1

⇣�1 � ⇣
p�

�
+ p+p� = (u� a+)(u� a�)

<latexit sha1_base64="UuOV30aa9VZmMkhpn9iwYS6eOYg=">AAACB3icbVDLSgMxFM34rPVVdSnIYBFapGVGiroRim5cVugL2qFk0ts2NPMguSOWoTs3/oobF4q49Rfc+Tem0y609UByD+fcS3KPGwqu0LK+jaXlldW19dRGenNre2c3s7dfV0EkGdRYIALZdKkCwX2oIUcBzVAC9VwBDXd4M/Eb9yAVD/wqjkJwPNr3eY8zilrqZI7aCA8YdwHHuahQzV/pm3ZO80kp5DuZrFW0EpiLxJ6RLJmh0sl8tbsBizzwkQmqVMu2QnRiKpEzAeN0O1IQUjakfWhp6lMPlBMne4zNE610zV4g9fHRTNTfEzH1lBp5ru70KA7UvDcR//NaEfYunZj7YYTgs+lDvUiYGJiTUMwul8BQjDShTHL9V5MNqKQMdXRpHYI9v/IiqZ8V7fNi6a6ULV/P4kiRQ3JMcsQmF6RMbkmF1Agjj+SZvJI348l4Md6Nj2nrkjGbOSB/YHz+AAVMl3g=</latexit>

det(u� T ) = (u� a+)(u� a�)
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Twisted 
-Opers (G, q)

Trig. twisted 
 -OpersG

XXZ

XXX

rGaudin

tGaudin

(tRS)

rCM

(tCM)(rRS)

<latexit sha1_base64="FQb5k4HIb/3rEaCyXTHDMxQBrhw=">AAACFnicdVDLSgMxFM3UV62vUZdugkVwY5nWPnfFblxWsA/ojEMmzbShmQdJRixDv8KNv+LGhSJuxZ1/Y6YdoYoeSDiccy/33uOEjAppGJ9aZmV1bX0ju5nb2t7Z3dP3D7oiiDgmHRywgPcdJAijPulIKhnph5wgz2Gk50xaid+7JVzQwL+W05BYHhr51KUYSSXZ+pnpITl2nLg1s8MbU1KPiMUPl5y71LH1vFEwGpVqowYVmUORRr1SKp/DYqrkQYq2rX+YwwBHHvElZkiIQdEIpRUjLilmZJYzI0FChCdoRAaK+kgNseL5WTN4opQhdAOuni/hXF3uiJEnxNRzVGWyqvjtJeJf3iCSbt2KqR9Gkvh4MciNGJQBTDKCQ8oJlmyqCMKcql0hHiOOsFRJ5lQI35fC/0m3VChWC+Wrcr55kcaRBUfgGJyCIqiBJrgEbdABGNyDR/AMXrQH7Ul71d4WpRkt7TkEP6C9fwFM16C/</latexit>

C�
p ⇥ C�

x

<latexit sha1_base64="+dut3qUOmJDfahmz5Rb/oNvI4V8=">AAACD3icdVC7TsMwFHXKq5RXgJHFogIxVWnpc6vowlgk+pCaEDmu01p1HrIdRBX1D1j4FRYGEGJlZeNvcNogFQRHsnV0zr269x4nZFRIw/jUMiura+sb2c3c1vbO7p6+f9AVQcQx6eCABbzvIEEY9UlHUslIP+QEeQ4jPWfSSvzeLeGCBv61nIbE8tDIpy7FSCrJ1k9ND8mx48StmR3emJJ6RCx+uOTc2XreKBiNSrVRg4rMoUijXimVz2ExVfIgRdvWP8xhgCOP+BIzJMSgaITSihGXFDMyy5mRICHCEzQiA0V9pCZa8fyeGTxRyhC6AVfPl3CuLnfEyBNi6jmqMtlR/PYS8S9vEEm3bsXUDyNJfLwY5EYMygAm4cAh5QRLNlUEYU7VrhCPEUdYqghzKoTvS+H/pFsqFKuF8lU537xI48iCI3AMzkAR1EATXII26AAM7sEjeAYv2oP2pL1qb4vSjJb2HIIf0N6/AH9YnZ0=</latexit>

C�
p ⇥ Cx

<latexit sha1_base64="IlV8Xr3RjnGdS1EDJQmQeKAe5zI=">AAACD3icdZBLS8NAEMc39VXrK+rRy2JRPJW09nkr9uKxgn1AE8Nmu2mXbh7sbsQS+g28+FW8eFDEq1dvfhs3bYQqOjDw5zczzMzfCRkV0jA+tczK6tr6RnYzt7W9s7un7x90RRBxTDo4YAHvO0gQRn3SkVQy0g85QZ7DSM+ZtJJ675ZwQQP/Wk5DYnlo5FOXYiQVsvVT00Ny7Dhxa2aHpqQeEXAJ3d0smK3njYLRqFQbNajEPJRo1Cul8jkspiQP0mjb+oc5DHDkEV9ihoQYFI1QWjHikmJGZjkzEiREeIJGZKCkj9QSK57/M4MnigyhG3CVvoRzujwRI0+IqeeozuRU8buWwL9qg0i6dSumfhhJ4uPFIjdiUAYwMQcOKSdYsqkSCHOqboV4jDjCUlmYUyZ8fwr/F91SoVgtlK/K+eZFakcWHIFjcAaKoAaa4BK0QQdgcA8ewTN40R60J+1Ve1u0ZrR05hD8CO39C31anZ0=</latexit>

Cp ⇥ C�
x

<latexit sha1_base64="pjkOq7CBRf0fKrzy0LAmmTtXH9c=">AAACCHicdVDLSsNAFJ34rPUVdenCwSK4Kkntc1fsxmUF+4AmhMl00g6dPJiZiCV06cZfceNCEbd+gjv/xkkboYoeuHA4517uvceNGBXSMD61ldW19Y3N3FZ+e2d3b18/OOyKMOaYdHDIQt53kSCMBqQjqWSkH3GCfJeRnjtppX7vlnBBw+BGTiNi+2gUUI9iJJXk6CeWj+TYdZPWzIksSX0i4JJ05+gFo2g0KtVGDSoyhyKNeqVUvoBmphRAhrajf1jDEMc+CSRmSIiBaUTSThCXFDMyy1uxIBHCEzQiA0UDpDbayfyRGTxTyhB6IVcVSDhXlycS5Asx9V3Vmd4ofnup+Jc3iKVXtxMaRLEkAV4s8mIGZQjTVOCQcoIlmyqCMKfqVojHiCMsVXZ5FcL3p/B/0i0VzWqxfF0uNC+zOHLgGJyCc2CCGmiCK9AGHYDBPXgEz+BFe9CetFftbdG6omUzR+AHtPcvxEGaew==</latexit>

Cp ⇥ Cx

Rat. twisted 
 -Opers G

Twisted 
-Opers (G, �)

Figure 1. The network of dualities between various types of opers and
related integrable systems. Short vertical lines are the quantum/classical
dualities, diagonal arrows show the double scaling limits between the models,
while dashed lines designate the action of symplectic/bispectral dualities.
The momenta p and coordinates x of the many body systems may take
values in C⇥ or C which is displayed in the figure.

corresponding elliptic generalizations of the space of opers on P1 and on the elliptic curve
E which will describe the space of solutions of the novel elliptic QQ-systems. As of this
writing, the bispectral dual of the DELL system is not known.

1.5. Structure of the Paper. In Section 2 we study the top and right corners of the
diamond which correspond to Z-twisted (SL(r + 1), q)-opers and (SL(r + 1), ✏)-opers re-
spectively. Next, in Section 3 we address the bottom and right corners where di↵erential
SL(r+1)-opers on P1 are discussed, one is gauge equivalent to constant regular semisimple
element, another to a simple polar connection with residue given by regular semisimple
element. We call these SL(r + 1)-opers respectively as rationally Z-twisted and trigono-
metrically Z-twisted.

In both Sections we prove the respective quantum/classical dualities between the space of
opers and the QQ-systems (or the qq-systems for the di↵erential opers). We demonstrate,
for each corner of the diamond, that the conditions for the existence of the corresponding
canonical nondegenerate opers provide the recipe to compute the Lax matrices for the
related integrable systems. In the final Section 4 we provide the algebraic description of
the Calogero-Moser space which can be used in deriving the trigonometric Ruijsenaars-
Schneider hamiltonians. Then we consider three di↵erent double-scaling limits which will
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Thus, we have arrived at a nondegenerate Z-twisted Miura (SL(2), q)-oper in the sense

of Section 4: A(z) = gα̌(z)e
Λ(z)
g(z) e, where g(z) = ζQ+(zq)Q+(z)−1.

6. Miura-Plücker q-opers, QQ-system, and Bethe Ansatz equations

In this section, we generalize the results of the previous section to an arbitrary simply
connected simple complex Lie group G. We establish a one-to-one correspondence between
the set of nondegenerate Z-twisted Miura-Plücker (G, q)-opers and the set of nondegenerate
solutions of a system of Bethe Ansatz equations associated to G. A key element of the
construction is an intermediate object between these two sets: the set of nondegenerate
solutions of the so-called QQ-system.

6.1. Miura (G, q)-opers and the QQ-system. First, we construct a one-to-one corre-
spondence between the set of nondegenerate Z-twisted Miura-Plücker (G, q)-opers and the
set of nondegenerate solutions of the QQ-system.

Recall that we have chosen a set of non-zero polynomials {Λi(z)}i=1,...,r, which we will
assume from now on to be monic, and a set of non-zero complex numbers {ζi}i=1,...,r that
correspond to a regular element Z of the maximal torus H ⊂ G by formula (3.1). In this
section, these data are assumed to be fixed. (In the next section, we will also consider
elements w(Z) of the orbit of Z under the action of the Weyl group WG of G and the
corresponding ζi’s.)

From now on, we will assume that our element Z =
∏

i ζ
α̌i
i ∈ H satisfies the following

property:

(6.1)
r∏

i=1

ζ
aij
i /∈ qZ, ∀j = 1, . . . , r .

Since
∏r

i=1 ζ
aij
i $= 1 is a special case of (6.1), this implies that Z is regular semisimple.

Introduce the following system of equations:

(6.2) ξ̃iQ
i
−(z)Q

i
+(qz)− ξiQ

i
−(qz)Q

i
+(z) =

Λi(z)
∏

j>i

[
Qj

+(qz)
]−aji ∏

j<i

[
Qj

+(z)
]−aji

, i = 1, . . . , r,

where

(6.3) ξ̃i = ζi
∏

j>i

ζ
aji
j , ξi = ζ−1

i

∏

j<i

ζ
−aji
j

and we use the ordering of simple roots from the definition of (G, q)-opers.
We call this the QQ-system associated to G and a collection of polynomials Λi(z), i =

1, . . . , r.
A polynomial solution {Qi

+(z), Q
i
−(z)}i=1,...,r of (6.2) is called nondegenerate if it has

the following properties: condition (6.1) holds for the ζi’s; for all i, j, k with i $= j and
aik, ajk $= 0, the zeros of Qj

+(z) and Qj
−(z) are q-distinct from each other and from the

zeros of Λk(z); and the polynomials Qi
+(z) are monic.

Recall Definition 4.3 of nondegenerate Z-twisted Miura-Plücker (G, q)-opers.

Theorem 6.1. There is a one-to-one correspondence between the set of nondegenerate Z-
twisted Miura-Plücker (G, q)-opers and the set of nondegenerate polynomial solutions of the
QQ-system (6.2).

[Frenkel, PK, Zeitlin, Sage, JEMS 2023]

Theorem: There is a 1-to-1 correspondence between the set of nondegenerate -twisted 
-opers on  and the set of nondegenerate polynomial solutions of the QQ-system 

based on 

Z
(G, q) ℙ1

̂L𝔤
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i
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i
�(~u)Qi
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Y

j>i

h
Qj

+(~u)
i�aji Y

j<i

h
Qj

+(u)
i�aji

, i = 1, . . . , r,
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We started this section from the explicit definition of the principal minors by means of
Gaussian decomposition. The following proposition (see Corollary 2.5 in [FZ1]) provides a
necessary and sufficient condition of its existence for a given group element.

Proposition 4.7. An element g ∈ G admits the Gaussian decomposition if and only if
∆ωi(g) "= 0 for any i = 1, . . . , r.

Finally, we end this section with the fundamental relation ([FZ1], Theorem 1.17) between
generalized minors, which we will relate to the QQ-systems.

Proposition 4.8. Let, u, v ∈ W , such that for i ∈ {1, . . . , r}, !(uwi) = !(u) + 1, !(vwi) =
!(v) + 1. Then

(4.7) ∆u·ωi,v·ωi∆uwi·ωi,vwi·ωi −∆uwi·ωi,v·ωi∆u·ωi,vwi·ωi =
∏

j !=i

∆
−aji
u·ωj ,v·ωj ,

4.2. Generalized Wronskians and generalized minors. First, we introduce a notion
of generalized q-Wronskian which, as we will see later is, under certain nondegenracy con-
ditions, is equivalent to the definition of Z-twisted Miura (G, q)-oper.

Let V +
i be the irreducible representation of G with highest weight ωi with respect to B+.

It comes equipped with a line L+
i ⊂ V +

i of highest weight vectors stable under the action of
B+. Let ν+ωi

be a generator of the line L+
i ⊂ V +

i . It is a vector of weight ωi with respect to
our maximal torus H ⊂ B−. The subspace L+

c,i of Vi of weight c−1 · ωi is one-dimensional

and is spanned by s−1ν+ωi
.

Suppose we have a principal G-bundle FG and its B+-reduction FB+ and thus an H-
reduction FH as well. Therefore for each i = 1, . . . , r, the vector bundle

V
+
i = FB+ ×

B+

V +
i = FG ×

G
V +
i

associated to V +
i contains an H-line subbundles

L
+
i = FH ×

H
L+
i , L

+
c,i = FH ×

H
L+
c,i

associated to L+
i , L

+
c,i ⊂ V +

i .
Consider a meromorphic section G of FG. It is a section of FG on U , a Zariski dense set

of P1. Given the fact that can always choose U , so that restriction of FG to U is a trivial
G-bundle, one can express this section as an element G (z) ∈ G(z).

Definition 4.9. The generalized q-Wronskian on P1 is the quadruple (FG,FB+ ,G , Z), where
G is a meromorphic section of a principle bundle FG, FB+ is a reduction of FG to B+,
Z ∈ H = B+/[B+, B+], satisfying the following condition. There exist a Zariski open dense
subset U ⊂ P1 together with the trivialization ıB+ of FB+ , so that for certain {v+i , v

+
c,i}i=1,...,r

which are the sections of line bundles {L+
i ,L

+
c,i}i=1,...,r on U ∩ M−1

q (U) we have G as an
element of G(z) satisfy the following condition:

G
q · v+i = Z · G · v+c,i,(4.8)

where the superscript q stands for the pull-back of the corresponding section with respect
to the map Mq.

Effectively, the definition implies that there exists a Zariski open dense subset U ⊂ P1

together with a trivialization ıB+ of FB+ such that the restriction of G to U ∩ M−1
q (U)

u, v ∈ WG
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albeit written in a slightly different convention and normalization). The condition corre-
sponding to the whole q-Wronskian reads detW (z) = 1, whereas the others can be readily
written using minors of matrix W (z).

5.3. Lewis Carroll Identity. For the type A root system the relation (4.7) reads

(5.8) ∆uωi,vωi∆usiωi,vsiωi −∆usiωi,vωi∆uωi,vsiωi = ∆uωi−1,vωi−1∆uωi+1,vωi+1 ,

which as we have shown previously are equivalent to the corresponding QQ-system. As
was discussed in [KPSZ,KSZ] these equations can be reduced to the following determinant
identity known from the 19th century (Desnanot-Jacobi-Lewis Carroll Identity) using matrix
of the form (5.7).

(5.9) M1
1M

2
i −M1

i M
2
1 = M12

1i M ,

where Ma
b is the determinant of the quantum Wronskian matrix W (z) with the ath row

and bth column removed and M = detW (z).
The identification between (5.8) and (5.9) works as follows. We put u = 1 and v =

s1 · s2 · · · si−1. This way vsi = s1 · · · si is the element which permutes the first the the last
column of matrix M as well as
(5.10)
M = ∆ωi+1,vωi+1 , M1

1 = ∆ωi,vωi , M2
i = ∆siωi,vsiωi , M2

1 = ∆siωi,vωi , M1
i = ∆ωi,vsiωi

In other words, after acting with element v on the columns the Lewis Carroll identity
can be presented in terms of principal minors

(5.11) M̃1
1 M̃

2
2 − M̃1

2 M̃
2
1 = M̃12

12 M̃ ,

where M̃ = M · v.
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Abstract. Using the 3D mirror symmetry we construct a system of polynomials Ts(z)
with integral coefficients which solve the quantum differential equitation of X = T ∗Gr(k, n)
modulo ps, where p is a prime number. We show that the sequence Ts(z) converges in the
p-adic norm to the Okounkov’s vertex function of X as s → ∞. We prove that Ts(z) satisfy
Dwork-type congruences which lead to a new infinite product presentation of the vertex
function modulo ps.

1. Introduction

1.1. The vertex functions are among the main objects studied in enumerative geometry of
Nakajima’s quver varieties [Oko17]. These functions are analogs of Givental’s J-functions in
quantum cohomology [Giv96]. The vertex functions are defined as power series

V(z) =
∞
∑

d=0

cd z
d ∈ Q[[z]]

where the coefficient cd counts the number of degree d rational curves in a quiver variety X .
More precisely, cd is given by the regularized integral of the virtual fundamental class ωvir

cd :=

∫

QMd(X,∞)

ωvir

over the moduli space QMd(X,∞) of degree d quasimaps from a rational curve C ∼= P1 to
X with prescribed behaviour at ∞ ∈ C, see Section 7 of [Oko17] for definitions.

1.2. In this paper we initiate a study of arithmetic properties of cd. For this goal, we
consider the vertex function V(z) for the simplest Nakajima quiver variety, given by the
cotangent bundle over the Grassmannian, X = T ∗Gr(k, n).

For a prime number p, we construct a sequence of polynomials Ts(z) ∈ Z[z], s = 0, 1, . . . ,
starting from T0(z) = 1 which converges to the vertex function,

lim
s→∞

Ts(z) = V(z).

!E-mail: asmirnov@email.unc.edu
!E-mail: anv@email.unc.edu

ar
X

iv
:2

30
2.

03
09

2v
2 

 [m
at

h-
ph

]  
5 

A
pr

 2
02

3

THE p -ADIC APPROXIMATIONS OF VERTEX FUNCTIONS VIA
3D-MIRROR SYMMETRY

ANDREY SMIRNOV! AND ALEXANDER VARCHENKO!

Department of Mathematics, University of North Carolina at Chapel Hill
Chapel Hill, NC 27599-3250, USA

Key words : Superpotentials; Vertex Functions; Dwork-Type Congruences, Ghosts.

2020 Mathematics Subject Classification:

Abstract. Using the 3D mirror symmetry we construct a system of polynomials Ts(z)
with integral coefficients which solve the quantum differential equitation of X = T ∗Gr(k, n)
modulo ps, where p is a prime number. We show that the sequence Ts(z) converges in the
p-adic norm to the Okounkov’s vertex function of X as s → ∞. We prove that Ts(z) satisfy
Dwork-type congruences which lead to a new infinite product presentation of the vertex
function modulo ps.

1. Introduction

1.1. The vertex functions are among the main objects studied in enumerative geometry of
Nakajima’s quver varieties [Oko17]. These functions are analogs of Givental’s J-functions in
quantum cohomology [Giv96]. The vertex functions are defined as power series

V(z) =
∞
∑

d=0

cd z
d ∈ Q[[z]]

where the coefficient cd counts the number of degree d rational curves in a quiver variety X .
More precisely, cd is given by the regularized integral of the virtual fundamental class ωvir

cd :=

∫

QMd(X,∞)

ωvir

over the moduli space QMd(X,∞) of degree d quasimaps from a rational curve C ∼= P1 to
X with prescribed behaviour at ∞ ∈ C, see Section 7 of [Oko17] for definitions.

1.2. In this paper we initiate a study of arithmetic properties of cd. For this goal, we
consider the vertex function V(z) for the simplest Nakajima quiver variety, given by the
cotangent bundle over the Grassmannian, X = T ∗Gr(k, n).

For a prime number p, we construct a sequence of polynomials Ts(z) ∈ Z[z], s = 0, 1, . . . ,
starting from T0(z) = 1 which converges to the vertex function,

lim
s→∞

Ts(z) = V(z).
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Abstract. Using the 3D mirror symmetry we construct a system of polynomials Ts(z)
with integral coefficients which solve the quantum differential equitation of X = T ∗Gr(k, n)
modulo ps, where p is a prime number. We show that the sequence Ts(z) converges in the
p-adic norm to the Okounkov’s vertex function of X as s → ∞. We prove that Ts(z) satisfy
Dwork-type congruences which lead to a new infinite product presentation of the vertex
function modulo ps.

1. Introduction

1.1. The vertex functions are among the main objects studied in enumerative geometry of
Nakajima’s quver varieties [Oko17]. These functions are analogs of Givental’s J-functions in
quantum cohomology [Giv96]. The vertex functions are defined as power series

V(z) =
∞
∑

d=0

cd z
d ∈ Q[[z]]

where the coefficient cd counts the number of degree d rational curves in a quiver variety X .
More precisely, cd is given by the regularized integral of the virtual fundamental class ωvir

cd :=

∫

QMd(X,∞)

ωvir

over the moduli space QMd(X,∞) of degree d quasimaps from a rational curve C ∼= P1 to
X with prescribed behaviour at ∞ ∈ C, see Section 7 of [Oko17] for definitions.

1.2. In this paper we initiate a study of arithmetic properties of cd. For this goal, we
consider the vertex function V(z) for the simplest Nakajima quiver variety, given by the
cotangent bundle over the Grassmannian, X = T ∗Gr(k, n).

For a prime number p, we construct a sequence of polynomials Ts(z) ∈ Z[z], s = 0, 1, . . . ,
starting from T0(z) = 1 which converges to the vertex function,

lim
s→∞

Ts(z) = V(z).
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The convergence is understood in the p-adic norm, see Theorem 4.4. We refer to the poly-
nomials Ts(z) as the p-adic approximations of V(z).

We find that, unlike the vertex functions themselves, their p-adic approximations satisfy
a number of remarkable congruences:

Theorem 1.1 (Theorem 5.1). The p-adic approximations Ts(z) satisfy the Dwork-type con-
gruences:

Ts+1(z)

Ts(zp)
=

Ts(z)

Ts−1(zp)
mod ps(1.1)

with s = 1, 2, . . . .

This type of congruences played an important role in the work of Dwork [Dwo69], which
laid foundation of the theory of p-adic hypergeometric equations. In fact, for X = T ∗P1 our
Ts(z) are close to the truncations of the hypergeometric function 2F1(

1
2 ,

1
2 , 1; z) considered

by Dwork as his primary example, but not the same.
Among other things, Theorem 5.1 implies that modulo ps, the vertex function has the

following infinite product presentation.

Theorem 1.2 (Theorem 5.3). The vertex function of X = T ∗Gr(k, n) has the infinite
product presentation:

V(z) =
∞
∏

i=0

Tm(zp
i
)

Tm−1(zp
i+1)

mod pm, m = 1, 2 . . .

in particular, for m = 1 we obtain

V(z) =
∞
∏

i=0

T1(z
pi) mod p.

To prove the congruences (1.1) we use the technique of ghosts rooted in [Mel09, MeVl16]
and developed further in [VZ21, Var22b]. An important difference with the previous papers
is that our approach here does not require working with the whole Hasse-Witt matrices.
Due to internal symmetry of the functions we consider here, only a specific matrix elements
of these matrices play a role. So, an alternative title of this paper could be Dwork type
congruences with symmetries.

1.3. The construction of p-adic approximations Ts(z) is inspired by the idea of p-adic ap-
proximations of hypergeometric solutions of the KZ equations in [SV19] and by the idea of
3D-mirror symmetry, in the spirit of [RSVZ19, RSVZ21]. In Section 3 we consider a quiver
variety X !, known as a 3D-mirror X . From the quiver of X ! for a choice of a prime p and
s ∈ N we construct a polynomial

Φs(x, z) ∈ Z[x, z].

The auxiliary variables x = (xi,j) play a role of the Chern roots of the tautological bundle
over the quiver varietyX !. The polynomial Φs(x, z) can be understood as a p-adic polynomial
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approximation of the superpotential of the 3D-quantum field theory with the Higgs branch
X !. We then define Ts(z) as a specific x-coefficient in Φs(x, z)

Ts(z) = coeffxdps−1

(

Φs(x, z)
)

,(1.2)

see Section 4.2 for details. This definition is natural in the sense that the operator of taking
coefficients (1.2) behave in many respects similar to the integration over a closed cycle in
the complex setting. This operation can be viewed as an Fps - version of integration, see
[SV19, Var22a, RV21, RV22].

The normalized vertex function V(z) associated with a quiver variety, can be characterized
as a unique analytic solution of the quantum differential equation which governs the quan-
tum cohomology of X . For instance, for X = T ∗Pn, n = 1, 2, . . . , these are the standard
generalized hypergeometric equations. It can be shown that the coefficient (1.2) is a solution
of these equations modulo ps, which explains the motivation for definition (1.2).

We also note that for our running example X = T ∗P1, the polynomial T1(z) is the Hasse-
Witt invariant of an elliptic curve, which was first observed to be a modulo p solution to the
Gauss hypergeometric differential equation by Igusa [Igu58].

1.4. Among other things, congruences (1.1) mean that Is(z) = Ts+1(z)/Ts(zp) is a Cauchy
sequence which converges uniformly to a Zp-valued analytic function I(z) in a large do-
main D ⊂ Zp . That function I(z) is the p-adic analytic continuation to D of the function
V(z)/V(zp) defined as a ratio of power series in a neighborhood of z = 0. For points in D
we have a modular transformation identity

zdI(1/z) = I(z)

where d is a constant depending on the choice of p, see Theorem 6.3. This property of
V(z)/V(zp) differs drastically from the properties of the vertex functions over C, which have
much more non-trivial analytic continuation.

1.5. The results of the present paper have several straightforward generalizations in the
number of obvious directions. First, the quiver variety X = T ∗Gr(k, n) which we only
consider here, can be, with some extra work, replaced by the cotangent bundles over par-
tial flag varieties. Second, the idea of p-adic approximations of vertex functions can be
straightforwardly applied to the vertex functions with descendents. These functions are
solutions to a number of enumerative and geometric problems. For instance, as shown in
[Oko17] for the special choice of the descendent insertions, given by the stable envelope func-
tions [AO16, MO19], the descendent vertex functions are equal to the capping operators. In
enumerative geometry these functions count the quasimaps in X with relative boundary con-
ditions, see Section 7.4 of [Oko17]. At the same time, as it was recently shown by Danilenko
[Dan22], the capping operators can be understood as the fundamental solution matrices of
the quantum Knizhnik-Zamolodchikov equations associated with mirror varieties. Our ap-
proach suggests a natural p-adic approximations of all these objects. We plan to return to
these ideas in separate papers.
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