DAHA Representations
& Branes

Peter Koroteev

To appear with S. Gukov, S. Nawata, D. Pei, and I. Saberi
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Symplectic Manifold

Harmonic oscillator H = |

A U(x)

Lagrangian & C . is a middle-dimensional submanifold and
such that the restriction of the symplectic form on & vanishes
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Phase space — symplectic manifold .

Symplectic form w = dp A dx
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Quantization as Symplectic Geometry

Symplectic area

Quantum oscillator energy states
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Quantization

Coordinates and momenta become operators Poisson brackets associated to w become commutators Heisenberg algebra
x— DT A B — |A, B Aa :
p7 p? { , }PB [ ) ] [p, a:] — _Zh

Lagrangian constraint Replaced by operator
A2 ~2
2 2 D X
pT T | E|Z(x)=0
9 9 2 2

This ODE has square integrable solutions only

1
En:h -
(n—l—2>

eg.forn=0 Z(a:') ~ 6_%33

for special values of E

2



The Art of Quantization

Symplectic manifold (A, @) »  Hilbert space # DAHA representations

Algebra of functions on ~ Algebra of operators on # DAHA

Lagrangian submanifolds &£ C > States in Hilbert space # Highest weight vectors
fiZ=0




Double Affine Hecke Algebra

- DAHA (and related algebras) were introduced by |. Cherednik in the study
of Macdonald polynomials from the viewpoint of representation theory

« A. Oblomkov demonstrated that in Type A DAHA is flat one-parameter
deformation (deformation quantization) of the Poisson structure on the
Calogero-Moser (CM) space

- The CM space can be described as an SL(2,C) character variety of a torus
with puncture. Using this we shall provide geometric construction of
DAHA representations



Double Affine Hecke Algebrarank 1

Let g be Lie algebra. The (Iwahori)-Hecke algebra is defined as deformation of the group algebra of the Weyl group of g

For 81(2) it is generated by T with relation (T — £)(T + t~') = 0 where t € C*

C[xX*!, T]

Affine Hecke algebra (AHA) for 81(2):
(TXT _ X1 (T = (T — r—l))

Double affine Hecke algebra for 8[(2) — two copies of AHA (X, T) and (Y, T) in the presence of additional relation and parameter g € C*

. C(g*!, r*Hh @ Cx*!, v+, T]

(TXT = X1, TYT = Y=L, Y=IX-1YX = g~ (T = (T + 7))



DAHA from Affine Braid Group

Orbifold fundamental group '
of the torus with puncture (Tz\p)/Zz (a)

Generated by X, T, Y modulo relations TXT =X"1 7Y 'T=Y, and YV ' X'V XT? =1

Its central extension is known as elliptic braid group is obtained
by deforming the last relation to v-ly-ly y72 — q_l

The full 81(2) DAHA is obtained by )
imposing Hecke relation H(Zsy) = Cg 4 [Til, Xjﬂ, Y

1) <‘ TXT=X"1, YIX7VYXT?=¢g71 °
CTY'T=Y, (T-t)(T+t =0




Symmetries

Discrete symmetry = = Zo X Z9 & T'eT, X—=-X, Y=Y gqg—q t—t
Eo: IT'—T, X—X, Y—-Y qg+—gq, t—1t

Mapping class group of torus T, (X, Y, T) — (X7 q_%XY, T)
SL(2,C) T (XY, T)— (¢?YX,Y,T)
o: (X,Y,T)— (Y1 XT? T)

Nonlinear involution T—-T, X—X YoV qg—gq t—t!



ldempotent element

SH = eHe

Spherical subalgebra

Generators of spherical DAHA

"Classical’ limit

SH —— 0(Mga(Cp, SL(2,C)))

q—1

q

—1

x2+qy2+q

Spherical DAHA

e=(T+t1)/(t+t)

—1_2

25 —q 220Yz =

g-commutator

Coordinate ring of the moduli space of SL(2,C) flat connections on punctured torus

Maat (Cp, SL(2,C)) = {(z,y, 2) € Clz? + y* + 2% —axyz — 2 = Tr(p(c)) = t* + ¢ 2}



SL(2,C) Flat Connection on Punctured Torus

Fundamental group T (Cp) = (m, [ c|m[m_1[_1 = ()

O ¢ et p:m(Cy) — SL(2,C)

r = Tr(p(m)), y = Tr(p(l)), and z = Tr(p(m[_l))

Markov cubic Mﬂat(cpv SL(2,C)) = {(x,y,2) € <CS|$2 T 92 + 2% — ryz — 2 =Tr(p(c)) = t* + 5_2}

Elliptic fibration of Kodaira type 15‘<

[OblomkovV]
Theorem. Spherical DAHA is a deformation quantization of the coordinate ring of the moduli space of flat SL(2,C) connections

X = Ms41(C,, SL(2,C)) with respect to Poisson structure €2, 1 dx A dy 1 dx A dy
QJ — : — .
2m1 Of [0z  2mi2z —xy

Next: 1) Representations of (spherical) DAHA — Rep(H) dimV; ~ Vol(9;)
2) Lagrangian submanifolds of X whose quantization yields these representations — Fuk(X, wy)

Brane quantization



DAHA Representations

We will talk about polynomial representations of DAHA P = Cyy [X——]Zz
r— X+ X1, |
1yt iy ] Shift operator
. tX —1t — . N N
pol : SH — End(&?), y— ~ %1 T Ty o @ wr(X) = ¢t X
1 tX —t X! Lo I Xt
z+—q2 X ~ 1 w+qg2 X ~  x-1 @
Highest weight representation for y yZ=Y+Y HZ=(a+a 1HZ

For arbitrary value of a the eigenvector is a series of hypergeometric type which arises in enumerative geometry [PK, Zeitlin]

When a = qjt we get Macdonald polynomials of type A, labelled spin-j/2 representation

Pj(X;q,t) = X7 901(q~ 7t ¢ ¥ 472 g% 2t X 72



Macdonald Polynomials

P=X+X"

(g +1)(t—1)

Py=X*+X"*+
2 + -1

(¢ +q+1)(t—1)

P:= X3 1+ X3
; i g%t — 1

(X1 4+ X)




Polynomial Representation

Macdonald Polynomials generate the ring & over C[qil, til]

Raising and lowering operators Rj = — qj_%tz — X(qjt_ly — q2jt2) + X_l(qjty_l — q2jt2) ;
L =1 — q—j—%t—lz _ X(q—jt—SY B q—2jt—2) 4 X—l(q—jt—ly—l B q—2jt—2)

Ro R; Rj—2 Rj—1 R,
P T — 3 Y S
1 P ‘ Pj_q P; '
L, Lo Lj_l LJ Lj—|—1

Action




Finite-Dimensional Representations

Shortening condition pol(L;)-P; =0 Raising operator will never be null dueto (1 — q2jt2)
2n __
2j (j—1)42 (j—1)42 =1,
— %) — a\J— J—
(1 d )(1 / . ' )(1+q ! ) must vanish t2 — —k
(212(2G-Dg2 — 1) - —q
t2 _ q—(Qf—l)
Ro R1 Rj—2 Rj—1 R;
o S — Y T
1 P Pita £
L, Lo Lj—l (0) Lg I—J-I—l

Short exact sequence of modules 0—-5—-=V — V/S — 0



Higgs Bundles

Nonabelian Hodge correspondence relates representations of the fundamental group
of smooth projective algebraic varieties with Higgs bundles (E, ¢)

X ~ My(C,, SU(2))

Hitchin moduli space

Holomorphic SU(2) vector bundle over C, with holomorphic section ¢ (Higgs field) of KCp ® ad(E) ® O(p)

Tame ramification at p itchin moduli space is the space of solutions of b — [g&, @] =()
itchin equations modulo gauge transformations —
Do =0

A=aydd+ -

1 . dz
90:5(51?4‘7/%) - e

NAHC: A=A+ i(p+ @)

Hitchin equations equivalent to flatness condition FA = (



Complex and Kahler Structures

The space M (C,, SU(2)) is hyperKahler

Wy = _L/ d22| Tr(6A5A5A2—6g5/\590> ,
27 C
1 , _
27 C

Wi — L/ 22| Tr(é@/\éAz _ 5¢A5A2) |
27T C

Complex structure

O = wy +iwk, 2y = wg + 1wy,

Complex modulus

Triplet of holomorphic symplectic forms

Kahler modulus

Il

J
K

p

Op
Tp

O = wy + 1wy



Geometry of X

4yt —ayz —2 -t —t 4 =0

1 dx A dy 1 dx N dy ? _ _ _
. 0, — — - —
Symplectic form J = 9 SIIGE 27 22 — xy) Kahler form W A (dx ANdz +dy N dy + dz N dz)
A=qa,dd+--- 2
¢ 0 _ 27 (yptiay)
1 dz Holonomy around puncture _9 | =€
p = 5(Bp +ivp) - o
2 2z
X X
When ¢t = 1 Mgat (T2, SL(2,C)) ~ ¢ 2 ¢
2
St x St
Real slice Maat (TZ, SU(Q)) ~ ‘Pillow case’

Lo



Geometry of X

Hitchin fibration 7 : MH(Cp7 SU(Q)) — By whose fibers are Abelian varieties (Liouville tori)

2
(E7 90) — TTSO Holomorphic in complex structure /

The only singular fiber is pre-image of zero N =1 (O)

4
N=VU U D; ‘Pillowcase’ for ap = [y =Y =
1=1

F = T2 N
Away from f, = 0 locus —
resolution of A; singularities
(exceptional divisors).
— Kahler structure parameter in J
My &2 Py P
-
Ba | Holomorphic Lagrangians with respect to £2;
gen pt 0

Branes of type (B,A,A)

Null vector of intersection form

4
D,  Dynkin diagram
F] =2[V]+ ) [Dj]
1—=1



Complex/Kahler Structure Deformations

For generic values of (ﬂp, yp) the embeddings of two-cycles D;, V intro . ;; are no longer holomorphic w.r.t. [ and singular fiber of type 16’<

splits into three singular fibers of type I, ﬂ\
h" y? = (r—e1)(x—e2)(x—e3) with e; +ea+e3 = 0

D
D3

' | ; i U] =
bs | Us| =

<
_I_
_I_

Do
Dy

_|_

<
_I_




&1 D1 < Do
£2: Dy < D3
fg:DlHD4

&2
and D3 < Dy
and Ds < Dy
and D> < Ds

Cycles

Pillowcase Hitchin fiber
W W W

V 27'(' 2

W

% — _ﬁp ) Exceptional divisors 7 =1,2,3,4
v

W

/—Kz—vp, L @:/ﬂ ﬁ:/w_K

\% 27-‘- 2 D, 27T ’ 2 D, 27'(' ’ 2 D, 27T

Symmetries

§ : Ugip1 <> Ug;yo  and

U213 < Ug;itqg



[Gukov Witten]

Canonical Coisotropic Brane  «woi

L
Canonical coisotropic brane B, l c1(L) = [F/2r]) € H*(X,7)
X

2d sigma model into X

i h = |hle?
h

A-branes are flat unitary bundles over Lagrangian submanifold with respect to wy = Im (—QJ

Quantization parameter g = e**"

Family of 2B_.. branes parameterized by 7 on symplectic manifold (X, Dy )

€15

Values of the B-field are determined by equation ():=F+ B+ iwwy = e B € HZ(%a U(1))
F+B=ReQ= —(wcos in 0)
= Re {) = —(wjcostl —wgsinb) .
1 HyperKahler condition F+B=wxdJ
1
wy =Im Q = _ﬁ(wl sin  + wg cos6) .

E.g. for real i we have wy = wg and B, brane is of type (B, A, A), for purely imaginary of type (A, A, B)



Branes and Quantization

Hom(%cc, %CC) parameterized by # provides deformation of the space of holomorphic functions on X which is spherical DAHA = Sﬁ

() 1 1

1 2_ 2 S L
(we (B+F))" =J%=-1 Cor T o DiF B

NN

End(Be.) = SH

iw%:/
D

7; omih

09(X)

3 1
2%k 2

q=1t"

Hom (B, Bec)

Hom (B¢, B')



Lagrangian Branes

' K£1/2
B, l Flatness condition F£ + B|L — () Representation space .7 := Hom (B, B1,)
L
Grothendieck-Riemann-Roch formula dim £ = dim HO(L, Bee @ %El)
= / ch(B¢e) A ch(B; ') A Td(TL)
L
For a Lagrangian in two dimensions Td(TL) = ch(KIjl/z)ﬁ(TL)
. F+B
So the dimension reads dim 2" = / ch(Bec) = / 9
L L <47

Lagrangian branes are objects in Fukaya category Fu k(%, wx)



Representations vs Branes: Generic fiber F

Generic fiber 0 = 0 Wy = WK ., and F + B = “r
h h
, F+ B Wy 1
A
dim Hom(%CCv %F) — /F 9 — - % — ﬁ Quantization condition h = 1/m
Shortening condition g — 62m/m

Finite-dimensional representation ﬁy(,fm’*) — @/(Xm + X" — Lm — 5’3;11)



Singular fibers of type /,

/ _
Fy, + Bly, =0 F+B wr 1

d. H %cm % — — - . —
im Hom( Uy) /U1 o U, 27h  2h

brane By, can exist only at 1/(2h) =n € Z~g

Representation pol(L,) - P,(X;q,t) =0 where P,(X;q,t) = X"+ X"

vV .= 2/(P,) M) = Hom (B, Bu, )

n



Bun. Component

Assume ,Bp = ( for simplicity. For V to be Lagrangian with respect to wy the following should hold

Im

(% - ‘Xp) + 1Yp

h

There is no deformation parameter

Shortening condition

1

= 0

F+B 1 Yp + 10 1

= — 4+ 2c—1

dim Hom (B, Bv) = /
\%

F2c—1=k+1€c7Z

2h

2T 2h 1h 2h

t2 — _qk—l—Q

Additional series [Cherednik]

Vhr1 = P/ (Brta)

&2



Exceptional Divisors

Exceptional divisors D; are Lagrangian w.r.t. @y if deformation parameter y; + iap in complex structure J is proportional to if

+ 1
Im Yp 5% P=0 Value of fj, can be arbitrary Flatness condition F]/jZ + B D, — 0
/ Im (2 _/ wx .
D, 27 N D, 2T -
Shortening condition t? = q_(%_l) pol(Lag) - Poy(X;q,t) =0
. '+ B 1
dim Hom (B, Bp, ) :/ =—c+=- =0e€ L,
D; 2m 2 27 -dim representation @26 .= @/(PZE)
1 2
Splits intro two modules @% — @6( ) D @6( )

P; and Pop_;_1 have the same eigenvalue

T
—

S,
|
O



&2

Summary

finite-dim rep

shortening condition

A-brane condition

ﬁﬁm’ym) gt =1 m = %z
Uy, " = n= s
%f—l-l t2 __ _q—k L — 21h | Yop ﬁ;“p
Dy 12 = g /2 = Yelidp




Extensions

Compact Lagrangians Bg and %Ui can exist when ¢ is a root of unity and ¢ generic

&2

Irreducible components U; and U, intersect at two double points

P2 P1
Floer complex Hom*(By,,Buy,) := CF*(By,,Bu,) = C(p1) & C(p2)
Generic fiber F over b; may splitinto U; and U, )
3

_7_|_ ~Y
Corresponding representation of DAHA — 7_-invariant module g;Q(n ) — c@/(PZn)

PZnZ(Pn)2 Pzn:XQn—I—X_Qn—I—Q

Short exact sequence %f—_;—#) - Homl(%Uly %Ug)

0— 2% 5 F T LM g



Global Nilpotent Cone I

In order to By, and %Di be Lagrangian two conditions must be satisfied at the same time

1

(3 — ) vy Yp 1%

tm h . 2ih

This implies y, = 0, 7 is real, and a, y, are arbitrary wy = wi/h
&2

L " 1 1

Quantization conditions —c+-=1, — 4+ 2¢c—1=k+1
2 2h
Entail 1/2h =20+ k+1
f 1 2
0 — t(Vhy1) — %Y —»@é)@@é ) 50

Morphism matching ~ Hom'(8Bp,, Bv) = Clg) Hom!(Bp, ® Bp,, Bv) = Clg1) @ Clgo)

0 — 1(Yhy1) — U2 e 2P — 9N e 2P — 0

0 — t(Yepr) — U2 — 2V — 0
0 — t(Vaa1) — f‘l(%@)) ® %(1) — @él) ® %@ — 0



Main Theorem

Let C, be a punctured genus-one Riemann surface, X = M f1at(C,, SL(2,C)) the moduli space of flat SL(2,C) connections with
prescribed monodromy at the puncture, and SH(ZZ) be the spherical subalgebra of DAHA of type A;. Then there is a derived

equivalence between the Fukaya category of X and the category of finite-dimensional SH(Zz)-moduIes

D °Fuk(X, wy) ~ D’Rep(H)

The left had side can be upgraded to a larger category of A-branes, while the right had side to all representations



